Mathematics Parabola

Parabola
Single Correct Answer Type

1. A straight line through A(6, 8) meets the curve 2x? +y2 =2 at B and C. P is a point on BC

such that AB, AP, AC are in H.P, then the minimum distance of the origin from the locus of

‘P’is
1 5 10 15
A) — B) — C) — D) —
) \/52 ) \52 ) \52 ) \/52
Key. A

Sol.  (6+rcos6,8+rsin6) lieson 2x*+y* =2

= (2c0s” 0 +sin”0)r* +2(12c0os0 +8sin O)r +134 =0

6cosO+4sin6
AB, AP, AC are in H.P :>E=AB;AC:>}=—( ):>6X+4y—1=0
r ABAC r 67
1
Minimum distance from 'O'=—
J52
2. Let A (0, 2), B and C are points on parabola y* = X +4 and such that [CB =% , then the
range of ordinate of C is
A) (—,0)U(4,) B) (—o0,0]U[4,0)
C) [0,4] D) (—o0,0)U[4,0)
Key. B
sol.  A(0,2), B=(t{ -4t,) C=(t"-4.1)
Z_t;. t;_tz S I =-1=t; +(2+t)t, +(2t+1)=0
41212 —t 241, t+t,

Forreal t,, = (2+t)2 —4(2t+1)=0=>t* -4t > 0=t e (-0, 0]U[4, o)

3. If 2p°—39° +4pgq—p =0 and a variable line px+qy =1 always touches a parabola whose

axis is parallel to X-axis, then equation of the parabola is

A) (y—4)2 =24(x-2) B) (y—3)2 =12(x-1)
C) (y-4) =12(x-2) D) (y—2)° =24(x~4)
Key. C

Sol.  The parabola be (y—a)2 =4b(x-c)
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Equation of tangent is (y—a) = —B(x—c)—b—q
q p
Comparing with px +qy =1, we get cp’ —bqg” +apgq—p=0
c b

5 =§:%=1:> the equation is (y—4)2 =12(x-2)

4. Consider the parabola x> +4y=0.Let p= (a, b) be any fixed point inside the parabola and
let ‘S’ be the focus of the parabola. Then the minimum value at SQ +PQ as point Q moves
on the parabola is
A) [1-3| B) [ab|+1 C) Va2 +b? D) 1-b

Key. D

Sol.  Let foot of perpendicular from Q to the directrix be N
=SQ+PQ=0QN+PQ isminimumit P,Q & N are collinear

So minimum value of SQ+PQ=PN=1-b

5. The locus point of intersection of tangents to the parabola y2 = 4ax, the angle between them

being always 45° is

A) x> —y*+6ax—a’ =0 B) X’ —y*—6ax+a* =0
C) X’ —y*+6ax+a’=0 D) x*—y*—6ax—a*=0
Key. C

. . a
Sol.  Equation of tangentis Yy =MmxX +—
m

= m’X-my+a=0=m,+m, :X,mlm2 _2

X X

m, —m * (a aY

tan 450 =M~ :{XJ _4(_j:(1+_j
1+mm, X X X

=x* -y’ +6ax+a’=0

6. The coordinates of the point on the parabolay = X2+ X+ 2, which is nearest to the straight
line y=3x—-3 are
1) (-2,-8) 2) (1,10) 3) (2,20) 4) (-1,-4)

Key. 1

Sol.  Hint: Any point on the parabola is (X, X2+ TX+ 2)

Its distance from the line Y =3X—3 is given by
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3x—(x2+7x+2 —3‘ 2 2
p= ) [ axe|_x +4X+5(aSX2+4X+5>0VXeR)
B | |
dp . .
FYl 0=X=-2 the required point = (-2,-8)
X
7. The point P on the parabola y2 = 4axfor which |PR— PQ| is maximum, where
R=(-2a,0),Q=(0,a). is
1) (a,2a) 2) (a,—-2a) 3) (4a,4a) 4) (4a,~4a)
Key. 1
Sol. We know that any side of the triangle is more than the difference of the remaining two sides

so that |PR — PQ| <RQ
The required point P will be the point of intersection of the line RQ with parabola which is
(a, 2a) as PQ is a tangent to the parabola

8. The number of point(s) (X, y)(where x and y both are perfect squares of integers) on the

parabola y2 = px, p being a prime number, is

1) zero 2) one 3) two 4) infinite
Key. 2
Sol. If x is a perfect square ,then px will be-a perfect square only if p is a perfect square, which is

not possible as p is a prime number. Hence y cannot be a perfect square . So number of such
points will be only one (0, 0)

9. The locus of point of intersection of any tangent to the parabola y2 = 4a(x—2) with a line

perpendicular to it and passing through the focus, is

1) x=2 2) y=0 3) x=a 4)
X=a+2

Key. 1

Sol. It is well known property of a parabola that a tangent and normal to it from focus intersect
at tangent at vertex

10. I the parabola y=(a—b) X2 +(b—c)x+(c—a)touches the x—axis then the line

ax+by+c=0

1) Always passes through a fixed point 2) represents the family of parallel lines

3) always perpendicular to x-axis 4) always has negative slope
Key. 1
Sol. Solving equation of parabola with x-axis ( y=0)

We get (a—b) X2 +(b—c)x+(c—a) =0, which should have two equal values of x, as x-
axis touches the parabola = (b —C)2 —4(a— b)(C— a) =0

:>(b+c—2a)2 =0 =-2a+b+c=0=ax+by+c=0 always passes through (—2,1)
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11. If one end of the diameter of a circle is (3,4) which touches the x —axisthen the locus of

other end of the diameter of the circle is
1) Circle 2) parabola 3) ellipse 4) hyperbola

Key. 2
Sol.  Let other end of diameter (h, k)

3+h 2 (k44 2
Hence centre is T_S +| ———4| gives the equation of parabola

2
12. The point (1, 2) is one extremity of focal chord of parabola y2 =4x. The length of this focal

chord is
1)2 2)4 3)6 4) none of these
Key. 2
Foann
1,0 x
Sol. E

The parabola y2 =4x, here a=1and focus is (1,0)
The focal chord is ASB. This is clearly latus rectum of parabola, its value = 4
13. If AFB is a focal chord of the parabola y2 =4axand AF =4, FB =5 then the latus-rectum

of the parabola is equal to

80 9
1) — 2) — 3)9 4) 80
) 5 ) v ) )
Key. 1
L7
F
3] (a,0)
K
Sol.
FA=4,FB=5
1 1
We know that — = —+—
a AF FB
20 80
Sa=-——=4a=—,
9 9
14. If at X =1,y =2xtangent to the parabola y = ax? + bx +c, then respective values of a,b,c
possible are
-1,.3
R 2111 3211 n=a2
2 2 22 2 2 2 2
Key. 1

Sol. forx=1, y=a+b+c

Tangent at (1,a+b+c)is%(y+a+b+c):ax+g(x+1)+c
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15.

Key.

Sol.

16.

Key.

Sol.

17.

Key.

Sol.

18.

Key.

Comparing with y=2%,c=a,b= 2(1— a)
Which are true for choice (1) only

The number of focal chords of length 4/7 in the parabola 7y2 =8X is

1) one 2) zero 3) two 4) infinite
2

since length of latus —rectum = 7
Latus-rectum is the smallest focal chord

4
Hence focal chord of length 7 does not exist.

The length of the chord of the parabola x2 = 4y passing through the vertex and having slope

cota is

(1) 4 cosa .cos ec2a (2) 4tanaseca  (3) 4sin a.sec’a (4) none of these

1
Let A=vertex, AP = chord of X2 =4y such that slope of AP is cot &

Let P=(2t,t2)

Slope of AP:%:COta:%:tZZCOta

Now, AP =/4t2 +t* = ty/4+1t2
=4cota coseca

=4C0S ¢.C0S ec2a

Slope of tangent to X2 = 4y from (—1,—1) can be

~1++/5 —3-+5 1-5 1++/5

1 2 3) —— 4
) 2 ) 2 ) 2 ) 2
1

=>Xx=2m= y:m2

So equation of tangentis Yy — m? = m(x — 2m) which passes through (—1, —1)

~-1-m?= m(—1-2m)

-1+
—m?+m-1=0 =m= 1_2\6
. 1. 2 .
If line y=2x+Z is tangent to y“ = 4ax, thenais equal to
1) % 2)1 3)2 4) None of these
1
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Sol.

19.

Key.

Sol.
20.

Key.

Sol.

21.

Key.

Sol.

22.

Key.

Sol.

23.

a 1 1
C=— =a=2|—|=—
m (4) 2

The Cartesian equation of the curve whose parametric equations are X=t2 +2t+3 and
y=t+1lis

1) y=(x-1)*+2(y-1)+3 2) x=(y-1)%+2(y-1)+5
3) x= y2 +2 4) none of these
3

x:t2+2t+3:(t+1)2+2= y2+2
If the line y—\/§x+3:0cuts the parabola y2 =X+2 at A and B, then PA. PB is equal to
(where P E(\/é,O))

4(/3+2 4(2-3 2(V3+2
3 3 2 3
1
y—\/§x+3 =0 can be rewritten as
y-0_x-V3_, (1)
Bl
9 2
Solving (1) with the parabola y2 =X+2
2 4(3+2
%f—%—J§—2=o::PAPB=QQ= ( : )

The equation of the line of the shortest distance between the parabola y2 =4x and the circle
x2 4+ y2 —4Xx—-2y+4=0 is.
1) x+y=3 2) x—y=3 3) 2X+y=5 4)none of these

1
Line of shortest distance is normal for both parabola and circle

Centre of circle is (2,1)
Equation of normal tocircleis y—1=m(x-2)=y=mx+(1-2m) (1)

Equation of normal for a parabolais y = mx—2am— am® (3)
Comparing (1) and (2)

am’=—lom’=-1=>m=-1 (a=1)

Equationis Y—1=—-X+2=>X+Yy=3

If X+k =0is equation of directrix to parabola y2 =8(x+1)then k =

1)1 2)2 3)3 4) 4
3
Focus is (1,0) third vertex is (—1,0) . Hence directrixis X+3=0

If tis the parameter for one end of a focal chord of the parabola y2 = 4ax, then its length is
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Key.

Sol.
24,

Key.

Sol.
25.

Key.

Sol.

26.

Key.

Sol.

217.

Key.

Sol.
28.

Key.

Sol.

2 2
1 1 1 1
1) a(t+zj 2) a(t—ij 3) a(t+¥j 4) a(t—;j

1
Conceptual

The ends of the latus rectum of the conic x2 +10x —-16y+25=0 are

@) (3-4),(134) (2 (-3-4),(13-4) (3 (34).,(-134) 4 (5-8),(-58)
3

(X+5)2 =16y comparing it with G = 4ay,

If the lines (y—b)=my(x+a) and (y—b)=my(x+a) are the tangents of y2 = dax
then

1) m+mp=02) mm, =1 3) mmy =-1 4) mp+mp =1
3

a
y=mx+—
m

—m?x-3y+a=0, m.my, =-1

The equation of a parabola is y2 :4x.LetP(1, 3) and Q(l,l) are two points in the xy

plane. Then, for the parabola

1) P and Q are exterior points

2) P is an interior point while Q is an exterior point
3) P and Q are interior points

4) P is an exterior point while Q is an interior point
4

Here, S = y2 —-4x=0
S(1,3)=3°-4.1>0
= P(l, 3) is an exterior point S (1,1) -1t-41<0

:>Q(1,1) is an interior point

If the focus of a parabola is (—2,1)and the directrix has the equation x+y =3, then the
vertex is:

1) (0,3) 2) (—1,%) 3) (-1,2) 4) (2,-1)

3
The vertex is the middle point of the perpendicular dropped from the focus to the directrix.

The length of the latus-rectum of the parabola 169 {(x —1)2 +(y- 3)2} =(5x-12y +17)2

p 12 7 14 3 28 5 3
13 13 13 13

2
(x—1)2 +(y—3)2 _ {5x—1123y +17]

Length of latus rectum =4a
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Perpendicular distance from (1, 3) to the line 5X—12y +17 =0 is
o [px1-12x3+17] 14

169 13

29. The co-ordinates of a point on the parabola y2 =8x whose focal distance is 4 is

1) (2,4) 2) (4,2) 3) (2,-6) 4) (4,-2)
Key. 1
Sol. a+x=4=2+x=4=x=2,y=4
30. Co-ordinate of the focus of the parabola x2 —4x —-8y—-4=0 are

1) (0,2) 2) (2.1) 3) (—3,_1—21) 4)(2,-1)
Key. 2

Sol.  (x=2)*=8(y+1)
Focus X—2=0,y+1=2=>x=2,y=1
Focus (2,1)

31. If focal distance of a point on the parabola y = x2 ~4 is %and points are of the form
(J_r\/a_,b) Then a+b is equal to
1)8 2) 4 3)2 40

Key. 1
Sol. y+4= G

X2 = 4.1(y+4)
4
) 2
Focal distance =—
4

, f . -15
Distance from directrix | Y = T

25
Ordinate of points on the parabola whose focal distance is T

=17 25 _
:T+T:2 points are (i\/g,Z) =a+b=8
32. Length of side of an equilateral triangle inscribed in a parabola y2 —2X—2y—-3=0 whose

one angular point is vertex of the parabola is

1) 243 2) 4/33) 3 2) 3

Key. 2

Sol.  Length of side =8\@a=8\@%=4\@

33. Length of latus rectum of the parabola whose parametric equations are
x =2 +t+1y —t%—t+1 where teR , Is equal to
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1) 4 2) +1 3) V2 43
Key. 3
2
Sol. x+y=2(t +1)&x—y=2t

SRR

Length of latusrectum = \/E
34. In the parabola, y2 —2y+8x—23=0, the length of double ordinate at a distance of 4 units

from its vertex is
1) 42 2) 82 3)6 4) 4
Key. 2

Sol.  Length of double ordinate = 8\2
35.  Ifany point P(X, y)satisfies the relation

(5x —l)2 +(5y - 2)2 = A(3x—4y —1)2 , represents parabola, then

1) A=1 2) A<1 ) A>1 4 A1>2

Key. 1
Sol. Conceptual

. X aX
36. The locus of the vertex of the family of parabolas y = 7—2a
(ais parameter) is
105 3 35 64
A) Xy =— B) Xy =— C) Xy =— D) Xy =——
()y64 ()y4 ()y16 ())/105
Key. A
a’x>  a‘x
Sol. y= +—-2a
3 2
2a°(., 3 _ 12a
6 2a 2a
2a° 2 3 9 9 12a
Y=— | X A2 — Xt —— 5~
6 4a l1l6a° 16a° 2a
2a° ( 3)2 1059
y=—moI| X+—| — 3
6 4a 16a

( 1059) 2a3[ 3)2
y+—— |=—| X+—
48 6 4a

_ -1059

48
_3
49

y
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37.

Key.

Sol.

38.

Key.

Sol.

39.

Key.

Sol.

40.

1059 3 _105
48 49 64

Tangents are drawn from the point (-1, 2) to the parabola y* =4x. The length
of the intercept made by the line x = 2 on these tangents is

(A) 6 (B) 62 () 2+/6 (D) none
B

Equation of pair of tangent is

SS, =T?

= (y* —4x)(8) = 4(y — x +1)?

= y?-2y(1-x) - (X* +6x+1) =0
Put x=2

= y?+2y-17=0

:|Y1_y2| =642

The given circle X*+y?+2px=0, peR touches the parabola y* = 4x
externally, then

(A)p<0 (B)p>0 (€ 0<p<1l [D)p<-1
B
Centre of the circle is (- p, 0), If it touches the parabola, then according to

figure only  one case is possible.

Hence p >0

The triangle PQR of area A is inscribed in the parabola y* =4ax such that P

lies at the vertex of the parabola and base QR is a focal chord. The
numerical difference of the ordinates of the points Q & R is

A A 2A 4A
(A) o B) — (C) — (D) —
a a a a
C
QR is a focal chord
= R(atz,zat)&Q(t%,—zt—a)
=d= 2at+§ =2at+}‘
t t
at> 2at 1
Now A:EE2 _28 g gttt
2|t t t
0 0 1
:2at+% _2A

Through the vertex O of the parabola y* =4ax two chords OP & OQ are
drawn and the circles on OP & OQ as diameter intersect in R. If

10
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Key.
Sol.

41.

Key.

Sol.

42.

Key.

Sol.

43.

6,,0, & ¢ are the inclinations of the tangents at P & Q on the parabola and

the line through O, R respectively, then the value of COtf, +cotf, is

(A) - 2 tan 4 B)-2tan (7 - ¢)  (C) O (D) 2 cot ¢
A

Let P(t,)&Q(t,)

= Slope of tangent at P(%) & at Q(tl) = cotg, =t, and cotb, =t,

2

2
Slope of PQ = =tan¢
L+t
1
:>tan¢:—5(cot91+cot92) = cotg, +cotd, =—2tan¢
AB and AC are tangents to the parabola y* =4ax. p, p, & p, are
perpendiculars from A, B & C respectively on any tangent to the curve
(otherthan the tangents at B&C), then p,, p, & p, are in
(A) A.P. (B) G.P. (C) H.P (D) none
B

Let any tangent is tangent at vertex x =0 and

Let B(t)&C(t,)

= A(att,, a(t, +1,))

= p =at’; p, =at,” & p; = at,

= p, p, &pareinG.P.

A tangent to the parabola x*+4ay =0 at the point T cuts the parabola
x* =4by at A & B. Then locus of the mid point of AB is

(A) (b+2a)x* =4b%y (B) (b+2a)x* =4a’y
(C) (a+2b)y* =4b’x (D) (a+2b)x* =4b’y
D

Let mid point of AB is M(h, k)
Then equation of AB is hx — 2b(y +k) = h? — 4bk
Let T (2at, —at?)
= Equation of tangent(AB) = x(2at) = —2a(y —at?)
h -2b h*-2bk

Compare these two equations, we get — =

2at 2a  2a%?

By eliminating t and Locus (h, k), we get (a+2b)x* = 4b’y

A parabola y=ax’ +bx+cC crosses the x-axis at A(p, 0) & B(q, 0) both to the
right of origin. A circle also passes through these two points. The length of a
tangent from the origin to the circle is

o |2 (B) ac? (©) b/a D) =
a a

11
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Key. D
Sol.  Use power of point for the point O figure

— OT?=0A0B= png

:>OT=\/E
a

44. The equation of the normal to the parabola y2 =8X at the point tis

1. y—x=t+2t° 2. y+tx=4t+2t2 3. x+ty=t+ 2t 4. y—x=2t-3t

Key. 2
Sol.  Equation of the normal at ‘' is y+tx = 2(2)t + (2)t° = y +tx = 4t + 2t°
45. The slope of the normal at (at?,2at) of the parabola y* =4ax is
1 2.1 3. —t 1
1. - 4, —=
t t
Key. 3
Sol. Slope of the normal at ‘t’is —t.

