Mathematics Differential Calculus

Differential Calculus

Single Correct Answer Type
1. Let f(x)=4x+8cosx—|n{cosx(1+sinx)}+tanx—23ec—6. if f(x)>0vxe(0,a)

then
V4 T V4
a) a=— b) a=— c)a=— d) none of these
6 3 2
Ans. a

(—sinx+cos” x—sin” x)
cosx(1+sinx)

= 4(1-2sin x)+sec” x(1—2sin x)—4sec(1—2sin x)

=f(x) =(secx—2)2 (1-2sinx)

Sol. f’(x)=4—85in X — +5sec® X —sec xtan x

If f (X) >0VxXxe (O, a), then f(x) is increasing in (0, a) = a :%

n 1
2. Iff(x) is continuous for all real values of x, then ZI f (r -1+ X)dX =
r=1 o

a) j. f(x)dx  b) J.f(x)dx 9 n.l[ f (x)dx d) (n—l)j f (x)dx

Ans. a
1

Sol. j' f (r—1+x)dx:j f (x)dx+j f (1+x)dx+Jl. f(2+x)dx+...... +.1f f (n—1+x)dx

r=1 0

=}

n

= j;f(x)dx+j‘ f (x)dx+.!3.f(x)dx+ ...... +I f(x)dx:.:[f(x)dx

n-1
3. The coordinates of the point on the curve x3 = y(x — a)?, a > 0 where the ordinate is minimum
—8a 27a —27a
a) (2a, 8a) b) | —2a,— |c¢) | 3a,— d) | -3a,——
9 4 16
Ans. o

3

The ordinates of any point on the curve is given by y = (—)2
X—a

2
-3
sof, By X (x=33)
dx (x—a)
Now, Q:O:X:O or x=3a
dx
2 2 5
d—zl «o=0and d—gl = 72a6 >0
dx dx*| .. (2a)

27a
Hence y is minimum at x = 3a and is equal to T
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2sin(2n-1)x 2.sin? nx
4 Let Inzj ( ) dx, anjs dx, neN, then
5 sinX 2 sin’ x
a) ‘](n+1)_‘]n =1, b) .J(M) J, = I(M) o J,, +J, =7, d J,., +J,..=J,
Ans. b
2sin’nx—sin?(n-1)x _ %sin(2n— 1)x sin x
sol. ~ J,=J,.=] ~ dx— | dx=1,
g sin® x : sin” x
i.e ‘]n_‘]n—lzln:>Jn+1_‘]n:|n+1
5. A curve whose concavity is directly proportional to the logarithm of its x-coordinates at any
of the curve, is given by
a) ¢,x*(2log x—3)+c,x+c, b) ¢,x*(2log x+3)+¢,x+C;
c) ¢,x*(2logx)+c, d) none of these
Ans. a
d’y dy
Sol. —=klogx = —==k(xlogx—x)+A
dx? 9 dx (xlog )
1
=y=Kk EX log x— I ———dx + Ax+B

:>y=z{2x2 log x—x* —2x*]+ Ax+B

=y =¢ (2logx—3)x*+c,x+C;

6. The domain of the function f (X) £ \/3—2X — +\/sin*1 X is
a) [-1,0] b) [0,1] c) El} d) [1, 2]
Ans. b

Sol. sin?'x>0=0<x<1
and 22 +2¥<3=2+22*-3<0
Put 2° =t, thent?-3t+2 < 0 =(t—2)(t-1)<0

=1<t<2iel<2"<?2
=0<x<1

T
7. Area bounded by the curve y = sinx, y = cosx, X = —§ , X=2r

4\/— (\/§+1) b)\/_ {\/§+1J C)\/_ [\/§+2) d) 4\/— (\/§+1J

Ans. d

27
Sol. A= I |sinx—cos,x|dx:>4\/§+\/524rl

-zl3
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n-1 m
8. Let f(1) =1 and f ZZ f then Z f (n) is equal to
r= n=1

a) 3™ -1 b) 3" c)3"-1 d) none of these
Ans. b
sol. — f(n)=2(f(1)+f(2)+..+f(n-1))

cof(n+ 1) =2(f(1) + f(2) + ...+ f(n))

= f(n+1)=3f(n)for n>2

Also f(2) = 2f(1) =

f(3) = 3f(2) =

Zf(n): F(1)+ f(2) 4.4+ F(m)

=1+42+23+23%+...423M2=1+42(1+3+3%+...43"7?

