Chapter 3

(MATRICES)

+% The essence of Mathematics lies in its freedom. — CANTOR

3.1 Introduction

The knowledge of matricesisnecessary in various branches of mathematics. Matrices
are one of the most powerful toolsin mathematics. This mathematical tool simplifies
our work to a great extent when compared with other straight forward methods. The
evolution of concept of matrices is the result of an attempt to obtain compact and
simple methods of solving system of linear equations. Matrices are not only used as a
representation of the coefficientsin system of linear equations, but utility of matrices
far exceedsthat use. Matrix notation and operations are used in el ectronic spreadsheset
programs for personal computer, which in turn is used in different areas of business
and sciencelike budgeting, sales projection, cost estimation, analysing theresults of an
experiment etc. Also, many physical operations such as magnification, rotation and
reflection through a plane can be represented mathematically by matrices. Matrices
arealso usedin cryptography. Thismathematical tool isnot only used in certain branches
of sciences, but also in genetics, economics, sociology, modern psychology and industrial
management.

In this chapter, we shall find it interesting to become acquainted with the
fundamentals of matrix and matrix algebra.

3.2 Matrix

Suppose we wish to express the information that Radha has 15 notebooks. We may
express it as [15] with the understanding that the number inside [ ] is the number of
notebooks that Radha has. Now, if we have to express that Radha has 15 notebooks
and 6 pens. We may express it as [15 6] with the understanding that first number
inside[ ] isthe number of notebookswhilethe other oneisthe number of pens possessed
by Radha. Let us now suppose that we wish to express the information of possession
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of notebooks and pens by Radha and her two friends Fauzia and Simran which
isasfollows:

Radha has 15 notebooks and 6 pens,
Fauzia has 10 notebooks and 2 pens,
Simran has 13 notebooks and 5 pens.
Now this could be arranged in the tabular form as follows:
Notebooks Pens
Radha 15 6
Fauzia 10 2
Simran 13 5

and this can be expressed as

15 6 < First row
10 2 < Second row
13 5 < Third row
) )
First Second
Column Column
or
Radha Fauzia Simran
Notebooks 15 10 13
Pens 6 2 5

which can be expressed as:

15 10 13 | « Firstrow
6 2 5| <« Second row
T T T
First Second Third
Column Column Column

In the first arrangement the entries in the first column represent the number of
note books possessed by Radha, Fauziaand Simran, respectively and the entriesin the
second column represent the number of pens possessed by Radha, Fauziaand Simran,
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respectively. Similarly, in the second arrangement, the entriesin thefirst row represent
the number of notebooks possessed by Radha, Fauzia and Simran, respectively. The
entries in the second row represent the number of pens possessed by Radha, Fauzia
and Simran, respectively. An arrangement or display of the above kind is called a
matrix. Formally, we define matrix as:

Definition 1 A matrix is an ordered rectangular array of numbers or functions. The
numbers or functions are called the elements or the entries of the matrix.

We denote matricesby capital letters. Thefollowing are some examples of matrices:

5 5 2+i 3 —E . . ,
A=| 0 V5| B=|35 -1 2| c=|7 "% X
5 COSX sinx+2 tanx
3 6 \/:3, 5 7

In the above examples, the horizontal lines of elementsare said to constitute, rows
of the matrix and the vertical lines of elements are said to constitute, columns of the
matrix. ThusA has 3 rows and 2 columns, B has 3 rows and 3 columns while C has 2
rows and 3 columns.

3.2.1 Order of a matrix

A matrix having mrowsand n columnsiscalled amatrix of order mx nor simply mxn
matrix (read as an mby n matrix). So referring to the above examples of matrices, we
haveA as3 x 2 matrix, B as3 x 3 matrix and C as 2 x 3 matrix. We observe that A has
3 x 2 =6 elements, B and C have 9 and 6 elements, respectively.

In general, an m x n matrix has the following rectangular array:

ap apn ais ayj e 4y,

C_lzl C_lzz Uy eee (;IZj ° (:ZZn

qil (.liZ a13 ° qu am

aml amZ am3"' am/‘ °e amn mxn
or A=[a|j]mxn,1£|£m,1£1£n i,je N

Thusthei™ row consists of the elements a , a,, a,..., a_, while the j™ column
consists of the eIements a, a,, a3!.,...,.amj, - -

In general a, isan element lying in the i row and j*" column. We can also call
it as the (i, j)" element of A. The number of elements in an m x n matrix will be
equal to mn.
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In this chapter

1. Weshal follow the notation, namely A = [a”]

1., toindicatethat A isamatrix
of order mx n.

2. We shall consider only those matrices whose elements are real numbers or
functionstaking real values.

We can also represent any point (X, y) in aplane by a matrix (column or row) as

X
[y} (or [x, y]). For example point P(0, 1) asamatrix representation may be given as

P:{ﬂ or [0 1].

Observe that in this way we can aso express the vertices of a closed rectilinear
figureintheform of amatrix. For example, consider aquadrilateral ABCD with vertices
A(1,0),B(3,2,C(1,3),D(-1,2).

Now, quadrilateral ABCD in the matrix form, can be represented as

A B CD All1 O
13 1-1 Bl 3 2

X= or Y =
02 3 2, Cl1 3
D-1 2

Thus, matrices can be used as representation of vertices of geometrical figuresin
aplane.

Now, let us consider some examples.

Example 1 Consider thefollowinginformation regarding the number of men and women
workers in three factories |, |1 and 111

Men workers Women workers
I 30 25
I 25 31
Il 27 26

Represent the aboveinformation in theform of a3 x 2 matrix. What doesthe entry
in the third row and second column represent?
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Solution The information is represented in the form of a3 x 2 matrix asfollows:
30 25
A=|25 31
27 26

The entry in the third row and second column represents the number of women
workersin factory I11.

Example 2 If amatrix has 8 elements, what are the possible orders it can have?

Solution We know that if amatrix isof order m x n, it has mn elements. Thus, to find
all possible orders of amatrix with 8 elements, wewill find al ordered pairs of natural
numbers, whose product is 8.

Thus, all possible ordered pairsare (1, 8), (8, 1), (4, 2), (2, 4)

Hence, possibleordersare 1 x 8,8 x1,4x 2,2 x 4

Example 3 Construct a 3 x 2 matrix whose elements are given by a; =£|i -3j].
2

&1 &
Solution Ingeneral a3 x 2 matrix isgivenby A =| a,, a,, |-
83 S
1. ... . _
Now aij=E||—3J|,|:l,2,3andj=1,2.

1 1 5
Therefore a11=5|1—3><1|:1 a12=§|1—3><2|=E

a21=%|2_3><1|=% a22=%|2—3x2|=2

1 1 3
_213-3x1|=0 _2)3-3x2|=2
Ay 2| x1| A 2| x2| 5

Hence the required matrix isgiven by A =

O NIk
Nlw N N
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3.3 Typesof Matrices
In this section, we shall discuss different types of matrices.
(i) Column matrix
A matrix is said to be a column matrix if it has only one column.

0
3

For example, A =| —1 | isacolumn matrix of order 4 x 1.
1/2

Ingeneral, A=[a] ., isacolumn matrix of order mx 1.
(i) Row matrix
A matrix is said to be arow matrix if it has only one row.

For example, B:[—% J5 2 3} isarow matrix.
1x 4

Ingeneral, B =[b],, isarow matrix of order 1 x n.
(i) Square matrix
A matrix in which the number of rows are equal to the number of columns, is

said to be asquare matrix. Thusan mx n matrix is said to be a square matrix if
m = n and is known as a square matrix of order ‘n’.

3 -1 O
3 , :

For example A = > 3V2 1| isasquare matrix of order 3.
4 3 -1

In general, A = [a”.] nxm 1S @square matrix of order m.

