Mathematics Continuity & Differentiability

Continuity & Differentiability

Single Correct Answer Type

1. A function f (X) is defined by ,

2 p—
[zz] 11, forx® =1
f(x)= Where[.]denotes GIF

0 Cforx? =1

A) Continuous at ¥ =—1 B) Discontinuous at ¥ =

C) Differentiable at ¥ =1 D) None of these
Key. B

2
[K ]_1 , for xf 1

Sol. 0 foryt =1

ml Cfor Ot <1

=¢ 0 for ¥ =1
0 for eyt 22

~“RHLatx=1is0
Also LHL at x = 1 is %@

2. 1f f(x)=sgn(x)and g(x)= X(l— X2) then ( fog )(x) is discontinuous at

(A) exactly one point (B)exactly two points
(c) exactly three points (D) no point.
Key. C
—1if x<0
sol. - Given f (x)=Sgnx=4 0if x=0
1if x>0

And g(x):x(l—xz)
Now fog(x)=—1 if X(l—XZ) <0 solving
= 0if x(l—xz):o, x(l—x2)<0

=1if X(l—XZ) >0 wehave xe(-1,0) (1)
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Key.

Sol.

Key.

Sol.

o fog(x)=-1 if xe(—1,0)u(1,)
=0if xe {-1,0,1}
=1if Xe (—oo,—l) U(O,l)
. fog (x) is discontinuous at x =-1,0,1

If f (X) is a polynomial satisfying the relation f (X) + f (ZX) — 5x2 —18 then fl(l) is equal to
(A) 1

(B)3

(C) cannot be found since degree of f (X) is not given

(D) 2
D

Let f (X) = aX2 + bX + C (By hypothesis)
f(x)+ f(2x)=5x* -8
= f(x)=x*-9.. f}(1)=2.

let 'f' be a vreal valued function defined on the interval (—l,l)such that

X
e X f (X) = 2+I\/'[4 +1dt WVx e(—l,l)and let 'g" be the inverse function of 'f".

0
Then 91(2) =
(A)3 B)1/2 (c)1/3 (D) 2
C

Differentiating given equation we get

e_x.fl(x)—e_x.f (%) =1+ x4

Since (g of )(X) = X.as'g" isinverse of f.
= g[ f(x)]=x

= g'[ f(x)]-f1(x)=1

= g'[1(0)]-—,

(Here f (0) = 2 observe from hypothesis)

Put X =0in (1) we get f1(0)=3.
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5.

Key.
Sol.

Key.

Sol.

If y= f(X) represents a straight line passing through origin and not passing through any of the

points with integral Co-ordinates in the co-ordinate plane. Then the number of such continuous

functions on ‘R’ is (itis known that straight line represents a function)
(A)O (B) finite (C) infinite (D) at most one
C

3 infinitely many continuous functions of the form f(X) = MX. When m is Irrational, and when

slope is irrational the line obviously will not pass through any of the pts in the Co-ordinate plane with
integral Co-ordinates. We know a straight line is always continuous.

If a function Y = @(X) is defined on [a, b] and ¢(a) ¢(b) <0 then
(A) 3 no ce(a,b) suchthat ¢(C) =0 ifand onlyif '@" is continuous
(B) 3 afunction ¢(X) differentiable on R —{0} satisfying the given hypothesis

(C) If ¢(c)= 0 satisfying the given hypothesis then ¢ (X) must be discontinuous

(D) None of these
B

if x=0

Consider the function ¢(X) = defined on [—l,l] ,clearly ¢(—1)><¢(1) <0, and

¢(X) is differentiable on Rl{O}

But there is no point C e[—l,l] E} ¢(C) =) .

7. Let f :R — R be a differentiable function satisfying f(y)f(x—y)=f(x) VX,yeR and
f1(0)=p, f*(5) =q then (5) is

A. p*lq B. p/q cqlp D.q
Key. C
Sol. y=0= f(0)=1 and x:0:>f(—y):i.
f(y)
pence { (ks V)= F0OT () 1100 =0, TCH=TO_pgu TR £, 1200 = pt () pus
x=5 f5)=J
p

8. If both f(x) and g(x) are differentiable functions at x = Xo, then the function defined as h(x) = maximum

{f(x). 9(x)} :

(A) is always differentiable at X = Xo

(B) is never differentiable at x = Xo

(C) is differentiable at x = xo provided f (x,)=g(X,)

(D) cannot be differentiable at x = xo if f(x,)#=g(X,)
Key. C
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Sol.

Key.

Sol.

10.

Key.

Sol.

Consider the graph of f(x) = max(sinx, cosx), which is non-differentiable at x = ©/4, hence statement
(A) is false. From the graph y = f(x) is differentiable at x = /2, hence statement (B) is false.

Statement (C) is false

Statement (D) is false as consider g(x) = max (x, x?) at x = 0, for which x = x? at x = 0, but f(x) is
differentiable at x = 0.

/2 T /4 T1/4
3n/4 St/ 6m/4 2n

1

T X
F(x)= (tan (Z + Xj} it x#0 is continuous at x = 0 thenvalue of A is

= A if x=0
1)1 2)e 3) €? 4)0
3
1
i:”m(lHﬂjX:%:ez
x>0{ 1—tan X e

f(x)= 1 If X= P where p and q are integer and ( # 0, G.C.D of (p,q) =1 and f(X)=0
q

If x is irrational then set of continuous points of f(X) is

1) all real numbers 2) all rational numbers 3) all irrational number 4) all integers
3
Let X = P
q
1
f(x)==
q
Y

When Xx—>— f(X) =0 for every irrational number € nbd(p/q)
q
1. m
=—if n=—enbd(p/q)
n n

1 .
——>0as n— w since
n

There oo - number of rational enbd(p/q)

M £ (0 =0y f(ﬁlzlio

x—>a q q

Discontinuous at every rational
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If X=qa isirrational = f(a)=0
Now lim f (X) isalso O
X—>a

.. continuous for every irrational o

11, fix)=maz{3—-x3+x,6} is differentiable at

A) All points B) No point

C) All points except two D) All points expect at one point
Key. C
Sol.

2—-x X o==3
Ffilxy=9 6 —E32x=3
34z x>

Since these expressions are linear function in x or a constant
It is clearly differentiable at all points except at the border points at -3 and 3

At X= =3, LHD=-1,RHD =0
At X=3, LHD=0,RHD=1

2 At ¥= 73 andx =3 itis not differentiable

12. If ([.] denotes the greatest integer
function) then F=) s
A) continuous and non-differentiable at
x=—1 and ¥ = 1

B) continuous and differentiable at =0

) discontinuous at ¥ = 1/2
D) continuous but not differentiable at
=2
Key. C
Sol.




Mathematics Continuity & Differentiability
-1 —ox <]
0 Dex= l
2
1 x=0
Fiz=i=+ 1
0 ——=x <l
2
3 1
-1 —— < d——
2 2 1
= —
2-x l=x <2 clearly discontinuous at 2
13.

A function f (K) is defined by,
[x*]-1
f{x)=
0 for ¥ =1

A)  Continuous at ¥ =—1 B)
C)  Differentiable at ¥ = 1 D)
Key. B

Sol.

2
[K ]_1  for xf =1

0 Cforxt =1

Cfor D <1

I
L]

for =1
0 for Text <2

~RHLatx=1is0
Also LHLatx=1is @

14. _sin2a{atx]
AT

Fix)is

A) Continuous

2
wI_1" for "= 1,Where []denotes GIF

Discontinuous at ¥ =1

None of these

. Where [] denotes the greatest integer function then

B) Discontinuous
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C ' it D
D 7@ exist but ) does not exist ) f(x) is not differentiable
Key. A
2
Sol. 2almx] is integral multiple of 7T ,there fore f(x)=0 7 x

=f(x) is constant function

=f(x) is continuous and differentiable any number of times

15. —
The no. of points of discontinuous of £ I[x] =Jf (f [x])where S [x] is
1+ x0=x=2
I =32 enss
defined as, x x=
A) O B) 1 )2 D) >2
Key. C
Sol.
2+x,0=x=1
g(x]: Z2—xlcx=l
d—x2cx=3
16. 1
" sin [—] x=0
Lt fl':x:l = x
0 ..o x=0
then f (x) is continuous but not differentiable at ¥ = 0 if
A) 1 e (0,1] B) % e[, 00) C) 1 & (~o0,0) D n=o
Key. A
Sol.
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RHL=limf(x)
x—}[l"'
= lim £ (0 +h)

=lim h" sin [l]
h—0 h

h—0 h
litn h™ ™ sin [l] = 0" (=1to 1)
b0 h

For not differentiable

n-1=10

n=l. (2]
From equation 1 and 2
0en =1

ne({0,1]

17. The function f(x) is defined as
1
F{x)=1P

cx+bxj,|x|£2

,|x|::-2

where aand b are
constants. Then which one of the following is true?

