12081CHOS

e D

ATded dAT TAheA-1adT

(Continuity and Differentiability)

**The whole of science is nothing more than a refinement
of everyday thinking.” — ALBERT EINSTEI

5.1 ‘{&Eh‘f (Introduction)

TE A ATARId: el 11 H UG U Waldl oh STachold [edisas il i)

(differentiation) =T ShHITA glem o fAfved JgweE wadl
s Trehufidd werl w1 Tahed & W@ e Bl
T A B ¥H Gracd (continuity), STTHAA I
(differentiability) T h ‘?IRWF{EF el i W‘T’f
GheqTell TR w1 TR W Wfaam  remofdr
(inverse trigonometric) Herl hl 3Telcheld hl off FrE|
wwwwwéﬁwﬁaﬁwm@% IERED
ELeIGIE] (exponential) Ffﬂ"TUITﬁ'q (logarithmic) et
hed &1 37 Wodl 5N §H ST i TeI Fretei s
BIdl | STeehed T (differential calculus) o TI&TH ¥ §H

ST ®9 W GO (obvious) o Teerfal ol Tued &1 Fmrmrmrn

39 Uik, § B9 39 fawa & i STuRYd (Fd) yHAl
(theorems) &1 TrET|

5.2 |id™ (Continuity)

Sir Issac Newton
(1642-1727)

Y
A 1 Fheddl 1 FS TTAM (A1) I h
fau, 9 og=e] 1 T ST sael ° B
YR i 2| TrfetEd wer W faEr sifu: Y
0,2)
I, alkx<0

4 (x)_{z, e x>0 Eam— ()
TJg Tod oadd | ardiaes W@ (real line) o X'«
Yo fag W uRwifd ®1 3 B ST 0
Al 5.1 | =9 T Rl HE A 36 e 9 Y
feeh foreTer Tehen € foh x= 0o atfaiter, x-a1er 3T 5.1
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HIA qA ST I 111

o 31 "iThe fogatl o fau e o §7d 7F f x= 0 & SHL Th T8 o FHT
(T GAE) Bl 0 o "i-the orEff SR ok fegati, stefq — 0.1, - 0.01, — 0.001, TR
o fergatl, W held &1 94 | € de 0 o dfTehe SRl @I ok fget, e1ufq 0.1, 0.01,
0.001, ¥ehR ok fargal W et &1 7 2 B =1¢ 31R <1q uet bt Eaed (limits) 1 ST
1 WA ek, B 8 Wehd © Toh x = 0 W e £ oh o1d qe g4 U shi WA el
| e 2 ) faeie ®9 9 ard qon a7d gt 1 S §EE / Hd! (coincident) TE €1
T U8 @A © fF x =0 T Hod &1 91 a¢ Uy R G % O 2 (S B) |
e HIfST foh 39 3ol i 89 AR Teh @Y (inonestroke),aﬂﬁwaﬁw
TS i Gde § fom 39, & @i9 ghd| 9%qd |, €4 Foq i 33H i ATagIhdl
9 Bl € N9 'H YA 9 Al iR o €1 U8 UH S @ Sl o
x =0T §ad (continuous) & 2

319 = qEITT T wer W feEr wifs:

1, afe x#0

f(0= {2, gk x=0

Te wer ot ok fog wouRenfia @) Y
x=0R I &, aTd qor ¢ geT T AW 1 H
TR €1 o x = 0 R ®e 1 |qF 2 7, S &l
ST 31T T& BT HESH o ITATTS HH o S 0.2) =1
30

v

:lﬁ%l <
TH: B A A B TR Her o e il xre

ST e IS 7W T Wi" TR T TT TH

O S0 @ Fd x =0 W hor Tad el 2
e ®9 9 (naively) B9 HE Thd ¢ T S 5.2

T 3R fog W g He dad 2, A 59 fag & 31@-9™ (around) Held o 3Terd

I T HTS H Gd8 9 FoH IS fa1 @ig Tohd &1 39 91 I gH T 9§,
ERIGE2 (precisely),ﬁ'ﬂlﬁﬂ'\@ﬁ YR 9§ Fad FT GHhd o

TftersT 1 7H it fF £ arafas gt & fhd STag=ag ¥ 9Rwiftd & arafas
T © 3R HH AT R £ o Wid W ¢ T fag @1 9 £ 95 ¢ W Haa ®, 9%

lim £(x) = £(c) 21

foega 9 @ AR x = ¢ R 9T &7 HT A, qC &7 HT A G e & OAE B
Ife 31 (existence ) %ﬁ?ﬁﬂ“ﬁ@?@iﬁwﬁ,?ﬁx=cﬂf@ﬁﬁw
21 TR0 FHIST R AR x = ¢ W o108 987 q1 37¢ 987 w1 G Ut §, a1 590 ITafTe
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112 TTfoTd

M I 84 x=c W HeH S G Fed &1 39 YR 80 Fiacd 1 GRS i Tk 31
TR A ot = #R Hahd ©, o fm A= g e R

Teh Tl x=cWW%,W&Wx=CWqﬁW%3ﬁTﬁx=CWW
1AM x = ¢ R Fe H1 GH % TR 21 3K x = ¢ W GoH Fad T8l & o e Fad
& fF ¢ W f o1%dd (discontinuous) & T ¢ %l f 1 Tk FIded %1 45 (point of
discontinuity ) Fed Bl

SEEIOT 1 x=1 W ®eM f(x) =2x + 3 Hdd &I S Hifog

T 9Bl U8 oA ST R e, x= 1 W IRfd ® 31X S9h 99 5 81 31d T
H x =1 T G T W g1 WL ® T

lin}f(x)=lin}(2x+3)=2(l)+3=5%\*l

o lim £ (x) = 5= £(1)
FATE x = | Wf Had 2
SETETUT 2 SitaT foh @ Ber f(x) = 2% x = 0 W Had 8?2

7o oM ST % 9g9 fag x = 0 W o uRefid € SR @R 9 0 @1 o
x=0 W e i G e 81 s

lim f(x) =limx* =0° =0
x—0 x—0

9 THR lim f(x)=0= £(0)

3 x=0T f?f?l?f%l

SEEIUT 3 x=0 W HeH f(x) =|x | & Fad W fg=ar Hifsm)
Eel TR g

—x, IR x<0
f) = x, R x>0

T x = 0 W e IR € SR £(0) =081 g x =0 £ &1 a1d qer =i &

lirg f(x)= lirg(—x) =0 g
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T YRR O WS ¢ g 1 HE ok ferg
11%1 f(x) = lirgsz 2l
39 YN x = 0 T a4 9&7 1 G191, 370 qeY 1 HHT qe1 Her 1 7 Fadl 81 3
x=0W f Had gl
SETEI0T 4 JIMET foh wem

B x3+3, gk x#0
fo = 1, I x=0
x =0 Had 7 7l
T T8l x = 0 W He JRATT B 3 x = 0 W SHH AH 1 81 516 x# 0, q9 Feld
TEULT B gEfeIy

li_r>13)f(x)=lin(1)(x3+3)=03+3=3

Fifh x=0 T £ 1 G, £(0) o R &I 8, TEAY x = 0 W HeH Fad Tei

21 g9 g8 +ff gifvea X "ehd € T 59 el o folg a1 fag shaet x= 0 R

SEEIOT 5 34 fagew &t Ste @it 59 W ™R %o (Constant function)
f(x) = k Had 2l

T U8 Hold gt aratae genst & foru uReifig @ o) fordt off arafas wen &
feTu 591 9 k©) HE ST T o T ardfas Hem §,

lim f(x) = limk=k

e forelt amdfoss T@ ¢ & A f(o) =k = M f(x) ¥ sufae wem/ g
rdfas 9@ o fau gad 2l

3EE0T 6 Tog I for amafas Gemstl o fau aoawe we (Identity function )
f(x) = x, T oTdfosh @A o AT Gad 2

T WAl A8 e Y% fag R uRefia @ oIk yoe ardfas Gen o fog
f(c)=c®I

ESIR lim f(x) = limx=c
xX—c xX—c

T YHK, liinf(x)=c=f(c)3ﬁis¥n%ﬂza€w=rféwﬁéﬁl:r9ﬂ fagel W wad |
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114 TTfoTd

T U5 fog W fFd wem & Aiae &t aRwifod &3 & o] 3@ g9 39 aferm
T T F9R (extension) ek fHEl el oh, SHeh id |, 9idd W fa=m =i

TN 2 Uk aRdfeeh B f Edad el € A 9 f o Wid o Yokt feg T Had @l

79 IR i F9 faEaR @ quer &1 Eavdehdl B 9 oAlfee R £ T T8 hel #,
Tvﬁﬂﬁ?f?ﬂ?mﬁ (closed interval) [a, b] ® aftenfia %,ﬁf@ﬁﬁﬁmw
2 % 98 [, b] & 311 f9g3T (end points) o TN b Hied SHb Y fog W Fad @l
f @ o foIg o R G & e ® T

lim f(x)=f(a)
ARf 1 bR HiaA w1 3 § fw
limﬁf(x) = f(b)

T FIC fF Lim £ (x) Tl hmf(x)aﬂaﬁ's‘aw?hﬁ%lwtrﬁwéwﬁuww
7fg féﬁlawﬁgmtrﬁﬂﬁﬁ% A e 39 foIg W Haa g ?, refq Afg £
Wid el (Fq=E) €, @ f Ueh Had el erdl 2l

SEETOT 7 A f(x) = | x | §R IRAMIG e Teh Fdd wer €2

—x, Ak x<0

Wfﬁ%ﬂ@ﬁ@ﬂﬁ%%f(x):{x o 130

IR 3 W BH WA B fF x=0 W f Had 2l

UM ST fh ¢ T orfoss @ 36 TR B T ¢ <0 813U f(c)=—c

i gl lim f(x) = lim (-x)=~c (F1?)