46. If the normal at the point ‘t’ on a parabola y2 =4ax meetitagainat t;, then t,

1.t 2. —t-1/t 3. t-2/t 4. None

Key. 3
Sol.  Equation of the normal at tis tx + y = 2at + at®* — (1)

Equation of the chord passing through t and t, is y(t+t,) = 2x+ 2att, — (2)

Comparing (1) and (2) we get %:tijt-i_tl :—%:tl :—%—t_

+1
47. _ifthe normal at t, on the parabola y* =4ax meet it again at t, on the curve, then
Lt +t)+2=
1.0 2.1 3., a.t,

Key. 1
Sol.  Equation of normal at t, is t, X+ y = 2at, +at’

It passes through t, = att? +2at, = 2at, +at’

=t -1) =20, -t,) =>4t +t,) =-2= 4t +1,) +2=0

12
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48.  If the normal at (1,2) on the parabola y* = 4X meets the parabola again at the point (t*,2t),

then the value of t is

1.1 2.3 3.-3 4.-1
Key. 3
Sol.  Let(1,2)=(t’,2t) =t =1
e 2o 2
t 1
49.  If the normal to parabola y* =4x at P(1,2) meets the parabola againin Q, then. Q=
1. (-6,9) 2. (9,-6) 3. (-9,-6) 4. (-6,-9)
Key. 2

Sol. P=(2)=(t2t)=>t=1
Q=(t2t) >t =-t-2/t=-1-2=-3=0Q=(9,-6).

50.  If the normals at the points t, and t, on y* = 4ax intersect at the point t, on the parabola,

then tt, =

1.1 2.2 3. t, 4. 2t,
Key. 2
Sol. Let the normals at t, and t, meetat t; on the parabola.

The equation of the normal at t, is y + Xt, = 2at, +at; — (1)
Equation of the chord joining t, and t, is y(t, +t,) = 2x+ 2att, — (2)

(1) and (2) represent the same line.

+t, -2 2 . 2
u:—:>t3:—tl——. Similarly t,=-t, ——
1 t, t
2 2 2 2 2(t, -t
el 222y 22 )
4 L L4 L,
51.  The number of normals thWSat can be drawn to the parabola y* = 4x form the point (1,0) is
1.0 2.1 3.2 4.3
Key. 2
Sol. (4,0) lies on the axis between the vertex and focus = number of normals =1.

52.  The number of normals that can be drawn through (—1,4) to the parabola

y> —4x+6y=0 are

13
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1.4 2.3 3.2 4.1

Key. 4
Sol. LetS=y?—4x+6y.S_, =4"-4(-1)+6(4)=16+4+24=44>0
(=1,4) lies out side the parabola and hence one normal can be drawn from (—1,4) to the

parabola.
53. If the tangents and normals at the extremities of a focal chord of a parabola intersect at

(X, ¥y) and (X,, Y,) respectively, then
1LX =X 2. % =Y, 3%n=Y, 4% =Y

Key. 3
Sol. Let A(t,) B(t,) the extremiues of a focal chard of y* = 4ax

Lt =1
(%, y)) =[att, at +5,)1; (%, ¥,) =[a(ty +1; +1t, +2),att, (t +1,)]

y, =—att, (tl +t2) = _a(_l)(t1 +t2) = a(t1 +t2) =Y
54.  The normals at three points P,Q, R of the parabola y* = 4ax meetin (h,k) . The centroid

of triangle PQR lies on

1. Xx=0 2.y=0 3. X=-a 4. y=a

Key. 2
Sol.  Let P(t,),Q(t,) & R(t,)

Equation of a normal to y* =4ax is y +tx = 2at +at®
This passes through (h,k) = k +th = 2at +at® = at® + (2a—h)t—k =0

t,,t,,t; are the roots of this equation t, +t, +t, =0

Centroid of APQR is GE(tf 2 +t§),2—3a(t1 T, +t3)}

t1+t2+t3:O:Z—;(tl+t2+t3):0:>G lieson y=0.

55. The ordinate of the centroid of the triangle formed by conormal points on the parabola
y* =4ax is
1.4 2.0 3.2 4.1

Key. 2

Sol. Lett,,t, &t, be the conormal points drawn from (X, ;) to y° = 4ax

14
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Equation of the normal at point ‘t” to y* = 4axis y +tx = 2at + at®
This passes through (X, y,) = Y, +1tx, =2at+at® = at® + (2a—x)t-y, =0

t,,t,,t, are the roots of the equation. .". t, +t, +t, =0

2a
The ordinate of the centroid of the triangle formed by the points t,t, &t; is ?(t1 +t,+t,)=0

56.  The normals at two points P and Q of a parabola y* = 4ax meet at (X, ;) onthe
parabola. Then PQ?=

1. (x, +4a)(x,+8a) 2. (x +4a)(x,—8a) 3. (x, —4a)(x,+8a) 4. (x,—4a)(x,—8a)
Key. 2
Sol.  LetP=(at?,2at),Q=(at?,2at,)

Since the normals at P and Q meet on the parabola, tt, =2.
Point of intersection of the normals (X,,Y,) = (a[tf + L+ 2],—at1t2 [t, +t2])
= x =at?+tZ +tt, +2)=a(t’ +t2 +4) = a(t/ +t7) =x, —4a

PQ’ = (at/ —at;)* +(2at, - 2at,)* = a*(t; —t,)°[(t, +1,)* +4]
=a(t} +t; —4)a(t +t +8) = (x, —8a)(x, +4a)

57.  If a normal subtends a right angle at the vertex of the parabola y* = 4ax , then its length is

1. \/§a 2. 3J§a 3. 6\/§a 4.

7+/5a
Key. 3

Sol.  Leta(at?,2at,), B(at;, 2at,).
: 2
The normal at A cuts the curve againatB. .. t+t,=——........ @

Again AB subtends a right angle at the vertex 0(0,0) of the parabola.

Slope OA= 2a£1 :g, slope of OB = 2
at; g L,
2 2
OALOB=2.Z= tt,=—4...(2)
Lt
Slope of ABis 2~ _ 2 _ 4 gy (1]

a(t; -t)) .+t

15
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Again from (1) and (2) on putting for t,, we get t, = g = —E. tf =2 or
t,+/2

—4 —4
t,=—=—1"=422. .. A=(2a,+2a2),B=(8a,+4a)

Lo (V2)

AB = /(2a—8a)’ + (2av/2 + 4/2a)* =~/36a +72a® =~/108a° =6+/3a.

58.  Three normals with slopes m;, m,, m, are drawn from any point P not on the axis of the

parabola y2 =4X.If mm, =a, results in locus of P being a part of parabola, the value of ‘a’

equals

1.2 2.-2 3.4 4.4

Key. 1
Sol.  Equation of normalto y*=4xis y=mx—2m-m? (i)

It passes through (, ) Sommm, 3 =mg—2,-m’
=> m+Q2-a) m+4=0 -o(ii)
(Let m, m,, m,are roots)

B

mm,m, =—/ (a3 mm,=a) = m3=_g

Now —ﬂ—j—(Z—a)x£+ﬁ:O
a a

= f+(2-a)a’f-pa’=0

= locus of P.is y®+(2—x)ya’—ya®*=0

As P is not the axis of parabola

= y?=a’x-2a*+a’asitisthe part of y* =4x
a’=4or -2a°+a’=0, a=+2 or a*(a—2)=0

a=12or a=0,a=2

= a=2 isthe required value of a

16
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y 'a?%
A
b
2
2
a
-
Pla 8)
¥
e
59.  The length of the normal chord drawn at one end of the latus rectum of y* = 4ax is
1. 24/2a 2. 4/2a 3.8\2a 4.10+/2a
Key. 2

Sol.  One end of the latus rectum = (@, 2a)
Equation of the normal at (a,2a) is 2a(x—a)+2a(y—-2a)=0=>x+y-3a=0

Solving; y? =4ax,x+Yy—3a=0 we get the ends of normal chord are (a,2a),(9a,—-6a).

Length of the chard = \/(9a —a)? +(-6a—2a)> =+/64a’ +64a> =82a.

60.  Iftheline y=2X+Kisnormal to the parabola y® =4x, then value of k equals

1.-2 2.-12 3.-3 4.-1/3
Key. 1
Sol.  Conceptual

61.  The normal chord ata point ‘t’ on the parabola y2 =4ax subtends a right angle at the

vertex. Then t* =

1.4 2.2 3.1 4.3
Key. 2
: PPTE 3 y +1X
Sol. Equation of the normal at point ‘t'is y+tx=2at+at’ = ———=
2at +at
N +1X
Homoginising y* = 4ax(y—t3j = (2at +at®)y* —4ax(y +tx) =0
2at + at

These linesre 1 1r = 2at+at’—4at=0=at(t* -2)=0=1t>=2

62. A isa point on the parabola y2 =4ax. The normal at A cuts the parabola again at B. If AB
subtends a right angle at the vertex of the parabola, then slope of AB is

1. \/E 2.2 3. ﬁ 4.3
Key. 1

Sol.  Let A(at},2at,) and B(at?, 2at,).

17
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The normal at A cuts the curve againat B. .. t +t, =-2/t,....()

Again AB subtends a right angle at the vertex O(0,0) of the parabola.

Slope of OA = 2a§1 = 2 , Slope of OB = 2
aty 4 L
2 2
OALOB=—.—=-1=tt, =-4...(2)
Lt
Slope of AB is 2a('2[2—§1) __2 =—t, by (D
a(tz _tl) t1 +t2
) . 4 2 2
Again from (1) and (2) on putting for t, we get t; e E Lo =2t =442,
1
. Slope = ix/z
63.  If the normal at P meets the axis of the parabola y2 =4axin G and S is the focus, then SG =
1. SP 2. 2SP 3. %SP 4. None
Key. 1

Sol.  Equation of the normal at P(at?, 2at) is tx+ y = 2at + at®
Since it meets the axis, y=0=> tx=2at+at’ = x=2a+at’

- G=(2a+at?,0), Focus S =(a,0)

SG =4/(2a+at’ —a)’+(0-0)° =,/(a+at’)’ =a+at’ =a(l+1?)

SP = \/(atz —a)’ +(2at-0)* = \/(atz —a)’ +4a’t* = \/(atz +a)’® =at’+a=a(t’+1)
.. SG=SP

64. _ The normal of a parabola y* =4ax at (X, y,) subtends right angle at the
1. Focus 2. Vertex 3. End of latus rectum 4. None of these

Key. 1
Sol. Conceptual

65.  The normal at P cuts the axis of the parabola y* =4ax in G and S is the focus of the
parabola. If ASPG is equilateral then each side is of length

1. a 2. 2a 3. 3a 4. 4a

Key. 4
Sol.  Let P(at?,2at)

18
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Equation of the normal at P(t) is y+tx = 2at +at®
Equationto y —axisis Xx=0. Solving G(2a+at?,0)

Focus s(a,0)

ASPG is equilateral = PG =GS = +/4a® +4a’t? :\/a2(1+t2)2
= 4a’(1+t?)=a’(1+t*) =>4=1+t> =t* =3
Length of the side =SG =a(l+t*)=a(l+3)=4a

66.  If the normals at two points on the parabola y2 =4ax intersect on the parabola, then the

product of the abscissa is

1. 4a° 2. —4a’ 3. 2a 4. 4a*

Key. 1
Sol.  Let P(at/,2at,);Q(at’,2at,)

Normals at P & Q on the parabola intersect on the parabola = tt, =2
at? xat? =a’(tt,)’ =a’(2)* =4a’

67. If the normals at two points on the parabola intersects on the curve, then the product of the

ordinates of the points.is

1. 8a 2.8a° 3. 8a° 4.8a*

Key. 2
Sol.  Letthenormalsat P(t)) and Q(t,) intersect on the parabola at R(t;) .

Equation of any noemal is tx+ y = 2at + at®
Since it passes through Q we get t.at +2at, = 2at +at®

= at’+(2a—at)t—2at, =0, which is a cubic equation in tand hence its roots are t,,t,,t..

Product of the roots =tt,t, =

ﬂ=2t3:>tlt2=2
a

Product of the absisson of P and Q =at/.at’ =a’(tt,)* =a*(2)* =4a’.

Product of the ordinates of P and Q = 2at,.2at,4a’tt, = 4a°(2) =8a’
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68. The equation of the locus of the point of intersection of two normals to the parabola

y2 = 4ax which are perpendicular to each other is

1. y*=a(x-3a) 2. y?’=a(x+3a) 3.y’=a(x+2a) 4 y’=a(x—2a)

ggr. 1Let P(Xl, yl) be the point of intersection of the two perpendicular normals at
A(t), B(t,) on the parabola y* = 4ax.

Let t, be the foot of the third normal through P .

Equation of a normal at t to the parabola is y + xt = 2at + at®

If this normal passes through P then y, +xt = 2at +at® = at® + (2a—x)t—y, =0 — (1)
Now t,t,,t, aretheroots of (1). .. ttt,=y/a

Slope of the normal at t, is —t,

Slope of the normal at t, is —t, .

Normals at t, and t, are perpendicular = (-t) (—t,)=-1=tt, =-1=>ttt, =—t,

N
a

t, is aroot of (1) :a(—%)3+(2a—x1)(—%)_yl=0:>___—_y —

= y’+a(ka-x)+a’ =y’ =a(x —3a).

.. The locus of P is y* =a(x—3a)

69..  The three normals from a point to the parabola y2 =4ax cut the axes in points, whose

distances from the vertex are in A.P., then the locus of the point is
1. 27ay® =2(x—2a)* 2. 27ay® =2(x—2a)* 3. 9ay’* =2(x—2a)® 4. 9ay® =2(x—2a)?

Key. 1
Sol. Let P(x,,Y,) be any point.

Equation of any normal is y = mx —2am—am?®

If is passes through P then y, = mx, —2am—am’
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= am® +(2a—x,)m, + Y, =0, which is cubic in m.

2a—X
a

Let m, m,,m, be its roots. Then m, +m, +m, =0,mm, +m,m, + mym, =

Normal meets the axis (y =0), where 0 = mx—2am—am® = x = 2a+am’
. Distances of points from the vertex are 2a+am/,2a+am, 2a+am;
If these are in A.P., then 2(2a+am’) = (2a+am’) +(2a+am) = 2m’ =m? + m’

=3m =m +m; =(m +m, +m,)’ —2(mm, +m,m, + mm ) =-2(2a-x,)/a
sm2=2(x,—2a)/3a

But y, =m, (X —2a—am’) =y =m’(x, —2a—am;)* = 2(x, ~2a)*/27a Locus of P is
27ay® = 2(x—2a)°

70.  |f the normals from any point to the parabola X* = 4y cuts the line Y =2 in points whose

abscissae are in A.P., then the slopes of the tangents at the 3 conormal points are in

1. AP 2.GP 3. HP 4. None

Key. 1
Sol.  Apointon X* =4y is (2t,t,) and required point be P(x,,Y,)

Equation of normal at (2t,t%) is x+ty =2t +t°.......(1)

Given line equation is Yy = 2........ (2)

Solving (1) &(3) x+t(2)=2t+t>=x=t*

This passes through P(X, ;) = t* = X..ceevvneee, (3)

Let (2t,t7)(2t,,t2), (2t,,t?) be the co-normal points form P .

2t,,2t,,2t, in AP. = 4t, = 2(t, +1,) =, = ths

.". slopes of the tangents t,t, &t, are in A.P.
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71. Theline IX+my+n=0 is normal to the parabola y* =4ax if

1. al(I>+2m*) +m’n=0 2. al(1> +2m?) =m?n
3. al(21>+m*)+m’n=0 4. al(21*> +m?) =2m°n
Key. 1
Sol.  Conceptual

72. The feet of the normals to y* = 4ax from the point (6a,0) are

1. (0,0) 2. (4a,4a)
3. (4a,-4a) 4. (0,0),(4a,4a),(4a,—4a)
Key. 4

Sol. Equation of any normal to the parabola y2 =4ax is y =mx—2am —am’
If passes through (6a,0) then 0 =6am—2am—am® = am® —4am=0=>am(m*—4)=0
=>m=0,+2.

.. Feet of the normals = (am?,—2am) = (0, 0), (4a, —4a), (4a, 4a) .
73. The condition that parabola y* =4ax & y* = 4¢(x—b) have a common normal other than x-

axisis (a#=b=c)

1.i<2 2.L>2 3.L<1 4.L>1

a—cCc a—cCc a—cCc a—cC_
Key. 2
Sol.  Conceptual
74. Locus of poles of chords of the parabola y? =4ax which subtends 45° at the vertex is
(x+4a)" = A(y* —4ax) then A=

1.1 2.2 3.3 4.4
Key. 4

Sol.  Parabolais y* =4ax — @
Polar of a pole (X1Y1) =yy, —2ax = 2ax, — @

Making eq @ homogeneous w.r.t @
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75.

Key.

Sol.

76.

Angle between these pair of lines is 45°

-~ tan45° = 2y —4ax
(x +4a)

Locus of (Y, )is

= (x+4a) =4(y* - 4ax)

=>1=4

Length of the latus rectum of the parabola \/;+\/§ = JE

1. av2

2 i 3.a
N :
1

K =va-y

x:a+y—2ﬁﬂ

(x—y—af=4ay
x2+(y+a)?—2x(a+y):4ay

X? +y? —2xy + 2ay +a’ — 2ax = 4ay

X* +y® —2xy = 2ax+2ay —a’

(x—y)2 =2a[x+y—gj

Axis is x-y=0

a
(ﬂ]:@uxﬁ
V2 2| 2

a
X+y-—

| -avz| 2

7
. lengthy LR = a2

Equation of common tangent to x> =32y and y® = 32X
1. Xx+y=8 2. X+y+8=0 3. Xx—y=8

4, 2a

4. x—-y+8=0
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Key. 2

1 1 2 2
Sol.  Common tangets y* = 4ax and x> =4ay is xa® + yb3+a3b3 =0

Here a=8, b=8

77. The angle subtended at the focus by the normal chord of the point (X,k), A=0

on the parabola Y2 =4ax is

A)

7T
B) 3 Q) D)

o I3

Key.

