Chapter 1 1

(THREE DIMENSIONAL GEOMETRY)

¥ The moving power of mathematical invention is not
reasoning but imagination. — A. DEMORGAN +»

11.1 Introduction

In Class X1, while studying Analytical Geometry in two
dimensions, and the introduction to three dimensional
geometry, we confined tothe Cartesian methods only. In
the previous chapter of thisbook, we have studied some
basic concepts of vectors. We will now use vector algebra
to three dimensional geometry. The purpose of this
approachto 3-dimensional geometry isthat it makesthe
study simple and elegant*.

In this chapter, we shall study the direction cosines
anddirection ratios of a line joiningtwo points andalso
discuss about the equations of lines and planes in space
under different conditions,angle between two lines, two

Y R Leonhard Euler
planes, aline anda plane, shortest distance between two (1707-1783)

skewlinesanddistance of apoint from a plane. Most of

the above resultsare obtainedin vector form. Nevertheless, we shall also translate
these resultsin the Cartesian form which, at times, presentsa more clear geometric
andanalyticpicture of the situation.

11.2 Direction Cosines andDirection Ratios ofa Line

From Chapter 10, recall that if adirected line L passing through the origin makes
angles a, f and y with x, y and z-axes, respectively, called direction angles, then cosine
of these angles, namely, cos a, cos B and cos vy are called direction cosines of the
directedline L.

Ifwe reverethedrectionof L, thenthe direction anglesarereplacedby their supplements,

i.e, /6, 7E[and 76—} Thus, the signs of the direction cosines are reversed.

* For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratoryin Schools”, NCERT, 2005
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L1

Fig 11.1

Note that a given line in space can beextended in two opposite directionsand so it
hastwo sets of direction cosines. In orderto havea uniqueset ofdirection cosines for
a given line in space, we must take the given line as a directed line. These unique
direction cosines are denoted by /, m andn.

Remark If the given line inspace doesnot passthrough the origin, then, in order to find
itsdirection cosines, we drawa line through the origin and parallel tothe given line.
Nowtake one ofthe directedlines from the origin and findits direction cosines astwo
parallel line have same set of direction cosines.

Any three numbers which are proportional to the direction cosinesof aline are
called the direction ratios of the line. If /, m, n are direction cosinesand a, b, care
direction ratiosof a line, then a =/, b=m and ¢ = \n, for anynonzero L€ R.

Some authorsalso call direction ratios asdirection numbers.

Let a, b, cbedirection ratiosof aline andlet /, m and » be the direction cosines
(d.c’s)of the line. Then

i =2 -2 (say), kbeing aconstant.

a b c
T herefore I =ak, m=bk,n=ck .. (1)
But F+m?2+n?2=1
T herefore B@+b*+c)=1

1

or k= t TV
\[az +b%+c?
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Hence,from (1), the d.c.’s ofthe lineare
b c

a
l:i lm:i ,n:i—
Jaz +b%+c? Jaz +b%+ 2 «/az +b%+ 2

where, depending on the desiredsign of k, eithera positive oranegative sign isto be
takenfor /, mandn.

Forany line, if a, b, c are direction ratios of aline, then ka, kb, kc; k=0 isalso a
set ofdirection ratios. So,any two sets of direction ratios of aline are also proportional.
Alg, for any linethere are infinitely many sets of directionratios.

11.2.1 Relation between the direction cosines of a line
Considera line RSwithdirection cosines/, m,n. Through -
theorigin draw a line parallel to the given line and take a
point P(x, y, z) onthisline. From P drawa perpendicular
PA onthe x-axis(Fig. 11.2).

Let OP = r. Then COS(F((% = This gives x = Ir

r
Similarly, y=mrandz=nr
Thus X+ y + 2 =P (P + m?+ nd)
But X+ Yy + 2=
Hence P+m+n=1 Fig 11.2

11.2.2 Direction cosines of a line passing through two points

Since one andonly one line passes through two given points, we can determine the
direction cosines of a line passing through the given pointsP(x , y ,z) and Q(x,,y,, z,)
asfollows (Fig 11.3 (a)).

F P
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* i3] b 1
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Let 7, m, n be thedirection cosines of thelinePQ and let it makes angles o, 3 and y
with the x, y and zaxis, respectively.
Draw perpendiculars from P and Q to XY-plane to meet at Rand S. Draw a

perpendcular from P to QSto meet at N. Now in right angle triangle PNQ, ZPQN=
v (Fig11.3 (b).

N _
T herefore, cosy = NQ_z-3
PQ PQ
Similarly cosa = 2= and COSB:y2 N
PQ PQ

Hence, the direction cosinesof the line ssgmentjoiningthe pointsP(x, y,,z,) and
Q(x, v, z,) are
Xp =X Yo =N Z "4

PQ PQ PQ
/ \
where PQ= \/(xz —x)° ‘|‘(y2 R & _Zl)

T he direction ratiosof the line segment joining P(x , v, z)and Q(x,, ,, z)
may be taken as

X, =Xy YV, =V 2,7 2 OV X — X, Y, = YV 2, Z,

Example 1 Ifaline makesangle 90° 60°and 30°with the positive direction of x,y and
z-axis respectively, find its direction cosines.

1
Solution Letthed.c.'softhelinesbe/,m,n. Then /=c0s90°=0, m =c0s60°= E

3

n =cos 30°= -
Example 2 Ifaline hasdrectionratios2,— 1, - 2,determine itsdirection cosines.
Solution Direction cosines are

2 -1 ~2
22 H (12 (<22 22 4 (<12 4 (<2)7 422+ (~1) + (-2)?
2 -1 -2

or —y = —
33 3

Example 3 Find the direction cosines of the line passing through the two points
(-2,4,-5)and (1, 2, 3).
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Solution We know the direction cosines of the line passing through two points
P(x, »,, z) and Q(x,, y,, z,) are given by

Xo =X Vo =N Zp—Z

PQ PQ PQ

where PQ= J(xz - x) + (,-y)+ (22 - zl)2
HereP is(-2,4,-5)and Qis(4, 2, 3).

S0 PQ=\(L- (-2 +(2-4 + @3- (B) =77
Thus, the direction cosines ofthe line joining two pointsis

3 -2 8
NTT  NTT ATT
Example 4 Find the direction cosines of x, y and z-axis.
Solution Thex-axismakesangles 0°,90°and90° respectively with x, y and z-axis.

Therefore, the direction cosines of x-axisare cos0°, cos 90°, cos90°i.e., 1,0,0.
Similarly, direction cosines of y-axisandz-axisare 0, 1, 0 and0, 0, 1respectively.

Example 5 Showthat the pointsA (2, 3,-4),B(1,-2,3) and C (3, 8,— 11) are

collinear.

Solution Direction ratios of line joiningA and Bare
1-2,-2-3,3+4ie.,-1,-5,7.
Thedirection ratios of linejoiningB and Care
3-1,8+2,-11-3,i.e.,2,10,-14.

Itis clearthat directionratios of AB and BC areproportional, hence, AB isparallel
to BC. But point B is common to both AB and BC. Therefore, A, B, C are
collinear points.

EXERCISE 11.1|

1. Ifaline makes angles90°, 135°, 45°with the x, y and z-axes respectively, findits
direction cosines.

2. Findthedirection cosines of a line which makesequal angles with the coordinate
axes.

Ifaline hasthedrection ratios—18, 12,— 4, thenwhat areits direction cosines?
Showthatthe points(2, 3,4), ~1,-2, 1), (5,8, 7) are collinear.