A) fisdifferentiable at x=-2if and only if a=3/4, b =-1/16

B) fis differentiable at x = - 2 whatever be
the values of aand b

Q) b _i
fis differentiable at x = - 2 if 16 whatever be the values of a
D) 1
f is differentiable x = - 2 if - E , whatever be the values of a.
Key. A
Sol.  Conceptual
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18.
Total number of points belonging to [U’ Eﬂ} where

J {x} = min{ sin x, cos 1, 1-sin x} is not differentiable

A)2 B) 3 C)4
Key. B
Sol. By figure it is clear
oo o
=—,—,—uare
& 2 4

The points where f(x) is not differentiable

y=1-sinx

)
|
|
¥=C0SX ¥=sin X

19. :
s1n[x] 250
x
f{x]=< 2 =1
s xX— X%
< [
If ﬁ{ x } \

D)5

Where [.] is G.I.F. If f(x) is continuous at x = 0 then b-a equal to

A)1 B) —1 C)2
Key. A
Sol.  Conceptual

RAL{z=0)=a+0=a

x3 xj

: I——t—-x 2
snx-x_" 31 51 °_“lx

x x 35
sinx—x  —1

I ——=
x—=0 x £
LHL=8-1

D) -2
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20. xze:(x_lj N=x=1
&GOS

flx)= (2x-2)+4x2 1<x=2

Given

J I[x]l is differentiable at =1 provided

A)a=-15b=2 B)a=1hb=-2 C)a=—35b=4 D)a=3hb=—4

Key. A

o (10} =f(1-0)=a+b=1

1 R s R |
El)=y
—Zasin{2z—2)+2bz 1<x <2
f'1-0)=f'(1+0)=4=2b
=b=2 a=-1
21. x

Flx)=—7
The function 1+ |x| is differentiable in

A R B) 2 {0} 9 [0,00) D) {0,00)
Key. A
S . p . . (-1.1) = .. .
ol. The function f(x) is an odd function with Range it is differentiable every where
R € el ) BT
M=lim — " — i ——=
FOR TN ST

22. tanx  if |x|51
Fizh=
) 1(|x|—1] if || =1
The domain of the derivative of the function 2 is
A) E —{0} B) B —{1} C) E—-{-1 D) E—-{-11}
Key. D

10
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tan"x  if |X| =1

Fx)=11

Sol.  The given function is 2

% [—x - 1] i x<-1

(|- 1) if x| =1

:}f{szq tan'x i -l=x=l

h%(x—l}l if x=1

=limf{—1-h
Clearly L.H.L at (x=-D 735 ¢ )

=D =limf(-1+h)=limtan " (~1+h)=—m/4
T

SLHL=#=EHL gt z=-1

" f(x) is discontinuous at £ =—1
Also we can prove in the same way, that f(x) is discontinuous at x = 1

". f(x) can not be found for % =*1or domain of Pz =R-{-LD

23.
i r {x} = m r=0 . _
|x| where [.] denotes the G.I.F then S [l) =

A) -1 B) 1 C) eo D) Does not exist
Key. D
[x] _Jo, 0=zl
ol f(x)‘ﬁ‘ 1,1=x<2
lim f{x]:[l lim f{x}:l
Clearly X—> 1_ X— 1+

- f(x) is not continuous at x = 1
f(x) is not differentiable at x =1

w7 IU] does not exist

. Fil
sin{— x]—xz} 7 [ 3}
If f(x) = 3 for 2 < x < 3 and ([x] denotes the G.I.F) then is

B)

C) D)

i N

w5

Key. B

11
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Sol.

25.

Key.

Sol.

For2<x<3,we have [x] =2

» F{x)=sin [%ﬁ— xf‘]

{secx]at ng- I f'{1}=2,g'(ﬁ)=4

The derivation of J {tan x} with respect to £

A) 1 B) 01 D)
— H'E — 1
NE 2
A
Let u:f{tanx}

ICJLM:_f'{tanx}.sec x

fx

v:g{secx)

v ,

—=F [secx}.secxtanx

fx

1 2 1
N (du]_ i [tanx].seu:: x 7 (1]2 22 1
v g'(secx}.secxtanx g ﬁ)ﬁ 4_.\.5 \.'5
-1 1 -1 1 -1 1 dy

y=tah +tan 5 tat 5 +... nterms —=

If %z 4z +1 = 45x4+3 2+ 5=+ then d=

A) 11 B 1 1 o 1 1 D 1 1
+(z+n)? 14z° +iz+n? 1437 1-(z+n)* 1+zx° 1-(z+n)?  1+z°
A

1 1 1 1 . 1
¥ =tan = +tan = tan " —————+.. nterms
2 +xz+1 2 4+3z4+3 ®x +ox+7

12
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, =tan_1( (2410 -x JHE‘“_{ (2+2)— (z+1)
T+x(z+1) 1+ (2 +1)(x +2)
+tan™ (z+3)-(x+2) +...+tan‘1[(x+ﬂ)_(x+ﬂ_DJ

I+{=z+20=+3 I1+{z+n)=z+n-1)

y=tan " (x+1) —tan T x4+tan (x4 2) —tan Tz + 1+
tan Nz + 3 —tan Mz +D 4+ Ftan 4+ —tan T (x+n—1)
dy 1 1

=tan Nz +n)—tan "ty =L = —
y (= +n) 4 1+(z+n) 145

27. _ . . i '{x] .
Let f (x) = x[x] , (where [.] denotes the G.I.F) . If x is not an integer, then is
A) 2x B) x C) [x] D) 3x
Key. C
Sol.  f(x)=x[x]
F'{x)=[x]
28. [ } min.(x,xz)if—m-:x <1
fl=z)=
, . _ min (2x-1x")ifx=1 _ _
Number of points at which the function is not derivable is
A) O B) 1 C)2 D) 3
Key. C
Sol.
29. f[x}— x?'é'a:x_lj D=x=1
, acos(Ex—E]+bx2 lex=?2
Given

J {x}l is differentiable at * =1 provided

13
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A)a=-15b=2 B)a=1b=-2 Ca=-35hb=4 D)a=3hb=-—4
Key. A
Sol. f{1+0)=f({1-0)=a+b=1
1 oo VL BV oy pex <l
£ {z)=
—2asin(2x—2)+2bx l<x <2
f11-0)=f'{1+0)=4=2b
=b=2 a=-1
30. x
ST

The function is differentiable in

A R B) R—{0) 9 [0,00) D) {0,00)
Key. A
. . . . (L) = .. .
Sol. The function f(x) is an odd function with Range it is differentiable every where
. _ A=A 1
¥ (D}:llmM:hm—:
¥—=+0 =0 x—0 ]+|x|
31. ¥
. a%’{x+a12’{x+ ...... al/%
lim
X—>0 n
The value of is
A ) ) D)
a +ag .. tay, gttt Ay 4rayTo T A dy.....
M
Key. D
1
x=—
Sol. let ¥ Thenx—ooy—0
nx
i (@ 46y +ota)”
X —0 n
n/y
= im (o +af+.. +a) &
Y28 7 =

14
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Yoy y fiey
lim [1tai tas +..+a -2
- ¥—>0 n
€
ayﬁy+ +ay
3 3 (1 ey [k EREEN D
lim o <-———81
= y=0
e
) aly—l a;r—l ay—l
lira | =—+ +. AR
y=0 ¥ ¥ ¥
=e
loga1+loga2+loga3 ........ +loga
=g
loglal.az.a3 ........... a_ |
=g =|la a a a |
1 2 n
32. 7(x) sin[eH—l)
r)=——" :
_ lim fFix
If log[x 1) , then #—=2 ( }isgiven by
A) -2 B) —1 Q)0
Key. D
sm[é‘H—l)

sol. ™ =1 log(x—1)

1imlsin (7 -1) 27 -1 x=2 }

et -1 1 log(1+(x-2))

33, “m[m_&]

H—o )
The value of is

A) B) 1 C) 1

Li_[r;ﬁfx+m—«f}?

bl
I

D) 1

D)

15



Mathematics Continuity & Differentiability

= |im XA
HW\H}H }<+J_ %
J0 1

1
+
N _
qu 1T 1 1 JT+H0+0+1 2
+ E+U}{—3+

34. — —
Let f[x,y} be a periodic function satisfying the condition s [x,y] N f[2x+2y, 2y Ex} for all

_ X
%Y € Rand let g(x)= j'(E ’D) . Then the period of £ (x) is

A) 2 B) 6 C) 12 D) 24

Key. C

Sol. f[ ] f[2x+2_y, Ey—Ex}l 1)

