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CFI'H'ITJIWF'[ Integrals)

¢ Just as a mountaineer climbs a mountain — because it is there, so

a good mathematics student studies new material because

it is there. — JAMES B. BRISTOL <+

7.1 Q{&IT:F[ (Introduction)
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G .W. Leibnitz
(1646-1716)

3 qft yfaeterhers! WIw Bid §, el b1 A= THher Shedrd ¢ 3R gfdetaehers
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ITE S T GEIehe o < Tl i 3R YR et €, eAfivea aHeher we
e Fameher| 37 aFl o1 GiHfed &9 THRe O e Bl

Affe=a gurher T fYed guehed & A % e ® S Fed S R
TG o ®Y H ST S 2| T8G9 Ty Heher & fomm we sAfvEitent & ferg
T SAEeeh NS o &9 § J9) Hdl | stefores, foam ud wifeehar 19 fafa= &=
T 3HF THR i gl GEEed &l 8 i o fau ot ffy=a sqehe &1 syam
ERIRS IR

Y ™ H, B9 T 3Tkl AMR=d T Y= aueherl 1d 9Hehed S 59
fafue wfed 3o IRfaw TuiHl o steed 9@ Hifaa @l

7.2 GHTREAT I 3TThHAT h ehH UohH % ®q ( Integration as the
Inverse Process of Differentiation )

R oh kT YehW ! THIHTH wed 2| FhHl Hel 1 Taher A0 HT & TIH
W Y Wl T STasherst (591 gl € 3R SUht AT 31eiiq andfash Wl 1 & ok
feTe @1 T 21 Te UohH WHIhTH STeral Ufd-STahe headl

aTey, FrefafEd Ssewn W foeR Y,
B W4 € TR %(sin X)=cos x (D)
i(ﬁ) _—. 0 2
e\ 3 =X .. 2)
3R i(e") = e .. 3)
dx

29 Uferd i © foF TR (1) § W cos x Bl sin x 1 Sfaehalsl 81 39 &H
39 YRt Fed B ToF cos x 1 UfdsTashers (319@l THREH) sin x 21 IH THR (2)

3
Qﬁf(s)@xzaﬁwxaasrﬁmawa(awww)mz%aﬁw e B T

e Fd € R ot oft arafass e C, 98 =R wel 91 S 2, 1 ST
2, 3R 3@l &9 (1), (2) 3R (3) = frafafed &9 ¥ faw w2

3
d
4 sinx+C) =cosx, L (10 =L (" +C)=¢"
dx dx 3 dx

TH THR B9 2Wd § Toh SUga worl o Yideraeshers SUdl SHishe Sitgdid
TET €| a%A: 3 Herl W ¥ ok el oh STIRid glaetaeshes 8, TR g9 et
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FEE o qY=ad ¥ e 3= C ] g HH YaH Hich W Y Hehd | T&T HRol
2 fF C ol JUHUR @3 3R ®ed 81 a&d: C U Wt 8, forqer 7 o1 ufkafda
F%eh g9 XU g Wer o faf= gfastashersil o1 Gurehal shi 9T hid €1 SATeha: Ak

T Hor Fua @ fh %F(x)=f(x),vxel(wﬁma@13ﬁaﬂm)aﬁm

& o C, ¥ f %[F(X)+C]=f(x),xel

T YR {F+ C, C e R}, f o Wfdemaeshesi o INER i =5e &idl €, Sl C
TR 1 3TeR FHead 2l

fEoruit SHM STl ofdl HelHl § Wk 3TeR 1 3% 2idl 21 36! Ui o fou, 9
ST g 3T 4 UW & Her ¢ Tooh etaeherst 3fauel 1§ T8 €
f@) =g () —hx), vxe I1g/ qRAMa e f =g — h R fa=r FifSw
@ _

a dx
AAYE f/(x) = 0, vx € I (aRSFew 9)
A 1 H xoh WUE £ o TReRA i R I ¢ AR WY £ TH TR 2

Iudert oot o erqER =8 fepd e =maETd @ ff 9Rer {(F+C, Ce R},
f o |t wfasEeshers o1 YSH i 2l

379 B Teh ¢ Yok W R € € S o wiereehersii ob U OReR i Frefia s

78 Wl [ f(x) dx ¥, T xF W £ H] SR WHERCR % w9 § wel S ¢
‘;I'cﬂih_d:%'qj‘f(x)dx=F(x)+CfFf@ﬁ%|

=g -1 ¥ fO=g¢g -k vxe I 2

Heraw feam gen € & %=f(X),a“r%qy=jf(x)dx1%1@ﬁ%l

gfawn & fau ga fAfafea gdienl/agi/amemen & 39eh 31eff dfed WRof 7.1 |
SocifEd H B

w71
Ydiieh,/Ug /TSR 9T aret
jf(x)dx f 1 x % WO GHHEA
[feaxd rw FHIRE
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jf(x)dxﬁ'x R I =R
HHTh T <h Tl HHTheld ATd <h Il
o1 HHEREA T&h %ed F e fag
F(x) =f(x)
TR Hisha IR 1 Y 1 ThH
YA h1 TR FE off ardfas gen 9 sTeR
T HEd 2l

&0 Tedl 4 & 9gd ¥ 4@ el o Srdehersl oh g S 21 3 Gl o W gH
THIHEA o W0 Go ol @7 foam gehd €1 5 g g 6 e fefated €
T9eR1 I9ART 9 TR Ferl o HERTH! i I H H R

3TdehetST Derivatives HHIhAT (‘J’FCTWGT)
Integrals (Antiderivatives)
d xn+1 xn+1
i) — =x" " dx = +C, n#-1
@ dx[n+lJ * Ix ! n+1 "
faftre &9 & 70 @d ©
d
—-(x)=1 [dx=x+C
.ood . .
(i) — (sin x)=cos x jcosxdx=51nx+C
dx
(iii)y — (—cos x)=sin x jsinxdx=—cosx+C
dx
. d 2 2
(iv) —(tanx)zsec X jsec xdx=tan x+ C
dx
d 2 )
V) —(—COtx)zcosec X jcosec xdx=—-cotx+C
dx
(vi) d—(secx)zsecxtanx jsecxtanxdxzsecx+C
x
. d
(vii) d—(—cosecx)zcosec X cot x Icosecxcotxdx=—cosecx+C
X
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(vii) E(sm 1x)= —
d _ 1
(%) E(_COS 1x): —
d _ 1
() 7 (" x)=—
d _ 1
(i) (oo w) =
.. i(sec_lx): !
(i) gy x\/ﬁ

d |
(XiiD) g x\/ﬁ
(xiv) %(ex)wx

d

dx

Cdfa ).
(xvi) dx \ loga

1
(xv) —(loglaf) =~

d
J. a =—cos ' x+C

1-x°
j dxzztan_1x+C
1+x
j d 2=—cot_1x+C
1+ x

d

a =sec” ' x+C
xAJx —1

dx 1

=—-cosec” x+C

J.x«/xz—l
_[exdxzex+C

jldx=10g|x|+C
X

X _ ax
_[a dx = log

+C

T W W UM 9 a1 Tok el i foed fafee o
Rt & qenta fereht oft faftre gea o ded o s i eam | W =y

7.2.1 erffyera qarehert o =352 gwan‘ (Some properties of indefinite integrals)
3 39 Ufes] H g9 Aff=d aHIehed & 5 TUIEE Sl A S|
() Frefafaa aRom o gl # oo U6 THehe & T U T o fohH ¢

e ds=fe

3R [ /@) dx = f(x) + C, R C T @ 1R 2
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(1)

i
suuf AF <A 6 F, o1 T dfaeraeert € eteffq
%F(x) =f(x)
ar [f@dx =Fe) +C
wafere L[ f@dr = L (Fe+0)
dx T dx
- LF@ =/
T YR BW @d © T
f’(@:%f(x)

&R Tgfeg [r@ade =+ c

ST C Toh =g 37X 8 T8 gHeer 371 Fed ol
19 T sifAfyed TR 5ok sTahors 9 @ dehi o T & IRER i 9Rd
F T 3R 3@ YhR Tuged €

suufe 7 wifSef U e T8 word & o

L rewae = < fgwa

g /@ [gwa]=0
a7 Jredx—[g @) dx=C 5= C ts amdfosw wem 21 (Fi?)
YT J‘f(x)dx='|-g(x)dx+C

Tty @ % TR {[ £ dr+C,,C eR}

Ll {[eedx+C,.C, eR} wges #
ELSIELS '[f(x)dxaﬁ'{'[g(x)dxw%l
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?f RIECIn {If(x)dx+C1,CleR} T {Ig(x)dx+C2,CzeR} EQl

TAGEA FI GATER [ f(x) dx = [ g(x) d, fereert srek F3d & fomd wret
i & 2l

i) [0+ g0]dr=[f00de+ () dx
suut qorEd (1) 9
%[J.[f(x) +g(x)] dx]:f(X)+ g(X) (1)
e &6 9 € R

d d d

Jr@an [s@ax]="-[f@dv+ - [s@dx = f 4500 . @)
30 R o (i) % e # (1) @R (2) ¥ W Ea e fE
[(F@)+g() dx=[ fx) dx+ [ g(x) dx