9. |=j_ 2+3c0s¢ d@, then
sin@+2cosfd+3
o0
tan()+l
a) I=%+§Iog|sin«9+2cos6’+3|—§tan’l _\2) e
5 5 5 2
7
tan(j+1
b) I:%—gIog|sim9+2c039+3|—§tan‘l _ N2 e
5 5 5 2
o | :%—glog|3|n0+20050+3|
d) none of these
Ans. a
Sol.  2+3c0s@=1(sin6+2c0sH+3)+m(cosd—2sin &) +n, then integrate
10. The value of lim Jn =+ Jn =+ +i is equal to
" (3+4Jﬁ) JE(&/E +4Jﬁ) 49n
a) i b) E c) § d) none of these
14 7 7
Ans. a
Sol. lim Z Jﬁ
n—w &= \/_(3\/_+4«/_)
Put £:x:>l=dx
n n

1

| i
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11.  Solution of differential equation xdy —(y+ xy* (1+1og X)) dx=0

x> 2x(2 x> 2x*(2
a) —-=—|-+logx |+c b) - =—|+logx|+cC
y° 31\3 y> 33
2 3
c) —X2 :zi(ng log Xj+C d) none of these
y 3 \3
Ans. C

Sol. —d [gj = xy (1+log x) dx

J'_fd (ij = I X2 (1+ log X)dX gives solution
y Yy

12. Let f:R—>R and g:R—R be twice differentiable function satisfying f"(X) = g”(x),
2f '(1) = g’(l) =4 and 3f(2) = g(2) = 9. The value of f(4) — g(4) is equal to

a)—-6 b)-16 c)—10 d)-8
Ans. C

Sol. — f'(x)=g(x)-2
f(x) =g(x)—2x-2
f(u) —g(u)=-10

13. Let a, b, ¢ be three real numbers such that a < b < c. Let f(x) be continuous V X e[a, C] and

differentiable ¥ X e(a,c). If f”(X) >0V Xe(a,C) then
a) (c—b) f(a) + (b —a) f(c) > (c—a) f(b) b) (c—b) f(a) + (a —c) f(b) < (a = b) f(c)

c) f(a) < f(b) < f(c) d) none of these
Ans. a
Sol. By LMVT
f(b)-f(a)_f(c)-f(b)
b-—a c-b

d
14. The solution of y°X+ y—Xd—y =0is

X

X 1(xY ¥ 1(x)Y
a) —+=| 2| =c b)) =+3|2| =c¢
4 5\y 5 4ly

Ans. b
Sol.  y°xdx+ ydx —xdy =0, multiply by x>/ y®
3

:>x4dx+x—3(d(x/y))=0

5
) (ﬁj +X ¢ d) (xy)4+%=c
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15.

Ans.

Sol.

16.

Ans.

Sol.

17.

Ans.

Sol.

18.

Ans.

A point P lying inside the curve Yy = J2ax—x? is moving such that its shortest distance from

the curve at any position is greater than its distance from x-axis. The point P enclose a region
whose area is equal to

ra’ a’ 2a’ -4,
a b) — c) — d a
) 2 ) 3 ) 3 ) ( 6
Cc
y=v2ax—x* =(x-a) +y*=a>
Let P(h, k) be a point then BP > PN .
For the boundary condition BP = PN =k !
2 ) ]
Now AP =a—k=,[(h-a) +k =k=h—1" |
2a _ P
X2 I"‘“- 1l h‘\
.. boundary of the regionis y = X_E N Cla )
a 2 2
Required area = ZI x—X— dx:2i
0 2a 3

If IOgX(Iogy k)>0 where X,k E(O,l) then y €

a) (0, x) b) (0, k) c) (k, 1) d)R*
c

logk<1

casel:ify>1 = k<y

for logyk >0 = k> 1 which is not possible
case2:ify<l = k>y

and for log,k >0 = k <1 which is true

Period of f(X)=X=[X+A]—u where A, £€R and [-] denotes the g.i.fis
a) A b) u c) |ﬂ—,u| d)1

d
f(X)=X—[x+A]-p=x+A—-[x+A]—(A+u)

={x+A}—(A+n)
.. Period of f(x) = 1

It f(x)=2sin®x—3sin’ x+12sinx+5V x e (0, %) then
a) fis increasing in (O,%j b) fis decreasing in (O,%j

c) fis increasing 0,z and decreasing in z,z
4 4 2

d) fis decreasing is O,E and increasing in z,z
4 4 2

a
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Sol.

