Mathematics Complex Numbers

Complex Numbers
Single Correct Answer Type

1. If Z,,2,,Z, and Z, be the consecutive vertices of a square , then z7+ z + Z§ + 77
equals
(@) 2,Z,+ 2,2, + 2,2, + 2,7,
(b) 2,2, + 2,2, + 7,2, + 7,2, + 2,7, + 7,2,
(c)o (d) None of the above
Key. A

sol.  We know that, 22~ 2 = 2.- Zl|ei% =i (as|z,- 7|=|z,- 7))

2,- 4, |z,- 1
P (z- Z1)2"’_(22‘ 21)2: 0

Z -
similarly 2—=2 =
Z,- I

2 2
P (z- ) +(z,- )y =0
On adding Egs (i) and (ii) , we get
28+ L+ 5+ 20- 2,2,- 2,2~ 2,2,- 2,2, 0

2 2 2 2
2t Y 2, 7, = 22, + 2,2, + 2,7, + 2,7,

2. If Z,Z, and Z; are the vertices of aniisosceles right angled triangle , right angled at the

vertex Z,, then(z, - 22)2 + (247 22)2 equals

w2
+
(a) 0 (b) (2, 23) (c) 4 > L2 (d) None of these
7]
Key. A
- z.- z.| -
Sol.  we know that el | 3 2|.e 2
21z I |Z1' 22|
b 7;-2,=- i(zl' Zz)
P (z;- 22)2+ (- 22)2: 0
3. Let C = cosz—p+ cos4—p+ c0587p and S= sinz—p+ sin4—p+ sin87p , then
1 1
a) C=— b) S=—
(a) > (b) >
(cC= ﬂ (d) S= ﬂ
2 2
Key. D
Sol. C+is= eiq + ei(Zq)+ ei(4q) , where = 2_p
ie C+iS=a+a?+a*,wherea=¢e" ....()
so, C-is=a+(@)+(@)=a’+a’+a’ . (ii)




Mathematics Complex Numbers

®  aa@_1 a6
glnce a=-—=-—=-—=a" etcx
a a a ]
From Egs (i) and (ii) , we get
a(a®- 1)
2C=a+a’*+a*+a‘+a’+a’= —~
a-1
1- a 7
p2c="—-(a’'=1)
a-1
1
b C=-—
2
Again (C+iS)(C- iS)=(a+a’+a*)(a®+a’+a®)
P C’+S*’=1+a+a*+a+1+a’*+a+a’+1 (a’=1)
.2
® 10
b 1§+ S*= 2+ (1+ ata’+a’+a*+a’+ aﬁ)
20
1 7
P S*=2+0- ==—
4 4
7
p g ¥
2
N3 .
4. The point of intersection of the curves arg(z+ 3i)= Ip and arg(2z+1- 2i)= % is
1 . 1 . 1 .
(a) Z(3+ 9i)(b) 2(3- 9i) (c)§(3+ 2i) (d) None of these.
Key. D
Sol. Clearly the two eqgns represent.two rays which are not intersecting. Hence no point of
intersection.
5. If Z,,Z,,Z; are non-zero complex numbers representing the points A, B, C such that
2 1 1
—= —+ —.Then
Z1 Z2 ZS
(a) A, B, € arecollinear.
(b) Circle\passes through points A, B, C has centre at origin O
(c) Circle passes through A, B, C passes through origin.
(d).None of these.
Key. C
2.1 1 &,-20 & z70 &0
Solwn, == —+ =P argp2—1li= argé— = argg—gi p
Z Z, Z, ;- L, ;0 ;0
& - 7,0 & - 00
b argg—2——=== argg—>—=k p
23' 216 23_ 06
7,9 & - 09
b argf?2—1+ argg2—i=+p
§23_ 216 §Z3- [
Sum of angles at A and origin is = P . Hence points O, B, A, C are concyclic.
. . T
6. If|22—-4-2ilHz |SII’](Z —arg Z), then locus of zis/an
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(a) Ellipse (b) Circle (c) Parabola (d) Pair of straight line
Key. A
Sol. Let z= X+ iy=r(cosq+ ising), then the equation is

2(x- 2)+ 2i(y- 1)= rée%cosq- %sinq‘%: %(rcosq- rsing)

b o 0 - P

1
It is an ellipse with focus at (2,1) and directrixX- y = 0 and eccentricity = ﬁ .

. 6
7. If |z —3|| =3, (wherei= ~—-1)and argz € (0, n/2), then cot (arg (z)) — — is equal to
Z

a)o b) —i c)i d) none of these
Key. C
Sol. Conceptual

o o z-1  g"
8. If the imaginary part of the expression iq + n be zero, then the locus of z can be
€ Z-

(a) a straight line parallel to x-axis.

(b) a parabola

(c) acircle of radius 1

(d) none of these.
Key. C
Sol. Conceptual

v . . sin3a +sin3b +sin3g .
9. If cosa + cosb + cosg =.0=.sina+ sinb + sing then - is
sin(@+ b+ Q)

equal to

(a) 0 (b) 1 () 2 (d) 3
Key. D

— aia e mibD A Aig _ 1 1 1
Sol. Let a=¢€",b=¢e",c=¢€" clearly a+b+c=0p =+ B+ ==0
a C

a+ b+ c= 0P a*+ b®+ c®= 3abc

besinda+ sin3b + sin3g = 3sin(a + b + g).
10. If*. zis a complex number satisfying z*+ z°+ 2z%+ z+ 1= 0 , then the set of possible

values of |Z|is

(a) 1.2} (b) {1} (c){L 2,3} (d) §,2,3,4}
Key. B

Sol. The given equation is (22 +z+ 1)(22 + 1)= 0.
== i,W,WZ, W being an imaginary cube root of unity. Thus |Z| =1.

11. Let A, B and C represents the complex numbers Z,,Z, and Z; in the Argand plane. If

circumcentre of the triangle ABC is at the origin , then the complex number corresponding to
orthocentre is

1 1 1
(a) Z(Zl+ z,+2;) (b) 5(21"' ,+1,) (C)E(Zl"' 2,+1,) d) ,+ 2,+ 74
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Key. D

Z.+z + 1z
Sol.  Centroid of DABCis at—+—2—3

Orthocentre divides Centroid andcircumcentre in 2:3 externally.

. -1
12. If Z= X+ 1y then the equation 1 ‘ = m does not represent a circle when
Z+
(a)m:% (b) m =1 (c) m=2 (d)m=3
Key. C
i

Zm m

Sol. The given equation is 2| = E which does not represent a circle when —= 1.

13. o, B, v are the roots of x> — 3x*> + 3x + 7 = 0 (w is cube root of unity) then
a—-1 -1 -1
+ p + Y is
-1 y-1 a-1
3 2 2
(A) — (B) o (C) 2m (D) 3w
0]
Key. A
Sol. We have x*=3x*+3x+7=0

= (x-13+8=0
=2
-2

= (X—_lj =1, o, »?
-2

= x=-1;1-2mw; 1 =202
a=-1,B=1-20;y=1-20°
required expression =3m>.