= lim £ (x) = f(c), TAT £ Gf HoTcHh dardfas qeme & fau dqq 2
e A A o ¢ T orEafeos H@N 36 R © T ¢ > 081 3@ud f(c) =c
T & lim f(x) - lim x=c (&)
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Fifeh lim £(x) = f(c), T f Ff oFcHeh ardfash @sd o fou Had 2
Jf £ Tl fagell | Wad ©, o1: I8 Th Had Hod 2

SETEYUT 8 e f(x) =x° + 12— 1 & Fia R fo=m i)

T WA f Y% ardids @ ¢ o fay qRefa € SR ¢ W OgEeh uH
A+ — 1% &n 78 ot 5 € T

lim f(x) = lim (X’ +x* =) =c* +c* -1
X—cC X—C

3@ lim f(x) = f(c) & SHT Yieh odfersh W& o Q£ Had ¢ S 27
2 T f T Had wer 2l

3ETELUT 9f(x)=l,x;t0_g’m TR we £ o Tia W faer Fifg)

X
ot frdlt TF YIWR ( Non-zero) Ifdeh & ¢ Hil MR hifg

34 limf(x)zlimlzl

x—c xoc X ¢

T 1, 45 0, T f ()= 198 S lim ) = f (o) i g - o7
Wid o Ycdeh fag W Had B1 39 WK £ Tk Had Her
TH 39 TG ] A9, 7T (infinity ) H1 eheudl (concept) 1 T o fou,

I3 Bl BH THeh foIT e f(x):iWﬁ?@Wx:Oév‘ﬁwqﬁT{aﬂﬁ%l

Tk T 89 0 o @ i il T&AsT o fau %o o AFl bl AT9 hid
ﬁqaﬁmgﬁaaﬂmhaﬂﬁ% Afema: (essentially)%ﬂx=0"l’(fa5?riq&1‘°|ﬁ
T A T BT YAE I S| THHI B e GRUieg i g1 (FRO 5.1)

RO 5.1
X 1 0.3 02| 0.1=10" 0.01=102( 0.001 =103 10™
fx)| 1] 3.333...] 5 10 100 = 102 1000=10° 10"

T @A ¢ T S-S xR SR @ 0 o e SUEL Bl © £(x) 1 °H ST
a1t fieran & S@ar ST1 €1 39 o1d i Teh 31 YhR © ot oFed fohal ST Hehdll ®, Si:
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116 TTfoTd

T o1 ardidesh G &l 0 o TAd fhe FAHT, f(x) o AM & fohdl ot 78a wen
Y aifyer foran S Skl 21 UdleR! § 39 o1 1 gH Frefaied YR 9 foed © R

lim f(x)=+o0

x—0"
(SH! TH TN T&1 Sl B: 0 W, £(x) o S U& I oFHH  HiH 3 8) | T8l W
B o 3 HEd © o + oo Ush aTieoleh W& Tel € 3R $HieT 0 W foh ¢ U8l i
G 1 S el © (oTdfers @S o ®9 )|
T YRR W 0 W £ o a1¢ 9 I WA A HT ST Wehel €)1 FreAfeiEd wrolt 9@
@A T B

|HOTt 5.2
x | -1 -03 | -02| -—10"| -10° ~ 103 | - 10
fo | -1] -3333.] -5 - 10 — 102 10 | - 107
ot 5.2 9 &n frend ke € o6 wh s

UM adfdsh & &l 0 o 3Td e
TR, f(x) o AH HI Rt ff yeq dewn 9
%Y fora ST Wbl 1 Ydiehieqs &9 9 89
lim f(x) =0 o &

(F5/9 39 YR 91 @1 8: 0 W f(x) o &g X’
9& %1 S SEOTCH 374 21) T8 W 39 91
TR ol 1 HEd B o — ooUsh AT &
& € AU 0 W £ o WId &l Y HWH
fdea &l € (rfosh Hemst & w9 W)\

2R

3Mepfd 5.3 1 3Te@ STa deal 1 ST v
T 21 3TTeRta 5.3
sargvor 10 fafafas wem & Wi W foem wife:
x+2, 9k x<1
f& = x-2, kx> 1

T o f adieeh W o Yelsh fag W g 2l

TIM 1A’ c< 1, df(c) =c+2 71 T8 TR lim f(x)=limx+2=c+2%I
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A | 9 w9 qeft arEdfos g@me W £ Had 2 Y
FIM2 AR e > 1, f(c)=c—2 %l

. lim f(x) =lim (x=2) = c = 2=/ (c) 21
aqua 34 qeft fagedl W el x> 1€, f gad 2

FIN3AR c= 1, x=1R £ o o1¢ U&7 T HAT,
12

1,3)

lim f(x)=lim (x+2)=1+2=3 1
x—1 x—1

x=1WR f o IC v &1 G, 7l Y’
lim f(x) = lim (x—=2) =1-2=—1
x—1" x—1"
Wiﬁx:lﬂf@ﬁﬁ%ﬁq&?aﬁwm (coincident) &l &, 37d:

x=1Tf Had &l B 3@ YHR [ o iccd I fag sheel W x = 1 ©1 3@ el
1 ST 3R 5.4 | <ian 7@

zarEor 11 Frefafad veR @ aRefid wer £ o T (I emiae fgsti 61 9 sifse
x+2, Ik x<1

fy =1 0,3 x=1
x=2, Ik x>1

T qdadl 3SR H1 e Tl ff e IEd € YAF adfoeh G x# 1% fory £ Had
2l x=1% o £ o ad ger 1 i, lim f (x)= ﬁr{l(x+2)=l+2=3%l
x=17% fae f % <€ v F1 ", lm f(0)= lim (x-2)=1-2=—1%]

Hfhx =1 f o a1¢ qon ¢ ge7 K1 G ot @ €, o x= 1 W £ Faa

TE 81 TH R £ o Td 1 g sheet W x =1 B| T ol o e 3Tehia
5.5 ® <uitan T )

sargtor 12 fafafed wem & 9idg ® faer sifea:

x+23% x<0
Fo) = —x+2, x>0
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Tdl M AT foh foamda wed 0 () F Y
IR 3171 Toed Ao densti o fore aftenfya 1,3)
21 TRUTSER 39 e w1 Hid
D,uUD,? W& D, = {xe R:x<0} 3
D,={xe R:x>0}%|

M1 A ce D, lim f(x)=lim (x + 2) =

c+2=f(c)8 Ua D, ® fTad 2l

M2 A c e D, @ lim f(x)=lim (- x +2) = Y’
—c+2=f(c)T MWD, H F fHA 2

Fifeh £ S Uid oh THE fage W Had @
e en frend fehrerd @ 5 £ Tk Haa e 2
TH ol 1 3TTeRd Sehid 5.6 Wien T 81 e
ST 5 39 e o 3Te@ i Wied & fau gd
T ! TSl 1 a8 ¥ M1 ggar 7, frq e
1 Sheret 39 Tagatl W T vgdl & S8l W wer
gRenfea &l 2

Saeor 13 ffafed wed o "iae ® fa=m
EISLE “'{,
x, aARkx=0 FId 5.6

xz, IR x<0

f(X)={

T T, YSd el Ui arfash G o
o Rt 81 39 e w1 STl 31 5.7
o feon 21 39 oo & o @ T qehETd
Al € TR e o Wid bl SRdfaeh 3@l o die
g (disjoint) 39 Tzl H fauifem
foran sty 7 foren o

D, ={xe R:x<0},D,= {0} q=n

D,={xe R:x>0}%l
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91D, % e off g W f(x) =2 % 3R 78 et @ <@ <1 wehar € fF D A
f Faa ?1 (S 2 3fEn)
Z9m2D, & foel off fag W f(x) = x ¥ 3R 7¢ Waa ¥ @ o Far ¢ & D, A
f Had B (33 6 fEn)
FIM3 3 B x = 0 W el ol fageiwo &id €1 0 o oI e 1 |76 £(0) = 0 B
0 W f o ¢ g8 sl Hra

xli%Lf(X)=xli%Lx2=02=0% qen
0 R f o T T H1 HAT
lig 709= lig x=0%
I1a: iigg)f(x)=0=f(0)3wqaomfw%waqsﬁa%gawﬁfmmas
T fig W Gad 21 31d: £ Uk Had %o g
SETETT 14 <TMET foh Yeieh SgUg el Ged erdl B