= f(2(2x+2y)+2{2y- 2x), 2{2y-2x)-2{2x+2y))
_}"{8}? —Sx]l 2)

[8}: Bx} { & x, —64y}

F(—64x,—64y) =7 (2% x,2% y)
Replace # by 2%
f(x,ﬂ)=f[2”x,ﬂ)=f[2*+”,0)
g{x]:g[x+12]

35.

fx)= 5|n +|cos |
The fundamental period of the function is
A) B) ) D) m
2T U A =
2
Key. A
X
s = |r:05 |><||
Sol.  The fundamental period of is 27 and that of is T.L.C.Mof Tand 27 js 27

So fundamental period of f {}{} is 270

16
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36. |; COSX =tany , coSy =tanz , COSZ = t@NX 00 the value of SiN X is

A) 5in3g? B) cos3g" C) Zsin1a°® D) Zcos18l

Key. C

Sol  COsx =tany = costx=tan’y

1 1
=sec’y-1_cotz—1=cosecz -2 1—(::3522_2: T—tan®x
_ 2tan®x -1
C —tan®x

25in* x - cos® x 3sin®x -1

=it =
COS" ¥ —5In" ¥ 1-25in" %

=1-2sin®x—sin“x+2sin*x =3sin*x -1
= 2sin*x—6sin*x+2=0
=sin*x-3sinx+1=0

=c0osiy=

sinx:@:isinm”

37. Define f :[0,7[] — R by

f(x)=

tan® x[\/ZSin2 X+ 3sin X+ 4 — /sin? x + 6sin x+2} XETl2 _
1s continuous at

k X=7l2
X:E,thenk:
2
1 1 1
A)— B) — C) — D) —
)12 )6 )24 )32

Key. A

t—>1

2
Sol.  Letsinx=t andevaluate ™ ]_t—tz[\/th +3t+4 —\/'[2 +6t+ 2} by rationalization

38. Let |a, Sin X+8,SiN 2X+........... +a,sin8x|<[sin x| for x € R

DefineP =a, +2a, +3a, +.... + 88, .Then P satisfies

A)|P|<1 B) |P|<1 0 |P|>1 D) |P|>1
Key. A
Sol.  f(x) = a1 sinx +a;sin2x + ....... + ag sin 8x

|a, +2a, +......+8a;| =|f '(O)|:Iirrg

f(x)—O‘
X

17
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~ f(x)|[sinx
X = 0[sinx|| X
.| F(x
=hmelsl
x=>0{SINn X
Ip[<1
sin[x
a+——Ll, x>0
X
39. if f (X) = 2, X =0 (where [.] denotes the greatest integer function). If f () is
sin X — X
b+{—j?—} x<0
X
continuous at X=0, then b is equal to
A a-1 B.a+1 c.a+2 D.a-2
Key. B
i sin[x
sol.  f(0+)=."T,a+ d_,
. Lm SINX=x -1
mnwxﬁf—jg——=?;,mmga f(0-)=b-1

Hence b=a+1

40. : : : f(x)|.
If f(X) is a continuous function VX € R and the range of f(x)=(2,426) and g(X)=| —= | is
a
continuous VX € R (where [.] denotes the greatest integral function). Then the least positive integral
value of a is
A.2 B.3 C.6 D.5
Key. C
2 26
Sol. g(X) is continuous only when lies between two consecutive integers Hence (—,——) should

26

not contain any integer. The least integral value of a is 6(Since —— <1)
a

41 f(x)=[x*]-[x]?, then (where [.] denotes greatest integer function)

A. fis not continuous X=0and x=1 B. fis continuous at X=0but not at X=1
C. fis not continuous at X=0but continuous D. fiscontinuousat X=0and X=1
atX=1

18
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Key. C
Sol. f(0-)=0—(-1)? =—1and f(0) =0. Hence f is not continuous at X=0 (1) f(1-)=0-0=0,
f(l+)=1-1=0 f()=0and Thus f iscontinuousat X=1

42.  Let f(x)=sec'([1+sin’ X]); where [.] denotes greatest integer function. Then the set of points
where f(X) is not continuous is

Nz T T
A. {7,nel} B. {(Zn—l)a,nel} C. {(n—l)?nel} D.{nz/nel}

Key. B

sol.  f(nz+)=sec’1=0 and f(nz-)=sec'1=0 and f(nz)=0
. f iscontinuous at X =nx

f((2n —1)%+) =sec'1=0 but f((2n-1) %) =sec 2 =%

z
. f is discontinuous at X =(2n —1)5 forallnel

43.  The number of points at which the function
f (x) =max.{a—x,a+ x,b},—00 < x<00,0 <a<b cannot be differentiable is,

A 2 B. 3 c.1 D.0
Key. A
a—-x |if Xx<a-=>b
Sol. f(x)=4 b if a-b<x<b-a
a+x |if X>b-a

Hence f is not differentiableat x=a—b,b—a

44, x|—|>n1] [xsin 7z'X] C [.] — denotes greatest integer function
1)-1 2)1 3)0 4) does not exist
Key. 1
Sol. X<=1=7X<—7r = X e 2" quadrant
=sinzx>0
x<0

= Xsinzx<0
[xsinzx]=-1

45, The function f(x) = (X2 —1)‘X2 —-3X+ 2‘ + COS(|X|) is not differentiable at

A)-1 B) O 01 D)2
Key. D
Sol. Here cos (|x]|) = cos (% x) cos x

19
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46.

f(x)=—(x2 —l)(x2 —3x+2)+cosx,lsx32

=(x* ~1)(x* —3x+2)+cosX, X <1 or x> 2

Clearly f(1) = cos 1, xlltlf (x)=cosl

f(2) =cos 2, Lt f(x)=cos2

Hence f(x) is continuous at x = 1, 2

Now f'(x):—2x(x2 —3x+2)—(x2 —1)(2x—3)—sin X,1<x<2
=2x(X* =3x +2)+(x* —1)(2x -3)—sinx,x <1 orx >2

f'(1-0)=-sinLf'(1+0)=—sinl

f'(2-0)=-3-sin2,

f'(2+0)+3-sin2

Hence f(x) is not differentiable at x = 2.

If f(x) is a function such that f(0) = a, f'(0)=ab, f"(0)=ab?, f"(0)=ab’, and so on and b >0,
where dash denotes the derivatives, then LE f(X) =
A) © B) —o C)o D) none of these

Key.

Sol.

47.

Key.

Sol.

C

Given f(0) = a, f'(0)=ab, f"(0)=ab’
f"(0)=ab® and so on.
f(x)=ae™

Lt f(x)= Xl_}waebx =0 [Qb>0]

X—>—

If f(x)=p|sin| +qe™ + r|x|3 and f(x) is differentiable at x = 0, then

A)p=qgq=r=0 B) p=0, g=0, r=any real number
C)q=0,r=0, pisanyreal number D)r=0, p=0,qisanyreal number
B

Atx =0,

L. H. derivative of p | sinx | =-p

R.H. derivative of p | sinx | =p

... for p | sin x| to be differentiable at
x=0,p=-porp=0

at x = 0, L.H. derivative of ge" =—q

R.H. derivative of ge”l =q

For qe‘x‘ to be differentiable at x = 0,

-q=qorq=0
d.e.of r |X|3 atx=0is0

... for f (x) to be differentiable atx =0
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P =0, g=0and r may be any real number.
Second Method:

r(0-0)= 1t [0

h—0-0 h

B plsinh|+qe" +r|h[ —q

h—0-0 h
: -h 3
Lt —psinh+qge™ —rh* —q
h—0-0 h
' e" -1
_ Lt {_psmh_Q( )—rhz}
h—0-0 h —h
=-p-q

Similarly, f'(0+0):p+q

Since f(x) is differentiable at x =0
f'(0-0)=f'(0+0)=-p-q=p+q

= p+qg=0

Here r may be any real number.

.. Correct choice is (b)

48.  The number of points in (1, 3), where f(x) :a[xz], a>1, is not differentiable where [x] denotes the
integral part of x is
A)O B)3 C)5 D)7
Key. D
Sol. Here 1 < x < 3 and in this interval X2 is an increasing function.
1<x*<9
[x2]=1,13x<\/§
= 2,\/5 <X < \/§
—3./83<x<2
=42<X< \/5
=5, \/g <X< \/6
= 6,\/6 <X < \/7
= 7,ﬁ <X< \/§
=8,\/8<x<3

Clearly [XZ} and also a[XJ is discontinuous and not differentiable at only 7 points

X =2 BTN B

49.  Letf(x) be defined in [-2,2] by f(x)= max(\/4—x2 NS ),—2 <x<0
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Mathematics

= min(\/4—x2 AL+ X2 ),O< X <2, then f(x)

A) is continuous at all points B) has a point of discontinuity

C) is not differentiable only at one point D) is not differentiable at more than one point
Key. B,D
Sol.  V4—-x*—v1+Xx?