19.

Ans.

Sol.

20.

Ans.

Sol.

21.

Ans.

Sol.

f'(x) :GCosx(sin2 X —sin x+2) >0V e (0%)
Thus f(x) is increasing in [O, %j

Total number of points of non-differentiability of f (X)=[3+4sinx] in [7,27] where []

denote the g.i.f are
a)5s b) 6 c)8 d)9
c

f(X) =3 + [4 sinX]

f(x) is non-differentiable where g(x)
=[4sinx] is non differentiable

In [r, 2 =], g(x) is clearly non-differentiable
at 8 points.

y = [45inX]

K
If f(X)+2f (1—X)=X2 +1VXxeR and If(x)dX:O,then k equals to
0

a)3 b) 2 c)4 d) none of these
a

. . X* —4x+3
Putting (1 —x) for x and subtracting we get f (X) = —

ko2 3
Now Iﬂdx=0:>k€—2k2+3k=0
0

=k=3

A point p(x, y) moves is such a way that [x + y + 1] = [x] (where [ ] denotes g.i.f) and
X €(0,2) . Then the area representing all the possible positions of P equals

a) \/E sq. units b) 2\/5 sg. units c) 4\/5 sg. units d) none of these
d

If Xe (0,1)

Then -1<x+Yy<0
and if x < (1,2) RN
0<x+y<l ‘ _ ,:' 1
Required area = S B

4(% -1-+/25in %) = 2squnits ' _ S

W

‘, o xey=1

. Y x+y=0
X+y=- y




Mathematics Differential Calculus

22.

Ans.

Sol.

23.

Ans.

Sol.

24.

Ans.

Sol.

25.

Ans.

Sol.

Let f(x) be a polynomial with real coefficients satisfies f(x)=f'(x)x f"(x). If f(x)=0
satisfies x = 1, 2, 3 only then the value of f '(1)>< f '(2)>< f'(3) =

a) positive b) negative c)0 d) inadequate data
C

f (X) =f ’(X)x f "'(X) is satisfied by only the polynomial of degree 4.
Since f(x) = O satisfies x = 1, 2, 3 only. It is clear one of the root is twice repeated.

= £'(1) f'(2) 1"(3)=0

1/n

|

The value of lim n- - is

e 1
a)em b) — c) — d) none of these

em
c
1123 n\"
L—li _( .......... _j
n—o M\N N N n
1

n 1
=Inm+lim 1Zln(ijz—ln m+j|n xdx:—lnm—lzln(i)
> ns \n ) em

Let A=1{1,2, 3,4, 5 and f : A > A be an into function such that f (i);ti Vi eA, then

number of such functions f are
a) 1024 b) 904 c) 984 d) none of these
d

Total number of functions for which f (I) £i=4°

and number of onto functions in which f (I) #i=44

= required numbers of functions = 980

’

The area of the region bounded between the curves y:eHx|In|x

X2 +y? —2(|X| +|y|)+12 0 and x-axis where |X| <1, if a is the x-coordinate of the point of

intersection of curves is 1st quadrant, is

a) 4:Iexln xdx+;[(l—«/1—(x—1)2 )dx} b) ﬁexln xdx—:[(l—wfl—(x—l)2 )dx}

c) 2_—Iexln deJrj:(l—Jl—(x—l)2 )dx} d) Zﬁex In xdxjtj(l—,/l—(x—l)2 )dx}

0 a

c
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26.

Ans.

Sol.

27.

Ans.

28.

Ans.

Sol.

29.

