aftryr H&d A fgamdte aentor

(Complex Numbers and Quadratic Equations)

*® Mathematics is the Queen of Sciences and Arithmetic is the Queen of
Mathematics. — GAUSS %

4.1 4fuewr (Introduction)

felt sensti § g Wb 31X T =X 1 Teh =i gt
1 AT T =R HI TG THIRON 1 eI TR B
T 2@ © T THiRT0T x2 + 1 = 0 1 hiE ar&diaes ga Tel
T HF 2+ 1=08 BH x2=— | T o1 ¢ 3R T&E
AT & 1 a7 S0 Bidl § Wiy artaeh e
TUTeR 1 988 YUl o &9 § 9@ 1 STEvIehdl © forad
o 9 TR0l x2=— 1 1 8 U< Y Toh | a%adl H, &
IEYT FHHEWT ax2 + by + ¢ =0 1 A U T B, Sl
D=5~ dac <0 ?,ifw orafas Genst & goret §

e %l W.R. Hamilton
4.2 wfmgr =Mt (Complex Numbers) (1805-1865 A.D.)

TH Heq e fh (] Tehad | W TEfId 1 9 7 i =1 9T B 21 Tkt arced
2 R i g 2+ 1 =0 & T 7 2

a+ib o Y I Tk G S&l g AN b ardios GAC &, Th GiHs G

_1 .

TR Rl Bl SR F fAU, 2403, (< 1)+ i3, 4+i[ﬁ] aftnyg e 2|

G §& z=a + ib o ToIU, o ARATaER W FHEAE © 991 Rez g0 Fefud
foran STl © 31X b SHTeuteh W Sheeldl @ qe Imz 510 Fefua fohan St 21 3o
% o, afk z=2+i5, 7@ Rez =2 3 Imz =53 wfAs Head z =a+ib A z,=
¢+ id T9H B afg a=c3Rb=d
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SETETOT 1 A 4x+iBx—y) =3 +i (— 6), &l x 3N  TRdfah FEA €, a9 x 3R y
M IS
T e fen
4x+i(Bx—y)=3+i(-6) . (1)
T 3R o arEdfash qe1 HTeufdh 9N i THE od g, %ﬁW%ﬁT%
4x=3,3x—y=-06,
3 33

9= g7 70 FH ), x=z?ﬂﬁ'{ y=7

4.3 wftmsr Gt o sierTuta (Algebra of Complex Numbers)
39 9 H, B9 Wiy S & e o1 foaew w3l

43.1 gt qfme, G&Iell’ &1 I (Addition of two complex numbers) IS
z,=a+ib 3 z,= c +id 1§ A WHAF HEAT 8| T z, +2z, % A7 I FrAfafed &9
T oRenfya femen S 2:
Zl+zz=(a+c)+i(b+d),Gﬁﬁﬁ?f:@ﬂ'ﬁﬂ%ﬂ;@l’l%l
IR &k T, Q+B3)+(—6+5)=Q2-6)+i(3+5)=—4+i8
aftnyg "enst o @ frefafas won #1 9ge w9 2
() Haver Fram < wfins GEmsl o1 dnthel Tk GiHs SE e ¢, a1t
Wﬂmﬂwaﬁzlﬁmzz%W,ZI-FZZWW%T#@T%I
(i) w7 fafaa frag fel < wfwms gemst z, a1 2, & fag
Zl-i-zz=zz-i-z1
(i) '\’?73?'&' frem fe=t d9 afmy et z,z, 91 z, e faq
(z,tz) tz,=z +(z,+ z).
(iv) TNTTHE dEHE T e T & 0+ 70 (0 o g S90Sl @),
TN qeweh 1el Y WA GeA Heam ¢ foad 6 g afmy
A z,z+ 0=z
(v) IR Gfaend @7 effide Y 9y 9@ z=q + ib, & foau &d
T F&A —a + i(— b) (— 2o GRI A ST 7) W Bt €, SHifeh Fmesh
el 1eEl z 1 Ul heddl g1 B9 U Wi € TR oz + (2)=0
(TS qcTHh) |
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4.3.2 T Gftmsr gEErei’ &1 3iav (Difference of two complex numbers) Tz 1 T8
ity gems Zl?ﬂﬁ'{ z, 1 FHA Zl—zzﬁ'ﬁl R 9 gRenfid fepan s 2
2z, —z, =z, + (—z,) SN (6 + 3i) — (2 — i) = (6 + 3 i) + (-2 + i) 3
2-)+(=6-3i)=—4-4i