Find the direction cosines of the sides of the triangle whose vertices are
(3,5,-4),(-1,1,2)and(-5,-5,-2).

n A W
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11.3 Equation ofa Line in S pace

We have studied equation of lines in two dimensionsin Class XI, we shall nowstudy
the vector and cartesian equationsof a line in space.

Alineis uniquely determined if
(i) it passes througha givenpoint and hasgiven drection, or
(i) it passesthrough two given points.

11.3.1 Equation of a line through a given point and parallel to a given vector
Let g betheposition vector ofthegivenpoint -
A with respect to the origin O of the K R
rectangular coordinate system. Let /be the
line which passes through the point A and s A

parallel to a given vector b.Let 7 bethe =]

position vector of anarbitrary point P on the

line (Fig 11.4). ¥
Then AP is parallel to the vector b,ie,

AP=Lb, where A is some real number. X Fig11.4

OP - 0A
ie. Ab = F G

Conversely, for each value of the parameter A, this equation gives the position
vector of apoint P on the line. Hence, the vector equation of theline is given by

F=d+\b .. (1)

But AP

Remark If l;:af‘|'bj+cl€, then a, b, c are direction ratiosof the line and conversely,
if a, b, c are direction ratios of a line, then b= a7 + bj + ck will be the parallel to
the line. Here, b should not be confused with |5|.

Derivation of cartesian form from vector form

Let the coordinates ofthe given point A be (x, y,, z)) andthe direction ratios of
the line be a, b, c. Consider the coordinatesofany point P be (x, y, z). Then

Fo=xi+ y}'+zl€;5=x1§+ylj+zlk
and l;=aiA+b]A'+cl€
Substituting these valuesin (1)andequating the coefficients of i, j and k , weget
x=x +ha; y=y +Ab, z=z+\c .. (2)
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T hese are parametric equations of the line. Eliminatingthe parameter A from (2),
we get

= = .. (3)

Thisis the Cartesianequation of the line.

If 1, m, n arethe direction cosines of theline, theequation of the line is

X=X5 _ VY= h_ 3275

) m n
Example 6 Findthe vector and the Cartesian equations of theline through thepoint

(5, 2, - 4) and which isparallel to the vector 37 + 2] — 8k.
Solution Wehave
G =5+2j-4kandb=37+2j-8k
Therefore, the vectorequation of the lineis
F=5i+2j-4k+1(3i+2]-8k)
Now; 7 isthe positionvector of any pointP(x, y, z) on the line.
Therefore, xi+yj+zk =5i+2j—4k+ 1 (37 +2]-8k)

G+30)i+(2+20) j+(-4-8\)k
Eliminating ., we get
x-5 y-2 z+4
3 2 -8
which isthe equation of the line in Cartesian form.

11.3.2 Equation of a line passing through two given points

Let g and p be the position vectors of two
points A(x,, y, z) and B(x, vy, z,),
respectively that are lyingonaline (Fig 11.5).

Let 7 be the position vector of an
arbitrary point P(x, v, z),thenP is a pointon

the line if and only if AP= =4 and

AB=b-a are collinear vectors. T herefore,
P ison the line if and only if

F—a=\b —3)
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or F=a+i(b-ad),\ € R, .. (1)
Thisisthe vectorequation of the line.
Derivation of cartesian form from vector form
We have

F=ity jtk, i 1y, j Ttz kand b=,7 1y, j 12, £,
Substituting these valuesin (1), we get

Xi+y j+zk=xji+y j+zk+i[(x;—x)i+(, -n)Jj+(z,—2z)k]
Equatingthe likecoefficients of 7, 7, &, weget

x=x + A, -x);y=y,+A@,-y) z=z+r(z, - z)
On eliminating A, we obtain

X% _ YV h_ 7%

X=X VN L4
which isthe equation of the line in Cartesian form.

Example 7 Findthe vector equation for the line passingthrough the points (-1, 0,2)
and(3, 4,6).
Solution Let @ and 5 bethe positionvectors of the point A(-1, 0,2) andB(3, 4, 6).
Then i=i12k
and pRita )6k

b—G=4i+ 4j+4k
Let 7 bethe position vector ofany pointon the line. Thenthe vector equation of

the lineis
F=ritiHuit b
Example 8 The Cartesian equation of alineis

x‘*3_y_5_z‘|'6

2 4 2
Findthe vector equation for the line.

T herefore

Solution Comparingthe givenequation with the standard form

X=x_Y=nh_zZ274
a b c
We observe that x1:—3,y1:5,21:—6;a=2,b=4,c=2.
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Thus, the required line passesthrouch the point (- 3, 5,-6) andis parallelto the

vector 2i +4j+ 2k . Let 7 bethe position vector of any point onthe line, then the
vector equation of theline is given by

FX—37157—6k) + 1 (20 +4)+2k)

11.4 Angle between Two Lines i
Let Ll_and I__2 be_tvvo Iinfaspassingthrough the origin
and with direction ratios a, b, ¢, and a,, b,, c,
respectively. Let P beapoint onL, and Q bea point

on L. Consider the directed lines OP and OQ as E—?L-'
givenin Fig 11.6. Let 6 be the acute angle between i
OP and OQ. Now recall that the directed line ;;gl_é-ff— \ A

segments OP and OQare vectors with components “ =
a,b,canda, b, c, respectively. Therefore, the

angle 0 between them is given by NE Fig 11.6
a,a, + b b, +c,c,
cosO = - (1)
ai + B+ Ja} +b3+c]
The angle ketween the lines in terms of sin 0 is given by
sin 0= \1—os? €
- [1- (a,a, +bb, +Clcz)2
(a +0f +cf) (a3 + 5 +¢5)
2 2 2 2 2 2 2
_ \/(“1 +b +¢f )(a2 +b; + 5 )—(ala2 +bb, +cc,)
J(a? +02 4 ) (a2 +b2+c2)
9 \/ (4 b, 4, b1)2 _Hbl ¢, T hq )2 +(Cl a )2 )

\/ a +b12 +012 \/ as +b§ +c§

In casethe lines L and L, do not passthrough the origin, wemay take

lines L andL’, which are parallel to L, and L, respectively and pass through
the origin.
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If instead of direction ratios for the lines L and L, direction cosines, namely,
[, m,n forL andl,m,n, forL, are given,then(1)and (2)takesthe following form:

cosO=|lL+mm,+nn| (as [*+m+n’>=1=1+m?+n5) ..(3)

and sin 6 = ‘/(Zl my =1, ml)z_(mﬂlz —my ”1)2"'(”112 _”211)2 - (4)

Two lineswith direction ratios a, bl, c and a, bz, c,are
(i) perpendiculari.e. if 6=90°by (1)
aa, +bb +cc, =0
(i) paralleli.e. if6=0by (2)

a
S_b_4a

a2 bz Cy
Now; we findthe angle between two lineswhen their equationsare given. If 0 is
acute the angle between the lines
7 =a 1t and 7 = a, b,
by b
15:]15-]
In Cartesian form, if 0 isthe angle between thelines

then cosO =

x_xl y_yl_Z_Zl (1)

and = = ..(2)

where, a,b, c,anda, b, c,arethedirection ratiosofthelines (1) and(2), respectively,
then

aa, +bb,+cc,

Nal +b7 +cE \JaF +b3 +c

cos 0 =

Example 9 Findtheangle between the pair of linesgiven by
31427 4k +1(G +2]+ 2Kk)

r

and 7 =51-27+u(3i+2]+6k)
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Solution Here b, = i+2j+2kand b, = 31 +2 ] +6k
The angle 0 between the two linesis given by

b-b, | |G+2]+2k)- 37 +2]+6k)
€cos0 = [T==7|=
|| |5,| V1+4+49+4+36
_ 3+4+12|_3g
3x7 21
s oo (3
ence = CO0S 21

Fxample 10 Findthe angle between the pair of lines
x+3 y-1 z+3

3 5 4
q x+l y-4 z-5
an 11 2

Solution Thedirection ratios of the first lineare 3, 5,4 andthe direction ratiosofthe
secondline arel, 1, 2. If0istheangle between them, then

16 16 :gig

V5046 54246 15

31+51+4.2
N 452 4 42 12412 4+ 22

cos 0 =

4 . 8+/3
Hence, the required angle is cos™ (I—[J .

