Mathematics Maxima & Minima

Key.

Sol.

Key.
Sol.

Maxima & Minima
Single Correct Answer Type

A sector subtends an angle 2o at the centre then the greatest area of the rectangle
inscribed in the sector is (R is radius of the circle)
R? R?
A)R?tan 2 B)— tan > C)R2tana D)~ tana
2 2 2 2

A
Let A be any point on the arc such that Z/YOA =0
Where 0<0<a

¥
D“—‘“&EA
\\
T E
4] >

0

DA=CB=Rsin 6,0D=Rcos 0

= CO = CB cot a=Rsin6cota

Now, CD = OD - OC = R cos 6—Rsin 6.cot a
= R (cos O —sin 0 cot a )

Area of rectangle ABCD , S = 2.CD.CB

= 2R (cosO- sin 0 cot o) R sin 0=2R2(sinf cosO - sin? O cota )
2

RZ(SiHZG—(l—COSZG)cot (x) glen
Ino

[COS(ZB —0)—cos OL:I
R2

Sy = A OL(l—cow) (for 0= %)

a
Hence, greatest area of the rectangle = R’ tan —

Let f(x) =x2 - bx + ¢, b is a odd positive integer, f(x) = O have two prime numbers as
roots and
b + ¢ = 35. Then the global minimum value of f(x) is

A) _183 B) 173 C) 8 D) data not sufficient
4 16 4
C
Let a, B be roots of X2 - bx + ¢c = 0,
Theno+pB=Db
= one of the roots is 2’ (Since a, B are primes and b is odd positive integer)
f2)=0=2b -c=4and b +c=35
b=13,c=22
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Minimum value = { (Ej _.8 .
2 4
3. Let f(x) be a positive differentiable function on [0,a]such that

f(O) =1 and f(a) =3 1f f! (X) > (f(X))3 + (f(X))i1 sthen, maximum value of a

is

a) b) = o) X d X
12 24 36 48
Key. B
Sol.  f'(x)f(x)>(f(x)) +1
of! (x)f
L2
ey | +1
a 2f1 f a
= | (x)f(x) > 2[ 1dx
2
ol(f(x)} 1 o
= ‘tan’1 (f(x))| 22a=—---—=22a
0
4, The least value of ‘a’ for which the equation ,4 + 1_ = a for atleast one
sinx 1-sinx
solution on the interval [O,gj is,
a) 1l b) 4 c) 8 d) 9
Key. D
4 1 .
Sol. Qa=—+ ——, where a is least
sinx 1-sinx
da -4 1
> —=|——"* —— |cosx =0
dx (sin®x  (1-sinx)
Qcosx#0=sinx=2/3
2
48 _45.0 for sinx=2/3> 7 4+ 1 __6:+3-9
X 2/3 1-2/3
5. Let domain and range of f(x) and g(x) are respectively[0,). If f(x) be an

increasing function and g(x) be an decreasing function. Also,

h(x)= f(g(x)),h(O) =0 and p(x)= h(X3 -2x% + 2X) —h(4) then for every x e(0,2]

a) p(x)<(0,~h(4)) b) p(x)e[-h(4),0]
o) p(x)<(-h(4).h(4)) d) p(x) e (h(4),h(4)]
Key. A

Sol.  h(x)=f(g(x))
h'(x)=f'(g(x))g' (x) < 0vx €[0,)
Q g'(x) <0vx €[0,) and f'(g(x))> 0Vx €[0,)
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Also, h(0)=0 and hence, h(x) < 0Vx €[0,)

p(x)= h(x3 -2x% + 2x) -h(4)

p'(x)=h' (X3 -2x° +2X).(3X2 —-4x +2) <0Vx €(0,2)

Qh' (x3 -2x% + 2x) <0vx €(0,0) and 3x>-4x+2>0VxeR
= p(
= p(
= h(

X) is an decreasing function
2)<p(x)<p(0)vx e(0,2)

4)~h(4) <p(x) <h(0)-h(4)

= 0<p(x)<-h(4)

3-x?,x<2
JVa+14 —|x-48|,x > 2

x = 2, then, greatest value of a is

6. If f(x)= and if f(x) has a local maxima at

a) 2013 b) 2012 c) 2011 d) 2010
Key. C
Sol. Local maximum at x=2=
= limf(2+h)<f(2)
h—0

= lim(Va+14 —[2+h=48| <8-2°
a+14<45=a<2011

7. Two runners A and B start at the origin and run along positive x-axis, with B
running three times as fast as A. An observer, standing one unit above the origin,
keeps A and B in view. Then the maximum angle of sight '0' between the observes
view of A and B is
a) n/8 b) /6 c)n/3 d n/4

Key. B

3x—-x 2x
Sol. tan = tan(0, - 6,) = tan0 = = >
1+3xx 1+3x
ox dy 2(1-3%%)

T 1+3x% dx (1+3x)

2 —
gzO:Xzianddy 24x

<0 forx = l/f
dx V3 dx® (143x2)

8. If the function f(x)=ax®+bx? +11x — 6 satisfies conditions of Rolle’s theorem in [1, 3]

and f'(2+iJ =0, then value of a and b are respectively

J3
(A) 1, -6 (B) -1, 6 (€)-2, 1(D) -1,1/2
Key. A
Sol. Q f(1)=1(3)
= a+b+11-6=27a+9b+33-6
= 13a+4b=-11
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and  f'(x)=3ax*+2bx+11 . (i)
2

= f'(Z+%)=3a(2+%J +2b(2+%)+11=0

= 3a(4+l+i)+2b[2+ij+llzo (ii)

From egs. (i) and (ii), we geta=1, b =-6.

9. Let f(x) be a positive differentiable function on [0,a]such that
f(O) =1 and f(a) = 3% 1f ! (X) > (f(X))3 + (f(X))_l sthen, maximum value of a

is

Key. C

Sol.  f1(x)f(x)2(f(x)) +1

>2a

r_r
0 3 4

2
Given expansion = {x —(1+cos t)}2 + {E -(1+ sint)}
X

10. A rectangle is inscribed in an equilateral A of side length 2a units. Maximum area of this rectangle is
2 2
(A) V32’ (B) Jia OF3 (D) ﬁ;‘
Key. D

Sol.
Let AD =x Let DM =y,
BD =(2a—x) DE = 2x;
In ADBM
/B=Z 5in60° = Y1
3 2a—X
y, = (2a—x)x§
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In AADP
/D=2 C0s60° = 2L
3 X
X, = Xx =
! 2
2X, =X

A(x) = Area of rectangle = 2x1y

A(X) =XX(2&—X)§

A‘(x):?(Za—Zx) =0=>x=a

A"(a) =—ve

Xx=a point of maxima

2
maximum area = axﬂ = \/§a
2 2

11. The maximum area of a rectangle whose two consecutive vertices lie on the x-axis and another two lie

on the curve y=e ™ is equal to

(A) 2e sg. Units (B) 2 sg. Units (C) e sg. units (D) L Sg. units

e e
Key. B
C B
D A

Sol.

Let the rectangle is (ABCD)
A=(t,0),B=(t,e"),C=(-t,e™"), D=(-t,0)
ABCD = 2te " = f(t)

3—: =2(t(-e ") +e)=2e"(1-1)

£>0:>te(0,1)
dt

& <0=te(,w)
dt
t =1 is point of maxima

Maximum area = f (1) =E
e

12. Let f: [O, 4] — R, be a differentiable function. Then, there exists real numbers
a,b e(0,4) such that, (f(4))2 —(f(O))2 =Kf'(a)f(b) Where K, is

b) 8 c) — d) 4

1
a —_
) 3

Key. B
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Sol. By LMVT,3a<(0,4)> %g(o) _f'(a) = (4)-£(0) = 41 (a)
f(4)+f(0
Q % lies between f(0) and f(4), by Intermediate value theorem
f(4)+f(0
Fbe(0,4)> f(#)+1(0) _ f(b) hence, (£(4)°)~(£(0)) =8 f'(a)f(b)
13. A window is in the shape of a rectangle surmounted by a semi circle .1f the perimeter of the window is
of fixed length ‘|’ then the maximum area of the window is
12 12 12 12
1) 2) 3) 4)
2r+4 7+8 27 +8 8z +4
Key. 3
| =2X+2r +zr