14. The complex number3+ 4i is rotated about origin by an angle of % and then stretched

2- times. The complex number corresponding to new position is

(a) V2(.3+ M) (b) V2(- 1+ 7i) ()2 (3- 4i) (d) V2 (- 1- 7i)
B

Key.
Sol.  Thenew complex numberis 2(3+ 4i)eip/4 = \/E(- 1+ 7i).
15, If (a+ib)5 = o +ip then (b+ia)5 is equal to
(A) B -ia (B) B +ia (C€) a-B (D) -o-iP
Key. B

Sol. (a+ib)5 =o+ip
Taking complex conjugate
(a-ib)’ =a—ip
(-fa-if <o

(- |) (b+a|) =a—ip

(

b+a|) =—%+B
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=ai+f
16. The complex number a +i,a—i, 1+ ai, 1 —ai where a € R taken in that order on the Argand
plane represent the vertices of a parallelogram if
(A)a=1 (B)a=-1 (C)a =0 (D) none of
these
Key. B
Sol. Diagonals of Parallelogram intersects at midpoint
Solution : atl = atl
2 2
-l-a a+l
2 2
2a=-2
a=-1

17.  If (1 +i) (1 + 2i) (1 + 3i) ...(1 + ni) = a + iB, then 2-5-10..... (1+n2) is equal
to(wherea, 5,n € R)

(A) o -iB(B) a® —B*(C) o +B° (D) none of these
Key. C
Sol. 1T+ +2)(1+3i)....0.0. (T+ni)=a+ip

a-ip=(1—i) (1 —2i) [@=3i). 5. (1 - ni)

18. If z= (1+ \/§i)10 +(1— \/§i)10,then argzis

(A) = (8) 7T (= (D)
2 4 none of these
Key. B
Sol. Z=a+a
=always real

=—argz=0orm.

Xo+Yyp+ 2z
19. If a, B, y are the cube roots of p(< 0), then wfcr anyX, Y, z is equal to (where @
XB+Vyy + za
is complex cube root of unity)
(A) 1 (8)0 () © (D)3
Key. C
Sol. X=-
xY3 — pt/3 (_1)1/3
o= _p1/3 B= _p1/3W g= _p1/3W2
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20.

Key.
Sol.

21.

Key.

Sol.

22.

Key.

Sol.

23.

O lxwHywt +z w?
W XW + yW? + 2
If the complex numbers z,, z,, z, satisfying 3z, =5z, —2z,, then z,, z, and Z, lieina

(A) circle (B) parabola (C) line (D) hyperbola
C
3z, =5z, -2z,
, - 5z, -2z,
! 5-2

= z,divides line joining z, and z, externally in ration 5: 2
= 71, Z2, Z3 are collinear.

If z, and z, are two complex numbers satisfying the equation

number which is

(A) Positive real (B) Negative real
(C) Zero or purely imaginary (D) None of these
C

2,42, 4

Z,-2,

z

1 +1

z, _1

4

Z2

z o
= —1 =0 or purely imaginary
z
2

If |z]=2, Z;|=4 and |z, + 2, + 2,| =5 then 42,2, + 92,2, +162,7,| =

Z,| =3,
a) 20 b) 24 c) 48 d) 120

D
42,2, +92,2, +162,7, |

= ‘zl 2,2,2,+2,2,2,2, + 23232122‘

= |2.||z||zd[ |2, + 2, + 2,| =120

The value of sin{loge {(cosgﬂsing) H is, where z satisfies the equation |z—-2i|=1

and has least modulus
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1
(@) 1 (b) O (c) -1 (d) 7
Key. C
Sol.
A= sin{log{[cosfﬂsinzj H
2 2
12
= sin[loge*™'* | 1

24.

Key.

Sol.

25.

Key.
Sol.

=)

Again |z — 2i| = 1 is a circle centered at (0, 2) with

radius 1.

Therefore a point on circle of least modulus is z =.i.

.. By equation 6

s g

=-1
If c? +s? =1, then 1+C—+IS isequal to
1+c-is
(@) c- is(b) c+1is (e)s+ ic (d) s- ic.

B

1+C+is:(1+c)+isx(1+c)+is

1+c—is. (1+c)-is (1+c)+is
((z+e)’ =s?)+i(s(1+c)+s(1+c))

(1+c)2 +s°
(1+c2 +20—52)+i(23(1+c)
(1+c)2 +s°

2c(c+1)+i2s(c+1)

2+2C
=c+is

If ®# 1 be a cube root of unity and (1+ 60)7 =|+mw, then the value of | + m=

(a) O (b) 1 (c) 2

C
Qm is cube root of unity

(d) -1
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lto+0° =0
= l+o=-0°
. 7

Now if (1+®) =I+mo
2 7

= (—oo) =l+mo

= —o" =l+mo

= —02 0’ =l+mo

4

= —(0)3) ®° =l+mo
2

= -0 =l+mo

= l+o=l+mo

can comparisonl=1, m=1
26. One vertex of an equilateral triangle is at the origin and the other two vertices'are, roots of

222 +22+k =0, then kis

1
(A) 1 (B) 3 (€)

wlnN
C)
[

Key. C
Sol. 22°+2z+k=0

- —2+4-8k
4
Since ‘7’ is a complex number

4 — 8k will be negative
=k>%

-1 J2k-1)(-1.<1
0,0), | —, —, —4/2k-1
(0,0) ( 2 2 J( 2. 2 j
Since triangle is equilateral

.-.%(2k—l)+%=(2k—l)

=k=2/3.

27 If log {MJ < -2 then
. tan380° |Z|+1

a)|Z|<g b)|z|>g 0|22 8) 2] <2
Key. C

[2‘22‘+2|z|3]
Sol. 100,50 <=2

2+

2‘22‘+2|z|—3
——>3

|z|]+1
=((|7-2)(2]z])+3)>0
= |z| >2
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28. The number of common roots of the equations X* + 2x* + 2x+ 1= 0 and
X2012 + X2014 + 1: O|S
(@) 1 (b) 2 (c) 3 (d) 4

Key. D

Sol. X+ 2x%+2x+1=0P x=- Lw,wW

But X= W, W will only satisfy X®+ 2x*+ 2x+ 1= Oand x®?+ x®*+1=0.

20. 1f|z= min{z- 1|2+ P} then |2+ 7|=

(a) 1 (b) 2 (c) 3 (d) 4
Key.
Sol. If|z| = |z- 1]

Then |Z|2 = |Z- 1|2

b z+2=1

if 2] = |z+1]

Then |Z|2 = |Z+ l|2

b z+2=1

b ‘z+ E‘: 1

30.  |fthe roots of z° + iz® + 2i = Orepresent.the vertices of a DABC in the argand plane then the
area of the triangle is (in square units)

A) 3 B) 1 C) 4 D) 2
Key. D
sol. — (z- i)(z°+ 2iz- 2)= 0B z=il-i- 1- i
11
Areaof DABC= = = 2square units.
2.2
3. Ifn>3and L&, @, 0.0y are n roots of unity, thenvalueof > g, is
I<i<j<n-1
(@0 (b) 1 (c)-1 (d) (-1)°
Key. B
Sol. ~ X"-1=(x-1)(Xx—eq)(X—))crvrenes (Xx—a,,)
=X" X" 1+ g+ +an1)+X"2(ZalaJ+al+a2 ..... +a, 1J+ .......... -1=0
i+]j

:Zalaj +ao,+a,...+a,=0

i+]

Z:(Jciozj =1

i+]
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15
32. Let Z=C0S@+iSIiN@ . Then, the value of Zlm(zzm’l) at =2s
m=1

1 1 1

1
A % (B) 3sin 2° (c) 2sin 2° (b) 4sin 2°

20
Key. D

Sol.  Giventhat Z=C0s60+isind =e"
15

.'.;(zml)zglm(ew)zm_l

15
— Z|m ei(Zm—l)H
=1

=sin@+sin36 +sin58+....... +sin 294

) (0+299j. (15x29j
SIn SN
B 2 2

- . (29)
sin| —
2
_sin(150)sin(150) 1
- sing ~ 4sin2°

33.  If Zis a root of the equation a,z"+az" "+ w.+a,,z+a,=3, where |g|<2 for
i=0,1....n.Then

1 1 1 1
m”4>§ mu4<z m”4>z ®H4<§
Key. A

n n-1 n-2
Sol.  A,Z'+QZ  +3,Z" "+, +a,,z+a, =3

|3|:‘aozn+alznfl+a22n72+ ............... +a,,2+4

3£|a0||z|"+|a1||z|"7l+ ....... +a,,|z|+|a,]

