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Evaluate:
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8 x

Date: 18/10/2021

fa+x y z
X a+y z
X y a+z
0 xy? xz? |
xty 0 yz?
x?z zy? 0
6 5| then find x.
8 3|’
Without expanding, show that
cosec’® cot?9 1
A=| cot?’® cosec’0 -1|=0.
42 40 2
b 0 a g :g , then show that A is equal to zero.

Prove that (A~"y

b
-cC

b-c 0

(A')"!, where A is an invertible matrix.

xX+4 Xx X
Calculate M X+4 x
X X x+4
y+2z z y | =
Prove that, 2 74 x X 4xyz.
y X X+y
at+2a 2a+1 1| 2 (5_4)3
Prove that, 2a+1 a+2 1 (a—1)".
3 3 1
Show that the points (a + 5, a—4),{a—2, a + 3) and (a, a) do notlie on a straight line for any
value of a.
=X P 9= (x= —
Show that A » x q (x= p) (x* + px - 2¢°)
qg q. X
lfa+b+c+0and g g g = 0, then prove thata=b = c.
c a b
= |1 x~x? - |1 1 1 _
IfA=4 V. y? y Ay = yz zx xy,thenprovethatA+A1—0.
1 2z 22 X y z

If A+ B+ C=0, then prove that

1 cosC cosB| -

cosC 1 cos A
cosB cos A 1

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 1



Q15. If the coordinates of the vertices of an equilateral triangle with sides of length ‘a’ are
(x4, ¥4)s (X5, ¥,) and (x,, y,), then prove that

X, y, 1 35"
x2 -VZ 1 = 4 *
X; ¥, 1
Q16.IF x=—-4isarootof A= ‘,’I‘ i ? = 0, then find the other two roots.
3 2 Xx
= xa yb zc|_ a b c
Q17.If x+ y+ z= 0, then prove that e za xbl=XZle a bl
zb xc ya b ¢ a

bc—-a* ca-b? ab —c?
ca—-b? ab-c? bc -a?
ab-c? bc -a* ca-b?

Q18. Prove that is divisible by (a + b + ¢) and find the quotient.

ar+1 ar+5

Q19.If a,, a,, a;, ..., a, are in G.P,, then prove that the determinant 4| is

a a
. r+7 r+11 r +15
independent of r.

a 11 Q79

-4 3 cos20
7 -7 -2

Q21. If [4 -X 4+x 4+x } = 0, then find the value of x.

Q20. Find the value of 0 satisfying { 1 1 sin36 } =0

4+x 4-x 4+x
4+x 4+x 4-x

. - _ 3 -2 sin30]| _ 0= 1
22. = = = 1.
Q22. Show that if the determinant A 7 8 co0s20 0, then sin06 =0 or >
-1 14 2
Q23. In a triangle ABC, if
1 1 1
1+sin A 1+sinB 1 +sinC =0,

sin A+sin’ A sinB'+sin’B sinC +sin’C
then prove that AABC is an isoceles triangle.

Q24. Using matrix method, solve the system of equations 3x+2y - 2z=3, x+ 2y + 3z=6 and
2x-y+z=2.
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Nurturing Success...
MATHEMATICS - XIl | Determinants BSQs-Solution
Date: 18/10/2021
1. Wehave, rp, y z la -a 0

x a+y z |=|0 a -a [ Ri->R,-R,and R, »> R, — R;]

X y a+z X y a+z

a O 0
=10 a -a [ C,—>C,-C|]]

X xX+y a+z

= a(a’+az+ ax+ ay)

=a’(@a+z+x+y).

S2. We have,

0 xy*> xz° 0 x x
Xy 0 yz|=xXZ |y 0y
x’z zy* 0 z z 0
[taking x*, y* and z* common from C,, C, and C,, respectively]
0 0 x
=XV |y —ywy [':7"C, > C,—C,]]
zw=z O
= XY [x(yz + y2)]
=%CY’7 - 2xyz = 2y 2.
53 2x_5| _|6 5
8 x 8 3
= 2XxX—8x5=6x3-8%5
=N x?=9 =..x=+3.

