Mathematics Vectors

Vectors
Single Correct Answer Type

1. PG —j + 3k )&Q( 3i + 3j + 3k )are two points in space. Equation of a plane is
F-(5i+2j—7k)+9:O,thenthepointsP&Q

a) Lie on same side and equidistant from the plane.
b) Lie on either side and equidistant from the plane.
¢) Lie on same side of a plane & at unequal distances from the plane
d) Lie on opposite side & at unequal distances from the plane
Key. B
Sol. 7-m=d, A(a)

distance from A(C_l) totheplane 7 -m=d is _|Sl|'m
m
tA(@)=i—j+3k then d = —2—
V78
_ . 9
If A(@)=3i+3j+3k thend= ——
(@)=3i+3j en —

2. The length of the perpendicular from the origin to the plane passing through the point a &

containing the line 7 = b + AC is

) [—Ea} . [aEa}
‘dx5+5x_+5xd‘ ‘ax5+5xd
[aEa] | [aEa}
% \Ex5+5xc—4 )\Exa—+ax5\
Key. C

Sol. Given plane passes through a & b containing the line is [A_P AB 5] =0
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3. Equation of the plane through (3,4,—1) which is parallel to the plane
r.(2i—3j+5k)+7=0is
1. r.(2i—-3j+5k)+11=0 2. r.(3i+4]—k)+11=0
3. r.(3i+4j—k)+7=0 4.1.(2i—-3j+5k)—-7=0
Key. 1
Sol.  Equation of any plane parallel to the given plane is r.(2i —3j +5k)+ 1 =0.

If r=xi+yi+zk,we get 2x—3y+5k+4=0

This plane passes through the point (3,4,-1) if 2x3—3x4+5(-1)+ A =0orit X=11and hence

the equation of the required plane is r.(2i —3j+5k)+11=0

4 leta=i+j+kb=i—j+2kand c=xi+(x—2)]j—k. If the vector C lies in the plane of &
and B,then Xequals
1.0 2.1 3.4 4.-2
Key. 4
1 1 1
Sol.  Since the three vectorsare coplanar |1 -1 2|=0
X X-2 -
1 0 0
=1 -2 1 =0
X -2 -1-x
=-2(-1-x)+2=0 = X=-2
5. Equation of the plane containing the lines r =i+2j—k+A(i+2j—k) and
r=i+2j—k+ui+j+3k)is
1. r.(7i-4j—k)=0 2. 7(x-1)—4(y-)—(z+3)=0
3.1r.(i+2j-k)=0 4.r.(i+j+3k)=0
Key. 1

Sol.  Since both the given lines pass through the point with position vector i+ 2 j—K, the
required plane also passes through i+2 j —K and normal to the plane is perpendicular to
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the vectors i+2j—Kkand i+ j+3K. If d =ai+bj+ckis normal to the required plane,
then a+2b—Cc=0and a+b+3c=0

a_b_C L 4_viaj-k
774 1

=

So the required plane passes through i+ 2 j—k and the normal to plane is 7i—4 j—Kk, hence
required equation is [r—(i+2]—k)].(7i—4j—k) =0

r(7i—4j—K) =1x7+2(-4) +(-1)(~1) =0

Also since the required plane passes through i+ 2 j —Kk, i.e.the point —(1, 2,—1) and the

direction ratios of the normal to the plane are 7,-4,-1, the equation of the plane in Cartesian
form can be written as 7(x—1)—4(y—2)—(z+1) =0

Use the result number 11 given in vectorial equations.

6. The Cartesian equation of the plane passing through the line of intersection of the planes
r.(2i —3j+4k)=1and r.(i— j) +4 =0and perpendicular to the plane
r.(2i—j+k)+8=0is
1. 3x—4y+4z=5 2. X—2y+4z=3
3. 5x—2y-122+47=0 4. 2x+3y+4=0

Key. 3

Sol.  Equation of any plane passing through the intersection of the planes r.(2i —3j+4k) =1and
ri—j)+4=0is 2x—3y+4z-1+ A(x—y+4)=0or 2+ A)x—B+A)y+4z+41-1=0

The plane is perpendicular to the plane r.(2i — j+k)+8=0if
=2(2+2)+B+1)4=0.