Required area is

2{Iexn1xdx+j(1—vﬁif§t:5?)dx}

The value of lim n 5 1 += 1 +....nterms | is
n—>o | 3n°+8n+4 3n°+16n+16

a) 1In(g) b) 1In(gj c) 1In(§j d) lIn(gj
4 \5 5 5 4 \5 4 \7

a
Use definite integral of first principal as a limit of sum

lez 1
o J =
n

The area of the region containing the points satisfying |y| +% <e™ , max(|x|,|y|) <2is

e 2e e 2e
a) 2log(§j b) 2Iog(?j c) 3log(§j d) 3Iog(?)

a

<

y=2
(0 1!2)

=2

oV
If y=22";then limy is

x—1*

a)-1 b) 1 c)0 d) —

b

lim2?"" =20 =1

h—0

ity = 32Xx+15 (d_y](_sj is equal to
dzy Y d y a2y Y d*x
ey =) 3 &) d) 3—

i [dxzj )3 5 V3 @ ) dy’
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Ans. ¢
Sol. 3xy+ 10y = 2x + 5, now differentiate 3 times.

30. If the number of solutions of In|sin X|:—X2+2X when Xe(0,7z') is m and when
T 31|, .
Xe —5,7 is n, then (m + n) is equal to

a)2 b) 4 c)6 d1
Ans. a
Sol. m=0,n=2

31. If x, {x} and 2[x] represent the segments of a focal chord and length of latus rectum of an
eII.i.pse respectively, then length of major axis of ellipse is always greater than (where
xI Z)
a)7 b) 5 c)8 d)2
Ans. d
_ 2x{x}
Sol. Clearly, x, [x] and {x} are in H.P = [X] = = [X] =1
X+{x}
b? 2 .
:>—=1:>a(1—e )=1:>2a>2 [since0<e<1]
a

6
32.  Thevalue of (‘)(\/X+ V12x- 36 + \/X- \12x- 36)dx is equal to

3
a) 63 b) YNE) c) 1243 d) none of these
a

Ans.

Sol. | =

W e O

(738)- (- =542

. . dx
33. If integral 0 =

X
==
(secx+ cosecx+ tanx+ cotx) &

a+b+cisequalto

a)-2 b)-4 c)2 d) none of these
Ans. b
Sol. Clearly,
sin® xcos? x 1 ((Si” X+cosX)’ _1)2 1 2
I:j _ ~d :—I _ dx=—J.(sinx+cosx—l) dx
(sin X +Ccosx+1) 47 (sinx+cosx+1) 4

On simplifyinga+b+c=-4

34. if1,=90 {X+ 1}{X2 + 2}+ {X2 + ?:}{X2 + 4})dX, (where {.} denotes the fractional part)

then |1 is equal to
1 2 1
-z b) - = -
3 )" 3 93

d) none of these

Ans. b
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1 1 3
X 2
sol. I =[({x}+Ix3)Ix*ldx==2|{x*ldx =2x—| =—=
1.[({}{}){} .!.{} 30 3
35. Area bounded by y = f(x) and tangent and normal drawn to it at the points with abscissae &
and 2w, where f(x) = sinx — x is
p’ p’ p’ p’
a) —-1 b) —- 2 c) —- 4 d) —
2 2 2 2
Ans. b

2z 2
i b4 .
Sol.  Required area A= I ((sinx—x)+27)dx =7—2 sq.units
36. Let a curve y = f(x), f (X)3 0" xI R has property that for every point P on the curve
length of subnormal is equal to abscissa of P. If f(1) = 3, then f(4) is equal to

a) - 2\/6 b) 2\/6 c) 3\/§ d) none of these
Ans. b
Sol. Given yﬂ:x

dx

ydy = xdx

yi=x2+c¢

f(1)=3=9-1+c=c=8

=y =x+8

f(x)=vx*+8
f(4)=+16+8 =26

2
37. Rangeof f (X) =c0s™ (Xxj—j:_lj is
Vs V4 Vs

a) |:O, E:| b) |:0, Ej ) [0, E} d) [0, «]
Ans. b
Sol. Let g (X) = M‘

x*+1
=0<g(x)<1

So range of f(x) is |:O, %j

38. If f(x) = 0 is a cubic equation with positive and distinct roots a., B, y such that p is H.M of the
roots of f’(X) =0, thena, B andyarein

a)A.P b) G.P c)H.P d) none of these
Ans. b

sol. f(X)=(x—a)(x=B)(x-y)
= f'(x) =3 -2x(a+B+y)+af+fr+ya

2
:ﬂ:a—l’gl (where @, 3, are the roots of f'(X) =0)
o+ Py

10
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= =y

39. Lletacurvey=f(x), f (X) >0 V X e R has property that for every point P on the curve, the

length of subnormal is equal to abscissa of P. If f(1) = 3, then f(4) is equal to