(iv) TFEt arafaes ek, & fau jkf(x)dx:kjf(x)dx

suufa Tored (i)gmdijk F) de=k f(x)
X
st k[ d] =k [ foode=k foo
dx dx

Tafer U (i) BT ST B g W U € R [k f@) de=k [ £(x) dx

(v) WO (iii) 3R (V) T £, f,, ... £, Bl w1 Ffeeq gemn iR arefas wemnstik,
ky, ... k o foTT oft saTOeRIsRw foRar ST w@ear & S A fen mn @

[l A + ko fo (0 + .k, f, ()] dx
= k[ A dx+ ko [ fo () dx+ .k, [ £,00) dx

feu g e 1 UfdeTaherst T1d & o folu gn oidqie | T Weld &1 @il $hid
& ToTeenT eraenersl 5o gt e €1 s el &1 30 YohR &1 @is, S U g¢ e
o Ufd TS A0 I o fau # S €, i R gR geehed ded ) 3w
FS SN Y T
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sareror 1 e fafy =1 ST #d g fFefafad et @1 gfaeTasherst 9 hifag)
(1) cos 2x (i) 3x*+4x3 (iii) i,x;tO

&l
(i) 9 Tk UH e shi @ISl T Hed € ekt 3Taswest cos 2x €

. d
B9 S © T —- (sin 20) =2 cos 2x
X
1 d i i[lsinbcj
YA cos 2x = > o (sin 2x) = AT

1.
3T cos 2x 1 Teh FfasTasharst Es1n2x 2l
(i) B TH UH HoH ®I @Sl HT FEd © ISR s 3x% + 4x° Bl
d
A d—(x3+x4)=3x2+4x3

X

AT 322 + 4% 1 HfGSTaRAS 2 + »* B
(i) &9 S ®

4 (tog )=, x> 08 L flog (~x)]=—(~1)=1,x<0
dx X dx X X

= i e e e m  E (logh]) = x %0

o [~ ds=log | , S fr + 3 st § 3 7 &
sareor 2 frefafed gaerel i T ity

3_1 2 g 1
Q) [ @ [ +har (G J(X3+2ex—;)dx
3
_[x z_ldx=.|‘xdx—.|‘x*2dx (ot v )
x

x1+1 x—2+1
= +C | 577G | €, C, T aeR €
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_~ +C,-Z—_C
R
2
X 1
=~ +-4C -C
2 1 2
x2

1 .
S+ +C SR C=C,-C,TF & et TR T
X

243

| oot | so@ o ww Shee sifon S H &, Tk wHeReR 3R farel

(i) =&l
J.(xi +1)dx= J.xi dx + Idx

2 .
_= +X+C=§x5+x+C
2
E
3

(iii) Zlﬁj.(x;+2ex—i)dx=‘|‘x; dx+J.2exdx—J.idx

24

x2

= —+2ex—10g|x|+C
3

41

W

x2+2e" —10g|x|+C

Ul|l\)

SaE0T 3 frHAfafad aeherl sl J1d iy

(1) j(sin X +cos x) dx (i) jcosec x (cosec x + cot x) dx

—s1nx

i |-

COS X
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&
(i) =&
j(sin X+ CoS X) dxzjsin xdx+ jcos xdx

= —cosx+sin x+C
(i) =&T

I(cosec x (cosec x +cot x) dx = Icoseczx dx+ Icosec x cot x dx

= —cot x —cosec x +C
(i) Tl

Faar 4]

1 sin x
5 dx — .[ 5 dx
cos x cos x

=Iseczx dx — Itan xsec x dx

=tan x —sec x+C

SETETUT 4 f(x) = 4% — 6 BRI URTIYG HeH £ w1 WfdeTashersl F 9 SifT St
F(0)=37%1

TA f(x) H TH G SRS ¥ — 6x B

% di(x4—6X) = 4x° — 6, TGfaQ qfastashers F,
X
F(x) =x' — 6x + C, 5N 27 & &I C 3= 2|
fean gen 2 F(0) =3
=Y I Bl 7 3=0-6x0+C
F1era Cc=3

aa: ervfiee yfdetaene, F (x) = x* — 6x + 3 R R« ok afgdia wed 2|
fewuit

() =9 %Ed § fF afe £ o ufaeraserst F2 @ F+C,SE C U =R ¢, 6 f &1
Teh UfdeTaRes 81 39 YR ARG eH Her f i T Sidetaeshes F 3@ € df g
FU &g ff 3=R Seat f o 3d gfasteshas fo@ & ¢ = F (x) +C,
Ce R% &9 ¥ 3ifered fvan S @bl 21 3w # GmM=ma: T eifafie
Hicisel Bl T AT OIS Bl © FTEd C o1 Teh fafyre o wrw giar @ 31k
fraeh aftomreaey XU gy wor &1 U fgdia sfasasdes W e 2|
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(i) - Fepl TRATH Ferl S9 foh U, SFoeh 4, =R Sl Bepomfidia,

3R yfaem Frerfd, sanfs & &9 § sifiered o3 o76Yd el ¢ SafeT
[ £(0) dx 5 w0 st @ S R SarE: Filte ol @ [ dx i 5

FHET STHYE ¢ Fifr T 9 g9 U9 W T T8l Y Hehd FSdeht steeherst

e R

(i) A THTR T =R x, o AN 31 HIE T @ GHHEH o g IR SR

L foru S €1 S

4+1

J‘y4 dy=y

+C—1y5+C
441 5

| gyt 7.1 |

frafafad sl o gfaetamas (FHeraq) e fafy grn 3@ sifsa
3. e¥

1. sin2x 2. cos 3x
4. (ax + b)? 5. sin 2x — 4 &*

frafafaa TamereHl 1 Fa S

I
6. Jaersnax 7 [FU-—)dx
X

2
9. [@+endr 10, j(\f—%} dx
X

J'x +3x+4

dx 13. J‘x—x+xl

15. j&( 3x% 4 2x +3) dx

17. j(2x2 —3sin x + 5vx) dx

2
SeC™ X _ 1
| dx 20. j2 sinx

19.
cos” x

008602 X
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14.

16.

18.

J‘(atx2 +bx+c)dx

2452 -4
[——

dx

[ x)Vx ax

j(2x—3cosx+ex)dx

jsec x (sec x + tan x) dx



246 Tfora

U9 21 UE 22 H GEl S T FI9 HifC:
1

21. (\/;JF—J 1 YidsTashars 8:
Jx

I 2 21
(A) §x3+2x2+C (B) §x3+5x2+C

31 33 11
(C) =x*+2x2+C (D) =x*+=x2+C
3 2 2

22. aﬁ%f@)ﬂf—%ﬁmﬁ fQ)=0d f(x)=:
X

4 1 129 5 1 129

A) *+m-— (B) * g+
X 8 X 8

. 1 129 ;1 129

© X t—=t—— (D) X +—F——
X 8 X 8

7.3 HHTohe okt fafemEt (Methods of Integration)

froct ufest § T U9 Sohel &t 9=l i off, S F® ol o Taskhdlsl 9
T W T T Tohd &1 98 e R enenfia fafy of, sod W& wed Fai
G 1 St © STkt STeeherst £ 8 SHE f oF WHIhe 1 Wik gl ¢ qenfy fdeo
W UG 98 fafer aeh werl shi feerfd o sgd sfed =&l €1 37 : SHIeher! shi Wt
w9 AR B 2 S AW e s e e e
sTevIeRdl 81 3 g fafeml frefafeaa w enafa 2:

1. YfqeA9s R HHIheH

2. oAiferes fa=i ® foeism g wmehe

3. G FHRA

7.3.1 GfaeamaT gRT @areket  (Integration by substitution)
39 39 Uit # B0 wfaemed fafy g weehed W foaR S8 W|aT R & H

ftafiid F o I x = g () Tt B g R T wEEe [ f(x) dx F o=
wq § yfafda fean s g 21

1=jf(x)dxm1%|aﬂaﬁﬁm
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d
5 x = o(r) WiENTE AT AR 7: =g'(1)
BH dx = g'(t) dt fTaaa 2l
T TR L= [f(x)dx=]rig®)} g (t)dr
JiqEATI 5 HHhe o fu 98 =R qRedd &l 3 TR I 3Tasd T Heegul
e 21 START GRRTT S €I SHeRT STHM oRTHT gH9T Heequl €1 HHT=Id: 8H T

T Hed o Tou gfaeen T & & TSEeT sfaeshers o garhed o Gimfod o, sar fe
frefefaa Sl g e fhar o 2l

IEEI0T 5 FAfafEd ® &1 x o 98T GHeh Sifsg

4 2
tan" v x sec \/;

(i) sinmx (i) 2xsin (2 + 1) (iii)
Jx

) sin (tan~! x)
R
&l
() BH S € T mx 1 STehelsl m @1 3T: BH mx = ¢ WRAOH i &, I

mdx = dt

. | 1 1
THfTT J.smmxdx:—.[smtdt = —-—cost+C =— —cosmx+C
m m m

(i) x>+ 1 T STerhersl 2x 81 3Td: BH X2 + 1 = ¢+ o FIqRAT9T 1 STAIT Hid B dlfeh

2x dx = dt

zafen [2xsin 0 +1)dx=[sintdt = —cos1+C =—cos (+ 1)+ C
N ,
(i) fx 1 SRS 2\/;%343.%14