=11+34=0=1=-11/3.and the required equation of the plane is
3(2x=3y+4z-1)-11(x—y+4)=0=5x—-2y—-127+47=0

7.  Ifthevector 2i—3j+ 7K is inclined at angles «, /3, » with the coordinate axes, then
1. 3cosa =2//62 2. 2cos B =-3/+/62
3. cosy=7/+/62 4. 2cosa =-3C0s f=T7C0Sy
Key. 3

Sol.  cosa=2//62,cos B=-362,cosy =7/+/62.
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8. If r.n= q is the equation of a plane normal to the vector then the length of the

perpendicular from the origin on the plane is

1. n n
lal 2.|n| 3.|q|In| 5 14l
[
Key. 4
Sol.  Equation of the plane is r.ﬁ = lili.e., rn= ﬁ.So the required length =g/ |n]|.
X n n
9. If a(axb)+B(bxT)+y(Txa)=0, Then

(A) @, b, T arecoplanar only if none of a, b, g is zero
(B) @, b, T are coplanar if atleast one of @, b, g is non zero

(C) a, b, T arenon-coplanar for any o, B,y (D) none of these
Key. B

Sol. We have

a(ﬁxB)-l—B(BxE)ﬂ((Cxﬁ):(_)

Taking dot product with ¢, we have
a[abc]+p[bcc|+y[cac]=0
ie. oc:é b E]+O+O:O

e, ola b E:| =0
Similarly, taking dot product with b and ¢, we have

Now, even if one of a, 3, ¥ # 0, then we have [a b C] =0

= a, b, c are coplanar

10. If @ and b are unit vectors and T is a vector such that T =a X CT+b then

() [abc) :5.C—<§.5)2 B)[abc]=0
(C) Maximum value of [E b 6:' :% (D) Minimum value of [5 b C] is %
Key. A,C




Mathematics Vectors

- |abt]<

N

11. If the four faces of a tetrahedron are represented by the equations
F.(ai+ﬂ]) = O,F.(,B]+7E) = 0,?.(7/E+ai) =0and F.(ai_+ﬂ]+7/E) =P

then volume of the tetrahedron (in cubic units) is

p3 4P3 3pP3
a) b) c) d) none of these
6afy 6afy 6afy
Key. B
Sol.  Conceptual

12. A non - zero vector é is parallel to the line of intersection of the plane P, determined by
o 2 o 2 R o 2 & ~
I+] and 1+2] and plane P, determined by vector 21 —J and 31 +2K, then angle

between a and f—2j+2l€ vector is

a) z b) z ) 'Y d) none of these
4 2 3
Key. D
Sol.  Conceptual

13. If a' :i+],5' :f+]+2f<&§' < 2?+]—I2. Then altitude of the parallelpiped formed by the

vectors
3,5,6 having base formed by b&tc is(é,B,é and @', b', ©" are reciprocal system of
vectors)
32 1 1
A)l B) — C) = D) —
(A) (B) > (©) 7 (D) N
Key. D

Sol.  Volume of the parallelepiped formed by a',b",C" is 4

~ 1
.*.Volume of the parallelepiped formed by &,b,C is Z

BXC’:MZEQ_'
4 4

_ 21

Aoxel=¥e= =

pxel= 242

1 1
.. length of altitude = 2 X 2\/_ =—

7
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14, Aunitvector & inthe plane of b=2i+] & é:f—]+f< is such that @b = d”d where

a=]+2IA< is
A i+]+R ®) f—]+l2 © 2i+] ©) 2?—]
3 3 5 \5
Key. B
Sol let d=AD+4C then —bzi
' B ab ad
‘ (15+,u(‘f).5 (/15+u(’5).a
l.e. =
b d
/12f+j+,u?—j+k .2f+j /12f+j+,uf—j+k (i +2K
[l el ) [afa= )ik
N3 N3
ie. A(4+1)+u(2-1)=2(1)+ u(-1+2) ie. 41=0 ie 1=0
itk
15.  Let ,d,b&& be four non-zero vector such that T.a=0,|Fxb|H T ||b|,|Txc|H ||| .
then [abc] =
(A) lal b | (B) - [al |b| c] (C)0 (D) none of these
Key. C

Sol. - 1.a=0,|rxb|=|r||p| &rxc|=|r[c]
—r.lab,c

-.d,b,c are coplaner

~labc]=0

16. If 3+2b+3¢=0, then Axb+bxC+Cx3a is equal to

(A) 6(bxT) (B) 6(Cxa) (C) 6(axh) (D) none of these
Key. A
Sol.
d+20+3c=0 =axb+3cxb=0 ie axb=3xc,axc+20xc=0 ie 2bxc=cxa
saxb+bxc+cxa=30xC+bxc+20xC=60x%C

17.  If ((a'x B)X((‘fxa))-(ax J) =0, then which of the following is always true

(A) &,b,c,d are necessarily coplaner
(B) either d or d must lie in the plane ofb or ¢
(C) either b or ¢ must lie in place of d and d
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(D) either & or b must lie in plane of ¢ and d
Key. C

Sol. ((axﬁ)x(c{)) (a’ 6) 0,

= either € and b must lie in the plane of @ and d.