11.5 Shortest Distance between Two Lines

If two linesin spaceintersect at a point, then the shortest distance between them is
zero. Also, if two linesin space are parallel, £

then the shortest distance between them 1

will be the perpendicular distance, i.e. the

length of the perpendicular drawn from a _ |c

point on oneline ontothe other line. = e —F
Further,in a pace, thereare lines which 1] h:f,____

are neither intersectingnor parallel. Infact, 1. [

such pair of lines are non coplanar and Gl 7 >y

are called skew lines. For example, let us ey EE\\_-;

consider aroom of size 1, 3, 2 unitsalong 1_-.:(-_-""-"- )
x, y andz-axesrespectively Fig11.7. Fig 11.7
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Theline GE that goesdiagonally acrosstheceiling andthe line DB passes through
one corner ofthe ceilingdirectly above A and goes diagonally down the wall. These
linesare skewbecause they are not parallel andalso never meet.

By the shortest distancebetween two lines we meanthe join of apointin oneline
with one point on the other line so that the length of the segment so obtainedisthe
smallest.

For skew lines, the line of the shortest distance will be perpendicular to both
thelines.
11.5.1 Distance between two skew lines

We nowdeterminethe shortest distance between two skewlines in the followingway:
Let / and /, be two skewlines with equations (Fig. 11.8)

Fo=d+hb - (1)
az +H52 (2)

Take any pointSon / withposition vector @, and T on/,withposition vector a,
Then themagnitude of the shortest distance vector |
will ke equaltothat of the projection of ST alongthe T Q
direction of theline ofshortest distance (Se10.6.2). A

and r

If PQ is the shortest distance vector between

[ and/,, then it beingperpendicular to both 4 and

b,, the unit vector ; along PQ would therefore be
Fig 11.8
PR R B - (3)

Then pPQ =d n
where, d isthe magnitude ofthe shortest distance vector. Let 6 be the angle between
ST and PQ. Then

PQ = ST |cos 0]
5 ) PQ-ST
ut cos0 = |5~ 0=
|PQ[|ST |
d”;'(dz — 51) . — . .
ol (since ST =4, —a,)

([;1 X 522'(53 —dy)
ST |bl><b2|

[From (3)]
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Hence, therequired shortest distance is
d=PQ=ST |cos 0]

_| (B x b)) . (@, -ad)
| by x by|

or d

Cartesian form
The shortest distance between thelines

AT hM Yo _zo4

and l.x_xzzy_yzzz_zz

a, b, 7

\/(blcz —bye))* + (qay — ¢a1)* +(ab, —ayhy)’

11.5.2 Distance between parallel lines
If two lines/ and [ are parallel, then they are coplanar. Let the linesbe given by

= d +Mb .. (1)
and F=d,+ub - (2)
where, g, isthe position vector of apoint Son/ and 1 '!?:' [
a, isthe positionvector of apointT on/ Fig11.9.
As 1 are coplanar,ifthe foot of the perpendicular
from T onthe line/ isP, then thedistance between the AN P fy
lines / and ,= | TP|. Sield
. - Fig 11.9
Let 6 bethe angle between thevectors ST and b. '8
Then
b x ST = (| 5| ST|sin 0)7 ..(3)

where 7 isthe unit vector perpendicular to the plane of the lines/ and/,

But ST=4a, 4
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Therefore, from (3), we get
b x(d,—a) =|b|PTa  (sincePT =ST sin 0)

ie., |bx(@,-@)|=|5|PT1  (as|a|=1)
Hence, the distance between the given parallel lines is

d=|PT|= bx(a,—a,)

|15

Example 11 Find the shortest distance between the lines / and /, whose vector
equationsare

P+ A Qi-j+k) (1)
and F=2i +j—k+p (3 -5)+2k) . (2)

Solution Comparing (1) and (2)with 7 =g, + A 51 and 7 =a, +u EZ respectively,

we get G =i+j, b=20i-]j+k
d, =27 +j— k andb, =37 -5 +2k
T herefore i, -d =i-k
and byxb,= (20 —j+k)x(3i-5j+2k)
ik
=2 -1 1|=3i-j-7k
3 -5 2

So |b, xb,| = [0 +1+49 = /59

Hence, the shortest distance between the given linesis given by

d = (b_.lxgzﬂ)-(falz_gll)l :|3_0+7|: 10
hinl | e ¥

Example 12 Findthe distance between the lines/ and / given by
=i+2]-4k+1(2i+3]+6k)

Ny

and 7 =31+37-5k+pn(2i+3]+6k)
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Solution Thetwo linesare parallel (Why?) Wehave

G =i1+2]—4k, 4 = 3i+3j—5k and b = 2i +3j +6k

Therefore, the distance between the linesis given by

or

ik

Jo|bx@-ay| | |28 6
5] 2 1 -1
«/4+9+36

_|-9i+147-4k|_ /293 _+[293
V49 Jag 7

| EXERCISE 11.2]

Showthat the three lineswith direction cosines

2 3 4 4 12 3 3 4 12 .

E’ E E E 1—3 ; E B E E are mutually perpendicular.
Showthat theline throughthe points(1,-1, 2), (3,4, —2)isperpendicular to the
line through the points (0, 3, 2)and(3, 5, 6).

Showthat the line through the points(4, 7, 8), (2, 3, 4) isparallel to the line
throughthe points(-1,- 2, 1),(1, 2,5).

Find the equation of the line which passes through the point (1, 2, 3) and is
parallelto the vector 37 +2 j —2 k.

Findthe equation ofthe line invector and in cartesian form that passes through
thepoint with position vector 27 —j + 4k andisin the direction 7 + 2 j — .
Findthe cartesian equation oftheline which passesthroughthe point (-2, 4, —5)

x+3 y—-4 z+8
5 6

and parallel to the line given by

x—-5 y+4 z-6
7

Findthe vector andthe cartesian equations of the linesthat passesthrough the
origin and(5, - 2,3).

Thecartesian equation of aline is . Write its vector form.
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11.
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13.

14.

16.

17.
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Findthe vector andthe cartesian equations of the line that passesthrough the

points (3,— 2,-5), (3,-2,6).
Findthe angle betweenthe following pairs of lines:
() 7=27/-57+k+A1(31+2]+6k) and
F=Ti—6k+u(i+2j+2k)
() 7=3i+j-2k+1(f—]-2k) and
F=2i-7-56k+pn(3i—5j-4k)
Findthe angle between the following pair of lines:
0) x‘?_y_I_z‘|3andx‘|2_y_4 —=Z 5
2 5 =3 T 8 4

Z — —_—
1 4 1 8
Findthe values of pso that the lines 1-x = Ty-14 = 23

2p 2
and =7 _Y=5_5822 et right angles.
3p 1 5
Show that the lines x_5= y+2 ~Zand Z=Z=Z are perpendicular to
7 5 1 1 2 3

eachother.
Findthe shortest distance between thelines

F=(f+2j+k) + L@ —-]+k) and

F=2i—j—k+pQi+j+2k)
Findthe shortest distance between thelines

+1 +1 z+1 -3 -5 -7
r+l _y+l 2 and X _Y _z

7 -6 1 1 -2 1
Findthe shortest disance betweenthe lineswhos vector equationsare
F=(f+27+3k) + A —-3]+2k)
and 7 =47+57+6k+u (27 +3] +k)
Findthe shortest disance betweenthe lineswhos vector equationsare
F=(1-1)i+(-2)j+(B3-24%k and
F=(s+D)i+(@2s-1)j-(2s+Dk
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11.6 Plane
Aplane is cetermined uniquely ifany oneof thefollowing is known:

(i) thenormal totheplane anditsdistance from the originisgiven,i.e., equationof
aplanein normal form.