Sol.  Putting (AW in % =4a X.gives h=4a
Slope of normal at (da.da)is - ncg

Equation of normal at (da.da)is y—da=-2(x—4a) = y+2x-12a=0

The coordinates of intersection points of the above normal,

H
y+2é{k—l]—12cz= 0Ly 2 4209 24a? =0

y=4a—bagnd x=4a, Ya,

-1
Then slope of 54, ms = M X HCE

fa =3 _
AndsIopeofSB,F’?Eg:g:— my iy = =1

78. A circle with its centre at'the focus of the parabola y2 =4ax and touching its

directrix intersects the parabola at points A, B. Then length AB is equal to

A) 4a B) 2a C) a D) 7a
Key. A
Sol.  Centre of circle {‘1= ':') and radius 2£¢

4 2 2
Equation of circle (x—a) +)y' =4a
2 2 2 _ 2 _ . 2 2_
Xty —dax—3a" =Uand y* =4daxsolving x*+4ax—2ax—3a* =0
¥ 4+2ax—3a’=0
x=—3a,aand ¥y=1 2a
.. Length of A5 =4a
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79. Tangents are drawn to y2 =4aX from a variable point P moving on x+a =0, then the locus

of foot of perpendicular drawn from P on the chord of contact of P is

A y=0 B) (x-a)’+y?=a’c (x-a)’+y?’=0D) y(x—a)=0
Key. C
Sol. Portion of tangent intercepted between parabola and directrix subtends a right angle at the
focus.

80. Three normals are drawn to the curve y2 =X from a point (c,0).0ut of three one is always
on x- axis. If two other normals are perpendicular to each other ,then the value of ¢
a) 3/4 b) 1/2 c)3/2 d) 2

Key. A

1
Sol. Normal at (at?, 2at) isy + tx = 2at + at3 (a = Z]

If this passes through (c, 0)
3

t
We havect=2at+at3= —+—
2 4

= t=0ort?=4c-2

If t = 0, the point at which the normal is drawn is (0, 0) if t # 0, then the two values of t
represents slope of normals through (c, 0)

If these normals are perpendicular
then (—t,)(—t,) =—1=> tt, = 1= (V4c—2)(—/4c—2) =1

C=

MNlw

81. If area of Triangle formed by tangents fom the point (x1,y1) to the parabola y2 =4ax and

their chord of contact is
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2 312 2 313 3/2
P e e,
a) —————— b) ———— ¢) —— d) none of these
2a a 2a
Key. C
Sol. Let A(Xl, yl) be any point outside the parabola and B((x, [3), C((xl, Bl) be the points of

contact of tangents from point A eq of chord BC, YY1 = 2a(x+x1)
Lengths of L from A to BC

_2a(xtx)-yy v —dax

) Y’ +4a? i \/m

Area of A ABC = %ALXBC

(ylz _zax, )3/2
2a

We get

82. Let ‘P’ be (1, 0) and Q be any point on the parabola y?= 8x. The locus of mid point of PQ must

be

a) Y —4x+2=0 b) V2 +4x+2=0

o) X2 —4y+2=0 d) X +4y+2=0
Key. A

Sol. Let Q be (atz, 2at), (fora=2) Q be (2t2,4t)
Then locus will be eliminant of
1+2t° 0+4t
"2 T
We easily get Y* —4x+2=0
= (@) is correct

X

X
83. Coordinates of the focus of the parabola \/: + \/% =1lis
a

( ab ab j ab? a’b

- v B. )

a+b a+b a’+b? a’+b?
[ a’h ab? j

c a+b a+b D (a,b)

Key. B
SOy
a \b

26



Mathematics

Parabola

For this parabola x is a tangent at P(a, 0)

Y-axis a tangent Q(0,b)

.. 0(0,0) is point if inter section perpendicular tagents
.. directrix passing through this point

Clearly |OSP = 90°

Hence circle on OP as diameter passing though S

e, X°+ y2 —ax =0 passing through S.

lly, |OSQ =90° X+ y2 —bx =0 passing through S.

Point of intersecting above circle is focus.

x> +y*—ax=0

x> +y?—bx=0
ax—by=0
ax , a’x?

y="1 = X* +—— = ax

(b2+a2J

X~ |=a

‘o ab’

a’+b’

ly, y = a’b
v a’+b’

Focus S = ab” a’h
a’+b?’'a’+b? )
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84.

Key.

Sol.

The Length of Latusrectum of the parabola x =t? +t+1, y=t*+2t+3 is

1
A - B.
2

-

c. 22 D.

|-

C

X=t’+t+1 =t +t+1-x=0

eliminate t
y=t>+2t+3=t°+2t+3-u=0

t° ot 1
3-y-2+2x 1-x-3+y 1
t=—x+y-2
(o loy+2x (Xx—y+2)>=(2x—y+1)

—X+y-2

(X=y)? +4(x=y)+4=(2x-y+1)
(X=y)*=-2x+3y-3

S (X= Y+ A) =-2X+3y -3+ 2A(x—y) + A°
(X—y+A)? =x(2A-2)+ y(-24+3)+ 1* -3

. slope of x—y+1=01is1

slope line on RHS is 3_— 3-24

2-24=-3+21

44 =5 :>/”L:E
4
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2
& of parabola is (x—y+§j :§+X+§_
4 2 2 16
o) =3l )
4 2 16
2
X—=y+— X+y_§
4| _ 1 16 R 1
1 |22 % PNG
V2

85.  For different values of kand | the two parabolas y* =16(x—k), x*=16(y—I) always

touch each other then locus of point of contact is

A X +y* =64 B. Xy =8
c Y =8x D, Xy =64
Key. D
Sol.  y*=16(x—k) x> =16(y—=I)
y%—16 2x:16d—y
dx X
@y 8 o _x_ .
dx vy X 8

, : 8 X
Since two circle touch each other m, =m, = — = 3 = Xy =64
y

86. TP and TQ are any two tangents of a parabola y2 =4ax and T is the point of intersection of
two tangents. If the tangent at a third point on the parabola meets the above two tangents at

1 1
P* and Q. Then IR
TP TQ

>
R
[N
N—"
w
N
(@]
|
I
O
N
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Sol.  T=(att,, a(t, +t,))
P'=(att, a(t+t;))
Q'=(att, a(t,+t,))
TP:TP=1:1

L att,—att,
att, —at;

.T_Pl_t3_t2
[ R A

lly, Let TQ:TQ=p:1

TQl _ atzts — at1t2 _ t3 _t1

TQ att,—at’ t -t

TP1+TQ1 _t3_t2+t3_t1 _t1_t2 _

TP TQ t,-t t =t -t

87.  The locus of the Orthocentre of the triangle formed by three tangents of the parabola
(4x—3)* =—64(2y +1) is

A) Y =— B) y=1 ox=" o) y=2
2 y= 4 2

Key. D
Sol. - The locus is directrix of the parabola

88. A pair of tangents with inclinations &, [ are drawn from an external point P to the parabola

y* =16X. If the point P varies in such a way that tan’ & +tan® # =4 then the locus of P is a
conic whose eccentricity is

A) E B) J5 01 D) ﬁ
2 2
Key. B

Sol. Letm =tana,m,=tan g, Let P =(h,k)
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4
m,,m, are the roots of K =mh+—=hm*-Km+4=0

m
K. 4
m1+m2 :F, mlmz :H
2
mf+m§:%—%:4

2

2
Locus of P is y> —8x =4x* = y° :4(X+1)2—4:>@—y7:1

89. The length of the latusrectum of a parabola is 4a. A pair of perpendicular tangents are drawn
to the parabola to meet the axis of the parabola at the points A, B. If S is the focus of the

parabola then iq-i —
ISA|  |SB|

A) 2/a B) 4/a c)l/a D) 2a
Key. C
Sol. Let y* =4ax be the parabola

a 1 .
y=mx+ o and y = (——j X—am are perpendicular tangents
m

S =(a,0),Az(—iz,oj,B:(—amz,O)
m

ISA| = a(1+iJ _a+rm’)

m? m?

|SB|=a(l+m?)

90. Length of the focal chord of the parabola (y +3)* =—8(x—1) which lies at a distance 2 units
from the vertex of the parabola is

A) 8 B) 6+/2 09 D) 543
Key. A
Sol. _Lengths are invariant under change of axes

consider y* =8x. Consider focal chord at (2t?, 4t)

2t
Focus = (2, 0). Equation of focal chord at tis Y = o 19X —2)=2tx+(1-t*)y—4t=0

altf
L oe (g1 ~0
4% + (1-t%)°
2 2 2
Length of focal chord at ‘t'= Z(t + %J = Z(tt—2+]') -8
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Parabola

91.

Key.

Sol.

92.

Key.

Sol.

93.

Key.

Sol.

2

X
The slope of normal to the parabola Yy = ?— 2 drawn through the point (10,-1)

A) =2 B) —/3 c) -1/2
C
x* = 4(y +2) is the given parabola

Any normal is X =m(y+2) —2m—m?. If (10,—1) lies on this line then

10=+m-2m-m*=m*+m+10=0=m=-2
Slope of normal = 1/m.

D) -5/3

m,, m,, m, are the slope of normals (M, <m, <m,) drawn through the point (9,-6) to the

parabola y* =4x. A=[a;] is a square matrix of order 3 such that a; =1 if i # j and

a; =m; if = ].Then detA=

A) 6 B) —4 C)-9
D

y =mx—2m—m?®.(9,-6) lies on this

L—6=9m-2m-m*=m*-7Tm-6=0

-2 1 1
Roots are —1,-2,3 ... |A| =1 -1 1=(-2)(-4)-(3-1)+2=8
1 1 3

D)8

If parabola of latusrectum ‘u’ touches a fixed equal parabola, the axes of two curves being

parallel, then the locus of the vertex of the moving curve is
(a) A parabola of latusrectum “2u’

(b) A parabola of latusrectum ‘u’

(c) An ellipse whose major axis is ‘2u’

(d) An ellipse whose minor axis is ‘2u’

A

Let («, ) be the vertex of the moving parabola and its equation is
(Y=B)’ ==4a(x—a) ---ememeemees D

Let the equation of fixed parabola be y* = 4ax ---------- (2) (Here 4a = u)

2
From (1) & (2) (y—)° = —4a(y——aJ
4a

=2y’ 28y + [°—d4aa =0
The above is a quadratic equation in y having same roots
=A=0 = f° =8aux

Hence locus is y* =8ax i.e., y* = 2ux
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94.

Key.

Sol.

95.

Key.

Sol.

96.

Key.

Sol.

A ray of light moving parallel to the x-axis gets reflected form a parabolic mirror whose
equation is (y —2)* = 4(x+1). After reflection, the ray must pass through the point ......

(a) (0, 2) (b) (2, 0) (c) (0,-2) (d) (-1, 2)

A

The equation of the axis of the parabolay —2 =0

Which is parallel to the x-axis so, a ray parallel to x-axis of parabola. W.K.T any ray parallel to
the axis of a parabola passes through this focus after reflection. Here (0, 2) is the focus.

5(0,2)

(0,b>\

If the normal to the parabola y* = 4ax at (at?,2at) cuts the parabola again at (aT?,2aT)
then

>

(a) 2<T <2 (b) T € (—o0,-8) U (8,)
(c) T?<8 (d)T2>8
D
Tot-2
t
2
T?>8

Let ¢ isthe angle which a tangent to y2 =4ax makes with its axis, the distance between the
tangent and a parallel normal will be

(a) asin® @ cos? a (b) acoseca-sec’ ¢ (c) atan’« (d)
acos’ « -cosec’a

B

Equation of Tangent is yt = x + at”

sTana =%;t =COot

Equation of parallel normal is yt = x+K
a-1®+2al.(-t)> +(-t)>-K=0
_ —(a+2at?)

K e
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at2 s At 2at?
2 at'+2at’+a a(t®+1)

JI+t2 14t t?

3/2
Distance =

97.  If the normal at a point P on y? = 4ax(a > 0) meet it again at Q in such a way that PQ is of
minimum length. If ‘O’ is vertex then AOPQ is

(a) a right angled triangle (b) an obtuse angled triangle
(c) an equilateral triangle (d) right angled isosceles triangle
Key. A

Sol. PQ=6a3;:0P =2a+/3; 0Q = 4a/6

X /
98.  Coordinates of the focus of the parabola \/: + % =1lis
a

B ab? a’b
A ( ab ’ ab ] : a2+b2’a2+b2
"\a+b a+b
[azb abz]
C. a+b a+b D (a,b)

Key. B
Sol. \ﬁ+ \P =1
a \b
For this parabola x is a tangent at P(a, 0)
Y-axis a tangent Q(0,b)
.. 0(0,0) is point if inter section perpendicular tagents
.. directrix passing through this point
Clearly |OSP = 90°
Hence circle on OP as diameter passing though S
ie., X*+ y2 —ax =0 passing through S.

lly, |OSQ =90° - X2+ y? —bx =0 passing through S.

Point of intersecting above circle is focus.
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Mathematics
X*+y?—ax=0

X +y*—bx=0

ax—by =0
ax , ax’
yzg = X" +——=axX

o ab’
a’+b?
’ a’b
vy a?+b?
ab® a’b
Focus S = rereEperellk

The Length of Latusrectum of the parabola X =t? +t+1, y=t*+2t+3 is

99,
A 1 B 1
2 2
R
c. 22 p. 1
8
Key. C
X=t?+t+1=>t>+t+1-x=0 .
Sol. eliminate t
y=t’+2t+3=>t°+2t+3-u=
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t’ _ t 1
3-y—-2+2x 1-x-3+y 1
t=—X+y-2
(o loy+2x (Xx—y+2)* =(2x—y+1)

—X+y-2

(X=y)? +4(x—y)+4=(2x-y+1)

(x—y)* =—2x+3y-3

S(X=Y+A)? =2x+3y -3+ 2A(x—y)+ A°
(X—y+A)° =x(2A-2)+ y(-24+3)+1° -3

. slope of x—y+1=0i
pe of x—y+1=01is1l Y
. 22— =-1
slope lineon RHS is ———| 3-24
3-24

2-2A=-3+24

42 =5 :>2,=§
4

5 23

X—y+Z ~ 1 X+y_E e 1
1 Y NABRA 242
J2

100.  For different values of kand | the two parabolas Y’ :16(X—k), X =16(y—|) always
touch each other then locus of point of contact is

A X +y* =64 B. Xy =8
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C. y* =8x D. xy =64
Key. D
Sol.  y*=16(x—k) x> =16(y—1)
2y _16 =162
dx dx
dy 8 dy x
X 'y X 8

8 X
Since two circle touch each other m, =m, = —=—= Xy =64

101. TP and TQ are any two tangents of a parabola y2 =4ax and T is the point of intersection of

two tangents. If the tangent at a third point on the parabola meets the above two tangents at

1 1
P! and Q*. Then B+TQ
TP TQ

A (-1) B.

N |-
O
|
I

D.2

Key. A

Sol. T =(att,, a(t, +t,))
P'=(att, “a(t, +t;))
Q' =(at,t; - a(t, +t,))
TP TP=1:1

L att,—att,
att, —at;

.T_Pl_ts_tz
TPt -t

lly, Let TQ":TQ=p:1
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TQl _ atzts — atitz _ t3 _t1

TQ att,—ati t-t,

..‘TPl_’_TQl :t3_t2+t3_t1 :t1_t2 -1
™ TQ t-t t-t, t,-t

102. A normal, whose inclination is 30°, to a parabola cuts it again at an angle of

a) tan‘{?) b) tan‘l(%] ¢) tan*(2+/3) d) tan‘l(

Key. D

%)

1
Sol.  The normalat P(at’,2at )is y+xt, = 2at, +at,’ with slope say tana = —t, =— . If it

V3
2 2 7
meets curve at Q(at,”, 2at,) thent, = —t, —— =— . Then angle & between parabola
NG
1
(t tat Q) and lat Pis given by tan & _tl_g 1
angent at Q) and normal at P is given by S =—
1_Ll 23
t2

1
=f=tan!| —
(2&}

103. The locus of vertices of family of parabolas, y = ax? +2a’x+1is (a#0)a curve passing
through

a) (1,0) b) (1,1) c) (0,1) d) (0,0)
Key. C
Sol.

_ _ 3
y:ax2+2a2x+1:>M=(x+a)2
a

~.Vertex = (o, B) = (-a,1-a°%)

= p=1+a°

= curve is y=1+x°

104. Equation of circle of minimum radius which touches both the parabolas Y = X + 2X + 4 and
X=y*+2y+4is
a) 2x* +2y° —11x -11y -13=0
b) 4X° +4y* —11x —11y-13=0
¢) 3x* +3y* —11x -11y -13=0
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d) x> +y*—11x 11y -13=0
Key. B

Sol. Circle will be touching both parabolas. Circles centre will be on the common normal

105. An equilateral triangle SAB is inscribed in the parabola y2 = 4aX having it’s focus at ‘S’. If
the chord AB lies to the left of S, then the length of the side of this triangle is :

a) 3a(2—\/§) b) 4a(2—\/§)
0 2a(2—ﬁ) d) 8a(2—\@)

Key. B
A

30 »

Sol. B

A(a—lcosBOO,IsinSOO)

Point ‘A’ lies on Y* = 4ax
—> aquadraticin ‘I

106. Let the line Ix + my = 1 cuts the parabola y2 = 4aXin the points A & B. Normals at A & B
meet at a point C. Normal from C other than these two meet the parabola at a point D, then D

a) (a,2a) b) (4?;“ %)

2am?® 2a
C) |2 1T

Key. D
Sol... Conceptual

107. The normals to the parabola y2 = 4aX at points Q and R meet the parabola again at P. If T is

the intersection point of the tangents to the parabola at Q and R, then the locus of the

centroid of ATQR ,is

a) Yy’ =3a(x+2a) b) y> =a(2x +3a)
o y’=a(3x+2a) d) y* =2a(2x +3a)
Key. C
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Sol.

108.

Key.

Sol.

1009.

Key.

Sol.

110.

Key.

Sol.

111.

