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Q1.

Q2.

Q3.

Q4.
Q5.

Q6.

Q7.
Qs.

Q9.

Q10.

Q11.

Q12.

Q13.

Date: 18/10/2021
If f(x) = | cos x|, find f' (37:‘}

Given f(x) = L" Find the points of discontinuity of the composite function y = f[f(x)].

If f(x) = {xs + ’(‘2 - 125;2{( +20, x+#2 js continuous at x = 2, find the value of k.
x —
kl X = 2
Discuss the continuity of the function f(x) = sin x - cos x.

Examine the continuity of the function
[x - 4|

—, if x24
f(x)=<2(x—-4) at x=4.
0, if x=4
Examine the continuity of the function
3x+5, if x>2
fx)=4 , . at x=2:
x*, if x<2

Examine the continuity of the function f(x) = x* + 2x* =1 at x = 1.

If f(x) = | cos x — sin x|, find f’ (%)
Examine the continuity of the function:

1
| xjcos—, if x=0
X

f(x)= atx=0.
0, if x=0
Examine the continuity of the function:
2
2XT-3X -2 e 2
f(x) = X—-2 atx= 2.
5, if x=2
Examine the continuity of the function
1-cos 2x
—_——  if 0
f) =" x2 X7 atx=o.
5, if x=0
Find all points of discontinuity of the function f(f) = ﬁ ,where t= ﬁ

I the function f(x) = XL

L then find the points of discontinuity of the composite function
y = f{f(x)}.
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Q14. Prove that the function fdefined by
x
f(x) = {|x]+2x*’
k, if x=0

Q15. For what value of k f(x) is continuous at x = 2, where

2)(1—2_16
fo)=, 4* —16 '
K, if x=2

if x=2

Q16. For what value of k f(x) is continuous at x = 5, where

fog= [ -8 I x<5
2k, if x>5

Q17. Examine the continuity of the function: f(x) = | x|+ |x—-1]atx=1.

Q18. Examine the continuity of the function:

2

x if 0<x<1
f(x) = 2 , at X='1
2x2—3x+5, if 1<x <2
Q19. Examine the continuity of the function:
1f x
¢ , if x=0
f(x)=1:1+e"~ atx=0.
0, if x=0
Q20. Examine the continuity of the function:
| x.= alsin L , if x #a
f(x) = X-—a atx=a.
0, if x=a
1
21. Find f'(x) if f(x)=sec' | —— |,0<x <—.
Q () if F(x)= [m 3x)<<J§

bcos x +asinx 2

Q22. Find f'(x) if f(x)= tan" 1(acosx bS'"XJ —n<x<£and%tanx >,
[ 4 4’

Q23. Find f'(x) if f(x)='cos'[Sinx + cos X ), Tex< X

Q24. Find £'(x) if#(x) = sin”' __1_
x+1

if x=0 remains discontinuous at x = 0,
regardless the choice of k.

Q25. A function f: R — R satisfies the relation f(x + y) = f(x) - f(y) forall x, y € R, f(x) # 0.
Suppose that the function is differentiable at x =0 and f'(0) = 2, then prove that f (x) = 2f(x).

Q26. Show that f(x) = | x— 5| is continuous but not differentiable at x = 5.
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Q27.

Q28.

Q29.

Q30.

Q31.

Q32.

Q33.

Q34.
Q35.

Q36.

Q37.
Q3s.
Q39.
Q40.
Q41.

Q42.

Q43.

Q44.

Q45.

Q46.

Q47.
Q4s.
Q49.

Q50.

Examine the differentiability of f, where fis defined by

1+ x, if x<2
f(x)= ’ t x=2.
> {5—){, if x>2 o

Examine the differentiability of f, where fis defined by

ﬂx)={x[x], if 0<x<2
(x-1x, if 2<x<3

Show that the function f(x) = | sin x + cos x| is continuous at x = =.

Ify = tan (x + y), find % .
dx

Find £(x) if f(x) = ytanVx .

If x = &, then prove that &Y _ X~ ¥
dx  xlogx’

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, then show that g_y.g_":t
x dy

Find f'(x) if f(x) = (¢ + y?)? = xy.
Find f'(x) if f(x)=sec (x+ y) = xy.
Find f'(x) if f(x)=sin (xy) + % =x-y

Find f'(x) if f(x) =sin"x- cos" x.

Find f'(x) if f(x)= sin x* + sin®x + sin? (x®).
Find f'(x) if f(x) = cos (tanm).

Find '(x) if f(x) = sin"(ax? + bx + c).

Find f'(x) if f(x)= siny/x +cos?/x .

dy 1(3x-x3 1 1
Find =X, if tan — <X <—F.
ax' [1 3,(] B

Find f'(x) if f(x) =tan™' *+) = a.
If e* + &’ = e**Y, prove'that & = e/~
dx

Find ' (x) if f(x) =2°°%°%,
Find f/(x) if f(x)= &

Find ' (x)if f(x) = log (x + \/x* +a).
Find f'(x) if f(x) = Log [log (log x°)].
Find f'(x) if f(x) = (sin x)°***.

Find & ifx=t+1,y=¢-1.
dx t t

at x=2.
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Q51. Find 3_3" ifx=3cos0-2cos®0, y=3sin0-2sin®0.
X

Q52. Verify the Rolle’s theorem for the function:
f(x) =x(x-1)*in [0, 1].

Q53. Differentiate — w.r.t. sin x.
sin x
Q54. Find & ifx=1+l0gt '\, - 3+2logt,
dx t? t
Q55. If x =3 sin t—sin 3t, y = 3 cos t— cos 3t, then find ;ﬂ att= g
Ix

Q56.Verify the Rolle’s theorem for the function:
f(x) =log (xX* + 2) —log 3 in [-1, 1].
Q57. If y = tan™ ' x, then find dzlz’ in terms of y alone.
dx

Q58Verify the Rolle’s theorem for the function:
f(x) = x(x + 3)e"*%in [- 3, 0].

Q59Find the points on the curve y = (cos x — 1) in [0, 2xr], where the tangent is parallel to
X-axis.

Q60.Using Rolle’s theorem, find the point on the curve y = x (x.— 4), x € [0, 4], where the
tangent is parallel to X-axis.

Q61 .Verify Rolle’s theorem for the function, f(x) = sin 2x in [0,321.

Q62 Verify mean value theorem for the following function:

f(x) = 4X1_  in [1,4].

Q63.Verify mean value theorem for the following function:
f(x) =x>=2x" - x+3in [0, 1].

Q64.Verify mean value theorem for. the following function:
f(x)=sin x —sin 2xin [0,T).

Q65Verify mean value theorem for the following function:

f(x) = /25 - x? in [1,5].

Q66Find a point on the curve y = (x— 3)?, where the tangent is parallel to the chord joining the
points (3, 0)and (4, 1).

Q67.Using mean value theorem, prove that there is a point on the curve y = 2x* — 5x + 3
between the points A (1, 0) and B(2, 1), where tangent is parallel to the chord AB, Also,
find that point.

Q68. Find the values of p and g, so that f(x) = {xz +3x+p, if x <1ig gitferentiable at x = 1.

qx + 2, if x>1
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Q69.

Q70.

Q71.

Q72.

Q73.

Q74.

Q75.

Q76.

Q77.

