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far-fasdita warfufa

(Three Dimensional Geometry)

**The moving power of mathematical invention is not
reasoning but imagination. - ADEMORGAN %

11.1 HftwerT (Introduction)

Fe XIH, dvcifteh Safafa 1 s1ean ) gng fg-fada
3R f-faria fawai o ufea o 94 @ i Shad i
fafy o ifa W@ 21 39 g & fusd e o e
Tl 1 ot HeheureAl 1 1o fehe 81 ot v wiew
o sterTiorg @1 f-fasfer senfafa o soam & &-fada
sfafa 36 U 1 IR € R a7 SOk st w6
T T T GE(aol (GO S A B

AR ww T &
foaeita Tanstl & = =Adq 30 9 T 9 i T fog
@{ﬁéo‘i%rwﬁ %ﬂﬁwﬁﬂﬁﬁmmmﬁ@ Leonhard Euler
sTfereRTe TROTET w1 | o &9 § W i 21 A g6 (1707-1783)

TR AT Y H ot SaR w4 S e o feefq w1 oy safada iR faverones
TersToT Jeqa X Heh |

11.2 3@ 6 ﬁ*{—aﬁ'{?@? 3R fder-31quta (Direction Cosines and Direction

Ratios of a Line)

A 10 H, TR K, 7 gt fog @ oA arelt |fger W@ L gh x, y 3R z-s1el
o T HAI o, B 3R y S T 107 Feh-h 101 HEA & Ta T HI0N T hIHET AHG:
cosa, cosB?ﬂﬁTcos’y%@T L & f<&-sMEE (direction cosines or dc's )hgard! F

*  For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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ot 5 L fom i 9 3% ¥ G -, S TR § e o, 1B R
Ty H 95A WA 71 39 YR, fKh-HEd o fog 95 9 g

7
A
f£-~~"~"~""===""9 AL
. P :
CEEE BRI '
z :
r 1
Y |
p N
“/o g Y
X
X
STTeRTd 11.1

e e, sfafer 9 <) T Y@ o | faudia e o «er wehd € SR Efae shen
fep-iamE o < 9qe ¥ zEfae faler § 9@ Y@ & fau RKe-wed & afgda
g o fau, 39 90 @1 & T 9k W@ o =il 39 sifgdia fesp-wieme @i
l,mﬁ?na?mﬁﬁ‘?mﬁlﬁ%
femuft siafer o <t T Y@ A gt fag @ T Tt € @ Hent fKep-shiaed w1 A
F o fau, 50 0w fog 9 § T W o 9| T @ died ) o gt fag 9 e
T U qfew W1 o fEeh-Srad A6 i € Ffen g st & fKep-srumal o
T AE () ' T

T @1 o Kp-HhEE o FHa Sensti i W@ & fSep-2Tq9 (direction
ratiosordr’s)aﬁﬁ %I qﬁ@i@%ﬁﬁﬁ—aﬁ'ﬂﬁ:{ Lmnd ﬁ@"—\’vﬁ{% a,b,cﬁﬂﬁl
WWKG R @ a =M\, b=Am 3R ¢ =\n

O SEH eh-aud #1 fgp-gen o Fed 2|
M AT Tk @ ok &k~ a, b, ¢ 3R @1 H Rep-FEEA [, m, n 21 99
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zgqfeTy l=ak, m= bk, n =ck .. (1)
g P+m*+nt=1
sHfeTy B@+b+c)=1
0 k +;
- «/az+bz+c2
3@ (1) 9, @ & Rep-FEEd (de’s)
=+ a b he c

— m=t n=1
\/m \/az+bz+c2 \/az+bz+c2

frdt Y@ & fau afs W@ & fKo-3rgua w99 a, b, ¢ ®, A ka, kb, ke k # 0 o
feep- STl &1 U T €1 ST U ¥ & feh- STl & 3 e off S g
a1d: Torelt Tk T & fep- Ul & e 9uE B R