Jx =t % YGEA9A w1 STEN N 7 R 2\1/7dx=dt 599 dr =2t dt
X
I el € |

) J-tan4 x sec? \/x dx_J-tan4t sec’t 2t dt

Jx t

= 2jtan4t sec’t dt
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@iv)

@

(1)

Tfora

R § 70 0 9RE9A tan £ = u & & e sec? 1 dr = du

5

ESIGY 2jtan4tseczt dt=2ju4 du = 2%+C

\®)

= Ztan’ 1+ C (Fifh u = tan 1)

9}

Z anS\/_+C(<'>Rm%Ft—\/_)

Ul

:J-tan4 xseczx/;dx
Jx
faeheua: tan J}:tuﬁwmaﬂm

=%tan5x/;+c

tan™"x 1 SFTHCS 7 2%|3Tcr B tan x = ¢+ TITEATTT 1 TN L & ik

dx

1+ x° = di
t

stm(an x) Ismtdt —cos t+ C=—cos (tan"'x) + C
1+ x7

9 TH FP Hedqul Gkl fod FreRivida werl sk SR grHiTeR
TRl 1 ITAN fgeee fafy § fen e 8, | == w9 Bl

Itan X dx=10g|sec x| +C

sin x

BT U %ﬁFItan xdx= Icos . dx

cos x = ¢, Ufqeenfud ST a1fe sin x dx = — dt
a4 J.tanxdxz—j%z—logM+C=—10g|cosx|+C

37 Itan xdx=log|sec x|+C
jcotxdx=10g|sinx|+C

COS X

T UM © ﬁjcotxdxzj -

sSin X

dx
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(iv)

sin x = 7 Ffaqeenfuq ST dIf cos x dx = dt
dt
qs J.cotxdx—J.T
= 10g|t|+C
= 10g|sin x|+C
jsecxdx=10g|sec X+ tan x|+C

sec x (sec x + tan x)

{ sec x dx = dx
gﬁs—m%ﬁﬁ,j I sec x + tan x
sec x + tan x = ¢ Ffawenfud HH W sec x (tan x + sec x) dx = dt
dt
i J.secxdxzj.—zlog|t|+C=log|secx+tan x|+C
t
jcosecxdx=10g|cosecx—cot x| +C

cosec x(cosec x +cot x) d
X

: cosec x dx=
0 UM €, .[ -[ (cosec x +cot x)
cosec x + cot x = ¢ Faeiyd & Sq

difh— cosec x (cot x + cosec x) dx = dt

e Jcosecxdxz—jﬂz—logltI=—log|cosecx+coth+C
t

|COSCC2 )C—COt2 x|
+C

= —log
| cosec x —cot x |

= log |cosec X —cot x| +C

IEE0T 6 TrAfAfgd GHeReAl &1 F1d SIS

(i) _[Sln x cos” x dx (i1) -[sm (x+a) (i -[1+ tan x
&l
0] P jsin3 xcos’x dx = jsinz x cos’x (sin x) dx

= j(l — cos®x) cosx (sin x) dx
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t = cos x Ufawenfua =sifs@ aifer dr = — sin x dx
i Isinzx cos®x (sin x) dx = —.[(1 — 2 ¢ dt

3 5
_J‘(t2 —t4)dt=—[%—%J+C

1
——cos3x+lcos5x+C
3 5

(i) x+ a=t9faenfud sH W dx = dr
I sin x J‘sm(t

sin (x + a) sin ¢

dt

J-sintcosa—costsina

sin ¢

cos a Idt —sina .[cot tdt

(cosa)t—(sin a) [log |sin t| + Cl:l

J- sinx _ _
d: sin (x + a) = x cos a — sin a log|sin (x + a)| + C
el C=-C, sina+acosa, TH 37 We TR 2l

dx _J- cos x dx

COS X + sin x

(cos x + sin x + cos x — sin x) dx

-2 COS X + sin x

J‘d J‘COSX—SIDX
COoS x +Sin x

J‘COSX—SIIIX
COS X +SIn X
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I I= jcosx Smxd R faaR HifT |

€os x +sin x

3« cos x + sin x = ¢ gfaeenfua SIS d1feh (—sin x + cos x) dx = dt

s 1= % <log]+C= logleos.x+sin o .,
L (1) ¥ @1 W W I €

dx x C 1 . C,
j—=—+—+—10g|cosx+sm x|+—
l+tanx 2 2 2 2
x 1 C G,

=— —0g|cosx+s1nx|+—+
2 2 2 2

1 . C, C
- f+—10g|cosx+s1n a+ClC==t+2
2 2 2 2

2x

| goTareht 7.2 |
1 937 9% o Y9 § Y% e ohl THhAT FA1d hifed|
, (logx)’ ; !
’ x " x+xlogx

12.

15.

18.

21.

1+ x°

. sin x sin (cos x)

. JJax+Db

1
o -13x

X
9 —4x’
etan"x

1+ x7

tan? (2x — 3)

5. sin (ax+ b) cos (ax +b)

7. xix+ 8. xJl1+2x°

“]

X
. (Ax+2)AJxP+x+1 10, 11. , x>0
G+ Dy s N
13 . 14 1 0.m=#1
. 3.3 . x>0, m#
(243x7) x (log x)
X
16. o2v+3 17. =
e
ezx -1 er —e 2x
190 5 20, S
sin” x
22. sec? (7 — 4x) 23. 5
1-x
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2cos x —3sin x 1 cos~/x
24, /22 T 25. — =~ 26.
6c0s x + 4sin x cos“x (1 - tan x) \/;
COS X
27. MCOS 2x 28. —'71+sinx 29. cot xlog sin x
i sin 1
30, —2% 31, ——— 32.
1+cos x (14 cos x) 1+ cot x
2
1 J/tan 1+log x
33. 34, VY 35, (rlogx)”
1—tan x sin x cos X X
2 3 - _1._4
+D(x+1 Xx'sin |tan X
36, D (x+logx) o, #
X 1+ x

Y9 38 WA 39 H WEl I Rl =9 hio0:

9 x 10
38. J-IOx +10" log, dx e
x'+10"
(A) 100=x""+C B) 100+ x°+C
©) A0 =x""'+C (D) log (10" + x') + C
39, | W= &
sin® x cos” x
(A) tanx+cotx+C (B) tanx—cotx +C
(C) tanxcotx+C (D) tanx-—cot2x+ C

7.3.2 fAivfidia ge-afgetenl & SUIRT §RT QIS (Integration using

trigonometric identities)
<& gHRed W F9 Benviiada wer ffed 8§, df g9 gueher 9 # % fau g9
M TR 1 SN i § wE o e Seewon o g wHesmEn w4 2l

sargvor 7 fAfafea <1 3@ sifeg
() jcoszx dx (ii) J.sin 2xcos 3x dx (iii) jsin3 xdx

A
(i) FEAHRT cos 2x =2 cos? x — 1 Tl TR0 wifsw foed

1+ 2
cos’x =$W%ﬁ?ﬂ%l
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1 1 1
e J.coszxdxzz J.(1+cos 2x) dx = EJ.dx+EJ.cos 2x dx
=£+lsin2x+C
2 4
1
(i) TGt sinxcosy:E[Sin(x+y)+sin(x—y)],3ﬁ@=|'{01‘°|ﬂ'r7rﬂ1

ad Jsin 2x cos 3xdx=%Usin 5x dxfjsinxdx]

1 1
= —[——cos5x+cosx}+c
21 5

1 1
= ——cosSx+—cosx+C
10 2

(i) FeIH(HeRT sin 3x =3 sinx — 4 sin’x ¥ 89 U © &
3sin x — sin 3x
4

e Isin%dxz%jsinxdx—%.[sin 3x dx

sinx=

1
= —Ecos x+—cos3x+C
4 12

IEETRGH jsin3x dxzjsinzx sin x dx = j(l—coszx) sin x dx
cos x = ¢ W W —sin x dx = dt

s [sin'xdx=-[(1-1")ar

3

—jdt+jt2 dt=—t+%+C

1
—cosx+§cos3x+C

et Srepthdia gd-afgentei s STa wid g 98 <9 S Fahdl € & <Al SW
e €

| wTeret 7.3 |

1 922 O o U9 H YF e 1 FHGEA A1d Shifad)
1. sin® 2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin® 2x + 1) 5. sin® x cos® x 6. sin x sin 2x sin 3x
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) _ 1—-cosx COS X
7. sin 4x sin 8x 8. 1+ cos x 9. 1+ cos x
) sin? x
10. sin*x 11. cos* 2x 12, /—/———
1+ cosx
cos 2x — cos 2a COs X —sin x
13. — 14. 1+sin 2 15. tan® 2x sec 2x
COS X — COS & +sin 2x
sin® x + cos® x cos 2x + 2sin’x
16. tan*x 17. ——= > — 18, ——————
sin” x cos” x cos” x
1 cos 2x
. T 3o . . 2 . sin !
19 Gin xcosx 20 (cos x +sin x) 21. sin " (cos x)
1
22.

cos (x —a) cos (x —b)