(if) it passes through apoint and is perpendicular toa given direction.
(iii) itpasses through three givennon collinearpoints.
Nowwe shall findvector and Cartesian equations of the planes.

11.6.1 Equation of a plane in normal form

Consider a plane whose perpendicular distance from theoriginisd (d #0).Fig11.10.

If ON isthe normal from the origin tothe plane, and 7 isthe unitnormal vector

along ON. Then ON=d 7 . Let P be any z

point on the plane. T herefore, NP is

perpendicular to ON.

Therefore, NP-ON =0 (1) P(x, ,2)

Let 7 bethepositionvectorof thepointP, 7

then NP=7 — d 7 (as ON-HNP=0P) d N

Therefore, (1) becomes 6) Y
(F-dn)-dn=0 X/
- A Fig 11.10

or (F=dn)-n=0 (d=0)

or Fon—dn-n=0

ie., Fon=d (asn-n=1) .. (2)

Thisisthe vectorform of the equationof the plane.
Cartesian form

Equation (2) givesthevector equation of a plane, where 7 is the unit vector normalto
the plane. Let P(x, y, z) beany point on the plane. Then

OP = F=ityjtk
Let /, m,n be the direction cosinesof 7. Then

n= l[+mj‘|‘nl€
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Therefore, (2) gives

(xf+yj+zl€)-(lf+m}'+n lg)zd
ie., Ix+my+nz=d .. (3)
Thisisthe cartesian equation of the planein the normal form.

Equation (3)showsthat if 7-(a i + b ] + ¢ k)= d isthevector equation

of a plane, then ax +by + cz=d is the Cartesian equation of the plane, where a, b
and c are the direction ratiosof thenormal to the plane.

6
Example 13 Find the vector equation of the plane which is at a distance of E

from the origin anditsnormal vector from the origin is 27 —37 4.
Solution Letji= 2{ -3 +4 k.Then
i 2{-3j+4k 2i-3j+4k
|l Ja+9+16 29
Hence, the required equation of the plane is
F(i §+_—3}'+ilgj=L
29 297 29 ) 29

Fxample 14 Findthedirection cosinesof theunit vectorperpendicular tothe plane

n =

7-(6i -3 j-2k)+1 = 0 passingthrough theorigin.
Solution Thegivenequation can be writtenas
F(-61+3j+2k)=1 (1)

Now |-6f +3j+2k|=.36T0 4=
Therefore, dividingboth sides of (1) by 7, we get
- ( 6 ~ 3 - 2 "] 1
rl—-—i+—j+—k|=—=
/ 7 7 7
which is theequation of the plane in the form 7 *n —=.

A~

This shows that n = — gf +7 J+ 7£l€ is a unit vector perpendicular to the

planethrough the origin. Hence, the directioncosinesof 7 are __6
7

~N | w
~ o
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Example 15 Find thedistance of the plane 2x— 3y +4z— 6 =0 from theorigin.

Solution Sincethedirection ratios ofthe normal to the plane are 2, -3, 4; thedirection
cosinesof it are

2 3 4 2 3 4
22+ (-3)2 447 22 (-3 142 22 1 (32 +42 " g 29 29
Hence, dividing the equation 2x— 3y+4z—6 =0i.e.,, 2x -3y +4z=6 throughout by

J29, we get

2 -3 4 6
—— Xt =yt =z =—F=
V29 729 N29 N29
Thisis of the form Ix + my + nz=d, where d isthe distance ofthe plane fromthe

.. . ... b
origin. So, the distance of the plane from theorigin is ——.

g p g 129
Fxample 16 Findthe coordinates of the foot of the perpendicular drawn from the
origin to the plane 2x—3y+ 4z—6 =0.

Solution Letthecoordinates of the foot of the perpendicular P from the origintothe
paeis(, y, z) (Figl1.11).

' V4
Then, thedirection ratiosofthe line OP are N
X, Y 2,
Writingthe equation of the planein thenormal Py 2)
form,wehave |\ V.-
2 .3 - 4 __ 6 o
V297 297 V29 29 VARG
2 -3 4 . .
where, —— —==,—= are the direction
© 729 29 VP29 X
cosinesof the OP. Fig 11.11

Since d.c. sanddirectionratiosof a lineare proportional, wehave

X _ N 2
2 T3 Ttk
J29 0 29 29
2k _3k Ak

|e, X =7, = — ;=
T Re T 29 e
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6
Substituting these in the equation of the plane, we get k= E

Hence, the foot of the perpendicular is (E—_lS ﬁj
29 29 29
If  isthe distance from the origin andZ, m, n are the direction cosinesof

the normal to the plane through the origin, then the foot of the perpendicular is
(ld, md, nd).

11.6.2 Equation of a plane perpendicular to a £

given vector and passing through a given point
In the space, there can be many planes that are
perpendicular to the given vector, but through agiven
pant Hxl,yl, z,), only one such plane exists (see

, .
Fig11.12). / "
Leta planepassthrough apomtAwrthEosmon " Fig 11.12

vector a andperpendicularto the vector N.

e P[-"ll.l-'nl -‘-:

Let 7 bethe position vector of any pointP(x, y, z) in the plane. (Fig11.13).

Thenthe point P liesin the plane ifand only if ;"
AP is perpendicular to N.i.e., AP.N=0. But .I'Jr\-ﬁ-\""—\-.._\_\_\_ﬁ'{f
. - i
AP=7—a.Therefore, (F—a)-N=0 .. (1) / N s “‘m__?
Thisisthe vectorequationof the plane. i

q ; N

Cartesian form nll = ; .,r

Let the givenpoint Abe (x,y,, z), P be (x,y, 2 "-:E"F "“H_M;

anddirection ratiosof N are A, BandC. Then, Fig11.13

éz)clf+yl}'+zll€, ?:xf+yj+zl€ and Nq\;"'BJA'l'CIQ

Now (7-ad)*N=0
) [(x—xl)iA+(y—y1)jA'+(z—zl)l€}-(Af+ B]A'+Cl€)=0
i.e. Ax-x)+B@y-y)+C(iz-z)=0

Example 17 Find the vector andcartesian equations of the plane which passesthrough
thepoint (5, 2, — 4) and perpendicular tothe line with direction ratios 2, 3,-1.
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Solution We have the position vector ofpoint (5,2,-4) as =57 + 2] — 4k andthe
normalvector N perpendicuarto the planeas N=27+3;—%
Therefore, the vector equation ofthe planeisgivenby (7 —a).N =9
or [F—(5i+27-4k)]- (27 +3j-k)=0 . (1)
Transforming (1) into Cartesian form, we have

[(x=5)i +(y—2) j+(z+4)k]- (27 +3-k)=0
or 2(x—5)B(y—2) (- 1)

ie. 2x +3y-2z=20
whichis the cartesian equation of the plane.