Sol. A= 2rx+%7rr2
d—A:O:r= !
dv 4+

14. If the petrol burnt per hour in driving a motor boat varies as the cube of its velocity when going against

a current of ‘C’ kmph , the most economical speed

Is (in kmph)
C 3C
1) — 2) — 3) @ 4) C
2 2 2
Key. 2
Sol. y be the petrol burnt hour y = kv? ‘S’ be the distance traveled by boat the petrol burnt = x kv®
3c
f'(v)=0=>v=""
2
15. A point ‘P’ is given on the circumference of a Circle of radius ‘r’ .The chord ‘QR’ is parallel to the

tangent line at ‘P’ the maximum area of the triangle PQR is

1)ﬂr2 2)ﬁr2 3)§r2 4)ﬂr
4 4 8 4
Key. 2
Sol. The area maximum when the triangle is equilateral
16.  The minimum value of f(x)=x? +20 is
X
1) 15 2) 25 3) 45 4) 75
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Key. 4

Sol. f '(X) =0and f "(5) >0 minimum value = f (5)
17. The sum of two numbers is ‘6’.The minimum value of the sum of their reciprocals is
3 6 2 2
1) — 2) — 3) — 4) —
) 2 ) z ) 3 ) c
Key. 3
Sol. x:y:§:3, 1+£:E
2 X y 3
. (6+x)(11+x) .
18. Minimum value of is
2+X
1)5 2) 15 3) 45 4) 25
Key. 4
Sol.  f'(x)=0 when put x=4
19. The maximum area of a rectangle inscribed in a circle of radius 5 cm is
2
1) 25 sg.cm 2) 50 sg.cm 3) 100 sg.cm 4) ;sq.cm
Key. 2
Sol.  Area =2r?=50 sg.cm
20. The diagonal of the rectangle of maximum area having perimeter 100 cm is
1) 1042 2) 10 3) 2542 4)15
Key. 3
Sol. The maximum perimeter of the rectangle that can be inscribed in a circle is a square .Here the lengths

are X=4+/2T, yzﬁr

21. The maximum value of X™*,(x > 0) is

1) €° 2) e 3)e" 4)1\e
Key. 2

f(x)=x" f'(x)=0=>x=¢"
Sol. ( ) ( )

f"(e-1)<0
22. Which fraction exceeds its pth power by the greatest number possible is?

1
1 P-1 71—}3 1

1) p° 2) (Ej 3 p 4) F

Key. 3
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Sol.

23.

Key.

Sol.

24,

Key.

Sol.

25.

Key.

Sol.

y=x—x"

1
Q:O:x:(ijp_1
dx p
In (0,27), f(X)=x+sin2x is

- . 2
1) Minimum at X = 2) Maximum at x:?ﬂ

3) Maximum at X =

NG o.)|§

4) Minimum at X = %
1

f'(x)=0= f"(x)>0 when x:%r

. 1.
The Value of ‘a’ for which f (x) =asinx +§S|n 3X has an extremum at. X :% is

11 2)-1 3)0 4)2
4

d? d

—2/ =0 then find ‘X’ and substitute in —y

dx dx

A person wishes to lay a straight fence across a triangular field ABC, with |A <|B<|C

SO as to divide it into two equal areas. The length of the fence with minimum

expense, is

a) /2AcotE b) ,/2Atang
2 3

c) \/tanétangtang d) /2Atané
Z 2 2 2

(where ‘A’ represents, area of triangle ABC)

D

P A 8\
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26.

Key.

Sol.

217.

Key.

Sol.

28.

1 1(1
—xysinA =—| =bcsinA
2y 2(2 j
1
= =_—bc
A

z; = (PQ)2 =x’>+y’ —2xycosA

2 2
=x’+———bccos A
4x
2 2
:>22A(dZAJ=2x—t’i
dx 2x
az,

2
=0=>x= /E, and dZQA >0
dx 2 dx

. . fbc . .
Hence Z, is minimum if x =,/[— and the minimum value of Z,,is

EJrE—bccosA:\/ZAtané
2 2 2

The number of critical point of f (x)="—-

X
1)1 2) 2 3)3 4)0
2
x—1
f(x)= 7,f(x):0 for x =42

f (x):i(x—lj: f '(x)=i(1+x—12j¢0

X
. . . 1 .
The total cost of producing ‘ X’ pocket radio sets per day is Rs. (Z X® + 35X+ 25) and the price per set

at which they may be sold is Rs. (50— %) to obtain maximum profit the daily out put should be--------

- radio sets.
1) 10 2)5 3) 15 4) 20
1

If daily out put is x sets and p be the total point then

p:x(SO—}éx)—[%x2+35x—25j

dp ~ d*p _ 3
&—O: x =10 and (dxz J( 710)— A<O

If f(x)=alog|x|+bx*+X has extreme values at Xx=-1, X=2 thena = ---b = --
-1 -1 1 1

1) 2,— 2) —,2 3) =,2 4) 2,—

) 2 ) 2 ) 2 ) 2
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Key.

Sol.

29.

Key.

Sol.

30.

Key.

Sol.
31.

Key.

Sol.

32.

Key.

Sol.

33.

Key.

1
f'(-1)=0=-a-2b+1=0

£1(2)=0 :—%+4b+1=0

A quadratic function in ‘ X * has the values ‘10’ when X =1 and has minimum value ‘1’ when x = -2 the
function is

1) 2x* +3x+5 2) 3x* +2x+5 3) X*+3x+6 4) x> +4x+5

4

f (x)=ax®+bx+c

a+b+c=10,f'(-2)=0, f(-2)=1

The equation of a line passing through the point (3,4) and which forms a triangle of minimum area with
the coordinate axes in the first quadrant

1) 4x+3y—-24=0 2) 3x+4y-12=0 3) 2x+3y—-12=0 4) 3x+2y-24=0

1

(3,4 ) is the mid point of the line segment

The maximum of f (X)= 2x3 —9x%> +12x+4 occurs at x =

1)1 2)2 3)-1 4) -2
1

f'(x)=0=6x*-18x+12=0

f"(x)=12x-18

f (x)=4+5x*+6x" has

1) Only one minimum 2) Neither maximum n or minimum
3) Only one maximum 4) No minimum.
1

f (x) is minimum at x =0

At x=0, f (x)=(3-x)e™ —4xe* —x

1) Has a minimum 2) Has a maximum
3) Has no extremum 4) Is not defined
3

10
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At x=0, f'(x)=0
At x=0, f"(x)=0
At x=0, f"(x)#0

= f(x)is neither maximum nor minimum

Sol.

34. The number of critical points of f(x) = @ is

(A1 (B) 2 ©)3 (D) None of these
Key. C
Sol. f(x) is not differentiable at x=0and x = 1.

f'(x)=0at x=2

35. A differentiable function f(x) has a relative minimum at x =0, then the function y = f(x) + ax + b has a
relative minimum at x = 0 for
(A)allaandall b (B)allb>0 (Cyallb,ifa=0 (D)alla>0

Key. C

Sol.  f'(0)=0andf"(0)>0
y = f(x) + ax + b has a relative minimum at x = 0.

Then j—yzo atx=0

X
f'X)+a=0= a=0
f'x)>0=  f"(0)>0
Hence y has relative minimum atx=0ifa=0and b € R.

36. Let f :[O,4]—>R, be a differentiable function. Then, there exists real numbers
a,be(0,4) such that, (£(4))" -(£(0))° =Kf' (a)f(b) Where K, is

a) b) 8 c) — d) 4

L
4 12
Key. B

f(4)-f
Sol. By LMVT,3a ¢ (0,4) > % _f'(a) = (4)-£(0) = 4f' (a)
lies between f(0) and f(4), by Intermediate value theorem

o F91+110)

Ibe(0,4)> w = £(b) hence, (£(4)’)~(£(0)) =8 f'(a)f(b)

11
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2
37. If f(x)=(1 —X)5/2 satisfies the relation, f(x)=f(o)+xf'(0)+ X?f“(ex) then, as x—1,

the value of 0 , is

a) - b) 22 0 22 d) —
25 4 9 25
Key. D
Sol.  f' (x)=‘2_5(1-x)3/2 and fﬂ(x)=§(l-x)l/g and f(0)=1,f1(0)=_—25,

f''(6x) = —(1-6x)

2
)5/2 =—2_5X+%(1—6x)l/2x% as

Hence, (1-x
2

x—>1,0=1—g+%(1—e)1/2 =0=9/25

38. A(L0),B(e,1) are two points on the curve y=log x.If P is a point on the curve at

which the tangent to the curve is parallel to the chord AB, then, abscissa of P, is

a)e—_1 b)e_+1 c) e-1 d e+l
2 2
Key. C
. 1 f(e)-£(1)
Sol. By LMVT, applied to f(x)=1logxon[l,e],danx, (1,e)>f'(x,)= — T
€ e i

=>X,=€-1

39. Consider the following statements

Statement — I: If f and g are continuous and monotonic on R, then, f + g is also a

monotonic function.

