Chapter

PRINCIPLE OF MATHEMATICAL

INDUCTION

4.1 Overview
Mathematical induction is one of the techniques which can be used to prove variety

of mathematical statements which are formulated in terms of n, where n is a
positive integer.

4.1.1 The principle of mathematical induction

Let P(n) be a given statement involving the natural number n such that
(i) The statement is true for n = 1, i.e., P(1) is true (or true for any fixed natural
number) and
(i) If the statement is true for n = k (where k is a particular but arbitrary natural
number), then the statement is also true for n_= k + 1, i.e, truth of P(k) implies
the truth of P(k + 1). Then P(n) is true for all natural numbers 7.

4.2 Solved Examples

Short Answer Type
Prove statements in Examples 1 to 5, by using the Principle of Mathematical Induction
for all n € N, that :
Examplel 1+3+5+...+Q2n-1)=n?
Solution Let the given statement P(n) be defined as P(n) : 1 +3+5+.+ 2n—-1) =
n?, for n € N. Note that P(1) is true, since
P(l):1=12
Assume that P(k) is true for some k € N, i.e.,
Pk):1+3+5+...+Q2k-1)=k?
Now, to prove that P(k + 1) is true, we have
1+3+5+..+R2k-1)+2k+1)
=K+ Q2k+1) (Why?)
=k +2k+1=((k+1)?
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62 EXEMPLAR PROBLEMS — MATHEMATICS

Thus, P(k + 1) is true, whenever P(k) is true.
Hence, by the Principle of Mathematical Induction, P(n) is true for all n € N.

n(n—1) (n+1)

n—1
Example 2 > t(r+1)= , for all natural numbers n > 2.

t=1

Solution Let the given statement P(7), be given as

n(n-1) (n+1)

n—1
P(n): 2 tt+1)= , for all natural numbers n > 2.
=1

We observe that

2-1 I 123
PQ2): X t+D) = Yr(t+1)=12 =——
t=1 t=1
2.2-1)(2+1)
B 3
Thus, P(n) in true for n = 2.
Assume that P(n) is true for n = k € N.
k=1 k(k=1)(k+1
ie., Pkk) : 2 t(+]) = kD&
=1 3
To prove that P(k + 1) is true, we have
(k+1-1) k
> t(r+]) = Zt(t+1)
=1 t=1
k-1 _
= St +1)+k(k+1) :W%(ml)
t=1
k k(k+1)[k—l+3:| _k(k+D)(k+2)
3 3
(kD) ((k+D)-1) ((k+1)+1)
- 3

Thus, P(k + 1) is true, whenever P(k) is true.

Hence, by the Principle of Mathematical Induction, P(n) is true for all natural
numbers n = 2.
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PRINCIPLE OF MATHEMATICAL INDUCTION 63

Example 3 (1—%)_(1—Lj_”(1_ij=n_+l, for all natural numbers, n > 2.
2

3? n’ 2n

Solution Let the given statement be P(n), i.e.,

1 1 1 n+l1
P(n) : 1_2_2 . 1_3_2 1_n_2 :3,forallnaturalnumbers,n22

We observe that P (2) is true, since

Assume that P(n) is true for some k € N, i.e.,

1 1 1 k+1

Now, to prove that P (k + 1) is true, we have

1 1 1 1
I-— || 1= |..[1-= |.[1-
s e
R K42k (k+1)+1
T2k | (k4P ) T 2k(k+D)  2(k+1)

Thus, P (k + 1) is true, whenever P(k) is true.

Hence, by the Principle of Mathematical Induction, P(n) is true for all natural
numbers, n > 2.

Example 4 2> — 1 is divisible by 3.

Solution Let the statement P(n) given as
P(n) : 2°" — 1 is divisible by 3, for every natural number n.
We observe that P(1) is true, since
2> —1=4-1=3.1isdivisible by 3.
Assume that P(n) is true for some natural number &, i.e.,
P(k): 2%~ 1 is divisible by 3, i.e., 2% — 1 =3¢, where g € N
Now, to prove that P(k + 1) is true, we have
Pk + 1) : 22D 1 =2%+2_ 1= 2% 221
=2% . 4-1=32% +(2%-1)
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64 EXEMPLAR PROBLEMS — MATHEMATICS

=3.2%+ 3¢
=3 (2*+ g) =3m, where m € N
Thus P(k + 1) is true, whenever P(k) is true.
Hence, by the Principle of Mathematical Induction P(n) is true for all natural
numbers 7.
Example 5 2n + 1 < 27, for all natual numbers n > 3.
Solution Let P(n) be the given statement, i.e., P(n) : (2n + 1) < 2" for all natural
numbers, n > 3. We observe that P(3) is true, since
23+1=7<8=2°
Assume that P(n) is true for some natural number k, i.e., 2k + 1 < 2*
To prove P(k + 1) is true, we have to show that 2(k + 1) + 1 < 2¥!, Now, we have
2k+1)+1=2k+3
=2k+1+2<25+2< 2K, 2 =2k1,
Thus P(k + 1) is true, whenever P(k) is true.