3 3-2x?
V4 —x* +1+X?
.. Sign scheme for (\/4— x? =1+ x? ) is same as that of 3—2x?

Sign scheme for 3—2x? is

-2 < i 0
-ve +Vve -ve

2 2

f(x)=\/1+x2,—2£x£—\E
=\/4—X2,—\/§SXSO
2
=\/1+x2,0<x£\/§
2
=\/4—x2,\/§£xs2
2
Clearly f(x) is continuous at x = —\/g and X = \/g but it is discontinuous at x=0

X 3
Also f' = -2< = [=
so f'(x) «/1+7 X< ,2

<x<0

2_;_\E
Va-x* V2

0<x< §

X
S 2
g X 3 <9
=— '—4_X2 E<X_

F(x) is not differentiable at x = J_r\/; and also at x = 0 as it is discontinuous at x = 0.

If f(x):a|sin7x|+be‘x‘ +c|x|5 and if f(x) is differentiable at x = 0, then which of the following in

50.
necessarily true
A)a=b=c=0 B)a=0,b=0,ceR
C)b=c=0,ceR D)b Oandaand ceR
Key. D
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Sol. a‘sin7 X‘ is differentiable at x = 0 and its d.e. is O for all aeR and C|x|5 is differentiable at x = 0
anditsd.e.isOforall ceR.
But at x =0, L.H. derivative of be® = —b and R.H. derivative = b

X

.. for be™ to be differentiableatx=0,b=-b
= b=0

51. If [x] denotes the integral part of x and

sin%%in n[x +1]
f(x)=[x] [ 11]+[X] ; then

A) f(x) is continuous in R
B) f(x) is continuous but not differentiable in R

Q) f"(X) exists for all x in R

D) f(x) is discontinuous at all integral points in R
Key. D
Sol.  sinn[x+1]=0.

Also[x+1]=[x] +1

n . T
atx=n, nel,f(x)zl—sm—l
+Nn n+

Forn<x<n+1, nel,
n .
f(x):—smi
1+n n+l
Forn—1<x<n,[x]=n-=1
n-1.m
f(x)=——=sin—
(x)="gsin~
n-1_.
Hence = Lt f(x)=—sm%,

Xx—n=0 n

n . =
f - cin—_
(n) 1+nsmn+1

f(x) is discontinuous at all n e |

52, Inxe|0.% [, let f(x) Lt X SNX 4pen
2 oo 14X

A) f(x) is a constant function B) f(x) is continuous atx =1

C) f(x) is discontinuous at x = 1 D) none of these
Key. C

2" —x"sinx
Sol. f(x) =Lt —
now 14X
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2%, 0<x<l1
_ 2 —smx, 1
2
—sinx x>1
Nowf(1)=2—sm1

Lt f(x)= Lt 2*=2

x—1-0 x—1-0

Hence f(x) is discontinuous at x = 1

53. Let f(x) = [cos x + sin x], 0 < x < 2 7, where [x] denotes the integral part of x, then the number of
points of discontinuity of f (x) is
A)3 B) 4 C)5 D)6

Key. C

Sol. f(x)z{ﬁcos(x—gﬂ

But [x] is discontinuous only at integral points.

Also —/2 < \/Ecos(x —gj <2

Integral values of \/Ecos(x —%j when

0<x< 2m are

-1,at X= n,3—n
2
0,at Xx= 3_’E
4 4
1,at Xx= r
2
. In (0,2m),f(x) is discontinuous at x =E,3—,Tc,3—,7—n.
2 4 2 4
54, If [x] denotes the integral part of x and in (0,7), we define

2(sinx —sin" x)+|sinx —sin" x|

f(x)=

. Then for n > 1.
2(sinx —sin" x)—|sin X —sin" x|]

A) f(x) is continuous but not differentiable at x =g
B) both continuous and differentiable at x =g

v
C) neither continuous nor differentiable at X = E

D) Lt f(x) exists but Lt f (X)if(gj

T
X—>— X—>—
2 2
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Key. B
Sol. For0<x<g org<x<n,

O<sinx<1
forn>1, sin x > sin* x

3(sinx —sin" x ) .
f(x)=| ——— 2 [=3,x#—
(X) { sinx —sin" x ] X¢2

Hence f(x) is continuous and differentiable at X =g .

55. If [x] denotes the integral part of x and f(x) = [n + psinx], 0 <x< m, nel and p is a prime number,
then the number of points where f(x) is not differentiable is
Ap-1 B) p C)2p-1 D)2p+1

Key. C

Sol. [x] is not differentiable at integral points.

Also [n + p sin x] = n + [p sin x]
[p sin x] is not differentiable, where
P sin x is an integer. But p is prime and 0 < sin X Sl[Q O<x< n]

p sin x is an integer only when

sinx:i,where0<r <pandreN
. T .
Forr=p,sinx=1 :>ng in (O,TC)
. r
ForO<r<p,sin Xx=—

- 71 r - 71
X=sin""=or m—sin
p

Number of such values of

T | =

x=p—1l+p—-1=2p-2
... Total number of points where f(x) is not differentiable=1+2p-2=2p-1

56. Let f(x) and g(X) be two differentiable functions, defined as
f(x)=x*+xg'(1)+9"(2) and g(x)= f (1)x*+x f'(x)+ f"(x).
The value of f(1)+g(-1) is

A)0 B) 1 C)2 D) 3
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Key. C

Sol. Flx)=x"+xg" (1) +g"(2)

FixY=2x g (1)

F(x)=2

F(x)=0

ang 28%)= SO+ 1 (x)+ 7 (x)

g(x)=F()+* +x{2zx+g (1} +2

= F (" +2x% +xg'(1)+2 = {2+ /(D) +xg (D +2
g'(x)=2x{2+7 (1} +&'()

g"(x)=2{2+7(1)}

A+ (1)

=g (D+e" )+ ()0 + D ED ()
[eg(2)y=4+27/(1)

F-1=2

S0 =1-g"(1)+g"(2)]

=1+ g () +d+27 (+ 7 (1)-{1-g' (D +g"(2)} +2
=6+2g"(+ 37 () -g"{2)

= 6+2g' (437 ()-{4+27 (1)) =2+7(D+2g'(1)
f{x)=x"+xz'(1)+"(2)

Sxy=2x+g'(1)

g (x)=2/ (N +x ™ (x)+ (2 1+ 5[ x)+ 7 (x)
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A +e(-1)

=1+g' () +g"{2)+1+ (-1} g'{-1)+2"(2)
=242g"( 2+ g' (- g'(-1)
=z+2fa+27 () +0  [vefl)=g(-1)]
=2+2{0}+(0})=2

57.

Sol.

58.

Sol.

Let f(x) be a real function not identically zero, such that

f(x+y2“+1) =f(x)+{f (y)}znﬂ; neN and xy are real numbers and f'(0)>0. Find the values of f(5)
and f'(10).

As in the preceding example, f'(x)=0 or {f (X)}2n =x*" =f(x)=f(0)=0 orf(x) = x.

But f(x) is given to be not identically zero.
.. f(x) = 0is inadmissible. Hence f(x) = x.
- f(x) =5and f'(10)=1.

i f(x)+f(y)=f[1x+y] forall X,y <R and xy #1 and Lto@ﬂ,ﬁnd £(+/3) and f'(-2).
_Xy X—>

Given that f(x)+f(y)=f (1)(:;3;} :

Putting x =0, y =0, we have f(0) = 0.
Differentiating both sides with respect to x, treating y as constant, we get

f(x)+0=f'[ x+y] (1-xy).1=(x+y).(-y)
(1—xy)2
_f,(x+yj 1= Xy + Xy + Y’ _f,(x+yj 1+y? M
1-xy (1-xy)’ 1-xy )| (1-xy)’
Similarly differentiating both sides with respect to y, keeping x as constant, we get
, [x+y )| 1+x°
f =f w(2)
3 [1—xv]{<1—xyf}

From (1) and (2), we get

f'(x) _ﬂj(pr xz)f '(x) =(1+ yz)f '(y)=k(say){=f"(0)}

f'(y) 1+x°
=  f'(x)= K :>f(x):k.[ L ix=ktan'x+a.
1+x° 1+x°

Putting x = 0, we have f(0)=kx0+a=0=0,Qf(0)=0.
Thus f(x)=k tan™'x.

f(x)

Again —= =k
X

-1

-1 f(x
SIS I L) I L P rY
X x—0 X X
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Hence f(x) =2 tan* X.

f(\@)=2tan1(\@):2><g:2—;C and f'(-2)= 2 =§.