U9 23 T 24 H &l I H1 II9 HifSg)

.2 2
sin” x —cos” x
23. Iﬁdxw %Z
sin” x cos” x
(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+C (D) tanx+secx +C
(1
dexw 2
cos”(e'x)
(A) —cot (ex®) + C (B) tan (xe") + C
(C) tan (e") + C (D) cot(e’) +C

74 39 faforsz Wil oF TR (Integrals of Some Particular Functions)
79 uftes] o en frefafed geeqol aameme o 1 e S iR 9gd 9 T
GaATYd YTHI0Teh AR i A0 hid H 31 TN |

M j dx —Llog x—a e @) j dx —ilog a+x c
2 —d® 2a x+a a’ - x* 2a a—x+
d 1 _ dx _ [ 2 2
@) [ =g 'ZeC @ fﬁ—l"g SR A
x“+a° a a x —a
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=sin 1— +C x+vVxt+a*|+C

=log

d.
5) Jﬁ (©) fﬁ

mwmwﬁmﬁﬁfﬁ@aﬂﬁ%

1 1
(1) 89 5Fd €ff —5—— =

X" —a _(x—a)(x+a)
1| G6+a)-(x-a) _L{L_ 1 }
2a| (x—a)(x+a) " 2alx—a x+a
& dx 1 dx
J.xz—a2 Z_a{-[x a_-'.x+a}

=Z[log|(x— a)|—log|(x+a)|]+C

(2) Swe (1) o FER &9 U ® fh
I _1ltn+t@-x| 1[ 1 1
a’-x" 2a| (a+x)(a—x) =2_a{a—x+a+x}

THfeTy J‘azd_xzzi“‘ - +] dx}

x° 2al|l'a-—-x a+x
1
= Z[—log|a—x|+log|a+x|]+€

1
- —1lo
2a g

at+x

+C

a—x

(1) ¥ sy &1 T fafy 1 owen wfiesk 7.5 § & S
(3) x=atan T W dx =asec’ 0 do

- J dx _J a sec” 0 do

x> +a’ a® tan’0 + a?

1
=—J.d6=—6+C=—tan’1£+C
a a a a
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(4) HH AT x = a sec® T dx = a sec O tan 6 d0
J- dx _J- a secOtan© do
\/x2 -a’ \/a2 sec’0—a’

= Isece do =log |sece + tand |+C,

2
_ log Ty x_2_1
a a

= log| x+x*—da* —10g|a|+C1

= log| x+x* —a’|+C, W@ C = C, — log|q|

(5) A TS fF x=asin®d9 dx=a cos 6 do

+C,

acos0do

dx .1 X
TgfemT = = 1d0=0+C=sin" —+C
j\/az—xz I\/a2a2 sin’0 J. a
(6) AWM ST fF x=atan O T dx = a sec?0 dO

a sec’0 do

a’ tan’0 + a*

S iy vee iy

= Jsece d0 = log|(secO + tan 0)| + C,

2
= log ﬁ+4/x—2+1 +C,
a a
= log|x +Vx* +d* —10g|a|+C1

= log [x +V/x* +a*

T WA G o A W o7d BW i 3R g W hid @ S STuAn w1 gfte
T IR € SR TR HEhEH! 1 W A F o AU SR e ya R s
Hehdl B

+C, 'l C = C, - log|dl
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dx

(7) W]m A FH o faw gq
2 2
ax>+bx +c= a{x2+éx+£}=c{(x+£J +(£—b_zﬂﬁﬂ§lﬁ #
a a 2a a 4a
b b’ ) .
I x+—=1TH W dx=di T ——— =k’ faed gu a0 o € &
2a a 4a

b2
[C J%ﬁgmﬁ%ﬁaﬂﬁ@%w [2 % e = wfafin

a 4 2+k2

B S © 3R TH YR 9 M @ A ST Gl 7
dx .
(8) Im,aaw%wwﬁmmﬁ%mmﬁﬂﬁaﬁa@

T WU ol o1 SYANT shich GHIher o fhal S Gehdl

@) '[ax +bx+c

79 Ut 3 ardfas et A9 B 9@ S © ik

dx Sl p,q,a,b,c 3R E, o FHR % THH T HH & U

Px+q=Adi(ax2 +bx+c)+B=A (2ax+b)+B
X

AT B, 910 7 o fIT en ST Uail ¥ x ok TNl T TR 1 GAM i B
AT B T 8 SH W GHEhe A WHIveR w9 H uRefdd 8 S 2l

(10) jw,éwaswwwmaﬁwaﬁmﬁ@)aﬁﬂﬁ

Nax* +bx+c¢
M a5d € IR GHhTH i T qHIeh w6 # qiEfid s 2|

MET S fafeal ol o SRl %1 HeEdl § §HE
sareTor 8 frefafed gaererl i T it

o
0 =" i J o=
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A
. o dx dx _l x—-4
@ Zlg-["‘362—16_"‘362—42 B 810g x+4 e (7.4 =
dx
(i) =
sz X I./l_(x_l)2
x— 1=t Rdx = dt
d d
—— sz * =j\/1 ttz = sin™! (+C 7.4 (5) %]
X—Xx -
=sin' (x=1)+C

STt 9 frefafEd gameRerl i 1 it

dx
0 Joem 9 i @ Tes
&
() aﬁx2-6x+13=x2-6x+32-32+13=(x-3)2+4
1

i = dx
I —-6x+13 Ix 3) +22
II'FTE'i\HQx 3=tdd dx =dt
1 Lt
g}:ﬂ%ﬂ; = —tan —+C
j —-6x+13 '[t 2,227 2 2 (74 (3)
=ltan’1x—_3+C
2

(i) T €3N HHEher 7.4(7) o ®9 1 8| BH GHhed o 8L i [feEd FhR
9 foaed &
13x 10)

3x2+13x—10=3[x2+———
3 3

= SHH%T —[%ﬂ (gt & I W)
1 dx

3 +13x-10 3 [ 13J2 (17}2
x+—| -| —
6 6
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5

13
x+€=lWﬁqu=w

| de  1;  di
3x2 +13x—10 3tk{nf

HHTh T 259

1 3x—2

RN

17 x+5

1 3x-2

17 x+5

1
x—§=t W W dx=dt

dt
-
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+C, (7.4 (1) 9]

1

6x+30

6x—4 ‘+C1

1 1
+C, +—log—
177 983

1 1
+C_ wh = C, +—log—
, where C 1t g3
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1 1Y
= —Slog t+,t2 —[gj +C [7.4 (4) 9]
=ilog x—l+ xz—g +C
5 5\ 5
sarstor 10 frAfafed gameReHl i A Sifse
x+2 x+3
. dx .. —dx
@ j2x2+6x+5 @ '[\/5—4x—x2

&l
() T 7.4(9) 1 SYAN FA T B AT HId B
x+2= Ai(2x2+6x+5)+B = A(4x+6)+B
dx
T gell W x o TUTeh] e TR Wi HHM T W BH UM &:

1 1
4A=1TM6A+B =2 el A:ZaﬁIB=E

x+2 1 4x+6 1 dx
T j2x2+6x+5 4925 +6x+5 2'[2x2+6x+5
1. 1
= ZIHFEIz GRS (D)
[ H, 2%+ 6x+5="1T@ W (4x + 6) dx = dt
dt ’
TgferT 11=j7=10g|t|+c1=1og|2x +6x+51+C, (2
dx 1 dx 1 dx
3R h=I22+6 +5=5 5 =Ej 3\ e
X X x2+3x+f x+= +| —
2 2 2
CSE | x+%=t,r@|ﬁmdx=dt,€1=rtnﬁ%
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1 dt 1 _
Izz_j 5 = —tan "2t +C, [7.4 (3) 9]
2 t2+[1j 2X—
) 2
= tan12[x+%j+ C, = tan' (2x+3)+C, .. (3)
(2) 3R (3) 1 WA (1) § FH W/ &9 UH §
jf;zdlelogpxz+6x+5‘+ltan’1(2x+3)+c,
2x"+6x+5 4 2
STt c=5.%

4 2
IE THIRH 7.4 (10) oF &9 H 81 3T 543 i (A=Afaiead 9 § Aferm
H T
x+3=Adi(5—4x—x2)+B:A(_4_2x)+B

X

S Ul W xoh Ol Wel ST ol WHM i T EH U B
~2A=13R-4A+B=3,
a1erfq Az—%aﬁ'{le

x+3 4— 2x dx

e '[\/5 4x—x* - '[\/5 4x—x* '[\/5 4x—x*

1
= -5 L +L, ()

[,H5-dx— =1, W(-4-2x)dx=dt

4— 2x dx dt
oy I, = = 1/t +C,
'[\/5 4x—x° '[

= 2/5-4x—x* +C )

- I :J‘ X :J‘ dx
P sax—x C Jo—(x42)
X+2=tT@ WV dx=dt

Reprint 2025-26



262 TTfoTd

dt .1t
W 12 = J‘W =S1n 1§+ Cz [74 (5) -é]
- sinle-'-z+C2 -3

TN (2) TE (3) &I (1) | yfaeenfad 0 W &9

j%:—«ﬁ—@c—xz +sin1xT+2+C W I B, ST Czcz—%
S5—4x—-x

| vttt 7.4 |
Y99 1 T 23 T oF ol ol THRAT HiTST)
3x? 1 ;
2. 3.
X 41 Vi+4x? (2-x)"+1
4 1 5 7 6 *
T N9-25x2 1+2x* 1-x8
x—1 x2 sec’x
7. 8. 9.
-1 x*+ab tan’x+4
1 1 1
10. 5—— 1. —5——— 12. 7/
VxT+2x+2 9x" +6x+5 VT —6x—x
S I S
B Je-n=2) M Brs— P Jx—a)(x-b)
4x+1 x+2 5x—2
16. 2P+ x=3 17. X -1 18. 14 2x+3x2
6x+7 x+2 x+2
19. 20. 21.
(x—5)(x—4) 4x — x* Vil +2x+3
x+3 5x+3
22.