18. LetT = (d x 5) sin x + (5 x C)cosy+ 2 (C x &) where a b ¢ are three noncoplanar
vectors. If T is perpendicularto & + b + €, then minimum value of x2 +y2 is
2 57‘C
(A) 12 ®) (C) = (D) none of these
Key. C
Sol. T=(@xb)sinx+(bx¢)cosy+2(C xa)
f.(3+b+¢) =0
= [abT](sinx+cosy+2)=0
[abcl=0 = sin X + cosy = -2

this is possible only when sinx =—1 and cos y = -1

for x2 +y2 to be minimum x = — g andy=rn

5n
4

= minimum value of (x2 + y2) is = +72 =

T
4

19. The position vector of the centre of the circle |T| =5, T . (i +] + I2)= 3.3

(A) 1 +] +k (8)3 (i +j+k)
© (J§+i+12) (D) None of these
Key. C
Sol. Centre of the circle is the foot of perpendicular drawn from origin to the plane

T’.(f+]+l2) = 33
equation of perpendicular is T =k(i+] )
k

A

Let k( +j+k) lie on the plane T. ( +j+

3=3/3 ie. r=B

the centre is \/§ (?+]+f<)

)55
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20. The locus represented by xy + yz =0 is
(A) A pair of perpendicular lines
(B) a pair of parallel lines
(C) A pair of parallel planes
(D) a pair of perpendicular planes

Key. D
Sol. Xy+yz=0
y(x+2z)=0

i.e. y =0 or x + z = 0 which is a pair of perpendicular planes.
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Vectors
Integer Answer Type

1. If a, band ¢ are non-coplanar vectors and

(o]

[(é+5)x(5—é) (B+E)x(f‘:+é) (C—a)x(§+ )]:K[aﬁé’]zthenvalueofKis?

Key. 4

Sol. [(@+Db)x(b—7c) (b+C)x(c+a) (c—3&) x(a+h)]
=[axb-bxt+txd —-dxb+bxt+cxa —-axb-bxct+cxa]

1 -1
=[dxb bxc cxda] |-1 1
-1 -1

2. OABC is regular tetrahedron of unit edge length with volume V then 12\/§V =
Key. 2

; L1
a-a ab ac 2 5
so. [@abel'=p-a beb b=~ 1 —=>
c-a c-b c-c
INLM
2 2

3. Two points P and Q are given in the rectangular cartesian co-ordinate system on the curvey = 2X
* 2 such that OP I=- 1and OQ I = 2. The magnitude of the vector OQ 4OP is 101
where | = (where O is origin )

Key. 1

Sol. Let P(x,Y,)and Q(X,,Y,) then y, = 2%*2and y, = 2%*2and OP.I = - 1
b (xi+yi)i=-1p x=-1
and correspondingly y, = 2 2 e, y1=2.

4. ABC is any triangle and O is any point in the plane of the same. If AO, BO and CO meet the

sides BC, CA and AB in D,E,F respectively, then @+ % % .
AD BE CF

Key. 1
Uuu

Sol. OD= xOAD r=- xa
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Qa,b,T are coplanor
r ! r
IXx+mb+nc=0
r.r _ -
Qr,b,C arecollinear —+ m+ x=0pb x=
X m+ n

OD +Xx | o OE m OF n
= = . Similary —= , =
AD x+1 I+m+n BE I+m+n CF I+m+n
OD , OE , OC
—+ —+ —=
AD BE CA
5. The vectors a, b&¢c each two of which are non-collinear. If @+ b is collinear with
c,b+¢c is collinear with a&lal = ‘E‘ =|¢c|= J2 . Then the value of
a-b+b-c+c-al=
Key. 3
Sol. a+b=Ac,b+Cc=ma
=a+b+c=0
—2
N (|a|2 +[p] +|5|2)
=l|la-b+b-c+c a‘:— 5 ‘:
6. The equation of conic section can also be given by two dimensional vectors. The vector
equation of conic must be a relation satisfied by position vectors of all the points on the conic.
The position vector of a general point may be taken as I .The eccentricity of the conic
‘?—T— ﬂ +‘T’ +1+ ﬂ =3is “e” then[\/ie‘l] where [.] denotes greatest integer function
Key. 1
Sol. e=24/2/3
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7. Find the distance of the point i+2]j+3K from the plane ?.(i+]+k>=5

measured parallel to the vector 2?+3]—6k .