11.2.1 & )%’g’a—ff &I e aret 3@ @t fé?{—aﬁmg? (Direction cosines of a line
passing through two points)
Fiifs @ fu fagel @ B S Al Y afsd B ) T 9 fu o g
P(x, v, z) AR Q(x,, ¥, zz)@ ‘\Fl'{ﬁ et @ wi ﬁﬁﬁ—?ﬁw & 9 TR 9 7«
F Fhd © (3P 11.3 ()1
ﬂﬁ?ﬁﬁl@ﬁi@PQaﬁﬁBE—TﬁWl,m,n%ﬁ?%x,yﬁ?z-ﬂ%%@ﬂw
FAI: q, P, Y 2
oM ST P et Q @ ofa wifaw st XY-aa &1 Rl S fyerd &1 P T
I e Gifau s QS &l N W fHerar 81 a1d "HeIv1 519 PNQ #, ZPQN =y
(3Tepfd 11.2 (b)) @feT

7 V4
N N
Q
PN \MQ
P N
IY > Y
I) 0
R S
X (a) X (b)

3TTeRTd 11.2
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NQ _ z,—-g
cosy = ——=
"“PQ " PQ
XX R _ TN
EEALS cosQL = cosp=——"—
= PQ P PQ

amd: fagafl P(x, y,,z,) 91 Q(x,, y,, z,) I S a1t @r@e PQ for fsh-whiam

X, =X Yo=Y %% ¥
PQ ° PQ ~ PQ

&

S8l PQ = \/(xz_x1)2+(}’2_)’1)2+(Z2_Z1)2

feouit fagatl P(x,, y,, z,) 981 Q(x,, y,, 2,) I Sigd ATt {@rEe o fep-rgua =
THR ¥ fag w1 wed €

X=X Y= Vp 5= Zp A X =X, Y= ), 57 2,

SETETUT | A Uk W x, y AN z-3981 1 HFIeTeh TSR o el ShAeT: 90°, 60° q2m 30°

1 IV AT 2§ A fIp-hIHET [0 T

W HH Ei éq i@Taﬁﬁ‘_’E—W l,m,n%l GES l=COS9OO=O’mzcos60°= %’
V3

n=cos 30°= —

ISTETUT2 zrﬁ‘;qgmr%@ésﬁq—w 2,-1, -2 € @ H&! Kep-FEE 90 Fifw
o feo-wiamEa fefeq @
2 -1 -2
\/22 +(=1)*+ (=2’ \/22 + (=D +(-2)% \/22 +(-1)" +(-2)°

2 -1 =2
i 333
Saretur 3 & fge (- 2,4,-5) 3R (1,2, 3) i foam areft @ 1 bR 9
i)
T B WA § R Q fage P(x, . z) RQx,, v, z,) F AW @t T
[ECEEALIF|

xz_x1’)’z_)’1’zz_z1

PQ ° PQ  PQ
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€, Sl PQ = \/(x2 —x) 2+ (=) +(z - 2)
Tel P 3R Q HuIM: (-2, 4,-5) 3R (1,2,3) Tl
e PQ= \(1-(-2) +2-4 +(3-(-5) = 77
Tafers < fagelt 1 frem) Ao Yan # fep-wrE &
3 2 8
V11 T TN

SETEIUT4 X, y 3N z-37el 1 fEp-hiamea I@ Hifery

Tl x-318T U x, y SN 2318 o6 T 0°, 90° 3T 90° oF IV I B THAT x-378
1 f&eh-shET cos 0°, cos 90°, cos 90° 1€ifd 1,0,0 B

THl YR y-3787 MR z-3187 1 fEep-shAET %A 0, 1,0 3R 0,0, 1 2

SETET0T 5 g9IEy R fag A (2,3,-4), B (1,-2,3) 3R C (3, 8, — 11) ®@ €|

g1 A 3R Bl et oreft @n o fash-erama
1-2,-2-3,3+4 3@ -1,-5,7 2

B 3R C &1 fiet areft Y@ o feep-3rqua 3 -1, 8 + 2, — 11 — 3, 31¥1iq, 2, 10, — 14 €l

e € foh AB 3R BC o f&eh-21dd SHurdt €1 3fd: AB iR BC ¥HId 8] W
AB 3R BC 3Hi ® B s9affss 21 3m@: A, B, 3R C @@ fog |