4.3.3 @i g&meit &1 7T (Multiplication of two complex numbers) I Tt
z,=a+ib WM z,=c + id FIE q WY TS 2| @ G z, .z, FrEfAfEd w9
Y gitwfea femen man €:

z, z,= (ac — bd) + i(ad + bc)

IR o AT, (3+i5) (2 +i6) =3 x2-5%x6)+i(3 x 6+ 5 x 2)=—24+ 28

wftny el o UM 1 wiewa § FEttEd WO i e

(i) Heler fram < Wiy gemetl &1 UHwd, T Gy §ern g €, 9
qfmy wemst 2, 9o 2, o o, PR 2, 2, Th 9fEg e B 2

(i) A Tafoa fram fo=i <1 afms gemet 2, qen 2, o fog,

ZIZZZZZZI
(i) Wﬁﬂﬂﬁlﬁ'fﬂﬁ?ﬂ'&qﬁmﬁzl,zzﬁm%ﬁm
(z,2,) z,= z, (2, 2y)

(iv) TIUTIeHeR ToHeh ohl JTRe TS §& 1+ 0 (1 o §RI <1 Sl @),
TUTTTeR dedWeh 19791 Wehel WIHST W& wheadl 8 forad for s aftmy
H;@ITZ&'TT\FTQZ.1=Z

(v) TuTHeE Afaem o SIfe Y% YRR Wiy "Wem z=a +ib

(@a#0,b=0) & fau, g wfmg F@en aQerzﬂ'aerb2
z! % R U1 Sl ©) W Bl €, 2 k1 oA Ffaet™ e ¢ forad

1
(— ateraT
z

IED z.§=1 (T[UTcHe qcHE)
(vi) e fram fo=dl o wfmy wemed 2, z, z, & fau

@ z,(z,tz)=z 2 +zz
(®) (2, + z,) Z§ =z z,tz 2 .
4.3.4 I Gftgsr &3l &1 YTTHE (Division of two complex numbers) TH=i |

& g Afg wemet 2 e z, % fa, SR z, # 0, Iwa j—;ﬁtﬂ%f@aw@
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S j—;:zli

IR % fo, W fz, =6+ 3i W 2, =2

RE] i:EF+3i)X

)

2, )
E

1 C J
2—1'E: (6+3i) ﬁ22+(_1)2 22+(_1)2

R+i[

= (6+3i)BTE

= % HB2-3+i(6+6) =%(9+12i)
4.3.5 i @& 1T (Power of i) TH I g

: 1 lxz
1 - — =& - =
P S

1
am= w9 °, fedt Tﬁa; k% fom, =1, % =) M 2= #3=_

4.3.6 TFH B/UT qrEfdes Q&I & d’f‘-!\(*i (The square roots of a negative

real number)

T 2 P=—13R (—ip=p£=—1.390 — 1 & =iget ; 3K —; €
Tafu fag | Jo7, @1 3¢ R fow smea i B

39 B @ Wehd § TR i 3 —i A THIHT 2+ 1 = 0 12 k2= -1 F TA 2

= TR, (\Bi)2=(\@)2 2=3(1)=-3
S (-v3i) = (-\3) 2=-3
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iy gead iR fgorde wfeo g7