Let Q =(at], 2at, )

R =(at}, 2at, )

Normals at Q & R meet on parabola

aiso T=(at,t,,a(t, +1t,))

Let (o, B) be centroid of AQRT

Then 3o =a(t] +t; +tt, ) &B=a(t, +1,)
Eliminate (t, +1,)

The normal at a point P of a parabola y2 =4ax meets its axis in G and tangent at its vertex

in H. If Ais the vertex of the parabola and if the rectangle AGQH is completed, then
equation to the locus of vertex Q is

a) y’(y-2a)=ax? b) y*(y+2a)=ax’
c) X’ (x—2a)=ay’ d) x*(x+2a)=ay’
C

A=(a,0),H =(0,2at+at*),G = (2at +at*,0),Q =(h,k)
(h.k)=(2a+at? 2at+at®)

eliminating ¢/, x> = 2ax® + ay?

If the focus of the parabola (y—ﬂ)2 = 4(X—a) always lies between the lines X+y =1
and X+ Y =3, then,

a) 3<a+p<4 b) 0<a+ <3
c)0<a+p<2 d) 2<a+ <2
C

origin & focus line on off side of X+ y=1=a+ >0
origin & focus line on same side of X+y=3=a+ < 2.

Consider the two parabolas y* = 4a(x — a) &Xx* = 4a( y— ﬂ) , Where ‘@’ is the given
constant and «, [ are variables. If @ and £ vary in such a way that these parabolas touch
each other, then equation to the locus of point of contact

a) circle b) Parabola
c) Ellipse d) Rectangular hyperbola
D

Let POC be (h, k) . Then, tangent at (h, k) to both parabolas represents same line.

The points on the axis of the parabola 3y? + 4y —6x+8=0 from where 3 distinct
normals can be drawn is given by
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Parabola
o [a2]a>2 ® [a-2]a>2
3 9 3 9
(C) (61,—3);6»E (D) (a,—gj;a>Z
3 9 3 9
Key. B
Sol.  3y’+4y=6x-8
2 2
:>3[y2+ﬂy]=6x—8 :>(y+gj _ox-8.4 :>(y+gj =2[X—Ej
3 3 3 9 3 9
. . 2
Let any point on the axis (a,—gj
_éx
63
( 10j 1 4
y+—=m| X——|—-m—-=m
9 2
:Ozm{a—g—l—lmz}
2
9 2 9 9
112. Tangents PA and PB are drawn to y>=4dax. If M5z & Moz are the slopes  of the
tangents satisfying (mﬁ)2+(mﬁ)2 =4 then the locus of Pis
(A) y* =2x(2x+a) (B) y* =2x(2x—a)
(€) y? = x(x—a) (D) None of these
Key. A
Sol.  Let P=(hk)
a
y=mx+—
m
a 2 k
k=mh+—=m‘h+a-mk=0 :>mPA+mPB=F
m
_a
2
kK_2a_,
h? h
= k? — 2ah = 4h? Y% =2ax+4x% = 2x(2x +a)
113.  Minimum distance between y?=4x and x° + y* —12x+31=0.

(A) 21 (B) V26 -5
(0) V205 (D) V28 -5
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Mathematics

Key. C

Sol.  y+tx=2t+t3
6t =2t +t°

= t?+2-6=0
t=+2
AE(4,4)

Minimum distance +4+16 _ﬁzm_ﬁ_

114.  The triangle formed by the tangent to the parabola y? =4x at the point whose abscissa lies

in the interval [a?,4a’], the ordinate and the x— axis has the greatest area equal to

4

el

(h2h)

(A) 12a°
(C) 16a°
Key. C
Sol. P=(h?2h)
tand = 1
h

And APTM :%x 2hx 2heot @ = 2h?

a’<h?<4a®

. maximum area = 2(2a)* =16a°

(B) 8a®
(D) None

115. Minimum distance between y?—4x—8y+40=0 and x* —8x—4y+40=0

(A)O

() 242
Key. D
Sol. since two parabolas are symmetrical abouty =X.
Solving y =x & y* —4x -8y +40=0

= x?-12x+40=0
has no real solution
. They don't intersect

(B) /3
(D) <2
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116.

Key.

Sol.

117.

Key.

Sol.

118.

Key.

Sol.

119.

Point on (x—4)? =4(y —6) is (6,7) and the corresponding point on (y —4)* =4(x—6) is (7, 6)

minimum distance is JE

Minimum distance between the parabolas y?> —4x —8y + 40 =0and x> —8x —4y + 40 =0 is
(A)0 (B) V3

) 2+/2 D) 2

D

Since two parabolas are symmetrical about
y=X
Minimum distance is distance between tangents to the parabola parallel toy = x.
Differentiating X2 - 8x - 4y +40=0w.rtx,weget2x-8-4y' =0
x—4

=2 g
Y=

x=6andy=7
Corresponding point on (y - 4)2 = 4(x - 6)
is (7, 6) so minimum distance = /2.

If (-2, 5) and (3, 7) are the points of intersection of the tangent and normal at a point on a
parabola with the axis of the parabola, then the focal distance of that point is

J29 5
A) — B) —
(A) > (B) >

2

(©)~29 ©) ¢
A

The locus of the Orthocentre of the triangle formed by three tangents of the parabola
(4x—3)> =—64(2y +1) is

7 3
A) y=— B) y=1 C) X=— D) y=—
y 4 2
The locus is directrix of the parabola
A pair of tangents with inclinations &, [ are drawn from an external point P to the parabola

y® =16X. If the point P varies in such a way that tan® o + tan? L =4 then the locus of Pis a
conic whose eccentricity is
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A)ig B) /5 01 D)

2

[ &

Key. B
Sol. Letm =tana,m,=tan g, Let P =(h,k)

4
m,,m, are the roots of K =mh+—=hm?-Km+4=0

m
4
m1+m2_ ,mlmzzﬁ
K> 8
2 i mi=—_2_4
M+ h? h

2

2
Locus of P is y* —8x = 4x* = y? :4(x+1)2—4:>@—y7:1

120. The length of the latusrectum of a parabola is 4a. A pair of perpendicular tangents are drawn
to the parabola to meet the axis of the parabola at the points A, B. If S is the focus of the
1

- 4+ — =
|SA|  [SB|

A) 2/a B) 4/a ) lla D) 2a
Key. C
Sol. Let y*=4ax be the parabola

parabola then

a 1 .
y=mx+ - and y = (——j X —am are perpendicular tangents
m

S =(a,0),A=(—%,0j,8=(—am2,0)
m

2
ISA| = a(1+i2) NN

m m?

|SB|=a(l+m?)

121. Length of the focal chord of the parabola (y+3)® = —8(x—1) which lies at a distance 2 units
from the vertex of the parabola is

A)8 B) 6/2 )9 D) 543
Key. A
Sol. Lengths are invariant under change of axes
consider y* =8Xx. Consider focal chord at (2t°, 4t)
2t

t2

Focus = (2, 0). Equation of focal chord at tis ¥ = 19X —2)= 2tx+(1-t*)y -4t =0

Al

JAt2 + (1-t?)?

=2=(|t|-1) =0
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122.

Key.
Sol.

123.

Key.
Sol.

124,

Key.

Sol.

125.

Key.

2P +1)*

t? 8

2
1
Length of focal chord at ‘t’= Z(t + EJ

2
X
The slope of normal to the parabola Y = i 2 drawn through the point (10,-1)

A) =2 B) —/3 c) -1/2 D) -5/3
C

x® = 4(y +2) is the given parabola

Any normal is X =m(y+2) —2m—m?. If (10,—1) lies on this line then
10=+m-2m-m’=>m*+m+10=0=>m=-2

Slope of normal = 1/m.

m,, m,, m, are the slope of normals (M, <m, <m,) drawn through the point (9, —6) to the
parabola y* =4x. A=[a;] is a square matrix of order 3 such that a; =1 if i # j and

a; =m; if i = j.Then detA =

A) 6 B) -4 )-9 D)8

D

y =mx—2m-m?®.(9,-6) lies on this

L 6=9m-2m-m*=m*-7m-6=0

-2 1 1
Roots are —1,-2,3 .-. |A| =1 -1 1=(-2)(-4)-(3-1)+2=8
11 3

PQ is any focal chord of the parabola y? = 32x. The length of PQ can never be less than

(A) 8 unit (B) 16 unit
(C) 32 unit (D) 48 unit
C

2
Length of focal chord is a [t + %) , if (at?, 2at) is one extremity of the parabola y? = 4ax.

t+%22 (AM >GM)
1 2

= a(t+¥j >4a

Here, 4a = 32

PN is the ordinate of any point P on y? = 4x. The normal at P to the curve meets the axis at G,
then

(AING =1 (B)NG =2
(C)NG =4 (D)NG =6
B
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Sol. LetP be (t? 2t), then the normal at P, is y + tx = 2t + t3 which meets x-axis at G(2 + 12
0). Now as N is (t2, 0).
L NG=2

126.  The coordinates of the focus of the parabola y? = 4(x +y), are

(A) (-1, 1) (B) (0.2
© 21 (D) (2, -1)
Key. B

SOL. y?=4x+4y
= (y—-2)?=4(x+1)
focus (0, 2)

127. The straight line y = mx + ¢ touches the parabola y? = 4a(x + a), if

(A)c=am-a/m (B)c=m-a/m
(C)c=am+a/m (D)c=m+am
Key. C
Sol.  Puttingy = mx + c in parabola y? = 4a(x + a)

= (mx +c)>=4a(x +a)

= m?x? +2(mc-2a) X + (c2-4a%) =0

If roots are equal i.e., D=0

= 4(mc - 2a)% - 4m? (c? - 4a%) = 0

= -mc+a+am?’=0=c=am+a/m

Alternative

Equation of any tangent to the parabola y = m(x + a) = a/m
comparing withy = mx + ¢

c=am +a/m.

128.  Three normals are drawn to the curve y? = x from a point (c, 0). Out of three one is always on
x-axis. If two other normals are perpendicular to each other, then the value of ¢ is

(A) 3/4 (B) 1/2
(C) 32 (D) 2
Key. A

. 1
SOL. Normal at (at?, 2at) is y + tx = 2at + at® (a = Zj

if this passes through (c, 0), we have

, t 1t
ct=2at+at’ =—+—

2 4

= t[t?+2-4c]=0
=t=0ort?=4c-2
if t = 0 the point at which the normal is drawn is (0, 0).
if t = 0 then the two values of t represents slope of normals through (c, 0).
if these normals are perpendicular then (—t1) (-t2) = -1
=>tutr=-1

= (V4c-2)(—/4c-2)=-1
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= c==
4

129.  Let y? = 4ax be a parabola and PQ be a focal chord of parabola. Let T be the point of
intersection of tangents at P and Q. Then

n(PQ)’
4

(B) orthocenter of APQT will lie on tangent at vertex
(C) incenter of APQT will be vertex of parabola

(D) incentre of APQT will lie on directrix of parabola

(A) area of circumcircle of APQT is (

Key. A
Sol.  Equation of tangent at P — ty = x + at? ()
. -1 a ..
Equation of tangent at Q — T y=X+ e .....(11)
= X =-a.

... tlies on the directrix and thus APTQ is right angled triangle. thus circle passing through
P, Q and T must have P and Q are end points of diameter. thus area of required circle is

n(PQ)°
4

130.  Axis of a parabola is y = x and vertex and focus are at a distance \/5 and 2x/§ respectively
from the origin. Then equation of the parabola is

(A) (x-yy’=8(x+y-2) (B) (x+y)y’=2(x+y-2)
C) x=y)?=4(x+y-2) (D) (x+y)?=2(x -y +2)
Key. A

Sol.  PM2=14a(PN)

(x—y)2:4ﬁ(><+j/§—2)

(X-y;=8(x+y-2)
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131.  If my, m; are slopes of tangents drawn from (1, 4) to the parabola y? = 4x, then

(A) my+m; =4 (B) m1—my| = 24/3
(C©)ymimy=-1 (D) my=m;
Key. A

Sol.  Any tangent of the parabola y =mx+ a2
m

:4:m+l =4m=m?+1
m

=>m’-4m+1=0
=m+m=4and mimy;=1

132. The locus of point of intersection of two tangents to the parabola y2 =4X such that their
chord of contact subtends a right angle at the vertex is

A) X+4=0 B) y+4=0 C) x—4=0 D) y—-4=0
Key: A
Sol. Chord of contact of (tt,,t, +1t,) with respectto y*> =4x.is (t, +1,)y =2(x+1t,)
+1,)y —2X%
T
X=—4 = x+4=0

=1= y? =4x1>tt, +4=0= tt, =—4

133. Iftheliney = x+ 2 does not intersect. any member of family of parabolas y? = ax, (aeR")
at two distinct point, then maximum value of latus rectum of parabola is
(A) 4 (B) 8
(C) 16 (D) 32
KEY:B
HINT
y? = ax
y=x+2

(x+2)*—ax=0
x*+x(4—a)+4=0
D<O

as<8

134.  Equation of the circle of minimum radius which touches both the parabolas y = x?+2x+4 and
X =y+2y +4 s
A) 2x*+2y?-11x-11y-13 = 0 B) 4x*+4y*-11x-11y-13=0
C) 3x*+3y? -11x-11y-13 = OD) x>+y>-11x-11y-13=0

KEY : B
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HINT : Given parabolas are symmetric about the line y = x so they have a common normal with

slope -1 it meets the parabolas at _—]',E , E,_—l hence the req circles is x2+y?
2 4 4 2
11 11 13
4 4 4

135.  The slope of the line which belongs to family of these
(1+A)x+(A—1)y+2(1-2)=0and makes shortest intercept on x% = 4y -4

(A) > (B) 1 () o (D) 2
Key: C

Hint: Family of lines passes through focus hence latus rectum will makes shortest intercept.

136. If the tangents at two points (1, 2) and (3, 6) as a parabola intersect at the point (— 1, 1), then
the slope of the directrix of the parabola is

(A) V2 (B)=2
(C) -1 (D)none of these
Key: C

Hint : If the tangents at P and Q intersect at T, then axis of parabola is parallel to TR, where R is the
mid point of P and Q. So, slope of the axis'is 1.

slope of the directrix = —1.

137. A variable chord PQ of the parabola y = 4x? substends a right angle at the vertex. Then the
locus of points of intersection of the tangents at P and Q is

a) 4y +1=16%° by y+4=0 c) 4y +4 =4x° d) 4y+1=0
Key: D

Hint:  Let P(t,,4t?),Q(t,,4t})
Slope of OP x slope of 0Q =-1
=4t.4t, =1

Eq of tangent at (tl, at? ) IS

y=4t =8 (x-t)=y+4t =8x

Eq of tangent at (t2 LAt ) isy+4t; =8t,x
Let (x1, y1) is the point of intersection

eq(l)—eq(z):xlz%

t +t -1
Y1 =8t1( : 5 2)_4t12 =4tt, =T

=4y, +1=0
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138.

Key:
Hint:

139.

Key:
Hint:
140.

Key:
Hint:

141.

Key :

Sol :

142.

Key :

Let A= (9, 6), B(4, -4) be two points on parabola y? = 4x and P(t?, 2t), te[-2, 3] be a variable
point on it such that area of APAB is maximum, then point P will be

(A) (4, 4) (B) (3, -2~/3)
1

C) (4,1 D)|—-.1

(C) (4, 1) ()(4 j

D

Let P be (t? 2t) area of A PAB
t? 2t 1

l 9 6 1 =|5t2-5t-30]|
4 -4 1

it is maximum att=1/2.

Let (2, 3) be the focus of a parabola and x + y = 0 and x - y = 0 be its two tangents, then
equation of its directrix will be

(A)2x-3y=0 (B)3x+4y=0
(C)x+y=5 (D)12x-5y+1=0
A

Mirror image of focus in the tangent of parabola lie on its directrix.
The line x + y = 6 is a normal to the parabola y? = 8x at the point

(a) (18,-12) (b) (4, 2) (c) (2, 4) (d) (3, 3)

c

Slope of the normal is given to be —1. We know that, foot of the normal is

(am?, —2am). Here a = 2, m = —1. Hence the required point is (2, 4).

The tangent and normal at the point P(4, 4) to the parabola, y? = 4x intersect the x—axis at the
points Q and R respectively. Then the cirucm centre of the APQR is

(A) (2,0) (B)(21)
(€ (1,0 (D) (1,2
C
Eg. of tangent 2y=x+4
Q=(-4,0) 44
Eg.of normalisy—4=—-2 (x—4) ’
= y+2x=12 90°

Clearly QR is diameter of the required circle. (490) (6',?0)
= (x+4)(x—6)+y?=0

= x2+y?-2x-24=0

centre (1, 0)

The mirror image of the parabola y* = 4x in the tangent to the parabola to the point (1,2) is

A)  (x-1)" =4(y+1) B) (x+1)" =4(y+1)
©) (x+1)° =4(y-1) D) (x-1)°=4(y-1)
C
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Sol:  Any point on the given parabola is (t2,2t) . The equation of the tangent at (1,2) is x-y +1 = 0.

The image (h,k) of the point (t3,2t) inx-y +1=0s
h—t? k-2t —2(t%-2t+1)

o1 141

h=t"-t*+2t-1=2t-1

and  k=2t+t?-2t+1=t"+1

Eliminating t from h =2t — 1 and k = t2+1

we get, (h+1)% =4(k-1)

given by

The required equation of reflection is (X +1)2 = 4(y—1)

143, Min{(x, —X,)* + (12 +/1— X’ —4X,)*}VX, X, €R is

A. 45 -1 B. 4/5+1 c. J5+1 D. J5-1
Key. A

Sol.  Let Y, =12+4/1-X? and y, = ,/4x,
(1, -12)°* =1-x = X7 +(y, -12)° =L;y, =4x,
Required answer is shortest distance between two curves x* +(y—12)> =1 and y* = 4x

144.  The radius of largest circle which passes through focus of parabola y* = 4(x+Y) and also
contained in it is

A4 B.1 C.3 D.2
Key. A
Sol.  Parabolais y* —4y =4x= (y—2)* =4(x+1)

Focus = (0,2)
Let radius of circle = r then centre = (r,2)
Circleis (x—=r)* +(y—2)* =r?

= (X=r)*+4(x+1) =r? hasequalroots A=0=r=4

145.  Length of the latus rectum of the parabola \/§+\/§ = JE

1. av2

a
2. — 3.a 4.2a
2
Key.