Statement- II: If f(x) is a continuous decreasing function Vx>0, and f(1) is

positive, then, f (x) =0 happens exactly at one value of x. Then,

a) Both I and II are true b) I is true, Il is false
c) I is false, II is true d) both I and II are false
Key. D

Sol. I:f(x)=x and g(x)=-x> onR

II: f(X)zl,X>O
X

12
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40.

Key.

Sol.

41.

Key.

Sol.

The number of values of x at which the function, f(x)=(x-1)x*° has extreme

values, is
a) 4 b) 3 c) 2 d1
C

_ 5x -2

f'(x) =217
Let x <0,f'(x)>0 and for x>0,f'(x) <0 =f has maximum at x = 0

x<§,f1(x)<0 and x>§,f1(x)>0:>f has minimum at Xzé

A person wishes to lay a straight fence across a triangular field ABC, with |A <|B<|C

SO as to divide it into two equal areas. The length of the fence with minimum

expense, is

a) /2AcotE b) ,/2Atang
2 3

) \/tanétanEtang d) /2Atané
2 2 2 2

(where ‘A’ represents, area of triangle ABC)

1 1(1
—xysinA=-| —bcsinA
2Xy 2(2 j
= —lbc

¥y

22 = (PQ)’ =x* + y? —2xycos A

2. 2
=x’+—— —bccosA
X
2 2
:QZA[dZXAJZQX—%

13



Mathematics Maxima & Minima

az,

2
O0=>x= /E, and dZQA >0
dx 2 dx

Hence Z, is minimum if x = /% and the minimum value of Z,,is

\/$+E—bccosA=\/2Atané
2 2 2

42.  If the function f(x)=ax® +bx? +11x —6 satisfies conditions of Rolle’s theorem in [1, 3]
and f'(2+%) =0, then value of a and b are respectively

(A) 1, -6 B)-1,6 (€)-2,1(D) -1,1/2
Key. A
Sol. Q f(1)=A1(3)

= a+b+11-6=27a+9% +33-6

= 13a+4b=-11

and f'(x)=3ax*+2bx +11 (i)

- f-[h%}:g{m%j+2b[2+%)m=o

= 3a(4+%+%)+2b(2+%)+11=0 (i)

From egs. (i) and (ii), we geta=1, b =-6.

43.  Let f(x) be a positive differentiable function on [0,a]such that
f(O) =1 and f(a) =34 1 (X) > (f(x))3 + (f(X))_1 sthen, maximum value of a

is

>2a

I
4

2
Given expansion = {X —(1+cos t)}2 + {E —(1+sin t)}
X

14



Mathematics Maxima & Minima

44.

Key.

Sol.

45.

Key.
Sol.

46.

Key.

Sol.

For x>0,0<t<2m,K> g + \/5, K being a fixed real number the minimum value of

X2+I;—j—2{(1+cost)x+@}+3+2003t+23int is
o[ o) w3l o)
o 3{&-(“%}}2 d) Q{Jﬁ—(u%}Q

D

2
Given expansion = {x —(1+cos t)}2 + {5 —(1+sin t)}
X

The maximum area of a rectangle whose two consecutive vertices lie on the x-axis and another two lie
on the curve y=e ™ is equal to

(A) 2e sg. Units (B) E sg. Units (C) e sg. units (D) % Sg. units

B

C B

D A

Let the rectangle is (ABCD)
A=(1,0),B=(t,e™"), C=(=t,e™), D=(-t,0)
ABCD = 2te* = f(t)

% =2(t(-e ") +e ) =2e"(1-1)

dr >0=>1te(0,))

dt

£<0:>te(l,oo)
dt

t =1 is point of maxima

Maximum area = (1) =g
e

The number of critical points of f(x) = @ is

(A1 (B) 2 (©)3 (D) None of these
C

f(x) is not differentiable at x=0and x = 1.

f'(x)=0at x=2

15
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47. A differentiable function f(x) has a relative minimum at x =0, then the function y = f(x) + ax + b has a
relative minimum at x = 0 for
(A)allaandall b (B)allb>0 (C)allb,ifa=0 (D)alla>0

Key. C

Sol. f'(0)=0and f"(0)>0
y = f(x) + ax + b has a relative minimum at x = 0.

Then d—y=0 atx=0
dx

f'X)+a=0= a=0
f'x)>0=  f"(0)>0
Hence y has relative minimum atx=0ifa=0and b € R.

48. LetA(1, 2), B(3, 4) be two points and C(x, y) be a point such that area of AABC is 3 sq.units
and (X —1)(X —3) +(y— 2)(y—4) =0. Then maximum number of positions of C, in the xy plane

is

a)2 b) 4 c)8 d) none of these
Key: D
Hint:  (x,y) lies on the circle ,with AB as a diameter . Area

(AABC) =3

= (1) (AB) (altitude) =3.

= altitude :i = no such "C" exists

J2
), 4 1 1) .
49. If y,z>0 and y+z=C, then minimum value of (1+—}(1+—J is equal to
Yy z
A)E—l—l B)£+3 Q) 1+E D)E
2 C 2
Key: C

Hint: (1+1](1+1j=1+1+£+i
y z y ¢ Yz

2 2 2
1 .1 1 1 1 2 2 1 2

=14+ =+= +—>1 1+ = > >2—=|1+—| 2|1+—=
y ,/ z yz ( Jyzj yz y+z C [ ﬂ/yz] ( Cj

50. Let a, b, ¢, d, g, f, g, h be distinct elements in the set {-7, -5, -3, -2, 2, 4, 6, 13}. The minimum value of
(a+b+c+d)2+(e+f+g+h)2is
a) 30 b) 32 c)34 d) 40
Key: B
Hint:  Note that sum of the elements is 8
leta+b+c+d=x
“e+f+g+h=8-x

16



Mathematics Maxima & Minima

Again, lety = x2 + (8- x)2
S y=2x2-16 x + 64
= 2[x2-8x + 32]

=2(x-4)2+16]
" min=32whenx=4

51. A sector subtends an angle 200 at the centre then the greatest area of the rectangle inscribed in the
sector is (R is radius of the circle)
a R a R?
a) R?tan—= b) — tan — ¢) R%tana d) —tan o
2 2 2 2
Key: A

Hint: Let A be any point on the arc such that ZYOA =0
Where 0<06<a

T
Du_“‘“»_hp.
\\
T E
4] 2

0

DA=CB=Rsin O,0D=Rcos 0

= CO=CBcot aa=RsinOcota

Now, CD=0D -0C=R cos O—R'sin 0 cot o

= R(cos O —sin O cot a )

Area of rectangle ABCD, S =CD.CB

R =(cosO-sin O cot a)Rsin O=R2(sinOcosO -sin O cota )
RZ

R? .
7(S|n29—(1—cos26)cot a) e [COS(ZO—OL)]

2

Sy = siF:1 - (1-cosa) (for 0= %)

p o
Hence, greatest area of the rectangle = R“ tan—

52. Let f :(0,00) — R be a (strictly) decreasing function. If

f (2a2 +a+l)< f (3a2 —4a+1), then the range of aeR is

(A) (—oo,%ju(l,oo) (B) (0, 5) (C) (0, %J U(L5) (D)0, 5]
Key: C
Hint: wehave 2a’+a+1>3a°-4a+1=a’-5a<0 =0<a<5 ....... (A)

ALSO 3a’—4a+1> (3a —-1)(a-1) >0 =ae(—0,1/3) Ul x)........ (B)
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53.

Key:

Hint:

54.

Key:
Hint

55.