59. If 2f (x)=f(xy)+f(§] forall x,yeR", f(1)=0 and f'(1)=1, find f(e) and f'(e).

Sol.  Given 2f(x)=f(xy)+f(§j.

Differentiating partially with respect to x (keeping y as constant), we get

x)1
2f'(x)="F"(xy .y+f'(—j.— (1)
(9= () y+1 % |5
Again, differentiating partially with respect to y (keeping x as constant), we get
X 1
0=f'(xy .x+f‘[—j.x£——j -(2)
()t 2 || -
X X X
2) > —f‘[—jzxf'xy :f'[—jzyzf'x :
S e =12 =y

Hence from (1), 2f'(x)=yf'(xy)=2f"(xy)=f'(x)=yf'(xy).
Now, putting x = 1, we have yf'(y)=f'(1)=1.
= f'(y)=$:>J‘f'(y)dyzj'%dy:f(y)zIogy+c.

Puttingy =1, we havef(1)=0+c = 0=¢c;Q f(1)=0
c=0.
Hence f(y) = log y i.e. f(x) = log x (x > 0).

Hence f(e) = log e = 1 and f'(e) 1
(S

60. A function y = f(x) is defined for all x €[0,1] and f(x) + f(y) =f (xy—xll— X% \J1-y? ) )

And f(0)= g,f [ij =% Find the function y = f(x)

2
Sol.  Given f(x)+ f(y) =f (xy N NCN Y ) (1)

Differentiating partially with respect to x (treating y as constant), we get
—2X
f'(x +0=f'(xy—\/1—x2~/1—y2)x{y—wll—yz,—}
) 241-x°
_ 2 _\y2
= f'(x)zf‘(xy—\ll—xlel—yz)x{y\/l ):/+X2\/1 y } (2)
1-x

Similarly, differentiating (2) partially with respect to y (treating x as constant), we get
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f'(y)f‘(xy—\/l—xqul—yz)x{x\/l_i//zli%/lﬂz} -(3)

Now, dividing (2) by (3), we get

Fx) N1y V1-x? =J1-y*f'(y)=k (sa
) \/1_x:1 f'(x)=y1-y*f'(y)=k (say)

Thus, x/l—xzf'(x)zk:f'(x)zlkxz
1 ]
f'(x)dx =k dx=f(x)=ksin*x (4
= j() J‘T—xz =f(x) +o (4)

Now, x=0 = f(0)=k. 0+0L:>g=oc

1 1 . 1
Again x=—=f|— |=ksin?| —= |+a
; 2 [ﬁj (ﬁj

4 4 4 2 2
=  kZ=IZ I_ Tk
4 4 2 4

Hence puttingk =-1and o =g in (4), we get f (x)=—sin™" X+§=COS’1X )

-1

. h
o1 Let f(x Zo: rx+1) { r+1)x+1} Pl

A) f(x) is continuous but not differentiable at x = 0
B) f(x) is both continuous and differentiable at x=0
C) f(x) is neither continuous not differentiable at x =0
D) f(x) is a periodic function
Key. C
X

sol. tr+1z(rx+1){(r+1)x+1}

_ (r+1)x+1—(rx+1)
(rx+1)[(r+1)x+1]

ANV N
_(rx+1) (r+1)x+1

Lt S, = Lt(l— ! j
n—om n—o0 nx+1

Thus, f(x) is neither continuous nor differentiable at x = 0.
Clearly f(x) is not a periodic function.
62. If f(x) is a polynomial function which satisfy the relation
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Key.

Sol.

63.

Key.

Sol.

64.

Key.

Sol.

65.

Key.

Sol.

(FOQ)2 F/(X) = (F/(x))* F '(x), F(0) = (1) = f"(=1) = 0, (0) = 4, f( 1) = 3, then (i) (where i=v—1) is

equal to

(A) 10 (B) 15
(C) -16 (D) -15
C

Solving the equation

We will get f(x) = x* - 2x2 + 4

If f(x) is a polynomial function which satisfy the relation

(F())2 ' (x) = (F"(x))* f "(x), £(0) = f'(1) = £ '(~1) = 0, f(0) = 4, f(+ 1) = 3, then (i) (where i=~/-1) is
equal to

(A) 10 (B) 15
(C) -16 (D) -15
C

Solving the equation

We will get f(x) = x*—2x2+ 4

If f(x) is a polynomial function which satisfy the relation

(FO))2 £ (x) = (F"(x))* £ '(x), £'(0) = f'(1) = f'(~1) = 0, F(0) = 4, f(+ 1) = 3, then (i) (where i =~/-1) is

equal to

(A) 10 (B) 15
(C) -16 (D) 15
C

Solving the equation
We will get f(x) =x*—-2x> + 4

2
Let a function f(x) be such that f "'(x) = f'(x) + e*and f(0) = 0, f'(0) = 1, then In((lc (i)) j equal to
1
(A) > (B) 1
(€2 (D) 4
D
f'(X)—f(x) = e
put f(x)=v
dv «
& + V(—l) =€

= ve = I e*.e*dx

ve*=x+Cy,f'(0)=1=C;=1
f'(X) = xe* + e*
f(x) = xe*+ Cs
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= f(0)=0=C,=0
= f(x) = xe* = f(2) = 2¢?

o[0) -
4

66. If Sixtz.f(t)dt =1-sinx, Vx e(o,gj then the value of f[%} is
1
(A) Na B) V3
1
©) 3 (D) 3

Sol. [ t.f(t)dt=1-sinx

Differentiating both sides with respect to ‘x’
0-sin®x.f (sin x).cosx =—COSX = cosx[l— sin® x.f (sin x)] =0

But cosx #0

So, f(sinx)=

&)

sin® x

67.  Let f:(0,00) >R and F(x) = j f(t)dt. If F(x) = x2 (L + X) then f(4) equals
1

(A) 5/4 (B) 7 (C) 4 (D) 2
Key. C
sol.  F'(x)=f(x)

F(x)=x(1+«/§):x+x3’2
F-(x):f(x):ug&

. f(4)=4

X 3\-1/2 9"(x)
68. If f(x)= I(l+t ) dt and g (x) is the inverse of f, then the value of ? is
0 9% (x
(A) 3/2 (B) 2/3 ©) 1/3 (D) 1/2
Key. A

31



Mathematics Continuity & Differentiability

Sol, f@Q:T@+ﬁyuﬁt
0

_ 9(x) 512 -
ie. X= I (1+t ) dt [Q gisinverseof f = f[g(X)] =X]
0
Differentiating with respect to x, we have
1= (1 + g3)-1/2 .g-
ie.  (g')y=1+¢°
Differentiating again with respect to x, we have
Zg Ig n — 3g g 1
. g n
ives —&=—
g 92 5

69.  If f(x)be positive, continuous and differentiable on the interval (a,b). If '"Q+ f (x)=1and
X

leiT)]— f (x)=3%also fr(x)>(f (X))3 *

then

1
f.(x)
a)b—a>- b)b—a<- ob-a=2 d)b-a=2L

24 24 12 24

Key. B

Sol. M>1
f(x)4+1

Integrating both sides with respect to “x” from a to b

=3 %[tan‘l((f (x))z)}: >(b-a)
:%{%—%} >(b-a)

:>b—a<£
24

s x
70. (%)= (tan (Z + XD it x#0 is continuous at x = 0 then value of A is

= 2 if x=0
1)1 2)e 3) e 4)0
Key. 3
1
Sol. A= lim| 2 AnX X:il:e2
-0\ 1—tan X e
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71. f(x)= 1 If X= P where p and q are integer and ( #0, G.C.D of (p,q) =1 and f(x)=0
q q

If x is irrational then set of continuous points of f(X) is

1) all real numbers 2) all rational numbers 3) all irrational number 4) all integers
Key. 3
Sol. Let X = P
q
1
f(x)==
q

When X —>B f(x) =0 for every irrational number e nbd(p/Qq)
q
1. m
=—if n=—enbd(p/q)
n n

1 .
——>0as n— o since
n

There o - number of rational enbd (p/q)

M F) =0 f(ﬁ}lﬂ
P q

P
q q

Discontinuous at every rational
If X=q isirrational = f(a)=0

Now lim f (X) isalso O
X—>a

.. continuous for every irrational &

72. If a function f :[— 23, 2a]® R is an odd function such that f(X): f(2a- X) for x1 [a, 2a] and

the left hand derivative at x=a is zero then left hand derivative at X= - a is
a)a b) 0 c)-a d)1
Key. B
. f(-a)-f(-a-=h . f(a)-f(2a—a+h
Sol. LHDatx=-ais lim ( ) ( )=—I|m ( ) ( )
h—0 h h—0 h
. f(a)- f(a- h
= - lim ( ) ( ): 0 by hypothesis
h®.0 h
I .. ®0
ix” sing—x!' 0
73. Let f (X)= 1 X0 ,then f(x) is continuous but not differentiable at x = 0 if
iO; x=0
aynl (0,1] bynI [1,¥ ) cnl (¥ ,0) dn=0
Key. A
o nein 1 . - . . .
Sol. |I®I‘Tg X"'sin—= 0 forn>0 .". continuous for n >0 Similarly f(x) is non-differentiable for N <1
X X
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s.he (0,1] for f(x) to be continuous and non-differentiable at x = 0.