If f(x) = v2cosx -1 ;eg find the value of f [%) so that f(x) becomes continuous at

cot x —1

X=—
4

Find f'(x) if f(x)= tan" [w,_£< x <F,
1+cos x 4 4

Examine the differentiability of the function fdefined by
2x+3, if -3<x<-2
fix)=< x+1, if -2<x<0
x+2, if 0<x<1

If 1- x* +1-y? = a(x-y), then prove that ¥ — [1-y*

dx \1_x2-
Find f'(x) if f(x) = (x + 1)%(x + 2)* (x + 3)~.
If sin x= —2L_ tan y= —2L_ then prove that 9 _ 1.
1+ t? y 1-¢? P dx 1
Lo 2t - 2t d
If sin x= —=<'_ tany= , then prove that 9 _ 1,
1+t2 y 1- ¢t P dx 1

If X™. y" = (x+ y)™* ", prove that: (i) 9 _Y and (i) 9°Y _¢.
y"=(x+y)"*" p W =5 2 =3

Find the value of ¥ | ify= x®* 4+ [x2+1
dx 2
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Nurturing Success...

MATHEMATICS - Xl | Continuity and Diffrentiability BSQs-Solution

Date: 18/10/2021

S1. When g <x<mr, cos x<0sothat|cos x|=-cosx,ie., f(x)=—-cos x.
= f'(x) = sin x.
Hence, f' 3. sin Sn =i.
4 4) 2
S2. We know that f(x) = L‘l is discontinuous at x= 1.
Now, for x# 1, FFO)) = £ —— |- — 1 - X1
X -1 1 1 2-x

x -1

which is discontinuous at x = 2.
Hence, the points of discontinuity are x =1 and x = 2.

$3. Given, f(2) = k.

3 2
Now, lim f(x) = lim f(x)= lim X*X*10x+20
X =2 x—>2° X2 (X—Z)

= jim X +5)(X —22)2
X2 (x_2)

= Iimz(x +5)=7
As fis continuous at x = 2, we have

lim £(x) = £2)

= k= T7:

S4. Since sin x and cos x are'continuous functions and“preduct of two continuous function is a
continuous function, therefore f(x) = sin x - cos x is'a continuous function.

S5. Wehave, |X—4|
—if x#4
f(x)=+<2(x—-4) atx=4.
0, if x=4
At x=4, LHL= fim X =4
x>4 2(x —4)
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= fim J4=h-4 _ . 10-h]
n>02[(4—h)—4] h>0(8-2h-8)
= lim —=_—1 and f(4)=0=LHL
h—0 _2 2
So, f(x) is discontinuous at x = 4.
S6. We have, 3x+5, if x>2
fx)=14 , ) at x=2.
X<, if x<2
At x=2, LHL= Iirr;_ (x)?
o 2 _ 2 _
= AIT0(2—h) _i|£n0(4+h 4h)=4
and RHL= lim (3x +5)
x =2
= Aimﬂ[3(1+h)+5]=8
Since, LHL=RHL at x=2
So, f(x) is discontinuous at x = 2.
S7. We have, f(x)=x3+2x* =1
Iimr f(x) = })imn 1+hP’ +2(1+h)j>*-1=2
and lim f(x) = Aimo (1-h)°+2(1-h)*=1=2
lim f(x) = lim f(x)
Xx =1 X =1
and f(M=1+2-1=2.

So, f(x) is continuous at x = 1.

$8. WhenO<x< % cos x > sin x, sothat cos x—sin x>0, i.e.,

f(X)= ¢cos x — sin x

= f'(x) = —sin x — cos x
s . T T 1
Hence, f'l —| = —sin——-cos—==—-—(1++/3).
(6) 6 6 2( J_)
$9. We have,
|xlcosl if x=0
f(x) = X' at x=0.
0, if x=0
At x=0, LHL= Iim |x|cos1
x =0 X

lim |0 — h|cos 1
h—0 0
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RHL

and f(0) =
Since, LHL =

So, f(x) is continuous at x = 0.

$10. We have,
f(x) =
At x=2, LHL =
RHL =
and f(2) =
LHL =

So, f(x) is continuous at x = 2.

lim h cos [_—1]
h=0 h

0 x [an oscillating number between—1and 1] =0

, 1

lim |x|cos —

x -0 X

lim |0+ h|cos

h—0 (0+h)
. 1

lim h cos —

h—0 h

0 x [an oscillating number between—1and 1] =0

0
RHL = f(0)
2
X =3X=2 e o
xX-2 at x=2.
5, if x=2
. 2x*-3x-2
lim —  ——
X2 X—2
2
im 2(2-h)=3(2-h)-2
h—0 (2-h)-2
. 842h* -8h-6+3h-2
lim
he0 —-h
2
im 20~ =5h _ oy h(2h=5)

h—>0 —-h h—0 —h

. 2x? —3x &2

lim

X >2° x -2

im 2(2%h)* -3(2+h)-2

h—0 2+h)-2

2

lim 2 +5h _ . h@h+8)
h—>0 h h—0 h
5
RHL = f(2)
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$11. We have,

f(x) =

LHL =

RHL =

and
Since,
So, f(x) is not continuous at x = 0.

S$12. We have,

f(t) = e\ "

£(t)=

1—cozs2x‘ i x%0
X at
5, if x=0

1-cos2x

lim 5

Xx—0 X
1-cos2(0-h)

m

(0 - h)?

h—0

1-cos 2h
h—0 h?

. 1-1+2sin’h
lim

h—0 h?

2(sin h)? _
(h)*

1-cos 2x

1-cos2(0+ h)
(0 + h)®

h—=0

2 sin*h
m =
h—>0 h?

2

f(0)=5
LHL = RHL # £(0)

1+ x4 [-2(x — 1)?]
(x* +1-2x)
x? +1-2x
X —2x*> -2+ 4x

X% +1-2x
—2x* +5x -2

(x —1)?
—(2x* -5x +2)

x=0.

[ cos (—06) = cos 6]

© ©c0s 20 =1 — 2 sin%0]

[ lim ﬂg]
hs0 +h
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S§13.

S14.

_ (x=
(2x = 1)(2 - x)

So, f(t)isdiscontinuous at2x—-1=0 = x=1/2

and 2-x=0 = x=2.

So, points of discontinuity of f(f) is {% 2} .

We have, 1
f =
) X+2
y = Hf(x)}
fe)
X+2 49
X+2
c U gy D)
1+2x +4 (2x +5)
So, the function y will not be continuous at those points, where it is not'defined as it is a rational
function.
(x+2) . .
Therefore, y = is not defined, when 2x+5=0
(2x +5)

-5
X= —
2

Hence, yis discontinuous at x =_—25.

We have,

(0-h)

e X if x#0
f(x) = +]x|+2x
k, if x=0
. X
At x=0, LHL = lim —= -
x>0 | x|+ 2x° J P00 -h|+2(0-h)
. -h . —-h
= |lim == lim —
h>0 h42h* r-0h(1+2h)

O0+h

RHL = dim

. h .
= |im = li

5> = lim =1
h>0h+2h* h-0h(1+2h)

S S—
%0 | x| +2x%  h-0|0+ h|+2(0-h)

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 5



and
Since,

f(0)=k
LHL = RHL for any value of k.

Hence, f(x) is discontinuous at x = 0 regardless the choice of k.

S$15. We have,

u if x%2
fx)=1{ 4-16 ° at x=2.
k, if x=2
Since, f(x) is continuous at x = 2.
LHL = RHL = f(2)
X 2 4 X
At x=2, Iim#= "mw
x>2 4% _ 4 x>2 (2°)% — (4)
= lim —4 (2 -4 [+ a®—b%= (a+b)(a™ b)]
x>2 (2X - 4)(2" + 4)
, 4 4 1
= lim =—=—
x>22"+4 8 2
But f(2) = k
-1
2
$16. We have, _ ' <
fpg= X8 T XSS Gl
2k, if x>5

Since, f(x) is continuous at x = 5.