3<2(|gf +[ 2] +1)

§<1H4+PF+ ...... +laf

n+l

3| 3

1-1z2] 2
227" <3|7|-1
3|z|-1>0

7>
3

34. If x =a+ib is a complex number such that x? =3+4i and x*=2+11i where i= \/—_1
then at+b =
1. 1 2.2 3.3 4.4
Key. 3

10
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x*_2+1%i (2+11i)(3-4i)
X 3+4i 25

_ 6+44+251
==

—a=2,b=1=a+b=3

Sol. X=

s.a+ib 2+

35. If the complex number Z satisfying Z +|Z| =2+ 8i then value of |Z| =
1. 8 2.17 3. 15 4.24
Key. 2

Sol. Let z=a+ib

—=a+ib+va?+b?> =2+8i
=b=8, a+Va*+64=2

a’+64=a’-4a+4

=-4a=60=>a=-15

~.|z]=Na’ +b* =225+ 64 = /289 =17

36. If|Z+2—i|:5 then maximum value of |32 +9—7i|:

1. 20 2.15 3.5 4.16
Key. 1

Sol. |32 +9-7i|=|3Z +6—3i+3—4i|

<[3(z+2-i)+ =[3-4i|

< 3|z+2—i|+4/8 $4°

3(5)+5=20
. . ' Z-2).
37 If Z-lies on the circle |Z - 2I| = 2+/2 then value of arg >3 is
+
1. Z 2.2 3. 2 2.z
3 4 6 2
Key. 2

Sol. Circle with centre (0,2) cuts X-axis at A(-2,0) and B(2,0). Now AB subtends an angle 90° at

the center C.

Vs -2 V4
AB subtends an angle — at any point z on the major arccirclearg | —— | =—
4 Z+2 4

11
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38. If AeR andnonreal roots of 2Z%+2Z + 1 =0 and (0,0) forms vertices of an equilateral
triangle then A =

1 1 2
1. 1 2. — 3. — 4, —
2 3 3
Key. 4
Sol.  Let z,Z, be roots of 22°+22+A=0
A
z,+2,=-1 z7z,=—
1 2 172 2
When origin, Z,Z, forms equilateral A"®
We have 27 +2; = 7,2,
2
(z,+12,) =372,
3.4 2
l=—=A==
2 3
39, The greatest positive argument of z satisfying |Z —4| = Re(Z)
2
1.2 2. % e 4.2
3 3 2 4
Key. 4
Sol.  |x+iy—4|=x

(X —4) +y* +x°
y>—8x+16=0
z lies on the parabola with vertex (2,0) focus (4,0) and tangents from (0,0) ie a point on the

directrix in x‘always include 90°

Vs
. greatestarg(z) is 45° = "

40 IfZand W are two complex numbers such that Z+iw=0and arg (Zw)= & thenarg(Z) =

3 5
1. & 2.~ 3. 2% 4. 2%
4 2 4 4
Key. 3
Sol. Z+iW=z—-iw=0=>z=iw

Arg (zw)=7z = arg(z)+arg(w) =7
arg(iw)+argw=r

argi+2argw=r

12
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T
—+2argw=r
2
T
2argw =—
J 2

argW:E:arg(z):B—”
4 4

41. If A(Z9) B(Zy) C(Z3) are vertices of a triangle such that

Z, :[%j and |Zl| =3, |Zz| =4 and |Z2 + iZl| :|Zl| +|Zz| then areaof triangle ABC is

1. E 2.0 3. é 4. é
2 2 4
Key. 4
Sol. |z, +iz|=|z|+|z,|= z,,iz,,0 are collinear.

c.arg(iz, =argz,)

=argi+argz =argz,
T
= argz,-argz, =5

Z,—iz
z, = 2. 71
I—i
(I1-1)z, =2z, —iz,

2,2, =i(23—2,)

Z; — 4,
;5%

: 2,-2,| =«
=i=arg| 2—2 |="and ‘23—2‘=|23—zl|
z,-2,) 2 ?

=~ AB=BC, . AB?=AC?+BC?

25=2AC?
5
=AC=—
V2
Required area—lxixi = § sg. units
2 J2 2 477
42. The radius of the circle given by arg m _Z
Z+3-21) 4

13
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5
1. 52 2.5 3. — 4.2
J2
Key. 1
Sol. A(5,-4) B(-3,2) subtends an angle %at C(z) on the circle hence x at centre
M —> M.dAB .. AM =%
_ V64 + 36 E _5
2 2

Radius =~/25+ 25 = /50 =5/2

43, f(x) = 2x3+2x*—7x+72 then f (%j =

1.1 2.2 3.3 4.4
Key.
3-5i
Sol. Let X=——
2
2X =3-5i
(2x-3)" =5i

4x? —12x+9 = 25i°
= 2x?—12x+34=0=2x2 ~6x+17 =0

2X2 —BX+17)2x° + 2Xx*= TX+72(x + 4
2x7 < BX% +17x

8x2 —24x+72
8x2 —24x + 68

44, If Cosa+Cos B+Cosy=0=Sina +Sin #+Siny then Sin’ a+Sin® B+Sin’y =

1 3
1. = 2. — 3.4 4.1
2 2
Key. 2
Sol. Let Xx=Cisa Yy=cisf Z=cCisy

14
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Clearly X+y+2 =0,£+1+l=0
X

Yy

x> +y?+2% =(x+ y+z)2—2xyz[£+l+lj:0
X y 1z

=CiS2a +Cis2f +cis2y =0
= C0S2a+Cc0s23+cos2y =0

1-2sin* a+1-2sin* f+1-2sin’y =0

i . . 3
:>smzoc+sm2ﬁ+sm2y=E

45. If Z,andZ, are two complex numbers such that Z°+Z,’eRand Z,(Z>-3Z,?) =2
Z,(322-2,) =11 then 2,2+ 2,? =
A)5 2.125 3.25 4.15

Key. 1

Sol. zl(zf —325): 2
zf(zl4 +92; —621225):4
\ N
(zf) +9272, -62)2 =4 ———> @

22(322 - 22) =[121

—
.

:>(222)3 +9222) —62224= 12—
@® W (2 +23 )3 125
20472 =5

46. Let\'C".denote the set of complex numbers and define A & B by
A={(z,w);z,weC and |z|=|w]}

B :{(z,w);z,WeC; and z? :WZ} then

A) A=B B) AcB C)BcA D) none

Key: C

Hint: Conceptual

47. If ‘Z —|Z +1” = ‘Z +|Z —1” where z is a complex number on the complex plane, then which of
the following lies on the locus of z
A)line y=0 B) line X=2

15
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C) circle X* + y2 =1 D)line X=0 oron aline segment
joining(—l,O) to (1,0)
Key: D
Hint: |2 —|z +]ﬂ2 :‘z+|z—]ﬂ2
= (z+7)(|z+1+|z-1-2)=0
= zlies on y-axis or
Z lies on line segment joining the points (—1,0) and (1,0)

=1 then the maximum value of

48. If Z1, Z, are two complex numbers such that |Zl| =1,

|1Z,+Z,|+|2,-Z,|is

a)2 b) 2\/§ c) 4 d) none of these
Key: B

Z =cosa+isina, Z,=cospf+isinf

12, +2Z,|+]2, - Z,| =2+ 203 (a — B) +[2— 2cos (o= 3)
Hint: leta— =06

2cos€+25inQ:2\/§sin z. 0
2 2 4 2

49, If |Z—2| = min{|z—1|,|z—5|}, where Z is'a.complex number then
(A) Re(z)zgonly (B) Re(z):gonly
37 13
)R -, = R
(C) e(z)e{z,z} (D) Re(z) e {2 2}
Key: C

Hint:  draw the locus Z'in argand plane.