|grwareredt 11.1]
1. i€ Tk W@ x, y 3R 2-3787 o6 |9 HAW: 90°, 135°, 45° o 01 &A1 € o THeh!
fep—=h1ETET A1 HifSUl
Tk Tl i feeh-shire o ity St el o @Yl WHE i S 2
IfE Tk @1 o fGp-3ua —18, 12, — 4, & o S8kl {eh-hi@mg @1 8?2
Ty fok g (2,3,4), (- 1,-2,1),(5,8,7) &@ &
T s & et &1 Rep-ieed 9@ &g Ik e o Y fag
(3,5,-4), (= 1,1,2) 3R (=5, -5,-2)
11.3 3raer U I@GT hT FHRITT (Equation of a Line in Space)

Fel X1 ¥ fg-forfia qa o @netl &1 31299 i oF v 319 gH ke d T& @
o |fY e FIdard GHRON i A H|

n A W DN
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e Y sfgdted: fuifa et 2, afe
() @e fu foag @ & 7€ fKon @ g Wt 7, AW
(i) o7 I & T fagett ¥ e S

11.3.1 73U 7T faig A @ S areit 797 90 7T QiEsT b & QI I@T T THIHIIT

(Equation of a line through a given point A and parallel to a given vector b )

eIt Feene fem & 7a fag O & wmHy z 3
e T T B A S s i s

foIg A" WM areft den fRu T afeer p o T A p—!
W@ 121 A e R R fem Tt mee iy o
P w1 feafa afgwr 7 2 (emepfa 11.3)1

a9 AP U< p o HIR € 1 AP=Ab, Sl 0)
\ T ardfash §e 2 3

. 3TeRTd 11.3
W AP = OP - OA
A Ab=F—ad
foetia: Jrad A oF J&is 911 o fag 98 9 @1 o fRdt fog P&t feafd wem
A 7| 3Td: @1 T GIE9 GHIE o

F=d+\Mb (D
fewoit afg 5=af+b}'+cl€ %ﬁi@%ﬁ%—%ma,b,c%ﬁ?m:ﬁ@%@
% Teh-31U a, b, ¢ A b = af +b] + ck 1@ % THR S Fel b I b |7 THe ST

|ieyr U | &g & A= kT (Derivation of Cartesian Form from Vector
Form)

A oifse fo f?'lﬁﬁ A& fdens (xl,yl,zl)% AR Y@ W ﬁ?ﬁ—ﬁw
a,b,c%qﬁ?ﬂmﬁﬁﬁﬁgP%ﬁﬁW(&y,Z)%Iﬂﬂ

F=xi+y+zkida=x1+y J+zk

-
a

=y

>Y

R b=af+b}'+cl€

T A Rl (1) W wiceentyd wek 1, j @R £, O] i qorl HTd T B9 U
g fo
x=x+Aa; y=y +Ab; z=z+Ac .. (2)
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392 Tfora

I @l o grad i 21 (2) 9 grEe A e e W, 89 U B

X-X4 _Y=-n_274%
a b c

€ @1 1 HEE GHHOT 2
feoguit afg @ i feeh-hrmed [, m, n €, @ {1 1 T

X~ X YN _ 274 ¥
n

.. (3)

l m

SETET0T6 T35 (5,2, - 4) ® S orell a0 WS 37 + 27 — 84 o WA @1 1 |l
oIl AT FHIHION i 1A wifs

T T W@ €, &
G=5+2]-4kdR b=3i+2j-8k
WW%WW%
F=5i+27-4k+A(3i+27-8K [(1) T
e Y@ W feorm fordt 65 P(x, y, o) 1 fearfa afewr 7 2, gfa
xi+yj+zk =51+42]-4k+N(37+2]-8k)

= (5+30) i +(2+2X) j+(—4—8\) k

AT faelios 3 W 89 U © T
x=5 y-2 z+4
37 2 -8
S YT o GHIT ] S €9 B

11.4 St TEreli ok A& hI0T (Angle between two lines)

A AT 7 L SRL, @ fog 9 o areft & et € o faep-srqom s
a,b,c 3a,b,c,? I9: 99 AfGUfF L R TH &5 P L, R T &3 Q
amepfa 11.4 ¥ KT ¢ |fger OP &R 0Q W fomR #ifsw) 7F =fifsiw fF OP IR 0Q
% H" =T I 9 7| I TR0 HIS G FiEw OP R 0Q % Wk F: a,, b,
cl3ﬁ'{a b c%’lsqmeﬂawﬂawﬁme