1
Sol.  VX=va-y
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X=a+ y—Z@

(x—y—a)2 =4ay
x2+(y+a)2—2x(a+ y) = 4ay

X? +y? —2xy + 2ay + a*> — 2ax = 4ay

X? +y® —2xy = 2ax+2ay —a’

(x—y)2 :2a[x+y—gj

Axis is x-y=0
2 x+y—E
(u] _2 7
J2 ) 2| 2
2 X+y_E
-
2 2

. lengthy L.R = aﬁ
146.  Equation of common tangent to X* =32y and y? =32x

1. Xx+y=8 2. Xx+y+8=0
3.x—-y=8 4. Xx-y+8=0
Key. 2
1 122
Sol.  Common tangets y*=4ax and x* =4ay is xa®+ yb3+a3b3 =0
Here a=8, b=8

147.. Locus of poles of chords of the parabola y2 = 4ax which subtends 45° at the vertex is
(x+4a)2 = /1(y2 —4ax) then A=

1.1 2.2
3.3 4.4
Key. 4

Sol. Parabolais y* =4ax — @
Polar of a pole (X1Y1) =yy, —2ax =2ax, - @

Making eq (-D homogeneous w.r.t@
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y2_4ax[yy1_2axj:o

Xy* —2xyy, +4ax* =0
Angle between these pair of lines is 45°

2. y? —4a
s tan45° = Y A%

(x, +4a)
)

Locus of (X1Y1 is

= (x+4a)’ :4(y2—4ax)

=>1=4

148.  The equation of the normal to the parabola y* =8X at the point t is

1. y—x=t+2t? 2. y+tx=4t+2t> 3. x+ty=t+2t> 4 y—x=2t-3t°

Key. 2
Sol.  Equation of the normal at ‘' is y+tx = 2(2)t +(2)t° = y +tx = 4t + 2t°
149. The slope of the normal at (at®,2at) of the parabola y* =4ax is
1 2.t 3. —t 1
1. - 4. —=
t t
Key. 3
Sol. Slope of the normal at ‘t’ is —t.

150.  If the normal at the point ‘' on a parabola y* = 4ax meet it again at t,, then t, =

1.1 2. —t-1/t 3. —t-2/t 4. None
Key. 3
Sol.  Equation of the normal at tis tx+ y = 2at + at> — (1)

Equation of the chord passing through tand t, is y(t+t) = 2x+2att, — (2)

t 1 2 2
Comparing (1) and 2) weget —=—=t+t =—— =t =———1.
paring (1) (2) weg 2 e, ) : t, :

151, If the normal at t, on the parabola y* = 4ax meet it again at t, on the curve, then

LG +t)+2=

1.0 2.1 3.t 4.1,

53



Mathematics Parabola

Key. 1
Sol.  Equation of normal at t, is t,x+y = 2at, +at’

It passes through t, = att? +2at, = 2at, +at’
=t 1) =2t -t) >4t +t,) =-2=> 4 +t,) +2=0

152.  |f the normal at (1,2) on the parabola y? = 4x meets the parabola again at the point

(t?,2t), then the value of t is

1.1 2.3 3.-3 4.-1
Key. 3
Sol.  Let(1,2)=(t>,2t) =t =1
ey -2o1-2_ 4
t, 1

153.  If the normal to parabola y* = 4x at P(1,2) meets the parabola againin Q,then Q=
1. (-6,9) 2. (9,-6) 3. (-9,-6) 4. (-6,-9)

Key. 2
Sol. P=(12)=(t*2t)=>t=1
Q=(t/,2t)=>t =—t-2/t=-1-2=-3=Q=(9,-6).

154.  |f the normals at the points t, and t, on y* = 4ax intersect at the point t, on the parabola,

then tt, =

1.1 2.2 3. t, 4. 2t,
Key. 2
Sol. Let the normals at t, and t, meet at t; on the parabola.

The equation of the normal at t, is y+Xxt, = 2at, +at} — (1)
Equation of the chord joining t, and t, is y(t, +t,) =2x+2att, — (2)

(1) and (2) represent the same line.

BEL 2t -2 imilarly t=—t,— 2
1 tl 2

_tl_gz_tz_zzni_tzzg_g:ti—tz :M:tlt2=2
L t, L 4 bt
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155.  The number of normals thWSat can be drawn to the parabola y* = 4x form the point

,0) is
1.0 2.1 3.2 4.3
Key. 2
Sol. (4,0) lies on the axis between the vertex and focus = number of normals =1.

156.  The number of normals that can be drawn through (=1,4) to the parabola
y> —4x+6y=0 are
1.4 2.3 3.2 4.1

Key. 4
Sol. Let S= y2 —4X+6y. 8(71‘4) =4? —4(-1)+6(4)=16+4+24=44>0

(=1,4) lies out side the parabola and hence one normal can be drawn from (—1,4) to the

parabola.

157. If the tangents and normals at the extremities of a focal chord of a parabola intersect at

(X, ¥y) and (X,,Y,) respectively, then

1.X1:X2 2.X1:y2 3.y1:y2 4.X2:y1

Key. 3
Sol. Let A(t,) B(t,) the extremiues of a focal chard of y* = 4ax

L, =-1
(Xv yl) = [at1t2’ a(tl +t2)] ; (X21 Y2) = [a(t12 "'tz2 +it, + 2)’ att, (t1 +t2)]
y, =—att, (t1 +t2) = _a(_l)(t1 +t2) = a(t1 +t2) =Y

158.  The normals at three points P,Q, R of the parabola y* =4ax meetin (h,k) . The centroid

of triangle PQR lies on

1. x=0 2.y=0 3. Xx=-a 4. y=a

Key. 2
Sol.  Let P(t),Q(t,) &R(t,)

Equation of a normal to y* = 4ax is y+1tx = 2at + at®
This passes through (h,k) =k +th=2at +at®* = at®*+(2a—h)t—-k =0

t,,t,,t; are the roots of this equation t, +t, +t, =0
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Centroid of APQRis G{% 7+t +t32),2—:;1(t1 +1, +t3)}

+1, +t :Ozé(t +t,+t,)=0=G lieson y=0.
t:l. 2 3 3 1 2 3

159. The ordinate of the centroid of the triangle formed by conormal points on the parabola

y* =4ax is

1.4 2.0 3.2 4.1
Key. 2
Sol. Lett,,t, &t, be the conormal points drawn from (X, Y,) to y* = 4ax

Equation of the normal at point ‘t’ to y* =4axis y+tx = 2at + at®
This passes through (X, Y;) = VY, +tx = 2at+at® = at® +(2a—x )t -y, =0

t,,t,,t, are the roots of the equation. .". t, +t, +t, =0

2a
The ordinate of the centroid of the triangle formed by the points t,t, &t, is ?(t1 +t,+t,)=0

160.  The normals at two points P and Q of a parabola y* = 4ax meetat (X, Y,) onthe
parabola. Then PQ?=

1. (x, +4a)(x, +8a) 2. (x +4a)(x, —8a) 3. (x —4a)(x, +8a) 4. (x —4a)(x,—8a)
Key. 2
Sol.  LetP=(at?,2at),Q=(at?,2at,)

Since the normals at P and Q meet on the parabola, tt, =2.
Point of intersection of the normals (X, Y,) = (a[tf +t 4+t + 2],—at1t2 [t, +t2])
= x =altt+t; +tt, +2) =a(t’ +t; +4H) = a(t’ +t;) =x —4a

PQ’ = (at/ —at;)* + (2at, — 2at,)* =a’(t, —t,)*[(t, +1,)* +4]
=a(t?+t; —4)a(t? +t +8) = (x, —8a)(x, +4a)

161.  |f a normal subtends a right angle at the vertex of the parabola y2 =4ax, then its length is

1. \/5a 2. 3\/5a 3. 6+/3a 4. 7-/5a

Key. 3
Sol.  Leta(at?,2at,), B(at}, 2at,) .
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: 2
The normal at A cuts the curveagainatB. .. t +t, = —E ........ @

Again AB subtends a right angle at the vertex 0(0,0) of the parabola.

Slope OA = 2a§1 :g, slope of OB _2
. L,
2 2
OALOB=—.—=-tt,=-4......(2)
Lt
stope of AB s 22 =W _ 2 _ ¢ gy (1)
a(tz _tl) t1""[2
_ : 4 2 .2
Again from (1) and (2) on putting for t, , we get tlzt—:—t—. St =2 or
1 1
t, ++/2
4 -4 ,
t,=—=———=+2J2. .. A=(2a,+2a2),B=(8a,+4a)
L (+2)

AB =/(2a—8a)? + (2a+/2 + 4/2a)* =+[36a” +72a° =~108a’ =6+/3a.

162.  Three normals with slopes m,,m,, m, are drawn from any point P not on the axis of the

parabola y2 =4x.If mm, =a, results in locus of P being a part of parabola, the value of

‘a’ equals
1.2 2.-2 3.4 4.-4
Key. 1
Sol. Equation of normal to y2 =4xis y=mx—2m-— m? (i)
It passes through (o, 3) Somm,m, B =me —2,-m’
> m+Q2-a)m+p5=0 ... (i)

(Let m;, m,, m,are roots)

B

mm,m, =—4 (a3 mm,=a) = m3=_g
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= f+(2-a)a’f-pa’=0

= locusof P is y*+(2—x)ya’—vya’=0

As P is not the axis of parabola

= y?=a’x—2a’*+a’asitisthe part of y* =4x
a®=4or —-2a*+a’=0, a=+2 or a’(a—2)=0

a=x2or a=0,a=2

= a=2 isthe required value of a

y #
|
L
H
2
i}
e
Pla, 8)
Hl
e

163.  The length of the normal chord drawn at one end of the latus rectum of y* =4ax is

1. 2J/2a 2. 4/2a 3.8v2a 4.10+2a
Key. 3
Sol.  One end of the latus rectum =(a, 2a)

Equation of the normal at (a,2a) is 2a(x—a)+2a(y—-2a)=0=x+y—-3a=0

Solving; y* = 4ax, x+ y—3a =0 we get the ends of normal chord are (a,2a),(9a,-6a).

Length of the chard = \/(98. —a)’+(-6a-2a)’ = J64a’ +64a* =8/2a.

164. If the line Yy =2X+K is normal to the parabola y2 =4X, then value of kequals

1.-2 2.-12 3.-3 4.-1/3
Key. 2
Sol. Conceptual
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165.  The normal chord at a point ‘t’ on the parabola y2 =4ax subtends a right angle at the

vertex. Then t? =

1.4 2.2 3.1 4.3
Key. 2
+1X
Sol.  Equation of the normal at point ‘t'is y+tx = 2at +at® = y—g =
2at +at

y + X

Homoginising y? = 4ax| —2———
: 0y (2at+at3

j:> (2at +at®)y* —4ax(y +tx) =0

These linesre L1r = 2at+at’—4at=0=at(t* -2)=0=>t*=2

166. A is a point on the parabola y2 =4ax. The normal at A cuts the parabola again at B. If
AB subtends a right angle at the vertex of the parabola, then slope of AB is

1.2 2.2 3.3 4.3
Key. 1
Sol.  Let A(at?,2at,) and B(at’,2at,).
The normal at A cuts the curve againatB. .. t +t,=-2/t....(1)

Again AB subtends a right angle at the vertex O(0,0) of the parabola.

Slope of OA:%:% Slope of OB =t3

2
1 1 2

OA_LOB = tg =1t =—4...(2)
2

N

2a(t,~t) 2
a(tzz _tlz) t1 +t2

Slope of AB is =-t by (1)

. . 4 2
Again from (1) and (2) on putting for t, we get t; T E Lo =2=t =442,
1
. Slope = i\/z

167.  |f the normal at P meets the axis of the parabola y2 =4axin G and S is the focus, then SG =

1. SP 2. 2SP

3. ESP 4. None

2

Key. 1

Sol.  Equation of the normal at P(at?, 2at) is tx+ y = 2at + at®
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Since it meets the axis, y=0=> tx=2at+at’ = x =2a+at’

. G=(2a+at?,0), Focus S =(a,0)

SG =\/(2a+at2 —-a)*+(0-0)° :\/(a+at2)2 =a+at’ =a(l+t?)

SP = /(at’—a)? +(2at—0)? =,/(at?—a)?+4a’t’ =./(at’+a)? =at’+a=a(t>+1)
- SG=SP

168.  The normal of a parabola y2 =4ax at (X, Y;) subtends right angle at the

1. Focus 2. Vertex 3. End of latus rectum 4. None of these
Key. 1
Sol. Conceptual

169.  The normal at P cuts the axis of the parabola y2 =4ax in Gand S is the focus of the

parabola. If ASPG is equilateral then each side is of length

1.a 2. 2a 3. 3a 4. 4a

Key. 4
Sol.  Let P(at?,2at)

Equation of the normal at P(t) is y+tx = 2at + at®
Equation to y —axisis Xx=0. Solving G(2a+at?,0)

Focus s(a,0)

ASPG is equilateral = PG =GS = +/4a” +4a’t? :\/a2(1+t2)2
= 4a’(1+t?)=a’(l+t°) =>4 =1+t>=>1t*=3

Length of the side =SG =a(l+t*)=a(l+3)=4a
170. " if the normals at two points on the parabola y2 =4ax intersect on the parabola, then the

product of the abscissa is

1. 4a° 2. —4a’ 3. 2a 4. 4a*

Key. 1
sol.  Let P(at},2at,);Q(at?,2at,)

Normals at P & Q on the parabola intersect on the parabola = tjt, =2
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at’ xat; =a’(tt,)* =a’(2)* =4a’
171. If the normals at two points on the parabola intersects on the curve, then the product of the

ordinates of the points is

1. 8a 2. 8a° 3. 8a° 4. 8a*

Key. 2
Sol.  Letthenormalsat P(t)) and Q(t,) intersect on the parabola at R(t;).

Equation of any noemal is tx+ y = 2at + at®
Since it passes through Q we get t.at? +2at, = 2at +at®

= at®+(2a—atl)t—2at, =0, which is a cubic equation in tand hence its roots are t,,t,,t..

Product of the roots =tt,t, =

ﬂ:zg:nlg:z
a

Product of the absisson of P and Q =at’.at; =a*(tt,)’ =a’(2)* =4a’.

Product of the ordinates of P and Q = 2at,.2at,4a’tt, =4a*(2) =8a’

172. The equation of the locus of the point of intersection of two normals to the parabola

y2 =4ax which are perpendicular to each other is

1. y* =a(x—3a) 2.y*=a(x+3a) 3.y’ =a(x+2a) 4. y*=a(x-2a)

EEIY. 1I_et P(X,,Y,) be the point of intersection of the two perpendicular normals at
A(t), B(t,) on the parabola y* = 4ax.

Let t, be the foot of the third normal through P .

Equation of anormal at t to the parabola is y + xt = 2at + at®

If this normal passes through P then vy, +xt = 2at +at® = at® + (2a— x)t -y, =0 — (1)
Now t,t,,t, aretheroots of (1). .. ttt,=y,/a

Slope of the normal at t, is —t;

Slope of the normal at t, is —t, .

Normals at t, and t, are perpendicular = (-t) (-t,)=-1=tt, =-1=ttt, =—t,
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Y1 Yi
¢ t =—21
T AT BT,
3 —
t, is aroot of (1) :a(—ﬁ)3+(2a—x1)(—h)—yl:Oj—y—Z—M—yl:O
a a a a

= y’+a(2a-x)+a’ =y =a(x, —3a).

.. The locus of P is y* =a(x—3a)
173. The three normals from a point to the parabola y* =4aXx cut the axes in points, whose

distances from the vertex are in A.P., then the locus of the point is
1. 27ay’ = 2(x—2a)’ 2. 27ay’ =2(x—2a)* 3. 9ay* =2(x—2a)® 4. 9ay® =2(x—2a)*

Key. 1
Sol. Let P(x,,Y,) be any point.

Equation of any normal is y = mx —2am—am?®
If is passes through P then y, = mx, —2am—am’
= am® +(2a—x,)m, + Y, =0, which is cubic.in m.

2a—X
a

Let m, m,,m, be its roots. Then m, +m, +m, =0,mm, +m,m, + mym, =

Normal meets the axis (y = 0), where 0 = mx—2am—am® = x = 2a+am’
.. Distances of points from the vertex are 2a+am/,2a+am;, 2a +am;
If these are in A.P., then 2(2a+am’) = (2a+am’) +(2a+am’) = 2m’ =m? + m’

=3m =m/ +m’ = (m, +m, +m,)* —2(mm, +m,m, +mm,) =-2(2a—-x,)/a
~mé =2(x,—2a)/3a

But y, =m,(x, —2a—am’) = y; =m’(x —2a—am;)* = 2(x, —2a)’/ 27aLocus of P is
27ay® =2(x—2a)°
174.  |f the normals from any point to the parabola X2 = 4y cuts the line Y =2 in points whose
abscissae are in A.P., then the slopes of the tangents at the 3 conormal points are in
1. AP 2.GP 3. HP 4. None

Key. 1
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Sol.  Apointon X* =4y is (2t,t,) and required point be P(x,,Y,)
Equation of normal at (2t,t%) is x+ty =2t +t°.......(1)

Given line equation is Yy =2........ (2)
Solving (1) &(3) x+t(2)=2t+t>=x=t*
This passes through P(X,, ;) = t* = X..cevvvneee, (3)

Let (2t,t7)(2t,,t2), (2t,,t7) be the co-normal points form P .
2t,,2t,,2t, in AP. = 4t, = 2(t, +1,) =, = %

.". slopes of the tangents t,t, &t, are in A.P.

175. The line IX+my +n=0 is normal to the parabola y* = 4ax if

1. al(*+2m?)+m’n=0 2. al(1?+2m?) =m?n
3. al(21 +m?)+m*n=0 4. al(21?> +m®) =2m’n
Key. 1
Sol. Conceptual

176.  The feet of the normals to y* =4ax from the point (6a,0) are

1. (0,0) 2. (4a,4a)

3. (4a,-4a) 4. (0,0),(4a,4a),(4a,—4a)
Key. 4
Sol. Equation of any normal to the parabola y2 =4ax is y =mx—2am —am®

If passes through (6a,0) then 0 =6am—_2am—am® = am’ —4am=0=am(m*-4) =0
=>m=0,1+2.

.. Feet of the normals = (am?,—2am) = (0, 0), (4a,—4a), (4a,4a) .

177.  The condition that parabola y* =4ax & y* = 4c(x—b) have a common normal other than

x-axisis (@#bh#C)
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Key.
Sol.

178.

Key.

Sol.

179.

Key.

Sol.

180.

Key.
Sol.