—_— 23, T/
x2-2x-5 Vil +4x+10
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YT 24 TE 25 H TEl W h1 997 HI90:

24. IZLW %:
X +2x+2

(A) xtan' (x+ 1)+ C B) tan!'(x+ 1)+ C

C) (x+Dtan'x +C (D) tan"'x + C
5. | LI

9x — 4x°
(A) lsin_1[9X_8j+C (B) lsin_1[8X_9j+C
9 8 2 9
— 1 . ({9x-8

©) %sin_1[9x8 8j+C (D) Pl 1[ x9 j+C

7.5 3nifYreR Rt gRT AHTeRe (Integration by Partial Fractions)
P

et i B W SO o ) ) S & w9 et e

Q(x)
2 el P(x) T Q(x), x ¥ g8 © @ Q(x) # 0. A P(x) 1 ®@ Q(x) ! =M § A
2, @ 9T e Sfad Ui wer sedr § o= favy aRia e weard ) foamm
g el i ot 97 fafy g sfaa ufua wed o w9 9 ufafda fear s e

21 39 YR 4fg P& foom ofe wed ©, @ M:T(x)+M SRl T(x) xH

Q(x) Q(x) Q(x)
Wa@ﬂ%aﬁw%@ﬁaqﬁﬁaw%|waﬂﬁ%%wwaﬁrww

&Y fora Sar 7, ord: fedt ot ofa wor 1 9o Tt sfaa ofids %o o
G 1 FHE o Y | YRafdd 81 Sidl 21 T8l W ' 57 IRET el o SHIeher
W foaR F31, 3 W faw IR o preet § faufed a9 ot =)

WW%%ﬂjggdxammaﬁmaﬁﬁ%aﬁgg@sﬁdatrﬁﬁa

W 71 T fafy, f59 sriferes fa=ii & fodism & 9™ @ S 9 @, 6 derEd ¥ fie
T T i WHRO GRAF Herl o AN o &9 § for@n S g9d B $6eh UvEn
od o fafdl &) geEd O guhed Wi fRar ST ogeRar @1 frefafed
aroft 7.2 e w7, for fafu= gvR & 9 werl & @1 9 9R o WA
a7ifereR fori 1 Werg foRan < W 2
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|rui 7.2
Ik | UfUT e w1 w4 YR Tt &1 ®a
L] P A LB
(x—a)(x-b) x—a x-b
. pxtq A, B
' (x—a)’ x—a (x-a)
3 px Hgx+r A N B N C
' (x—a)(x—->b)(x—c) x—a x-b x-c
4 px2+qx+r A + B & C
: (x_a)Z(x_b) xX—a (x—a)2 x—b
< px’ +gx+r A Br+C
(x —a) (x> +bx +c) x—a xX*+bx+c
SRl X2 + bx + ¢ 1 3R AW PrHEE &l fHa S gkl

Sua Gt § A, B Ud C ardfas e € et sfaa fafa @ 3@ w2

dx
IEI 11 jmaﬂ‘?ﬂﬂﬁﬁﬁﬂll

Tl fea1 gan wathed s sfud uiwa e ® swfag enfyrs fu=n o w9
[ETRUT 7.2 (1)], T SUART I U, BH

I A B fwe# e (1)
@+ x+2) x+1 x+2
el A 3B arsfass Gead & el ed Sfad fafy 9 o & 21 89 U ©
1=Ax+2)+Bx+1)

x ok T[OThT TS 3TeR Ul I THH A W EH UM §

A+B=0
w 2A+B=1
T TR ol B i W EH A=13R B=—1 W< Bl 2l

1 1 N -1
x+D(x+2) x+1 x+2

T YR HHEE ffatEd €9 § 9T g ©
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safer J- dx =de7J-dx

x+1)(x+2) x+1 Jx+2

= log |x+1|-log|x+2|+C = log :; +C

femuit Sudea G (1) Ueh Gaaiieht € SFufq Tk TH e S x o qeft whienr
et A o oIy g1 81 P @@ Hobd =1 U F8 <M o fog hed B foh feam
T HoF TH TAEEET 3 3R Tohd = 1 ST F% 9 % fau w € R gen
FUA Th GHIHI T 270 78 <9 o faw fom fsan gen sem x & fafv=a omi & fo
T 2l

+1

IETETT 12 jﬁdxammamaﬁi‘m|
2

2 +1

m@?ﬁﬁqﬁﬂawﬁ%wﬁq%ﬂxulﬁ
X —5x+6W AN F & I B IQ 7 fF

x*+1 5x-5 5x-5
> =1+— =1+
x“=5x+6 x°—=5x+6 x-2)(x-3)

T T8l TR

5x-5 _ A p. B
LR L N O S S R

GIED 5x-5=A(x-3)+B(x-2)
T qell W xoh Okl e TR US] ol HHH i W EH U 8§ A+ B =5 3R
3A +2B =5.

T TR0 ol B hid W 89

A=-5 3R B =109 &% 2l
x2+1 5 10
5 =1- +

X" =5x+6 x—-2 x-3

j 7 _sxi6
=x—510g‘x—2|+ 1010g‘x—3|+C
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IETEIT 13 jidxaﬁrmaﬁaﬁm|
(x+1D)*(x+3)

w1 fean gen wmehed |ro 7.2(4) ® U g€ @@ & ®9 @ €1 o7 '

3x-2 A N B
(c+D*(x+3) x+1 (x+D? x+3

fered &

qfe 3x-2=A@+Dx+3)+Bx+3)+C (x+ 1)

=A@+4x+3)+BEx+3)+C (P +2x+1)
T uel | 12 TN, x o UMhI T =R TSI HI ol i W UM € T
A+C=0,4A +B +2C =33 3A + 3B + C =— 2 31 GH0 ! 8 HH T &4

A=l B_Eﬁczﬂm%lwwwﬁﬂmwﬁwmﬁ
4

4
3x-2 115 1l
G+D*(x+3)  4@x+D 2(x+1)? 4(x+3)
2 3x-2 dx
J-()c+1)2()c+3) 4 x+1__j(x+1) 4J.x+3
11 5 11
=Zlog|x+1|+2(x+1)—210g|x+3|+c
=£0 x+1 5 +C
4 x+3| 2(x+1)
2
J‘(x +1)(x +4) A S !
2
D (21 ) F AT R =y Fe
x2 _ y
a CCHD) 44 +DG+4)
y 3 A
O+DG+4) y+1+y+4 < ¥ H e
GlIED y=AQ@+H+By+1)
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T gl Wy ok TN Te TR UG i ol i W BH UM 8 A+ B =123
4A +B =0, f5a9 9 B &

1 sk 4
= — B:—
A 3 3

X’ 1 4
&d: 2 2 =L 2 2
x"+D " +4 3(x"+1) 3" +4)
2
x“dx 1 dc 4 dx
I(x2+1)(x2+4)= §Ix2+1 ij2+4

1 4 1
= ——tan’1x+—~—tan’1£+C
3 32 2

1 2
= ——tan’1x+—tan’1£+C
3 3 2

ST 33T H haa AT 9= arel AW o faw gfaeeras foeen o on 9 f
FHTHEH a9 o foIu) o7e B9 Wk UH SRl i =l hid § TSEH WHehe o
foru wfqeemes fafy o enferr = fafa <91 1 9950 &9 @ wgsa ffan w0 2

(3sin ¢ —2)cos ¢

IETEATT 15 -[5 050 45in 0 do %1 9 A HifS)
&1 A WIS y = sing
qad dy =cosd do

J (3sino — 2)cos¢ ,[ Gy —2)dy
5—cos’h— 4s1n¢ 5-(1-y*) -4y

_J‘ 3y-2 =J~3y—22:I (T )

y? 4y+4 (y-2)
3y-2 A
foraa TR 7.2 (2) |
o9 B9 (yz)y2(y2) g [ (2) H]
ESIGLY 3y-2=A(y-2)+B

A Ue Wy ONE TS SR TRl 1 gl H W T UM T, A=3Td
B-2A=-2, TS99 84 A=3Td B =49 8l 2l

Reprint 2025-26



268 Tfora

zafan e gaeher frefafed 9 9 g 2

y_3j dy+ j

I=|[—=
Iy2(y2) (y2)

4

2 —sin ¢

+C

310g| y—2|+4(—LJ+C = 310g| sin¢—2|+
y=2

310g(2—sin(]))+2_4 ¢+C (FITHR 2 — sin ¢ THIM HATHR ?)