S$4. Applying.Cy = C, — C, - C,, we have

cosec’O—cot?’0-1 cot’0 1
A= |cot?’0 —cosec’0+1 cosec’0 -1
0 40 2

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 1



0 cot’0 1
= |0 cosec’6 -1|=0.
0 40 2

§5. Interchanging rows and column, we get
0 b-a c-a
A=la-b 0 c—-b| ==-A
a-c¢c b-c¢c 0

= 2A=0 or A=0.
S§6. Since Ais an invertible matrix, so, it is non-singular.

We know that |A|=|A’|. But |A|#0.So |A’| 0. i.e., A’ is invertible matrix.

Now we know that, AA '=ATA=T.

Taking transposde on both sides, we get
(A—1)!Af - Ar(A—1)r — (I)r =

Hence, (A" 'Y is inverse of A’ i.e., (A)) "= (A7).

S7. Wehave, |x+4 X 2x +4 2x+4 2x
x x+4 x |=| X X+4 X [ R, >R +R)]
X X x+4 X X x+4

2x  2x 2X 4 4 0
=|x Xx+4 X +|X x+4 X
X X X+4 X X X +4

[Here, given determinant is expressed in
sum of two determinants]

1 1 1 1 1 0
=2x|x x+4 X |lot4|x x+4 X
X X X +4 X X xX+4

[Taking2x common from first row of first determinant
and 4 from first row of second determinant]

Applying C, =.C, — C,and C, —» C, — Cy.n first and applying C, - C, — C, in second, we get

0 O 1 0 1 0
=2x|0 4 X |+4|-4 x+4 X
-4 -4 x+4 0 X x+4

Expanding both the along first column, we get
2x[-4(-4)]+4[4(x+4-0)]=2xx 16 +16(x + 4)
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= 32x + 16x + 64

=16 (3x + 4).
$8. We have to prove,
y+z z y
z Z+ X X | =4xyz
y X X+Yy
y+z z y
LHS.=| z z+x

y X X+y
y+z+z+y z y

=lz+z+x+x z+x X [ C,—>C, +C,* C,]
V+X+X+y X X+Yy
(y+z) z y

=2|(z+Xx) z+x X [Taking 2 common from C,]
(x+y) x Xx+y
y Zz y

=210 z+x X [ C; »Ciy—C,)
Yy X X+¥y
0 z—x X

=2|0 z+x+ x [ R >R, —Rj]
yarxT  oX+y

= 2{y (xz = X* + xz + x%)]

=4xyz = R.H.S. Hence proved.

S$9. We have to prove,

a’+2a 2a+1 1
2a+1 a+2 1/ =(@-1)»
3 3 1
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a’+2a 2a+1 1
LHS.=|2a+1 a+2 1
3 3 1

a’+2a-2a-1 2a+1-a-2 0
2a+1-3 a+2-3 0
3 3 1

[ R, > R,—R,and R, > R, — R]

(@a-1N(@a+1) (a-1 0 (@a+1) 1 0
2@-1) (a-1 0|=@-1%| 2 10
3 3 1 3 31

[Taking (a — 1) common from R, and R, each]
=(a-1)°[1(@a+1)-2]=(a-1)°

=R.H.S. Hence proved.
$10. Given, the pointsare (a+5,a—4), (a—2,a+ 3) and (a, a).
a+5 a-4 1
A= % a-2 a+3 1
a a 1
, 5 -4 0
=5—2 3 0 [ Ri»>R -R;and R, > R, + R,]
a 1
= s <))
2
= = -7—:&0.
2

Hence, given points form a-triangle i.e., points do not ligiin a straight line.