1.i<2 2.L>2 3.L<1 4.L>1

a—cC a—cC a—cC a—cC

2
Conceptual

Tangents are drawn from the point (-1, 2) to the parabola y® =4x. The length
of the intercept made by the line x = 2 on these tangents is

(A) 6 (B) 6+/2 (C) 2+/6 (D) none
B
Equation of pair of tangent is

SS, =T?

= (y* —4x)(8) = 4(y — x +1)?

= y?-2y(1-x) - (x* +6x+1) =0
Put x=2

= y?+2y-17=0
:>|Y1_Y2|:6\/E

The given circle xX*+y?+2px=0, peR touches the parabola y* = 4x

externally, then

(A) p< O (B)p >0 (C)0<p<1 ([D)p<-1

B

Centre of the circle is (- p, 0), If it touches the parabola, then according to figure only

one case is possible.

Hencep >0

The triangle PQR of area A is inscribed in the parabola y* =4ax such that P

lies at the vertex of the parabola and base QR is a focal chord. The
numerical difference of the ordinates of the points Q & R is

A A 2A 4A
(A) a B) — (C) — (D) —
a a a a
C
QR is a focal chord
= R(at2,2at)&Q(t%,—2t—a)
=d= 2at+§ =2at+}‘
t t
at> 2at 1
Now A== EZ _28 g gttt
2|t t t
0 0 1
:2at+1 :2—A
t a
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181.

Key.
Sol.

182.

Key.
Sol.

183.

Key.

Sol.

184.

Through the vertex O of the parabola y* =4ax two chords OP & OQ are
drawn and the circles on OP & OQ as diameter intersect in R. If
6,,0, & ¢ are the inclinations of the tangents at P & Q on the parabola and
the line through O, R respectively, then the value of COté, +cotd, is

(A) —2 tan ¢ B)-2tan (7 - ¢) (SN (D) 2 cot ¢
A

Let P(t)&Q(t,)

= Slope of tangent at P(%) & at Q(tl) =cotg =t and cotd, =t,

2

2
Slope of PQ = . tan¢
2
1
:tan¢:—5(cot91+cot02) = cot g, +cot g, =-2tan ¢
AB and AC are tangents to the parabola y* =4ax. p;, p, & p, are
perpendiculars from A, B & C respectively on any tangent to the curve
(otherthan the tangents at B&C), then p,, p, & p; are in
(A) A.P. (B) G.P. (C) H.P (D) none
B

Let any tangent is tangent at vertex x =0 and

Let B(t)&C(t,)

= A(att,,a(t, +t,))

= p =at’; p, =at,” & p,=at,

= p, P, &parein G.P.

A tangent to the parabola x°+4ay=0 at the point T cuts the parabola
x* =4by at A & B. Then locus of the mid point of AB is

A) (b+2a)x> =4b%y (B) (b+2a)x* =4a’y
(C) (a+2b)y*=4b*x (D) (a+2b)x* =4b%y
D

Let mid point of AB is M(h, k)
Then equation of AB is hx —2b(y +k) = h* —4bk
Let T (2at, —at?)
= Equation of tangent(AB) = x(2at) =—2a(y —at?)
h -2b h*-2bk

Compare these two equations, we get — = =
P q 8 %at 2a 2a%t?

By eliminating t and Locus (h, k), we get (a+2b)x* =4b’y
A parabola y=ax’+bx+C crosses the x-axis at A(p, 0) & B(q, 0) both to the

right of origin. A circle also passes through these two points. The length of a
tangent from the origin to the circle is
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bc c
(A) 4|7 (B) ac’ (C) b/a (D) \/:
a a
Key. D
Sol.  Use power of point for the point O figure

= O0T*=0A0B = png
:>OT=\/E
a

185.  The locus of the vertex of the family of parabolas Y =

32 aZX

+ 7 —2a (a is parameter) is

(A) xy—10—5 (B) xy—§ (C) Xy—§ (D) Xy—6—4
64 4 16 105
Key. A
3.2 2
Sol. y= ax H—Za
3 2
2a%( , 3 12aj
6 2a 2a
2a%( , 3 9 9 12a
y=—o-I[X"+2.—X = ¢
6 a l6a° 16a° 2a
23’ ( 3)2 1059
y=—o7/[| X+— | — 5
6 4a 16a

( 1059) 2a3[ 3)2
y+—— |=—| X+—
48 6 4a

_ ~1059

48
-3
49
1059 3 105

XY = =
V=708 "9 w4

y

186.  Equation of a common tangent to the curves y2 =8X and Xy=-1is

(@) 3y=9x+2(b) y=2x+1 (c) 2y =x+8 (d) y=x+2
Key. D
Sol.  y*=8k,xy=-1

-1 ‘
Let P t,T be any pointonxy=-1

-1
Equation of the tangent to Xy =—1at P(t, T) is
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If (1) is tangent to the parabola y2 =8X then
-2 2 £

T 1t
t=-1

.. Common tangentisy = x+2

=1

187. The locus of the mid-point of the line segment joining the focus to a moving point on the
parabola y2 =4axis another parabola with directrix
1. X=-a 2. x=-al2 3. x=0 4. x=al2
Key. 3
Sol.  The focus of the parabola y* = 4axis S(a,0),Let P(at’, 2at) be any point on the parabola
then coordinates of the mid-point of SP are given by

at?+1)  2at+0
X = y:
2 2

Eliminating ‘t” we get the locus of the mid-point
As y*=2ax—a’or y* =2a(x—al2) (1)

Which is a parabola of the form Y > =4 AX (2)

Where Y =y, X =x—al/2 and A=a/2

Equation of the directrix of (2) is X =—A

So equation the directrix of (1) is X—a/2=-a/2
= x=0

188. The tangent at the point P(X, Y;) to the parabola y® = 4ax meets the parabola
y* =4a(x+b) atQandR,thenthe coordinates of the mid-point of QR are
1. (x,—a,y,+b) 2. (X, ¥,) 3. (X, +b,y,+a) 4. (x,—b,y, —b)
Key. 2
Sol. Equation of the tangent at P(X,, Y,) to the parabola y* =4axis
yy, =2a(X+x,) or 2ax—y,y+2ax, =0 (i
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If M (h,k)is the mid-point of QR , then equation of QR a chord of the parabola y* = 4a(X+b)in
terms of its mid-point is ky —2a(x +h) —4ab =k —4a(h+b)

(using T=S") or 2ax—ky+k*—2ah=0 (ii)

Since (i) and (ii) represent the same line, we have

2a _y, _ 23 2
AN 28 kv and k?—2ah=2
2a Kk Ki_zah < ThA &

2_

= Yy, —2ah=2ax = 4ax, —2ax, = 2ah
(as P(x,, y,)lies on the parabola y* = 4ax)

= h=Xx sothat h=X K=Y, and the midpoint of QR is (X, Y;)
189. Equation of the common tangent touching the circle (X—3)2 + y2 =9 and the parabola

y® = 4x above the x-axis is

1. J§y:3x+1 2. \@y:—(x+3) 3. \/§y:x+3 4. \/§y:—(3x+1)
Key. 3
Sol. Equation of a tangent to the parabola y2 =4Xis y =mx+1/m.it will touch the circle
1
(x—3)+y* =9 whose centre is (3,0) and radius is 3 if 0+ n\l/(3)7+(2/ m)% =3
1+m

orif  (3m+1/m)* =9(1+m?)
Orif 9Im*+6+1/m’>=9+9m?

Or if m2=1/3iem=+1/3

As the tangent is above the x-axis, we take m=1/ \/é and thus the required equation is
J3y =x+3.

190. If the normal chord at a point ‘t’ on the parabola y* = 4ax subtends a right angle at the
vertex, then the value of tis

1.4 2.3 3.2 4.1

Key. 3
Sol. Equation of the normal at ‘t’ to the parabola y2 =4ax is y =—tx+2at+ at®

The joint equation of the lines joining the vertex (origin)to the points of intersection of the parabola
y +1tx }

and the line (i) is  y? = 4ax
Wis Y {ZatJrat3
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= (2t +t%)y* = 4x(y +1X)
= 4tx° — (2t +t2)y* +4xy =0

Since these lines are at right angles co efficient of x” + coefficient of y2 =0
=  4t-2t-t°=0 = t?=2

For t =0, the normal lineis y =0, i.. axis of the parabola which passes through the vertex (0,0) .

191. If the focus of a parabola divides a focal chord of the parabola in segments of length 3 and 2,
then the length of the latus rectum of the parabola is

1.3/2 2.6/5 3.12/5 4.24/5
Key. 4
Sol.  Let y* =4aXx be the equation of the parabola, then the focus is S(a,0). Let
P(at,2at,) and Q(at?,2at,) be vertices of a focal chord of the parabola, then tt, = —1. Let
SP=3 SQ=2

SP = [a’(1-t7)+ 42t} =a(1+8)=3 ()
1 )
And SQ:a[1+EJ=2 (i)

From (i) and (ii) we get t* =3/2 and a=6/5

Hence the length of the latus rectum =24/5.
192. The common tangents to the circle X* +y* =a°/2and the parabola y* = 4ax intersect at
the focus of the parabola

1. X* = 4ay 2. x> =—4ay 3. y? = —4ax 4. y* =4a(x+a)
Key. 3
Sol. Equation of a tangent to the parabola y2 =4axis y=mx+a/m.If it touches the circle
x> +y*=a*/2

a a 2 2 2
_:(ﬁjx/um = 2=m°(1+m°)

m
= m+m’-2=0 = (M*-D)(M*+2)=0

= m’=1= m=4=1

Hence the common tangents are Y = X+a and Yy =—X—a which intersect at the point

(—a, 0) which is the focus of the parabola y2 =—4ax.
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193. If a#0and the line 2bX+3cy +4d =0 passes through the point of intersection of the
parabolas y* =4ax and x° =4ay, then

1.d*+(2b—3c)*=0 2. d*+(3b+2c)*=03. d* +(2b+3¢c)* =0 4. d* +(3b—2c)* =0
Key. 3
Sol.  The pints of intersection of the two parabolas are (0,0) and (4a,4a). If the given line
passes through these two points then d =0and 2b+3c =0 (As a #0)so that
d?(2b+3c)* =0.

194. If PQis a focal chord of the parabola y* = 4ax with focus at S, then 25P.SQ 3
SP+3Q
1. a 2. 2a 3. 4a 4 2’
Key. 2
Sol. Let the coordinates of P be (at’,2at,) and of Q be (at’,2at,) .Since PQis a focal chord,
tt, =-1

Focusis S(a,0) = SP=4a?(1-t?)? +4a’t? =a(l+t)
2
And SQ:aa+uq)=§Q§£l

25P.SQ _ 2a2(1+t12)2
SP+SQ ) 1
tla{(lﬂl )+(1+t12ﬂ

195.  If the tangents at the extremities of a chord PQ of a parabola intersect at T , then the

So that =2a

distances of the focus of the parabola from the points P,T,Q arein

1.AP 2.G.P 3.H.P 4. None of these
Key. 2
Sol.  Let the equation of the parabola be y* =4ax and P(at?,2at,), Q(at?, 2at,) be the
extremities of the chord PQ. The coordinates of T, the point of intersection of the tangents at

P and Q are (att,,a(t, +t,))
Now SP=a(l+17)
sQ=a(1+t})
And ST? = (att, —a)* +[a(t, +t,) - 0]

=a’(tf +1; +tt] +1)
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=a’(1+t7)(1+t2)=SP.SQ

So that SP,ST,SQarein G.P.
196. If perpendiculars are drawn on any tangent to a parabola y2 =4ax from the points
(a£k,0) on the axis. The difference of their squares is

1.4 2. 4a 3. 4k 4. 4ak

Key. 4
Sol. Any tangent is Y = mx +a/ m. Required difference is

{m(a+k)+a/m}2 {m(a—k)Jra/m}2
J1+m? J1+m?

=i x4(ma+a/m)mk = 4ak.
—+

197. Which of the following parametric equations does not represent a parabola

1L x=t"+2t+1Ly=2t+2 2. x=a(t®*—2t+1),y =2at—2a
3. x=3sin’t, y = 6sint 4. x=asint,y = 2acost

Key. 4

Sol. X =aT?, y =2aT Represents a parabola.

In(a) a=1T =t+1,in(b) a=a,T =(t-1)
In(c) a=3,T +sint Butin (d) if 2aT = 2acost

= T =cost Which does not satisfy x = aT 2.

198. y=-2x+12aisanormalto the parabola y* =4ax at the point whose distance from the

directrix of the parabola is

1. 4a 2. 5a 3. 42a 4. 8a

Key. 2
Sol. " y=-2x+12a is a normal at the point (a(—2)*,-2a(-2)) i,e., (4a,4a)whose distance
from X=-a is 5a.

199.  If the area of the triangle inscribed in the parabola y2 = 4ax with one vertex at the vertex

of the parabola and other two vertices at the extremities of a focal chord is 5a%/2 ,then the

length of the focal chord is

1. 3a 2. 5a 3.25a/4 4. None

of these
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Parabola
Key. 3
. ’ a —2a
Sol. Let the vertices be 0 (0,0), A(at”, 2at),B t—Z,T then
0 0 1 ,
2 5a 2
—lat® 2at l=— = 2t°-5t+2=0
a
t t

= t=2 or1/2 sothe vertices of a focal chord are (4a,4a) and (a/4,—a) (Taking

t = 2)and length of this focal chord is 25 a/ 4.

200.  |f the tangents at the extremities of a focal chord of the parabola x? = 4ay meet the tangent
at the vertex at points whose abcissae are X and X,then X X, =
1.a° 2.a°-1 3.a°+1 4. -a’

Key. 4

Sol.

One extremity of the focal chord be (2at, atz) . Equation of the tangent is tX=Y + at? which

1
meets the tangent at the vertex, y=0 at x=at so X, =at and X, = a(——] thus

2
XX, =—a’.

201. Area of a trapezium whose vertices lie on the parabola y* = 4x and its diagonals pass through
. 25 .
(1, 0) and having length Tunlts each is
75 . 625 . 25 . 25 .

A) — sg.units B) — sq.units C) —sq.units D) —sq.units

()4q ()16q ()4q ()8q
Key. 1
Sol. - Focus of parabola is (l, O) = diagonals are focal chords

AS-1+t=CE S+_1 _1 ¢ :55

cC 25 4
4
For C = > t= il
4 2
C=5 1t=42
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AD =2 & BC =8 distance between AD & BC = %

Area of trapezium = ? sg.units

202.  Maximum number of common normals of y* = 4ax & x* = 4by may be equal to
(A)2 (B) 4 €5 (D)3

Key. 3
Sol. Equation of normal to y*=4ax is y=mx—2am-am® & for x*=4byis

y:mx+2b+£2
m

We get 2b+iz+4m+am3 =0
m

am® +2am® + 2bm? +b =0

Max 5 normals
203. If the normal to the parabola y* = 4ax ata point t, cuts the parabola again at t, , then

(A) 2<t?<8 (B) t> <2 (C)t>>8 (D) 2 <1
Key. 3
Sol. Astzz—tl—é teR=t;>8

204. The normal at a point P of a parabola y2 = 4ax meets its axis in G and tangent at its vertex

in H. If Ais the vertex of the parabola and if the rectangle AGQH is completed, then
equation to the locus of vertex Q. is

a) y*(y—2a)=ax’ b) y*(y+2a)=ax’
c) X*(x—2a)=ay’ d) x*(x+2a)=ay’
Key. C

sol.  A=(a,0),H =(02at+at*),G =(2at+at’,0),Q =(h,k)
(h.k)=(2a+at? 2at+at®)
eliminating ‘", x> = 2ax’ + ay?

205. - If the focus of the parabola (y—,B)2 = 4(X—a) always lies between the lines X+ Yy =1
and X+ Yy =3, then,

a) 3<a+p<4 b) O<a+ <3
o) 0<a+p<?2 d 2<a+p<?2

Key. C

Sol.  origin & focus line on off side of X+y=1=a+ >0

origin & focus line on same side of X+y=3=a+ < 2.
206.  Consider the two parabolas y° = 4a(x—a) & X = 4a(y—,B), where ‘@’ is the given

constantand «, [ are variables. If & and [ vary in such a way that these parabolas touch

each other, then equation to the locus of point of contact
a) circle b) Parabola
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Key.
Sol.
207.

Key.
SOL.

208.

Key.
Sol.

209.

Key.

c) Ellipse d) Rectangular hyperbola
D

Let POC be (h, k). Then, tangent at (h, k) to both parabolas represents same line.

A parabola y = ax? + bx + c crosses x-axis at (a, 0) and (B, 0) both right of origin. A circle
passes through these two points. The length of tangent from origin to the circle is

(a) JE (b) ac?
a
b
(c) — (d) \ﬁ
a a

D
ROOTSOF AX?+BX+C=0AREq,

0c+B:—E, aBzE
a a

EQUATION OF CIRCLE THROUGH (o, 0) AND (B, 0)
S=(X-a) (X-P)+Y2+LY =0
LENGTH OF TANGENT FROM ORIGIN IS

:ng

Equation of the line passing through (o, B), cutting the parabola y? = 4ax at two distinct points
A and B such that AB subtends right angle at the origin is

(A) Bx+(da—-a)y—4ap=0 (B) 2Bx+ (ao—4a)y—2aB =0
(C) Bx+(aa—4a)y—2ap=0 (D) none of these
A
Any line through (a, B)
y—-B=m(x-a) (i)

Solving equation (i) with equation of the parabola.