Re(z)e{g,%}

5
50. If Z:is a:non-real complex number, then the minimum value of g is
Im Z
(A) -1 (B) -2
(€) -4 (D)-5
Key: = C

Hint: Let Z=a+ib,b#0 where IMZ=Db

Z5=(a+ib) a4 Ca bi+> C a3b2|2+5C a2b3|3+50| +i%p°

ImZ° =5a*b—10ab° +b°

5 4 2
- ImZ =5(i] —10(% 11
Im™z b b

16
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Let (%jz =x(say),x e R"
y =5x% ~10x +1=5[x2 —2x}+1=5[(x —1)2}—4
Hence y . =—4.
51, Let z (1<r<4) be complex numbers such that ‘zr‘ —Jr+1 and

‘3021 + 2022 +1523 +1224‘ = k‘zlzzz3 + 222324 + 232421 + 242122‘

Then the value of k equals

(A) ‘212223‘ (B) ‘222324‘
© ‘242122‘ (D) None of these
Key: C
Z, 2., 1, 1 k 1 1 .1
Hint: Wehave | 2+-24+ 14 412177 77 ‘—+—+—+—
2 3 4 5| 6011234z z %z 2
1 2 3 4
Now, 2,7 = 2, 2,Z, =3, 2,7, = 4 and 2,7, =5
60 60
So, k= = :\/30:‘2 Z,7 ‘
e2,224] NEBVE 1%
1234
Note for objective take Z, = ﬁ;zz _ \/§;23 = 2;Z4 = \/§|
52. If P(z) and A(z1) two be variable points such that zzy = |z|*and |z- Z | + |z1+ Z; | = 10 then
area enclosed by the curve formed by them
(A) 257 (B)20 =
(C) 50 (D) 100

Key: C
53. A particle starts to travel from a point P on the curve C1:|z—3—4i|=5, where |z| is

: . -13 . . o
maximum.. From P, the particle moves through an angle tan 7 in anticlock wise direction

on\|z—3—-4i|=5 and reaches at point Q. From Q, it comes down parallel to imaginary axis
by 2 units and reaches at point R. Complex number corresponding to point R in the Argand

plane is
(A) (3+5i) (B) (3+7i) © (3+8i) (D) (3+9i)
Key: B

Hint:  [z—3-4i|=5

:>(x—3)2 +(y—4)2 =25
Ris (3,7)

17
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54. If |21] =2, |z2] =3, |zs| =4 and | 2Z,+32, + 4z, |=4, then absolute value of
82,2, +272,2, +642,Z, equals
(a) 24 (b) 48 (c) 72 (d) 96
Key: D
Hint: |8Z,Z,+272,2,+64z,Z,| =
8 27 64

e

= 24(27,+37, +47,| = 24[22, + 32, +4z,| = 24|22, + 32, + 4z,

8z, 277, 647,

12,112, |12, || — +
IR

=(24) (4) =
o 1-z .
55. If the ratio —— is purely imaginary, then
1+2z
() 0< |z] <1 (b) |z|=1
(c)|z]>1 (d) bounds for |z]| can not be decided
Key: b
1212 1+7)+ 1+2) 2(1-)z))
ol 2_(1-2)(+2)+ (7)) _2nizlf
1+z l+ (1+2)(1+2) |14 7|
1 1 1
56. If P and Q are represented by the numbers z; and z» such that |— +—| =|— ——], then the
ZZ Zl ZZ Zl
circumcentre of AOPQ, (where O is'the origin) is
Z,-12 Z,+2
A) L2 B St'%2
(A) > (B) >
Z,+2
©) (D) z1+22
Key: B
1 1 1 1
Sol: | —+—|=|~==
Z2 Zl Z2 Zl
= |z1 +22| = |z1— 22|
= 2,2,+2,Z, =0
Z . . .
= — is purely imaginary
ZZ
z
= arg| —+ :iE
z, 2
—~  /POQ= g
Circumcentre of APOQ is the mid point of PQ i.e.
57. If o is non real root of X’ =1, then 1 + 3o + 502 + 70 + ... + 13a® is equal to

18
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14
(A)O B)—
1-a
14
C) — (D) none of these
oa-1

Key: C
Hint: LetA=1+3a+50%+703+...+11a°+ 130

oA=o+30%+50°+70°+... + 110" + 130

(1-a) A=1+20+ 202+ 203+ ...+ 20° - 130’

=-12+2[a+ o’ +..+a’)=-14

14
A= —
l1-a
L . 2,+12, z, .
58. If z1, z2 are two complex numbers satisfying the equation =1, then — is a number
2, -1, Z,

which is

(A) Positive real (B) Negative real

(C) Zero (D) Lying on imaginary axis
Key. D

Z,+2 Z,+2 .
Sol. L2201 "2 —cosa+isina
-1, 2, -1,

(z,+12,)
(2.-2,)

where a is the argument of . Applying componendo and dividendo, we get

z, l+cosa+isina
z, -l+cosa+isina

o)l el
o3 st )|

Purely imaginary'in nature

A AEC,

59.
If “1:2and %3 are the vertices of which is not right angled triangle taken in anti-clock

wise direction and “Uis the circumcentre, then
Zy—E sin2A+ Zp—Z5 |sin 20
Zg— I, an 2B lz,—z, Jan 2B

A) O B) 1 c) -1 D) 2

is equal to

Key. C
Sol.  Taking rotation at Lo
B07H _ os2C—isin 2C

Zp T Ey

19
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E,—L .
2073 oz 2d Hisin 28
Ly 7 I,

Alz)
Bz (z)

Z,— I sin21‘1'1+ Iy — I3 |sin 20
Now ™20~ Z2 sin 2B lzp—z, Jain 2B
3 sin 2Acos2C—innZ2 Asin2C 4o 2 Asin 20 +isin 2 Aan 20
gin 2 58

_sn(2A+2C) B
sin 2B

60. If a complex number 'z' lies in the interior or on the boundary of a circle ofradius 3 and centre

-4 0 ;
at { ’ } then the greatest and least values of |Z+1|are respectively

A) 3.0 B) .1 ) 6.0 ) 5.1
Key. C
Sol. It is given that |Z+4| =3
|z+1|i36

Hence the greatest value of
Since the least value of the modulus of a.complex number is zero, therefore

lz+l=0=2z=-1 =|z+4|=~1+4|=3

=z +4|=3 —1

is satisfied by Z=

Therefore the least value of |Z+1|ESD

61 A(z,), B{z).C(z,)

be the vertices of £45C taken in anticlockwise direction whose circum—

BN
circleiis

If the internal angular bisector of angle A meets the circum circle again at D{Zﬂ] then

ZpZ - I
A) zp=2,z, B)zf;.=zbzc C) £p= it D) Zp= 57
Zﬂ a
Key. B
z=\z
Sol. Let D represents the complex number ( D]

20
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AR)

EIES

B(z,) C(z)

Dizp)

LEAD = 204D =412

TTE, _ EpTE, S

|ZE:_ZG|
2

{z_zﬂ}ﬂ _ (2o —7.) i

|Z_Za

2 2
|z—zﬂ |Ze: —za|

2
{zc_za} _ ETE; 4

2 2
Similarly 7. ~za| N 2)
From (1) & (2)

T Bheu ERTh TR Il G BRIk
Z—2, Zz—Z, Z, -2, Z-Z, Fwz,0 Z,—Z, zZ,—2, Z—Z,
2
. z—zaJ _2,7Z, Z, I,
z-z, Z,—2, Z,—Z,
2
| 272 | | B 2|\
T 2 | |2 a2 2 a3 | ' |z|=
JE. I - [za,ze,,zc and zliecn |z r]
z z, ooz, oz oz )z = e =l =

=(zz, ) = (e, a2 ) =22 =22, 22d=z,z2,

62 (1+i]”_2 _1(1+ng
The:least positive integer 2" for which 1= T 2x where * = U 3ng