If A =[a] isasquare mtrix of order n, then dlements (entries) a,,, a,,, ... a,,

1 -3 1
are said to constitute the diagonal, of the matrix A. Thus, if A={2 4 -1].
3 5 6

Then the elements of the diagonal of A are 1, 4, 6.
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(iv)

v)

(Vi)

MATHEMATICS

Diagonal matrix

A square matrix B = [bij] nxm 1S said to be a diagonal matrix if all its non
diagonal elements are zero, that isamatrix B = [bij] nxm 1S Sadto beadiagonal
matrix if b”. =0, wheni #]j.

-11 0 O
-1 0
Forexample,A=[4],B={0 2]Cz 0 2 0}, arediagona matrices
0O 0 3

of order 1, 2, 3, respectively.
Scalar matrix

A diagona matrix issaid to beascalar matrixif itsdiagonal elementsare equal,
that is, a sgquare matrix B = [b”.] issaid to be a scalar matrix if

nxn

biJ.:O, wheni #]j

b”. =k, wheni =j, for some constant k.
For example
J3 0 o
-1 0
A=[3, B= ., C=|0 3 0
0 -1
0 0 3

are scalar matrices of order 1, 2 and 3, respectively.

Identity matrix

A square matrix in which elementsin the diagonal areall 1 and rest are all zero
is caled an identity matrix. In other words, the square matrix A = [a”.] ixpisan
1if i=j

0 if i=j’

We denote the identity matrix of order n by I . When order is clear from the
context, we simply writeit asl.

identity matrix, if &; ={

1 00
10
Forexample[l][0 J, 010 are identity matrices of order 1, 2 and 3,
01

respectively.
Observethat ascalar matrix isan identity matrix when k = 1. But every identity
matrix is clearly ascalar matrix.
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(vii) Zero matrix
A matrix is said to be zero matrix or null matrix if all its elements are zero.

0 0] (OO0 O
For example, [0], o ol'lo o o , [0, Q] are all zero matrices. We denote

zero matrix by O. Its order will be clear from the context.
3.3.1 Equality of matrices

Definition 2 Two matricesA = [a ] and B = [b)] are said to be equal if
(i) they are of the same order
(i) each element of A isequal to the corresponding element of B, that is a, = bij for
aliandj.
2 3 2 3 _ 3 2 2 3
For example, and are equal matrices but and are
01 01 01 01

not equal matrices. Symbolically, if two matricesA and B are equal, we write A = B.

X Yy -15 O
If{z al=|2 6|, thenx==15y=0,z=2,a=.6,b=3,c=2
b c| |3 2

X+3 z+4 2y-7 0 6 3y-2
Example 4 If -6 a-1 0 |=|-6 -3 2c+2

b-3 -21 O 2b+4 -21 O
Find thevalues of a, b, ¢, x, y and z.

Solution As the given matrices are equal, therefore, their corresponding elements
must be equal. Comparing the corresponding elements, we get
x+3=0, z+4=6, 2y—7=3y-2
a-1=-3, 0=2c+2 b-3=2b+4,
Simplifying, we get
=—2,b=-7,c=-1,x=-3,y=-5,2z=2

Example 5 Find the values of a, b, ¢, and d from the following equation:

2a+b a-2b 3 4 —
5c—d 4c+3d| |11 24
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Solution By equality of two matrices, equating the corresponding elements, we get
2at+tb=4 5c—-d=1
a-2b=-3 4c+3d=24
Solving these equations, we get
a=1b=2c=3andd=4

EXERCISE 3.1
2 5 19 7
1. Inthematrix A=| 35 -2 g 12 |, write;
J3 1 -5 17
(i) Theorder of the matrix, (i) The number of elements,

(iii) Write the elements a,,, a,, a,,, &,,, &,..
2. If amatrix has 24 elements, what are the possible ordersit can have? What, if it
has 13 elements?

3. If amatrix has 18 elements, what are the possible ordersit can have? What, if it

has 5 elements?
4. Construct a2 x 2 matrix, A = [a”.], whose elements are given by:
: (i+])? . [ (i +2j)?
(i) a= 5 (ii) aij:T (iii) aij:T
5. Construct a3 x 4 matrix, whose elements are given by:
0) aij=§|—3|+1| (i) a;=2—]
6. Findthevauesof x, y and zfrom the following equations:
X+y+2z 9
14 3 y z| . |x+y 2 6 2| .
Oy 571 5] @5y w|7|s 8@ | X2 |72
Y y+2 7

7. Find the value of a, b, c and d from the equation:

a-b 2a+c 3 -1 5
2a-b 3c+d| |0 13



8. A=l[a],., isasquare matrix, if

(A) m<n (B) m>n
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(C) m=n (D) None of these

9. Which of the given values of x and y make the following pair of matrices equal

3X+7 5 0 y-2
y+1 2-3x|'|8 4

(A) x=— y=7

© y=7, X=73

1 2

(B) Not possibletofind

3

10. Thenumber of all possible matrices of order 3 x 3witheachentry Oor 1is:

(A) 27 (B) 18

3.4 Operationson Matrices

(C) 8L (D) 512

In this section, we shall introduce certain operations on matrices, namely, addition of
matrices, multiplication of amatrix by ascalar, difference and multiplication of matrices.

3.4.1 Addition of matrices

Suppose Fatima has two factories at places A and B. Each factory produces sport
shoes for boys and girls in three different price categories labelled 1, 2 and 3. The
guantities produced by each factory are represented as matrices given below:

Factory at A
Boys Girls
1| 80 60
21 75 65
31 9 85

Factory at B

Boys Girls
I{ 90 50
21 70 55
31 75 75

Suppose Fatima wants to know the total production of sport shoes in each price

category. Then thetotal production

In category 1 : for boys (80 + 90), for girls (60 + 50)
In category 2 : for boys (75 + 70), for girls (65 + 55)
In category 3 : for boys (90 + 75), for girls (85 + 75)

This can be represented in the matrix form as | 75+ 70

80+ 90 60+ 50
65+55].
90+ 75 85+75
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Thisnew matrix isthe sum of the above two matrices. We observe that the sum of
two matricesis amatrix obtained by adding the corresponding elements of the given
matrices. Furthermore, the two matrices have to be of the same order.

by B by
by By by

; 9 43

Thus, if Az[
Ay By ay

} isa2 x 3matrix and Bz{ } isanother

+ + +
2><3matrix.Then,wedefineA+B:{afLl by ap+be &, bis]

Aty @y +by, ayt+by
Ingenerdl, if A= [a”.] andB = [bij] are two matrices of the same order, say m x n.

Then, the sum of the two matrices A and B is defined as a matrix C = [c”.] where
¢, =a, + b, foral possible values of i and j.

mx n’

2 5 1
\/§ ; ﬂ and B= 11|, findA+B

Example 6 Given A ={

Since A, B are of the same order 2 x 3. Therefore, addition of A and B is defined
and isgiven by

243 1445 1-1| [2+/3 1+45 0

A+B=
2-2 3+3 O+1 0 6 1
2 2

1. We emphasise that if A and B are not of the same order, then A + B is not

defined. For exampleif A = 23 , B= L2 & , then A + B isnot defined.
10 101

2. We may observe that addition of matrices is an example of binary operation
on the set of matrices of the same order.

3.4.2 Multiplication of a matrix by a scalar

Now suppose that Fatima has doubled the production at a factory A in al categories
(refer to 3.4.1).
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Previoudly quantities (in standard units) produced by factory A were

Boys
1 80
21 75
31 90

Girls
60
65
85

Revised quantities produced by factory A are as given below:

Boys
1/2x80
2| 2x75
3|2x90

This can be represented in the matrix form as | 150

Girls
2x 60
2x65
2x85
160 120
130 |. We observe that
180 170

the new matrix is obtained by multiplying each element of the previous matrix by 2.