Hence, by the Principle of Mathematical Induction P(n) is true for all natural
numbers, n > 3.

Long Answer Type

Example 6 Define the sequence a,, a,, a,... as follows :
a,=2,a =5 a_, for all natural numbers n 2 2.
(1) Write the first four terms of the sequence.
(i) Use the Principle of Mathematical Induction to show that the terms of the sequence
satisfy the formula a = 2.5""' for all natural numbers.
Solution
(i) We have a, =2
a,=5a, =5a,=52=10
a,=5a,  =5a,=5.10=350
a,=5a, =5a,=550=250
(i) Let P(n) be the statement, i.e.,
P(n) : a = 2.5 "' for all natural numbers. We observe that P(1) is true
Assume that P(n) is true for some natural number £, i.e., P(k) : @, = 2.5 ".

Now to prove that P (k + 1) is true, we have
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PRINCIPLE OF MATHEMATICAL INDUCTION 65

Pk+1):a,  =5a=5.(25"
=2.5¢k=2.5k+ 11

Thus P(k + 1) is true whenever P (k) is true.
Hence, by the Principle of Mathematical Induction, P(n) is true for all natural numbers.
Example 7 The distributive law from algebra says that for all real numbers ¢, a, and
a,, we have ¢ (a, + a,) = ca, + ca,.

Use this law and mathematical induction to prove that, for all natural numbers, n > 2,
if c,a,, a,, ...,a are any real numbers, then

c(a, +a,+..+a)=ca +ca,+..+ca,

Solution Let P(n) be the given statement, i.e.,

P(n):c(a,+a,+..+a)=ca +ca,+.. ca, forall natural numbers n 2 2, for ¢, a,,
a, ..a € R
We observe that  P(2) is true since
cla, + a,) =ca, + ca, (by distributive law)
Assume that P(n) is true for some natural number k, where k > 2, i.e.,
P(k):c(a, +a,+..+a)=ca +ca, + ..+ ca,
Now to prove P(k + 1) is true, we have

Pk+1):c(a +a,+..+a +a,_)

=c((@ +a,+..+a)+a )

=c(a, +a,+..+a)+ca, (by distributive law)

1

=ca, +ca,+ ..+ca +ca,,
Thus P(k + 1) is true, whenever P (k) is true.

Hence, by the principle of Mathematical Induction, P(n) is true for all natural
numbers n > 2.

Example 8 Prove by induction that for all natural number n
sin o + sin (o + ) + sin (o + 2B)+ ... + sin (ot + (n — 1) B)

sin (0L + %_1 B)sin (nﬁj

B 2
)

Solution Consider P (n) : sin o + sin (o + ) + sin (ot + 2B) + ... + sin (o + (n — 1) B)
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66 EXEMPLAR PROBLEMS - MATHEMATICS

sin ((x+n—_1[3) sin(n—[ﬂ
2 2
= B , for all natural number 7.
sin (j
We observe that
P (1) is true, since
sin (0t+0)sin l;
P():sina= —B
sin—
2

Assume that P(n) is true for some natural numbers %, i.e.,
P (k) : sin o + sin (o + B) + sin (o + 2PB) + ... + sin (o0 + (kK — 1))

sin (0c+%ﬁ) sin(ﬁ)

_ 2
s@

Now, to prove that P (k + 1) is true, we have
P (k+1):sin o+ sin (o + B) + sin (o + 2B) + ... + sin (o + (k- 1) B) + sin (a0 + kP)

. sin (a+%[3) sin (kzlﬂ
sin(i)

sin(oc+k2_1B)sinkzﬁ+sin((x+kﬁ)sin2
- sinE
2
cos(oc—g j— cos(oc+k[3—S]+cos(oc+k[3—l§)—cos(oc+kﬁ+2)
B B

2sin -
2

+sin (o +kP)
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PRINCIPLE OF MATHEMATICAL INDUCTION 67

) COS(G—Sj—cos[owk[H gj
) B

2sin -
2

sin(oc+kzl3jsin[kﬁz+ﬁj
B

sin

Sin[owkzﬁj sin (k+1)(§j

B

sin —
2

Thus P (k + 1) is true whenever P (k) is true.