LHL = RHL = f(5)

= lim [[1=h]+[1-h=1]=1+0=1

Now, LHL = Iing_(3x—8)=Jimﬂ[3(5—h)—8]
= limf5-3h-8]=7
30
RHL =-1lim 2k =lim 2k
x—5" h—=0
and f(6)=3x5-8=7
2k=7 = k=z.
2
$17. We have fxX)=|x|+x—1] at x=1
At x=1, LHL=_dim [| x| +]|x —1]]
X1
and

RHL = fim [|x]+|x - 1[]
x =>1"

= lim [[1+h]+[1+h-1]=1+0=1

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 6



and f()y=11]+]0|=1

LHL = RHL = f(1).

Hence, f(x) is continuous at x = 1.

Note: Every modulus function is a continuous function at any real point.

S$18. We have, X2
R if 0<x<1

f(x) = at x=1.

2x2—3x+%, if 1<x<2

2 2
At x=1, LHL= lim X —im 0=/
X =1 2 h—0 2
1+ h2-2h 1
= fim — <1 _ 7
h—0 2 2

RHL = lim [2){2 - 3x +%J

x =17

r!ig'lch [2(1 +h)? =3(1+ h) +%}

= |im (2+2;hz+4h—3—3h+§J=—1+§=1
h—0 . 2 2
-1 vl =
and f()y= —_=-_— [+ en”=0]
2 2
LHL=RHL =f(1) at x= 1.
Hence, f(x) is continuous at x = 1.
$19. We have, i
© if x#0
f(x) = {14 gl/x’ at x=0
0, if x=0
1 x 1f0°%h
At x=0, (HL= lim ——— = lim —
x>0 44 gl/x h—)u1+e1;'u-n
-1/h
= lim =fim ——
=044 gt " h=0 gifh(qy gty
1 1 1 e

= lim = =
20 e 14 €7 +1 o+1

=0
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1
?
I
I

1
= —= e =0
0+1 [ ]
Hence, LHL= RHL at x=0.
So, f(x) is discontinuous at x = 0.
$20. We have, 1
|x —a|sin , If x=a
f(x) = X—a at x=a.
0, if x=a
At x=a, LHL= Ilim |x —a|sin
X —>a X—a
. . 1
= lim |a—h—a|sm[—]
h—-0 a-h-a
= |i h'1 " sin (—0)=-sin6
= lim —hsin m [ sin (—=0)=-sin6]
= 0 x [an oscillating number between — 1 and 1] = 0
RHL = Ilim |x —a|sin
x—»a X =a
. . 1
= lim |a+h—a|sm[7l
h—0 a+h-a
, 1
=+lim h cos —
s 0 h
= 0 x [an oscillating number between—-1and 1] =0
and f(a)=0
Since, LHL=RHL = f(a)

So, f(x) is continuous-at x = a.

S21. Let

_ 1 )
On putting x = cos 0 in Eq. (i), we get

1

= sec”’
y 4cos*0—-3cos0
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41
= sec

cos 30
= sec” ' (sec 30) = 30
=3 cos ' x [© 6=cos 'x]
Y - 9 (3c08x)
dx ax
=3. 1 .
1- x*
S22, Let y= tan” acos x —bsinx
bcos x +asin x
'acosx_bsinx a
. 4| bcosx bcosx L| X
= tan - =tan
bcosx asinx a
1+ —tan x
| bcos x  bcos x b
= tan‘“ﬁ—tafﬁ tan x { tan'“x—tan‘“yztan"(x_yﬂ
b 1+ xy
= tan"' 2 _x
b
v - i{tan‘1 E]—i( )
ax dx b
C0_1 i(EJzo
dx \| b
=—1.
$23. Let - cos” (sinx +cosx]
2
dy _ _"_003—1 sin X +cos x
adx dx JE
_ -1 d (sin x +cos x d . 1
= (2~ 7 v —(cosT X)) =-
1 (sir'nx+cosx]2 dx { V2 dx 1-x°
J2
-1

= — = ‘ . 1 (cos x —sin x)
\/1_(S|n X +COS“ X + 2 sin x - COS X) J2

2

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 9



__ 12 1
J—sin2x 2

[- 1 -sin 2x = (cos x — sin x)? = cos? x + sin® x — 2 sin x cos x]

(cos x —sin x)

—1(cos x —sinx)

= ~1.
(cos x —sin x)
S24. Let y= sin—]
X +1
Y . — sin™’ !
ax X JX +1
1 d 1 . 1
= —— v —(sinT x) =
1 2 dx (x +1)"? dx( ) 1_ x2
1—
L,’x+1}
= ;.i.(x.m)-"z
x+1-1 dx
X +1
Xx+1 -1 -1 d
= —(x+1) 2 - —(x+1
5 (x+1) dx( )
o )™ ( 1J e _ =1 (L
= N . 1 S .. )
x"? -2 (x+ 2% (X ¥1
§25. Let f: R —» R satisfies the equation f(x + y) = f(x) - F(y), Vx,y e R, f(x) # 0.
Let f(x) is differentiable at x =0 and f'(0) = 2.
= F(0) = lim\ ") =10)
x — 0 x-0
= 2 jim 00 =1(0)
x—=0 X
- 2= lim f(0+ h)-f(0)
h—0 0+h
- 2= lim f(0)-f(h) - f(0)
h—0 h
= 2= jim [ -1 [+ f(0)=f(M)] ...(3)
h—0 h
Also, Flx) = lim 1X M=)
h—0 h
= lim f(X)‘f(?;) - [ Fix+y)=F(x)- f(y)]
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= tim T =T _ o

h—>0 h
f'(x) = 2f(x).
$26. We have, fx)=|x-5]

F(x) =

—(x-95), if x<5
X -5, if x=5

For continuity at x =5,
LHL= lim (-x+5)

x —»5

:!'Lno [-(5-h)+9] =A|E'|0 h=0

RHL = lim (x - 5)

x =5
= fim (5+h—5)=lim h=0
h—>0 A0
. f(5)=5-5=0
= LHL = RHL = f(5)

Hence, f(x) is continuous at x = 5.
im f(x)—f(5) _im =X +5-0 _

Now, LF/(5) = 1
X —=+5 X—5 X—5 X—5
RF(5)= lim 1)) _ prox=5-0_,
x —»5" X—5 s, B X—S
LF'(5) # Rf'(5)

So, f(x) =| x— 5|, is not differentiable at x =.5.

S$27. We have, i <
Fg s Tox<2 o o
5-x, if x>2
For differentiability at x = 2,
1F(2) = lim f(x)—f(2)= - (1+x)-(1+2)
X =2 X—2 X2 x—2
(1+2=h)-3 -h

= |lim —
h>0 9 _h-2 h—>0 _h

im fx)-f(2) _ lim 5-x)-3

=1

Rf(2)= x =2 X—2 x—=2" )(—2
- i 5-2+m)-3
h>0 24+h-—2
. 5-2-h-3 -h
= lim =lim —=-1
h—0 h—>0+h

[Using Eq. (i)]
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Lf'(2) = Rf'(2)
So, f(x) is not differentiable at x = 2.