j X2+ x+1dx

(x+2) (x> +1) 1A S I

3TEUT 16

o1 T gen wHmhen wh Sfud ufem wed B uiET wed &l ey faer o
fomfed & & [ERO 2.2(5)]1

x> +x+1 3 A +Bx+C
WC+DE+2) x+2 (P +1D)
e P+x+1=A+D+Bx+C) (x+2)
ST Tell | x2S UM, x oF TOThI TS 3TER Ul i g HH W BH A+ B =1,
2B+C=13RA+2C=19d & 2l

. 3 2 1 .
ﬁﬁﬂﬁaﬁwaﬂﬁmﬁﬂAzg,Bzg,czgqﬁ%l
T YFHR T FefafEd ®9 § e g
2 1
PHxtl 3 +§x+§_ 3 +1[2x+lj
C+D)(x+2)  5(x+2) ¥ +1 0 S5E+2) S a7+l
2
X +x+1 1 1
T ——————dx = = dx +— dx
I(x2+1)(x+2) Ix+2 593211 ij2+1
:%log|x+2|+§log‘x2+1‘+§tan1x+C
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| woTereht 7.5 |
1 921 9% o Y9 H 9RET Hel 1 GHERE hifed|

1 X 5 1 5 3x—-1
T+ (x+2) "X -9 T a-D(x-2)(x-3)
X 2x
4. 5. ————
(x=1)(x=2)(x=3) X 4+3x+2
6 1" P — g, —
Tox(1-2x) T+ =D T =D (x+2)
0 3x+5 10 2x-3 " S5x
T o —x+1 TP =D (2x+3) T+ (E-4)
3
x +x+1 2 3x-1
12. 2 13. Y 14. wi2)?
15 ! 16 :
Toxt -l T ox(x"+1)
¥ =t @
cos x ) .
17. (1—sin x) (2 —sin x) [Hehd: sin x = ¢ @]
i) (2 +2 2 1
18, L D&+ e 20—
(2 +3) (% +4) 2 +1) (x> +3) x (=1
21. [Tehd: e* = ¢ @]
(e —1)

99 22 UF 23 H HE 3W H1 I Sifau|

2. [—2E et

(x=D(x-2)
2
(A) log +C (B) log (x=2) +C
x—1
x—1Y
(C) log [E) +C (D) log|(x—1)(x—2)|+C
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23 J‘ dx
Sy (x2 +1)

1 1
(A) 10g|x|—510g(x2+1)+C (B) 10g|x|+510g(x2+1)+C

1
(C) —log |x|+%log (x*+1)+C (D) 510g|x|+log @+ +C

7.6 @SIT: WHIGR (Integration by Parts)
T I3 | T0 T &1 U SR fafy &1 ==t w3 S 7 S %ol o oEka
1 G L W 98 STEn 2

% Thel =X x (A AT H 4 3R v < SFThe1a Held € Al STk o U
0 o @R &q U ® f

T vE 1 GEROd H W B U@ © T

uvzj.u% dx+J.vcf—; dx

dv du
SR —dx=uv—|v—d. . (1
J.udx x =uv J.vdx x (D)

e efifse fa u:f(x)aﬁI%=g(x)aa

%:f’(x)aﬁivzj‘g(x)dx
X
T FHfisheor (1) w1 Frefafed &9 § foran s gewar €
[fwe @dr=fm [gwdc-[i]g @ dx f@)]dr
areif [f@ewde=fw [g@de-[If @) [g0x dxldx
If% B0 £ I UUH Hel 3R g Hl THU e I o @1 39 g HI FEfafed w9
¥ o foman S gehen 21

“TN el oh UM% T FHHREA = (Y9 o) x (fgdfia wed 1 Tmeher) —
[(Y2M Hed 1 STashad o) x (Tgda e &1 Heher)| 1 FHehed
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IS 17 jxcosxdx HT HH Jd SIS

T £(x) = x (399 HeM) 3R g (x) = cos x (5@ ®er) Waw) q9 @eu: gqmwe 9
W e € TR

J.xcos X dxsz.cos xdx— J.[%(x) J.cos x dx]dx

= xsinx—jsinxdx =xsinx+cosx +C

I wifee fF 89 f(x) = cos x T g(x)=xéﬁ%?|ﬁ

d
J.xcosxdxzcosxJ.xdx—J.[E(cosx)J.xdx]dx
x2 . x2
= (cos x)?+J-smx?dx
T YR 89 3@d € fF g jxcosxdx,mg'&@xaﬁaf%ﬂﬁ
At SAfereh wfcd THERer o ufafdd g S @1 sy Yo %o e fgde her @
3fed =7 Aoyl 7
feugoit
1. =& 9o €, foF @ev: Tamed < Bl & UMhd &t g fefaEl o g
T 2, s [V sin xdx 1 Rerfa § = fofa wm T w3 gww

HRU T8 ¢ Th TE HIE e Al | € el © fSEeh sreesherst/x sin x €1

2. oF <fe o fgdta ®em 1 T9ehed A S T9T 899 iz T 3TeR
Tl et ol Al g9 f5di™ wer cos x % GUIGREH i sinx +k, % &9 H forad
&, el k1 T T, 7

jxcosxdx:x(sinx+k)—j(sinx+k) dx

L x(sinx+k)—jsinxdx—jkdx

= x(sin x+k) +cos x—kx+C = xsin x+cos x+C
e Tl € o Gew: wameher fafy o v @ sifaw afom s s & fag
fgda we & THRe | SR &1 S e T

3. WHA: A€ I Ee x 1 o1 o ®9 H ¢ el x I 9898 € df 89 W yUH
e o ®9 0 o §1 qenfy e feafa A Sef gu0 wor gfaeim freemifhda wer
AU TTHE e B, A B0 SRl UUH Hed & &9 H ofd 2l
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SET0T 18 [log x dx W HIFT

T U 3 o Ty 8 U9 ®el 1 IHH oiH | eraael € fewent sraehers
log x®1 BH log x ! Y| e TH 3o e | i fgdid ®er od €1 o e o0
TR x B

d
: logx-1)dx = 1 ldx— [[—( ldx]d
31d j(ogx ) dx ong x j[dx(ogx)j Ix] dx
1
=10gx.x—J.—xdx=xlogx—x+C
X

ST 19 [xe'dx W@ I

T x YUH e UG e il f5dia wer o ®9 4 ety
T W ] FHHTA = e
BRI Ixexdx=xex—jl.exdx =xe'— e + C

xsin” x

IETET 20 IFdmeI

X

Tl WM AT 9o Held = sin -y, ﬁ?%?ﬂﬂ%‘l:ﬁ
- X
1.088 mm
9 & fgelia wer 1 FHeher 96 R € el | X e E

V1-x2
t=1-x I@u
GE] dt =— 2x dx

T b Tk SR

xsin 'x o
=sin x

3 '[\/1—— (1—)_[\/—

= —I-x*sin"'x+x+C = x—+1-x*sin"x+C
farereua: sin'x = 0 Wfaeenfud w1 W iR 7 Te: THHE HT ST Hd Y
ft T GHreE 1 B fRa ST gehdl 2

(=V1=x%)dx
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SAETOT 21 [ sin xdx FW HCY
T ol YUH T T sin x i g ®od o ®Y H ofifu] 99 TSI: THRAT 9
9 UM © TR

I= J.ex sinxdx=e"(— cosx)+J.e"cosxdx

=—e‘cos x + I, (WH i) . (D)
1,5 ¢f TS cos x I HAU: o T fgdd W W BT €W R

II: e’ s1nx—Je sin x dx
1% 79 (1) ¥ Wt | &0 99 € &

I[= —¢" cos x+e'sin x — 13761 21 = ¢* (sin x — oS x)

X

3d: I= J‘e" sinxdxz%(sinx—cosx)-FC

foeheud: sin x Tl JoH T Td ¢ 1 5 Hed o T ot STe Faehad &l
1 feman ST Hehan 21

7.6.1 .[ex [ f&)+ f (X)]dx & URIT T WHTHAT
=5 wa § fF I= [ [fG)+ f/@)]dx = [¢"f @) d+ [e"f () dx
= L+ [e" f7(x) dx, 5T 1= [ e f (x) dx (D

LH f(x) T e 1 HAI0: YoH T gl e ofd BT T @ev: kel gl &8
Id ¥ I =f(x)e-— Jf'(x) e*dx+C
1, %1 (1) ¥ wfaeenfod 3 9 9| §

I= ¢S - [/ @ e‘de+[e f/(x)dx+C = ¢ f(x) + C

am: [e"(f@) + f/(0)dx = e fx)+C
IETET0T 22 Jd aﬁﬁnz

x> +1)e"
(x+1)2

@ [e*(tan x+ ) (i) dx

'

o 1
(i) =s1 Iz.[ex(tan’lx+—2) dx
1+x

3 (%) = tan” 'x, TEE, @6 f(x) = 1+
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aa: o gom WHehed o [f(x) +£/(x)] o ®9 | @I

. i 1
Tafere I= J.e (tan 1x+m)dx =e' tan 'x + C

2
(i) T ehfem fw j(x “)e dx=.[ex[—x _1+12+1)]dx
x+1

= J I > 1dx
(+1) (+1) +1 (x+1)

x—1 _
qﬁ?ﬁmﬁl?f(x)zmﬁa f(x)_(x+1)2
Ia: o gon gHehed o [f(x) + £/(x)] % B9 H @I
x2+1

E | cdre * i

(x+1)? x+1

| wTarett 7.6 |
1 922 d% o U1 o Bl ol HRST iy

1. xsinx 2. xsin 3x 3. xref 4. xlogx
5. xlog2x 6. x*logx 7. xsin'x 8. xtan' x

xcos 'x

F 12. x sec’x
—-x

13. tan'x 14. x (log x)* 15. (& +1)log x

9. xcos!x 10. (sin'x)? 11.