INTERSECTION OF (A) AND (B) YIELDS ae(0,1/3)uU(L,5)
. . 2 V4 T
The greatest possible value of the expression tan X+? —tan X+E +COS X+€ on

the interval [—57[ 112, -7/ 3] is
12 11 12 11
B) =2 (B) =2 (C) =3 (D) =3
5 6 5 6
D
let u=—X—x/6 thenu e[ﬂ/G,ﬂ/4] and then 2U e[7r/3,7z/2]
tan(x+ 27 /3)=—cot (x+/6) =cot u

NOW tan(Xx+27z/3)—tan(x+7z/6)+cos(x+7/6)

=cotu +tanu+cosu
2
= +cosu
sin 2u
BOTH — 5 AND cosu MONOTONIC DECREASING ON [7[/6,7[/4] AND THUS THE
sin2u
GREATEST VALUE OCCURS AT U=x/6
2 4 3 11 113
IE ————+cosz/b=—F+—=——==——
sinz/3 3 2 243 6

. X .
Let the smallest positive value of x for which the function f(X):SIn§+SIn1—1,

(X € R) achieves its maximum value be X,. Express X, in degrees i.e, X, =a’. Then

the sum of the digits in « is

(A) 15 (B) 17 (C) 16 (D) 18
D

The maximum possible values is 2

sin(x/3) TAKES THE VALUES 1 WHEN

XI13=2ng+7/2
I.E x/3=90+360m

sin(x/11) TAKES THE VALUE 1

WHEN x/11=2nz+x/2

I.E x/11=90+360n
WE ARE LOOKING FOR A COMMON SOLUTION
WE HAVE 3m—11n=2. THEN SMALLEST POSITIVE SOLUTION TO THISIS m=8,n=2,

THUS X, =8910°, GIVING « =8910
(x+1)  -2<x<-1

Let f(x)=<x"°-1 -1<x<1
~(x-1)°  1<x<2

18
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The total number of maxima and minima of f (x) is

(A4 (B)3 (€)2 (D)1
KEY : B
3(x+1)° —2<x<-1
HINT: f'(X) = %xx‘”3 -1<x<1-{0}

-2(x-1) l<x<?2

f'(x)DNE at x=-1,0,1

[ | I
-2 + - o + 1-—- 2

Sign of f '(X)
56. Let f(x) = x> —bx + ¢, b is a odd positive integer, f(x) = 0 have two prime numbers as roots and
b + c = 35. Then the global minimum value of f(x) is
183 173
A) —— B -
(A) : (B) 16
81 ~
(€) 7 (D) data not sufficient
KEY : C
SOL: Let o, B be roots of x> —bx +c=0,
Thena+B=b

= one of the roots is ‘2’ (Since a, B are primes and b is odd positive integer)
f(2)=0=2b -c=4andb+c=35
b=13,c=22

Minimum value = f(gj =—§.
2 4

57. Maximum value of l0gs (3x+4y) if X2+ y2 =25is

(A) 2 (B)3 (G4 (D)5
Key: A

Hint: Since X2+y2 =25 = x=5cos0 and y=5sin0
So, therefore, l0gs (3x +4y) = logs (15¢0s 0 + 20sin 0)
= {logs(3x+4y)} =2

58. The greatest area of the rectangular plot which can be laid out within a triangle of base 36 ft. & altitude
12ft equals (Assume that one side of the rectangle lies on the base of the triangle)
(A) 90 (B) 108
(c 72 (D) 126

Key: B

Hint:  Area of rectangle = A =xy ....... (i)
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36 12
Also —=—=3y=(36—X)...... i
SO ” 12_y:> Y ( ) (ii)

~A=2(36-x) :1(36x—x2)
3 3

Now A'(X)=0=>36-2x=0=>x=18

A"(x):%(—2)<0
36-x 36-18
Also y = 3 3 =6

S A 18x6=108sq.feet
mas

3x+|a*-4|, x<1 _ _
59. Let f(x) = ) . Then set of values of a for which f(x) has maximum value at
—X“+2X+7, x2>1
x=1is
(A) (3, ) (B) [-3,3]
(C) (-o0, 3) (D) none of these
Key: B

Hint:  Since -x? + 2x + 7 takes maximum value 8 at x = 1, so f(x) take maximum value at x = 1,
if limf(x)<f()
Xx—1

= |a?-4| £5= ac [-3, 3]

60.  Letf(x)=(sin e)<x2—2)((sin 6)x+cose),(e¢ mr,mel) Then f(x) has
(A) local maxima at certain xeR* (B) a local maxima at certain xeR"
(C) a local minima at certain x =0 (D) a local minima at certain xeR’
Key: B

Hint:  f(x) = (sin?0)x3 + % sin20 x? -2sin0. x - sin20

f'(x) =(3sin%0)x? + sin20x - 2sin%0
Then D > 0-.and product of roots <0
So f(x) has local maxima at some xeR"
and local minima at some xeR*
1 2 1 2 . .
61.  Let g(x)= Zf (ZX —1)+§f (1—X )VX eR, where f"(x)>0vVxeR, g(x) is necessarily
increasing in the interval

SR el

©) (-1 (D) None of these
Key: B
Hint: f"(x)>0

20



Mathematics Maxima & Minima

= f'isinc. fn
To find : where g is nec. Inc
gisinc=>g'>0

= %.f '(2x2 —1)(4x)+%P(1—x2)(—2x) >0
x{f ‘(2x2 —1)—f '(1—x2)} >0
Case 1: x>0 (1)f '(2x2 —1) > f '(1—x2)

— %2 _15>1-x°

jxe[_w,g]u[@,wj»@)
rirmel )

Case ll: X <0 (3) f'(2x —1)<f( 2)

:>2x -1<1- x

B

@@= 20|

S gisincin XE(S)U(G)

ol Gk

62. A variable line through A(6,8) meets the curve x? + y2 =2 atBandC. Pis a point on BC such that AB,
AP, AC are in HP. The minimum distance of the origin from the locus of P is

a)1 b) % 0 % d) %

Key: D
Hint:  Locus of P is the chord of contact of tangent, from Ais 3X +4y—-1=0

Distance of (0,0) is %

63. A rectangle is inscribed in an equilateral A of side length 2a units. Maximum area of this rectangle is
(A) /322 ‘/_a () @2 ‘/_a

Key. D

Sol.
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Let AD =x Let DM =y,
BD = (2a —X) DE = 2x;
In ADBM
/B=Z §in60° = Y1
3 2a—X
Yy, =(2a—Xx)x ?
In AADP
D=L cosGO"zﬁ
3 X
1
Xl = XX E
2%, =X
A(x) = Area of rectangle = 2x;y
A(x):xMZa—x)?
A‘(x):?(Za—thO:x:a
A"(d)=—ve
Xx=a point of maxima
. a3 /3a?
maximum area = a><T = 5

64 If the equation a X" +a, X" "+...+a,x=0(a, #0,n>2) has a+ve root X =&, then the equation
na x"*+(n-21)a, ,x"? +....+a, =0 has a positive root, which is :

1. equal to o 2.2« 3. <a 4. >a
Key. 3
Sol.  f(x)=ax"+a, X" +...+aX=0 has a+ve root X=« ; by observation x = 0 is also a root
f(a)=1(0)=0

f(x) is continuous on [0, «] and differentiable on (0, @) by Rolle’s Theorem
=3 at least one root ¢ € (0, )
Such that f'(c)=0

s O<c<a

65 The minimum & maximum value of f (x) =sin(cos x) + cos(sin X)V—% <x< % are respectively.
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1.cosland 1+sinl 2.sinland 1+ cos 1
1 . 1
3.cos1& Cos(—j+sm[—] 4,2
J2 J2
Key. 1

Sol.  Given f(x)=sin(cos x) -+ cos(sin x)

Fact when a function is even & defined in negative as well as positive interval for maxima & minima, we check
the maxima/minimum in the positive internal only so it suffices to find the maximum & minimum values of f in

0<x<Z.
2

Now X [0, %]’ sin(cos x) & cos(sin x) are decreasing functions so maximum of f(x) is f(0) & minimum of

f(x)is f(x/2)
- f(x12)=sin(cosz/2)+cos(sinz/2)=cosl

And f (0) =sin(cos0°) +cos(sin0°%) =sin1+cos0® =1+sinl

COS(X)  \p<x<1
66 Let f(x)= 2
3+5x Vx=>1

1. f(x) has local minimum at x=1
2. f(x) has local maximum at x= 1
3. f(x) does not have any local maximum or local minimum at x = 1
4. f(x) has a global minimumatx =1
Key. 1

cosZx V0<x<1
sol.  f(x)=1""2

5x+3 Vx>1

w . T
——sin—x Vv0<x<1
f'(x)=9 2 2

2 Vx=>1
= f '(x) changes its sign from —ve to +ve in the immediate neighbourhood of
x=1
= f(X) changes from decreasing function to increasing function

= f(X) has a local minimum value at x=1

67 The minimum value of Xx* —x+1+sinx is given by
1 L x - -
4 4 4 4
Key. 3

Sol.  Let f(x)=x*—x+1+sinx
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68.

Key.

Sol.

69.

Key.

Sol.