S$28. \We have, 09 x[x], if 0<x<2
X)) =
(x-1x, if 2<x<3

At x=2, LF(2)= lim [2=M=12)

h—0 —h

im 2-hm[2-h1-(2-1)2

h—0 _h
= lim (2-h)(1)-2
h—0 _h
2-h-2 . -h
= lim = lim —=1

RF@)= im f(2+ h’: ~f(2)
im (2+h—‘l)(2;h)—(2—1)-2
- im (1+h)(2h+h)—2

2+h+2h+h*+2

h—0 h
2
= h +3h= m h(h+3)=3
h—0 h h=0 h
Lf'(2) # Rf'(2)
So, f(x), is not differentiable at x = 2.
§29. We have f(x)="sin x+ cos x| at x=n=.
Let g(X)= sin x + cos x
and h(x) = |x|

hog (x) = h[g (x)]

= h(sin x.+ cos x)
= |siniX'#.cos X |

Since, g(x)=sin x + cos x is a continuous function as it is forming with addition of two continuous
functions sin x and cos x.

Also, h(x) = | x| is also a continuous function. Since, we know that composite functions of two
continuous functions is also a continuous function.

Hence, f(x) =|sin x + cos x| is a continuous function everywhere.
So, f(x) is continuous at x = =.
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S$30.

S31.

S32.

Given, y=tan (x + y).
Differentiating both sides w.r.t. x, we have
dy 2 d
— =sec (X+y)—(x+
I (x+y) I (X +y)
= sec’(x + y) [1 + ﬂ]
dx
or [1-sec?®(x+ y)] Y . sec? (x + )
dx
2
Therefore, % = _S€¢ (2X ) —cosec? (x + y).
dx 1-sec’(x+y)
Let, y= Jtan\/;
Using chain rule, we have
dy 1 d
— = ——— . —(tan \/;)
= ;.Secz\/;i(\/;)
2 /tan+/x dx
= ; (SeC2 \/;) [LJ
2 /tan/x 2Vx
_  (sec’ V%)
4\/;\/tan&
We have, x=e"
i = d xly
ax ax
d
= 1= ¥ . —(x
o 1Y)
- 1= o y-1—x;dy/dx}
y
— y2= y.exfy X y'exfy
= x‘d_y‘exa'y =yexfy_yQ
dx
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dy _ y(e”-y)

ax X -e*
xly
Gt 7} { x=e" = Iogx=£}
X xty y
y
= Xy Hence proved.
x -log x
$33. We have, ax’+2hxy+ by?+2gx+2fy+¢=0 . ()
On differentiating both sides w.r.t. x, we get
d .y d d o d d d
—(ax”) +—(2hx —(b — (2gx)+—(2fy)+—(c) =0
g (@) @y (byT) + o (29%) + o (2fy) + - (€)
= 2ax+2h[x-d—y+y-1J+b-2yd—y+2g+2fd—y+0=0
dx dx dx
dy _
= d—[2hx+2by+2f] =—2ax—-2hy—-2g
X

dy _ —2(ax+hy+g)
dx 2(hx + by +f)
—(ax + hy+9g)

- (hx + by+ ) -

Now, differentating Eq. (i) w.r.t. y, we get

d ., d d .., d d d
g 9 2hxy)+ L (by?)+ L 29x) T 2f) + 2 (c) =0
dy(ax )+dy( XY)+dy( y )+dy ( QX)+dy( fy)+dy(0)

= a-2x-%+2h-(x-iy+y-ix +b-2y+2g-£+2f+0=0
dy - dy dy dy

= j—i[Zax+2hy+29] = =2hx= 2by - 2f

dX__1=2(hx + by +f) _—(hx+by +f)

- X ... (i)
dy 2(ax +hy+g) (ax+hy+g)
dy dx _ —(ax+hy+g) —(hx+by+1) [Using Egs. (ii) and (iii)]
dx dy  (hx+by+f)" (ax+hy+g)
=1. Hence proved.
$34. We have, (X + yP)? = xy

On differentiating both sides w.r.t. x, we get

d 2 ZZ_i
T (x*+y°) I (xy)
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d d d
200 +y?) — (X +y ) =X —Yy+y - —X
= ( y)dx( y?) v
= 2(x2+y2)-[2x+2yd—y)=xd—y+y
dx ax
= 2x2-2x+2x2-Zyd—y+2y2-2x+2y2-2yd—y=xﬂwty
ax dx dx
dy -
= a[4x2y+4y°—x]—y—4x3—4xy2
dy _ (y-4x’-4xy°)
dx  (4x°y +4y° —x)
$35. We have, sec (X + y) = xy

On differentiating both sides w.r.t. x, we get

d _ d d
= sec(x+y)-tan(x+y) —(xX+y)=x-—yty:—x
dx dx ax
= sec(x+y)-tan(x+y)-(1+d—y]=x-d£+y
dx ax
dy _  dy
= sec(x+y)tan(x+y)+sec(x+y)-tan(x+y).~=—==x—+y
ax ax
= g—y[sec(x+y)‘tan(x+y)—x]=y—sec(x+y)~tan(x+y)
X
d_y= y—-sec(x+y)-tan(x+y)
dx sec{x+y)-tan(x+y)-x
$36. We have, sin (xy)+§=x2—y

%sec (x+y) = C%(xy)

On differentiating both sidesw.r.t. x, we get

i(su’.x )+i i :ixz_i d_y
dx Y dx 'y ax dyy dx
y d X=X d y
d dx “dx dy
cos xy -— (xy) + = oy — 2
y dx(y) 5 e
y—xiy
= cosxy-[x-iy+y-—.x}+72dx=2X_ﬂ
ax ax 1% ax
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dy y x dy _ dy

= X COS XY - ——+ Y COS Xy + -4 — — —L = X — -2
Y Y 4 y>  y? dx dx
= d—y{xcosxy—i?+1} = 2X — y COS X —Lz
dx y
dy _|2xy-y?*cosxy -1 y?
dx y Xy?cos xy — x + y°

_ (2xy —y*cosxy - 1)y
(xy®cos xy —x +y?)

$37. Let, y=sin"x - cos” x

dy
dx

i [(sin x)™ - (cos x)"]
dx

(sin x)™- d (cos x)" + (cos x)" -i(sin x)"
ax dx

= (sin x)" - n(cos x)" " -icos X +(cos x)" - m(sin'x)™". d sin x
dx dx

(sin X)™- n(cos x)" " (—sin x) + (cos x)" - m(sinx)™"" cos x

—nsin™x-cos" " x- (sinx) + mcos"x ~sin™" " x - cos x

.cos” x €08 X

-n-sin” x-sinx-cos” x -

4 m-sin” x - —
COS.X sin x

=—n-sin”x-cos”x - tan x +m.sin” x - cos” x - cot x
=sin™ x - cos” x[-n tan x+ mcot x].
$38. Let, y = sin X% + sin? X'+ sin? (x%)

dy
ax

d 4.5 d , . o d_, ",
—sin (X°) + —(sin x)° + —=(sin x
alx ) dx( ) dx( )

cos(xz)i(x2)+28inx-isinx+23inx2-isin x?
ax ax ax

(cos x?)2x + 2.48in X - cos x + 2 sin x* cos x?-
= 2x cos (x)? +.2-sin x - cos x + 2 sin x? cos x* - 2x

= 2x €08 (x)? + sin 2x + {sin 2(x)*}- 2x

=.2x°¢0s (x)* + 2x - sin 2(x)* + sin 2x .

cos (tan/x + 1)
I %cos (tany/x +1)

—sin (tany/x +1)- % (tanyx +1)

$39. Let, y
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S$40. Let,
ay
ax
S41. Let,
dy
ax

S42. Put x = tan 0, where %<9<E.