Tl TR0 HIU fF HE B p, Th 98I Hod 2l © I 98 fREl Wehd G& n
%fﬂ"{p(x)=a0+a1x+...+anx" g aRenfia @,Wﬁaie R e an;tO%\I RG]
T8 T ek St GeA o fore uRtsifed 81 fret fafved arafas gen o fag
T 3wd ¥

lim p(1)= p(c)
THfeT AR 5 ¢ R p Fad 21 Gk ¢ HE off St gen € safer p e

ff ordfaes den & fau §ad ®, v
SUlq p TH Had Fo 2
SETETUT 15 f(x) = [x] BRI R ©.3) T e
HETH YUlieh el oh STEIA o THE ©.27
' ~4,0) (-2,0) (-1,0)|]O 30 (50

%Y A1 3T a0 2 40 @1

. —o +(0,-2)
T UEd o g9 98 2@ ¢ o £ |t —o  +0.3
arEdfers Gemsti & fau gRwrfia 21
9 Hed hl @ STeRfd 5.8 H Y
fe@mn T 2 3TTeRfa 5.8
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e | TH yeitd gl € o Wed e x o |eft quiier Wl o fow ergaa ©1 A g H
I H R = TE T B

9 1 A A fF ¢ Tk TE ardfas e €, S fRd off quife o sme 71 R
g § 78 T § o oo Fiohe *1 gl arcafas genst & fau Ky gu wed
M [c]; §, S lim £ (x) = lim [x] =[c] T & £(c) = [c] #1d: T G, 37 Ffl
Irfas Geme o fau dad €, < e e 2l
a9 2 9H AT & ¢ T quiier ?1 TqUd ©H U U qAtEd: s adfas ge
r>0 9w TR © S TR [c—r]=c—1vaf® [c+r]=c%l
st o &9, sHhT A 9% g fm
lim f(x) = c— 1 9 lirqf(x)=c

<fer et ot quiier ¢ & fow 3 diomd gam T = gendt €, o7d: Yed Her x qeft
quifer AT ok fee etHqa 2
5.2.1 Had Wl &7 SSEfora (Algebra of continuous functions)
fusct wen o, W 1 Hehoddl GH o ST, THA HHST o S @ F9
e foman ol ST EUd: 379 8§ Tad Worl o SIS o1 ff e T S| ik
fodt fag W Td ®ed & Wiad UiEd § 39 fag W wed & "W g\

fruifd g €, 1w g qheTd ® R 79 dmet o ggva & Fel o ssig ot
T 3TU&T H

THT 1 A AT oqen ¢ U8 i e €, S Uk arkdfash GE ¢ % fog
Tad 21
(1) f+g,x=cW Fad &
2) f-g, x=cW Had ©
3) f.g, x=c W Had
4) [i],xwmw% (SR g (c) # 0 1)
g
SUufe g9 fag x = ¢ W (f+ g) o Hided sl S & 21 8H S@d & 1

lim(f +g)(x) = lim[£(x)+ ()] (f + g F TR 3T)

= lim f (x) +lim g (x) (FreT & yET gr)
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=f(c) + g(c) (I f qeN g Tad B ©)
= (f+g) (o) (f + g 1 TRETE BR)
3‘|ﬁ:,f+g“ﬂx=cé*f?ﬂ1ﬂ?lﬁ%l
T | % 99 9Tt SUufd 6 o gHE € SR uesl & fau s 2 i
fezn T 2
fewuit
(i) STF U9 ok 9N (3) I TH foum M ok faqu, Ik f & =R wed
f(x) = L8, Sl A, I 3T=R ardfas @@ e, @ (L. g) () =A .g (x) g
R wer (A .g) Wt Uw Gad Bor 2l foRiw w9 9, AR A=—1, A f &
Hidd | — f o1 Hiqe Adrifed sl 2l
(i) SYda YHF o AN (4) B TH fowm W F fAw, AR f & =R wed
A
g(x)

A .
fey=Aq &(x)= mvﬁwﬁawgﬁwﬁwﬁ%ﬁﬁ
g

g(x)iO%lWW@,ga?Wﬁéaﬂwaﬁ%%l

Iudert <Al FHE o SUET gRI 8T W Worl okl Sl ST Hehdl €1 39 T
fafeaa w7 o off wera faerdt € fF 1 wem waa @ a1 76 fefafed seew o
Ig W T H T 2
IR0 16 g HifSe fF g 9REy wor gad e 2

T TR ST T g% ey wer [ frefafed w9 %1 g 8

f(x)=%, () %0

ST p 3R ¢ TGS Wer &1 f 1 9, 7 faget & B 9 W ¢y 7, 99
IRefersh HEATE 21 Wk SEUR B Tad B @ (SSE 14) , AU FHA 1 % AW (4)
N f U Had ®er 2l

FETETUT 17 sine B o 9idd R fa=m sifem)
Tel 39 W fomar & o fou g9 fefafed aeai &1 5@ +@ 2

limsinx=0
x—0
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T 37 deAl &I 7Rl gt o Tel R €, fhg sine Wl & STeR@ ®i YA
fehe <@ AT A 928 ey (intuitively) ¥ I € T B

a1e @Y fF £(x) = sin x G aTEdtaess @t o fou aitarfia €1 o= wifsy fo
CWWM%I x=c+hT@H W,Qﬁxﬁcﬁ}%ﬂi@ﬁ%’ﬁhﬁow

lim f(x) = limsin x
X—cC X—cC

— limsin(c+ h)
h—0

— lim [sinccosh+ cosc sin k]
h—0

— lim [sinccos h]+ lim [cos ¢ sin /1]
h—0 h—0
=sinc+ 0 =sin ¢ =f(c)

T YR lim f(x) = f(c) 3q: f Th Hdd wed 2l
feut T YR cosine e o Tide Wi o YEITU TR S HeRa B

3EET0T 18 fag HINT fF f£(x) = tan x T Had ®er 2

T ﬁmgaﬂwqf(x)ﬂanx:ﬁﬂ%l%Wwwﬂwﬁmmﬁ%m
COS X

gftsqiferd %,aﬁcosx;to,amhx;t(znn)g 21 T a1t i fRam @ T sine 31X

cosine He, Fqd Held &1 THAT tan T, 31 M1 el 1 9IRS BH o N0, x
o 37 g qH o fou Haa ® 59 % fow o' aftafia 2

el o HASH (composition) H e, Had Herl i SHGER Ueh Ueieh q €|
TR HifSe fom A% £ iR g < arsdfae e €, @

(fog (x)=flgx)

Rt ©, S el g 1 URER £ o Wid %1 Tk U= Bl €| fretatEd g
(9o T oherel o), W9 (composite) WEl o Hided i TR Hl 2
THE 2 HA NS fF £ SR g 39 YR o §1 ardfes WM (real valued) Fer @
& c® (fog)tl'i'\{‘tlﬁ'\ﬁlﬁélqﬁ cCW gdA g(c) W f Wﬁ%,?ﬁc‘ﬂ (fo g) |dd
Bl 2

frefefad S<ewl o 39 Y99 1 o foman T 2
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FEETOT 19 <MY R £(x) = sin (x2) G IRAMG Fer, Th Had e 2l

T 0 HifSU foh faameie wer uoe arafas S o foau giwifid 21 %o
f o, g QA W el o HANSH (go k)% ®Y H WET S Hehdl €, Sl g (x) = sin x
A 1 (x) =2 81 Tk g 3R 7S & Had o €, THiT T 2 gR1 98 Tk fehren
S "Wkl €, foh f T Haa e @l

TATETUT 20 WEE & £(x) =11 —x + | x| 5V TR Fe £, el x Tk arfas Ge
2, T Had Her 2

Tol gt ardfas et 1k fau ¢ &l g(x) =1 —x+ x| 9 AR A(x) =|x] X
qRenfid sifse)l a4,

(hog) (x)=h(gx)
=h(l=x+1x)
=11-x +Ixll = f(x)

IR 7 § B 2@ g © 6 h TH Had B 21 3 YR T 9898 %o SN TH
HTAleh He o1 AT B & SHRUT g Teh Had ol 81 37d: a1 Had el ol S Her
B o HR £ 9 T Had wed 2l

1. fog #ifST fF ®em f(x)=5x-3,x=0,x=-3dqM x=5 T Fad 2|
2. x=3W HeM f(x)=2x>— 1% FdA Hl = HifeQ)
3. fr=fafaa wemi o |idae &1 Sie St

(&) f)=x-5 b) fx)= xX#5

x=5’

x> =25

() flo= s
4. foag ST fF B f(x) =x", x=n, W Had &, S&I 1 TH oF TOlF 2

x, I x<1
5, af x>1

x=0,x=1,d9 x =2 R Fad &7

,X#E =5 (d fx)=Ix-35I

5. @ f(X)={
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£ o Geft eriae o fageti &1 T iy, 5 foh £ frefafad R @ a2

|x|43, A x<-3
2x+3, A x<2
6. f(x)={2 3 af xoo 7. f(x)={ -2x, A€ —3<x<3
T * 6x+2, A x=3
[x] X 0
8. f(x)={x’q&”° 9. f(x):%xr’zr&"x<
0, I x=0 —1, 3 x>0
0. £ x+1, A x>1 1. £ ¥ =3, AR x<2
. = . X)=
! ¥ +1,3R x<l1 x2+1, AR x>2
¥ -1, AR x<1
12. =
/&) {xz, g x>1
5, A x<1 .
13. wf(X)={x+ *= " gm wfenfra wer, wE wad wer 32
x=5, AR x>1
T f, o Wiaed W o wifsy, el £ fefate gr a2
3, g 0<x<1 2x, I x<0
14. f(x)=14, 9 1< x<3 15. f(x)={0, 3l 0<x<I
5, afs 3<x<10 4x, A x>1
-2, A€ x< -1
16.  f(x)=42x, A€ —1<x<1
2, A x>1