=(x-1/2)? +(%+sin X)
2%+sinx (Q(x—%)ZZO)

ZZ—ZI.: -1/4 (Q minimum value of sinx = -1)

If f(x) is a differentiable function Vx € R so that, f(2)=4,f'(x)>5 Vx €[2,6], then,
f(6) is

a) 224 b) <24 c) =29 d) <9

A

By mean value theorem, f(6)-f(2)=(6-2)f'(c) where c e(2,6)
=f(6)=1(2)+4f (c)=4+4f"(1)>4+4(5)
(~f'(x)25) f(6)>24

The values of parameter ‘a’ for which the point of minimum of the function

f(x)=1+a’x-x’ satisfies the inequality % <0 are,

a) (—3&,—2@) u(2\/§,3\/§) b) (—sﬁ,—sﬁ) u(sﬁ,sﬁ)
c) (—7\/5,—5\/5)u(5\/§,7\/§) d) (—9\/5,—6\/5) u(6J§,9J§)
A

% <0=>xe(-3,2)

Let f(x)=1+a’x-x° for maximum (or) minimum,

fl(x)=0:>a2—3x2=0:>x=+i

V3
And f' (X) = —6x is positive when x is negative if a > O then point of minimum is _ﬁ
-a
= -3<—=<-2
J3
= 2\/§ <ac< 3J§

If a <0, the point of minimum is a‘\/g

:>—3<i<—2:>—3\/§<a<—2\/§

J3
:>ae(—3\/§,—2\/§)u(2\/§,3\/§)
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70.

Key.

Sol.

71.

Key.

Sol.

72.

Key.

Sol.

Let p(x) = XTRIE=C) gy (xme)(xa) gy (x2a)(X=D) ey 6 (4) Where

(a-b)(a-c) (b-c)(b-a) (c—a)(c—b)

a<c<b and f''(x) exists at all points in (a,b). Then, there exists a real number

u,a <u<b such that f(a) + f(b) + f(c) =

(a-b)(a-c) (b-c)(b-a) (c-a)(c-b)

a) fll(u) b) 2f11(“) 0) %f“(“) d) %flll(u)
C

Apply RT’s, twice

If f(x) is a differentiable function Vx € R so that, f(2)=4,f'(x)>5 Vx €[2,6], then,
f(6) is

a) >24 b) <24 ) >9 d) <9

A

By mean value theorem, f(6)-f(2)=(6-2)f'(c) where c€(2,6)

=f(6)=f(2)+4f (c)=4+4f"(1)>4+4(5)

(~f'(x)=5) f(6)=24

The values of parameter ‘a’ for which the point of minimum of the function

f(x)=1+a’x-x’ satisfies the inequality % <0 are,

a) (—3J§,—2J§) u(2J§,3J§) b) (—5J§,—3J§) u(3J§,5J§)
c) (—7J§,—5\/§)u(5\/§,7\/§) d) (—9\/5,—6\/5) u(6J§,9J§)
A

% <0=>xe(-3,2)

Let f(x)=1+a’x-x’ for maximum (or) minimum,
f'(x)=0=a*-3x’ =o:sx=ii3

And f'(x) =-6x is positive when x is negative if a > 0 then point of minimum is —

3

& 3<% . 9

J3
=23 <a<3/3

If a <0, the point of minimum is a‘«/g

:>—3<i<—2:>—3\/§<a<—2\/§

3
:>ae(—3\/§,—2\/§)u(2x/§,3\/§)
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73.

Key.

Sol.

74.

Key.

Sol.

75.

Key.

Let domain and range of f(x) and g(x) are respectively[0,x). If f(x) be an
increasing function and g(x) be an decreasing function. Also,
h(x)=f(g(x)),h(0)=0 and p(x)= h(x3 -2x° + 2x) —h(4) then for every x €(0,2]

a) p(x)<(0,-h(4)) b) p(x)e[-h(4),0]
©) p(x) €(~h(4),h(4)) d) p(x) e (h(4),h(4)]
A

h(x)=f(g(x))

h'(x)=f (g(x))g1 (x) <0vx €[0,)

Qg'(x)<0Vx €[0,) and f'(g(x))>0Vx €[0,)

Also, h(0)=0 and hence, h(x)<0Vx €[0,)

p(x)= h(x3 -2x% + 2x) -h(4)

p'(x)=h' (X3 -2x% + 2)().(3X2 —4x + 2) <0Vx €(0,2)

Qh' (x3 -2x” + 2x) <0vx €(0,0) and 3x*-4x+2>0vxeR

Let f(x) be a positive differentiable function on [0,a]such that
f(O) =1 and f(a) =3 11 {! (X) > (f(X))3 + (f(X))_1 then, maximum value of a
is

a) — b) —— ¢) — d —
12 24 36 48

The least value of ‘a’ for which the equation 4 + ! =a for atleast one

sinx l-sinx

solution on the interval [O,gj is,
a)l b) 4 c) 8 d) 9

D
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Sol.

76.

Key.

Sol.

77.

Key.

Sol.

78.

Key.

4 1 .
a=——+ ——, where a is least
sinx 1l-sinx
da -4 1
=>—=| -+
dx (sin®x (1-sinx)

Qcosx#0=sinx=2/3

2]cosx=0

2
d’a =45>0 for sinx=2/3= 4 + L =6+3=9
dx? 2/3 1-2/3

A 3 2 o\ L

f(x) =x" -10x" +35x" —50x +¢. where cis a constant. the number of real roots of F()=0 and
Fr(x)=0 are respectively
(11,0 (2)3,2 (3)1,2 (4)3,0
2

g(x)=(x-1)(x-2)(x—-3)(x—4)
f(x)=g(X)+¢,:c,=c—24
9(x)=0 has 4 roots viz. X~ 12,34
F'()=9'(%) 4pq F"()=09"(x)
9'(x)=0 has min. one root in each of the intervals (1, 2); (2, 3); (3, 4)
f'(x)=0,f"(x)=0

By Rolle’s theorem
By Rolle’s theorem, between two roots of has minimum one root.

Let h(X) =f (X)—( f (X))2 +( f (X))3 for every real number x. Then

(1) his increasing whenever f is increasing
(2) his increasing whenever f is decreasing
(3) his decreasing whenever f is increasing
)

(4) nothing can be said in general

' (x) = £1(x)=2F (x)f"(x) +3(f (x))" F'(x)

= 1(x)| 121 (x +3(f(x)}

Since, 1-2f(x (f(x)) >0 for all f(x)

Sh(x)>0 ( )>0

= his increasing when ever fis increasing and | (%) <0 ¢ '(X) <0

=hjs decreasing when ever f is decreasing.
2

The set of critical points of the function f (X) = (x—2)3.(2x+1) is

(1) {1, 2} (z){—%, } (3){-12} @){1}

1
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Sol.  f(x)=(x—2)s 2+ (2x+1).2— L
3 (x-2)

5 3(x—2)+2x+1

3(x—2)§
2 (5x-5) _10 (x-1)

Y 1 1
Sx-2p P (x-2)
Critical points are X =1 and X =2
79. For X e (0,1) which of the following is true?

(1)€ <1+X (2)log, (1+X)< X  (3)sinx> X (4)log, x> X

Key. 2
Sol.  Let f(x)=e*-1-xg(x)=log(1+x)—x
h(x) = sin x—x, p(x) =log x —x
for g(x) = log(1 + x) —x
1 —X
(X)=—-1=—<0 Vxe(0,1
d ( ) 1+x 1+Xx ( )
g(x) is decreasing when 0 < x < 1.
g(0) >g(x)_ = log (1 +x)<x
Similarly it can be done for other functions.

80. f (X) = |X In X| D Xe (O,l) ,then f (X) has maximum value=
(1) e (2) — (3)1 (4) None of these
Key. 2
Sol. f(x)=—xInx
Iirp f(x)=0
>0 if O<x<1
e

f'(xX)==Q+Inx)<=0 if x=

<0 if 1<x<1
e

)

X=— f_ -

f has maximum value at € and e e
(x+1)3 —2<x<-1
81. Let f(x)=4x"-1 -1<x<1
~(x=1)" 1<x>2
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Key.

Sol.

82.

Key.

Sol.

83.

Key.

Sol.

84.

Key.