2272 72
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z
a,a, +bb, +c,c A
c0s0 = | T—— ————| BN ¥d 2|
\/al +b +¢ \/a2 +b; +c;
A: sin 0% €9 H, {@1stl & o= w1 RO Q.1
L
e 1

sin@= /1 — cos” @ o e ® <70 P v
X

- (aqa, +bb, +c1c2)2
(af +87 +¢7 )(a5 +b3 +c3) 3TeRfa 11.4

\/(alz+l712+cf)(a§+b§+c§)—(ala2 +b1b2+clcz)2

Jat+02+c2) (@ +2 +c3)

\/(a1 b, —a, b1)2 + (b c, — b, ¢ )2 + (¢, a, — ¢, q )2
= 2 2 2 2 2 2 - (@)
\/ (af + b + ¢ \/a2 + by +c;

e fouroit | 5@ fefa § 5@ @ L oiRL, qa g @ & ToRd € o e
L, 3L, % 9@, 9 fog ¥ o aeft ded wHe: L, 9L, o 1 3 et
L, 3R L, % facp-3Tqamai o oo faep-shiare & 7 &1 S L, % ¢ £, m,, n, 3R
L, fC L, m, n, @ (1) 3R (2) Frfafen wwew &

cosO=1l1,+mm,+nn| ERIED F+mi+n’=1=0L+m;+n;) ... (3)

S sin 6= \/(11 my—Lym,)’ —(my ny—m, n)*+(n, L, —n, 1) (@)
feep - e1qura a,b,c, AR a, b, c, areft Y@

(3] m% Ifg @ =90°, raiq (1) d aa,+bb,+cc,=0
h_a

(i) TR 2, A 0= 0, FeA (2) @Z—1=b

2 p) 19

319 B9 <1 T@13ll o 19 1 10 Fd SO Toren TEieRor fau T 7| Afe $9 s
Fo=d +\b AR F = d,+ub, & <t = 010 7
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by - by
qad cosO= | ==
|b1||b2|
wrfa wy § A e, 0o - 20274 (1)
’ a, b, ¢ -
i B e
a, b, &) @)

% o H HOT & W@ (1) T (2) % KH-TIIG FAN: a, b, ¢, T
a, bz, CZ% ad
aa, +bb, +cc,

\/a12+l712+c12 \/azz+bz2 +c22

cos 0 =

sarEor 7 fu U Er-ge
F=3042]—4k+Ni+2]+2k)

S F=5i-2i+pGi+2i+6k)

% T RV JG hITTT

T WM N b o= f+2j+2k IR b, = 37 +2]+6k

<l st o wem vl 0 7, gHi

s b b-by |_|(+2]+2k)-(Bi+2]+6k)
|55 V1+4+49+4+36
3+4+12‘_g
T 3x7 21
19
3Ad: 0 = cos™! (E)
SETEI0T 8§ W@-F:
x+3  y-1_z+43
35 4
+1 y—-4 z-5
R Ak =
1 1 2
o HEA I T HISC

T Ueell @1 % fKep-31qu 3, 5, 4 3R &0 W@ & fKp-3que 1, 1, 2 21 A 37k
ElckEikau K EEE]
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6 3145.1+4.2 16 16 83

cos 0= = = =

V5222412422 | V5046 sV2 6 15
8

3d: aﬁ%aﬁmcos“{ I{J |

11.5 7 @Rl o HeA =IAaq g3 (Shortest Distance between two lines)
sfafer ® fE < Y@t weR giaess Hw € zZ
A STk d9 H A 30 g )OSR
siafta § afg 2 Terd 9hiR € @ 39k o
HI =FaH 0, 3Tk oE odaq g & G F
g T @ F T AT @Ry,
= T el E ~