A=[a]

In genera, we may define multiplication of a matrix by a scalar as follows: if
-, isamatrix and k is a scalar, then kA is another matrix which is obtained

by multiplying each element of A by the scalar k.

In other words, kA = K[a,]
for all possible valuesof i and j.

3 115
For example, if

2 0 5

3 115

I [k(alj)] o that is, (i, )™ element of KA is ka”.

A=|J5 7 -3/, then

9 3 45

3A=3[J5 7 -3|=|3/5 21 -9

2 0 5

6 0 15

Negative of a matrix The negative of a matrix is denoted by —A. We define

~A=(-1)A.
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3 1
For example, let A= {_5 x} , then — A isgiven by
3 1] |[-3 -1
coa-ca) %7

Difference of matrices If A = [a”.], B= [bij] are two matrices of the same order,
say m x n, then difference A — B is defined asamatrix D = [d ], whered, = a, - b,
for all valueof i andj. In other words, D =A —B =A + (1) B, that is sum of the matrix
A and the matrix — B.

Exampl 7IfA—1 2 3andB— 3-13 then find 2A — B
= = —B.
xampie 2 31 -1 0 2| n

Solution We have

2A 5—212
T %203

2 46 . -3 1 -3
14 6 2 1 0 -2
2-3 4+1 6-3| |-1 5 3
~|4+1 6+0 2-2| |5 6 0
3.4.3 Properties of matrix addition

The addition of matrices satisfy thefollowing properties:
() Commutative Law If A = [alj], B = [b”.] are matrices of the same order, say
mxn,thenA+B =B +A.
Now A+B=[a] +[b]=[a +b]
= [bij + a”.] (addition of numbers is commutative)
=(b] +[a]) =B +A
(i) Associative Law For any three matrices A = [a”.], B = [bij], C= [cij] of the
sameorder, say mxn, (A+B)+C=A+ (B + C).
Now (A +B)+C= (3] +[b)) +I[c]
=[a, +b] +[c] =[(a +b) + ]
=g, + (b + ¢, (Why?)
=[a] +[(b, + c) =[a] + (b] +[c,]) = A + (B + C)
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(i) Existence of additive identity Let A = [a,] be an m x n matrix and
O be an m x n zero matrix, then A + O = O + A = A. In other words, O is the
additiveidentity for matrix addition.

(iv) The existence of additive inverse Let A = [a”.]mx , be any matrix, then we
have another matrix as—A =[-a] . suchthat A +(-A) = (-A) +A=0. So
—A isthe additive inverse of A or negative of A.

3.4.4 Properties of scalar multiplication of a matrix

IfA= [alj] andB = [bij] be two matrices of the same order, say mx n, and k and | are
scaars, then

(i) KA +B)=KA +KkB, (i) K+ A =KA +1 A
(i) k(A+B)=k(a] + b))
=k[a, +b] = [k (g +b)] = [(ka) + (kb)]
=[ka] +[kb]=k[a]+k[b] = kA +kB
(i) (k+1)A =(k+1)[a]
=[k+1)a] +[ka]+[al=k[a]l+I[a] =kA+IA

8 0 2 -2
Example 8 If A={4 -2|andB=| 4 2 |, then find the matrix X, such that
3 6 -5 1
2A +3X =5B.
Solution We have 2A + 3X = 5B
or 2A +3X —-2A =5B -2A
or 2A —2A + 3X =5B — 2A (Matrix addition iscommutative)
or O+3X=5B-2A (- 2A isthe additive inverse of 2A)
or 3X =5B —2A (Oistheadditiveidentity)
1
or X = 3 (5B - 2A)
2 -2 8 0 1 10 -10| |-16 O
or X:%542—24—2 ==||20 10 |[+| -8 4

3
-5 1 3 6 -25 5 -6 -12
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-10]
10-16 -10+0 —6 -10 151
1l o0-8 1044|122 14| a ¥
3 5.6 512 | 3|31 -7 3
I I -3l 7
| 3 3
5 2 3 6
Example 9 Find X andY, if X+Y = and X-Y = )
09 0 -1
Solution We have(X +Y)+(X-Y)= > 21,13 6
0 9| [0 -1
8 8 8 8
or X+X)+(Y-Y)= = 2X=
0 8 0 8
18 8] [4 4
210 8| |0 4
Also X+Y)—(x-y)=|> ?|_|3 ©
0 9| [0 -
l .ol 5-3 2-6 oy [2 4
% X=X+ +)=1 5 9,107 270 10
yol 2 -4] [1 -2
A “2/0 10| |0 5

Example 10 Find the values of x and y from the following equation:

X 5 3 4 7 6
2 + -
7 y-3 1 2 15 14
Solution We have

2[)( 5 } {3 —4} 7 6] [2x 10 ] [3 -4
7 y-3] |1 2 15 14 14 2y-6| |1 2

|

7 6
15 14

|
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{2X+3 10—4} 7 6 2x+3 6 7 6
or = —
14+1 2y-6+2| " |15 14| | 15 2y-4| |15 14

or 2X+3=7 and 2y—4=14 (Why?)
or 2X=7-3 and 2y =18
4 18
or x=§ and y=3
ie. X=2 and y=9.

Example 11 Two farmers Ramkishan and Gurcharan Singh cultivates only three
varieties of rice namely Basmati, Permal and Naura. The sale (in Rupees) of these
varieties of rice by both the farmersin the month of September and October are given
by the following matricesA and B.

September Sales (in Rupees)

Basmati Permal Naura
A= |: 10,000 20,000 30,000:| Ramkishan

50,000 30,000 10,000 _| Gurcharan Singh

October Sales (in Rupees)

Basmati Permal Naura
B= |: 5000 10,000 6000 :| Ramkishan

20,000 10,000 10,000 _| Gurcharan Singh

(i) Find the combined sales in September and October for each farmer in each
variety.
(i) Find the decrease in sales from September to October.
(iti) If both farmers receive 2% profit on gross sales, compute the profit for each
farmer and for each variety sold in October.

Solution
(i) Combined sales in September and October for each farmer in each variety is

givenby

Basmati Permal Naura

15,000 30,000 36,000 | Ramkishan
A+B=

70,000 40,000 20,000 _| Gurcharan Singh
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(i) Changein salesfrom September to October is given by
Basmati Permal  Naura
A_B= |: 5000 10,000 24,000 :| Ramkishan

30,000 20,000 0 Gurcharan Singh

2
(i) 2% of B=—xB=0.02xB
100

Basmati Permal Naura
0.02| 5000 10,000 6000 Ramkishan
20,000 10,000 10,000

Gurcharan Singh

Basmati Permal Naura

100 200 120 Ramkishan
400 200 200

Gurcharan Singh

Thus, in October Ramkishan receives Rs 100, Rs 200 and Rs 120 as profit in the
sale of each variety of rice, respectively, and Grucharan Singh receives profit of Rs
400, Rs 200 and Rs 200 in the sale of each variety of rice, respectively.

3.4.5 Multiplication of matrices

Suppose Meera and Nadeem are two friends. Meera wants to buy 2 pens and 5 story
books, while Nadeem needs 8 pens and 10 story books. They both go to a shop to
enquire about the rates which are quoted as follows:

Pen — Rs 5 each, story book — Rs 50 each.

How much money does each need to spend? Clearly, MeeraneedsRs (5 % 2+ 50 x 5)
that is Rs 260, while Nadeem needs (8 x 5 + 50 x 10) Rs, that is Rs 540. In terms of
matrix representation, we can write the above information asfollows:

Requirements Prices per piece (in Rupees) Money needed (in Rupees)

2 5 5 5x2+5x50 | |260
8 10 50 8x5+10x50| | 540
Suppose that they enquire about the rates from another shop, quoted as follows:

pen — Rs 4 each, story book — Rs 40 each.