ERISI _3% wiga 3 i 3R 32l
R o Shaet /3 1 WA & fau @ gl 23 1 5@ TR S g, e

V=3 = 3i.
Y= A ¢ Tk YT aredfash §@M ®, 99 g = Ja =1 = Ja i,
T WA 2 T Al uATe artas Hemsl o 3R b o AU Jaxfb=Jab T
qRomy q& ft 9 B, S 0> 0,b<0AMa <0, b> 0.
1 BN ? A a<0,b <0, BH THH! Sra Hd B
e FC R 2= V-1 V-1 = J=D)(=1) = V1 =1 S 39 o %1 faiaes & %
2=l
AT, Jax/b=Jab & a 3R b A RO GEdlaS q@AW €
AN AR g 3R b S H T FE off T 7, 990 W< T4 T Jaxb=vab =0
4.3.7 dwdes (ldentities) T0 TAfafed aaads & fag & &
ﬁﬁﬁ@r@%u@aﬁzlaﬁtzﬁam
(z,tz,)=z2+z2+2zz,
sSqufa %ﬁw@?ﬂ%,(zl+zz)2=(zl+zz)(zl+zz)
= (ZI+ZZ)ZI+ (Zl~0-zz)z2 (e ﬁ'é:rq)
=z} + 2,2, + 22, + 2} (s fram)
=zl +2z2,+z2,+ 25 (O w1 % fatE =)

=77 +2z2,+ 2,
3 wifq &0 frafafed a1 fag w0 w8
@) (zl—zz)zzzlz—Zzlz2 + 27
(i) (z+z, )3 =z} +320z, + 32,25 + 23
(i) (z -2z )3 =z 32}z, +32,25 - 7,
(iv) 212—Z§=(ZI+22)(21—22)

aree ¥ 9gd ¥ T q@Hb] Rl Sifer qeft St gems & foy g €, g
ity wemsl w1 goa o fau fag fman s gwar 2
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SareEor 2 frefafad il g +ib o ®9 § o A
0 (-5 [%lj i) () (2i) (—éij

NEY -5, -5 5 5
w (i) (-50) [glJ = ?12 = ?(—1) -5-gtio
. . . 1,3_ 1 _5_1 '22'_1'
W (_Z)(zl)(_fﬂlj P “mel) o
SETETOT 3 (5-3i)° Bl a+bis &I H K HL:

T BH W@ R, (5-3i) =5 —3 x5 x (3i)+3 x5 3ip - (3i)
=125 225i— 135+27i =— 10— 198i

s 4 (BV2)(23 i) F g+ i w9 o
T BH W ® (—\B+\/3)(2\B—i) =(—\B+\/5i) (2\5_,')

= 6+ + 246 —277 = (6 +32)+B(1+242)i

4.4  Qitmgr G@N T AR 3T WY (The Modulus and the Conjugate
of a Complex Number)

M Y 2 = ¢ + ib Tk FHY T&N 21 q z HT 1k, S | z | GRI <1 €T ©, i
FOR e G& [,2, p2 §R R fRan S ® etefd |z = 2,2 ¥R
Z 1 G, S 2 gRI SwiEn Sl ®, Wi W' g — b e ®, i 7 = a—ib
SR F AT, | 34| =32 +12 =10, | 2-5i | =422 +(-5)* =429,

R 34i=3—j, 2-5i=2+5i, 3j—5=3i-5

&0 U i § TR RORR Wiy W@l 2 = o + ib 1 S Fiaed ™

1_a+i—b_a—ib_z
a+ib  a*+b AP +b A +b |z
afefiq. zz=|z[

ama: fer=l & |y Hemstl 2, @ 2z, o fau frafafed fsel w1 g 9 =g
foha =1 wWehal B:

1=

7, @R
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qftny e &R fgenda geieo

_lz]
() |z z|=|z]|2] G |7 —|Z—2,m°<|zz|¢o
(i) 2z =2z, ) zt5=7%z
I
v) 5 ) 3 gz, # 0.

JEEI0T 5 2 — 3 o1 TUNcHSR Uael™ H1d hifsTg)
7 HA fon z=2-3i

Tz =243 |z [ =22 +(-3)*=13
AT, 2 — 3; o1 TUICHS Hfqa™

z 243 2 3.
= =—+—Iiq |
|2 13 13 13 e &

SR T T 9} ga frefafed €1 9 off fKErn s g 2
1 243 243 243 2 3.