Hence, by the Principle of Mathematical Induction P(») is true for all natural number n.

Example 9 Prove by the Principle of Mathematical Induction that
Ix1!+2x2!+3x3!'+...+nxn!=(n+1)! -1 for all natural numbers n.

Solution Let P(n) be the given statement, that is,
Pn): 1 x1!1+2x2!'+3x3!+..+nxn!=(m+ 1) —1 for all natural numbers 7.
Note that P (1) is true, since
P():1x1!=1=2-1= 2! —1.

Assume that P(n) is true for some natural number %, i.e.,
Ph)y: 1 x1!+2x2'+3x3!+.. . +kxkl=>(+1D!-1
To prove P (k + 1) is true, we have
Pkh+1D):1x1!+2x21+3x31+ .. +kxkl+(k+1)x(k+1)!

=k+D)! =1+ (k+D!'xk+1)

=k+1+1) k+D!-1

=k+2)k+ D! -1= (k+2)! -1

Thus P (k + 1) is true, whenever P (k) is true. Therefore, by the Principle of Mathematical
Induction, P (n) is true for all natural number 7.

Example 10 Show by the Principle of Mathematical Induction that the sum S of the
n term of the series 12 +2 x 22+ 32+ 2 x 42+ 52+ 2 x 6* ... is given by
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68 EXEMPLAR PROBLEMS — MATHEMATICS

2
nn+1 e
(—), if niseven

" P+

, if nisodd
2

n(n+1)> .
g, when 7 is even

Solution Here P(n) : S, =

2
w, when 7 is odd

Also, note that any term T of the series is given by

n

n* if nis odd
2n? if nis even

We observe that P(1) is true since

1.2 12.(1+1
P(l):SI=12:1=7= (2+)

Assume that P(k) is true for some natural number %, i.e.
Case 1 When £k is odd, then k£ + 1 is even. We have

Pk+1):S =1P+2x2+..+kE+2x(k +1)
k*(k+1
_RkAD ks 1y
2
(k+1) 2 ) ) ) , 2(k+1)
=T [+ 4+ D] (@askisodd, 17+2x 2>+ ...+ k =k T)

k+1
T[k2+4k+4]

k+1 k+1)+1)?

B k2= (4 1y WA DHIE
2 2

So P(k + 1) is true, whenever P(k) is true in the case when k is odd.

Case 2 When £ is even, then k + 1 is odd.
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PRINCIPLE OF MATHEMATICAL INDUCTION 69

Now, Pk+1):12+2x2>+ .. +2.k2+(k+1)?

k(k+1)°

k+1)°
:T+(k+1)2 (askiseven,12+2x22+...+2k2=k( )

)

(k+1)" (k+2)  (k+1)> (k+D)+1)
2 2
Therefore, P (k + 1) is true, whenever P (k) is true for the case when k is even. Thus

P (k + 1) is true whenever P (k) is true for any natural numbers k. Hence, P (n) true
for all natural numbers.

Objective Type Questions
Choose the correct answer in Examples 11 and 12 (M.C.Q.)
Example 11 Let P(n) : “2" < (1 x 2 x 3 x ... x n)”. Then the smallest positive integer
for which P (n) is true is
(A) 1 B) 2 © 3 (D) 4
Solution Answer is D, since
P(1):2<11isfalse
P(2):2°< 1 x 2is false
P(3):23<1x2x3is false
But P(4):2*<1x2x3x4istrue
Example 12 A student was asked to prove a statement P (n) by induction. He proved

that P (k + 1) is true whenever P (k) is true for all k> 5 € N and also that P (5) is true.
On the basis of this he could conclude that P (n) is true

(A) forallme N (B) forallm>5
(C) forallm=5 (D) foralln<5

Solution Answer is (C), since P(5) is true and P(k + 1) is true, whenever P (k) is true.
Fill in the blanks in Example 13 and 14.

Example 13 If P (n) : “2.4>" +! + 33! is divisible by A for all n € N” is true, then the
value of A is

Solution Now, forn =1,
247 4 3% =243 4+34=2.64 + 81 =128 + 81 =209,
for n=224+3"=8256+2187=2048 + 2187 =4235
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70  EXEMPLAR PROBLEMS — MATHEMATICS

Note that the H.C.F. of 209 and 4235 is 11. So 2.4>"! + 3%*! g divisible by 11.
Hence, A is 11

Example 14 If P (n) : “49" + 16" + k is divisible by 64 for n € N” is true, then the least
negative integral value of k is

Solution Forn =1, P(1): 65 + k is divisible by 64.
Thus k, should be — 1 since, 65 — 1 = 64 is divisible by 64.