a) —2«/6 b) 2\/6 c) 3\/6 d) none of these
Ans. b
Sol. yﬁzx:yzzx%c
dx
f(X)=Vvx*+8= f (4):2\/6
7l2 72
40. |If 5 5 dx T = i , then the value of I dx > is equal to
, a°Cos” X+b7sin“x  2ab 5 (4c052 X +9sin2 x)
a) & b) 13—71- ) 17—” d) none of these
864 864 ~ 864
Ans. b
7l2 dX P
Sol. | = > =
, a°cos” x+bsin“x  2ab
d -
da 2a’b
:”’2 cos? xdx oz
> (a’cos® x+b’sin’x)  4a’b
differentiating with respectto b
”J’-Z sin? xdx Ny
> (a°cos® x+b?sin’x)  4a’h
i dx z[1 17 z[1 1] 13z
:>.[ 2 ne? 2ain?v) =t 1T o 7 e T 2ea
> (a’cos’x+b’sin®x) 2abla® b®| 24|4 9] 864
41. If I%zAtan’l(sin X+C0sX)+B In f(x) + C, then A is equal to
C0S” X—sin” x
a) g b) g c) _E d) none of these
3 5 3
Ans. a
Sol | :J~ dx _ COS X —Sin X

- - dx
] sin 2x . 2 sin 2x
(cosx—sinx)| 1+ 5 (cosx—sinx)| 1+ )
Put cosx + sinx =t

I :étan‘l(sin x+cosx)—iln f(x)+c

32
42 Solution of the differential e i 4 dy _ —4xy? ) X% is gi
. quation y(2x +y)&—(1 4xy )X is given by

)3(x2 )2+ S_xd=c b) X 2+—y3 —X3+c 0
d — = - =
y y y 3 3

11
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2 X 4xy?
c) —yx5+y—:———y+c d) none of these
5 3 3 3
Ans. a
Sol. Given equation can be written as

2x2y(x2dy + 2xy dx) + y> dy—x2 dx =0
or 2x%y d(x%y) + y2dy — x?dx = 0
Integrating, we get

3y +y’ -xi=c

T cosx tsinx
43, If | =|——=dx, then | —=dx is equal to
;[(x+2)2 -([x+1
a) 21 b) L—1—1 c)0 d) L+£—1
T+2 2 T+2 2
Ans. d
Sol. I:jcosxd(— 1 j:{—cosx} —J'ﬂdx
0 X+2 X+2 |y 9 X+2
1 1 "Fsin2x
= 4+ _— dx
T+2 2 X+1

0

44. The number of solutions of Sin 77X =‘|Og|X” is

a) infinite b) 8 c)6 d)o
Ans. ¢

W2é3

45. If f (X) =‘X2 +(k—l)|x| —k‘ is non differentiéble at five real points, then k will lie in
a) (—oo,O) b) (0,00) c) (—oo, O)—{—l} d) (0,00)—{1}

Ans. ¢

Sol. - f(x) =‘x2 +(k—1)‘ X|—K| :‘(|x|—1)(|x|+k)‘
Both roots of (x — 1) (x + k) = 0 should be positive and distinct
=k e(—oo,O)—{—l}

46. Let g(x) =_[ f(t)dt and f(X) satisfies the following condition

f(x+y)="f(x)+f(y)+2xy-1LVx,yeR and f'(0)=+v3+a-a’, then the exhaustive set
of values of X where g(X) increases is
3 3

a) (—oo,—aj b) (—E,oj c) (0,) d) (—o0,)

Ans. d

12
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Sol. — f(x)=x° Jr(\/3+a—a2 )x+1
g'(x)=f(x)>0, vxeR

47. Number of positive continuous function f(X) defined in [0,1] for which
Jl‘f(x)dx=1, jxf (x)dx=2, szf (x)dx =4, is
:) 1 b) 4 0 c) infinite 0 d) none of these

Ans. d

1
Sol.  Multiplying these three integral by 4, - 4, 1 and adding we get I f (X)(X—Z)2 dx=0.
0

Hence there does not exist any function satisfying these conditions.