Key. 7
Sol. The distance of the point ‘a’ from the plane r.n =( measured in the direction of the unit
—a.n
vector b is = q —
b.n
Here a=i+2j+3k n=i+j+k andq=5
Ao b= 2i+3j—6k =2I+3j—6k

J@F @ +(-6) T
The required distance
5—(?+2]+3k).(?+]+k)

(2 3j- k) (i+]+K)

5-(1+2+3)
L2+43-6)
7
8. If a,b,C be non-coplanar unit vectors equally inclined to one another at an acute angle 0,
and if axb+bxc=pa+qgb+rc then p—r=__ (p,a,r eR)

ans: 0.

Sol.  taking dot product with a = [566] =p+QCcosO+rcos6———(2)

taking dot product with ¢ = [556] =pcosO+qcosO+r———(2)
From (1) and (2) p=T.

9. Let A be a point on the line I =(—3i+6j +3k)+t(2€+3j —2k)and B be a point on the

line r=6j +S(2€+2j —k) . The least value of the distance AB is

ANS:5
HINT  Let A =(-3,6,3),B,=(0,6,0);c=(2,3-2)&d =(2,2,-1)

(3.0,-3).(1-2.-2)| _

Then ABmin= ‘pl‘Oj of A,B, oand‘ =

10. If a,b,C are unit vectors such that @ is perpendicular to plane of b and T and the angle

between b &T is % the ‘§+5+C‘ is




Mathematics Vectors

KEY : 2

= _ = 1
bt :‘bHc|cosZ ==,
3 2
— 2
‘§+b +C‘ =3+2.0+20+1=4
‘§+5+C‘ =2
11. Find the distance of the point i+ 2]+3k from the plane ?.(?+j+ k)=5 measured parallel

to the vector 2?+3] —6k.

Key. 7
Sol. The distance of the point ‘a’ from the plane r.n =( measured in the direction of the unit

g-a.n

b.n
Here 5:?+2]+3k, ﬁ=f+]+k andq=5

2i+3]-6k _2i+3]-6k
V@ (8T
The required distance

5—(?+2]+3k).(?+]+k)
h 1 o . o ~
?(2|+31—6k).(|+1+k)
5-(1+2+3)

~(2+3-6)

vector b is =

Also b=

12. The projection length of a variable vector Xi + y]+ zK on the vector p =i+ 2] +3K is 6. Let
¢ be the minimum projection length of the vector Nl +y2] +27%k on the vector p , then the
value of /17 +15° is

Key. 9
Sol.  Projection length = |a.p|

3 |x+2y+32|:6
T
:>|x+2y+3z|=6\/]]

= |(xi+\/§)7j+\/_32AI<). (f+\/§]+\/§f<)| = 6414

2
— (X2 + 2y2 +322) (L + 2 + 3) cOS2 O = (6\/1_4)

2 2 2
L XY AT a7 )= 6y1a

N7

So, (12 + 152)1/3 = (504 + 225)% = (729)% = 9.

S
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13.  Non-zero vectors @,Db, € satisfy ab =0, (0-3).(b+¢) = 0 and 2|b+C|=|b-4d]|. If

d = b +4C then the value of p is
Key. 0
d—ub

Sol. ©= and ab=0

Now, (5-a).(6+)=0 = (5_3).[B+a’—4“5jzo

— (4-pwb2=a (. u<4).. (i)
(4—p)b+3a
4

2

Again 4|b+cf = |b-af = 4 =|b-af

2 2
— 4(4%4“) b2+aZ =b%?+a? = ((4 - n)?—-4)b%?=3a2... (ii)

— 2_
(44!4#:%3“2—5“:0

= u=0o0r5butas u<4,so, u=0.

(i) & (ii) we get

14. Angle @ is made by line of intersection of planes F(i+ 2] +3k) =0 and

F-(3?+3j+k)=o with j, where cos@:\g,then Ais

Ans. 2
Sol. Conceptual