Therefore,

Hence,

—sin (tany/x + 1) - sec?
—sin (tan/x +1)-(sec/x +1

—(X+1) V2. " (X+‘I)

S|n(tan,}x+ )-sec? (yx +1).

y = sin(ax? + bx + ¢)

2 x+1

a [sin(ax® + bx + ¢)]"
dx

n-[sin (ax*+bx +¢)]" " % sin (ax*+ bx +¢)

n-sin”

n-sin” '(ax® + bx + ¢) - cos (ax® + bx + ¢) - (2ax + b)

n-(2ax +b)-sin” '(ax® + bx +¢) - cos (ax® + bx'+.c) -

y= sin\/; +cos?/x

d 12 172
asm(x )+ i [cos(x )

cos x"'? - d x"? +2cos (x"z) [cos (x"?)]
ax ax

cos (x"?) 1 x "% + 2weos (x'"?)- [—sin (x”z)'i x”"}
2 dx

[ 2 cos (x"%)]-sin x"

1 1
2+/x ZJ?

1 .
m[cos(&) —sin(2Vx)].

T

y= tan” 3tan0 —tan®0
1-3tan’0

=tan' ' (tan 30)

=30
=3tan"'x
ay __3
dx  1+x%°

1 g (x +1)"2 [ d (tan x) = sec? x]
ax dx

‘1(ax2+bx+c)-cos(ax2+bx+c)-%(ax2+bx+c)
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S$43.

S44.

$45.

We have, tan™'(xX*+ %) =a

On differentiating both sides w.r.t. x, we get

c;ix tan”'(x* + y?) = (% (a)

1 d o .2
= _ (X" + =0
1+ (x% + y?)? dx( y)
= 2x+2yﬂ=0
ax
dy
= 2y - — ==2x
4 ax
dy _ -2X -X
ax 2y y
Given, e +e¥=e""Y

Differentiating both sides w.r.t. x, we have

e"+e”d—y = e“”(1+d—y]

ax dx
or (e*’—e"”’)d—y ="V -
ax
X+y _ qX x Py bax
Which implies that &y e e _efere g
dx e'-e"7’ e'-e'-¢
Let y = 2%
log y = log 25 = cos?x - log 2

On differentiating w.r.t. x, we get

dy d 2
—| —=="—Ilog 2-cos
%9y dx = dx g X
= 1vd—y=Iog2i(cosx)2
y dx ax
= l-d—y=Ic:ugZ-[Zc;osx]-ic;os.x
y dx ax
=log?2 -2 cos x - (—sin x)
=log 2 - [-(sin 2x)]
d—y=—y-I092(sin2x)
dx

= — 2™ . Jog 2 (sin 2X).
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$46. et

Yy

dx

Yy

ax

dy
ax

= iIog y-
dy
1
= —.
y
On differentiating w.r.t. x, we get
1
y
1
= _
y
S47. Let,
S48. Let,

X X

— = logy= |098—3
X X

d X 8
—[log 8" —log x
dx[ g gx]
9 x-log8 - 8-log x]
ax

Iog8-1—8-l
X

8
log8 - —
og X

y[logB—§]=88 (IogB—ﬁ)
X) x X
log (x +/x* + a)

%Iog (X +x*+a)

1 i[x+\/x2+a]

(x+\/x2+a)'dx

(VX* +a +x) _ 1
(X + \/xz +a)(\/x:2 ra) (I +a)

Log [log (log x°)]

d 5
™ [log (log logx”)]

1 d
———= . — (log-log x°
log 169 x° dx( 9-logx)
L . | 1 | . i|og x5
loglog x° (log x® ) dx
1 1 d
. -—(5log x
loglog x° log x° dx( 9%)
5

x -log (log x°)-log (x°)
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$49. Let y = (sin x)°**

= log y = log (sin x)°** = cos x log sin x
d dy _ d .
—logy-— = —(cos x -log sin x
dy 9y 4 G‘,x( g )
1 dy _ d . . d
= —.— = cos X -— log sin x + log sin x - — cos x
y dx ax ax
d . : .
= cos X -—— - —sin x +log sin x - (—sin x)
sin x dx
. . cos X
= cot x - cos x —log (sin x) - sin x { cot x = — ]
sin x
2
d_y = y[cc?s X —sin x -log (sin x)}
dx sin x
. cm,([coszx . . }
= sinx _ —sin x -log (sin x) |.
sin x
S50. 1 1
x=t+- and y=t--
t t
%:if.kl and ﬂ:it_l
dt dt t t dt t
= 3=1+(—1)t'2 and ﬂ=1—(—1)r2
dt at
= %=1—i2 and d_y=1+l2
dt t dt t
2 2
- dx _ t°-A1 and dy _ t°41
dt #2 dt {2
dy" dy/dt _ (2 +1)/t? _ t? 41
dx'v dx/dt (-2 -1
S51. - x=3cos0—2cos’O.and y=3sin0—-2sin’0
ﬁ=i(3cc>sﬁ)—£(200336)
do  do do
=3-(—sin9)—2‘300329-i-0039
do
=—-3sin 0 + 6 cos?0 sin O
and lg'—"'/=3c:os(%i—2-3&3in2€i-i‘sin9
do do

=3 cos 0—6sin0 - cos 0
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dy _ dy/d® _ 3cos6-6sin”6cos b

Now, : 20 o
dx dx/do —-3sinB+6cos°6sind
L2
- 39039(1—23ln 29) =cot6-00829 _ cot® .
3sin0(—1+2cos”0) cos 20
$52. We have, f(x)=x(x—1)2in [0, 1].
(i) Since, f(x)=x(x=1)>?

(ii)

(iii)

So, it is continuous in [0, 1].

Now, f'(x) x-i(x—ﬂ2 +(x—1)zix
ax ax

X-2(x =11+ (x =17
=2XF -2x+xX*+1-2x

=3x*—4x+1 which exists in (0, 1)
So, f(x) is differentiable in (O, 1).

Now, fO)=0 and f(1)=0 = f(0O)=f(1)
f satisfies the above conditions of Rolle’s theorem.

Hence, by Rolle’s theorem 3¢ € (0, 1) such that

f'(x)=0

= 3c°—4¢c+1=0

= 3c2-3c-c+1=0

= 3c(c-1)-1(c-1)=0

= (3c-1)(c-1)=0

— c=1,1 = 1(5(0,'1).
3 3

Thus, we see that there exists'a-real number c in the openiinterval (0, 1).

Hence, Rolle’s theorem has been verified.