T afaft siafe §, T o tEnd 2 c >Y
gt & S A ufaeedt 3R T & guiw A B
Bl 71 o H U e o g X
STEHACh B ¥ iR T fawmaeta e ST 11.5
(skew lines) Fed & SEEUEAT BH STeRfd 11.5 H x, y 3R z-3787 o SR HH:
1,3,2 SHE o MR I HW R @R Hd B

@1 GE=d o ool o 3rfewr @ ik @1 DB, A% i ST 3d o 4 ¥ el
T2 SR o ool o srfaw 21 3 Yt faumaets € #ife o g T8 @ oK wef
ferdt ot &t 2
et & o e 8 TR e T U e @ @ W U W W fed
T fog & 38l W@ W feod 577 f9g &1 faem 9wt & aifer S9! ofarg =<gay @l
<A T tErEe SHl fauHaeta damst ™ @e gl
11.5.1 E? faggaeita t@rsit & ster &t gﬁ‘ (Distance between two skew lines)
319 B9 (@3l o o9 i =Aad g0 Fefatea fafta 9 T

T I A A /SR [ fmaeia T @ Q .,
fer Tt (3Tt 11.6) Frefafaa 3 ’
F =4 7»5 (D) “

SR Fo=a,+pb (2 s ph

STTeRT 11.6
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396 Tford

e | W i fag S fowet feafa wfew g, ofR (R &1 fag T fowet feofa wfew g,
8, oS e =aw g0 Wieer &1 giemn, ST 1 =3 g0 &1 faen § ge&id &1 719 =
HHH B (3R 10.6.2)!

=t 1, &R 1, % o= H YA g A pQ € @ F I p, N, W B PQ
=1 feem # st Wi 5 39 YRR BN

I}

X

-

.. (3)

I}
I}

n=

| b, X b, |

-
)

[iC] PQ =d
&l d, =g i afewr &1 ufm 21 9 ffST g7 SR PQ o < H1 HI0 0T, 99

PQ = ST Icos 6l
. PQ-ST
g cos 0= BQIIST I
d h-(d, — d) -
= dST (wﬁ; ST=a2—al)
b X b)-(d, —a
S e INCL L
ST |5y x|
THfa 31+l =Aaq <l
d =PQ = ST Icos 6l
0 d= (b ng)'(?z_dl) 2l
| b x byl
HAT BT (Cartesian Form)
el
X YT 2T
Yo - b S
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IRk lz:x_xz Y= _27 %
a, b, c,
o o= 1 FAad SU e
X=X =N 7%
a, by G
a, b, c,

Jbie, =bye, + (cay — 0, +(aphy — arh,)’

11.5.2 GaTaT I@T3f & @@=l & gu (Distance between parallel lines)
I & FErd/ Ak [ EEE € @ o A g €1 A T S e

F=a +Ab . (D)
S F=d, +pb ()
g, Wl ||, R fag S @1 fearfa wfewr g o R fEg T p (@) 1
=1 feorfa wfew 6, ® (3T 11.7) B ’
Ffe [, R [ FEae B At g TH [ W

T T o 1 I P B qa T@stt [ SR [ o A 0 P I
<& = TP S(a7)
M ST foh @feel ST 3R b ok = =l 101 07| T, STFH 11.7

b x ST = (1b11STlsin 0)# (3
el Y@t [ R [,% T W @ 3R qiew A gl
g ST = @, - G

ZHfeT (3) 4 29 U € &%
b x(@,—d,) = |pIPTA (A% PT = ST sin 0)

i |bx(d,—a)l = 151PT-1  (asli | =1)
THIAT T {Enst o sftE <AaH g
d= IPTI=|2X@=a) ) s
b |
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SETETUT9 Y@Ed [ @R [, % o w1 gAan g A s e wfi w2
FEL4+jHANQI-]+k) . (1)
R F=2i +j—k+nGi-5j+2k) ..
T WHE (1) F (2) F r = +Ab IR = g, + pb,, W T FH WEH
o € A
a=i+j, bh=2i-j+k
ay =20 +j—k 3R b, =37 —5] +2F
-

gafee a, —a = k
R by xb,= (20 = j+k)x(3i-5]+2k)
ij ok
|2 -1 1| =3i-7-7k
3 -5 2
TH YR b, X byl = \J9 +1+49 = /59
THfere < T W@netl o S i =Had gl
S| ixby) (e = a)| _13=0+71_ 10
b xby || V59 V59