Now, the money required by Meera and Nadeem to make purchases will be
respectively Rs (4 x 2 + 40 x 5) = Rs 208 and Rs (8 x 4 + 10 x 40) = Rs 432
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Again, the above information can be represented as follows:
Requirements Prices per piece (in Rupees) Money needed (in Rupees)

2 5 4 4x2+40x5 | |208
8 10 40 8x4 +10x40| | 432
Now, theinformation in both the cases can be combined and expressed in terms of
matricesasfollows:

Requirements Prices per piece (in Rupees) Money needed (in Rupees)

2 5 5 4 5x2+5x50 4x2+40x5
8 10 50 40 8x5+10x50 8x4 +10x40
260 208
T 540 432

The above is an example of multiplication of matrices. We observe that, for
multiplication of two matricesA and B, the number of columnsin A should be equal to
the number of rowsin B. Furthermore for getting the elements of the product matrix,
we take rows of A and columns of B, multiply them element-wise and take the sum.
Formally, we define multiplication of matricesasfollows:

The product of two matrices A and B is defined if the number of columns of A is
equa to the number of rows of B. Let A = [alj] be an m x n matrix and B = [bjk] be an
n x p matrix. Then the product of the matrices A and B isthe matrix C of order m x p.
To get the (i, k)" element ¢, of the matrix C, we take the i"" row of A and k™ column
of B, multiply them elementwise and take the sum of all these products. In other words,
if A= [alj]mxn, B= [bjk] thenthe i row of Ais[a, a, ... a ] and the k™ column of

nxp’

By
By d
Bis| - |.thenc,= a,b,+a,b,+a,b,+..+3b,= 23D
: =1
o

The matrix C =[c is the product of A and B.

ik]m><p

2 7
For example, if C= 1-12 and D=|-1 1|,thentheproduct CD isdefined
0 3 4 5_4
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2 7
1 -12
and is given by CDz[O 3 4} -1 1|.Thisisa2 x 2 matrix in which each
5 -4

entry isthe sum of the products across some row of C with the corresponding entries
down some column of D. These four computations are

Entry in 1 -1 2 2 7 MHA+EHED+HER)G) ?
first row -1 1{=

firstcolumn |0 3 4 5 —4 ? ?
Entry in 1 -1 2 2 7 13 (HM+EDH M) +2(4)
first row -1 1=

secondcolumn |0 3 4 5 —4 ? ?
Entry in -1 o2 2 Tl |1 2
second row -1 1=

firstcolumn |0 3 4 5 -4 0(2)+3(-1)+4(5) ?
Entry in 1 -1 2 27 13 -2
second row -1 1=

secondcolumn [0 3 4 5 —4 17 0(7)+3(1)+4(-4)

13 -2
Thus CD =
17 -13

Example 12 Find AB, ifA:E z}ande[z 6 0]

7 9 8

Solution The matrix A has 2 columns which is equal to the number of rows of B.
Hence AB is defined. Now
Ap [6(2)+9(7) 6(6)+9(9) 6(0)+9(8)

12(2+3(7) 2(6)+3(9) 2(0)+3(8

[12+63 36+81 0+-72} )

75 117 72
| 4+21 12+27 0+24]

25 39 24
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Remark If AB isdefined, then BA need not be defined. In the above example, AB is
defined but BA is not defined because B has 3 column while A has only 2 (and not 3)
rows. If A, B are, respectively mx n, k x | matrices, then both AB and BA are defined
if and only if n=kand | = m. In particular, if both A and B are square matrices of the
same order, then both AB and BA are defined.

Non-commutativity of multiplication of matrices

Now, we shall see by an example that even if AB and BA are both defined, it is not
necessary that AB = BA.

23

1 -2 3
Example 13 If A:[ 4 2 5} and B=|4 5|, then find AB, BA. Show that
3 21

AB = BA.

Solution Since A isa2 x 3 matrix and B is 3 x 2 matrix. Hence AB and BA are both
defined and are matrices of order 2 x 2 and 3 x 3, respectively. Note that

23

AB (1 -2 3 s 2-8+6 3-10+3 ] [0 -4
T4 2 5 )1 ~ | -8+8+10 -12+10+5| |10 3
(23 Lo 3 2-12 -4+6 6415 10 2 21
and BA=|45 —14-20 -8+10 12+25| =|-16 2 37
-4 2 5
21 2-4 —4+2 645 2 21

Clearly AB = BA

In the above example both AB and BA are of different order and soAB = BA. But
one may think that perhaps AB and BA could be the same if they were of the same
order. But it isnot so, here we give an example to show that even if AB and BA are of
same order they may not be same.

1 0 01
Example 14 If A= and B = ,then AB = 01 .
0 10 -1 0

0 -1
and BA:{1 O]ClearIyAB;tBA.

Thusmatrix multiplicationisnot commutative.
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This does not mean that AB = BA for every pair of matrices A, B for
which AB and BA, are defined. For instance,

i A=t % B O tenaB=ga=|> ?
Tlo 2/ 7|0 4| MENAB=BA= 4 g

Observethat multiplication of diagonal matricesof same order will be commutative.

Zero matrix as the product of two non zero matrices

We know that, for real numbers a, b if ab =0, then either a=0or b=0. Thisneed
not be true for matrices, we will observe this through an example.

00

_ 0 -1||3 5 00
Solution We have AB:{ H }z{ }

) . 0 -1 3 5
Example 15 Find AB, if Az{o 2} and Bz[ }

0 2||0 O 00

Thus, if the product of two matricesisazero matrix, it isnot necessary that one of
the matrices is a zero matrix.

3.4.6 Properties of multiplication of matrices

The multiplication of matrices possessesthefollowing properties, which we state without
proof.

1. The associative law For any three matrices A, B and C. We have
(AB) C =A (BC), whenever both sides of the equality are defined.
2. Thedistributive law For three matrices A, B and C.
(i) A(B+C)=AB +AC
(i) (A+B) C=AC + BC, whenever both sides of equality are defined.

3. The existence of multiplicative identity For every square matrix A, there
exist an identity matrix of same order such that IA = Al = A.

Now, we shall verify these properties by examples.

1 1 -1 13

E I16|fA—2038—02andC—123_4 find

xample = , B= —20_21,|n
3 -1 2 14

A(BC), (AB)C and show that (AB)C = A(BC).



MATRICES 7

1 1 1|13 1+0+1 3+2-4 21
Solution We have AB=|2 0 3|| 0 2|=|2+0-36+0+12|=|-1 18
3 -1 2||-14 3+0-2 9-2+8 115

2 1], 54 [ 272 440 6-2 -8+l
(AB) (C)=|-1 18 { }: -1+36 -2+0 -3-36 4+18
115 1+30 2+0 3-30 -4+15

4 4 4 -7
35 2 -39 22
31 2 -27 11

(13 1+6 2+0 3-6 -4+3
Now BC= 02{1 p 3_4} 0+4 0+0 0-4 0+2
-14 QU ~1+8 —2+0 -3-8 4+4
(7 2 -3 -1
_|4 0-4 2
7 -2 -11 8
1 1 -17[7 2 -3 -1
Therefore ABC)=|2 0 3||4 0 4 2
3-1 2|72 -11 8

[ 7+4-7 2+0+2 -3-4+11 -1+2-8
=|14+0+21 4+0-6 —6+0-33 -2+0+24
121-4+14 6+0-4 -9+4-22 -3-2+16