Sol.

f(x
The total number of maxima and minima of ( ) is

(1)4 (2)3 (3)2 (4)1
2

3(x+1)2 —2<x<-1

f'(x)= %xx“3 -1<x<1-{0}

—2(x-1) l<x<?2
f'(x)DNE at x=-1,0,1

[ i
-2+ -1 - o t+ 1-2

Sign of f'(X)
220 0<x<1
Given f (X) = xe X f (X) is differentiable at X =1 provided
acos(2x—2)+bx* 1<x<2
(1)a=-1b=2 (2 a=1b=-2
3)a=-3,b=4 (4)a=3,b=-4
1

f (1+0)=f (1-0)=a+b=1
f1(1-0) = f!(1+0)=>4=2b
=b=2,a=-1

T
Define f Z[O, 71'] — R by is continuous at X = E, then k=

(1) L) (2) = (3)i (4) 1
12 6 24 32
1
¢
_ m 2[\/2t2+3t+4—\/t2+6t+2J
Let SINX =1 and evaluate —t by rationalization

1
If f(x)= ; and g(X) = — , then the number of discontinuities of the composite
(x=D(x-2) X
function f (g(x)) is
(1)2 (2)3 (3)4 (4) 25
4
Conceptual
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85. Find which function does not obey lagrange’s mean value theorem in [0, 1]
1
2 1y sin x
f(x)= —  x#0
(1) () AR | (2) f(x)=9 x
5 X X=5 1 if x=0
(3) f(x)=x|x| (4) f(x)=|x|
Key. 1
f -(E_j:_l f '(Lj:o
Sol. In (a), 2 while 2
1
X==
fis not differentiable at 2

4
86. Rolle’s theorem holds in [1, 2] for the function f (X) = x* +bx?+cx at the point § . The values of b, ¢

are respectively

(1)8,-5 (2)-5,8 (3)5,-8 (4)-5,-8
Key. 2
Sol. f)="1(2) and f'(4/3)=0

3b+c=-7 554 8b+3c=-16

b=-5c=8

x*logx, x>0 . , .
87. If f(X)= 0 \ and Rolle’s theorem is applicable to f(x) for X [0, 1] then & is equal to
: X=
1.-2 2.-1 3.0 4.1/2

Key. 4
Sol.  for Rolle’s theorem in [a, b]

f@Q=f(b)=1f0)=1f1)=0
Since the function has to be continuous in [0, 1]

Lt ()= f(0)

= Lt x“logx=0

x—>0*

Lt Iogx:

x>0 X~¢

0
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Applying L —H rule

1/x

a-1

Lt ——
x=>0 —gx X

=0

[24

- 1t=X -0

x=0 o

This is true for ¢ >0

88. Let f I(0,00) — R be a (strictly) decreasing function.

If f (2a2 +a+1)< f (3a2 —4a+1),then therangeof a€ R is

a) (—oo,%ju(l,oo) b) (0, 5) o) (0,%)u(1,5) d) [0, 5]
Key. 3
Sol. wehave 2a’+a+1>3a’—4a+1=a’-5a<0 =0<a<5 .....(A)

Also 3a° —4a+1> (3a —1)(a—1) >0 =ae (-0,1/3) Ul x)........ (B)

Intersection of (A) and (B) yields ae (0,1/3)U(1,5)

89. Suppose f :[1, 2] — R is such that f (X) b X3

4
theorem on [1, 2] and the conclusion of Rolle’s theorem holds for f on [l, 2] at the point g , then

a)b=-5 b) b=5 c)c=-8 dc=9
Key. 1
Sol. f(1)=f(2)=1+b+c=8+4b+2c=3b+c=-7—(1).

Now, fI(X)=3X2+2bX+C; f(%j:O (given) :3.%+2b.%+c=0 =8b+3c=-16 >

(2): From (1),(2) we get b=-5 and ¢=8.
90.  Givena function f :[0,4] - R is differentiable, then for some a,b €(0,4) [f (&) -[f(0) =

a) 8f'(b)f(a) b) 4f'(b)f(a) c) 2f'(b) f(a) d) f'(b)f(a)
Key. 1
Sol. Since f(X) is differentiable in [0, 4], using Lagrange’s Mean Value Theorem.
f'(b)zw, be(0,4) (1)
Now, { (4 —{f )y = A (4)4‘ PO et @y+ 103 - 4f OF@+ O} oo ()

31
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Also, from Intermediate Mean Value Theorem,

M: f () for a€ (0,4)
Hence, from (2) [f (4)]* [ f (0)]* =8f '(b) f (a)
91. Suppose a, B and 0 are angles satisfying 0 <a <0< f < z , then M =
2 Cos S —CoSa
a) tané@ b) —tan & c) cotd d) —cotéd

Key. 3
Sol. Let f(X)=sinX and g(X)=CO0SX, then f and g are continuous and derivable. Also, Sin X =0 for any

f(B)-f(x) £'0) N sinf—sina ~ cosd
g(f)-9(a) - g9'(0) COS ff—COos " —sind

92. if f'(X)>0, VxeR, f'(3)=0 and g(x)= f(tan’ x—2tan x+4), O<x<%, then g(X) is

Xe (O%) so by Cauchy’s MVT,

increasing in

o5 o3 elkg e

Key. 4
sol. g'(x)=(f((tan x—1)* +3))2(tan x —1)sec’ X since f "(X) >0 = f'(X) isincreasing

So, f'((tanx-1)*+3)> f'(3) =0 VXe(O,Zju(Z,EJ

Also, (tan X—l) >0 for Xe[%,%).So, g(x) in increasing in (%,%j

93. Let f(X)=2x>+ax® +bx—3cos’ X is an increasing function for alla,b, X € R. Then

a)a’-6b-18>0 b) a*-6b+18<0 c)a’-3p-6<0 da>0,b>0

Key. 2
sol.  f(x)=2x*+ax* +bx—3cos” x

. £(X) = 6%% + 2ax +b +3sin 2x
. T(X) isincreasing forall x = 6X*+2ax+b+3sin2x>0
Also, 6X° +2ax+b+3sin2x > 6x? +2ax+b—3 as sin2x > -1
Hence 6X° +2ax+b-3>0
- 424, 6(b-3)<0 = a’—6b+18<0
94. f: R — R be differentiable function. Study following graph of f'(x) :j_i' Find sum of total no. of

points of inflexion and extrema of y = f(x).
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Key.

Sol.

95.

Key.

Sol.

96.

Key.

Sol.

97.

Key.
Sol.

dy
dx

HX)/\/

[\
I

9

No. of points of inflexion = 6, no. of extrema = 3

1 1 1
The minimum value of (8x% + y2 + 72 [—+—+—J ,(x,y,2>0),is
Xy z

(A)8 (B) 27
(C) 64 (D) 125
C
2
2 2 2 2 2
2(2x)°+y“+z S 2(2x)+y+z 5 2+1+1 (8t 4 2) £+_+l > 64
2+1+1 2+1+1 2. 1.1 z
2X 'y zZ
3—sin(l/x))| x|, X#0
Let f(x):{g Wx)ix] _ - Thenatx=0fhasa
(A) maxima (B) minima
(C) neither maxima nor minima (D) point of discontinuity
B

fis continuous at x =0
Further f(O + h) > f(0) and f(0 — h) > f(0), for positive ‘h’. Hence f has minimum value at
x=0.
A car is to be driven 200kms on a highway at an uniform speed of x km/hrs (speed Rules of the high
2
X
way require 40 <X <70) . The cost of diesel is Rs 30/litre and is consumed at the rate of 100+%

litres per hour. If the wage of the driver is Rs 200 per hour then the most economical speed to drive
the caris

a) 55.5 b) 70 c) 40 d) 80
B
Let cost incurred to travel 200 kms be
C(x).Then

2
c(x)={ 100+ % 2%, 301 200 22

60 ) X X
) 640000 +100x
X

= C'(x)<0 for x e[40,70]
= C(X) is minimum for x=70in X [40, 70].
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Key.

Sol.

99.

Key.

Sol.

100.

Key.

Sol.

101.

98. Let a, n € N such that a > n3then 3/a +1—%/5 is always

1 1
(A) less than — (B) less than —
3n® 2n®
(C) more than — (D) more than —
n 4an
A
Let F(X)=x"* = f'(x)= EWIR applying LMVT in [a, a + 1], we getone ce(a, a + 1)
f(a+1)-f(a 1
f'(c):u Ja+1 J_— 5 <5<t = 3a+1 \/5<—Va>n
a+l-a 3c 3a 3
If x> + 9y? = 1, then minimum and maximum value of 3x? — 27y? + 24xy is
(A) 0,5 (B) -
(€)-5,10 (D)o, 10
B

1.
Put x = cos 0, y=§SIn6

Let u =3x%—27y? + 24xy
u=3cos20 +4sin20
—-5<u<s5.