X k
S53. Let u= — and v&=sinx
sin x
sin x d X\ — X d sin x
@ — ax dx
dx (sin x)*
_ SinXx—Xxcos X ,
- . 2 . (I)
sin® x
dv d . ..
and — = —8in X = CO0S X . (i)
dx  dx
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du _ dufdx (sin x — x cos x)/sin” x
dv  dv/dx cos X

sin X — X COS X
sin? x cos X

tan x — x
sin? x
S54. .. ‘I+;Sgt and y= 3+2tlogt

2 d d .
o g (1+logt)=(1+logt). .t
at ()

:
2
- (+logh)-2t ¢ 441091ty 2t

t t*
t -1-2logt .
=t—4[1—2(1+logt)]=Tg ()
d d
t-—(3+2logt)—-(3+2logt) 1t
o dy _ dt( gt)—( g)dt
dt t?
1
b2-;—(3+2logt)'1
i t2
_2-3—=2logt -1-2logt N
= p : 7 .(||)
dy _~dyfdt _ (-1-2logt)/t? )
dx®, “dx/dt (-1-2logt)/t’
S55. - x=3sint-sin 3t and .y= 3cost-cos 3t
ﬁ= 3-isint—isin3t
at at at
=3t:ost—cos3t-%31‘:30031‘—300531‘
and d_y= 3-20031‘—100331‘
dt dt at
=-3sint+ sin3t-£3t
dt
d—y=—3$int+3tsin 3t
dt
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dy _ dy/dt _ 3(sin3f-sint)
dx dx/dt 3(cost-cos3t)
sin 3t _ sin =~
Now ay| M5 M5 _0-\3/z
Xz oo™ _cos 3F 1—(—1)
? 3 3) 2
B2 B
3/2 3 3
$56.\We have, f(x) = log (x* + 2) — log 3.
(i) Logarithmic functions are continuous in their domain.

Hence, f(x) = log (x* + 2) — log 3 is continuous in [- 1, 1].

- f’ = 2 —0
(ii) ) x?+2 (2x=0)
= 22X which exists in (=1, 1).
X +2

Hence, f(x) is differentiable in (-1, 1).

(iiiy f(=1)=log[(-1)?+2]-log 3=log 3-log3=0and
f(1)=log (1?+2)-log 3=log3—-log3=0

f(-1)=1f(1)

Conditions of Rolle’s theorem are satisfied.

Hence, there exists a real number ¢ such that

=

f'ic)=0
- 220 -0
c°+c
= c=0e(-1,1)
Henee, Rolle’s theorem has been verified.
S57. We have, y=tan "'x
@ _ 1
dx 1+ x2
2
Now, d { = Ef—(‘I+ x*)™!
dx dx

—1(1+ x?)? -i(1+ x?)
ax

[On differentiating w.r.t., x]

[Again differentiating w.r.t., x]
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1
= - .2
(1+ x?)? X

—2tany

=== [ y=tan™'x = tan y=x]

(1+tan’ y)?
- ~2tany
(sec® y)?

siny
cos y

= -2 -cos® y -cos’ y

= —sin 2y - cos?y. [ sin 2x =2 sin x cos x]

$58.\We have, f(x) = x(x + 3)e "

(i)  f(x)is a continuous function. [Since, it is a combination of polynomial functions x (x + 3) and

an exponential function €2 which are continuous functions).

So, f(x) = x(x + 3)e *?is continuous in [- 3, 0].

iy .. f'(x) = (x*+3x)- Ll e re? g (x*+3x)
ax ax

(x*+3x)-e"%. (— %J +e % (2x+3)

=g *? 2x+3—%-(x2 +3x)]

=e

| AX + 6 — x223X
2

= e"”z-%[—-xz+x+6]

%'e-”? [ - x— 6]

%19-*’2 [¥* — 3x + 2x— 6]

1

) _?1 e % [(x + 2) (x— 3)] which exists in (-3, 0).

Hence, f(x).is differentiable in (-3, 0).

(i) .- f(-3)=-3(=3+3)e ¥ =0
and f(0)=0(0+ 3)e*?=0
= f(—3) = £(0)

Since, conditions of Rolle’s theorem are satisfied.
Hence, there exists a real number ¢ such that f'(¢) = 0
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= —%e49w+2xc—a=o

= c=-2,3, where-2¢(-3,0)
Therefore, Rolle’s theorem has been verified.
$59.The equation of the curve is y =cos x— 1.
Now, we have to find a point of the curve in [0, 2x].

where the tangent is parallel to X-axis i.e., the tangent to the curve at x = ¢ has a slope 0, where
¢ € ]0, 2x[.

Let us apply Rolle’s theorem to get the point.

(i) y=cosx-1isacontinuous function in [0, 2x].
[Since it is a combination of cosine function and a constant function]
(i) y' = —sin x, which exists in (0, 2n).

Hence, y is differentiable in (0, 2n).

(iii) y(O)=cosO0O—-1andy(2n)=cos2n—-1=0,
y(0)=y(2n)
Since, condition of Rolle’s theorem are satisfied.
Hence, there exists a real number ¢ such that

f'ic)=0
= —-sinc=0
= c=n or 0, wheren e (0, 2n)
= X=n

y=cosnt—1=-2
Hence, the required point on the curve, where the tangent drawniis parallel to the X-axis is
(m, —2).
$60.\We have, y=x{x—-4), xel0,4]

(i) yis acontinuous function since x (x — 4) is a polynamial function.
Hence, y = x(x — 4) isi.continuous in [0, 4].

(i) y'=(x—-4)-14+x1=2x—4 which exists in(0, 4).
Hence, y isdifferentiable in (0, 4].

(i) y(0)=00=-4)=0
and y4)=44-4)=0
= y(Q)=y(4)
Since, conditions of Rolle’s theorem are satisfied.

Hence, there exists a point ¢ such that
f'(c)=0 in (0, 4) [ F'(x)=y]
= 2c-4=0
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= c=2

= x=2;, y=2(2-4)=-4.

Thus, (2, —4) is the point on the curve at which the tangent drawn is parallel to X-axis.
S61.Consider f(x) =sin 2xin {0, g}

Note that:

(i) The function fis continuous in | O, ﬂ , as fis a sine function, which is always continuous.

(i) f'(x)=2 cos 2x, exists in [O, , hence fis differentiable in [0, g] .

2
(iii) f(0)=sin0 =0 and fb] =sinn=0= f(0) = f[EJ.

Conditions of Rolle’s are satisfied. Hence there exists at least one c e [0, g] suchthat f'(¢) = 0.
Thus,

2cos2c=0 = 2c=

N2
S a

$62.\We have, f(x) =

1
in[1, 4].
1 [1,4]

(i) f(x)is continuousin[1, 4].

Also, at x = % f(x) is discontinuous

Hence, f(x) is continuous in [1, 4].

(i) Fo0= -

W which exists‘in (1; 4).

Since, conditions of meanwalue theorem are satisfied.

Hence, there exists areal number ¢ € | 1, 4] such.that

fr(c) = f(4) - f“)
4 -1
_AT1T 1
N -4 _16=1 4-1_15 3
(4¢c - 1)° 4 -1 3
-4 1-5 -4
= = o g—
(4c -1 45 45
= (4c—1)2=45
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= 4c-1= 435

35 +1
4

Hence, mean value theorem has been verified.

= c= e(14) [Neglecting (—ve) value]

$63.We have, f(x)=x>-2x2=x+3in|0, 1].
(i) Since, f(x) is a polynomial function.

Hence, f(x) is continuous in [0, 1]

(i) f'(x) = 3x* —4x — 1, which exists in (0, 1).
Hence, f(x) is differentiable in (0, 1).
Since, conditions of mean value theorem are satisfied.

Therefore, by mean value theorem 3c € (0, 1), such that

f’(@:M
1-0
- 302_40_1=[*I—2—1+3]—[0+3]
1-0
= 3r,‘2—4r,'—1=_T2
= 3¢’-4c+1=0
3¢°-3c-c+1=0

3c(c-1)—-1(c—-1)=0
= Be=1)(c-1)=0
= c=1/3,2, where % e (0, 1).

Hence, the mean value theoremrhas been verified.

S64.\We have, f(X)=sin x — sin 2x in [0, =.

(i) Since, we know thatsine functions are continugus functions hence f(x) = sin x—sin 2xis a
continuous function in [0, =].