3'="‘<"{__1is

A).2 B) 4 C) 8 D) 12
Key. B
2
S oy
Sol. 2x
e Pl I
=1 LIPS 1=0= <0
| T T F
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=l =1 — x = +]

Cx=1(vE=0)

e i 1+
(%%]:%nﬂ%U=%E:1 i[ 5 ]—1
(1) =1

= ) o ey 5

-n=4 (least positive value)

63

if 2'is a complex number such that |ﬂ|=1

, then the values-of %: So that equation
2
az” +z +1=0 has one purely imaginary root is

- _ 5-1
A) g=cosB+isin 8= cos {%J B) @ =sind+icestd, O=rcoz I{J_TJ

_ \ _ 5-1
C) a=cosf+ian &.8= cos [#J D) @=wind+icost, O=rcoz I[J_TJ

Key. A
sol a2 +z+1=0..0)
— =2 - -
Taking conjugate of both sides, @z +z+1=0 = (Z) Tz Hl=0

azi—z+1=

0 (since z=—Zas 'z'is purely imaginary)

(a-a) +2(a+a)=0

Eliminating 'Z fromrboth the equations, we get
. 2
Let &= £05@+isin & (since || =1 ) so that (-Zisin®) +2{2c0s8)=0

~1+1+4
2

= cosd=

Ji-1

Only feasible value of co8&js 2

_ 9-1
&=ros 1[ J
Hence @ = cos&+isin & \here 2

1”(. 2l EkﬁJ
64. | sin ———1cos ——
The value of k=1 11 Jis
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A) -1 B)O
Key. D
. e
:—1(1395 +1s1n
Sol.
N
i—
Let € 11 =g
1d 2kt
Lo E | sin —1Cos
k=1 11
=—1|Z+E +z3+ ....... +31D]
. z(zm—l) |z
=—| — =
z—1
65.

LI .
If £ lies on the circle

A) B) =~
4

W

Key.
Sol.

Clearly, /BCA :"'_;

= LBFA=

205

z=2
4+

=‘,>arg(

[
R

T
4

—

P(z)

|z—2i|= 242,

Bw__/;\

66.

If '2'is a complex number such that equation

e
e 11

C) —i

z—2

D) i

then the valueof 242 is equal to

CA=CB=22.00=2=04=08="2
= A=2+0,5=-2+0i

ok

6

|z—.:12 |+|z— 2 |= 3

p) &

2

always represents an

23
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a(ERJ':I‘

ellipse, then range of is

A (142) B) [1+3] 0 (-3.1) D) {0.3)
Key. D
- ‘az—Ea‘{S
o 3cd?—2a <3 -3+1<at-2a+1<341=-2<(a=1)" <4
c0=(a-1) <4 0 igo122y ~12ax3
But @ € R'

L 0=a<3 = as(03)

67. o isanon real complex cube root of unity and a,b € R .If @, @>are roots of

i+L = — then g,b are roots of

a+x b+x x

a) 3x*—6x+2=0 b) 6x*> =3x+2=0
c) 2x* —3x+6=0 d)6x? -2x+3=0

Key. B

Sol. The given equation simplifies X* + 2x(a+ b)+3ab =0, whose roots are given table ®, ®’

Hence a+bzl,ab=1.Soa,barerootsof X% — X l +1:0
2 3 2) 3

1 1
68. If zis a complex number.such that |Z —1| =1thenarg (——Ej may be
Z

V1 /1
b) -2 z 9 -Z
a) ) c) 2 )

6 2
Key. B

Sol- .Since [z—1|=1=z—1=cis§ = z=(1+cosf)+ising = 2cos§cis§

cis —Q
,1_ B 2) 1
"3

1 i e . . L
— ——H—E = _EtanE which is purely imaginary
? 2COSE

69. Oe [0, 272'] and Z;,Z,,Z; are three complex numbers such that they are collinear and

(1+|sin 9|) Z, +(|COS¢9|—1) Z, -2 Z, =0 .If at least one of the complex numbers Z,,Z,, Z, is

non- zero then number of possible values of @ is
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a) Infinite b) 4 c)2 d)8
Key. B
Sol. If Z,,2,,Z, are collinear and az; +0z, + €z, =0 then a+b+c =0 .Hence

1+]sin 6’|+|cos@|—1—\/§: 0= |sin 6| +|cos G| = 2

70. et A(Zl), B(Zz),C (23) be the vertices of a triangle oriented in anti clock wise direction.

4
IfBC:CA: AB=2: \/E : \/§+1, then the imaginary part of ( £~ Zl} is

-1

Ao B)  _7+26

) 7_2\/6 D) cannot be determined
Key. A
Sol. cosA:+i:> A=Z

J2
BTh ZS_Zl|cis (7[/4)
Z,—4 -4

() (&) e )

71. A,B,C are vertices(of a triangle inscribed in the circle |Z|:l. Altitude from A meets the

circumcircle againat D..If D,B,C represents the complex number Z;, Z,, Z;respectively then the
complex number representing the reflection of D in the line BC, is

A) 2,2, + 1,2, + 2,2, B) 2,2, + 2,2, + 7,2,
4 4,Z,7;
Q) 2,2, + 2,2, 2,2, D) 2,2, + 2,2, 2,2,
Z 4,Z,23
Key. C
Sol. image of D w.r.t sides of triangle is orthocenter

72. A point P representing the complex number z moves in the Argand plane so that it lies always in
the region defined by |Z —1| < |Z — i|and |Z —2—2i| <1.If P describes the boundary of this
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region then the value of |Z| when the arg(z) has least value, is

A 5 B) 7 <7 D) s
Sol. |z|=OR=+8-1=47

73. Let P(z) be a variable point in the complex plane such that |Z|: min{|z—]4,|z +1|} then the
value of (Z +E) is
A) 1if Re(z)>0 B) 1if Re z<0 C) 0if Re z>0 D) 0if Rez<0
Key. A
Sol. Let|Z|=|Z—1|ifRe Z>0
o 1
= liesline z =—

-1 1
=>72+72=—+—=1
2 2

744t 7 is a complex number satisfying |Z|2+2(Z+7)+3i(2—7)+4=0,i=\/—1, then the

complex number Z+3+2i will lie on a circle with
A)  centre 1-5i, radius 4 B)  centre 1+5i, radius 4
C)  centre 1+5i, radius 3 D)  centre 1-5i, radius 3

Key. C
Sol.  Given |z+(2—8i)|=3,tet W=(2+3+2i)=2+2-3i +1+5i

= |w—(@#50)=|z+2-3i[=3,

75 The value.of i10ge (X ) +i7 +i° loge (x +i) +i* (2tan* x), x>0, i =L is

A) 0 B) 1 C)2 D) 3
Key= A
Sol. Leti|OgX—_!—7Z'+2tan_lX=k
X+i
=N Iog(x—ﬂj:(k+7z—2tan‘lx)i=i0
X—I
X+ iy o a
= ——=¢ :x:cotE = H=2cot™ X
X—Ii

s k+z-2tantx=2cot'x = k=0
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76.

if |2 =landarg (2 z,) =0, then
22
2
Az, =1z, B) |2,|" = 2,2, Q) zz,=1 D) 7,2,=2
Key. B
Sol % =1 = |z|=]z,|=1, as 7, =1,(cos 6, +sin )
2

arg(zz,)=0 = z,=r(cos(-6)+isin(-6,))

- — 2
> 12,=7 = L=1>|3| =131

77. Let z be a complex number and a,,b, (k=12,3) are real numbers then the value of
az+bz a,z+b,z a,z+b,z
bz+az byz+a,z7 bz+az|=
bz+a, Db,z+a, bz+a,

Al (aa,a,+bbb,)[zf Bl “\(aa,a,-bpb,)[zf
9 a’-a 2 el
Key. C
z 7 1llla b O
Sol. |z z 1fja, b, 0/=0
1 z Z|la, b, . 0