4 4 4 7
=|3 -2 -39 22} (cjeqly, (AB)C=A (BC)
31 2 27 11
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0 6 7 011 2
Example 17 If A=|-6 0 8|,B=|1 0 2|,C=|-2
7 -8 0 120 3
Cdculate AC, BC and (A + B)C. Also, verify that (A + B)C=AC + BC
0O 7 8
Solution Now, A+B=|-5 0 10
8 -6 0
0 7 8 2 0-14+24 10
S (A+B)C=|-5 0 10||-2 |=|-10+0+30 |=|20
| 8 -6 0 3 16+12+0 28
[0 6 7|[2] 0-12+21 9
Further AC=|-6 0 8||-2 |=]-12+0+24 |=|12
|7 -8 0][ 3] 14+16+0 30
[0 1 1][2] [0-2+3 1
and BC = 1 0 2(|-2|=|2+0+6|=| 8
1 2 0] 3] |[2-4+0] |2
9 1 10
S} AC+BC=|12|+| 8 |=]|20
130 |2 28
Clearly, (A+B)C=AC+BC
1 2 3
Example 18 1f A=3 -2 1], then show that A3—23A -401=0
4 2 1
1 2 3|1 2 3 19 4 8
Solution We have A2=AA={3 -2 1||3 -2 1|=|1 12 8
4 2 1|14 2 1 14 6 15
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1 2 3||19 4 8 63 46 69
So A*=AA*=|3 -2 1||]1 12 8|=|69 -6 23
4 2 1]|14 6 15 92 46 63

Now
(63 46 69| 1 2 3 1 00
A3_23A —-401=|69 -6 23|-2313 -2 1(-40/{0 1 O
92 46 63_ 4 2 1 0 01

(63 46 69] [-23 -46 -69] [-40 O 0
=69 6 23|+/-69 46 -23|+| 0 -40 O
92 46 63| |-92 46 -23 0 0 -40

[63-23-40 46-46+0 69-69+0
=|69-69+0 -6+46-40 23-23+0
192-92+0 46-46+0 63-23-40

I
o o o
o o o
o o o
I
@)

Example19Inalegidativeassembly election, apolitical group hired apublicrelations
firm to promote its candidate in three ways: telephone, house calls, and letters. The
cost per contact (in paise) isgivenin matrix A as

Cost per contact

40 Telephone
A= 100 Housecall
50 Letter

The number of contacts of each type made in two cities X and Y is given by

Telephone Housecall Letter
_[1000 500 5000}—>X

3000 1000 10,000|—Y
citiesX and .

. Find the total amount spent by the group in the two
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Solution We have

_ | 40,000+ 50,000 + 250,000 | — X
~ 120,000 +100,000 +500,000 | — Y

_ [340,000] > X
"~ 1720,000 | > Y

So the total amount spent by the group in the two cities is 340,000 paise and
720,000 paise, i.e., Rs 3400 and Rs 7200, respectively.

| EXERCISE 3.2|

. I_etA_24B_1 3C_—25
' 132" |-2 51" |3 4

Find each of thefollowing:

(i) A+B (i) A-B @iy 3A-C
(iv) AB (v) BA
2. Computethefollowing:
~[a b] [ab . |a?+b* b*+c? 2ab  2bc
0] + (i) ¥
_—b a b a a’+c® a?+b? —2ac —2ab

-1 4 -6] [12 7 6

.2 . 2
i) | 8 5 16|+ 8 0 5| (iv) cos’x sn®x| | sn®x cos’x
2 8§ 5 3 2 4 sin?x cos?x| |cos?x sin?x

3. Computetheindicated products.
1

[a blfa-b] o 1211 2 3
) b allb a (i) 3 (23 4 (i) 2 3|2 31
' (2 3 4]]1 -3 5 (21 10 1
(iv) |3 4 5/|0 2 4 (v) | 32 Ll 5 J

|14 5 6/|3 0 5 -11

"3.1 3 2 -3
(Vi) - } 1 0

-1 0 2

- 3 1
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11.

12.
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1 2 -3 3-1 2 4 1 2
If A=(5 0 2|,B={4 2 5|andC=|0 3 2|, then compute
1 -1 1 2 0 3 1 -2 3
(A+B) and (B — C). Also, verify that A+ (B -C) = (A + B) - C.
245 23
3 3 5 5
1 2 4 1 2 4
If A=|= — —|and B=|= = —]|,th te 3A — 5B.
3 3 3 5t 5| en compute
T, 2 762
13 3] L5 5 5]
o cos® snd . [sin® —cosb
Simplify cosf| . +sind _
—-sin® coso |cos®  sinb
Find X and, if
7 0 '3 0
(i) X+Y= and X -Y =
2 5 0 3

. 2 3 2 -2
(i) 2X+3Y = and 3X +2Y =
4 0 -1 5

-3 2

Findxandy,if 2|~ |+ ¥ °|=|° ©
naxandy. =g %M1 2|71 8

. . X z 1 -1 35
Solvetheequatlonforx,y,zandt,lfZ[y }JFS{ }z?{ }

3 2 10
FindX,ifY={1 4}and2X+Y={ }

t 0 2 4 6

£ x| 25yl =12 find the values of x and
3 y1—5,|n evauesof xandy.

Given 3{)( y}

6 4
:{ X }{ X+y},findthevalueﬁofx,y,zandw.
zZ W W 3

-1 2 Z+W
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13.

14.

15.

16.

17.

18.

19.
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cosx —-sinx O
If F(x)=|sinx cosx O/, show that F(x) F(y) = F(x +y).
0 0 1

Show that
|5 -1][2 1 2 1||5 -1
0) #
|6 7|3 4 3 4||6 7
1 2 3][-1 1 0] [-1 1 oOf[1 2 3
()0 1 0|0 -1 1| 0-1 1||0 1 O
11 0j|2 3 4 2 3 4|1 10
2 0 1
FindA2-5A+6l,if A=[2 1 3
1-1 0
(1 0 2
If A=|0 2 1|, provethat A>—6A%2+7A+2l=0
|12 0 3
If A F e andi=| = °| find k so that A2 = ka _ 2
4 2 o 1| "MeE®
0 —tang
If A= 2 and | istheidentity matrix of order 2, show that
tang 0
L 2
coso. —Sina
I+A:(I—A){. }
sino.  cosa

A trust fund has Rs 30,000 that must beinvested in two different types of bonds.
Thefirst bond pays 5% interest per year, and the second bond pays 7% interest
per year. Using matrix multiplication, determine how to divide Rs 30,000 among
the two types of bonds. If the trust fund must obtain an annual total interest of:

(@) Rs1800 (b) Rs2000
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20. The bookshop of a particular school has 10 dozen chemistry books, 8 dozen
physics books, 10 dozen economics books. Their selling pricesare Rs 80, Rs 60
and Rs 40 each respectively. Find the total amount the bookshop will receive
from selling all the booksusing matrix algebra.

Assume X, Y, Z, W and P are matrices of order 2 x n,3x k, 2xp, nx 3and p x Kk,
respectively. Choose the correct answer in Exercises 21 and 22.

21. Therestriction onn, k and p so that PY + WY will be defined are:

(A) k=3,p=n (B) kisarbitrary,p=2
(C) pisarbitrary, k=3 (D) k=2,p=3
22. If n=p, then the order of the matrix 7X —5Z is:
(A) px2 (B) 2xn (C) nx3 (D) pxn

3.5. Transpose of aMatrix

In this section, we shall learn about transpose of amatrix and special types of matrices
such as symmetric and skew symmetric matrices.

Definition 3 IfA= [a”.] be an mx n matrix, then the matrix obtained by interchanging
the rows and columns of A is called the transpose of A. Transpose of the matrix A is
denoted by A” or (AT). In other words, if A = [a”.]mx . thenA” = [aji]nx . For example,

3 5 3 43 0
if A=|/3 1| , then A'= 1
5 1 —
O __1 2x3
5 3x2

3.5.1 Properties of transpose of the matrices

We now state the following properties of transpose of matrices without proof. These
may be verified by taking suitable examples.