(i) f'(x) = cos x=.C0s 2x - 2 = cos x — 2 c0s.2X, which exists in (0, «).
So, f'(x) is differentiable in (0, ©t). Conditions of mean value theorem are satisfied.
Henee; de € (0, ©t) such that,

_ f(m)-1(0)

f'(c) —
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sint—sin2x —-sin0+sin2-0

= cosc—2cos 2c=
n—-0
0
= 2C0s2c—cosc= —
T
— 2-(2cos’c-=1)-cosc=0
= 4 cos’c—-2-cosc=0
— 4 cos’c—cosc—-2=0
- cosc=15/1+32 _1+33
8 8
+
c= cos’ [LEJ
8
Also cos™ [H;@J & (0, m)
Hence, the mean value theorem has been verified.
$65.We have, f(x) = /25 -x? in[1, 5].
(i) Since, f(x) = (25 -x*)"?, where 25-x*>0
= X¥¥<+5 = -5<x<5

Hence, f(x) is continuous in [1, 5].
(i) F00= + (25—x) " . —2x= — =% \which eXists in (1, 5).
2 25— x?

Hence, f'(x) is differentiable in (1, 5).
Since, conditions of mean value theorem are satisfied.

By mean value theorem 3¢ e (1, S)'such that

Fé)= f(6) - (1)
5-1
N =C~ _ 24
25 — ¢? 4
2 F(5)=f(1))
N ¢ _ [ f(5)=f(1)
25 - ¢? 5-1
= 16¢% = 600 — 24¢?
= =@:15
40
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- c=+/15
Also c=15 < (1,5)
Hence, the mean value theorem has been verified.

$66.\We have, y = (x — 3), which is continuous in x,=3and x,=4ie.,][3, 4]
Also, y' =2 (x—3) -1 =2(x— 3) which exists in (3, 4).

Hence, by mean value theorem there exists a point on the curve at which tangent drawn is
parallel to the chord joining the points (3, 0) and (4, 1).

Thus, Fi(e)= &) Z1C)
4-3
= :2(c—3)=(4'3)2‘(3'3)2
4-3
- 20_6=;0 C:Z
1 2

For x=

N~

=<

]
e
N~

|

w
—
[1%]

Il
P
N| =
—
[ %]

Il

| =

7 1). : . : "
So, (E, Z} is the point on the curve at which tangent drawn is parallel to-the chord joining the
points (3, 0) and (4, 1).

$67.We have, y = 2x° — 5x + 3, which is continuous in [1, 2] as it.is.a polynomial function.
Also, y' = 4x -5, which exists in (1, 2).

By mean value theorem, 3¢ € (1, 2) at which drawn tangent is parallel to the chord AB, where A
and B are (1, 0) and (2, 1), respectively.

_ f(2) - )

f'(c) Y€

. o5l B810+3)-(2-5+3)

1
- 4c-5=1
6 3
=2-2¢c(12
¢=372¢<02
For x=E =2(§T—5[§J 3
2 y 2
59 15 o 9-1546
2 2

Hence, [% OJ is the point on the curve y = 2x* - 5x + 3 between the points A(1, 0) and B(2, 1),

where tangent is parallel to the chord AB.
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$68. We have,

2 .
f&)={x+3x+n T x<1 s differentiable at x = 1.

gx + 2, if x>1

Lp(1y= lim 10T
T x-1

- im (x> +3x+p)-(1+3+p)

x =1 X—1
- lim [(1-h)?+3(1-h)+p]-[1+3+p]
h—0 (1-h)-1
- [1+h?-2h+3-3h+p]-[4+p]
- hl_rpo —h
2
- lim [h —5h+p+4—4—p]:"m hh - 5]
h—0 _h h—0 _h
= Aiino—[h—5]=5
Rf'(1) = lim M
x > 1 x =1
- lim (gx +2)—(1+ 3 +p)
x =17 X —1
_ i 90+ M+ 2] <[4 + p]
h—0 1+ h=1
= lim [q+qh+2_4_p]
h—0 h
—ih 3 +(@-2-p)
h—=0
= g+2-p=0 = p-q=-2 ()
= !!imo qhh+0 =q [For existing the limit]
If LFf'(1) = Rf'(1),then 5=¢q
= p-5=%2"= p=3

p=3 and q=5.
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$69. Given, V’ 2cos x —1 T
, X #
cot x — Ccotx-1 4

Therefore, lim £(x) = lim V2 cos x -1
x X X% cot x —1

- (+/2 cos x — 1) sin x
X% COS X —sin x

- i (Y2C0s X -1) (V2 cos x +1) (cos x +sin x)

. : : - 8in x
i (V2 cos x +1) (cos x —sin x) (cos x +sin x)

. 2cos’x —1 cosx+smx .
= I|m -(sin x)
H_ cos’ x —sin® x \/ 2cos x +1

= Iim
H_ cos 2x

cos 2x COS X + sin X .
-sin x
\/Ecosx+1

- iim (cos X + sin x)
x> % V2 cos x +1

).

2

sin x

—

-

cala
N
2

1

+

S
4
|
N | =

Thus, lim f(x)

If we define f(E] _
4

4 |[1—cos X
tan™' [—
\}1+cosx
dy -itan“ 1-cos x
ax adx 1+ cos x
12
= 1 ) i[ﬂ} |:°'« i(tan‘1x): 1 2:|
. 1— cos x dx | 1+ cos x dx 1+ x
1+ cos x

_ 1 1-cos x | d 1-cos x
14 1—cosx 2|1+ cos x “dx | 1+ cos x

1+ cos x

, then f(x) will become Continuous at x = % . Hence for f to be continuous

N[ =

N | =

T
at x=—, f
o

N

§70. Let

<
I
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1 1| (1-cosx) (1-cosXx) o (1+cos x) - sin x + (1-cos x) - sin x
1+cosx+1-cosx 2| (1+cosx) (1-cosx) (1+ cos x)*
1+ cos x

_ (1+cosx) 1[(1-cos x)’z_—m[sinx(1+cosx+1—cos x)}

2 2| (1-cos®x) | (1+cos x)?
_(+cosx) 1[(1-cosx)?|""  2sinx
2 2| sinx | (1+cosx)
=(1+cosx)'1 sin x ' 2sinx
2 2 (1-cos x) (1+cos x)*
_ 2 sin® x _ 1 sinfx 1 sin®x 1
4(1+cosx)(1-cosx) 2 (1-cos’x) 2 sin’x 2

Alternate Method:
Let y= tan_1 Hﬂ}
\I‘I +C0S X

1-1+2sin? > . .
= tan™’ 2 [ cos x.=1- 2 sin’ —220082——1}
1+200$2%—1 2 2

= tan'| tan ij X
2 2

On differentiating w.r.t. x, we get

a1
dax 2
$71. The only doubtful points for differentiability of f(x) are x = -2 and.x= O:
Differentiability of f(x) at X==2.
Now, LF/(2)7 im fe2+h) - 1(=2)
= jim 22X 24 2 o
h—0 h h—=0 h Koo
and Rf(-2)= lim JC2EMN-1(=2)
h—0f h
A -2+h+1-(-2+1)
h—0" h
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= lim w= lim £=1

h—0° h h—»0" h

Thus, Rf'(—2) # Lf'(—2). Therefore fis not differentiable at x = —2. Similarly, for differentiability at
x =0, we have

£(0 + h) — £(0)