= 2at—p=m(at’ —q)

= amt’ -2at+B-ma=0

B—mo
am

s
a—4a

Hence required equation
p
y-p= o —4a
= Y(a—4a)—ap +4ap =pBx—af
= Px+(da-a)y—4ap=0
Let 3x —y — 8 = 0 be the equation of tangent to a parabola at the point (7, 13). If the focus of
the parabola is at (-1, —1). Its directrix is

=4

= 1t, =

(x-a)

(A)x—8y+19=0 (B)8x+y+19=0
(C)8x—y+19=0 (D)x+8y+19=0
D
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Sol. Foot of perpendicular from focus upon tangent is say (o, PB). So
a+l B+1 —(-3+1-8)
3 -1 3B4(-1*
= (o, B)=(2,-2).
Images of (7, 13) and (-1, —1) w.r.t. (2, —2) will lie on respectively the axis and the directrix of

-1+17
the parabola. The two points are respectively (-3, —17) and (5, —3). Slope of axis = 123 =
-1+
. — 1
8. So equation of directrix:y + 3 =— Py (x=5)
i.e., x+8y+19=0.
210.  Aparabola having focus at (2,3) touches both the axes then the equation of its directrix is
a) 2x+3y =0 b) 3x+2y =0 c) 2x-3y=0 d)3x-2y =0
Key. B
Sol. The foot of the perpendicular from focus (2,3) to the axes are (2,0),(0,3) lie on the tangent
-3
at the vertex hence it’s slopes 7 ... Equation of directory is 3x+2y =0

211.  Equation of the circle of minimum radius which touches both the parabolas y = x?+2x+4 and
X=y* 2y +4 is
a) 2x2+2y%-11x-11y-13 = 0 b) 4x*+4y>-11x-11y-13=0
c) 3x*43y? -11x-11y-13 = 0d) x*+y>-11x-11y-13=0

Key. B
Sol. Given parabolas are symmetric about the line y = x so they have a common normal with
-113)(13 -1
slope -1 it meets the parabolas at | —,— |,| —,— | hence the req circles is x*+y?
2 4 4 2
11 11 13
4 4 4
212.  If aix+by+c=0
ax + by + ¢ = 0 are two tangents to y? = 8a(x — 2a), then
a a a a
(A)| L |+=2=0 B)1+-1t+-2=0
b b b b
(C) a1az+b2=0 (D) a1az—b2=0

Key.

C
Sol. The tangents are drawn from (O, _Bj on. Y-axis which is directrix of the given parabola.

= (_ﬁj(_a_zj =-1=aa,+b’=0
b b

213. A normal, whose inclination is 300, to a parabola cuts it again at an angle of

a) tan{?} b) tanl( o) tan}(24/3) d) tan‘l(

Key. D

# 46)
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Sol.

214.

Key.

215.

Key.

Sol.

216.

Key.

Sol.

1
The normal at P(at,”,2at,)is y+ xt, = 2at, + at,’ with slope say tana = —t, =— . If it

V3
2 2 7
meets curve at Q(at,”, 2at,) thent, = —t, — — =—=. Then angle @ between parabola
Lo V3
1

(tangent at Q) and normal at P is given by tan @ = - _E = i

b2

t2

1
=@=tant| —
(zﬁj

The locus of vertices of family of parabolas, y = ax? +2a’x+1is (a # 0)a curve passing

through
a) (1,0) b) (1,1) c) (0,1) d) (0,0)

C

_(1_A73
y:ax2+2a2x+1:>M:(x+a)2
a

sol. ..Vertex=(a, f) =(-a,1-a°)
= pf=1+a’
= curve is y=1+x
The locus of the Orthocentre of the triangle formed by three tangents of the parabola
(4x—3)* =-64(2y +1) is

7 3
)y== )y ) x=7 )y=3

D
The locus is directrix of the parabola
A pair of tangents with inclinations &, f/ are drawn from an external point P to the parabola

y? =16X. If the point P varies in such a way that tan’ & + tan® [ =4 then thelocusof Pisa
conic whose eccentricity is

< B) 5 01 D)ﬁ

2 2

Let m =tana, m, =tan g3, Let P =(h,k)

4
m,, M, are the roots of K =mh+—=hm?-Km+4=0

m
K. 4
MM, === mm, =
K2 8
m12+m22:F—H:4
2 2
Locus of P is y2—8x=4x2:>y2=4(x+1)2—4:>(le) _yI:l
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217. The length of the latusrectum of a parabola is 4a. A pair of perpendicular tangents are drawn
to the parabola to meet the axis of the parabola at the points A, B. If Sis the focus of the

1 1
parabola then — +——=
|SA|  |SB|
A) 2/a B) 4/a Cc)1l/a D) 2a

Key. C
Sol. Let y* =4ax be the parabola

a 1
y=mX+—and y= (——jx—am are perpendicular tangents
m m

S =(a,0),A:(-%,Oj,B:(-amz,O)
m

2
|SA|=a(1+$j %

|SB|=a(l+m?)
218. Length of the focal chord of the parabola (Y +3)* =—8(x 1) which lies at a distance 2 units
from the vertex of the parabola is
A)8 B) 64/2 )9 D) 53

Key. A
Sol. Lengths are invariant under change of axes

consider Yy =8X. Consider focal chord at (2t 4t)

Focus = (2, 0). Equation of focal chord at tis Y = t22t 19X ~2)= 2tx+(1-t*)y—4t=0
4t
1 =2=(t|-1)" =0
JAtE + (1-17)?
GER

1 2
Length of focal chord at ‘t’= Z(I + E] 8

t2
X2
219. The slope of normal to the parabola Y = i 2 drawn through the point (10,-1)

A) -2 B) —/3 ) -1/2 D) -5/3

Key. C

Sol. x> =4(y+2) is the given parabola
Any normalis X =m(y+2)—2m—m>. If (10,-1) lies on this line then
10=+m-2m-m’*=>m’+m+10=0=>m=-2
Slope of normal = 1/m.

220. m;,m,,m, are the slope of normals (M, <m, <m,) drawn through the point (9,—6) to the
parabola y* = 4X. A=[g;] is a square matrix of order 3 such that a; =1 if i # j and
a; =m; if i = j.Then detA =
A)6 B) 4 C)-9 D)8

Key. D

Sol. y=mx—2m-m®.(9,-6) lies on this
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=6=9m-2m-m*=m*-7m-6=0

-2 1 1
Roots are —1,-2,3 ... |A| =1 -1 1=(-2)(-4)-(3-1)+2=8
1 1 3

221. Aline L passing through the focus of the parabola y2 =4(x—1) intersects the parabola in two
distinct points. If ‘m’ be the slope of the line L, then

A) me(-11) B) M e (—0,~1) U (L, )
c)meR D) me R—{0}
Key. D

Sol. Focus (2, 0)

y—O:m(x—Z):>1+2:x:> yz—ﬂ—lzo
m m
B?-4AC>0
2
1;’;‘ >0=meR-{0}

222.  Equation of circle of minimum radius which touches both the parabolas Y = X2 +2X + 4
and X =Y>+2y+4 is
a) 2X* +2y* —11x —11y —13=0b) 4x* +4y* -11x —11y -13=0
) 3x* +3y* —11x —11y —13=0 d) X* +y*—11x -11y -13=0
Key. B
Sol. Circle will be touching both parabolas. Circles centre will be on the common normal

223.  If the normal at P(8, 2) on the curve xy = 16 meets the curve again at Q. Then angle
subtended by PQ at the origin is

a) tan* (Ej b) tan‘l(iJ <) tan‘l(z—m) d) tan™* (Ej
4 15 95 261
Key. A
. | _ , C
Sol. If a normal cuts the hyperbola at point t,; meets the curve again at | Ct ,t—l then
't =-1

224. An equilateral triangle SAB is inscribed in the parabola y2 = 4aX having it’s focus at ‘S’. If
the chord AB lies to the left of S, then the length of the side of this triangle is :

a) 3a(2—\/§) b) 4a(2—\/§)
) 2a(2—\@) d) 8a(2—\/§)

Key. B
A

30°

Y

S(a,0)

Sol. B
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225.

Key.

Sol.

226.

Key.

Sol.

227.

Key.

Sol.

228.

Key.

Sol.

A(a—lcos30°,|sin30°)

Point ‘A’ lies on y2 = 4ax

—> a quadraticin ‘I
Let the line Ix + my = 1 cuts the parabola y2 = 4aXin the points A & B. Normals at A & B
meet at a point C. Normal from C other than these two meet the parabola at a point D, then D

a) (a,2a) b) (472m ?j
2am? 2a 4am? 4am
C) 2 y T, d) 2 v .
I | | I
D
Conceptual

The normals to the parabola y2 =4aX at points Q and R meet the parabola againat P. If Tis
the intersection point of the tangents to the parabola at Q and R, then the locus of the

centroid of ATQR , is

a) y* =3a(x +2a) b) Y =a(2x +3a)
oy’ =a(3x+2a) d)y’ =2a(2x +3a)
C

Let Q :(atf,Zatl)
R =(at}, 2at, )

Normals at Q & R meet on parabola

aiso T=(at,t,,a(t, +t,))

Let (OL, B) be centroid of AQRT

Then 3au=a(t] + o+ tit,) &B=a(t, +1,)

Eliminate (tl + tz)

The line x —y =1 intersects the parabola y? = 4x at A and B. Normals at A and B intersect at
C. If D is the point other that A and B at which CD is normal to the parabola then the
coordinate of D are

A) (4, 4) B) (4, -4) C) (1, 2)D) (16, -8)

B

A, B, C be respectively (t°,2t),(t,,2t,),(t,>,2t,) since ABlieon x—y=1

t’ -2t =1, t,”-2t, =1 subtracting t+t,-2=0  Now t +t,+t,=0=1t,=—2 so D(4,—4)
Radius of the largest circle which passes through the focus of the parabola

x?>—2x— 4y+5=0 and contained in it is

A) V2 +1 B) 443 +1 C) V3-1 D) 4

D

The parabolais (x—1)* =4(y-1)

equation of circle (x-1)*+(y—-r-2)*=r?

solving with one y*+{4-2(r+2)}y+4r=0
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It has equal roots D=0 = r =4

229. The length of the normal chord at any point on the parabola y?=4ax which subtends a
right angle at the vertex of the parabola is

sul 2)

A) 643a B) 23a C) J3a D) 2a
Key. A
Sol. P(at?,2at),Q(at,’, 2at,)

2 2
t

So h=-t-- ZPOQ = .tE:—l:tlt:—4:>(—t—%)t+4:0 = t?=2=t=42
1

=22 = PQ=/a(t” —t)* +4a’(t )’ =6+3a

4
tlz—?

Wil 1

230. If Pisapoint(2,4) on the parabola y*=8x and PQ s a focal chord, the coordinate of the
mirror image of Q with respect to tangent at P are given by

A) (6,4) B) (-6,4) C)(2,4)D) (6, 2)
Key. B
Sol. Tangent at extremities of focal chord intersect at right angle at directrix (let R)

P(2t?,4t) >t =1

PQis focal chord tt,=-1=t =-1=Q(2,-4)

Equation of tangent at ‘P’ ty = x+at’> = y=x+2

Coordinate of R (putx=-2 = y =0) = (-2, 0)

R is the mid point of Q & Q}(mirror image of Q) = Q' =(-6,4)

231.  The locus of the mid point of chord of the circle X% + y2 =9 such that segment intercepted
by the chord on the curve y>—4x—4y =0 subtends the right angle at the origin.

A) X4y —4x-4y=0  B) X*+y*+4x+4y=0 C) x*+4x+4y—-9=0 D) None of these
Key. A
Sol. Let the mid point of chord of circle x*+y*=9 is h, k

equation of chord of circle hx+ky =h®+k?

equation of pair of lines joining the point of intersecting of chord and the parabola
(hx + ky)
ke C
Since the angle between these lines is 90° required locus is x* +y? =4(x+Y)

with origin is y>—4(x+y).

232.  The locus of the centre of the circle passing through the vertex and the mid points of
perpendicular chords from the vertex of the parabola y* = 4ax
A) y* =4a(x-2a) B) y* =a(x—2a) C) y*=4a(x-a) D) (x-a)’+y*=a’
Key. B
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Sol.

233.

Key.
Sol.

234.

Key.
Sol.

235.

Key.
Sol.

236.

tt, =—4 Aat?,2at,)B(at,’, 2at,)
atl2 at)’
P(T,atlJ Q[Tzvatzj (h, k)
C(h, k)
a2 .2 a a’l2 .2 a2 .2
h:Z(t1 +t, )vk:E(tﬁ'tz) k? :T(H +1, +2t1t2):a-z(t1 +h )*Zaz B (t2)

k?+2a°=ah=y®=a(x-2a)

Tangents PA and PB are drawn to circle (x+3)*+(y—-2)* =1 from point P lyingon y*=4x,
then the locus of circumcentre of APAB is

A) (y-1)*=2x-3 B) (y+1)*=2x+3 C) (y+1D)?*=2x-3 D) (y-1)*=2x+3
D

p(t?,2t),C(-3,2)

APBC is a cyclic quadrilateral : Circum centre of APAB is the midpoint of CP

2_
h:lzfzzﬁ:2h+3; k=22

=t=k-1; locus (y-1)*=2x+3 Q

From any point P on the straight line x=1 a tangent PQ is drawn to the parabola

y? —8x+24=0, then the obcissae of N where N is the foot of the perpendicular drawn
from A(5, 0) to PQ is

A) 1 B) 2 C)3 D)4

C

ZQNS =90°

x-coordinate of N =3

M

..--""'-'-FFFFFF

Lol (30 Q

If P(=3, 2) is one end of the focal chord PQ of the parabola y?+4x+4y = 0 then the
slope of the normalat Q is

A) -1/2 B) 1/2 Q) 2 D) -2

A

The equation of the tangent at (-3, 2) to the parabola y?>+4x+4y =0 is
2y+2(x-3)+2(y+2) =0 = x+2y-1=0

The tangent at one end of the focal chord is parallel to the normal at the other end.
= slope of normal at Q = slope of tangent at P =—1/2

The locus of the focus of the family of parabolas having directrix of slope m and touching the

lines x=aand y=Db is

Key.
Sol.

(a) y+mx=am+Db (b) y+mx=am-b (c) y—-mx=am+b (d)
y—mx=am-b

A

Let the focus be (h, k)
Feet of the L ar from ( h, k) on to targets are (a, k) (h, b)
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. . b-k
Slope of directrix = ——
h-a
b-k
—:m
h—a

The locusis Y+mx=am+b

237.  Acircle drawn on any focal chord of the parabola y2 =4ax as diameter cuts the parabola

and two points t and t* (other than exstremity of a focal chord). Then the value of tt' =
(a) 2 (b) 3 (c)1 (d)4
Key. B

a 2a
Sol. The circle whose diameter ends as (at’, 2at) (t_z , —Tj is

(x—atz)ix—t%}r(y—2at)[y+%j=0 -1

Let t,1,,1;,1, be the points of intersection of ( 1) and parabola y2 = 4ax where t,t, are the
ends of

—3a’
diameter then {,tt, =——
a

tt, =3

238.  Let S be the set of all possible values of the parameter “a” for which the points of
1
intersection of the parabolas y2 =3ax and y = E(X2 +ax+5) are concyclic. Then S contains

interval
(a) (-0,2) (b) (—2,0) () (0,2) (d) (2,0)

Key. D
Sol. The family of curves passing through

The prints of intersection of two parabolas is

y? —3ax+A(X* +ax+5-2y)=0 — (1)

Since (1) is circle

ae(—w0,-2) U (2,0)

239. Theline x —y =1 intersects the parabola y? = 4x at A and B. Normals at A and B intersect at
C.If D is the point other that A and B at which CD is normal to the parabola then the
coordinate of D are
A) (4, 4) B) (4, -4) C) (1, 2)D) (16, -8)

Key. B

Sol. A, B, Cbe respectively (t°,2t),(t,>,2t,),(t,,2t,) since AB lie on x—y=1
t?-2t =1, t,°-2t, =1 subtracting t,+t,—-2=0  Now t +t,+t,=0=1t,=—2 so D(4,-4)

240. Radius of the largest circle which passes through the focus of the parabola
x>=2x—4y+5=0 and contained in it is
A) V2 +1 B) 43 +1 C) V3-1 D) 4

Key. D

Sol. The parabolais (x-1)* =4(y-1)
equation of circle (x—1)*+(y-r—-2)°=r?
solving with one y*+{4-2(r+2)}y+4r=0
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It has equal roots D=0 = r =4

\at

vl

241. The length of the normal chord at any point on the parabola y? =4ax which subtends a
right angle at the vertex of the parabola is

A) 6.3a B) 243a C) V3a D) 2a
Key. A
Sol. P(at?,2at),Q(at,’, 2at,)

So t1=—t—% LPOQ:%.tgz—l:tlt:—4:>(—t—%)t+4:0 = tP=2=t=42
1

=22 = PQ=/a(t ~t?)* +4a*(t - t)* =6+3a

4
tl:_Y

242. If Pis apoint (2,4) on the parabola y*=8x and PQ s a focal chord, the coordinate of the
mirror image of Q with respect to tangent at P are given by

Key. B
Sol. Tangent at extremities of focal chord intersect at right angle at directrix (let R)

P(2t%,4t) =>t=1

PQis focal chord tt,=-1=t =-1=Q(2,—4)

Equation of tangent at ‘P’ ty = x+at?> = y =x+ 2

Coordinate of R (putx=-2 = y=0) = (-2, 0)

R is the mid point of Q & Q}(mirrorimage of Q) = Q' =(-6,4)

243.  The locus of the mid point of chord of the circle X% + y2 =9 such that segment intercepted
by the chord on the curve y*—4x—4y =0 subtends the right angle at the origin.

A) X*+y*—4x—4y=0  B) x*+y*+4x+4y=0  C) x*+4x+4y-9=0 D) None of these
Key. A
Sol. Let the mid point of chord of circle x*+y*=9 is h, k

equation of chord of circle hx+ky=h?+k?

equation of pair of lines joining the point of intersecting of chord and the parabola with

originis y?—4(x+ y).% =

Since the angle between these lines is 90° required locus is x* +y* =4(x+Y)

244.  The locus of the centre of the circle passing through the vertex and the mid points of
perpendicular chords from the vertex of the parabola y® = 4ax

A) y?=4a(x—2a)B) y*=a(x—2a) C) y* =4a(x-a) D) (x—a)’*+y? =a’
Key. B
Sol. tt, =4 Aat,’,2at,)B(at,’, 2at,)

at’ at,”
P( > ,atlJ Q( > ,atzj

C (h, k)
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245,

Key.

Sol.

246.

Key.
Sol.

247.

Key.
Sol.

248.

Key.