78.1f z,,7,,2, are the.ertices of an equilateral triangle inscribed in the circle |Z| =1 then area of

region commeon to given triangle and another triangle having vertices —Z,,—Z,,—Z,, is

Y3 V3 913 7 53

2 4 4 4
Key. “A
Sol. Area of common region

= Area of AABC -3 Area of ABC’

3 .111 B3

=3—--3->—_=2°2,
4 22 3 2

79 If az2+bz+1=0, a,b,zeC and |a| =% , have a root o such that |0(| =1 then ‘aB—b‘ =
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A1 B) 1 ¢ 5 D) 3
4 2 4 4
Key. D
Sol. aa®+ba+1=0
aa +ba+1=0
= a*+ba+a=0
2
@ 2 1 japp-1-ff-1-2-3
ab-b 1_|a| ab-b 4 4
80. If |Z—1|£ 2 & ‘Wz—l—wz‘ =a (where ‘W’ is a cube root of unity). then complete set of
values of a is
2)0<a<? lcac?3
2 2
c)£—2<a<—+£ d0<a<4
2 2
Key. D
Sol.  |wt-1-w’|=a
=|wljz+1=a
=z-1+2>a
81. If zis a complex number having least absolute value and |Z -2+ 2i| =1thenz=
1 . 1 .
a)| 2——|(1=i b)(2——j 1+i
(=) 72
1 . 1 .
ol 2+—=—|(1<1 m(2+——{Jl+|
()00 7)o

Key. A
Sol. ‘©OP=0C-cCP
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82.

Key.

Sol.

83.

Key.

Sol.

84.

Key.

Sol.

85.

2(2&-1) —2(2J§—1)
22 1 22

{(=5)-%)

Sum of common roots of the equation 2> + 222 +2z+1=0 and z2"** + 72’ +1=0is
a)-1 b) 1 c)o d)1
A

(z+1)(2* +2+1)

—=z=-1w,wW?

Let f(2) =2 +2"° +1
f(-1)=0,f(w)=f(w)=0
SWAHwW=-1

T
Let z be a complex number having the argument 0, 0.<0 <E and satisfying the equation,

|Z—3i|=3.Then C0t9—§=
Z

a)i b) —i c) 2i d)-2i
A
r=0Asin®6=6sin0
A
0
03)1 P(t)
(0]

z=65in6(cosO+isin0)

:cote—gzi
z
If a®+b?,ab+bcand b? +c?arein G.P. then a, b, c are in
a) A.P b) G.P
c)H.P d) None
B

(ab+bc)’ =(a* +b*)(b* +¢*)
If H, =1+1+....+1then the value of S =1+§+§+----+@i5_
2 n 2 3 50

a) Hy, +50 b)100 - H,,
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Key.

Sol.

86.

Key.

Sol.

87.

Key.

Sol.

88.

Key.

Sol.

c)49+H,, d)H,, +100

B

S, :(2—1)+(2_—1)+(2—1j+...+(2—ij
2 3 50

=100 H,

Let z be a complex number satisfying |Z +16| = 4|Z +1| then

a) |z| =4 b)|z|=5
o)z|=6 d)3<|z|<6
A

|z +16|2 =16z +]J2 = (z +16)(E+16) =16(z +1)(E+1)
= 77 +16Z +167 + 256 =162z +16Z +162 +16

=722=16=(7 =16 =|z|=4

Let Z,and z, be any two complex numbers then. |z, +1/le —Zg +\2, —Q/Zf —Zg is equal to
a) ‘zf—z§‘+‘zf+z§‘ b) |zl—zz|+‘zf+z§‘

Az, +2,|+|z} + 23| d)|2, +2,| +|z2,~ 2,

D

If Z,++/2% =22 =Uand z,~4/Z’ ~Z> =V,

We have

|u|2 +|v|2 :%|u+v|2 +%|u—v|2

=2z’ +2‘zi2 —zﬁ‘
And so
(uf+ )= 2{|Zz|2 +

2, - 23|+ [2, '}
:|2122|2 +|z2 —22|2 +2‘Zl2 —zi\
:(|21+22|+|zl—22|)2

Both the roots of the equation z° +az +b = 0 are of unit modulus if

a) |[a| <2,|b|=1,argb =2arga b) [a|<2,|b|=Largb=arga
¢) [a|>2,|b|=2,argb =2arga d)fa|>2,|b|=2,argh=arga
A

Let z, =cos¢, +isin¢,, &z, =cosd, +isin ¢,

Be the roots of z> +az+b =0
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89.

Key.

Sol.

90.

Key.

Sol.

2,+2,=(-a) & 2,z,=b

—Zcos(d)l_(sz [cos b+, +isin—¢1+¢2}:a
2 2 2

=arg(a)= L) ;d)z

argb=¢, +9¢,
c.argb=2arga

Also |2,Z,|=|b|=1and |a| < 2

If |Z—i| =land arg(z) =0Owhere 0 E(O,gj, then COtO—gequaIs

Z
a) 2i b) 3i c)i
C
<AorP="_p
2
y“
(0.2)
(0,0)1— n(z)
o P’

cos(ﬁ—ej:sinezH

2 2

Also a=O—A(sin 9+icose):£(sin6+icose)
z OP 7]

=1+icoto

E=—i+cote

z

:cote—g:i
y4

letz =222 2, ¢_i,0<|zz|<1. If |z] <1then
Z;

2,27 —
a) |z, >1 b) |z, <1
0)2<|z|<3 d) 2<|z,|<8

B

ZE—l: Zl_—Z2 _Zl—ZZ 1
2,22-1)\ z1z,-1

d)—i
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_ L, 11+2,72=2,2,2172 1

2,2,2122—2,22 —721Z, +1
(1—2222)(2121—1)

(zlEz —1)(2122 —1)
z_L:@_PAﬂGAF_Q
i

|zl|2 -1<0 =|z)|<1

=l

91. Let ‘z’ be a complex number satisfying |Z —-2- i| <5, Then |Z —14—6i| lies in
a) [8,18] b)(2,8)
0)[0,2] d) [3,7]

Key. A

Sol.  |z-14-6il =|(z—2i)—(12+5i)|§|z—2—i|+|12+5i|
= |z-14-6i|<5+13=18

.. Option ais correct
The complete solution can be obtained geometrically

92. i 7,,2, are complex numbers such that z° —32, 25 =2 and 32/ z, —z; =11 then ‘212 + 222‘ =

A) 3 B) 4 )5 D) 6

Sol z; — 3z 2 +3ig 2z, —izs = 2+11 = (z,+iz, ]3 =2+11:

T _
Similarly, (z)=iz, ) '=2-11i

|22+ 22 |:|{zl+i22}{21—3'32}|:‘(2+115]1f3[2_113'}1"3 ‘:5

93. . . L N\ g . .
The circle |Z|=2 intersects the curve whose equation is 22:(2) +41 in the points

A,B,C,D. If z;,2,,2;,2, represent the affixes of these points, then
A 742,237, =1
B) Z,+2,+23+2,=0

C) +Z,+23+2,=2
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D) argz,+argz,+argzz+argz, =2km, k=0,10r -1

Key. B

—y2 z+§ Z—E
22:[2) +4i i[ 5 J[ - J=1orxy=1(wherez=x+iy)

Sol. o

. 2 2 . . .
The circle x“+¥* = 4intersects the rectangular hyperbola in four points,

which are symmetrical about the origin in parts.