17. a 3R boh 39 WAl ! @ ST o forw

F)= ax+1, A€ x<3
)= bx+3, AR x>3

B IR weH x = 3 T Had 2
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18. Ao f&g OF = fau

Mx*—2x), AR x<0

f(x):{4x+1, g x>0

SR IR W x=0 W Had €1 x= 1 W 3Heh Fided W foer sife
19. W%g(x):x—[x]gmqﬁmﬁlﬁwww}%gﬁwwgl'q%:f
[x] 59 WEwH quiish FA&efd ial &, S x o SReX A1 x W FH 2
20. T f(x) = —sin x + 5 G TRATT e x =1 W Gad 27
21. T=fafad weml o Fiad R fo=r st
(a) f(x)=sinx+ cos x (b) f(x)=sinx—cos x

(¢) f(x)=sinx.cosx

22. cosine, cosecant, secant 3R cotangenttﬁﬁf o Hidad W fa=m EAE
23. f o @i erEiqead o fogatl A witST, Sl
sin x
f(x)={_’ I x<0

X
x+1, IR x>0

24, fruif@ Fifee f& ®wem f

X

0, I x=0
2 IR Tk Gdd wer 2l
25. f o WA i Si" it skl f feEfafed ger 9 oirfia @

f)= {xz sinl, g x#0

sinx—cosx, aE x#0
f(X):{—l, g x=0
T 26 ¥ 29 | k o WM i TG HIGT Mk Y9 Hod fAfase foIg ™ Faa 2.

kcosx o
, A x#=

_ T
26. fx)={F"% 2 SR R e x = W
3, Zﬂ%ix=g
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27.

28.

29.

30.

31.
32.
33.
34.

5.3

Tfora

kx?, A€ x<2

TR Fead x =2 W
3, g x>2 e o

f(X)={

f(X)={kx+l’ A% x<m BN URIfed ®e x = 1 W

cosx, IR x>T

SR IR e x =5 W
3x—=5, I x>5

adq bk HHEl I Fd hifSQ dqlfeh
5, gt x<2

f(x)=<ax+b, I 2<x<10
21, € x>10

f(x):{kx+1, g x<5

N IR ®eH T Hdd $ed Bl

T foF £(x) = cos (x*) G IR Fe Th Had ®er 2l

3T T f(x) = cos x| G WﬁWWWWW%I
W%Wsinlxl@ﬂﬁﬁw%l

fO) =Ixl—lx+ 1157 uRefod wem £ o |ft emicrar o fagsti &t A
sl

. gaerEdr (Differentiability)

foselt e | HE T d9egi Sl TR HIfGW| §H Teh aIdfaeh $old o SAaehels]
(Derivative) i fr=fafea yer @ gfifug fean em

M ST o £ Tk orfoesh Her @ 9 ¢ 5Hoh Wia | T w fag #1 c W f
ferhers Tefefiad gehR | aiefia 2:

G
I ACR IO AC)
h—0 h
fE 38 O &1 ARG 81 @ ¢ W f ok TR &l £ (¢) A %(f(x»lc‘g’mm
FW 2

fx+h) - f(x)
h

£/ =lim
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SN AR wor, S ol 39 EE o ik B, £ o Sfeshels] bl U Shidl B

f o SFerherS i £ (x) A %(f(x»‘g’mwaﬂﬁ% AR A y = f(x) @ sﬁr%m ¥y’

gR U< wid B TREl oM T STEehelsl WA i i WAl i STeeher
(differentiation )&&d 21 BH SR “ xS | f(x) o1 TR ifsT (differentiate) ”
%1 ff T w2, T el g @ 7 (x) 96 i

HeThelSl oh SISO o &Y § fEfeiad FoEml 1 g fmer s g e

(1) (uxv)y =u’ £V

() (w) =u' v+ (TEAS A OARA )

’

@) (L) 2wV @ty 0 (TR Fem)
2

v v

F= & 7€ grolt § Fw Y (standard) ol oh TaeRers shi gEl < T €

| Rt 5.3
f(x) x" sin x CoS X tan x
@ nx"-! cos X —sinx | sec’ x

e et off TR eraeherst i aReifua R ® df weh geme o fean @ f ool o
7 7R 81" 3T Wi €9 9 YT Ied1 © 1ok A1E UE 9E © 9 B2 U8
YA Todia orEfites @ 3IR 3@t s o At limw?ﬂﬂfﬁaﬁ%,ﬁ

h—0

T HEd © 19 ¢ W f AToher T8l &1 TR s W, 8H FEd © T 9 Wiq o o
f9g ¢ W ®od fogwaa g, afs T wond lim LM =S ©) oo

h—0" h

lim PGy () YR (finite) 92N T9H 81 Wl U [a, b] H HATRGAE

h—0* h

FHEA ©, AC o8 FAA [a, b] o Yo Tog T STaeherid €| S@ for Fiaed o g
o el T o TR eicd fagetl o qen bW wH wE: ¢ qen o el 1 G ofd
St o 3w 7T, dfes o e b T e o <10 qel qefl o el o Sfeshels € 2l
T YhR Her A (q, b) B SATHHT Hed €, UG 98 A (a, b) o Tedh
fag W smEsweE B
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TE 39 wed fRE g ¢ W srasherg ®, @ 39 fig W o gad ot 2

suufs df 65 ¢ R £ fashora B, o
o S0 f©

X—>C X—C

=f'(©

frgx#c o fag
) - flo) = LRZLO oy
X—C
THferT Hm[f(x)— f(c)] = lim [M.(x—c)}
x—c x—c X—C
7 lim[f(x)]-lm[f(c)] = lim [M} Jim [(x=¢)]
x—¢ x—c x—c xX—c x—c
= ().0=0
&l lim f(x) = f(c)

T YHR x=c¢ W Hed £ Had 2l
m'] PISED 6*1°|°h(’1"1q|¢| el Had m%l
Zlﬁg'qWW%%WEWWW(COﬂVﬂse)WW%IWﬁ%ﬂ

@ Toh & TF £(x) = x| G TRAIRE Bl T Had e 81 58 %o o aTd uey whi
M W) fo=R 3 9

lim =-1
h—0"

FO+h)—f©O) _—h
h h

qm [T qeT HT HE
lim LOEM=FO) _h_, 3
h—0" h h
<ffeh 0 R ST o g ¢ U8t ht Hard THE e €, 3afere %gmow

o1 3ffied &l & 3 36 WhR 0 W f Taeherid @l €| 371a: £ Ueh Sfeehed her
T 2l
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53.1 @ Ferl & araaherst ( Differentials of composite functions )

HIH el oh STaheTsl oh 3TEAIA HI TH Teh 3SR g TR HUl| qF eifae fw
TH f 1 3ol A AT =8d €, @l
fx) =Qx+1)
e fafy 77 2 for f5us Wi o 99 5T (20 + 1)° 1 FHIRA Hich 91 aIgUg Her
1 RS A R, SE A= T TR T R

da. . _4d 3
L f = [@x+1)]

= 4 8x° +12x* +6x+1)
X

=24x>+24x + 6
=6 (20 + 1)
3, e ifey
J@x)=(hog (x)
SRl g(x) = 2x + 1 T h(x) =x° B OF AT 1= g(x)=2x+ 1A f(x) = h(r) = £
eﬂazd—f=6(2x+1)2=3(2x+1)2.2=3t2. SN at
dx dt dx
T T fafa &1 @19 78 T fF % WK o ®o, S (2x+ 1)!0 o STaehersl
ke #3139 fafy g Wt @ S 21 Suded it ° ' el w9 9
frfefead g ar eian €, 5 @en =™ (chain rule) #ed €l
T4 (§Erer T ) uH ofifSe T £ ek arafass e e €, S den v < hert

#1 GASH €; efd f=v o u. TH AT T 1= u(x) 3R, A %aﬁn %aﬁ Eal
X
e a4 _dv dt
& dx dr dx

T TH TG 1 SUUM BIE A | JEen w1 fomr fefafeaa wer 9@ e
S Gehdl €1 W ST fof £ ok arEdfaeh qEE Her €, S Se u, v SR w
T 8, atefq
f=wou ove AR t=u@) M s=v(H) T q
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e SYFe HeA o Wl SRSl o1 A 81l U R 3ifereh werl o HaSH
o fau @ =M %1 99w T gehd &
JETETOT 21 f(x) = sin (x*) T kS A hiTod|
T oA ST foh 9e9 el &1 el w1 HASH g1 arkdd 0, 4 u(x) = 1 3R
v(t):sint%?ﬁ

f(x) =@ ou) (x) =v(u(x)) = v(x?) = sin x*
t=u(x) =x* T W A dfee fF %:cosram %=2x AR T T i o

X

gl oa: Een frw g

d—f = ﬂ~£=cost.2x

dx dt dx

G SAfqd qRomE i xoh S § e i o1 Teo © 3Taud

—~ = cost-2x=2xcosx’
dx

YT 1 § 8 H x o 9y feAfafad wedl o1 Aaehed shifed:

1. sin (x*+5) 2. cos (sin x) 3. sin (ax + b)
sin (ax+b)
4. sec (tan ({/x)) 5. cos (cx+d) 6. cos x* . sin® (x°)

7. 24cot(x?) 8. cos(v/x)

9. fag wiINT & wef() =1x— 1, xe R, x= | W Eehiferd &l 2

10. fog =wifST fo 7w ol Hed f(x) =[x],0<x<3,x=1TqMx =2 R

Fashferd & 7

5.3.2 @ Gl & gkt (Derivatives of Implicit Functions)
3 T BH y=f(x) % &Y ok (Y HeHl 61 SFesheld Hid © § W T8 SAEvTh
Tl ¢ foF werl o Tod gH w9 H e R Sy Sereeond, x 3R y o ot FrAfarad
qaui 4 9 Th W fouiw €9 ¥ fa=ur Hifs:

x—y-m=0

x+sinxy—-y=0
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el <9 |, B9 yoh Toly Wil Y Fehd © 3N G Sl y=x -7 ®I H fo@
Tohd &1 U 90 H, UH T o 7 5 e y Rl WA FE BT HE SAEE R B
ﬁlﬂ‘*ﬂﬁﬁﬁw?ﬂ@ﬂﬁ,)} ﬁx?ﬁﬁﬁ%ﬂﬁﬁﬁﬂé@‘lﬁ%l@x
3R y o die 1 Goiel 39 YhR e foha1 T Bl foh 39 y b foly Wt e S
B 3R y=f(x)%h ¥4 | forar <1 Teh, a1 89 *ed € foF y Rl xoh T (explicit) B
o ®9 § ofe fra T ¥ SUge S GeY W, BW hed € 1oyl xoh T
(implicity ) e o 9 § e TRl T 2

d
SEE0T22 AR x—y=n A Eyiﬂﬁﬁﬁﬂl

1 U fafy g € for 89 y o foiq ot oieh Swds dew o1 e wahR fod =@en

y=x—-T=
= b
dx
faheud: =9 994 HTx, & Uy Y Aghad wH T
d am
dx(x y) = i

maﬂﬁqﬁs%waﬁ%ﬁsxéﬁwﬁawamnwwaﬂmww

d d
E(X)—E()’) =0
ST aread € T
ﬂ dx
dx dx
JETET0T 23 AR y + siny = cos x A ﬂK-ﬂ'd HIfT|

dx
ol B9 39 HaY &1 §Y aehels wd B
dy d . o _d
dx+dx (siny) = dx(cosx)
sJEel fEm &1 TR wE W

dy dy .
—— +COSy-— =—sinx
dx Y dx
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g Frefafed afoms fie €,
ﬂ_ 3 sin x
de ~ l+cosy
el y#Q2n+Dw

5.3.3 Ufaen® GreRIvTfirdta werl o 3iaeherst (Derivatives of Inverse Trigonometric
Functions)

T ;oM oo € for wiaeis Sreriofidis wer Had g 8, 9 89 58 g el
FHAN| 316 TH T Wil oh STahersll i F1d i oh Al §@er a9 &1 T= &

f(x) = sin"! x 1 THAS @ BT T8 AqH AfoC T g@emT aifeaea 2l

T U it foF y=f(x)=sin'x2 @ x=siny
T vl T x o WU TR B T

1 dy
=cosy —
dx

dy 1 1
= o = Z
dx  cosy cos(sin” x)

oI AT fF T8 Feet cos y £ 0 % form wRemfem 2, aafq,sin-lx;t—g,g,amﬁ
x#z—1, 1,3 xe (-1, 1)

79 9RO i F HtE S 2q 9 FEfafad SeeR Hivel (manipulation)
FH | TR0 HISC R xe (- 1, 1) AT sin (sin! x) = x 3N 30 TR

cos’y=1-(siny)*=1—(sin (sin' x))* = 1 — x?

o & SfFy e (—ggj cos y T HATHF TR & 3R THRAT cos y = ] 2

T YFR xe (-1, fag
dy 1 1

dx cosy J1—x2
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Sx) sin"'x cos™'x tan'x
1 -1 1

f(x) 1_x2 1_x2 1+x2
Domain of f* -1, 1) -1, 1) R

ﬁwr%fr@wﬁﬁ%amm

1.
4. xy+y =tanx+y 5. 0 +xy+y’=100 6. X + Xy +x°+ )y =81

2x + 3y =sinx

2. 2x +

3y=siny

3. ax + by2=COSy

2x
7. sinfy +cosxy=k 8. sinfx+cos’y=1 9. y=sin! ( )

11.

12.

13.

14.

15.
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5.4 =ETdTeRt 99T TTuTehtd %ot (Exponential and Logarithmic Functions)

a1eft Tk BHA !, S SEUS o, URET Her den Bk e, o fafe= o
& F9 Teqsll o IR H TR T TH IR W oH WER FafUd Herl oh Teh AT o
o 9R § @, {52 =Endiet (exponential ) H%'ITFTH"TUW#&I (logarithmic) T hed
g1 =&l W a9 &9 9 e Faei Savaeh ¢ b 39 e8] o Wgd W %A Uik Al
ToMaed & 3 Ieh! SUAl 3 YEsh i fava-oeq oF & ¥ &l 2l

3Rfd 5.9 ﬁy=fl(x)=x,y=f2(x)=x2,y=f3(x)=x3ﬁ9«ﬂ y=f4(x)=x4éb‘ e
feu T €| wam Y TR S-S ¢ 1 ST ggdl St @ ash i Yeurl ot sedt St
21 % 1 JeUTl S ¥ gfg I X oA Y
B St 21 3He A T B fF x> H
oA | HivEa gig o Wy = f(x)
M S Sl @ S9-S1" p 61 AA 1, 2,
3, 4 Tl S €1 98 wou € fF T
oA Gt oA T o T §ed © el
f.(x) =x" €| STRFHET W, THHT 31 T8
o FF S8R ¥ fg B o 2
y =f,(x) 1 S y-3F HT AR Afereh
Foha S 81 3T & A £ () =20 X’
Al £, (x) = x5SR foram Hifsw) 4 x =1 v
T 1 W FGH 2 B S, @ £, H A
| ¥ qgR 2108 Sl 7, S £ HT A M
| ¥ 9gH 29 B VI ¥ 3 YRR 1 H W g F faw, £ # e s w5 F
a7den eaferer dfigar @ et )

Iuer afterel 1 feht e @ foh 9gug werl &1 ghg ek sid W R e €,
i o1 S BT iy Sedl STEi| 36k SUd Teh Tifesh Y9 98 331 € foh,
F HIE TH o @ S 9gIS Hel w1 STueT Sifush oSt ¥ dgdl 82 TEeh SW
ThNHeh € 3R 36 ThR o Her ol Th Sy = f(x) = 107 €

TN @ 9 © fR R oA quife p % faw A wem f, wer £ (x) =x
TUaT SAfueh oS agdl 21 3AE % faw w9 fag WX wwd © 7 £, (v) = 10
arden 10° ifeen dSil | Sl 81 F8 He ST o x o o2 WEl o forg, S| x = 10°,
g @) = (1091 = 1050 S&fe f(10°) = 100 = 1010 | T £, (x) BT ST f(x)

100
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1 UM agd AU 21 ¥e Tag T wisd el © fF x o =7 weft "nl ok ferg st
x>10°, f(x)>f. (x) B fohq B9 &l W 3Eeh! IUUT 4 1 4@ T w11 g6 TR

100

xoh 9 HEl I TR 98 TeAITd TR S Hewal € TR, el off o quifes ok forg
f,(x) T ST f(x) B A ek TS § dE T

TRSITET 3 el y = £(x) = b, ¥ 3MER b > 1 o T =Xl Her hednd 2l

MR 5.9 W y = 10" T T@ites geia 7= &1
IE elg & Sl ¢ o use 39 Y@itas i b o fafdne 5, S 2,3 3% 4% fou
i Y 3| SREIRT Fed 1 o g9@ fagman Frefafad 2
(1) =Rl el 1 i, arkdfesh SeAsl % @q==d R gl
(2) =R e 1 TRER, GHE U oriae SeTsl s gq==d gl 8
(3) T (0, 1) =EiH! He & erd W Hodl el & (TE 59 924 H1 [: HeA
2 fop ot oft omeafass S b> 1% foaw 40 = 1)
(4) =S o Ged Uk 90 %o (increasing function) BT 8, 37eiq
SE-S B9 918 W ¢ SR 9gd 9§, ei@ $WR I3l o gl
(5) x o TATYF TS FOMHF HHI o foTT SRR Herd 1 T 0 o 73d e
B 21 S vkl W, foedia wqgefer o, oei@ ST x-3181 1 SR SRR Bl
2 (forg S&@ et fieran =21 1)
TR 10 9T TETIehT el bl HTEMNUT STt el (common exponential
Function) F&d 21 el XI &1 WEages & IR A.1.4® g9 <@ o f& goft

1 1
1+E+5+...%|

1 A Uk T HEm § et W 2 9o 3 % Hey Bl © I f e g Uk & B
T ¢l MUR & ®1 H TN &E W, B TH A eV =EMh B
y = e 9 B B e ‘J’I%Tﬁﬁﬁ TTHTATehl el (natural exponential function)
FEd T