. xe e 1+sin x
16. e* (sinx + cosx) 17. 1+ 1) 18. 1+ cos x

. x-3)e" )
19. ¢ | ——— 20. ——— 3 21. e¥sinx

-1’
22. sinl[ ZxZJ
1+ x

Y9 23 T 24 H &l SW 1 FI9 Hifeg)
23. J.xzexsdx TR 2 :

2
X

1 s 1
A) —ef B) —¢" +C
(A) 3¢ +C B) 3

1 3 1 2
—e +C D) —e" +C
©) e D) e
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24. Iex sec x (1+ tan x) dx SR 2:

(A) e‘cosx+C (B) e*secx+C
(C) e'sinx+C (D) e‘tanx +C

7.6.2 5 3T UhN & GaTHe (Integrals of some more types)
T8l &1 WevT: T fafy W e o fafere R & g womhert st ==t

ExUlBSERED

(1) I\/xz—az dx (i1) I\/x2+a2 dx (iii) I a’ —x* dx

@) ma’ﬁqﬁslzj x> —a® dx
WWIHﬁWWW@aﬁT@W:WWWW%

I= xvx’—a —J x dx
X2 —

Cl

- xyxt-a* - dx = xVx _[x —a’ +a”

o
x\/xz—a2 —I\/xz —a*? dx-a®

J‘ dx

2 2 2
—xvVx —a —-I-a

YAl A= xVx*—-d* -a°

J‘ dx
V x2 _az

J‘ dx
Vxt —d?
SREI 1= J.\/xz—az dngxlxz—az—élog‘x+\/x2—a2

T YR R I FHGRCH H TR W 1 i fgdd ®ed Rl T G
TaTReH faf g &w T ®

1 2
(i) I\/x2+a2dx:5x\]x2+a2+%log
1 2
(iii) .[ az—xzdxzax\]az—xz +%sin71£+C
a

forepead: EaTRel (i), (i) T8 (i) § %9 x = a sech, x = a tan® AR
x = a sin®, TR & W ot =7 GHReHl &1 G R S HehdT 2

+C

x+vVx>+a® |[+C
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IETEATT 23 J.«/x2+2x+5 dx T@ Hifu)

Tol &F Jifee o I\/x2+2x+5 dxzj\/(x+l)2+4 dx

3« x+1=yT@ Wdx=dy, T
J‘\/x2+2x+5 dx = J‘\/y2+22 dy

1 2 |
— — +4+—1o
—2)’ y > g

yHyY +4 ‘+C [7.6.2 (ii)3 3TaRT 9

(x+D) V2 +2x+5+2log| x+14+x> +2x+5 ‘+C

1
2
ISTEATT 24 I\/3—2x—x2 dx d i

To1 e dfsu fE j 3-2x—x dx=N4—(x+1)2 dx
3 x+1=yT@H W drx=dy

9 JhX J.\/3—2x—x2 dx = J\/4—y2 dy

% yy4-y +% sin*%+c [7.6.2 (iii)% ST 4]

_ %(x+1)\/3—2x—x2 +2sin1[x7+1j+c

| gyTereRt 7.7 |
1 99 d% o Y3l o el bl GHREH ohifeid|
Lo Ja_y? 2. Ji-4x? 3. i raxtre
4. X +4x+1 S J1-4x—x? 6. \/m
x2
7o 14+3x—x7 8. \x?+3x 9. 1"‘?
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YT 10 T 11 | H&l S hl II9 Hifeg|

10. I\/1+x2 dx TR 7

3

2 =
(A) %\/1+x2+%10g(x+\/1+x2)+c (B) E(1+x2)2+c
3 2
(©) %x(1+x2)2+C (D) %\/1+x2+%x210g x41+22 [+C

11. J.\/xz—8x+7dx6|'{lﬁ|1%
(A) %(x—4)\/x2—8x+7+910g

1
(B) E(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
1
(©) E(x—4)\/x2—8x+7—3x/§log x—4+\/x2—8x+7‘+C
1
(D) E(x—4)\/x2—8x+7—%log x—4+\/x2—8x+7‘+C

7.7 Tafv=ra wateRe (Definite Integral)

st afteael o e eiffyea qamheHl o a1 o s1eer e @ oIk oo fafire ol
o AR dfed AfHYEq GHReH! S T w3 w1 F9 fafual @ ==t #2sE
Ii=s] | & fohdt wem o fftad aameres &1 teaq s v aumeRes &1 U

g A eran 21wk ffvea gmehe & j:f(x)dx,@ﬁrﬁfqmvrrm%aﬁ

b, GHIRH 1 =9 HIH 991 ¢, GHRH 1 7 1 S | Fiv=a gaehed 1
U=, =1 1 A HT G oh ®9 H K Sl § Y 97 AU [a, b] W $HRT hIS
yfdstasherst Fe df ffv=a gk &1 7 offaq fogeil W Foh AHl & ofat erefq
F(b) — F(a) o a0 81 €, o &9 § %{d sl 2| Fiy=a goehed o 39 <6 &1
I BY STTT-3TeN == |

x—4+x? —8x+7 ‘+c
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7.8 e @t 3NURYA YHA (Fundamental Theorem of Calculus)
7.8.1 QW T (Area function)

,<

T j:’f(x) dx F TFE y = f(x), -7, T

R x=adM x=>b T R &3 & &4TFA &
wq ¥ yRwifid foran 2180 hfST (o, b] §x HE

fog & @@ [ o) e s 7.2 % e vt

&5 o &hel i FIefud w3 ¢ [F8] 98 °E A
foram e 2 6 xe [a, b] & foau f(x)>0%l
frfafed wem am=a: 7= werl & fau t X<gr X X

T 2| 39 DR & F &ARA x % A Wy
sz 2 E

TR VIR H 79 Sifehd & 1 &Fhel x HT Tk Heid g1 H x o 39 Hel Hl A(x)
@WW;%I%WA(x)ﬁFWWW%ﬁT%ﬁﬁﬂW@
U 9 gl 2

Y =fx)

A = [T flxds ()
79 GRS W AIRd < SR Fo € et g0 el W ohddl T SRl
Hifeh ST ST TH UIGAYEIH I T o STET

7.8.2 THT 1 GHIGET TUTT i TG MIRYA G99 (First fundamental theorem
of integral calculus)

M ST foh &% el [q, b] W £ Th Had B € 3R A (x) 8% %o 8| ad
At x € [a, b1 F TAWA'(x) = f (x)

7.8.3 WHISHET TfUTT i fgdta ST YT U (Second fundamental theorem of

integral calculus)

0 9 T T8 Jeaqul YHT 1 oA wid € e Gerdl O g9 yfdstaskhast &
ST T gU A qHeherl s AF A R

THE 2 HA S R 5% e [a, b] W f Teh Gad ®er © AR £ 1 gideteehers
FEra [’ f(x)de=[F(x)ll= F () - Fa)
feauit

1. Wﬁ'%ﬂuﬁazﬁwwwmﬁ%’%jjf@)@:a%uﬁrw
F ol 3=d |1 b W 9M) — (39 9fd s@has &1 = 91 ¢ W 799)|
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2. UE YHA e SYANT © Hifeh T8 eH AnThel whi HrEl o fhw fan ffved
T 1 T FH H STHH Tt TEH H 2

3. T Y= Gomeher Id 3 | Sifec Hihan Teh T8 Teld sl 9w il © foeen
FaRAS T T WHRCA ¢ I8 STashor 3 HHRSH o did HaY i 31T

T Il B

4. I:f(x)dxﬁ,[a,b]WWfWWWWWWW%IW:
1
fafeea g jlx(xz—l)idx 1 == He ifaqers € Hifw & sfawd
1
[-2,3] & 9 —l<x<1 & faU f(x) = x(x* ~1)2 g1 sAiqeze e f
EIECIER R jj f(x) dx T HET o = (Steps for calculating I:f(x) dx)

(i) e wEer | f(x) dx ST BT WA AR 78 Fx) 81 GHERTH 3R

C &1 o7 1 Evahal 78l © ik afs 89 F(x) % &M WF(x) + C R foar
F AU e R

[ £ () dx=[F (x) + CI% =[F(b) + C] - [F(@) + C1 = F(b) - F(a)

T4 YR FAfTea GHeRe &1 91 9 i W Wes o fagw @l S 2l

(i) [F(OY, = E(b) - Fa) 910 H0, S 56 [ f () o 1 519 24

19 TH S SIECN W FER W@
SaTELor 25 fefafad TaeRerl w1 7M1 St
. 5 ) o Jx 2 x dx
G [ dx i |, ENL jlm
(30— x2)

@iv) J.()Zsin32t0032tdt
A
3 . 3
@ nﬁ?ﬁmlzjzxz dx % | it sz dx=%=F(x)
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(1)