For any matrices A and B of suitable orders, we have

) (A =A, (i) (kA) = kA’ (where k is any constant)
@iy (A+B)Y=A"+B’ (iv) (AB)Y =B A’
Example 20 If AZB ;/é ﬂ and Bz[lz _21 ﬂ , verify that

(i) (A =A, i) (A+B)Y =A"+PB,

(iii) (kB)" = kB’, where k is any constant.
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Solution
(i) We have
3 4
A=|3 32 S A= 43 2|= Ay =3 V3 2\ A
4 2 O 4 2 O
2 0
Thus (A) =A
(i) We have
= 3 \/é Z,B: 2 -1 2:>A+B=5 \/5_1 4
4 2 0 1 2 4 5 4 4
5 5
Therefore (A+B) =|+3-1 4
4 4
'3 4 2 1
Now A= [V32],B'=|-1 2|,
20 2 4
(5 &
S A" +B =|\3-14
| 4 4
Thus (A+B)Y=A"+B
(iiiy We have
kB=k2 -1 2:2k -k 2k
1 2 4] |k 2k 4
2k k 21
Then (kB) = |-k 2k |=k|-1 2 |=kB'
2k 4| |24

Thus (kB)’ = kB’



MATRICES 85

-2
Example 21 1f A=| 4 |,B=[1 3 -6], verify that (AB)’ = B'A".
5
Solution We have
o
A=| 4|B=[1 3 -6
_5_
-2 -2 -6 12
then AB=| 4|[1 3 —6]=|4 12 -24
5 5 15 -30
1
Now A’=[-245,B=| 3
_6_
1 -2 4 5
BA’=| 3|[-2 4 5]=|-6 12 15|=(AB)
-6 112 -24 -30

Clearly (ABY = B’A’

3.6 Symmetricand Skew Symmetric M atrices

Definition 4 A square matrix A = [a,] is said to be symmetric if A” = A, that is,
[a”.] = [a”] for all possible values of i and j.

J3 2 3
Forexample A=| 2 -15 -1 | isasymmetric matrix asA’ = A
3 -1 1

Definition 5 A square matrix A = [a”.] is said to be skew symmetric matrix if
A’ =—A, that isaJi =-a; for all possible values of i and j. Now, if we puti =j, we
havea, =—a. Therefore 2a, =0or a, = 0 for al i’s.

Thismeans that all the diagonal elements of a skew symmetric matrix are zero.
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0 e f
Forexample, thematrix B=| —-e 0 g | isaskew symmetric matrix asB’=-B
-f -g O

Now, we are going to prove some results of symmetric and skew-symmetric
matrices.

Theorem 1 For any square matrix A with real number entries, A + A’ isasymmetric
matrix and A —A” is askew symmetric matrix.
Proof Let B =A + A’, then

B = (A+AY
= A"+ (A (as(A+B) =A"+B)
= A’ +A (as(A’) =A)
= A+A’(assA+B=B+A)

=B
Therefore B = A+A’isasymmetric matrix
Now let C=A-A
C=A-AY=A"-(A)Y (Why?)
= A'-A (Why?)
=—-(A-A)=-C
Therefore C= A —A’isaskew symmetric matrix.

Theorem 2 Any square matrix can be expressed as the sum of a symmetric and a
skew symmetric matrix.

Proof Let A be a square matrix, then we can write
1 1
A==A+A)+=(A-A’
2( ) 2( )
From the Theorem 1, we know that (A + A”) isasymmetric matrix and (A —A") is

1
askew symmetric matrix. Sincefor any matrix A, (kA)" =kA’, it followsthat 3 (A+A")

1 n . .
is symmetric matrix and 3 (A-A') is skew symmetric matrix. Thus, any square

matrix can be expressed as the sum of a symmetric and a skew symmetric matrix.



Example 22 Expressthe matrix B =

skew symmetric matrix.

Solution Here

Let

Now

Thus

Also, let

Then

2 -1
B=|-2 3
-4 4
1
P==(B+B)==
> )
, 3
2
P = —_3 3
2
=
L 2
1
pP==(B+PB’
5 )
1
==(B-B)=
Q=5(8-B)
o 1
2
-1
/: I O
Q 2
> 3
L 2
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2 -2 4
-1 3 4| asthesum of asymmetric and a
1 -2 -3
1
-2
-3
1 4 -3 -3 3
-3 6 2= > 3 1],
-3 2 -6 _
21 3
3] N :
2
1|=P
-3
IS asymmetric matrix.
o 2+
Jo -1 -8 | 2 2
5 6 0 5
- -3 0
L2 ]
E_
3
-3/=-0Q
0
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1 . . .
Thus Q= > (B-B’) isaskew symmetric matrix.
5 B 3| |g Lt S
2 2 2 2|19 5 4
Now P+Q:_73 3 1+% 0 3|=|-1 3 4|=B
3 c 1 2 -3
— 1 -3 - 3 0
| 2 112 ]

Thus, B is represented as the sum of a symmetric and a skew symmetric matrix.

|EXERCISE 3.3|
1. Findthetranspose of each of the following matrices:
> - 15
L1 . -
(i) 3 (ii) {2 3} (i) |3 5 6
1 2 3 -1
-1 2 3 -4 1 -5
2. IfA=| 5 7 9/and B=| 1 2 0}, thenverify that
-2 11 13 1
(i) A+B)Y =A"+B, (i) A-B)Y=A"-PB’
34 121
3. If A'=|-1 2| and B:{ },thenverifythat
123
101
(i) A+BY=A"+PB (i) A-B)Y=A"-PB
4 IfA'—__Z *land B=| ™ O thenfind (A + 2By
' R =| g o thenfind( )
5. For the matrices A and B, verify that (AB)" = B’A’, where
1 0

() A=-4|,B=[-1 2 1] (i) A=|1|,B=[1 5 7]
3 2
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. coso  Sna )
6. If (i) Az{ . ]thenverlfythatA’Azl
—sino.  cosa.
.. sino.  cosa _
@y If Az{ . ]thenverlfythatA’Azl
—cosa  Sina
[1 -1 5
7. (i) Show thatthematrix A=|-1 2 1| isasymmetric matrix.
|5 13
[0 1
(if) Show that thematrix A={ -1 0 1 |isaskew symmetric matrix.
1 -10

. 15 .
8. For the matrix A:{6 7]verlfythat

@) (A +A’) isasymmetric matrix
(i) (A —A") isaskew symmetric matrix

0 a b
y W 1
9. Fde(A+A') andE(A—A’),whenAz -a 0 ¢
-b -c O
10. Expressthefollowing matrices asthe sum of asymmetric and askew symmetric
matrix:
_ (6 -2 2
0| 5} i |2 3 -1
1 -1
- 2 -1 3
.uu 3 3 _1 . 1 5
@y |-2 -2 1 (iv) 1 2
-4 -5 2 B
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Choose the correct answer in the Exercises 11 and 12.

11.

12.

If A, B are symmetric matrices of same order, then AB —BA isa
(A) Skew symmetric matrix (B) Symmetric matrix

(C) Zero matrix (D) Identity matrix

i A< {cosa —sina

i },then A+A’=I,if thevaueof o is
sina cosa.

T T
(A) & B) 3
c 3
©€) = D)

3.7 Elementary Operation (Transformation) of aMatrix

There are six operations (transformations) on amatrix, three of which are dueto rows
and three due to columns, which are known as elementary operations or
transformations.

0

(if)

(ii)

The interchange of any two rows or two columns. Symbolically the interchange
of i and j" rows is denoted by R, <> R and interchange of i and j*" column is
denoted by C, <> C.