$11. Applying C, —» C,~C,, we have

X—-p4ipiq 1 p q
A=|p~x x q|=Kx-p)|-1 x q
0 qg x 0 g x
0 p+x 2q
=x-p|-1 x q [Applying R, > R, - R,]
0 o] X
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Expanding Along C,, we have
A= (x—p)(px + X* = 2¢°)
= (x=p) (¢ + px=2¢°).
S$12. et

a b c a+b+c a+b+c a+b+c
A=|b ¢ al = b c a
c a b c a b
17 1 1
=(a+b+c)b ¢ a [ R,>R,+R,+R]]
c a b
0 0 1
=(@a+b+c)lb-a c-a a [+ C,—>C,-Ciand C, —» C, + Cj]
c-b a-b b

Expanding along R,
=(a+b+c)[1(b—a)(a—b)—(c—a)(c—-b)]
(@a+ b+c)(ba—b*>—a*+ab—c*+ch+ac— ab)

'71 (a+b+c)x (-2)(—a®>— b*—c*— ab —bc —rca)

_71(a+b+c)[az+b2+cz—2ab—2bc—2ca+az+b2+02]

—1
- (@+b+c)[a’+b?—2ab+ b+ c?—2bc+ ¢? + a> ~2a6]

_71 (@a+b+c)l(a- by + (b-c)*+ (c—a)]

Also, A=0
= _71 (@a+b+c)(@a-b)?+ (b-c)+(c~a)’l=0
(@a-b¥+(b-c)’+(c-a)=0 [ a+b+c=0,given]

a-b=b-c=c-a=0
a=b=c Hence proved.

S$13. We have, 1 1 ]

A= |yz szx Xy
X,y z

Interchanging rows and column, we get

1 yz x X xyz Xx°
A=l zx y|=—1y xyz y?
Xyz )

1 xy z Z Xyz z
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[Interchanging C, and C,]

S$14. We have to prove,

1 cosC cosB
cosC 1 cosA| =0
cosB cos A 1

1 cosC cosB
L.H.S.=|cosC 1 cos A
cosB cos A 1
= 1 (1 — cos®A) — cos C(cos C —cosA - cos B)
+ cos B(cos C - cos A — cosB)

= sinA — cos’C + cos A “cosB - cos C + cos A - cos B.- cos C
— cos’B
= sin’A — cos’B.+ 2e0S A - cos B - cos C — cos’C

= —cos (A +B): cos(A—B)+2cosA -€osB - cos C— cos’C
[+ cos’B—sin’A = cos (A + B) - cos (A — B)]
=—cos(=C)-cos(A—B)+cosC(2cosA-cosB-cosC)
[ cos(—0)=cos 6]
=—cosC(cosA-cosB+sinA-sinB—-2cosA-cosB+cos(C)
= cos C(cosA - cosB—sinA - sinB—-cos C)

= cos C[cos (A+ B) —cos (]

=cos C(cos C—cos C) =0 =RHS. Hence proved.
$15. Since, we know that area of a triangle with vertices (x,, y,), (x,, ¥,) and (x5, y,), is given by
1 Xy, 1
A= 2 X, Y, 1
X; Y, 1
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. Vo 1 0

2 4
3 N
= A= —a* ... (ii
16 (i)
From Egs. (i) and (ii), we get
2
3 NIRRT
Eaﬂ =7 v 1
Xg Y5 1
oy P
= X, ¥y, 1 = za“ Hence proved.
X Vs 1

$16. Applying R, = (R, + R, + R,), we get

XxX+4 x+4 x+4
1 X 1
3 2 X

Taking (x + 4) common from R,, we get
11 1
A=x+4) 11 x 1
3 2 x

Applying C, - C, - C,, C; - G4y~ €, we get

1 0 .0
A=(x+4) |1 x-1.%0 |.
3 ~1%x-3

Expanding along R,;
A=(x+4)[(x-1)(x-3)(x-3)-0].

Thus, A =0'implies
x=-41,3.
Hence, other two roots are 1 & 3.
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$17. Since, x + y + z =0 also we have to prove

xa yb zc a b c
yc za xb|=xyzlc a b
zb xc ya b ¢ a
xa yb zc

LHS.=|yc za xb

zb xc ya

xa(za - ya—xb - xc)—yb(yc - ya—xb - zb) + zc(yc - xc — za - zb)
= xa (a’yz — x*bc) — yb (Y*ac — b*xz) + zc (¢*xy — Z*ab)

= xyza® — x°abc — y*abc + b’xyz + ¢*xyz — z°abc
=xyz(a’>+ b* + c®) — abc (C + y* + 2°)