11.6.3 Equation of a plane passing through three non collinear points

Let R,Sand T bethree non collinear pointson theplane with position vectors a ,band
¢ reyectively (Fig11.14).

%
(RS X RT)
R
P
A7
>Y

X
Fig 11.14

Thevectors RS and RT are in the given plane. Therefore, the vector RS XRT

isperpendicular totheplane containingpointsR,Sand T. Let 7 be the positionvector
ofanypoint Pinthe plane. T herefore, theequation of the plane passing through Rand

perpendicularto the vector RS XRT is
(7-d) - (RSxRT) =0

or (F-a).[(b-a)x(¢ -a)] =0 .. (1)
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Thisisthe equation oftheplane in vector form passingthroughthree noncollinear
points.

Why wasit necessary tosay that the three points A

hadto ke noncollinear? Ifthe threepoints were on the same
line, then there will be many planes that will contain them
(Figl11.15).

These planeswill resemble the pages of a book where the
linecontaining the pointsR, Sand T aremembersin thebinding
of the book.

Cartesian form Fig 11.15
Let (x,,»,, z,), (x, ¥,y 2z,) and (x,, v,, z) be the coordinates of the points R, Sand T
respectively. Let (x,y,z) be thecoordnatesof any point P on the planewith position

vector ¥ .Then
RP =(x-x)i+(W-y)j+(-2) k
hg :(xz_xl)’l: +(yz_y1)j +(Zz_21) Ig

ﬁ :(xs_xl)’l:+(y3_y1)]’: + (Zs_Zl) k
Substitutingthese valuesin equation (1) ofthevector form and expressingit inthe
formof a determinant, wehave

X=X Y=y Iz
X=X V= 5,7 5|=0
=X V3= 4375
which is theequation ofthe planein Cartesian formpassingthroughthree noncollinear
points (x,, ¥, z,), (x,, ¥,, z,) and (x,, v, z,).
Example 18 Find the vector equations of the plane passing through the points
R(2,5,-3),5-2,-3,5)andT(5, 3,-3).
Solution Let =276 j—8k , b=—2i-3j+5k , ¢=5i 133k
Then the vector equation of the plane passing through , » and gand is
given by
(7-d)-(RSxRT) =0 (Why?)
or (F—ad)-[(b-d)x(¢—d)] =0
ie. [F 27157 —3k)] 1(—2i —8 jI8k) X3i —=2/)]=®
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11.6.4 Intercept form of'the equation of a plane

In thissection, we shall deduce the equation of a plane intermsof the interceptsmade
by the planeon the coordinate axes. Let the equation ofthe plane be

Ax+By+Cz+D =0 (D=#0) . (1)
Let the plane make interceptsa, b, con x, y and z axes, respectively (Fig11.16).
Hence,the plane meets x,y and z-axes at (a, 0,0), T
(0, b,0), (0,0, c),respectively.
-5 T (il
T herefore Aa+D=00rA= P
- Y
Bb+D=0o0rB= > ___,-f"'__‘_}' 0 Uhh-ﬂ;
D [RPRIA

Cc+D=00rC=7

* Fig 11.16
Substituting these values in the equation (1) of the 1g 1
plane and simplifying, we get
£+l+i =1 (1)
a b c

which is the required equation of the planein the intercept form.

Example 19 Findthe equation of the plane with intercepts 2,3 and4 onthex, y and
z-axisregectively.

Solution Lettheequationof the planebe

£+Z+£ =1 (1)
a b c
Here a=2,b=3,c=4.
Substituting the values of a, band ¢ in (1), we get the required equation of the

plane as %+%+§:1 or 6x+4y+3z=12.

11.6.5 Plane passing through the intersection

I

of two given planes ’,-f"_" |

Let n, and =, be two planes with equations - \?\\
1
1

|
I
I
L W) IR . " o
7 iy, =d and 7 ‘i, =d, respectively. Theposition N
vectorof any pointon the line of intersection must el
satisfy both the equations(Fig11.17). Fig 11.17
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If 7 isthe position vector ofapointon theline, then
t-n =dand 7-n, =d,
Therefore, for all real values of A, wehave
{-(m+An,) = d +\d,
Since 7 isarbitrary, itsatisfies for any point onthe line.
Hence, the equation 7 - (7, +An,)=d, +\d,represents a plane ., which is such

thatif any vector 7 satisfies both the equations  and r,, it also satisfies the equation
m,i.e., anyplane passingthrough the intersection of the planes

Fon, = djand 7 -n, =d,
hasthe equation Fo(ig+Miy)=d + M, .. (1)
Cartesian form
In Cartesian system, let

= Ai+B, j+Ck
i, = Ayi+B, j+C,k
and 7= xf+yf+zl€

Then (1) becomes

x(Al+ M) +y (B + MB)+z(C + AC)=d + M,
or (Ax+By+Cz-d)+ MAx+B y+C,z—d)=0 - (2)
whichis the required Cartesian form of the equation of the plane passing through the
intersection of the given planesfor each value of A

Example 20 Findthe vector equation of the plane passingthrough the intersection of
theplanes 7 (7 +j+k)=6 and 7 - (27 +3 j+ 4k)=—5,and the point (1,1, 1).
Solution Here, 7 =i+ j+k and i, = 27 +3j+4k;

and d =6andd,=-5

Hence, usingthe relation 7 - (ii, + Aii,)=d, +Ad,, Wweget

Fo[f+]+k+0 (27 +3]+4k)] = 6-51

or 7o[(1+20) 7+ W+31) +(1+40)k] = 6-51 .. (1)

where, A issome real number.
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Taking F =ity j 12k, we get
(xi+y j+zk)[Q+20)7 +@+31) j+ (1+ 40)k]=6—5M
or (L+20)x+ (L +30)y+ (1 +4))z=6-5L
or (x+y+z-6)+A(2x+3y+4z+5)=0 .. (2)

Given that the plane passesthrough the point (1,1,1), it must satisfy (2), i.e.
(1+1+1-6)+A(2+3+4+5)=0

3

or A= ﬂ

Puttingthe valuesof Lin (1), we get

F{(1+§jf+(l+ij}'+(l+—jfc} - 6_E
7 14 7 14
or F( Eﬁéﬁgl\:) -2
7 14 7 14

or 7-(20i +237+26k) = 69
whichisthe requiredvector equation of theplane.
11.7 Coplanarity of Two Lines
Let the given linesbe

7= a4k .. (1)
and 7 = d,+pb, - (2)

Theline (1) passesthrough the point,say A, with position vector a,andisparallel

to El.TheIine (2) passesthrough the point, say B with positionvector a, and isparallel

to b,.

Thts, AB = &, 4,

Thegiven linesare coplanarif andonlyif AB isperpendicular to legz.
ie. AB.(b,xb,) =0 or (4,—a,)-(bxb,) =0

Cartesian form

Let (x,,y,, z)and(x, v, z,) be the coordinates of the pointsAand Brespectively.
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Let a, b ¢, and a, bz,c be the direction ratios of b and b respectively. Then

Aquz )1 -I'('yz _J/l)j_lrzz _Zl)k
b=, e kand b, =m,i I, 1, k

Thegiven linesarecoplanar ifandonly if H}(lelgz ) =0. In the cartesian form,
it can be expressed as
X, "X Yo" B A
a b q |=® . (4)

a b, )

Example 21 Showthat thelines
x+3= y—lzz—S and x+1:y—2 :z—5
3 1 5 -1 2 5
Solution Here,x, =-3,y, =1,z =5,a,=-3,b,=1,¢, =5
xz——l,y2=2,zz=5,a2=—l, b2=2,c2=5
Now consider the determinant

are coplanar.