&, Cosa+a, Cos2a +a; Cos3a +....+a, cosnay, is

1
B) 1 C) -1 D) 5

BRI E R
@, | = | +ta, |- +... tay|—| ta|—|+1=0
= z z

Equating real parts on both sides,

Sol. CosCits Slnl:'Lis a.root of

a, cosn Gta,gos(r— Do+ +acesa+l=0

95. If Ls_zlj(ﬂjzk,then points A(z,), B(z,), C(3,0) and D(2,0) (taken in
2«7 )\ 3-1,
clockwise sense) will

A) lie on a circle only for kK >0 B) lie on a circle only for kK <0

C)lieonacircle V ke R D) be vertices of a square V k € (0,1)

Key: A

(3—zlj (2—22]
Sol: arg +arg
2-17, 3-1,

If K >0, its argument will be zero
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96.

Key:

Sol:

So, 6, & 6, are equal in magnitude but opposite sign.

So DC subtends equal angle at A & B. So, points are concyclic if K >0

If A(2,0) and B(z) are two points on the circle | z | = 2. M(Z’) is the point on AB. If the

point Z_' lies on the median of the triangle OAB where O is origin then arg (Z’) is

a) tanl(gl b) tan’l(\/l_S)
A

Z+2
M (Z’) is mid-point of AB, so z' = —

B(2)
M z')

r A;_v
o o\ @0

Y z'

= £+2
—7=""=

2

V4
=171, E+1 are collinear

Z Z 1
1241 241420
2 T 2
1 11

S S DN % [ P ] P
2 2 2 2

N 2 272 7°
= (Z—E)(Z+E—1):O
= z—E:Oor(z+E—1)
= z+z=1or Re(z):%

|z|:2:>%+lm(z)2 =4

=0

5 T
— d) =
JlTsj '3
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97.

Key:

Hint:

98.

Key:
Sol.

99.

Key:

Sol.

2. arg(z')=tan™ {gj

If the tangents at Z;,Z, on the circle |Z - ZO| =T intersect at

(23_21)(20 _Zz)
(z,-2,)(2,—-2,)

a)l b) -1 )i d) =i

Z,,then equals

If Zis a complex numberthen the'number of complex numbers satisfying the equation
7% =7 s

A) 3 B)'2009 C) 2010 D) 2011

D

7% :2:>|Z|=0 or |Z|:1

If &, a,,......, a, are real numbers with

a,=0and cosa +isina is a root of z"+a,z""+a,2"* +...+a,,z+a, =0, then the

sum a;CoSa +a, CoS2c + a, CoS 3 +....+ a, CoS N is

a)o b) 1 -1 d)1/2
C
o . 1 n 1 n-1 1 2 l .
cosa+liSinisarootof a | — | +a, | — +...+a, E +a, ; +1=0. Equating
VA z

real parts on both sides , a, cosna +a,_, c0s(N—1)a +....+a,cosa +1=0.
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(%+§+%+122—78+ ...... ooj
100. If is a cube root of unity, thenw+ ® =

a)i b) i2 c)0d)i3
Key: B
1 3 9 1 3 9
Sol. —t =t —F ==|1+—4+—+. 00
2 8 32 2 4 16
2|5 |=2xa=2
2 1-° 2
4
101. i z,z,,z;, are any three complex numbers on Argand, plane then
z,(Im(Z,2,)) + 2, (IM(Z42,)) + 2, (IM(Z,2,)) is equal to
(A) O (B) 2, +2,+2,
© 22,2, 0) (ﬂj
Z1Z,Z,
Key: A
Hint:  z, —2223__2223 +2, —2321__2321 +2, —2122__2122 =l_><0=0
2i 2i 2i 2i

102.  Let points P and Q correspond to the complex numbers @ and [ respectively in the
complex plane. If a| =4; and 4a’ = 2+ 37 =0, then the AREA OF THE AOPQ, 0
being the origin equals
A) 83 B) 44/3 C) 643 D) 1243

Key: A

Hint:  Conceptual

103.  Suppose two complex numbers Z =a+ib;w=c+id satisfy the equation Zrw__ W
z Z+W
then
A) both'a'& c are zeros B) both b & d are zeros
C) both b & d:must be non zeros D) at least one of b & d is non-zero
Key: D

2
Hint: (2 +W) = 2w = 2° + Zw+W* =0

14+ i
ot Zopop 2 TLES
W w 2

27 27
argz—argw=? or argz—argw:—?

104. If x =a+ib is a complex number such that x? =3+4i and x*=2+11i where i= /-1

then a+b =
1. 1 2.2 3.3 4.4
Key. 3
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Sol.

105.

Key.

Sol.

106.

Key.

Sol.

107.

Key.

Sol.

108.

x*_2+1%i (2+11i)(3-4i)
X 3+4i 25

_ 6+44+251
==

—a=2,b=1=a+b=3

s.a+ib 2+

If the complex number Z satisfying Z +|Z| = 2+8i then value of |Z| =

1. 8 2.17 3. 15
2
Let z=a+ib

= a+ib+va?+b?*=2+8i
—b=8, a++a’+64=2

a’+64=a’—4a+4

=-4a=60=>a=-15

~.|z]=Va’ +b* =225+ 64 = /289 =17

If |Z +2—i| =5 then maximum value of |3Z +9—7i| =

4.24

1. 20 2.15 3.5
1

13Z +9-7i|=|3Z +6—3i +3—4i|
<[3(z+2-i)+ =[3—4i|
< 3|z+2—i|+ 34442

3(5)+5:20
Z_
Z+

N

If Z-lies on the circle |Z - 2i| = 24/2 then value of arg(

jis

N

N\ 2. 3.
3

NG RN
oy

2

4.16

>
NN

Circle with centre (0,2) cuts X-axis at A(-2,0) and B(2,0). Now AB subtends an angle 90° at

the center C.

V4
AB subtends an angle Z at any point z on the major arc circle arg (

T

4

If € R and non real roots of 2Z? +2Z + A =0 and (0,0) forms vertices of an equilateral

triangle then A =
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Key.

Sol.

109.

Key.

Sol.

110.

Key.

Sol.

1. 1 2.

N~
w
Wk
D
w|N

4
Let Z, Z, be roots of 22°+22+A=0

z+2,=-1 1z, :E

When origin, z,z, forms equilateral A"
2, 52
We have 7 +7;, = 7,7,
2
(z,+12,) =372,

34, 2

1 = A=

The greatest positive argument of z satisfying |Z — 4| =Re(Z.)

1. % ) 2% 3. 2 4,
3 3 2

NS

4

X +iy—4|=x

(X —4)" +y?+x?

y> —8x+16=0

z lies on the parabola with.vertex (2,0) focus (4,0) and tangents from (0,0) ie a point on the

directrix in x always include 90°

Vs
. greatest arg(z) is 45° = "

If Zand'W-are two complex numbers such that Z+iw=0and arg (Zw)= & thenarg (Z) =

1y

z 2. = 3. 2% 4, 2%
4 2

w

Z+W=z-iw=0 =>z=Iw
Arg (zw) =7z = arg(z)+arg(w) =7
arg(iw)+argw= 7

argi+2argw=r
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T
—+2argw=r
2

T
2argw=—
g 2

argW:E:arg(z):B—”
4 4

111. If A(Zq) B(Z) C(Z3) are vertices of a triangle such that

Z, :(%j and |Zl| =3, |Zz| =4 and |Z2 + iZl| :|Zl| +|Zz| then area of triangle ABCiis

1. E 2.0 3. é 4. §
2 2 4
Key. 4
Sol. |z, +iz|=|z|+|z,|= z,.iz,,0 are collinear.

c.arg(iz, =argz,)

= argi+argz =argz,
v
—argz,—argz, =5

Z,—1z
z, = 2”4
I—i
(1-i)z,=2,-iz,

2,-2,=i(2,—2,)

,-2, . ,-7, | 7«
3 2 -j=arg| =2 |==and ‘za—z ‘:|23—zl|
Z,-17, 3—-17,) 2 ?

-.AB=BC,":. AB* = AC?+BC?