=xyz(@ +b>+c’)—abc(Bxyz) ['- x+y+z=0= x>+ y*+ Z° - 3xyz]

= xyz (a° + b® + ¢® — 3abc) (D)
a b ¢ a+b+c b ¢
Now, RHS.=xyz|c a b|=xyz|la+b+c a b [~ C,—>C,-C,+Cj]
b ¢ a at+b+c ¢ a
1 b c
=xyz(a+b+c)|1 a b [Taking (a + b + ¢) common from C,]
1 ¢ a

c c-a
-¢ b-a|[v Ry—=R,-Ryand R, » R,— R;]

0
=xyz (a+ b +c) |0
1

Expanding along C,,
sxyz(atb+c)[1(b-c)(b—a)—(a—c)(c—a)l
= xyz (a+ b+ c) (b’ —ab—bc+ ac + a° + ¢? — 2ac)
=xyz (a+ b+ c)(@*+b* + ¢ — ab - bc — ca)

= xyz (a° + b® +¢°— 3abc) ... (i)

From Egs. (i) and (ii), we get

L.H.S.=R.H.S.
xa yb zc a b c
= yc za xb|=xyzlc a b Hence proved.
zb xc ya b ¢ a

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 8



518. Let, bc—a®> ca-b? ab-c?

A=|ca-b*> ab-c¢*> bc-a°
ab-c®> bc-a* ca-b?

bc—-a*-ca+b®> ca-b*—ab+c? ab-c?
ca—b’—ab+c® ab-c*—bc+a* bc-a°
ab-c’-bc+a® bc—-a’—-ca+b?> ca-b?

[+ C,—»C,-C,and C, - C,—-C,]

(b—a)(@a+b+c) (c-b)(a+b+c) ab-c?
=|(c-b)(@a+b+c) (a-c)(@a+b+c) bc-a°
(@a-c)@a+b+c) (b-a)a+b+c) ca-b?

b-a ¢c-b ab-c?
(at+b+c)|lc—-b a-c bc-a*
a-c b-a ca-b’

[Taking (a + b + ¢) common from C, and C, each]

0 0 ab+bc+ca-(a%+hb°+c?)
=(@+b+cP|lc-b a-c bc =a°
a-c b-a ca =b’

[ Ry 2R+ R, +R;]

Now, expanding along R,,
=(a+ b +c)’[ab + bc +.ca—(a° + b* + c?)](c— b) (b=a)(a—c)’]
=(a+ b +c)(ab+ be+ca—a’—-b*—c?)(ch =ac—b’ + ab - a - ¢ + 2ac)

= (a+ b+ c)?(a’+ b¥+ ¢ —ab — bc—ca)(@®+ b*+ ¢* —ac— ab — bc)

%(a+ b+¢)[(a+b+c)(a*+b’+c?—ab=bc—ca)l[(a-b)*+(b—c)* +(c—a)’]

%(a+ b+c)(a®+b®+c®—8abe)[(a—b)?+ (b-c)’+(c—a)?

Hence, given determinant is divisible by (a + b + ¢) and quotient is
(@ + b+ ¢® - 3ahc)l(a— b)* + (b - c)* + (c — a)?].

$19. We know that, a . =AR™ V1= AR’

r+1
where r=r'" term of a G.P., A = First term of a G.P. and R = Common ratio of G.P.
.., 4a,.; a AR’ AR ** AR"*®

Wehave, |a,,;, @, @.| =|AR™® AR AR™™
AR(+10 ARr+16 ARr+20

a

r+9

ar+1'1 ar+1? ar+21
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S20.

1 AR* AR®

=AR"-AR™%. AR™ "1 AR* AR®

=0

1 AR® AR

[Since, R, and R, are identicals]

[Taking AR", AR"*® and AR"*'° common from R,, R, and R,, respectively]
Hence, given A is Independent of 6.