Let the function g : (—0, ®0) —> (—ggj be given by g(u) = 2 tan™(e") —g .Thengis

(A) even and is strictly increasing in (0, o)

(B) odd and is strictly decreasing in (—o0, o)

(C) odd and is strictly increasing in (—o, o)

(D) neither even nor odd but is strictly increasing in (—oo, )

C
g-u)=2tante’ - T =2cotte' - L =2| X _tante" |- X
2 2 2

—(Ztan‘l e' — gj =—g(u)

e'>0.

1
(u)=2.
g 1+e?

So, g(u) is odd and strictly increasing.

2
Let T (X) be a differentiable function in the interval (0, 2) , then the value of Io f (X)dX is_
a) f(C) where C € (0, 2) b) 2f (C) where C € (0, 2)
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c) f'(c) where c€(0,2) d) £*(0)
Key. B
Sol. Consider g(t) = J.Otf (X)dX Applying LMVT in (0,2)
wzg'(c); ce(0,2) :>I02f(X)dX=2f(C)for ce(0,2)

1+x

102. Let g(X)= I t|f'(t)|dt, where f(x) does not behave like a constant function in any interval (a, b)
1-x

and the graph of y = f '(x) is symmetric about the line x = 1. Then

(A) g(x) is increasing V x € R (B) g(x) is increasing only if x <1
(C) g(x) is increasing if f is increasing (D) g(x) is decreasing V x € R
Key. A

Sol.  g'X)=Q+x)|f'X+D)|+Q-x)|f'Q—x)]
=f'l+Xx)|Q+x+1-Xx)>0 VxeR

103. The equation 2X> —3x* —12X+1=0 has in the interval (—2,1)

A) no real root B) exactly one real root
C) exactly two real roots D) all three real roots
Key. C

Sol. Let f(X)=2x"—-3x*-12x+1
f(-2)<0; f(0)>0; f(1)<0
.. £(X) =0 has atleast two roots in the interval (=2,1) .
Suppose all the real roots of f(X) € (=2,1).
Then by Rolle’s theorm, both the roots of the equation f*(X) =0 should belong to (—2,1)
f1(X)=6x*—6x-12=0=x*-x-2=0
=>(x-2)(x+)=0=>x=2,-1
104. Iff:[1,5] —Ris defined by f (X) = (X—l)10 +(5— X)10 then the range of f is

A) [o, 220] B) [o, 2“] Q) [2“, 220] D) R*

Key. C
Sol. Conceptual

105. - If 3(a+2c) = 4(b+3d) # 0 then the equation ax® +bx* +cx+d =0 will have

(A) no real solution (B) at least one real root in (—1,0)
(C) at least one real root in (0,1) (D) none of these
Key. B

4 3 2
ax” bx® cx
Sol.  Consider f(x)= T+? +7+ dx and apply Rolle’s theorem

106. The function in which Rolle’s theorem is verified is

x* +ab
f =
(A) f(x) 09[ (@1 b)x

j in [a,b] (where 0<a<b) (B) f(X)=(x-D(2x-3) in [1,3]
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€ f(X)=2+(x-D)*in[0,2] (D) f(x)=cos(1/x) in[-1, 1]
Key. A

sol. () =log| 22 | is continuous in [a,b] and differentiable in (a,b) and f (a) = f (b)
(a+b)x

2

107. If f(X)=x"logx and f(0)=0 then the value of « for which Rolle’s theorem can be applied in
[0,1] is

1
(A) —2 (8) -1 (o (D) -
Key. D
Sol.  forthe function f(X)=Xx“logXx Rolle’s theorem is applicable for & >0 in [0,1]

108. Let f(X)=2x"—In|x|,x#0,then f(X)is

a) monotonically increasing in (—— 0) % ooj
. - 1 1

b) monotonically decreasing in —E,O U E,oo
. . I 1 1

c) monotonically increasing in (—oo, ——j U(O, Ej

. . 1 1
d) monotonically decreasing in | —o0,—— |U O,E

2
Key. AD

Sol. Qf(x)=2x*—In| x|
f'(x)= 4x—1
X

_(2x+1(2x-1)

- X
/_\ r/_

—F N

For increasing, f '(x) >0
SEOREE
2 2
And for decreasing, f'(X) <0
Xe (—oo,—lju(O,lj
2 2

109. For x>1,y =1log, X satisfies the inequality

a) x—1>vy b) X —1>y o) y>x-1 d)XT_l<y
Key. A,B,D
Sol.  Let f(Xx)=1log, x—(x-1)

= f=s-1=1% 0
X X

36



Mathematics Maxima & Minima

Q f(x) is decreasing function @Q x >1)
x>1= f(xX)< (1)

= log, x—(x-1) <0

= (x=1) > log, x
=Y

Or (x=1) >y

Now, let g (x)=log, x—(x2 —1).

1-2x2

- g9 o

.. g(X)is decreasing function

Q x>1=9g(XxX)<g@
= log, x—(x*-1) <0
(-J.r (X =1) >y

Again, let h(x) = x-1 log, X
X

h'(X):0+i2—£:1_ZX<O (for x> 1)
X X X
.. h(X) is decreasing function
Q x>1=h(x) <h()
-1 log, x <0
X
x—1
= <y,
X

110. Let‘@’(a<0, a ¢ 1) be a fixed constant and ‘t’ be a parameter then the set of values of ‘t’ for the function

f(x)=£ |[]+1]+a
[[t]+1]+1-a

([-] denotes the greatest integer function) is

jx to be a non increasing function of x,

1 a) [[a], [-a+1]) b) [fa],[-a) ) [[a+1],[-a+1]) d [a-1], [-a+

Key. B
[[t]+1]|+a

———=—————— <0,butasa<0,1-a>0.
[[t]+1|+1-a

Sol. f'(x)<0=

So|[t]+1|<-a= a<[t]l+1<-a= a-1<[t]<-a-1

= [a] <[t]<[-a]-1(asagl) = [a]<t<[-a]

x4

111. The number of critical values of f(X)=~——is
a)o b) 1 c)2 d)3
Key. D
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|x—]4{ X" —ZX}
Sol. f'(x)= = f'(X)=0 atx=2

= f'(X) does not existatx=0,1

112. The absolute minimum value of X° —4X—10|X—2| +29 occurs at

a) one value of X€ R b) at two values of X€ R c)x=7,3 d) novalue of XeR
Key. B

Sol.  Given function is (x—2|-5)* which has global minimum value equal to 0 ,when
x-2|=

113. The function f(X)=x(x-1)(x-2)(x-3)————— (x—50) in (0,50) has m local maxima and n local
minimum then
a) m=25, n=26 b) m=26, n=25 c) m=n=26 d) m=n=25

Key. D

sol.  From the given conditions, it follows that f(x)=x’+1= f!(2)=3(2)* =12

114. The value of c in the Lagrange’s mean value theorem applied to the function

f(X) =x(X+1)(x+2)for 0<x<1lis

\21 \v21-3 1 V2143
a) — b) c) — d)
4 3 5 8
Key. B
v21

Sol.  f'(c)=3c*+6c+2= f0H-10) f(O) 6:3c2+6c—4=0:>c=—1+Te(0,1)

115. A twice differentiable function f(X) on (a,b) and continuous on [a,b] is such that f*(x) <0 for all

x € (a,b) then forany ce(a,b), :E;))_ ;((a;
b-c c-a .
a) c—-a b)TC c) (b—C)(C—a) d)m
Key. B

Sol. Let ue(a,c),ve(e,b) then by LMVT on (a,c),(c,b) it follows
) = f(c) f@ oy fO-F©)
-a b-c
But u<vand f! (x)<0f0r all xe(@b)= i) I= fiu) > 1) = ;(C)_f(a)>ﬂ.