XX Ve LA 210
a, b a —3 1 5|=%
a, b, G T 2§
Therefore, lines arecoplanar.
11.8 Angle between Two Planes

Definition 2 The angle between two planes is defined as the angle between their
normals (Fig 11.18 (a)). Observe that if 6 isan angle between the two planes, then so
is 180 — 6 (Fig 11.18 (b)). We shall take the acute angle as the angles between
two planes.

ﬂ’"\.\ aogle belwesn e nocmals

[lane 1‘?; _[““;“ &l ,'I\“*.
TN AN
/NG A K

{ & I‘l.u:lt'I {\.___,Ira- I'“,;u_r,;
Ll nuag e L--u.lm:-.ui\

Lhe plum-!

fa)
Fig 11.18
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If n, and 7, are normalsto the planes and 6 be the angle between the planes

Fo, =dand 7. n,=d,.
Then 0 isthe angle betweenthenormalsto the planes drawn from some common
point.

ﬁl'ﬁz

We have, cos 0 = |— =
|n | |n,y|

The planesare perpendicular to each other if 7,. 7, =0 andparallel if

n, isparallel to 7, .

Cartesian form Let 0 be the angle between the planes,
Ax+By+Cz+D =0and Ax+B,y+C,z+D, =0
The direction ratios of the normal to the planes are Al, Bl, C1 and Az, BZ, C2
respectively.
A A, +B; B, +C,C,
JA} + B +C | AZ+BI+CE

Therefore, cos 0 =

1. If the planes are at right angles, then 6 =90° and so cos 6 = 0.
Hence, cos 6 = AlA2 + Ble + ClC2 =0,

2. Ifthe planesare parallel, then i Zi =1,
A2 BZ C2

Example 22 Find the anglebetween the two planes2x +y—2z=5 and3x-6y—-2z=7
using vector method.

Solution Theanglebetween two planes isthe angle between their normals Fromthe
equation of theplanes, the normal vectorsare

Ni=2i+j-2kand N2=37 -6 -2k

i+ j-2k)-(3i—6-2k)
NA+1+4 \J9+36+4

N: - N
INz| [N2|

T herefore cos 0 =

-z

4
= 1| —
Hence 0 = cos (ZJ
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Example 23 Findthe angle between the two planes 3x— 6y +2z=7 and 2x + 2y — 2z =5.

Solution Comparingthegiven equations of the planeswiththe equations
Ax+By+Cz+D =0and A)x+B y+C,z+D,=0

We get A =3,B=-6C=2

A =2,B=2C=-2

3x2+(-6) (2) +(2)(-2)

J(?f +(=6)° +(<2)?) (22 + 2 +(-2)?)
-10 5 53

7x23| 743 2L

cos 0 =

3
T herefore, 0 =cos? (%j

11.9 Distance of a Point from a Plane
Vector form

Consider a point P with position vector g and a plane n, whose equation is
F-n =d(Fig11.19).

’ Z
z £
m, T,
")
Q P
P g
- N’
a N’ N >Y
o : o ! ) (6) u
K-t u ]
X
) . (b)
Fig 11.19

Consider a plane rr, through P parallel tothe plane . T he unit vectornormal to
T, is n.Hence, itsequationis (7 — a)-n=0
ie., rom=a-n

T hus, the distance ON’ ofthis planefromthe origin is|a - 7| . T herefore, the disgance
PQ fromthe plane r_ is (Fig. 11.21(a))

ie., ON-ON'=|d- a°#|
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which isthe length of the perpendicular from apointto the given plane.
We may establish the similar results for (Fig11.19(b)).

1. Iftheeqetionafthedanen isin the form 7 *“N =, where N isnormal
to the plane, then the perpendiculardistance is %-

|d |

The length of the perpendicular from origin Otothe plane 7 *N =¢ is |

2.

(since a =0).

Cartesian form
Let P(x,y,, z) bethe given pointwith position vector a and

Ax+By+Cz=D
be the Cartesian equation of thegiven plane. Then
X4y 4z k

a
N = AlA+B}+C1€
Hence, from Notel, theperpendicular fromP to the plane is
(g i+y, j+z k) (Ai+ Bj+C/€)—D|
\/A2 + B? + C?

Axl‘|'Byl '|'('.Iz1 _Dl
JAZ _|.Bz ‘|‘C2

Example 24 Findthe distance of a point (2, 5,— 3) from the plane

F(6i-3j+2k)=4
Solution Here, g =27 157 =3k, N=6i —3; 12 kandd=4.
Therefore, the diganceof the point (2, 5,— 3) fromthe given planeis

(27 +5)-3k) 6i-3j+2k) -4 |12-15-6-4| 13
T \f36+9+4 7

167 -3]+2k]|
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11.10 Angle between a Line and a Plane

Definition 3 Theande betweena lineandaplaneis  Murmal—

the complement of the angle between the line and g tine
normaltothe plane (Fig 11.20). _ o — VP{,.‘.}_ j
Vector form If the equation of the line is / = 7 *
7 =a+Ab and the equation of the plane is “—— _u'._'-llr
7-ii =d . Then the angle 0 betweenthe line andthe Flim
normalto the planeis Fig 11.20
b-ii
S IR

andso the angle ¢ between the line andthe plane isgiven by 90 — 9, i.e.,
sin (90 —06) = cos O

' in ¢ 7 o= sin™ b
i.e. sing=|—=———|or¢= ==
b |7] ]Izl
Fxample 25 Findtheangle betweenthe line
x+1 P z-3
2 3 6

andthe plane 10 x + 2y — 11z=3.

Solution Let Obe theangle between thelineandthenormalto theplane. Converting the
given equationsintovector form, we have

F=(-i+3k)+A(2i+3j+6k)
and F(107+2)-11k)=3
Here b=2i+3]+6k and 7i=107+2 )11k

(27 +37+6k)-(107 + 2] —11k)
V22 + B 467 107 + 22 4112

sin ¢ =

o . —|i—i ro=sin? 8
“l17x15| " 21_210¢_S 21
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| EXERCISE 11.3|

In each of the followingcases, determine the direction cosinesof thenormal to
theplane andthe digancefrom the origin.

(@ z=2 (b) x+y+z=1

(c) 2x+3y-z=5 (d 5y+8=0

Findthe vector equation of a plane which isat adistance of 7 unitsfrom the
origin and normal tothevector 37 +5 j -6 k

Findthe Cartesian equation of the following planes:
@ 7(+j-k)=2 (b) 7-(27+37- 4k)=1

) Fl(s—20i+@=1t)]+(@2s+t)k]=15

In the following cases, find the coordinates of the foot of the perpendicular

draawn from theorigin.

() 2x+3y+4z-12=0 (b) 3y+4z-6=0

() x+y+z=1 (d 5y+8=0

Findthe vector and cartesian equationsof the planes

(a) that passesthrough the point (1, 0, —2) and the normal to the plane is
i+ .

(b) that passesthrough the point (1,4, 6) andthe normalvector tothe planeis
=27

Findthe equations of the planes that passes through three points.

@ (1,1,-1), (6,4,-5),(-4,-2,3)

(b) (1,1,0),(1,2,1),(-2,2,-1)

Findthe intercepts cut off by the plane 2x + y — z=5.

Findthe equation ofthe plane withintercept 3 on the y-axisandparallel to ZOX
plane.

Find the equation of the plane through the intersection of the planes
3x—y+2z—4=0andx+y+z—2=0andthe point (2, 2, 1).

Findthe vector equation of the plane passingthrough the intersection of the
planes 7 (27 +2 j -3k ) =7,7.(2i +5 j+ 3 k) = 9andthrough thepoint
(2,1, 3).