IE ST SRt B foh o1 =REdioR] %ol o Siaei™ i 3t ¢ 3K 4 ‘&’
Tl 1 SEh! Teh THEd SANEAT 1 S Wehdl 1 € @il Tfertaa g o forg uita
Tl B
uftarar 4 wH ofifST T b > | T ordfas e ®1 a9 €9 %ed © 1,
b 3R W ¢ 1 L0 x 8, 9€ b = a B
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b STER W % T I Tl log,a ¥ The & €1 36 TR AR b=, @
log, a = x ST STIHe T o ToIY AEY &7 o T IIEN T T HL| 6 A
g foF 23=8 % T vl | 79 39 9 i G log, 8 =3 forv@ wehd €1 T W
10* = 10000 T2 log,, 10000 = 4 THIA FoM 21 T W& F 625 = 5% = 2527 log,
625 = 4 312 log,, 625 = 2 FAI FUT €|

offer T AR Aferes ufiyeel gieehior § fom i W & %8 ¥hd © T b> 1 &
YR fifd & o &R0 T i oA aRdfas GeAell o Uead § 9

ArEferh HeASA o FH=ad W Th el Y 7 = log, x
% ®Y W @ S HHA g TE B, T ¥ = log,x
TUTERTT et (logarithmic function) (Yo, ~
Fed ¢, fFrefafed gwr @ uffim 2

log, : R* —R X' (1,0) . X

x —log, x=y I b =x
7d ®fod e ¥, 9K SR b=107
Al U “WTNUT ETOTeR’ 3R A% b= ®
Al 3U ‘WTeRfeeh TTYUTeR’ Fed & Sgel 4
TF R T[T BT o N ThE H B '8 3TeFFT 5.10
TH A H log x 3R ¢ AT TTFIUHT Hel (& hidl 81 SAhfd 5.10 7 2,
AT 10 S TUhTT ol o ei@ 9T T 2

YR b > | 9Tl TAIURRTE ol ohi e Hewqul fEeva e geieg 8:

(1 LY (non-positive ) TR o fau
T TTEFIUR ohi ohis YUl qRwme
Tl & Hehd € 1R SHIAY ORI
T T Wid R* 2

(2) IR Hed HT IR FHE
ArEdfesh H@e w1 g 2

(3) &5 (1,0) AR Hel o 3Terd
W T @l R

(4) TR Hod Tk g¥dE Hed ‘
B €, tufq sA-sat g9 o ¥ 3 Y’
N Fed B, 3MeiE ST FIL 33T 3T 5.11
Sl 2
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Tiac ol rFweHAd 137

0k STt fiehe aret x o faTT, log x & A &l fhdt off <t 7€ ardfas @@n
T %1 fopan ST Hehal 21 TR O H, = (=g wgufe o s y-2781 o frenea
IR B ¢ (TR 399 weft foemar =1 2)1

SPTAS5. 11 H y= e TN y = log, x T G TN TT &1 I8 4 7T I ¢ Fof
Al o W@ y=xH TH W ok 907 wfdfea €

SO Herl o &1 Hewqul Tur A= yEifeE faey e €

)]

2

IR e o1 T AFes 1w €, e logap?ﬁlogbp o T& H T foRa
S Gehdl B AE ofiferg fom logap=oc,10gbp=Bﬁmlogbafyélw 31ef 9%
g T av=p, bP=p AN bY = ¢ &1 3@ qTR RO I TE@A | WH A
(b = b = p
el st sl o g e
bP =p = b

37q: B:ay&ﬂa:%?l%ﬂw

log, p
log,a

TUFREH! T log B T GHE THRT T 3 s U1 21 HE ey TR
log,}pq=06%l3ﬂ@ b® = pqg I B B TH YRR AR log, p =P @2 log, g =y
2l bP=pdA bt = g U BT B WG b% = pg = bPbY = bB+7 R
THHT aed € T o= B+, aeifq

log, pq =log, p + log, q
oY U fou Ia qen Hequl uRemm a9 e § 9 p = ¢ ©1 U 9w H,
ST 1 qA: FefaiEd gehr 9 foar s gehar @

log, p* = log, p + log, p = 2 log, p
THH! Teh T SATHIHI ST o feq Sre fean /n & s ot ot o o
n % fau

log p =

log, p" =n log, p
aree o T IR ok feel oft aredferes WM o fow T €, fohq 39 e S
FE H gAY T8 w3 fafu | yew frefafed w1 et w1 g 2

x
lOgb; =log, x - log, y
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IEETOT24 I I8 TA © T x o 9} ardfass OHl o foluw x = eloer 89

ol T8 a1 2 A S log et &1 Wid T+t o1 arafas Hensti &1 == gl
2| ZEfIT SRIE T ¥R AR GENS % Y 9 T2l 21 ST WA ey
& y= e 219K y> 0 dd S &l 1 TR o H log y = log (€°) =log x . log
e=logx%\'| ﬁ'ﬂ'@y:xwmélmx=e‘°yaﬁlﬁ xR WW@WW%I

3faehal T (differential calculus) ﬁwﬁwm&mﬁwww STHTEROT 07
I ¢ T, rashor &1 gfwan o =% uRafda &t g 21 39 o w1 e wwa | o

o T 7, et STufd &l gW BIg °d &
o 5+

6]

(2) x7 & log x T STIHCTS! 1 e 2, sr1iq %(logx)=
X

X WIUET o' ol SRS o B el €, 37Ul %(e‘)=e‘

IEEIUT 25 x o 9e fafafed &1 seeses sifs:

@
'
@

(it)

(ii)

@iv)

e @) sin(logx),x>0 (iii) cos™! (e

M ST y = o+ Bl 376 J@en 980 & F90 gr

ﬂ—e_x.i —_ — X
dx g V=€

M ST &y = sin (log x) 1 o7& J@en faw g7
dy_ i -
dx—cos(logx) dx(logx)

qF AT TRy = cos! (¢7) B1 31a S@en =@ g
dy _ -1 d —e*

_—~—(ex)=
dx '1_ (ex)z dx 1_e2x .

A AT 7Ry = e r B 19 F@en fag gr
Q=e°°sx~(—sin x) =—(sin x) "
dx

*FTA W TET A TS 232-233 W 3G
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fr=fafaa &1 x & Ay Taded Fifaa:

X

e

1. 2. sin'x 3. 7
sin x € €
4. sin (tan™' e™) 5. log (cos €) 6. " +e* +...+e°
COs X
7. e, x>0 8. log (log x), x> 1 9. logx’ x>0
10. cos (log x + €9
5.5. TTTUTRIA 3Tdahet (Logarithmic Differentiation)

39 398 H g fAfafad YR o T fafitse o o Tal &1 STasherd sl HE:
y=fx) = [ux)]*
A (e SR R ) 4 R 9P i FAfeafad vvR @ 74 fora g €
logy=v(x) log [u(x)]
sjEen fom o gI gr
1 dy 1
;E = V(x)'m “u (x) +V (x) - log [u(x)]
Theh! arcqd € Th

% = y[% ‘u'(x)+V'(x) - log [u(x)]}

7o faftr & ©q <9 &1 e 91 T8 © fF £(x) 91 u(x) 1 o U gl =T
31T 9ok STV TRHTSA 81 Bitl| 39 UfhaT Sl TTIITUTehIA 3Tdeher (logarithmic
differentiation) Fgd € iR 50 FrAfofaa ssel gr1 T foan = )

_ 2
sareron 26 x % ag (ST o e iRy
3x" +4x+5

_(x=3) (x2+4)
R S y_\/ (3x> +4x+5)
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T Tel o TELE T W

logy= %UO% (x—3) +log (x> +4) - log (3x> + 4x + 5)]
AT T T x, o HIUET 3TEART B W

lﬂ_l 1 N 2x B 6x+4
y de 2| (x=3) x*+4 3x’+4x+5
dy vy 1 2x 6x+4
3ere — = + -
dx 2[(x—3) x*+4 3x2+4x+5}

1 /(x—s)(x2+4) I, 2x  6x+4
T2V 3xP+4x+5 | (x=3) x*+4 3xP+4x+5

IEETUT 27 x & U o T STEEHET RIS, Sl ¢ T o9 =K e
Wm@ﬂﬁl"{ﬁyzaﬁﬁ)l

logy=xloga
T val 1x, o WY TR HE W
1 dy
;E =loga
dy
SIRE]] o log a
d .
TH TR E(a)=a”loga
forereaa: i(ax) = i(e“‘)g“) =e“°g“i(xloga)
dx dx dx