74. If f (X) is continuous on [-2,5] and differentiable over (-2,5) and -4 £ f '(X)£ 3 forallxin(-2,5) then

the greatest possible value of f (5)- f (- 2)is

a)7 b) 9 c) 15 d) 21

Key. D
Sol. Using LMVT in [-2, 5]

F5)=f(2) _ 1/,
5-(2) = f'(c);ce(-2,5)

= f(5)-f(-2)=7f"(c)<21 since 4< f*(x)<3
.max{f(5)-f(-2)}=21

. T .
sin +sinz[x+1]
. [x+1]
75. If [.] denotes the integral part of x and f (X) = [X] , then
1+[x]
(A) f(x) is continuous in R
(B) f(x) is continuous but not differentiable in R
(C) f(x) exists VX eR
(D)f (X) is discontinuous at all integral points in R
Key: D
Hint:  Atx=n, f(n):Lsin N :f(n+)
n+1 n+1
n-1. =«
f(n)=——=sin—
(n)=——sin"
= f(x) is discontinuous at allne 1
X, x<1
76. If (X) =<5 and f (X) is differentiable for all X e R, then
X +bx+c, x>1
a) b=-1ceR b) c=1beR c)b=1lLc=-1d) b=-1c=1
Key. 4
Sol. Lf'(1)=1, Rf'(l)=2+b =b=-1
f(1-)=1AND f(1+)=1+b+c =c=1
mo 1
x'sin— x=#0
77. If f (X) = X then the interval in which m lies so that f (X) is both continuous and

0 Xx=0

differentiable at X =0 is
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a) i b) (O,oo) c) (0,1] d) (1,00)
Key. 4
Sol. Lt f(x)=Ltx" SInEeX|stS|fm>OIE m [0, o)

x—0 x—0 X

f'(0)=LtOL;(O) Ltox‘1 1 EXISTSIFM—-1>01FM>10R m e (1,0)
X—> X X—>! X

78. (X Max { 3}, thenatx=0

a) f X) is both continuous and differentiable

b) f(x) is neither continuous nor differentiable
f (X) is continuous but not differentiable

d) f X) is differentiable but not continuous

Key. 3
X 0<x<1
Sol. f(x):{x3 evep fO4)=0 £(05)=0=f(0) LF(0)=0 Rf(0)=1
1 1
ex_ex
_ 0
79. f(X): e%_'_e—% X7 thenatx=0
0 x=0

a) f (X is both continuous and differentiable

b) f (X) is neither continuous nor differentiable
c) f (X) is continuous but not differentiable

d) f (X is differentiable but not continuous

Key. 2
2
¢ : e -1 0-1

Sol. = Lte*=0, Lt ex=0 f(0-)= Lt | ——|= Lt (—j:—l

X=>0+ X—0— X—0— ;+1 x-0-\ 0+1

2
—e X Lt
f(0+)= Lt L-e - =1 f (X) DOES NOT EXIST
x—0+ 1ie > X—>0

f 2f .
80. If f(x+2yJ= (X)+3 (y)VX,yeR and f (O)=1;then f(X) is
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a). a second degree polynomial in X b). Discontinuous VX € R
c). not differentiable VX € R d). a linear function in X
Key. 4
f(x)+2f
Sol. We have f(x+2y)= ( ) 3 (y) VX,Yy €R = (1) replacing x by 3X and putting y =0 in (1),
f(3x)+2f (0
we get T (x)= )3 © -, f(3x)=3f (x)-2f (0) > (2)

3x+2.@
F(x+h)—f(x) f{ 32}“*)

. Now, fI(X): Lim

h—0 h hLiTo h
f(3x)+2.f (%]
2)_g
—f(x
- Lim 3 (from (1))
h—0 h
f(3x)+2f(32h)—3f(x) Zf[gzh)—Zf(O)
= Lim = Lim (from(2))
h—>0 3h h—0 3h
(310 .
=th)nO N =f (0)=1 (given) = f (x)=1= f(X)=x+c. .. f(x) is a linear
2

function in X, continuous VX € R and differentiable YX € R. .. Only 4 is correct option

81.  Letfbe afunction defined by f(x)=2""%" thenatx=1

(A) fis continuous as well as differentiable (B) continuous but not differentiable
(C) differentiable but not continuous (D) neither continuous nor differentiable
Key. B
/%, O0<x<l _. .
Sol.  f(x) ={ , f is continuous
X, x=>1
-1/x? 1 .. : .
f'(x)= I, 0<x< , f is not differentiable at x = 1.
1, x>1

x—2)% | .
82. Ifthe function f(X)= {u}sm(x —2)+acos(x—2) [.] GIF, is continuous and differentiable in (4,
a

6), then a belongs
A) [8, 64] B) (0, 8] C) (64, ) D) (0, 64)

Key. C
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Sol.

83.

Key.

Sol.

84.

Key.

Sol.

85.

Key.

Sol.

86.

Key.

Sol.

87.

a>(x-2)°
8<(x—2)°<64=a>64
The equation X’ +3x3+4x—-9=0 has

A) no real root B) all its roots real
C) a unique rational root D) a unique irrational root
D

Let f(X)=x"+3x>+4x-9

f1(X)=7x*+9x*+4>0 VxeR

..fis strictly increasing.

.. T (X) =0 has a unique real root.

fOf(2)<0

.. The real root belongs to the interval (1, 2). If f(Xx) =0 has rational roots, they must be integers.
But there are no integers between 1 and 2.

Afunction f:R— R issuchthat f(0)=4, f*(X)=1in -1<x<land f'(X)=3in1<Xx<3.Also
f is continuous every where. Then f(2)is

A)5 B)7 C)8 D) Can not be determined
C

If -1<X<1then f(X)=x+4

If 1<x<3 then f(X)=3x+cC

But fis continuous at X=1

S f@=1+4=3+c=c=2and f(1)=5

- f(2)=8

f(x)=alsinx|+ be™ + c|x|3. if f (X) is differentiable at x = 0, then

a)a+b+C=0 b)a+b=0andccanbeanyrealnumber
c) b=c=0 andacanbe any real number d) C=a =0 and b can be any real number.
B

f(x)=-asinx+be™ —cx’,x <0

—asinX+be* +cx*,x>0
Clearly continuous at 0, for differentiability —a — b=a+b

Let T [0,1] - [0,1] be a continuous function. The equation f (X) =X

a) will have at least one solution. b) will have exactly two solutions.
c) will have no solution d) None of these
A

1—cos(1—cos x)
X4

a)1/8 b) 1/2 c) 1/4 d) 1/16

The value of f(0), so that the function f(X) = is continuous everywhere, is
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Key. A

Sol. f (0) _ |im1—005(14—005 h) ><1+ cos(l—cosh)

h=0 h 1+ cos(1—cosh)
sin’ (L—cosh)  (1—cosh)’

150 h* (11 cos(L—cosh) ' (1—cosh)?