48. Tangents are drawn at the point of intersection P of ellipse x*+2y® =50 and hyperbola
2 2
:—6—% =1, in the first quadrant. The area of the circle passing through the point P which
cuts the intercept of 2 unit length each from these tangents, is
a) 27 b) V27 ¢) 4x d) 67
Ans. a
Sol. Given conic are confocal so they cut orthogonally.

1
49. Let f(X): X3+ —, X' 0. If the intervals in which f(x) increases are (— ¥ ,a] and
X

[b,¥ ) then min(b — a) is equal to

a)o b) 2 c)3 d) 4
Ans. b

3
Sol.  Here f'(X):3X2——4ZO:>X6—120:>XE(—00.1]U[1,00)
X
min (b —a) =min(b) —max(a)=1-(-1)=2
50. Let y = f(x), f : R — R be an odd differentiable function such that fs#ﬁ(x)> 0 and

g(a, B) = sinda + cos®p + 2 — 4 sin%al cos?P . If fgﬁ(g (a,b)): 0, then sin“a + sin’b s
equal to
a)o b)1 c)2 d)3
Ans. b
Sol. f”(x) is odd function = g (e, ) =0
= (sin* 05—1)2 +(cos* ﬁ—l)2 +2(sin’ o —cos’ ,6)2 =0

=sin“a+sin® =1

13
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Differential Calculus
Integer Answer Type

1. If the least value of the area bounded by the line y = mx + 1 and the parabola
y =x?+2x - 3is o where m is a parameter then the value of 2—3 is

Ans. 2

i
A= I (y,—Y,)dx where «, B are the roots of

X2+ 2x — 3 = mx + 1, on solving we will get

1(mz —5m+ 20)3/2. Hence a = 32
6 3

= 6—0[ =2
32
2. The value of constant ¢ such that the straight line joining the points (0, 3) and (5, -2) is tangent

c
to the curve y =——
X+1

Ans. 4
Equation of line joining (0, 3) and (5, -2) isx +y =3

. C
Now it touches the curve y = —— at (X1, y1)
x+1

Hence (ﬂj =1=(x +1)" =¢, (X, ) lie on the line. Substituting we get
d (% %)
+Jc=2=c=4
3. Let f(X)=x*+3x—=3, x>0, if npoints xy, X, ... X» are so chosen on the x-axis such that

) %z £ (x )= f(%i(xi)) i Zf—l(&):i(xi)

i=1

i=1
where f ™ denote inverse of f. Find A.M. of x; is
Ans. 1

f(x)=x

X2 +3x—-3=x=>x=1

4. At how many points in the interval (0, 2), f(x)=x’ [ZX]—X[XZ] is discontinuous (where
[-] denotes the greatest integer function)

Ans. 4

Sol.  Conceptual
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.. alsinx|+|cosx|a™" ).
5. f (X)= lim lim | | | | then f| = |is
N g1 a"+a " 2
Ans. 1
f(x)=[sinX
T
fl=1=1
2
. X"=sinx" .
6. If lim ———— exists and has a non-zero value, then n =
x>0 X —sIn" X
Ans. 1

By putting n = 1, the result can easily be obtained.

v/
7. If J'l—x7dx:aln|x|+bln‘x7+ﬂ+c,then la+7b| =
x@+x)
Ans. 1
Differentiating both sides, we get
7 6
17X 8 . X L a-1a+7b=-1

x(l+ x7) X o 1+x

0

8. If I[Ze’X]dx =Ink ([-] dentoe the g.i.f ) then k=

0

Ans. 2
0 In2 0 In2
I[Ze’xjdx = I [Ze’x}dx+ j [Ze’X]dx = j [Ze’x]dx+0 =In2
0 0 In2 0
9. The shortest distance between (1 x)2 +(x- y)2 +(y- z)2 +7° :% and
4x + 2y + 4z + 7 = 0 in 3 - dimensional coordinate system is equal to
Ans. 2
Leta=1-x
b=x-y
c=y-2z
d=z

thena+b+C+d:1anda2+b2+C2+d2:%

:>(a—b)2 +(a—c)2 +(a—d)2 +(b—c)2 +(b—d)2 +(c—d)2 =0
=a=b=c=d

3y_1,. 1
4’ 2" 4
. . 311 .
So the distance from the point ZEZ from the plane 4x + 2y + 4z + 7 = 0 is
3+1+1+7 9
— 5 -