Find the equation of the plane through the line of intersection of the

planesx +y +z =1 and 2x + 3y + 4z =5 which is perpendicular to the plane
x—y+z=0.
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12. Findthe angle between the planeswhose vector equationsare
F(2i+2j-3k)y=5and 7.(37 -3 +5k)=2
13. In the following cases, determine whether the given planes are parallel or
perpendicular, andin casethey are neither, find the angles betweenthem.
(@) 7x+5y+6z+30=0 and 3x-y-10z+4=0
(b) 2x+y+3z-2=0 andx-2y+5=0
(c) 2x-2y+4z+5=0 and 3x-3y+6z—-1=0
(d 2x-y+3z-1=0 and 2x-y+3z+3=0
() 4x+8y+z-8=0 andy+z-4=0

14. Inthe followingcases, find the distance of each of the given points from the
corresponding given plane.

Point Plane
(a) (0,0,0) 3x—4y+12z=3
(b) (3,-2,1) 2x—-y+2z+3=0
(c) (2,3,-5) x+2y—2z=9
(d (-6,0,0) 2x—3y+6z-2=0

Miscellaneous Examples
Example 26 A linemakes angles o, B3,y and dwiththediagonals of a cube, prove that

4
cos’ o + €c0S* B +cos’y +C0S° 3 = 3

Solution Acubeisarectangular parallelopipedhavingequal length, breadth and height.
Let OADBFEGC be the cube with each side of length « units. (Fig11.21)

The four diagonals are OE, AF, BG and CD. ' ;7(
T he direction cosinesofthediagonal OEwhich
isthe line joining two points O andE are (.0, “)F(o, a, a)
@,0,a0)G
a—0 a0 a0 E(a,a,0)
Jaz _|_az _|712 ’Jaz _bz _|_az ’Ja2_|712 _bz

—>Y
o B, a, 0)
1 1 1 X A(a, 0, 0) D(“& a, 0)

e, = FE

37437 43 Fig 11.21
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L. . . . -1 1 1 1
Similarly, the direction cosines of AF, BG andCD are =, —, ——=;, —,
y 3' 3 3B

2L gL L 2L respectively
V33 T A3 BE '

Let 7, m,n be the direction cosines of thegiven line which makesandles o, B, v, 8
with OE, AF, BG CD, resectively. Then

1 1
cosa = % (I+m+n);cosP = ﬁ(—l+m+n);
1 1
cosy = ﬁ(l—m+n);0088: $(1+m—n) (Why?)

Squaring and adding, we get
cos’a + €c0s? B + cos?y + coS? &

1

=3 [+ m+n )+ (Clamenf ] + (= m+nf+ (+m-n)]
1 4

=§[4(lz+m2+n2)]=§ (@asP+m?*+n?=1)

Example 27 Findtheequation of the plane that contains the point (1,-1, 2) andis
perpendicular to each of the planes 2x+ 3y—2z=5and x + 2y— 3z=8.

Solution The equationoftheplane containingthe given pointis
A(x-1)+B(y+1)+C(z-2)=0 .. (1)
Applying the condition of perpendicularly to the planegiven in (1) withtheplanes
2x +3y—2z=5and x + 2y— 3z =8, we have
2A+3B-2C=0andA+2B-3C=0
Solving these equations, we find A = — 5C and B = 4C. Hence, the recuired
equationis
-5C(x-1)+4C(y+1)+C(z-2)=0
ie. Sx—4y—-z=7
Example 28 Findthe distance between the pointP (6, 5,9) andthe plane determined
by the pointsA(3,-1, 2),B(5,2,4)andC(- 1,-1, 6).
Solution LetA, B, Cbethethree pointsintheplane. Disthefoot of the perpendicular
drawn from a point P to the plane. PDisthe requireddistance to be determined, which

isthe projectionof AP on AB XAC.
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Hence, PD =the dot product of AP with the unit vector along AB XAC.

So AP =37467+7k
PGk

and AB XAC = | 2 3 2/ =127 -16] +12k
4 0 4
3i-47+3k

Unitvectoralong AB XAC Nel
34
i-47+3k

A A ~ 3
(3i+6 j+7k).
J ) \/a

_ 3434
17
Alternatively, find the equation of the plane passing through A, BandC andthen
computethedistance of the point P from the plane.

Example 29 Showthat thelines

Hence PD

x—a+d y-a z-a-d

a—20 o o+ 0o

x—-b+c -b z-b-c
and =2 = are coplanar.

B—v B B+y

Solution

Here x, = a—-d x, = b-c
y,=a y2=b
zl=a+d Zz=b+c
a =o-3 a,=B-vy
b1=oc b2=[3
c,=a+d c,=B+y

Nowconsider thedeterminant
Xo—=Xy Yo—W Zp—Z7 b—c—a+d b-a b+c—a-d
a b a |- o -0 o o+ 9d
a b, Co B-y B B+y
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Addingthird column tothe first column, we get
b—a b-a b+c—-a-d
2| o o o+ 0 =0

B B B+y
Since the first and second columns are identical. Hence, the given two linesare
coplanar.

Example 30 Find the coordinates of the point where the line through the points
A (3,4,1)and B(5, 1, 6) crossesthe XY-plane.

Solution Thevector equation of theline throughthepoints A and Bis
F =34 +k+A[6G-3) +(1-4)]+(6-1)Fk]
ie. F=3i+4j+k+1(21-37+5k) . (1)
Let P be the point where the line AB crosses the XY-plane. Then the position
vector ofthe point Pisoftheform xi +y J.
Thispoint mugt satisfythe equation (1). (Why ?)

ie. Xxi+y = @+20)7 +(4=30) 7+ (L+51)k
Equating the likecoefficients of , jand i ,wehave
x=3+2A
y=4-3A
0=1+5A
Solvingthe above equations, we get
1 23
— and y=—
x Y=<

) ) ) 13 23
Hence, the coordinates of the required point are (? r Oj.

Miscellaneous Exercise on Chapter 11

1. Showthat the linejoiningthe origin to thepoint (2, 1, 1)is perpendicular tothe
line determined by the points(3, 5,-1), (4,3, -1).

2. If ll, m,n, and lz, myn, arethe direction cosines of two mutually perpendicular
lines, showthat the direction cosines of theline perpendicularto both ofthese

are myn, “my ., ngly “hy b, Lm, 71, m
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10.

11.

12.

16.

17.

MATHE MATICS

Find the angle between the lines whose direction ratios are «, b, ¢ and
b-c,c—a,a-b.
Findthe equation ofa lineparallel to x-axis andpassing through the origin.

If the coordinates ofthe points A B, C, D be(1, 2, 3),(4,5,7), (-4, 3,- 6)and
(2,9, 2) respectively, then find the angle between the lines ABand CD.

Ifthelines =2 - ¥=2_273 jg x1_»-1_=2-6
-3 2k 2 3k 1 -5

findthe value of .

Findthe vector equation ofthe line passing through (1, 2, 3)and perpendicularto

areperpendicular,

theplane 7.(i+2j-5k)+9=0.

Findthe equation of theplanepassingthrough (a, b, c) and parallel tothe plane
7o 1 ) =

Findthe shortest distancebetween lines 7=67 +2 j +2 k+ L (i —2 j + 2 k)

and 7 =—4i - k+pn@i-27-2k).
Findthe coordinatesof the point where the line through (5, 1, 6) and (3, 4,1)
crosesthe YZ-plane.

Findthe coordinates of the point where the line through (5, 1, 6) and(3, 4, 1)
crosesthe ZX-plane.