116. The number of roots of X> —5X+1=0 in (-1,1) is
a)o b) 1 c)2 d) 3
Key. B

sol. Let f(x)=x>-5x+1.Q f(1)f(-1)<0 3 atleast one root say « of f(x)=0in (-1,1).
If 3another root B (e < p)in (-1,1) then by RT applied to [«, A], it follows that
there exist y € (o, f) such that f'(y)=5y*"-5=0 ie y=1-1 but
ye(a,p) c(-11)..y #1,-1 , a contradiction. Hence number of roots of
f(x)=0in (-11) is 1.
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a :
117. If %+ﬁ+é+%+a4 =0 then the equation a,x* +a,x* +a,x* +a,x+a, =0

4
A) does not have root between 0 and 1 B) possesses at least one root between 0 and 1
C) has exactly one root between 0 and 1 D) has a root between 1 and 2
Key. B

= G + ax’ + 8,X + a;x" +a,X
5 4 3 2
f(0)=0and f(1)=0 by hypothesis
.. fsatisfies all conditions of Rolle’s theorem
f*(x)=0 has at least one root in (0,1)

Sol.  Consider the function f (X)

118. The largest area of the rectangle which has one side on the X-axis and two vertices on the curve y = e
is

1 1 2 2
A) — B) — C)\/g D)e£2

\/% 2e
Key. C

Sol. Let f(t)=te™
fr(t)=—2t " +e"
—e ™ (1-2t2)
1 (t)=0=t= o
J2
-1
Max area :inxe7 ZQ
Je

N

Y

ot

(-£0) O (£0)

119.. f(x)= L and g(x)= X \where 0<x <1. Then in this interval
sin X tan x
(a) f(x) and g(x) both are increasing
(b) f(x) is decreasing and g(x) is increasing
(c) f(x) is increasing and g(x) is decreasing
(d) none of the above
Key. C

Sol. 1:,(X)=SIHX—XCOSX

sin’® x
Now h(x)=sinx—xcosx
h'(x)=xsinx>0 v0<x<1
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120.

Key.

Sol.

121.

122,

h(x) is increasing in (0, 1]

h(0)<h(x) = sinx—xcosx>0for0<x <1

= f'(X) >0

Hence f(x) is increasing. Similarly it can be done for g(x).

For x €(0,1), which of the following is true?

(@) e <1+Xx (b) log, (1+x) < x

B
Let f(x)=€*-1-x, g(x)=log(1+x)-x
h(x) = sin X — X, p(x) =log x — X
for g(x) = log(1 + x) — x
R T
g (x)_1+X 1_1+X<O vxe(0,1)

g(x) is decreasing when 0 < x < 1.
9(0) > g(x)_ = log (1 +x) <x

(c) sinx > X

(d) log, X > X

Similarly it can be done for other functions.

f(x) = xI nx|:xe(0,1) has maximum value
(A)e
©1

1
(B) -
2

Key. B

Sol.

f(x)=—xInx

lim f(x)=0

x—0+

>0 if O<x<l
e

' . 1
f'(xX)=—@Q+Inx)s=0 if x==
e

1<x<1
e

<0 if

1
f has maximum value at X=— and f (EJ =
e

1
€ €

F(X) = xIn x _ x>0.
0 if x=0

If Lagrange’s theorem applies to f on [0, 1] then ‘a’ can be
(A) -2 (B)-1

1
(€0 ®) 7

Key. D

Sol.

f is continuous atx =0

~.0=1lim f(x)=lim x*In x forces "a>0" is necessary.

x—0+ x—0+

(D) None of these
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4
123.  Rolle’s theorem holds in [1, 2] for the function f (X)=x>+bx® +cx at the point "5". The values

of b, c are respectively

(A)8,-5 (B) -5, 8
(C)5,-8 (D) -5, -8
Key. B

Sol. f(1)=f(2) and f'(4/3)=0
3b+c=-7 and 8b+3c=-16
b=-5c=8

124.  Point on the curve y* =4(x—10) which is nearest to the line x + y = 4 may be

(A) (11, 2) (B) (10,0)
(©)(11,-2) (D) None of these
Key. C

Sol. P(X, , ¥,) : pt on curve nearest to line.

Normal at P is perpendicular to the line

Normal at P has slope —%

Y, =2 and X, =11; P(11,-2)

125 f(x)=(sin’x)e>"; max f(x)—min f(x) =

1 1 1
A) = B) ———
A e? ®) 2e ¢’
©)1 (D) None of these

Key. D

Sol. Let t =sin®x;t<[0,1]
f(x)=g(t)=te™

>0 if te[O,%)

g'(t)=@1-2t)e™
<0 if te (%,1]

max f —maxg—g[l]—i
2) 2e
min f =ming=min{g(0),g(1)} =0

max f —min f =i.
2e

x| if 0<x|<2
126.  f(x)= _ HAS AT X =0
1 if x=0
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(A) LOCAL MAXIMA (B)  LOCAL MINIMA
(C) TANGENT (D)  NONE OF THESE
KEY. A
SOL.
A(2,0), B(-2, 0)

0(0, 0) is not a point on the graph

127.  f(x)=x*-10x*+35x* —=50x+C. WHERE C IS A CONSTANT. THE NUMBER OF REAL
ROOTSOF f'(x)=0 AND f "(x) =0 ARE RESPECTIVELY

(A 1,0 (B) 3,2 ©) 1,2 (D) 3,0
KEY. B
Sol. g(x)=(x=D(x—2)(x-3)(x—4)

f(x)=g(x)+c,:c,=c—-24

g(x) =0 has 4 rootsviz. x=1,2,3,4

f'(x)=g'(x)and f"(x) =g"(x)

By Rolle’s theorem ¢'(X) =0 has min. one root in each of the intervals (1, 2); (2, 3); (3, 4)
BY ROLLE’S THEOREM, BETWEEN TWO ROOTS OF f '(x) =0, f "(x) =0 HAS MINIMUM
ONE ROOT.

128. THE DIFFERENCE BETWEEN THE GREATEST AND LEAST VALUE OF
f(x) =sin2x—x:X e{—ﬁ,ﬁ}

2 2
V3442 V3442
(A) (B) +—
2 2 6
©) g—g (D)  NONE OF THESE
KEY. D
Sol. f'(x)=2cos2x-1; f'(x)=0if x=—g,g

fi(x)>0 ier(—g,gj

T T T T
f'(X)<0 if Xe[-—,—= Xe(=,—=
(X)<0 if xe[ 5 6) or e(6 2]
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Max f =max{f (—Ej, f(f)}:max{ﬁ,ﬁ_f}zf
2 6 2 2 6] 2

MIN f z—g ISF IS AN ODD FUNCTION.

129. f :R—> R ISAFUNCTION SUCH THAT f(X)=2x+sinx; THEN, F IS

(A) ONE-ONE AND ONTO (B)  ONE-ONE BUT NOT ONTO

(C) ONTO BUT NOT ONE-ONE (D) NEITHER ONE-ONE NOR ONTO
KEY. A
Sol. f'(X)=2+cosx>0; .. f isone-one

fis continuous; lim f (x) = o0; lim f(X)=-ow
.. T 1S ONE-ONE AND ONTO
130. FIND WHICH FUNCTION DOES NOT OBEY LAGRANGE’S MEAN VALUE THEOREM IN [0, 1]

1
——X LX< = sin X
2 — = x=0
A f(x)= LV 1 B - f(x)=1 x
(__Xj st 1 if x=0
2 2
©)  f)=x[x| O) f()=|x]
KEY. A
Sol. In (a), f'(i—j:—l while f'(1+j:0
2 2
F IS NOT DIFFERENTIABLE AT X = %
131. IFA>0,B<0AND A=§+B THEN MINIMUM VALUE OF TANA TANB 1S
1
A) —=— B -1
(A) > (B)
1
© -3 (D)  NONE OF THESE

KEY. C
T
Sol. B,=—-B>0; A+ BO:E.

By AM.-G.M., max tan Atan B, happens when

.. MIN tan Atan B = —%.

132.  The point on the curve X* = 2y which is nearest to a (0, 3) may be
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® @2 ®) (13
9
© .0 ©) (_35]
KEY. A
Sol.  Let P(X,,Y,)be the nearest point

133.

KEY.

Sol.

134.

KEY.

Sol.

PA® =(y,—3)" +(%,—0)°
=Y. -4y, +9 as X, =2y,
:(yo_2)2+5

PA? is minimum if y, =2; X, =+2
P(£2,2).

Aliter : A lies on normal to curve at P.
POINT ON THE LINE x—Yy =3 WHICH IS NEAREST TO THE CURVE X% = 4y IS

A 0,-3) B (30
©) (2,-)) (D) NONE OF THESE
B

P(X,, Y,) is the nearest point; Y, = X, —3

Line through P, perpendicular to X =Y =3 is normal to given curve at, say, Q(X,, ;)

2
.-.—Z=—1; X =2y =1
Normalis Yy —1=—(X—2); Thiscuts Xx—y =3 atP.
- P(3,0).
| x=1] .
— if 0
f(x)=4 x° X7 Y INCREASES IN
0 if x=0
A (0,2 B 0,2
(C) [0,0) (D)  NONE OF THESE
D
e 1
X
f(x)= 1_2X if x<1:x#0
X
0 if x=0,1
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if x>1
fr)=4 *

if xe(0,1) or xe(—,0)

X3
fis not differentiable at x=0, 1
f'(X)>01IF xe(L,2) OR X e (—o0,0)
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