_ag.» 2 73 z_a_z 2 2 _ 8 2\ o2
h—Z(tl +1, ),k—z(t1+t2) ke == (& +t, +2t1t2)_a.4(t1 +1,7)-2a
k?+2a’*=ah=y®=a(x-2a)

& (k)
th, k
B (tz)

Tangents PA and PB are drawn to circle (x+3)*+(y—2)*=1 from point P lying on y? =4x,
then the locus of circumcentre of APAB is
A) (y-1)*=2x-3 B) (y+1)®=2x+3 C) (y+1D)*=2x-3 D) (y=1)?=2x+3
D
p(t®,2t),C(-3,2)
APBC is a cyclic quadrilateral : Circum centre of APAB is the midpoint of CP

t?-3 2t+2

hzT:t2:2h+3; k:th:k—l; locus (y—1)? =2x+3
o]
|
P — |

1,0 (30 Q

From any point P on the straight line x=1 a tangent PQ is drawn to the parabola
y? —8x+24=0, then the obcissae of N where N is the foot of the perpendicular drawn
from A(5, 0) to PQ is
A) 1 B) 2 03 D)4
C
ZQNS =90°
x-coordinate of N = 3
If P(—3, 2) is one end of the focal chord PQ of the parabola y?+4x+4y = 0 then the
slope of the normal at Q is
A) -1/2 B) 1/2 ) 2 D) -2
A
The equation of the tangent at (-3, 2) to the parabola y?>+4x+4y =0 is
2y+2(x-3)+2(y+2) =0 = x+2y-1=0
The tangent at one end of the focal chord is parallel to the normal at the other end.
= slope of normal at Q = slope of tangent at P = -1/2

A normal whose inclination is30° to a parabola cuts it again at an angle of

-1 '\/§ -1 7 -1
(A) tan (7] (B) tan (ﬁj (C) tan*(2/3) (D)
tanl(ij
243
D
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1
Sol.  The normalat P(at,’,2at,)is y+Xt, = 2at, +at,” with slope say tana =—t, = ﬁ fit

meets curve at Q(at,’, 2at,) thent, =, S . Then angle @ between parabola
t 3
1
(tangent at Q) and normal at P is given by tan @ = - _E _1
1-b 248
t2

1
= @f=tan'| —
[Zﬁj

249. The locus of the Orthocentre of the triangle formed by three tangents of the parabola
(4x—3)* =642y +1) is

®) y==> ®) y=1 (©) x~1 ©)
_3
ar
Key. D

Sol. The locus is directrix of the parabola
250. Minimum distance between the curves y? = x —1 and x?> =y —1 is equal to

32 5.2 72
(A) — (B) — € — (D)
4 4 4
V2
4
Key. A
Sol.  Both curves are symmetrical about the line y = x. If line AB is the line of shortest distance
then at A and B slopes of curves should be equal to one. Fory?=x—1 = d_y: i:
dx 2y
oyt 8
Y72y
Ay  x=y-1 y =X
B
2
y'=x-1
o \@&o  x

15 51
=B=|>,~|,A=|>=
a5

1Y 1V 32
Hence minimum distance AB = \/(§——j +[§——j =3\/_ units

4 2 4 2 4

85



Mathematics Parabola

251.

Key.

Sol.
252.

Key.

Sol.

253.

Key.

Sol.

254,

Key.

Sol.

255.

If (%, ;). (% yz),(xs, y,) are the feet of the three normals drawn from a point to the
X=X + X, =% + X=X —
Ys Y, Y2

(A) 4a (B) 2a (C)a (D) 0
D

Vit Y, +Y;,=0
Consider y2 =8X. If the normal at a point P on the parabola meets it again at a

point Q, then the least distance of Q from the tangent at the vertex of the parabola is.
(A) 16 (B) 8 (C) 4 (D)
2
A

Let P(tl)&Q(tz) be points on y2 =8X. Here 4a=8ora=2

parabola y* =4ax then

4
Required distance = Z = at% = a[tf +—=+ 4} (Q t, =—t; _tgj
t 1

dz
Zis least if it =0or t12 =2 Least value of Z= 16
1
A parabola of latusrectum ‘4a’ touches a fixed equal parabola, the axes of the two
curves being parallel; the locus of the vertex of moving curve is parabola of
latusrectum K then k=

(A) 2a (B) 4a (C) 8a (D) 16a
C
Let the given parabola be y2 =4ax. (1)

If the vertex of moving parabola (a, ,B) its equation is

(y=P) = ~da(x=a)~==—(2)
Solving 1and 2 2y* =28y + ° —4ac =0
Since curve touch each other discriminant=0
= f%=8aa locus is y* =8ax.

~.LR=8a

The locus of an end of latus rectum of all ellipses having a given major axis is

(A) A straight line (B) A parabola (C) An ellipse (D) A
circle

B

Let the given major axis have vertices (-a,0),(a,0). If P(x,y) is an end of the latusrectum

then
yzgza(l—ez), X = ae

Now eliminate ‘e’

Given the base of a triangle and the product of the tangents of base angles. Then the
locus of the
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Parabola
Third vertex of the triangle is
(A) A straight line (B) Acircle
(C) A parabola (D) An ellipse
Key. D
Sol.  Take base vertices A (-a, 0) B (a, 0) and vertex C(x, y) given tanA tanB = k
Yoy v
P =k = 72 =k.
256. The eccentricity of the conic defined by ‘\/(x—l)2 +(y-2)° —\/(x—5)2 +(y-5)°|=3
A) 5/2 B) 5/3 C) V2 D) \11/3
Key. B

Sol. Hyperbola for which (1, 2) and (5, 5) are foci and length of transverse axis 3.
2ae=5 and 2a=3 -.e=5/3
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Parabola
Integer Answer Type

1. If parabola with focus (g g) touches X and Y axis at A and B respectively, then area of

AOAB is, where ‘0’ is origin.
Key. 1

Sol.  The parabola touches x-axis at A(a, 0) and y-axis at B(0, b), then focus is the point of

intersection of circles with diameter OA and OB.

2. Consider the parabola y*=4x. Let P and Q be two points (4,—4) and (9, 6) on the
parabola. Let R be a moving point on the arc of the parabola between P and Q. If the

1
maximum area of ARPQ is ‘S’ then (4S)3 equals
Key. 5

Sol. LetR= (tf 2t) be a point on the parabola.

. . . . 1
Perpendicular distance of R to PQ is maximum for t = 2

1
Maximum area S = 125 = (4S)3 =5

3. Two tangents are drawn from point (1, 4) to the parabola y2 =4X. Angle between these

T
tangents is E thenK= ..o,

Key. 3

1
Sol. Yy = MX+ —is tangent to the parabola y2 =4X
m

=y’ S m? - 4me1=0
m

m+m,=4,mm, =1

—-m
tan @ = L =
1+mm,
0="
3
4. If the line X—1= Qs the directrix of the parabola y* —kx+8=0, then k(>0) is
Key. 4
Sol y> =kx—8
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y? =k(x—8/K)
r(8/K,0);4a=K

K
a=—

4
We know that rz=a
:‘E_l :5

K 4
:E—Ezl

K 4
=32-K?=4K

— K?+4K-32=0
= K(K+8)-4(K+8)=0

K=4o0orK=-8X
5. If X+y=K isnormal to y2 =12X, then kis
Key. 9
Sol. Equation of normal of the parabola y? =12xis y = mx—2am—am®
Where a=3
= y=mx—6m-3md....... (1)
Given Yy =—-X+K........... (2)

By comparing: m=-1, K =—6m-3m?
K =-6(-1)-3(-1)°

=6+3=9

6. The number of distinct normals, which can be drawn from the point (2, 8) to the parabola
y2=6X s ........

Key. 1

. 3 i
Sol.  Anynormalwillbey +tx =3t + Ets , it passes through (2, 8), so 3t®+ 2t-16=10

Let f(t) = 33 + 2t - 16
= f/(t)=9t>+2<0, Soonlyone normal.

7. Tangents are drawn from the points on the parabola y? = -8(x+4) to the parabola y? = 4x, if
locus of mid point of chord of contact is again a parabola, with length of latus rectum A, then
5Mis ....... .

Key. 8

Sol.  Let (1, y1) be a point on y? = -8(x + 4)
equation of chord of contact is
2x -y1y + 2x1 =0, if p(h, k) be its mid point, then its equation will be
2x-ky +k?*-2h=0
Compare both k =y1, 2x; = k? - 2h

So,k2=-4(k2-2h+8):>k2=g(h-4)
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So, A= §
5
. . 25e .

8. If e is the eccentricity of the hyperbola (5x - 10)? + (5y + 15)? = (12x - 5y + 1)2 then EE) is

equal to ..............
Key. 5
Sol.  Equation can be rewritten as \/(x —2)*+(y+3)° :§‘12x—1—§y+1

So, e = B

XZ y2

9. If a variable tangent of the hyperbola ?_?:1' cuts the circle x? + y? = 4 at point A, B

and locus of mid point of AB is 9x2 - 4y? - A (x> +y?)2=0then A is ....
Key. 1
Sol.  Equation of chord of circle with mid point (h, k) is xh + xk = h? + k2 or

B 2 2
y= (_h}( + h zk , it touches the hyperbola

k
X2 y? T
10. If the angle between the asymptotes of hyperbola _2_b_2:1 is 3 Then the
a
eccentricity of conjugate hyperbolais
Key. 2
Sol. 2tan‘1(9j=E
a/ 3
b_1
a 3
?-141-42
3 3
Ll
e e
23
e 4
1 1
= —2=—:>e'=2
e 4

11. If o,B be the roots x* + px —q =0 and y,0 be the roots x*> + px +r=0, g+ r # 0 then

(a-v)(e-3)

(B-7)(B-9)
Key. 1
Sol. Conceptual

12. The equation 2% +(a—1)2*" +a =0 has roots of opposite signs then [a] is (where []

denotes greatest integer function)
Key. O
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Sol. ae (0, lj
3

13. Tangent and normal at the ends A and C of focal chord AC of parabola y? = 4x intersect at B
and D, then minimum area of ABCD is

Key. 8
Sol. tith,=-1
A(t,)

B
Q S D

C(t,)

Clearly ABCD is a rectangle
Co-ordinate of B(tity, (t1 + t2))

AB = (t, - )| \/1+ tf
BC =(t, —t,)\/1+12

Area = AB x BC = (t2— t1)? /(L + t?)(1+12)

l 3
=t +=
tl

Least value = 8.
14. The minimum distance of 4x? + y? + 4x=4y + 5 = 0 from the line —4x + 3y = 3 is
Key. 1

1
Sol. The given curve represents the point (—E,Zj

.. minimum distance = 1..

15. A = (- 3,0) and B = (3 ,0) are the extremities of the base AB of triangle PAB. If the vertex P
varies such that the internal bisector of angle APB of the triangle divides the opposite side AB
into two segments AD and BD such that AD : BD =2 : 1, then the maximum value of the length
of the altitude of the triangle drawn through the vertex P is

Key. 1

Sol.  The point E dividing AB externally in the ratio 2 : 1is (9, 0) . Since P lies on the circle
described on DE as diameter, coordinates of P are of the form (5+4COS 0,4sin 6’)

.. maximum length of the altitude drawn from P to the base AB = |4sin (9|max =4

16. The tangents drawn from the origin to the circle X* +Yy* —2rx—2hy+h? =0 are

h
perpendicular then sum of all possible values of — is
r

Key. O
Sol. Combined equation of the tangents drawn from (0, 0)to the circle is

4
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(X2 +y?—2rx—2hy + hz)h2 = (—rx—hy+ h2)2 here coefficient of
x* + coffecient of y* =0 = (h*—r®)+(h*-r*)=0
h

=—=41
r
17. All terms of an A.P. are natural numbers. The sum of its first nine terms lies between 200
and 220. If the second term is 12, then first term is
Key. 8
Sol. According to the given condition

200 < (2(12 - d) +8d) <220

= d=4

.. Firstterm=12-d=8

18. Coordinates of the vertices B & C are (2,0) and (8, 0) respectively. The vertex "A' is

B, C
varying in such a way that 4tan—tan5 =1. If the locus of "A’" is an ellipse then the length of

its semi major axis is

Key. 5

Sol.

" Locus of dis

_=yd 2
[x—5) W7
25 16

19. A parabola is drawn through two given points A(l, O) and B(—l, 0) such that its directrix

always touches the circle X% + y2 =4, If the maximum possible length of semi latus—rectum is

'k' then [k] is (where [.] denotes greatest integer function)

Key. 3

2,2 5 5 sin o
Sol.  Anypointoncircle ¥ T 4is( cos o, 2 sin o)

‘. Equation of directrix is x[cos .::.5} +y{sin '1} —2=0
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Let focus be (7.01). Then as A(1,0), B(-1,0)

(x— 1]2 +J’12 ={cosc— 2}2

lie on parabola we must have

= 3 =Z2cosd ) =EAf3an o
(x1+1)2 +y12:[t:os o+ 2}2 1 1

- Length of semi latus—rectum of parabola = distance from focus to directrix

|24/3 |sin® o
Hence, maximum possible length = 2+M'§

20. A line passing through (21, 30) and normal to the curve y = 2J% . ifmis slope of the

normal then m+6=
KEY : 1

SOL : Equation of the normal is y = mx—2m—m?
If it pass through (21, 30) we have 30 =2Im—-2m-m® = m®-19m+30=0
Then m=-5,2,3
But if m =2 or 3 then the point where the normal meets the curve will be (amz,—Zam)

where the curve does not exist. Therefore m=-5
Sm+6=1
X2 y2
21. Let P, Q be two points on the ellipse £+E =1 whose eccentric angles differ by a right

angle. Tangents are drawn at P and Q to meet at R. If the chord PQ divides the joint of C
and R in the ratio m : n (C being centre of ellipse), then find m+n(m:n is in simplified form).
Key: 2
Hint:  Let P be (5c0s6,4sin®); Q be (-5sind,4cos6)

Equation of tangent at P%COSHJr%SinH:l ...... (i)
- X . y .
Equation of tangent at Q —gSIn 9+ZCOS¢9 =1 ()]

Solving (i) and (i) = R =(5(cos@—sin ), 4(sin @ +cos b))
*“m:nisl:1

> m+n=2

Alternate :

Let P(5,0), Q(0,4)

= R(5,4)

5
Intersection of CR and PQ is (E,Zj , which is mid poi8nt of CR

=>m:n=1l1=m+n=2

22. &+J§ =1 is a part of the parabola whose length of latus rectum is vk, then find k.
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Key. 2
Sol. (y—-Xx-1P2=4x=>x2-2xy+y>-2x-2y+1=0
= (X—y+A)2=2x+2y -1+ 2Ax-20y + A%, L € R
we choose A such that
X—y+A=0and 2x + 2y — 1 + 2Ax — 2Ly + A2 =0 are perpendicular lines
= A = 0 now solve it.

23. \/;+\/§ =1 is a part of the parabola whose length of latus rectum is vk, then find k.

Key. 2
Sol. (y—-X-1P2=4x=>x2-2xy+y>-2x-2y+1=0

= (X—y+A)2=2x+2y -1+ 22x -2y + A%, A € R
we choose A such that
X—y+A=0and 2x + 2y — 1 + 20x — 2Ly + A2 =0 are perpendicular lines

= A =0 now solve it.

24. If AFB is a focal chord of the parabola y? = 4ax and AF = 3, FB = 6 , then the latus—rectum of
the parabola is equal to

Key. 8
Sol. i+izl
AF FB a
:>£:1+1_1:a=2:>LR=8
a 3 6 2

25. If 2x+3y=a,X—Yy = and kx+15y =r are 3 consecutive normal’s of parabola

y2 = AX then value ofkis

Key. 5
Sol t+t,+t —0:>(_—2 +1+(_—kj—0
' 2 R 3 15
:Lzlzk:S
15 .3

26. - The locus of the mid — point of the portion of the normal to the parabola y* =16x intercepted

between the curve and the axis is another parabola whose latus rectum is

Key. 4
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)

plk, )

==

Qe

Sol.

Consider the parabola y* = 4ax

We have to find the locus of R(h, k), since Q has ordinate ‘O’, ordinate of P is 2k

Also P is on the curve, then abscissa of P is k% / a

Now PQ is normal to curve

. 2
Slope of tangent to curve at any point ﬂ _-a
dx vy
. _k
Hence slope of normal at point P is ——
a
2k —k
2
Also slope of normal joining P and R(h, K) is kzk
——h
a

: 2k -k k
Hence comparing slopes e - a

h
a

Or y* =a(x-a)

For y*=16X, a =4, hence locus us y* =4(x—a)

27. If the line X—1= Qs the directrix of the parabola y* —kx+8=0, then k(>0) is

Key. 4
Sol. y? =kx—8
y? =k(x-8/K)

r(8/K,0);4a=K
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a=—
4

We know that rz=a
K

4
=1

:‘E—l
K
8 K
:___
K 4
=32-K?=4K
= K?+4K -32=0
= K(K+8)-4(K+8)=0

K=4orK=-8X

28. If X+ Yy =K isnormal to y2 =12X, then k is

Key. 9

Sol. Equation of normal of the parabola y? =12xis y =mx—2am—am®
Wherea=3

= y=mx—6m-3m°........ (1)

Given y=—-X+K........... (2)

By comparing: m=-1, K =—6m—3m?
K =-6(-1)-3(-1)°

=6+3=9

29. Two tangents are drawn from point (1, 4) to the parabola y2 =4X. Angle between these

T
tangents is E then K= ..o,

Key. 3

Sol. y:mx+%is tangent to the parabola y2=4x
:yzzm+%:>m2—4m+1:0
m+m,=4,mm, =1

m —m, :\/g

1+mm,

tan @ =

0="2
3

30.  The shortest distance between parabolas y* =x—1and X’ =y—1 is ek then numerical

value of k is
Key. 4
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Sol.  Both the curves are symmetrical about the line y = X . Distance between any pair of points =

2{distance of (t,t2 +1) from y =x]

zr +1_t} =V2[t2 t+1]

J2
Min t2—t+1:—{ﬂ}:§
4 | 4
N2
:>_
4

31.  Through the vertex ‘O’ of parabola y2 =4x, chords OP and OQ are drawn at right angles to

one another. Then the locus of middle point of PQ is a parabola with Latus rectum A, then A

equals
Key. 2
2 2
Sol. hzt1 T
2
2(t, +t
k= ( 2)=tl+t2
2

Also tt, = 4= 2h+(t +1,)" —2tt,
2h=k*+8
y? =2(x—4)

.. Latus rectum =2

32.  Points A,B,C lie on parabola y2 =4ax . Tangents to A,B,C taken in pairs intersect at P,Q, R.

Then —arAABC is
arAPQR
Key. 2
at! at? at?
Sol. .. arAABC =% 2at, 2at, 2at)|=a’|(t,~t,)(t,;—t,)(t,—t,)
1 1 1
. att, atyt, at.t, ,
a
Also APQR =~ a(t,+t,) a(t,+t,) a(t,+t) :?|(t3 —t,)(t,—t,)(t, ;)|
1 1 1
arAABC
=>——=2
arAPOQR

10
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