1= +—1

2-3 (2-30)(2+3) 22-(Gi) 13 13 13

N

32T 6 FHAfafEd &1 ¢ +ib F ®9 H TE R

5442 s
0 (i) 1

o5+ 5+\/§ixl+\/5i_ 5452 +2i -2
O TR TS e 1_(@)2

_3+6V2i 3014220 _ 14 23
1+2 3

. 1 .
@i ¢ =.—=—=—.X; =571
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| womeet 4.1 |
YT 1 § 10 Tk ohi 9iHY GeAel | Ydd bl o +ib & ®Y U Had hifed|

o)

4. 3T+iD+i(T+i7) 5. (1—i)—(—1+i6)

[ (e
o))

T 11 ¥ 13 I 9wy gemet ¥ yodd &1 [OnHE Jidald A sifs)
11. 4- 3i 12. J543i 13. —i
14. frafafed =9 &l g + ib o €9 | e HI9C;
(3+i/5) (3-i5)

(V3++2i)-(V3-12)
4.5 3T T 3T ‘%T:ﬁ'q T%=uur (Argand Plane and Polar Representation)
S o 39 e 9 € Sd © o ardfass qeme (x, y) & 9% hind g % 9,
T XY d@ ¥ 3 IReie o9 @l & v
e ¥ {928 x— 218 y — 318 g M S
2, T fgd fog W g 21 eveffq
qftgy 9@ x + iy & S HUd JH
(x,») é?‘?TWH'%,?Rﬁ'ﬁ T Afga ﬁﬁg
(x, y) o &9 ¥ A feger fepan s

Hehdl 21 I8 HUA faaimd: T 2
w® wimy gemst 99 2 + 4,

.9 .19 .—39
c 1+ 3.4

o
|
|

(S8

a
TN
| —
_J’_
W o
~
|
TN
N
_J’_
N | i
~
N

8. (1—i)

o

Xl

431041024005 2i Loim  EESTD °Fd,-2)
Stk shifd i (2, 4), (-2,3), (0,1), (2,0),

(-5,-2) 31T (1, -2) @5 ET4 B,

aTepfa 5.1 # feigeti A, B, C,D,E 3R F Y

3N sAfadta o faan T 2l MeRfa 4.1
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T, foad g fog i T aftus
e gr1 fAfdee feman o 7, |fmy 9a
T efs e Fweed 2
3Me ad H 9fmg W& (x + iy) R
A 95 P(x,y) ¥ 7@ fag 0(0,0) &
= ®T W FRT U@ @Al @
(3Rt 4.2)1

x—31e7 W fag, afmy wemnst
a+i0F9 ok I T T Ry W

>~

P(x, y)

v Q(x,~y)
Y

3Hfd 4.3

iy gead iR fgorde wdfem o1

Y
{xﬂ
+

P(x, )

X € > X

(0,0)

A 4
¥
3THTd 4.2
foig, wftgs g@mst 0 + /b &9 & 97d B
gl e aa § x—31et 3R )—37e1 HU:
Sdfeeh 3187 3R HTeufTeh 318] FHeeld Bl

Wf@ﬂ?fﬁﬂﬁ?%ﬂ@z=x+iy
3R THhT H’ﬂ"":ﬁ z=x—1iy ET) ﬁvlg?::ﬁ
P(x, y) 3R Q(x, —y) & gN f&fua fFan
W%IW’QW@,%@(&—”W
aa%aﬁaﬁ'g(x,y)wﬁwuﬁm
FEAM € (STH 4.3)1

Tafaa saEwor

(3-2i)(2 +3i)
3alglul 7

(3-2i) (2 +3i)

(20 (2—7) T 93 T Hif

&l Tl

_ 48-36i+20i+15_ 63-16i

_ 6+9i-4i+6 12450 4-3i
A+2)2-i)  2-i+di+2

4+3; 4-3i

6316,

16+9

16
_+_
2505

(-2i)(2+3i) 63
(+2i)(2—7) ™ wFH,

= i
25 25 25

Reprint 2025-26



92

Tfora

a+ib

SETEIU 8 AR x+iy="_ g, fag wifee ff 2+ )2 =1

7ol B0 W ®, XY by @ ib)

gHfeTT, x — iy =

(a+ib)(a+ib)  a*>-b>+2abi a*®-b>

2ab

a’+b’ Cat+b?