.| sin (L1-cosh) *  (1-coshY .. 1
=lim| ——— | xlim > x lim
h-0|  (1—cosh) h—0 h h-01+ cos (1—cos h)

11 1
_(1)Pxixi-t
W' *3%5=35

88. Let f(x+y)= f(x)f(y)forallxandy.Supposethatf(3)=3and f'(0) =11 then f '(3) is given by
a) 22 b) 44 c) 28 d) 33

Key. D

Sol.  Qf(x)=lim ¥ = ()

h—0 h

 lim f(X)f(?_ f(x)
:fuumgu?_l

= f(x)f'(0) since 1= f (0) [By putting X =3,y =0, we can show that f (O) =1]
f'3) =13 f'0)
=3x11=33.
89. Let f(X)= [COS X+sin X] ,0< X< 27, where [X] denotes the greatest integer less than or equal to X.
The number of points of discontinuity of f (X) is

a)6 b) 5 c)4 d)3
Key. B

Sol.  [cosx+sinx]= [\/E COS(X—7Z/4]
We know that [X] is discontinuous at integral values of x,
Now, \/ECOS(X—ﬂ'/4) is an integer.
at X=x12,3714, 7,3712, 7714

1., . .
—if x is rational
90.  The function f defined by f(X) =

5if x is lrrational

(a) Discontinuous for all x (b) Continuous at x = 2
(c) Continuous at X = E (d) Continuous at x =3
Key. A
Sol. If x is Rational any interval there lie many rationals as well as infinitely many Irrationals

1 1 1
-.Vn e N Jan Irrational number X, such that X—— <X, <X+—= |Xn - X| <—,vn
n n n

1
= Lt f(x,)= 3 Similarly in case of Irrational
n—oo
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91. Number of points where the function f(x) = max (jtan x|, cos |X|) is non differentiable in the interval
(-m, m) is
A) 4 B) 6 C)3 D)2

Key. A

Sol.  The function is not differentiable and continuous at two points between Xx=-n/2&Xx=mn/2 also

function is not continuous at x =g and x = —g hence at four points function is not differentiable
¥

-N

|
|
|
|
|
|
|
|
v - - " !
- A 1
-miz w2
|
|

|
|
|
|
|
I
|
|
|
|
r
|
|
|

92.  The function f(x) = maximum { x(2-x),2- x} is non-differentiable at x equal to

A) 1 B) 0.2 C)0,1 D) 1,2
Key. D
Sol.

[ (D,E}
(2.0
(L) -

93. Let f(x)=[n+psinx],xe(0,n),neZp is a prime number and [x] is greatest integer less than or

equal to x. The number of points at which f(x) is not differentiable is

A)p Byp-1 C)2p+1 D)2p-1
Key. D

Sol.  f(x)=[n+psinx]=n+[psinx]

el
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0 0<sinx <1
p
1 1gsinx<g
p p
[psmx]= 2 ESSinx<§
Y Y
p-1 p-1 <sinx <1
p
p sinx =1
Number of points of discontinuituy are 2 (p — 1) + 1 = 2p — 1 else where it is differentiable and
the value =0
94. Let f:R — R be any function and g(x) = Tl) .Theng is
X
A) onto if f is onto B) one-one if f is one-one
C) continuous if f is continuous D) differentiable if f is differentiable
Key. B
1
Sol. f:R->R, X)=——
1 1 1
§(x)=~ ()
(x)
= g is one —one if f is one — one
95. If f(x) = [X] (sin kx)P is continuous for real X, then
A)ke{nn,nel},p>0 B) ke{Znn,nel},p>0
C) ke{nn,n IS I},peR—{O} D) ke{nn, ne I,n;tO}, peR—{O}
Key. A

Sol.  f(X) =[X] (sin kx)?
(sinkx)” is continuous and differentiable function vV x eR, ke R and p > 0.

[X] is discoutinuous at-x € |
Fork=nm,nel

f(x)=[x](sin (nnx))p

limf(x)=0,ael

and f(a)=0
So. f(x) becomes coutinuous for all xeR
X+2 x<0

96. f(x)=4-x*-2 0<x<1

X X>1
Then the number of points of discontinuity of [f(X)| is
Al B) 2 C)3 D) none of these

Key. A
X+2 x<0

Sol. f(x)=9-x*-2 0<x<1
X Xx=>1
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97.

Key.

Sol.

98.

Key.

Sol.

99.

Key.

Sol.

100.

Key.

Sol.

—X-2 X <=2

X+2 -2<x<0

|f(x)|= x>+2 0<x<1
X x>1

Discontinuous at x = 1
number of points of discount. 1

ee/x _e—e/x
ellx +e—llx !

X )

f(x) _ x#0
x=0

A) fis continuous at X, when k =0

B) f is not continuous at x = 0 for any real k.
C) Iirrg f(x) exist infinitely

D) None of these

B
L—J.
eelx _ e—e/x g & (1_ e_ZE/X )
lim ———+=lim ——— =t
x-0" e’* y @ x—0" (1+ e X)
) ee/x _e—e/x ) e—e/x (EZe/x _1) ) ,[e;l) eZe/x -1
lim —————=Ilim — N = lime /| = [=—
x>0 e’* £ @ x—0- @~¢/X (e+2 x +1) X—0" ec* 11
Limit doesn’t exist So f(x) is discoutinous
. X X e
The correct statement for the function f(x) ={ R 8 IS
X, XeR~

A) continuous every where
C) discontinuous everywhere except at x =0
C

limf (x)=limx=a, xeQ

X—a X—a

limf (x)lxiir;(—x)z—a, xeR~Q

The limit exists < a=0

If f(x) = sgn(x) and g(x) =x(1 — x?), then the number of points of discontinuity of function f(g(x)) is
A) exact two B) exact three

C) finite and more than 3 D) infinitely many

B

B) f(x) is a periodic function
D) f(x) is an even function

, x<-1

, X=-1
-1 , -1<x<0
f(g(x))z 0 , x=0
1 , O<xx<1

, x=1
-1,

x>1

The value of Argz + Arg 72=0,z=X+ iy, V X,y € R is (Arg z stands for principal argument of z)

A)0 B) Non-zero real number
C) Any real number D) Can’t say
D

Letz = -2 + 0i, then z=-2-0i
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101.

Key.
Sol.

102.

Key.

Sol.

103.

Key.

Sol.

Arg(z) + Arg (E) =2n#0
Ifz=2+3i
Arg (2 -3i) is tanl(—gj
Arg(2 +3i) + Arg (2-3i)=0

If f(x) = maximum (cosx,%,{sin x}j 0<x<2mn, where { . } represents fractional part function, then

number of points at which f(x) is continuous but not differentiable, is

A1l B) 2 C)3 D) 4
D

See figure

There are 4 points

T 7T
2Xtan X — —— X #—
Function CosX 2 is continuous at x = 'y ifk =
T 2
k , X=—
2
A)-2 B) 2 C) % D) no such values of k exists
A

. T
lim| 2xtan X — ——
- COoS X

. [ 2xsinX—m .
=lim| ———— |=Ilim

Hg COS X h—0 —sinh
_jim_2heosh _ 5. k=-2
x=0  sinh

x2 el #0 . )

If f(x) = { } is continuous at X = 0, then
k x=0

(€ } denotes fractional part function)

A) It is differentiable at x =0 B k=1

C) continuous but not differentiable at x = 0 D) continuous everywhere in its domain

A

limf (x)=0 {Q Ixingx2 =0 and {el’x} is a bounded function}
Iimwzlimx{em}zo
x—0 X x—0

£'(0)=0

not continuous at x =log, €, log,e,.... etc.
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104.  Let f(x)=alsinx|+be" +c|x’.If f(X) is differentiable at x = 0 then

A) c =a =0 and b can be any real number B) a + b =0 and c can be any real number
C) b=c =0 and a can be any real number D)a=b=c=0
Key. B

—asinx+be™ —cx®if x<0
Sol.  we have f(x)= ] .
asinx+be*+cx’if x>0

f(x) is obviously continuous at zero.
L.H.D=R.H.D

(—acosx—be™ —2¢cx?), _, = (acosx+be* +2cx%),

—-a—-b=a+b
— a+b=0, and ¢ can be any real number

105.  The function f(X)=min {|X|—1,| X—2|-1]|x-1| —1} is not differentiable at

A) 2 points B) 5 points C) 4 points D) 3 points
Key. B
Sol. From the graph, it is clear that function is non-differentiable at 0, %5, 1,3/2, 2.
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Continuity & Differentiability

Integer Answer Type

1. The function f ‘X —-3X+ 2‘ + COS|X| is not differentiable at how many
values of x.

Key. 2

Sol.  Q f(x ‘X —3x+2‘+cos|x|

=|(x=1)[|(x—2)|+cos|x]

x? —3X+2+Cc0sX,x <0

X2 =3x+2+cosx, 0<x<1
—x*=3x—2+C0osX,1<x<?2
X* —3X+2+C0OSX, X > 2
2X—3-sinx,x<0
2x—-3-sinx,0<x <1
—2X+3-sinx,1<x<?2
2X—-3-sIinX,X > 2

~f(x)=

it is clear f(x) is not differentiable at x = 1.
L (1) =-1-sinl

and f'(1+)=1—sin1.

1u
2. Let f(x)=[x}+ §(+ —u+ 6( - §(+ §u Then no. of points of discontinuity of

48 € 20 & 4%
f(x) in [0,1] is | [.] denotes G.I.F]

Key. 4
- X e<+ —w éx —u+ e<+ —u: [4x]
49 ¢ 48 ¢
1234
\ f(x) = [4x] which will become discontinuous at X= —,—,—,—
4 4 44
3. The number of two digits numbers ‘a’” whose sum of digits is 9 such that
X—2 3
f(X): (—j sin(x—2)+acos(x—2) is continuous in [4,6] is
a
Here [] denotes the greatest integer function
Key. 9
((x—2)3\ 0
Sol. Clearly L J * 6[4’6]
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(x—2)" «(8,64) —a>64=a=72,81,90

No of values

4, 1fal (-¥,- DE( 1 0) then the number of points where the function

‘ (x l X| is not differentiable is.