1 21 -1 431
For example, applying R, <> R, to A =|-1 J3 1|, weget|1 2 1].
5 6 7 5 6 7

The multiplication of the elements of any row or column by a non zero
number. Symbolically, the multiplication of each element of the i row by k,
where k # 0 is denoted by R, — kR.

The corresponding column operation is denoted by C. — kC,

1 2

-1 3

. 1 1 2
For example, applying C, - =C,, toB=
A -1 3

1
, we get
1}

Nl Ne

The addition to the elements of any row or column, the corresponding
elements of any other row or column multiplied by any non zero number.

Symbolically, the addition to the elements of i row, the corresponding elements
of j™ row multiplied by kisdenoted by R — R + kR]..



MATRICES 91

The corresponding column operation is denoted by C. — C, + kC]..

1 2 1 2
For example, applying R, — R, - 2R , to Cz{z J , we get [0 5} :

3.8 InvertibleM atrices

Definition 6 If A is a sguare matrix of order m, and if there exists another sgquare
matrix B of the same order m, such that AB = BA = I, then B is called the inverse
matrix of A and it isdenoted by A~*. In that case A issaid to be invertible.

(2 3 2 -3 .
For example, let A= andB = be two matrices.

112 -1 2

(2 3] 2 -3
Now AB=_1 ollZ1 2

_[4-3 -6+6 |10 <

2-2 -3+4| |0 1|

1 0 . . .
Also BA = 0 1 =|.ThusBistheinverseof A, inother
words B = A-*and A isinverse of B, i._e.,A =B

1. A rectangular matrix does not possess inverse matrix, since for products BA
and AB to be defined and to be equal, it is necessary that matrices A and B
should be sguare matrices of the same order.

2. If Bistheinverse of A, then A isaso the inverse of B.

Theorem 3 (Uniqueness of inverse) Inverse of a square matrix, if it exists, is unique.

LetA = [a”.] be a square matrix of order m. If possible, let B and C be two
inverses of A. We shall show that B = C.

Since B istheinverse of A

AB =BA =1 - @
Since Cisdsotheinverse of A

AC=CA =1 .. (2
Thus B=BI=B(AC)=(BA)C=IC=C

Theorem 4 If A and B are invertible matrices of the same order, then (AB)?* = B*A™
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From the definition of inverse of a matrix, we have
(AB) (AB)* =1

or A (AB) (AB)* = A (Pre multiplying both sidesby A2)
or (A'A) B (AB)t = A1 (Since A1l =AY

or IB (AB)1=A"1

or B (AB)t=A"1

or B*B (AB)' =B A

or | (AB)1=Bt A1

Hence (AB)t =Bt Al

3.8.1 Inverse of a matrix by elementary operations

Let X, A and B be matrices of, the same order such that X = AB. In order to apply a
sequence of elementary row operations on the matrix equation X = AB, wewill apply
these row operations simultaneously on X and on thefirst matrix A of the product AB
on RHS.

Similarly, in order to apply a sequence of elementary column operations on the
matrix equation X =AB, wewill apply, these operations simultaneously on X and onthe
second matrix B of the product AB on RHS.

In view of the above discussion, we conclude that if A is amatrix such that A=
exists, then to find A= using elementary row operations, write A = 1A and apply a
sequence of row operation on A = |A till we get, | = BA. The matrix B will be the
inverse of A. Similarly, if we wish to find A~ using column operations, then, write
A =Al and apply a sequence of column operations on A = Al till we get, | = AB.

Remark In case, after applying one or more elementary row (column) operations on
A=I1A(A=Al),if weobtain al zerosin one or more rows of thematrix AonL.H.S,,
then A= does not exist.

Example 23 By using elementary operations, find the inverse of the matrix

ol

Solution In order to use elementary row operations we may write A = |A.

L2 b 9% hen |t 2] OlA @pplyingR R —2R
o 2 -1 |o 1|™ 0 —5|"| -2 1|" @PPYINGR, =R, ~2R)



_ - 1 0
1 2] > 1
or 0o 11°12 =2
- - |5 5.
_l E_
(1 0] 5 5
or =
01 |2 1
L5 5
_l Z_
5 5
-1 =
Thus A 2 -1
L5 5
Alternatively, in order to use
1 2] I
=A
2 -1 |
Applying C, — C, - 2C, we get
1 O]
=A
2 5] |

Now applying C, — —%Cz, we have

2
1 =
{1 O} _A 51
2 1 0 =
L 5
Finally, applying C, — C, —2C,, we obtain

12
1 0] L[5 5
01| |2 -1
L5 5

12

5 5

_1:
Hence A 2 41
5 5

1
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. 1
A (applyingR, — — : R)

A (applyingR, - R, —2R))

elementary column operations, we write A = Al, i.e,,

10
01

-2
0 1
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Example 24 Obtain the inverse of the following matrix using elementary operations

01 2
A=|1 2 3].
311
012 100
Solution WriteA=1A,ie,|1 2 3| =|0 1 0|A
311 0 01
1 2 3 010
or 01 2|=|1 0 O|A (applyingR, <> R))
31 1] (001
1 2 3] [0 10
or 0 1 2|=|1 0 OJA (applyingR, - R,—3R))
0 -5 8] [0-3 1
1 0 -1] [-2 1 0O
or 0 1 2|=|1 0 O0|A (aplyingR, - R,-2R)
05 -8| |0 -3 1
1 0 —1] -2 1 0
or 01 2|=|1 0 OfA (applyingR,— R,+5R)
00 2| |5 -3 1
L _12 é 8 A 1
or 01 = £ 3 1 (applying R, — 5 R,
00 1 = = =
< - 2 2 2
111
1 00 2 2 2
or 01 2/=|1 0 O|A (applyingR, - R +R,)
001 |53 1
2 2 2
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,—> R,—2R)

1

— | N 1__ — | N

Tl o oo Tl o oo

-1|A (applying R

1
2

— |~

{__|_
Il 1
7
o O <
O +H O
— O O
I —|
]
o
o
(o) T

=Al,i.e,

Alternatively, write A

-
O N
N ) )
O
~ . "
O (@) o — | N
o o 32 o
O O O @)
N N N N
o N o N — _
o 4 o o | — | — | N | — | N
- O — o O — o ©O o — O o
o 0_ _O — O_ _0 — 0_ — o — o |
< < < < <
1 1 I 1 I
1 I 1 T 1 I 1
(QVIRN - | i — i
o ™ o < m o ™
— ™ — N - N - N
1 L ] — N L ]
[
S S S S
(@] o o (@]
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1
100 213
or 010/=Al1 0 -1| (C,—C,-2C)
5 31
o o 1L
L 2
(1 1
100 3 13
or 010 =A|-40-1] (C,>C +5C)
0 31 5,1
L 2 2
111
100 2 2 2
or 010/=A|-4 3 -1{(C,>C,-3C)
001 |5 3 1
L2 2 2
i 1 %
2 2 2
Hence At=|-4 3 -1
R’ 1
2 2 2

10 -2
Example 25 Find P, if it exists, given P:{ 5 1]

Solution We have P= I P i 10 =21 11 015
ution =IPi.e, = )
e nave e, 5 1 0 1

1

) 1
or 51=1]10 P (applying R, —» 0 R)
-5 1 0 1
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1 2 =0
or = (10 P (applyingR, > R, + 5R))
0 0 1 1
2

We have all zeros in the second row of the left hand side matrix of the above
equation. Therefore, P! does not exist.

| EXERCISE 3.4

Using elementary transformations, find the inverse of each of the matrices, if it exists
in Exercises1to 17.