@ -b>  2ab
a’+b*> a*+b*

(a2_b2)2 4a2b2

WW x2+y2:(X+iy)(x_iy):(a2+b2)2+(a2+b2)2

ok

(a*+b*)*
(P47

T 4 T fafaer gyracit

1

{ilg +GTT 1 WH T

. Wﬁﬂmﬂmﬁzlﬁzzim,mw:

Re (z, z,) = Rez, Rez, — Imz, Imz,

RS [ CA—

1—4i 1+i)\ 5+i
. a_lb 2 2 _az+b2
g x—iy= -, , @ fag wifs foe (x° + )2 )_c2+d2
N PR .- e
zZ, =2-1,z,= I 22yt <l HIH AT |
N2 2 2
X+i x“+1
2rl”?;a+ib=( > ) , fag =ifsw 5, a2+b2:%
2x" +1 (247 +1)
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10.

11.

12.

13.

14.

gftny "ot o fgorda i 93
Az, =2—i,z,=-2+i, f &1 91 fepifer)

() Re [TJ (i) Im[%}
Zy 214

A (x—iy) (3 +5i), —6—24i 1 FH T A1 SRfaeh A x 3R p A HIY

1+i 1-i

1= 147 1 HI9Ih 1A IS

A (x + iy) = u + iv, T T R §+§=4<x2—y2)

B—a
1-ap

af% o 3 p fort wfimy ded € W=l |p|=1, T F1 WA T i

TR |1 | = 2" o YW Uik qell i HEA F IS
I (a + ib) (c + id) (e + if) (g + ih) = A+ iB?
@ AT F (a2 + ) (2 + ) (¢ + f2) (& + 1) = A+ B?

1+1i

aﬁ[l—_J =1, qt m 1 =9 quiish WH F1G Fifea

RIS

& a+ib o UEY HI Tk G, SEl ¢ 3N b A& G&ad 7, Tk |ty ge

FEA ©, o GHH T@N w1 GG AN SR b TEERT FHIUTEH 9
el Bl

& WMz, =a+ib 3R z,=c+id, T

(1) z, tz,=(a+c)+i(b+d
(i1) z,z, = (ac — bd) +i (ad + bc)

¢ freht YR 9ftus §&A z=a+ib (a#0, b= 0) o fau, T dfmyg e

a —b 1
+ a2+b2,wa?ﬁaa%ﬁm%,sﬁ ;mzlgruﬁﬁf%ﬁww%

I
a’ +b?
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ﬁzwwmwéﬁﬂﬁﬁs(mib)( +img 2 )

a .
a’+b*  a’+b’
= 1+i0 =1 B 2
¢ WWka;m’l%k:1’i4k+l:i’l‘4k+2:_ljl‘4k+3:_l'
o UMY T&A z=q+ib FTFH z U FAR= fFa1 ST € iR 7 =a—ib
ST 3@ S )

freriaen gEgn

FATA = 39 24 Kl B A1 foh Teh 0 G&AT oh A 1 Arfolsh Gl
q@ﬁﬁﬁémﬁﬂﬁ%mw I RATE TOTdT Mahavira (850 o)
1 orar @ foei gduem 38 SieE &1 wed: seo@ faan “S=ia e
wpfa i A/ Wug' ¥ "arn 6 & (Ufn) s gofert (ufen) 1 2, e
TqH Figa & Bar 21’0 UH R AR 0GR Bhaskara 3 1150 2o H
AU pfq ‘semfoma’ o off faen @, “wo afer &1 w1 aige @ g ?
Fiifer 78 Tk of T 21" Cardan (1545 32) 3 x+y =10, xy =40 HI &
T H S FHE WA A SR x =5+ /215 @y =5- -15 TWh
T o B9 | T fopan 99 S W et & i 3 et =39 (useless)
g1 Albert Girard (ST 1625 %) = =01 FeAET & T HT WHR A 3R
el foh, SHY TH IgUK HIR i fSat =1d B, 3 o W I | 9am
BT Euler & Ta9e™ J-1 I [ Tohdd A forar 9em W.R. Hamilton (T
1830 o) 3 TH Y[ OIS TR SHT TR TR  Ficqfeh T&' 5w
%I BIed gL AHY T g + ib T Ad(aeh Q&S o hiAd W (a, b) o €9
¥ yeqa foa

4

 —
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