Key. 5
Sol. given f(x)= ‘XZ +((x—l)|x|—oc‘

Take g(X) = x2 +(a-1)x—a

= (x)=(X-1)(x+a)

From graph it is clear that f (X) is not differentiable at ‘5’ points.
5 If the function f defined by f(X)=X(1+aCOi§)_bsmx if X20and f(0)=1is
continuous at X=0 then 2a-8h =
Key. 7

x? x*
X(I+al——+...)—b(x——+.....
Lim Lim ( ( |_2 ) ( |§
Sol. - f(O) x>0 f(X) “x—0 X3
s—a b 5
XA+a-b)+x’(—+2)+x (A1) +.......
_ Lim 2 6
x>0 X3
=1+a-b=0 and _—a+9=1:>a=_—5,b:_—3 and 2a-8b=7
2 6 2 2

6. If f(xzyj: f(x); r(y) for all x,yeR, f'(0)exists and equals to —1 and
f(0)=1then5-f(2)=
Key. 6
Sol. f(x+y):M and f(2x)=2f(x)-1 (put y=0)
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Now £1(x) =t f(x+ hr:— f(x)
in F(2X)+ f(2h)-2f(X) m f(2h)-1

“h-0 2h “h-0 2h

= f'(0)=-1

/home/mod_jklog/mod_jk.log since f (0) =1

L f(X)=1-xand 5—-f(2)=5-(-1) =6

7. The number of two digits numbers ‘a’ whose sum of digits is 9 such that
X—2 3
f (X): (—j Sin(X—2)+aCOS(X—2) is continuous in [4,6] is.
a

Here [] denotes the greatest integer function

Key. 9
((x—2)3\ 0

Sol. Clearly L a J x 6[4’6]

(x—2)" «(8,64) —u>64=a="72,81,90

No of values

8. If f(x) is twice differentiable function such that f(1) = 0, f(3) = 2, f(4) = -5, f(6) = 2,
f(9) = 0 then the minimum number of zero’s of g'(X) =X*f"(X)+2xf'(X)+f"(X) in the
interval (1,9) is

Key. (2)

Sol.  f'(x) =0 has minimum three solution between (1,9)

f”(x) =0 has minimum two solution between (1,9)

Given equations i{(x2 +1)f '(x)} =0
dx

9. In AABC, £=1, then the value of 4tan(éj(tang+tan9j must be
ho 2 2 2 2
Key. 2
Sol. thanEtangzl
n 2 2 2

tané tanE+tanE =1—tanEtan9
2 2 2 2 2

1
2
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10.

Key.

Sol.

11.

Key.

Sol.

o4 tané(tanE+tanEj= 2
2 2 2

X r X %0
Let f(x) = = ([.]denotes the greatest integer function)

g . otherwise

The value of k such that f become continuous at x=0 is

1
i
x| 1

In the vicinity of x=0,we have XZZr =x?|1+2+3+... H
r=0 X

Use sandwich theorem

P{1+2+3+{1DM{1}

X 2 X
1 1
SoE(l—|x|) <P< §(1+|X|)

1
Then the limitis —

Let f :(—o0,00) —[0,%) be a continuous function

such that f(x +y) = f(x) + f(y) + f(x)f(y), Vx,y € R. Also f'(0) =1.
f(4)

Then {@} equals ([d] represents greatest integer function)

8
Rewrite the equation as

1+f(x+y) =(1+F (X)) (1+F(y))
Put g(x) =1+ f (x) to get
g(x+y) = g(x) gly)
As g(x) =1, the function In g(x) is defined.
Also continuous of f implies continuity of g
Let h(x) = I ng(x), we get
h(x+y) = h(x) + h(y)
The only continuous solution of this is h(x) = kx

~f(x)=e*-1,f'(0)=1gives k=1
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12. Let f(x) = [x?]sin7X,X € R, the number of points in the interval (O,3]at which the

function is discontinuous is

Key. 6
Sol. f(x) =00<x<1
= sin TX 1<x <2
= 2sin X \/E <X< \/§
= 3sin X \/é <x<?2
= 4sin X 2SX<\/§ etc.
The function is discontinuous at X = JE, \/5, JE, ....... \/R where K is not a perfect
square.

Points of discontinuity (desired) = JE, \/é, JE, \/6, \/7, \/g

13. The number of integral solution for the equation x + 2y = 2xy is
Key. 2

X
Sol. 2y=——
y Xx-1

Since y is an integer 2y is even such that x and x — 1 are consecutive integers and hence the
only values of x that satisfy are 2 and 0.

14.  The function f(x)= ‘XZ —3x+ 2‘ +cos|x| is not differentiable at how many values of x.

Key: 2

Sol: Q f(x)=‘x2—3x+2‘+cos|x|
=|(x=1)[|(x—2)|+cos|x]

X?—3X + 24 C0SX, X <0

X? —3X+2+cosXx, 0<x<1

—X?—3x—2+C0sX,1< X <2

X2 —3X +2+COSX,X > 2

2X—-3-sinx,x<0

2x—-3-sinx,0<x <1

—2X+3-sinx,1<x<2

2X—3-SsinX, X > 2

it is clear f(x) is not differentiable at x = 1.

~ /(1) =-1-sin1

and f'(17) =1-sinl.
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logl+x)™ 1
2

15. If the function f defined by f(X)= if X#0 is continuous at X=0, then

X
6(f(0)) =
Key. 3
Sol. f (0) :Ix.i_n:O In(1+ Xg“x —X :ti_ino @+x) In(1+ X) — X
X X
m 1+In(1 -1 1
_un 1HINAEX) L1 o) =3
2X 2
16. A function f:R—>R where R is a set of real numbers satisfies the equation
f f f(0
f[X;yJ - W (3y)+ (©) for all X,y eR . If the function is differentiable at x = 0 then

show that it is differentiable for all x in R
Sol. f[x+yJ_f(x)+f(y)+f(0)
3 3
£(0+h)—f(0)

=exist .

f(3x+3hj_f(3x+0j
3 3
m

lim
h—0

lim =l
h—0 h—0 h
lim 1 f(3x)+f(3h)+f(0)_f(3x)+f(0)+f(0) iim 1| f(3h)-f(0)
h—0 h 3 3 " hoo h 3
ICHE ORI
h—0 3h
tan[xﬂn
17. If f(x)= ax? +ax’+b , 0<x<1 is differentiable in [0, 2], then b=%—§. Find

2cosmx +tantx  ,l<x<?2 2

k? + k2 {where [ ] denotes greatest integer function}.

Ans. 180
ax®*+b 0<x<1
Sol. f(x)= " L X
2cosmx+tan™ , 1<x<2
3ax? , 0<x<1
f'(x)= _
—2nSIin X + >, l<x<2
1+X
As the function is differentiable in [0, 2] = function is differentiable at x =1
)= ()
= 3a= 1 = a= 1
2 6

Function will also be continuous at x =1
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lim £ (x) = lim f(x)

x—1" X—1"
= at+b=—2+2
4
b1 T T By _6ak,-12 = K +ki=180 Ans.
6 4 6
|x|psin£+|tan X', x=0
18. Let f(x)= X be differentiable at x = 0, then find the least possible
0 , x=0
value of [p + q], (where[.] represents greatest integer function)
Ans. 1
|x|psin1+x|tan x|' -0
Sol. lim X
x—0" X
= lim (x’”sin1+|tan x|qj: Oifp-1>0andq>0 (i)
x—0" X
lim ((—1)p xPsin l+ |tan x|qj= Oifp-1>0andq>0 (i)
x—0" X

19. (i) If f(x)=sin"2xy1-x?, then find the values of f'(1/2) and f'(-1/2).
(i) If f(x)=cos™(1-2x*), then find the values of f'(1/2) and f'(-1/2).

4
Ans. —
J3
~m—2sin'x —1£x<—i
J2
Sol. (i) f(x):sin‘1(2x\/1—x2)= 2 ,—i<x<i
1-x? V2 V2
2 RN
1-x? o2
4 4
f'(1/2)=—, f'(-1/2)=—4
W2)=. F(-112)-
(ii) f(x):n—cos’l(sz —1)=n—cos’1(cosze),where X=c0s0, 0<0<n
n—20 , 0<6<

T
E_{n—Zcoslx . 0<x<1

- -1
n—(2n-20) , g<egn 2cos”x—-m , -1<x<0

, O<x<1

, —1<x<0
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