Example 15 State whether the following proof (by mathematical induction) is true or
false for the statement.

n(n+1)(2n+1)
6

Proof By the Principle of Mathematical induction, P(n) is true for n =1,

P(n): 17+ 2>+ ...+ n* =

B 11+1)(2-1+1)

6 kk+D kD

=1
6

. Again for some k> 1, k* = ow we

prove that

_(k+D(k+D+D Q2G+D+1)
4 6

(k + 1)

Solution False

Since in the inductive step both the inductive hypothesis and what is to be proved
are wrong.

4.3 EXERCISE |

Short Answer Type

1. Give an example of a statement P(n) which is true for all n > 4 but P(1), P(2)
and P(3) are not true. Justify your answer.

2. Give an example of a statement P(n) which is true for all n. Justify your answer.

Prove each of the statements in Exercises 3 - 16 by the Principle of Mathematical
Induction :

4" — 1 is divisible by 3, for each natural number 7.
23— 1 is divisible by 7, for all natural numbers 7.

n® —7n + 3 is divisible by 3, for all natural numbers 7.

S N s W

3%"— 1is divisible by 8, for all natural numbers n.
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9.
10.
11.
12.

13.

14.
15.
16.

PRINCIPLE OF MATHEMATICAL INDUCTION 71

For any natural number n, 7" — 2" is divisible by 5.

For any natural number n, x" — y" is divisible by x — y, where x and y are any
integers with x # y.

n® — n is divisible by 6, for each natural number n > 2.
n (n* + 5) is divisible by 6, for each natural number 7.
n? < 2" for all natural numbers n > 5.

2n < (n + 2)! for all natural number 7.

1 1 1
\/; < ﬁ+ $+---+ N for all natural numbers n > 2.

244+ 6+ ...+ 2n=n?+ n for all natural numbers n.
1+2+22+ ...+ 2"=2"1_1 for all natural numbers 7.
1+54+9+..+@n-3)=n2n-1) for all natural numbers 7.

Long Answer Type

Use the Principle of Mathematical Induction in the following Exercises.

17.

18.

19.

20.

21.

22.

A sequence a, a,, a, ... is defined by letting @, = 3 and @, = 7q,_, for all natural
numbers k > 2. Show that @ = 3.7*" for all natural numbers.

A sequence b, b, b, ... is defined by letting b, = 5 and b, = 4 + b, | for all
natural numbers k. Show that b = 5 + 4n for all natural number n using
mathematical induction.

d
A sequence d,, d,, d, ... is defined by letting d =2 and d, :%for all natural

1 Ned?

2
numbers, k > 2. Show that d, = ; for all n € N.
Prove that for all n € N '

cos o + cos (o + PB) + cos (a0 + 2PB) + ... + cos (& + (n— 1) B)

el

sinE

sin2"0
Prove that, cos 0 cos 26 c0s2%0 ... cos2"'0 = —— ,forall n e N.

2"sin®

i +1

s1n2n9 sin (n2 ) 0
Prove that, sin © + sin 26 +sin 30 + ... + sinn® = ) ,forallne N.

sin —
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72 EXEMPLAR PROBLEMS - MATHEMATICS

5 3
23. Show that ?+?+£ is a natural number for all n € N.

24. Prove that L+ ! +...+L>£,f0r all natural numbers n > 1.
n+l n+2 2n 24

25. Prove that number of subsets of a set containing n distinct elements is 2, for all
n e N.

Objective Type Questions

Choose the correct answers in Exercises 26 to 30 (M.C.Q.).

26. If 10" + 3.4 + k is divisible by 9 for all n € N, then the least positive integral

value of k is
(A)S B)3 <7 D) 1
27. Forallne N,3.5"!" + 2%+ is divisible by
(A) 19 B) 17 (©)23 (D) 25
28. If x"— 1is divisible by x — k, then the least positive integral value of k is
(Al B)2 <3 (D) 4

Fill in the blanks in the following :
29. If P(n) : 2n < n!, n € N, then P(n) is true for all n >
State whether the following statement is true or false. Justify.

30. Let P(n) be a statement and let P(k) = P(k + 1), for some natural number £,
then P(n) is true for all n € N.

——eD> ©
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