L(F(©O= lm :
 0+h+1-(0+2)
= lim
h—0" h
= lim E: lim 1—1
h—o h h—0"

which does not exist. Hence fis not differentiable at x = 0.
$72. We have, \/1 -x%+ \/1 ~y? =akx-y)
On putting x = sin e and y = sin 3, we get

\/1—sin205 +\/1—sin2[3 = a(sin a.— sin pB)

= cos o+ cos 3 = a(sin o — sin 3)
= 2c0s 2P cos =P = 4[2c0s LB gin 2P
2 2 2 2
= cos 2P = ggin &P
2

= cot 2P -4

2
= o«—Pp =cot 'a

2
= a—B=2%ot 'a
= sin"'x—sin"'y=2¢ot 'a [+ x=sinaand y=sinf]

On differentiating both sides'w.r.ti-x, we get

1 1%.dy _

2 2
%:\/1_*’2 =\/1—y2 Hence proved.
X S - X
$73. Let y=(x+17(x+2)°(x+3)*

log y = log {(x + 1)*- (x + 2)°(x + 3)}
log (x + 1)2 + log (x + 2)° + log (x + 3)*

d dy
and —logy -—
dy 9y ax

d d d
a[QIog(x+1)]+a[3log(x+2)]+a[4 log (x + 3)]
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S§74. '

and

dy _ 2 9 ez 9 iia 19 (13

X (x+1) dx (x+2) dx (x +3) dx

L4 _1
[° dx (Iogx)—x]

_ 2 N 3 N 4
(x+1) (x+2) (x+3)

dy _ [ 2 3 4 ]
— =y + +
dx (x+1) (x+2) (x+3)

= 2, 3, 4 2 3 4
) (xex 2)7- )+ 3) {(x+1)+(x+2)+(x+3)}

= 0+ 12 (x+ 2 (x+ 3)° [2(x +2)(X +3) + 3(x +1)(x +3) +4(x +1)(x+2)]

(X +D(x+2)(x+3)
C(x+1)*(x +2)° (x +3)*
T (X +N(X +2)(x +3)

[20¢ +5x+6) +30¢ +4x+3)+4 (¢ + 3x+2)]

=(x+ 1) (x+2)%(x+3)°[2x° + 10x+ 12+ 3 + 12x+ 9 + 4x* + 12x + 8]
= (x+ 1) (x + 2)2(x + 3)°[9x* + 34x + 29].

sin x = 151‘1‘2 ()
2t .
tany= T ... (i)

ad . ax d 2t
—sinx-— = —
dx dt  dt |1+

d d
T t?) . — (2t) - (2t) - — (1+¢°
cosxd—x=( )dt( )= ( )dt( )
dt (1+t%)°

2(1+t%)-2t-2t 2= 2t° - 4t
(1+ %) (1+1t%)°

dx _2(1-t*) 4 1

dt  (1+t%)%.cos x

ax _2¢=f) 1 201-t) 1

dt A0+ J1-sintx (1+£) (2 2
1+t
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dx _2(1-t°) (1+t*) 2

@ - - ... (iii
- dt (A+£27 (A-£) 1+ "
AlSO, itanyd_y = i 2f2

dy dt  dt{1-t
d d
1-£2) = .2ty -2t- = (1- t?
ey (O g@n-2t a6
y 2\2
dt (1-t)
dy _2-20°+4 1
dt (1-t*)*  sec’y
_2(1+8%) 1 21+ 1
(1-t? (1+tan’y) (1-t?)? 42
1+ 53
(1-t%)
_2(1+8) (1-y 2 (iv)
(1-£) (1+£) 1+¢
2
g_y = Zyﬁji = gﬂ*;; -1, [ffom Egs. (iii) and (iv)]
X X +
§75. sin x = 1?1‘2 (i)
and tany= 1?; ... (i)
d . dx d| 2t
—sinx:-— = —
dx dt  dt|1+¢2
dx (1+t2)-%(2t)—(2t)-%(1+1‘2)
= COSX — = v
dt (1+£?)
20+ 7)-2t-2t 2+ 2224F
(1+t?)? (d+1¢%)?
_ dx _2(1-t7) 1
d (1+t?)° cosx
dx _ 2(1-t3) 1 2(1-t2) 1
- dt  (1+£F J1-sinix (1+0)7 :
A+£)  J1-sin®x (1+1) (2t
1+t°
2 2
_ o _20-1) (+t) 2 ... (i)

d (A+t2)? (1-£) 1+t
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Also, i’[any-d—J',=i 21‘2
dy dt  dt\1-t

d d
1-t7) —-(2t)-2t-—(1-t*
oty O L (7O g @020 A

at (1- 2y

dy _ 2-2t*+ 4t 1

dt (-2 sec’y

21+ %) 1 _2(1+t%) 1
(1-12) (1+tan’y) (1-t7)? . 4¢*

201+ %) (1=t _ 2
(-1 (A+t7)? 1+¢

dy _ dyfat _ 2[(1+t) _
dx dx/dt 2/(1+£2)

. (iv)

[from Egs. (iii) and (iv)]

$76. We have, XY= (x+ )" ()
(i) Differentiating Eq. (i), w.r.t. x, we get
d m n _i m+n
a(x y") o (x+Y)
m d n d n m — m+n-1
= X" —y" .= — X" = (m+n)(X+ X +
dyy vl A ( )X+ y) (x+y)
= x”’-ny”“d—y+y”-.~"r.!x"”‘1 = (m+n)(x+y)”””“[1+g—z]
dx ax
dy m n-1 ma+ =1 _— m+ =i n m-=1
= a[x -ny" " —(m+n)-(x +Y) ]=(m+n)(x+y) -~ y"'mx

n=1 m
- %[nx”’y”"—(m+n)(x+y)““”-‘1=(m+n)-(x+y)m+“-‘—y AL
X
(Mm+n)(x+y)" " y" 2y mx”
dy. 2 (x+y) X
dx nxTy —-(m+n)x+ty)"" !
(x+y)

m+n m

—(x+y)y" " y-mx
(x+y)-x
(x+y)nx"y" =y (m+n)(x +y)
(x+y)y
x(m+n)-x"-y"—=m(x+y)y"x"
- G T P L
x+y)ynx™-y"—y(m+n)-x"-y
(x+y)y

X(m+n)(X=+y)

m+n
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X"y " [mx +nx —mx —myl-(X +y)y
X"y "[nx +ny —my —nyl-(x +y)-x

=Y ... (ii)
X
(i) Further, differentiating Eq. (i), i.e., % =% on both the sides w.r.t. x, we get
dy
v
d’y _ X ax Y
dx? x?
Y
kY Ly
x? Codx x
=0. Hence proved.
S§77. We have, ="
X<+ .
= x4 N (
y > (i)
x% +1
Taking u=x""* and v= >
log u =tan x log x .. (i)
x* +1
and v2= ... (ii
> (i)
On, differentiating Eq. (ii) w.r.t. x, we get
1 du 1 2
—-— =tan x-—«log x -sec” x
u dx X
du {tan X ) }
= — = U +log x - sec” x
dx
= x®* {tan X +log x* sec? x} .. (iv)

Also, differentiating-Eq.(iii) w.r.t. x, we get

2Vﬂ=l(2x):ﬂ=l(2x)
dx 2 dx 4v
dv 1 x-2

2Xx

: — — —————— =
adx 4. fx"'+1 2.x% +1
2
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dv X .
= — = ... (iv)
dx  J2(x*+1)
Now, y=u+v
dy _du dv
dx dx dx

X

- m[tanx 2 ]
=X +log x -sec” x |+ .
X J2(x2 +1)
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