sareror 10 frafafed & et [ ek 1)
F=04+2]—4k+A(20+3]+6k)
3R r=30+3]-5k+p(27+3]+6k)% o= =mad g T i
T <A W wHER B (E?) B W © fm
a =i+2]-4k, a, =37 +3]-5k 3 b = 2{ +3]+6k
sHfeT @netl o i &t g

ik

23 6

_|oxX@m=a) | | |2 1 1

b 4

J4+9+36
C1-9i+14j-4k1_293 293 5

- 49 Jao o 7
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[wwarerett 11.2)]

e fr e s, o A

137137 137137137 13° 13°
T R wAeferd
. <uisw fom fageti (1, - 1, 2), (3,4, — 2) ¥ B S drelt T faget (0, 3, 2) 31k
(3,5,6) " M drell W@ W A9 2
. eIy T fagat (4, 7, 8), (2, 3, 4) ®@ g 9H arelt 3@, fogstt (- 1,-2, 1),
(1,2,5)d S oreft 3@ & g9 2
. T915 (1,2, 3) @ T St W 1 g 9 it St wfew3 i 42 o2k
HHW 2
. fog foment fearfq ofewr 27— j+ 4k A A T AW [+2 ] —k &1 fon o 5=
et T o1 Giegl 3R g ®6 § GHOT [ RIS
. SH @ 1 HE GHEO A6 siee S fag (-2, 4, - 5) W S SR

x+3 y—-4 z+438 F TR 2
3 5

. T T w e g 0 _ YT 270 8 ey e weter T
3 7 2

ifsra]

. Trafafed ez & 9 %1 S Fa S

() r=2i-5]+k+AG3i+2j+6k) 3

r=7i—6k+u(i+2]+2k)
() r=37+]-2k+\(G—]j-2k) &R
r=2i-j-56k+u(3i-5]-4k)
. TAfafed e & &= %1 Fiv Fa Fife:
x—2_y—1_z+33$Rx+2_y—4_z—5
2 5 -3 -1 8 4
Eﬁﬁx—S_y—Z_z—?ﬁ
1 4 1 8

@

G 5=%

d
2
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10.

11.

12.

13.

14.

15.

wn

Tfora

e l-x Ty-14 z-
p 1 I T HIC @R @ 3x= y2 =Z23
p

R 73_7x=y15=6_Z WER o4
p
ﬁaﬁqﬁi@rﬁxf:y—;z:% ﬁ%:%:%waﬁ%

@l F= (P 42+ k) + AT —J+K) SR 7=27-j—k+pQi+j+2kbF
EIERCI B G AU RIS

st x+1:y+1_Z+1 sk x—3:y—5:ZI7 %Eﬁﬁﬁ?{ﬁ‘?iﬁﬁﬁ

7 -6 1 1 -2
FHifs)
Y, fores wfke wHieR Fefefed §, o s R S gl @ R
F=(+27+30) + M@ -3]+20) sin F=4i+5]+6k+n (i +3]+k)
e, forert wfew gefeto frafafad €, o a9 #1 = 9 FHi;
F=(1-1)i+(t-2)j+GB-20k I F=+Di+Q2s—-1)j-Q2s+ Dk

ey 11 ¥ fafaer gonaeit

. Fi@ﬁ&qwaﬁmEHW,WW—Wa,b,CGﬁTb—C,C—a,

a- bl

. x-318 o FHI q1 A-fog | S At @1 1 FHH0 F1d hifsdl

2k 2 3k 1 -5
ql k1 |F A i

W@ F=6i42 j+2k+AG—-27+2k) R

F=—di-—k+n@i-2j-2k o= %1 Za9 g0 76 S

fig (1,2, -4 ¥ S° awef oK < i xg8:y_+lé9:z;1o s

~15 y=29 -5 .
x3 =y8 =Z_5 W o9 T H gk gHiew 9 S
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qrIST
ek @1 i faep-hrareT Y@ gr feemad 1 9 fen & @ s siof
1 IR Bl 2
W&Wi@aﬁﬁiﬁ—w l,m,n%ﬁp+m2+n2=l
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