Find the coordinates of the point where the line through (3, - 4, - 5) and
(2, -3, 1) crosses theplane 2x+ y+z=7.

Findthe equation of the plane passing throughthepoint (-1, 3,2) andperpendicular
to each of theplanesx + 2y + 3z=5and 3x+ 3y +z=0.

If the points (1, 1, p) and (- 3, 0, 1) be equidistant from the plane
7+3i 4 j—t2k) 11379, then find the valwe of p.

Findthe equation of the plane passing through the line of intersection of the
planes 7.(7 + j + k)=1and 7-(27+ 3 j — k) + 4 =0 and parallel to x-axis.
IfO be the originandthecoordinatesofP be(1,2,— 3), then findthe equation of
theplane passing through P and perpendicular to OP.

Findthe equation ofthe plane which containsthe lineof intersection of the planes
F-(f+2j+3k)-4=0,7-(27+ ] - k) +5=0andwhich is perpendicular to the
plane 7.(57 +3 j—6k) +8=0.



18.

19.

20.

21.
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Findthe distance ofthepoint (-1,-5, — 10) from the point of intersection of the
line 7=2i—j+2k+1(3i+4j+2k)andtheplane 7-(7 — j + k) =5.
Findthe vector equation of the line passingthrough (1, 2, 3) andparallel to the
planes 7-(7 — j+2k)=5and 7-(37 + j+ k) =6.

Findthe vector equation of the line passingthrough the point (1, 2,- 4) and
perpendicularto the two lines:

x-8 y+19 z-10 x—15 y-29 z—5.

and = =
3 -16 7 3 8 -5
Prove that if aplane hasthe interceptsa, b, candisatadisance of p unitsfrom
the origin, then iz -‘riz +i2 :iz.
a- b° ¢ p

Choose the correct answer in Exercies22 and 23.

22.

23.

Distance between the two planes: 2x+ 3y+4z=4and 4x+ 6y + 8z=12is

(A) 2 uwnits (B) 4 uwnits (C) 8units (D) % units

The planes: 2x— y+4z=5and5x— 2.5y + 10z= 6 are

(A) Pemendicular (B) Parallel
(C) intersect y-axis (D) passesthrough (0,0,;j
Summary

Direction cosines ofa line are the cosines of the angles made by theline
with the positivedirectionsof the coordinate axes.

If [, m, nare the direction cosines of aline, then 2+ m?+ n®=1.
Direction cosines of aline joiningtwo pointsP(x,,y,, z) and Q(x,, y,, z,) are
Xo "X Vo T % 74

PQ ' PQ ' PQ
where PQ = .\/(xz —x)2 4+ (y,— )P+ (22 —Zl)2
Direction ratios of a line are the numberswhich are proportionalto the
direction cosinesof aline.

If /, m, narethe direction cosinesanda, b, carethe direction ratios of aline
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then

; a b c
= , m = 1 n=

\/az+bz+c2 \/az+bz+c2 Ja2+b2+c2
Skewlines are lines in space which are neither parallel nor intersecting.
They lie in different planes.

Angle between skew lines is the angle between two intersecting lines
drawn fromany point (preferably throughthe origin) parallel to each ofthe
skew lines.

If Zl,ml,nland l,m,n,are thedirection cosines of two lines; and 0 isthe
acute angle between the two lines; then

cosO = |LL,+mm,+nn,)|
If a,b,c, and a,b, c,are the direction ratios of two lines and 0 is the
acute angle between the two lines; then

aa,+b b, +¢c
\/af+ b+ cf \/a§+ bi + &

\ector equationof alinethat passes through the given point whoseposition

cosO =

vector is a and parallel toa given vector p is # = G + A b .
Equation of alinethrougha point (x,,y,,z,) andhaving direction cosines/,m,n is
AT N 24
) m n
T he vectorequation of alinewhich passes through two points whos position

vectorsare G and b is 7 =d + A (b — ).

Cartesian equation of aline that passesthrough two points (x, y,, z)and
SNV 252

Xop=X% =N Z,— 7

If 0 is the acute angle between 7 =g, +1b, and 7 =da, + Lb,, then

(x, ¥, 2,) is

b, -b.
cosf=|—-2
| By | | b, |
If x_xlzy_yl:Z_Zlandx_XZ=y_y2=Z_ZZ
L my n, L m, n,

arethe equations oftwo lines, then the acute angle between thetwo linesis
given by cos© =/ [ +m m,+nn)|
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Shortest distance between two skewlines isthe line segment perpendicular
toboth thelines.
Shortest distance between 7 = %, and 7 =, b, is
(b xb,)-(a, —ay)
| By % b, |

Shortest distance between the lines: 21— = Y =% _ Z7% 4oy
a, by €1

T VT Z T is
a, b, €

@G b, C2
\/(blcz ~ bzcl)2 +(aa, - czal)z +(ab, - a2b1)2

Distance between parallel lines 7 = /% and 7 =z, H.b s

b x(d, - G)
15|

In the vector form, equation of a plane which is at a distance d from the
origin, and 7 isthe unit vector normal to the plane through the origin is
Fei=d.

Equationof a plane whichisat a distance of dfromthe origin andthe direction
cosines of the normal to the plane as/, m, nislx+ my+ nz=d.

The equation of a plane through a point whose position vector is a and

perpendicularto the vector N is (7-ad).N=0.

Equationof aplane perpendicular to a given line with direction ratiosA, B, C

and passing through a given point (x, y,, z)) is
AXx-x)+B@r-y)+C(z-z)=0

Equation of aplane passingthrough three non collinear points (x,, v, z,),
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(x, v, z,) and (x,, y,, z,) is

X=X VY= z-12
Ym% Vo™ T Ao

X3 =X Va— N Zz— 2
\kctor equation of a plane that containsthreenon collinear pointshaving
positionvectors a, b and ¢ is (7—-a) .[(5—&) x(¢-a)]=0

Equation of aplane that cuts thecoordinates axesat (a, 0, 0), (0, 5, 0)and
(0,0,¢)is

£+X+£=1
a b c

\kctor equation of a plane that passes through the intersection of
planes7 -7, =d, and 7 -n, =d, is 7 -(n, + Ani,) =d;, + Ad,, where Aisany
nonzerocongant.

Cartesian equation of a plane that passes through the intersection of two
gven planesA x+B y+C z+D =0and A x+B y+C z+D,=0

is(A,x+B y+Cz+D)+MA,x+B,y+C z+D,)=0.
Twolines 7 = G +Ab and 7 = @, + p b, are coplanar if
(d, = @)- (b x b,) =0
In the cartesianform above lines passingthroughthe points A(x,, y,,z ) and
B (x,,7,2,)
By =2 =01 Zp= 4
y yZ Z ZZ al bl cl

- are coplanar if =0.
@ b, C2

b, G,

In the vector form,if 6 istheangle betweenthe two planes, 7 -7, =d;, and

[}

| 7

Theangle ¢ between the lin

1, |
|17, |

7=a+\bandthe plane 777 = d is

¥-n,=d,, then 6 =cos™

D St
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no= énA

o117

¢ The angle 0 between the planesAx +By +Cz+D, =0 and
A,x+B,y+C, z+D,=0 isgiven by

A A, +B; B, +C, C,
VAL + B + G A3 +B}+CS

cosO =

¢ Thedisance of a point whose position vector is a fromtheplane 7-n=d is
|d —a-n|
¢ Thedistance from apoint (x, y,, z) tothe plane Ax+ By + Cz+ D=01is
Ax +By, +Cz; + D
J A% +B?+C?

—_— e ——