We have, 1 1 sin30
-4 3 cos20/ =0
7 -7 -2
0 1 sin36
= -7 3 cos20/=0 [ C, > € —-C]
14 -7 -2
0 1 sin30
= 71-1 3 cos20[=0 [Taking 7 common from C,]
2 -7 -2
= 7[0-1(2-2cos20)+sin36(7-6)=0 [Expanding along R;]
= 7[-2(1—cos 20)+sin30)=0
= —14+14cos20+7sin30=0
= 14 cos 20 + 7sin 30 = 14
= 14 (1-2sin?0) + 7 (3 sin 0 — 4 sin’0) = 14
— —28sin’0+14+21sin0—-28sin°0=14
= —28sin®0 + 28 sin0 + 21 sin =0
= 28 sin®0 + 28 sin°0 + 21.8ind =0
= 4sin®0+4sin°0-3sin0=0
= sin 0 (4 sin®0 +4'sin®-3)=0
= Either sin0=0,
= O=nnt or 4sin0+4sin0-3=0
cingo TAE\16+48 _ —4+.64
8 8
_-4+8 4 -12
8 8’ 8
sin@l=l,_—3
2 2
If sin 0= 1=$inE,then
2 6
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e
0= nm+ (-1~
(-1 5
Since, sin 0 = _73 [Not possible because — 1 <sin 0 < 1]

$21. Given, 4-Xx 4+x 4+x
4+x 4-x 4+x| =0,
4+x 4+x 4-X

12-x 12+x 12+ X
=N 4+x 4-x 4+x|=0 [ Ry >R+ R+ Ry
4+x 4+x 4-X

1 1 1
= (12+x)|4+x 4-x 4+x|=0 [Taking (12 + x) common from R, ]
4+x 4+x 4-x

4-Xx 4+Xx 4+x
= (12+x)|4+x 4-x 4+x=0 [+ C,—>C,—Cyand C, > C, + C;]
4+Xx 4+x 4-x

U

(12 +x)[1 - (=16x) =0
(12 + x) (= 16x) = 0
x=-12,0.

U

$22. Applying R, > R, + 4R, and R, —» R, + 7R,, we get

3 -2 sin 30
5 0 cos20+4sin30] =0
10 0 2 +7sin30

or 2[5(2+ 7 sin 36)—10(cos 26 +4sin 30)]=0
or 2+7sin30-2c0s20—8sin30=0
or 2=2c0520-sin30=0

sin B(4'sin0+4sin6—-3)=0

or sim6=0 or (2sin6-1)=0 or (2sin6+3)=0
or sin®=0o0rsin0 = % [Since, sin 6 = —3/2]
S23. Let, 1 1 1
A= 1+sin A 1+sinB 1+sinC

sinA+sin® A sinB+sin?B sinC +sin“C
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1 1 1

—cos’ A —cos’B —cos’C

1 0 0

—cos’ A cos’ A—cos’B cos’B-cos’C

Expanding along R,, we get
A = (sin B —sin A) (sin? C - sin? B) — (sin C - sin B) (sin? B — sin’ A)
=(sinB-sinA)(sinC-sinB)(sinC-sinA)=0
= either sinB—sinA=0 or sinC-sinB or sinC-sinA=0
= A=B or B=C or C=A
i.e., triangle ABC s isoceles.

S$24. Given system of equationsis 3x +2y—2z=3, x+2y+3z=6and 2x—y + z= 2.
In the form of AX = B,

3 2 -2][x 3
1 2 3|lyl=|6
2 -1 1]z 2

For A", |A|=13(5)—-2(1-6) + (-2)(=5) |

=115+ 10+ 10| =435[# 0
A =5A,=5A,==5A, =0A,,=7,A,57 A, =10,A,,=—11and A,, = 4

5 0 .10
adj A= - 5 7 ~11
11 -5 7n.74
A 5 0. 10
Now, A=A T 5 o0y
Al 35 5.7 4
X 1 [ 5.0 10][3
For X=A.'B, =£ 5 7 -11||6
z -5 7 4|2
15+ 20 35] [1
=% 15+ 42 - 22 =% 35|=|1
-15+42+8 35| |1

x=1, y=1 and z=1.

=[1+sinA 1+sinB 1+sinC [R, - R, — R,]

=|1+sinA 1+sinB 1+sinC [C,—>C;-C,and C, > C,-C|]
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