=e'e loga=a*loga
IETET0T 28 x o WU %, o1 3fesher Iy, S fh x> 0 B
T WA g o y = i B1 31 A el T el[IuTeh o W

log y = sin x log x

1dy - sinxi(lo x)+1lo xi(sinx)
S y dy TV RO TOR
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Ly
a ydx = (s1nx);+ 0g X COS X
a1 ﬂ = y[smx+cosxlogx}
dx X

sinx | SINX
X [— + cos x log x}
X

— . sinx—1 sinx

X -sinx+x"" - cosx log x

SEETOT 29 AR y 4+ 0 + 1= Rl A %am Hifs

Wﬁm%ﬁy”+x}'+xx=a”
U=y, v=xTqM w=xT@H WEH u+v+w=qa < Bl 2l

du dv dw
e —t—t—=
dx dx dx J
T u=y 2 IH Y&l P ALTH T R
logu=xlogy
AT T T x o T A HH W
1 du d d
— == = x—(logy)+log y—
s xdx(ogy) Ogydx(x)
1 d
= x— P logy-1 T B R
y dx
du x dy o x dy
— —u|——+lo =y'|=—=+Ilo
gafee dx_u[ydx gy) y [ydx gy}
SH'TEIEFI'{ v=x
T Tl T TLOE oH W
logv=ylogx
AT T T x o T A HH W
1 dv d dy
—. = =y (logx)+logx—=
v dx ydx(ogx) ngdx

y-l+1ogx-ﬂ W Bl 2
X dx
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dv y dy}
37T — = v|—+logx—
dx [x g dx
Iy dy}
= x| =+logx—
|:x g dx .. 3)
q: w=x*
T el T TLOE FH W

logw=xlog x

AT Tl T x o T A HH W
1 dw
w dx

d d
x—(logx)+logx.—(x
dx( g x)+log dx()

1
x-—+log x- 19 g 7
X

w
— =w (1l +logx)
dx

el

=x"(1 + log x) - @)
(1), (2), (3) a2 (4), s

of x dy (Y dy
——+logy [+x'| =+logx— x -
y [y : gy) [x g e ) T (1+1logx)=0

d
e .yl +x . log x) d—y ——x (1 +logx)—y. w1 —ylogy
X

dy —[y‘logy+y.x" +x"(1+logx)]
=

19 119% o 991 § YS< el ol x b TT98T 3Taehel hifsl:

(x—1) (x—2)
1. cosx.cos 2x.cos 3x 2. x=3)(x—-4)(x-5)

X,y +x7 logx

3. (log x)* 4. xr— sinx
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oy,
5. x+32.(x+4)P . (x+5* 6. |x+— | +x\
X
7. (log x)* + x'°g~ 8. (sin x)* +sin™' [y
. . XCOSX x2+1
9. x4 (sin x)eos* 10. X +——
x =1

1
11. (x cos x)* + (xsinx)*

12@15w€\wqﬁﬁ9ﬁwﬁ€5m%aﬁﬁm:
12, @ +y' =1 13. y'=x
14. (cos x) = (cos y)* 15. xy=e“»
16. f)=0+x)(1+x) (1 +x) 1 +x¥ 8 9 el S SIS A HITSY AR
=9 R f7 (1) S ifsT)
17. (2 =5x+8) (* + 7x + 9) T ke AN T FhR F Hiforg:
(i) TOFES 9 HT F=T Hh
(i) RS o RNl BRI Tk Uehdl dgUR WIS Hich
(iii) TTEFTOTRTA STaheld I
g ot TAYd HIST foh 38 YR Wied i S H9E 2
18. AR u, v w, xS Hed &, @ I fafeal sraiq gem-—Toree fam s TR
51, fgda - TR STEshe g Swiise fR

du dv dw
— (v.w)="—"—v.w+u. — . wH+u.v- _—_—

dx dx dx dx

5.6 ol oF UTelfeieh ®Ul o 3Tdchelst (Derivatives of Functions in
Parametric Forms)

-l < =R ARE o St 1 Geu T ql T Bl 2 3R 7 e, fhq Tk 31
(ed) == AT & gerep-gerer Wl gR YoM < TR o Hea Toh dae TA1fad 8l S
2 Ut feorfq o &9 whed € o6 S7 S o ot o1 Wed Tk el =1 A o weEm o
afofd 81 78 ek =X U urerer (Parameter) Seardl €1 31 e aiieh 9 &1 =R
TRME xq y o =, x=£(1), y=g(r) o ®I H K Gael, i Yrafcieh €9 H K
ey Hed €, Sl 1 Tk q=d 2l
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39 &Y o el o ashas Ad 3 eg, Y@ 99 g1

dy _dy dx
dt — dx dt
dy
dy dt( dx )
R o= dx " I el 2
dt
dy g’(t)( o dy dx )

YR — = 2 T @gif =~ = g/() A — = (1) | [T [ (1) %0
w = 70 S TN = 1) | F ()20
W%TUT302I'F<x=acos9,y=asin9,ﬁ%ﬂﬁaﬁﬁ‘ql
o fem @

x=acosB,y=asin®
dx . dy
ERSIGIY de——asme, de—acos@
dy
dy 4o acosO
— = &2 = =—cot0
o de  dx —asin® i\
do

3qTgur 31 qﬁx=aﬂ,y=2at%?ﬁiﬁ§lﬁa—ﬂﬁﬁl

Wﬁzﬂ%ﬁl? x=at* y=2at
dx dy _
i dt =2at qAl dt_za
dy

dy 4 2a 1
3 = == =-
dc  dx 2ar t

dt

3qTgLul 32 ZI'fo'x=a(9+sin9),y=a(l—cose)%\'?ﬁZyK-ﬂ'd‘clﬁ'rﬁrq |
x

= 0). % —a(sin
g de—a( + cos ,de—a(sm )

Reprint 2025-26



Tiac ol TFREHAd 145

dy
- dy _do__asinb _ O
dc — dx  a(l+cos@) 2

doe

| fewroft | 7=, 7% eam s R Zﬁﬁg@mm’xﬁyﬁqﬁﬂwﬁm
o1 &Y, oheret UM o YRl W e i B

2 2 2
222y
mssaﬁx3+y3=a3%a‘rd—y @ i

X
T T ST fF x=acos’ 0, y=asin’ 0 ¢ 9

2 3 2 2

X3+ y5 = (acos’ 9)5 +(asin® 9)5
2 2
= a3(cos’ 0+ (sin’ Q) =a3

2 2 2
31d: X =acos’0, y =a sin®0, x3+y3:a3aﬂ91€|'mﬂﬂ'1w%|
dx dy
== __ 20 o ' 02
Y U, 70 = 3a cos? O sin O 3R 70 3a sin® O cos O
dy
dy 4o 3asin’@cos y
Tgfau — - —_tan®=-3—
' dx ~ dx  —3gcos’0sin® x
do

I YT WA 1 W 10 T ° x q1 y KU FeieRon g1, T W § yEfas €9 H
e, it st 1 fai fo o, 2 anw i

1. x=2af, y=at 2. x=acos0,y=bcos b

3. x=sint, y=cos 2t 4. x=4t,y=

t
5. x=co0s 0 —cos 20, y=sin0 —sin 20
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sin® ¢ cos’t

6. x:a(@—sin@),y:a(l+cos€) 7. x= \/—21")/_\/—21
COos Cos

t
8. x=a(005t+10gtan5)y=asint 9. x=asecO,y=>btan 6

10. x=a(cos® +0 sinB), y=a (sin 0 -0 cos 0)

11. -qﬁ x= [asin’lt’y: [acos’lt’ a‘-]w.% %:_Z
X

X

5.7 fg<tar =hife a1 3/@ahet (Second Order Derivative)
A e y=fxg @

@y _.
o=@ (D)

A £ (x) SRS B Al B9 xoh WUET (1) 1 G 3feeheld o Fehd &1 38 WK
dy

o d
ElRIRt: E (E) KRSl % TS fgdta shife =1 s1ehest (Second Order Derviative )

7o ¥ oin L) 9 Frefn w F fo ¥ oA B & e F 0 6

dx
frefad o €1 9k y =f() 8 T DXy) A y” Ay, | o Fefm w21 e feof
F & T 3=a %H & eTadked i 36 yHR fRe S 2

d2
331807 34 2I'Ff{y=x3+tanx%\Fﬁ d—giﬂﬁ Tl
x

' ﬁm%ﬁy=x3+tanx%\| A

dy
E =3x% + sec’ x
2
Tgfae % = di (3x% +sec? x)
X X

=6x+ 2 sec x.sec xtan x = 6x + 2 sec? x tan x

2
31807 35 IS y=Asinx+Bcosx% a fag EASEAED %+y=0%l
X
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Tl T|l W
D Acosx-Bsi
I cos x — B sin x
42
3R d—gza(Acosx—Bsinx)
X
=—Asinx—Bcosx=-y
d2
T YR e 0

2
SETETUT 36 AR y = 3 + 267 % A g FT ‘; Zy+6 ~0

T TE y=3e>+ 2037

dy =6e™ + 6e* = 6 (e* + &%)
dx

d2
T 125 4 18e™ = 6 (2e> + 3¢¥)
dx

o i—sd—m 6 (2e> + 3¢¥)
. dx dx y = e e

—30 (e + e +6Be*+2=0

IEETOT37 Ay =sin' x & a1 @MY & (1 -2 ?— x & 0%
X
T Iel y=sin‘1x% al
dy 1

N

- \/a—xz)ﬂ:l
a (\/(1— )dy) 0

dx

: 5 Ly A7)
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d’y dy 2x
(1-x%) —5—— =0
i dx*  dx \1-
d’y  dy
3 1-x")—=—x—==0
( dx’ dx

faereua: e ® & y=sin“x%?ﬁ
1
) :ﬁ?ﬂuﬁ (l—xz)yl2 =1

SIRICH (A=x*)-2y,y, + . (0-2x)=0
3 (1-x)y,—xy,=0

YT & 1 910 Tk | U el o f5dig sife o sToaehers Ad shifeg:

1. ¥*+3x+2 2. x*° 3. x.cosx

4. logx 5. x* log x 6. e*sin Sx

7. €*cos 3x 8. tan'x 9. log (log x)
d2

10. sin (logx) 11. € y=5cosx—3sinx ¥ i fig iferg fom d—§)+y=0
X

2
12. aRy=cos' x¥ %ﬁéﬁ?{yéﬂi‘fﬁaﬁaﬂm|
x
13. 4% y =3 cos (log x) + 4 sin (log x) T T WY & x2y, +xy, +y=0

d’ d
14. 3 y=Ae”“+Be’”%?ﬁ?¥ﬁ3§ﬁF d—zy—(m+n)d—§+mny=0
X

d2
15. 3% y=500e™ + 600¢ ™ & @ e fom d—2y=49y 3
X

dx
17. 9% y=(tan'x)? T @ I foF (2 + 12y, + 2x (2 + 1)y, =2 %]

d*y (ayY
16. Zlﬁey(x+1)=1%?ﬁ@'ﬁ'&'qﬁﬁﬁ=[—J 21
X
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fafaer 3qrgvor
IETET0T 38 xoh Ae fAfafad &1 stewed wifeg:
(1) 3x+2+ ! (i1) log, (log x)

2x% +4

'
1 1

— Bx+2)2+Q2x°+4) 23

() A= KISEED y= N3x+2+

2x°+4

I ST foh I8 Ho 9t arfaes e x>—§ o foru uftsnfia 21 ggfere

dy 1 1_1 d ( 1) 2 _1_1 d 2
— =—0Bx+2)? - —(Bx+2)+| = |[2x"+4) 2 -—(2x"+4
e 2(x ) dx(x ) 2(x ) dx(x )
1 _1 1 _3
= —(3x+2) 2~(3)—(—)(2x2+4) 2. 4x
2 2
3 2x
= - 3
232 (52 4)

g gft aredfass qeme x>—§éﬁ1%ﬂzqﬁmﬁw%|

(i) = i fom y=1og7(1ogx)=%;f”(aﬂmtrﬁaﬁ-—r$u§rgm)
HUE rdfash G x > 1 % U e g ) gEfag
&1 deq
& log7 dx(og(ogx))
1 1 d
- log7 logx'a(logx)
-
xlog7 log x
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IETEIUT 39 x o e fFafafed &1 seesres sifs:

@
'
@

(1)

(ii)

cos™! (sin x) (i) tan_l( sin x ) (iit) sin_IE 2™ j
1+cosx 1+4"

UM AT 6 £ (x) = cos! (sin x) 81 &9 ST 6 @ wew |l areafers

gemstl & fau aRwfia 21 eq 3o frefafed w9 o fora wand 2

f(x) = cos™ (sin x)

_ T T
= cos™! [cos(z - xﬂ , sincez —xe[0.7]

|

— X

£ x)=-17%
o AT B £ = tan! [Ij‘”

COS X
IRt et & fau gifed @ fomes fw cosx=— 1, 31fq noh g9&
foom T & sifafted o= 9t arafos Gemst & fau &9 39 wed @
frefefiad YhR 9§ H: oo S Hehd e

]%lwﬁﬁqﬁﬁagwwqﬁ

1+cosx

th el RS

2 X
2cos”—

f(x) = tan™' s{nx j

—

_ X
= tan -
2

& SIS foh &9 791 qe 3L d COS( )aﬁmw Hfh T8 I h T

T 21 3 £ (x)=%%l

m?ﬁﬁqurf(x)=sin-l[12x:x)%| 9 e 1 Ui T L o fold g6 39
+

x+1
T ¢ T T B SRR & o fw —1 <2 <1%|6Pﬂﬁ 2 %ﬁa

1+4°
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2x+l
< 1, 3o o
1+47

wﬂxﬁﬂé?m2“1s1+&%|%ﬂsﬂaﬁ2sz—lx+2x YR ot for@ wehd T,

S\t x o foIT 9 21 314 wor Y&e ardfas 9@ & fou aftwfd B s
2" = tan @ W@ R T8 oA ffafad yR 9 9 fa@n s g 2:

M Ax+1
f(x) = sin™ 2 }
L1+4F

) }
— sin 5
_1+(2x)

. 1| 2tan® }
= sin" | ————
| 1+tan"©

=sin~! [sin 20] =20 =2 tan~! (2%)

d
L0
+(23‘)2 dx( :

f =2
1

= -(2%)1og2
1+4x( o

_ 2""log2
1447

FEETOT 40 € G 0<x<n o U f(x) = (sin x)™ B @ £’ (x) I HifS@
T Tl Her y = (sin x) T o At gemen o fau aRefid @1 e

ISR IRCTS

log y = log (sin x)** = sin x log (sin x)

1 dy : .
;E = E (sin x log (sin x))

1 .
= cos x log (sin x) + sin x . ————(sin x)
sinx dx

= cos x log (sin x) + cos x
= (1 + log (sin x)) cos x
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d
SE| Ey = y((1 + log (sin x)) cos x) = (1 + log (sin x)) ( sin x)*"* cos x

d o
SATETUT 41 ¥FIHS TR o foag Eyiﬂﬁ hifSTT, &l

t+ 1 a
y=a !, qA x=(t+;) 2l

o1 o S fop STy qen x, WO SRdfash @& 1 0% faw gRtefia € wreed:

1

dy d L H’;d 1
- = — —a '—|t+-|.loga
dt dt(“ ’) a7
t+1 1
a '"|1-— |loga
t
dx 11" a( 1
alt+=| -—|t+-
dt t dt t
a—1
1 1
—alt+-| -|1-=
CHIRGS

#0%%9d A r#+ 171 3d: t#+ 1 o fow

4,
!
|

dx
dt

dy (1), !
dy ¢ UT2)RY atloga

dx @ 4 |: 1:|a—1 | 1 - t+1 a—1
- 1= = a -
' ( tz) t

JETEIT 42 ¢~ o HYE] sin? x T STTheld HITT)

Tt T TARTT F ue () = sin® x T v (o) = e <o 31 2t w A _ A/ A% g ey 3 e
dv dv/dx
du dv
— =2 sin x cos x X — = e (= sin x) = — (sin x) PEREE Y
dx dx
du  2sinxcosx 2cos x
313: = : COSXx == COSXx
dv —sinxe e
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e 5 G fafae goraet

YT G 1§ 11 I YT Bl b, x o 9TYe] 3Tdeheld shifelu:

1.
3.

10.
11.

12.

13.

14.

15.

16.

(Bx*-9x + 5)° 2. sin® x + cos® x
(5ax)3 cos x 2 4. sin'(x /x), 0 <x <1.
cos_li
2 ,—2<x<2.
N2x+7

Cot_l[\/l+sinx+\/1—sinx} 0 T
Jl+sinx —/1-sinx |’ <x<2

(log x)e*, x> 1

cos (a cos x + b sin x), Th=l 3= a TA b = fau

(Sinx—COS x) (sinx—cosx)’ E<x<3_n
X Hx+a +a, fFR AT a>0qm x>0 & faw
P4 (x=3)" ,x>3% fom

Afz y =12 (1 - cos 1), x =10 (1 — sin ), —g<t<g ?ﬁ%sna i
X

If y = sin! x + sin’! w/1_)62,0<x<1%?ﬁii—“lz RIRCAIE L

RIS —1<x<135f?1"l X 1+y+y\/1+x=0%?ﬁﬁq$ﬁﬁmﬁs
ﬂ:_ 1
dx (1+x)2

I fhedll >0 faC (x—a)’ + (y— b =2 d Tag Hifeg fw

dy 2}2
1+ Y
[ dx ) 1 | 43R p ¥ @ w fer i 2

2
AR cos y = x cos (a +y), T cos a =+ 1, @ fag FifSC f dy _cos’(aty)

dx sina
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17.

18.
19.

20.

21.

22.

Tfora

2
Z|'i;<x=a(cost+tsint)€vﬁT y=a(sinz—tcos ), %Eﬂﬁ Fifera)
X

I f(x) = | x I3, q THIT0TG HITST o6 £ 7 (x) 1 3tfdca © 3R 38 9| ot shifsy
sin(A+B)=sinAcosB+cosAsinB?>|'T[ERﬁ"TEh_{ﬁgqW‘s’m cosines
& fau 9 g3 9@ i)

F Tk UH o 1 e 7, St g fog W Had @ fhq shaer 31 fogeti w
IR T 8?2 30 IW H1 Sfifacd f sers

S gx) h(x) J
n |3a fog =it fie 2=

dx
a b c

-q-ﬁ{ y= eacos’lx’—ISxSI,a‘T W -&}F

2
(1 -x )d_g_ xd—y
dx dx

fx) g'x) K

l m l m n

I y=

a b c

-a’y=0

HRTIT
T aTEdfesh WA el ST0R Uid o R fag W Had s @ afg s9 fag
W e i HH, 39 {6 W wer % 7 o aUel Bl 2l
Had Hell ok I, SR, TUAES X TR Had B €, Ui, AfE £ qen
gWW%,?ﬁ
(F8) (1) =f(x) + g(x) Had &l 2
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