(ii)

(iv)

Tfora

Ty, fgdtar eneRyd 799 9 &9 9 € T

27 1
I=F(3)—F(2)=?—§=?9
EERSIEED I=_|.49L3dx TEAFHH TH A 1 W Tohars A e ¢ |
(30-x2)

3
2 2
30— x? th@ﬁtﬂ—gx/x dx=dt 91 VX dx=—§dt

Vx 2pde _2[1) 2| 1|
WW J.—gdx=—§ t—2=3 ¢ =§ 3 _F(x)

(30— x2)? (30— x2)
AT e w1 f5da eTursE v9a 9 g9 I <
9
I=FO)-F)==2| ——| _2[ 1 1 _Z[l_i}_ﬁ
3 (30— x2) 4‘3 (30-27) 30-8| 3|3 22| 99
el 1 [T 3
U (x+1D) (x+2)
AT =1 1 ST Y g BW U ® T
X -1 + 2
(x+1) (x+2) x+1 x+2
xdx
_ MINS 1]+21 2|=F
zafaT -[(x+1)(x+2) 0g|x+ |+ 0g|x+ | (x)

3Td: o i fgdia STURYD 799 © &9 W € fF
I=F2)-F()=[-1log3 + 2 log4] — [- log2 + 2 log3]

32
=-31og3 +log2 + 2 log4 = log >
T
A i, I:j04sin32tcos2tdt.316r jsin%tcos%dﬂ?%ﬁﬂ?ﬁﬁﬂl

) 1
sin 2¢ = u W& W 2 cos 2t dt = du 31U cos 2t dt = E du
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.3 R I
1d: J.sm 2tcos2tdt—2_|.u du

[u ]=%s1n 2t =F (¢) O eiifelg

oo|>—~

TAfT e i 5 sTuRyd = 9

1= F(—) F(0)= —[sm g—sin“O]:

281

| wotrarett 7.8 |
1920 d% o yoA § ffy=a waered 1 99 @ i
1 3] 2. .3 2
1. J- 1(x+l)dx 2. jz—dx 3. j1(4x —5x"+6x+9)dx
- X
i ki . L
4 . 2 x 4
4. J‘Osm2xdx 5. Iocos2xdx 6. _[46 dx 7. jotanxdx
T
n 1 dx 1 dx 3 dx
8. J‘Ecosecxdx 9. IO o 10. Iol+x2 11. I2x2—1
6
z 3 xdx 12x+3 1
2 2 *d
12. jocos xdx 3 I2x2+1 J‘05x2+1 15. J-Oxe o
2 5x° H 2 3
16. —  17. | *@2sec’ x+x +2)dx
jl x*+4x+3 IO( )
18. j (s1n — cos? —)dx 19. _[ 6x+3

0 ¥ +4

1 x . Tx
20. jo(xe +s1nT)dx
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Y9 21 T 22 H el ST ] 997 HifoQ]

21. jﬁdxzw%?:
L 1+x
R o 2m o T o
) 3 ®) 3 © D) 3
2 d

22, 32 e 2
0 4+9x
N B) — o) = D) =
) ®) - © 5 D)

7.9 ufaremus grr Ffyea wareRet st WM J1d & (Evaluation of Definite
Integrals by Substitution)

fusa uf=sel § sa sifafved Sarhed A & &1 oFe fafusl =) ==l &5 2
Affyera e T S w1 Hecgul fafuel § s fafu i fafy 2

e fofer & [ f () de, 1 9 S0 B ferw s = et
1. THFheH o SR H Hime o fa famm St SRy = () SUE x = g(y)
yieenfya wifsre @fs fen g3 oo U A &9 § ufafda & s
2. GHRCM =R &1 Al fRu fo i U THehed 1 A =R oF Grdel HHIhe

i)
3. U TR % WM R GH: Ffaeendd HIfg 3R Wl 9a WX ok w9 § fafey)

4. =T (3) W WIw STR 1 GHHH i & g2 WS W A 71 ity 3R ==
W 91 A W T @ 9rel 99 @ SR A S|

g fafy =1 dio o fag & frefafed 7R o 9g 9 <)
RO (1) WS (2) I HE o o€ RO (3) i HH I AR &l S| TET
YA i T =R o ®G H @I Sl & 3R THER 1 HH18T i T =X o THaR
uRafdd o @d & @ifer &0 e eifam =Ror 1 fopan e Tk
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3T TH 79 SR § ge B
IETETW 26 j_l15x4\/x5 +1dx %1 9F T4 Ff

TAt=x"+ 1, W W dt = 5% dx

22 2 2
RSl GlY ISx X +1 dx_jxfdtz—zz—(x5+1)2
3 3
1 2 31
. 4 _Z 2
o [ 36+l = 267+ }1
il 3 3
= 2| @ +D2 (1)’ +1)2
S|+ (&) )}
2[ 2 3] 2 42
:—22—02 :_2\/§=—
3 }3( V=73

faehcud: Te9e g0 GHhe 1 B Fd ¢ 3R qd ®aid GHehe 1 T4

et o STER M A1 Hd 2

m?ﬁm t=x+ 1.99 dt =5 x* dx 72 HISY fF
x=—1dt=03R I x=1dr=2

34?{ Y-S x, — 1 ¥ | T afdd el € SH-o99 ¢, 0 ¥ 2 @ 9REfid el gl

zgfeTT j_15x4 x5+1dx=j0xﬁdt
2

2120 212 2| 2 42

— =2 ==22-02 | =22 2)=—2=
mnjltan xdxaﬂmsrmﬁ%m

0 142

T
ol U S 7= tan 'y, 78 df =—— dx .59 x=0?ﬁt=03ﬁ1mx=1a‘lt=z

1+x

aﬁ:é@—é@x,oﬁlwqﬁaﬁiﬁ%ﬁm%éﬁ—éﬁw@%Wvﬁaﬁiﬂm%l

2 |2 2 2

1 tan~' x 4 1= o

ELS| E“fl[! dx = tdt =—|—=-0|=—
IO 1+X '[ |:2:|0 2|:16 i| 32

a
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dx 1 a+x dx 1 _x
o =—1Io +C =—tan —+C
G [=—z=o7lo8| (i) [ =t
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dx .1 X
=sin"! Z+C

rew Jgmy

=loglx+x*+a’1+C

dx

dx
o 17

¢ WSIT: U
fau gu wer £, @en £, % foU 'W ww e €

x+\/x2—a2

@) | =log

[ £ for)dx= i) [ fo(x)dx - [%fl(x).jfz(x) dx}dx, Sofq 3

el o UGS 1 THRE = YeH e x fgdid %ol 1 Fursher — { e
el Skl Ak UNeh x fgdia et ok FHIeherd) 1 HHREH . Y| Hed
s fgdta wer o 9ae | greer W S1fE) TR g6 U8 e 1 fgda
W o ®Y § oA =fey e Hehed g wfa-wifd 96 2l

¢ [e'lf )+ f(ldx=[e"f(x)dx+C
¢ 3o fafore v o wuTeReE
2

©) I x2_0ﬁd)€=%m-%log i —d®
2
i) [N e de= N + L tog|x
2
i) [Na? = dr=2a = +Lsin 2
a

dx
2

. dx
) Iax +hx+c Vax® +bx+c
®q § fefafea fafy grn aRafda fman sn dean 2:

2 2
ax* +bx +c= a[x2+éx+£}=a x+i + f—b—z
a a 2a a 4a

px+q dx px+qdx }
v) 2 Skl I\/i% YR o THIhE! ol YTHIUT

ax” +bx+c ax® +bx+c

®q § ufafdd feren S gehdl o

+C

+C

awj % TR % THERSH 1 WHEIR
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px+q=A%(ax2+bx+c)+B=A(2ax+b)+B,AHQJTB‘°Fr1=r|=rEn'd

F% o foAw <A gel @ Okl T o wt Sl 2l
o @ [ fx)de F, T y=f(, a<x<b, x50 T HHA x=adr=b
T feR & o &% o &9 H gRefid fman 21 9 AT (g, 5] H x T g

%aaj:f(x)dx&iWWA(x)ﬁﬁKﬁamélamwﬁ

Gehoul e el &1 SHREd THT 1 3R Frefafad €9 & 9@ &t 2
¢ TUTHEM WU hi UUW MURYA WHI OH ST fF SFAwA W

A(x):J-:f(x)dx, V x> q, 51 IR € el e £ Saue [a, b] T Eead

e | T B GEA (1) =f(x) V¥ x € [a, b]
¢ GUTEREE T St Tgdia SaRye wua
A ST foret i 3ae [, b] R £, x 1 Gad Bl € K F U SHY ot

S ot %F(x)=f(x),f ¥ W ¥ W ¥ A, T

b b
ja f(x)dx=[F(x)+C] =F (b)~F (a)

T URER [, b] R f 1 Tf¥w Heher Heamdl € Sl q 991 b GHeheH
1 A weard € o T Him s € SR bl SeE wE wed 2
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