1 — 2 1 "1 3]
1. 2. 3 |13
2 3 11 2 7]
4 [2 3] 5'2 1] 6'2 5]
5 7 |7 4 1 3
: (3 1] 8'4 5] 9'3 10
5 2] |3 4] 2 7
" [ 3 —1] " (2 -6 12'6—3
4 2 11 -2 2 1
[ 2 _3] 2 1 2 33
13. ) _2 14. . 2] 15. 12 2 3
- - 3 2 2
(1 3 -2 2 0 -1
6. |-3 0 -5 17.15 1 0
2 5 0 01 3

18. MatricesA and B will be inverse of each other only if
(A) AB=BA (B) AB=BA =0
(C) AB=0,BA =1 (D) AB=BA =1
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Miscellaneous Examples

cosO sno

Example26 If A = i
—-sin® coso

cosnb sinnd
},thenprovethat A”:{ },ne N.

—-sinn® cosnod

Solution We shall prove theresult by using principle of mathematical induction.

cos® sind . | cosnd sinnd
We have P(n):If A= i ,then A" = i ,he N
—sin® coso —sinnB cosnb
cosO sSno cosO sSno
PO): A=| (0 Al=|
-sin® coso —sin® coso
Therefore, theresult istrue for n = 1.

Let the result be true for n = k. So

cos® sind hen AK = coskd sinko
—sin® cosh o | | —sink® cosko

wm:A:{

Now, we prove that the result holds for n = k +1

Now Ak+1

AL AK cos® sinO || coskd sinkd
—-sin® cos6

- —-sink0® coskd

[ cosOcoskd —sinBsinkd  cosOsinkd + sincosko
~ | —sin®coske + cososink® —sinBsinko + cosd coskd

[ cos(@+k6) sin(B+ ke)}_[ cos(k+1)0 sin(k+1)e}

| —sin(0+k6) cos(0+ke) | |-sin(k+1)6 cos(k+1)0

Therefore, theresult istruefor n=k + 1. Thusby principle of mathematical induction,

have A" cosn® sinno
we have =l .
-sinnO® cosno

} , holds for all natural numbers.

Example 27 If A and B are symmetric matrices of the same order, then show that AB
issymmetricif and only if A and B commute, that iSAB = BA.

Solution Since A and B are both symmetric matrices, therefore A” = A and B’ = B.
Let AB be symmetric, then (AB)’ =AB
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But (AB) = B’A’= BA (Why?)
Therefore BA = AB
Conversely, if AB = BA, then we shall show that AB is symmetric.
Now (AB) =B’A’
=B A (as A and B are symmetric)
=AB

Hence AB is symmetric.

2 - 5 2 2 5| _ .
Example 28 Let A = ,B= ,C= . Find a matrix D such that
3 4 7 4 3 8

Ch-AB=0.

Solution Since A, B, C are al square matrices of order 2, and CD — AB is well
defined, D must be a square matrix of order 2.

a b .
Let D:[c d]ThenCD—AB=Og|ves
2 5|[a b [2 -1][5 2 >
o 13 8|lc d| |3 4|7 4]
or [2a+5c 2b+5d| [3 0] [0 O
|3a+8c 3b+8d| |43 22| |0 O
[2a+5c-3 2b+5d 00
or =
|3a+8c-43 3b+8d-22| |0 0

By equality of matrices, we get

2a+5c—-3=0 - (D)

3a+8c-43=0 - (2

2b+5d=0 - (3

and 3b+8d-22=0 .. (4)

Solving (1) and (2), we get a=-191, c = 77. Solving (3) and (4), we get b = — 110,
d=44.

Therefore D= {a b} =

-191 -110
c d

77 44
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Miscellaneous Exercise on Chapter 3

01
Let A :{0 0} , show that (al + bA)"=a"l + na"~1bA, wherel isthe identity

matrix of order 2 and ne N.

_1 1 1 3n 1 3n 1 3n 1
If A=|1 1 1|,provethat A® 3 3" 3"1 n N.
_l l 1 3n 1 3n 1 3” 1
(3 - . |1+2n —4n _ -
If A= , then provethat A" = , Wherenisany positive
1 -1 1-2n

integer.
If A and B are symmetric matrices, prove that AB — BA is a skew symmetric
matrixX.

Show that the matrix B’AB is symmetric or skew symmetric according asA is
symmetric or skew symmetric.

0 2y z
Find the values of x, y, zif thematrix A=|x y —z| satisfy the equation
X -y z
A'A =1.
1 2 0f|0
For what valuesof x: [1 2 1]|2 0 1||2|=0?
102

3 1
If A:[ 1 2]showthatAZ—SA+7I =0.

Findx,if [x -5 -1]

N O B

0 2
21
0 3

R N
I
@)
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11.

12.
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A manufacturer produces three products X, y, z which he sells in two markets.
Annual salesareindicated below:

M ar ket Products
I 10,000 2,000 18,000
1 6,000 20,000 8,000

(&) Ifunitsalepricesof x,yand zareRs2.50, Rs 1.50 and Rs 1.00, respectively,
find the total revenue in each market with the help of matrix algebra.

(b) If theunit costs of the above three commodities are Rs2.00, Rs 1.00 and 50
paise respectively. Find the gross profit.

-7 -8 -9
2 4 6
If A and B are square matrices of the same order such that AB = BA, then prove
by induction that AB" = B"A.. Further, prove that (AB)"=A"B" for all ne N.

12 3
Find the matrix X so that X =
4 5 6

Choose the correct answer in the following questions:

13.

14.

15.

L K R R R 2R 2

IfA= is such that A2 =1, then

(A) 1+o2+Py=0 (B) 1-o2+Py=0

(C) 1-o02-Py=0 (D) 1+o2-Py=0

If the matrix A is both symmetric and skew symmetric, then

(A) A isadiagona matrix (B) A isazeromatrix

(C) A isasqguare matrix (D) None of these

If A issguare matrix such that A2=A, then (I + A)3—7 A isequal to

(A) A (B) 1 -A © 1 (D) 3A
Summary

A maitrix is an ordered rectangular array of numbers or functions.

A matrix having mrows and n columnsiis called a matrix of order m x n.

[a],., isacolumn matrix.

[a”.]lxn is arow matrix.

Anm x n matrix is a square matrix if m=n.

A= [alj]mxm is adiagonal matrix if a; = 0, wheni #j.
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A =1a],,, isascaar matrix if a; = 0, wheni # j, a, =k, (k is some
constant), when'i = j.

A= [alj]nxn is anidentity matrix, if a;=1, wheni =j, a, =0, wheni # .
A zero matrix has al its elements as zero.

A= [a”.] = [bij] =B if (i) A and B are of same order, (ii) a, = b”. for all
possible values of i and j.

A = K, , = K@), .,

—A=(-DA

A-B=A+(-1)B

A+B=B+A

(A+B)+C=A+ (B +C), where A, B and C are of same order.

k(A + B) = kA + kB, where A and B are of same order, k is constant.
(k+1)A=KA +IA, where k and | are constant.

thenAB=C=[c,] . Where ¢, = jzn;aij bk
(i) A(BC)=(AB)C, (ii) AB+C)=AB+AC, (iii) (A+B)C=AC+BC
IfA=[a], . thenA”orAT=[a]

i) (A=A, (i) (kKA)Y =KA’, (iii) (A+B)Y=A"+B’, (iv) (AB) =B’A’
A isasymmetric matrix if A" = A.
A isaskew symmetric matrix if A = —A.

Any square matrix can be represented as the sum of a symmetric and a
skew symmetric matrix.

Elementary operations of amatrix are asfollows:

() R« R orCC

(i) R > kR or C — kC

(i) R > R +kRj or C — C +ij

If A and B are two square matrices such that AB = BA = I, then B is the
inverse matrix of A and is denoted by A= and A isthe inverse of B.
Inverse of asquare matrix, if it exists, isunique.

IfA=[a]

ijdmxn

andB=[b

anp

—_— e —