25=2AC*
5
= AC=—
2

1 5 5 25 )

X — 5. units

Required area=—X —=X—==
2 2 2 4
112.  The radius of the circle given by arg (ﬂj:%

Z+3-2i

1. 52 2.5 3,

o
J2

Key. 1
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Sol. A(5,-4) B(-3,2) subtends an angle %at C(z) on the circle hence %at centre
M — M.dAB ... AM :%
~ \64+36 E _5
2 2

Radius =+/25+25 = \/% = 5\/5

113.  f(x)= 2X°+2x*—=7x+72 then f (?J =
1.1 2.2 3.3 4.4
Key.
3-5i
Sol. Let X=—
2
2x=3-5i
(2x-3)" =5i

4x° —12x+9 = 25i°
= 2x*—12x+34=0=2x* —6x+17 =0

2X2 —6X+17)2x% + 2X* = TX+ T2(x + 4
2x° —6x* +17x

8X2—24x+ 72
8x2 24X + 68

4
114.  If Cosa+Cos B+Cosy=0=Sina +Sin S+Siny then Sin® a+Sin® S+ Sin’y =

1 L ). 3 3.4 4.1
2 2
Key. 2
Sol. «let X=CiSa Yy=Cisf Z=cisy
CIearIyX+y+Z:0,£+£+1:O
X y z
x2+y2+22=(x+y+z)2—2xyz(£+£+1J=O
X y z

=CiS2a +Cis2f +cis2y =0

= C0S2a+Cc0s2/3+cos2y =0
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1-2sin® o +1-2sin* f+1-2sin’ y =0
- 2 - 2 - 2 3
=sin“a+sin® S +sin 7/:5
115. If Z,and Z, are two complex numbers such that Z?+Z,>eR and Z,(Z,>-3Z,°) =2
7,327 ~2,2)=11then Z2+Z7,? =

A)5 2.125 3.25 4.15
Key. 1

sol.  z,(zf -32)=2
2 4 9 4_6 2,2 _4
2} (2} +92, -62/2} ) =
(zf)3 +972°2) - 62/ 22 =4 ——> @

22(322 - 22) =[121

)

= (25)3 +9207) —-677 7, =121———>»

@ . @ = (212 +7; )3 125

2 2 _
i +2;=5

15
116. Let Z=C0S@+iSINA . Then, the value of Zlm(zzm‘l)at 6=20s

m=1
1 1 1

o (®) 3sin2° © 2sin 2° (o) 4sin 2°

Key. D

Sol.  Given that Z =C€0s 0+ ising ="
15

.'.Z(zml):glm(e“’)zml

m=1

15
_ Zlm ai(2m=1)0
=1

=sin@+sin36 +sin58+....... +sin 294

. (0+290 ) . (15x20
sin sin
2 2
. (20
sin| —
2

_sin(156)sin(159) 1
- sind ~ 4sin2°

117.  If zis a root of the equation 8,2"+az" " +....+a,,2+a, =3, where |]<2 for
i=0,1....n.Then

(A) |zl|>% (B) |z1|<% (C) |z1|>% (D) |z|<%
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Key.

Sol.

118.

Key.
Sol.

119.

Key.

Sol.

120.

A
Q2"+ 2"t +a,2" P e, +a,,z+a, =3
13 :‘aoz” +a,2" +,2" P i, +a_,z+a,

3s|a0||z|”+|a1||z|”'l+ ....... +a,,|z|+|a,]
3<2(|of +[2 7+ 2|1
g<1+|z|+|z|2+ ...... +|2|'

1_|Z|n+1 3
1-|z] = 2

2-2[z|"" <3|z -1

3|z]-1>0

7> 2
3

If n>3and 1, Q,,0,,a;.....a,_;are n roots of unity; then.value

(a)0 (b)1 (c)-1

B

X" =1=(x-1)(x—a ) (X=a,)crvrrit. (x=—apy)

=X" X" 1+ g+ +a, )+ X" (Zai a;+ay+a,....
i+]

:Zalaj +oy +a,...+a, =0

i+]

Zociozj =1

i+]
If the equation z*+ z +.o. = 0 has a purely imaginary root and o
the imaginary part of that root, is (are)

() £32 (B) 0

T J5-1
(0 1V2=V2 D) 5
D

Letz=ip (BeR) be a root, then
—B2+ip+a=0=a=Pp2-iP

Now as |a| =1
~1+5
2

:>B4+B2:1:>B2:

of Z oo is

I<i<j<n-1
(d) (1)’
+a, 1j+ .......... -1 =0

lies on the circle |z| = 1 then

Let z (o, B) = cosa. + ¢ sina. (o, BeR, i = v/—1) then the exaustive set of values of modulus

of z(0, 20), as 0 varies, is
(A) [0, 1] (B)[0,42]
(©)[1,2] D) [V2, 2]
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Key. B
Sol.  |2)0, 20) = |cosO + e'?° sing|
= |cosB + sin® cos20 + isind sin26| = \/(cose+sin 0c0s20)* +sin*0cos’ 0

= J1+sin40 < [0, /2]

121. If|z] =1 and z # %1 then one of the possible values of arg(z) —arg (z+ 1) —arg (z— 1), is

(A) -7t/6 (B) /3
(C) -n/2 (D) /4
Key. C
Sol.  arg(z) —avg |z + 1) — arg(z-1) = arg ( 22 j:arg( 2 : _]
z°-1 z°-2Z

1 . .
= arg (—_j = arg (purely imaginary no.)

122.  If z,,2,,2, are three distinct complex numbers and a, b, c aretthree positive real numbers

such that
a b C a? b? c .
= = then + + is
|Zz_23| |23_21| |Z1_22| Z,—1; L3—% LI,
a) 3 abc b) (abc)? c)a+b+c d)o
Key. D
2
a a AV
Sol. @———=1=>——=2%7,~7) etc
|z, -z, z, -1,

123. I |zy| =2,|z,| =3,|z5| =4and|22; -+ 3z, + 4z5| =4 then the absolute value of
8223+ 27 23 21 + 64 z3.2.equals

(A) 24 (B) 48 (C) 72 (D) 96
Key. D
SOL. [8z,25+27252) +642,7,|
=|2,252 |§+z+%
S PR
= 24{22, +37, + 47,
=24x4=96

(1 3.9 27 ]
S0
2 8 32 128

124.  If o is a cube root of unity, then @+ ® is

(A) i (B) i?

©o (D) none of these
Key. B

1 3 9 27 1 3 9 27
Sol. —+—-4+—+—+..t0o=—|l+—+—+—+....4+®©

2 8 32 128 2 4 16 64
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E GRGRCRERSE el

So expression = o + ®? = -1 = i2,

125. Let P be a point on the circumcircle of the triangle whose vertices A, B, C (P, A;B,'C are in
order) are represented by the complex numbers ®?, 2im and — 4 (o is a non real cube root of
unity) respectively such that PA.BC = PC. AB then the complex number associated with the
mid—point of PB is

(A)o-1 (B)O
(C)-i (D) ® — »?
Key. B

Sol. Applying rotation formula at Aand C,
-’ _PA w 2io+4 BC .y
Zio-o® AB ' z+4 PC

Z-° 2io+4

2i(;3—032>< z+4

Multiplying we get, ,

=z=-2i®

P(2)

126. The complex-numbers satisfying (3Z+1) (4Z+1) (6Z+1)(12Z+1) =2 is

J33°5 b) J33+5 g ~i\/23-5 d)—iJ?a+5
4 24 24 24

a)

Key. C
Sol: 'Given equation can be written as (144 z2 + 60z+4) (144 22+60 z+6) = 48 = t (t+2) = 48
Where t = 144 7% + 60 z+4

C.t=6o0r-8hence z=

5+./33 —5+i/23
24 '

24

1+7°
127. If|z|=1andZ' =

, then

(A) Z' lie on a line not passing through origin

(B) 171 = V2

(C)Re(Z')=0
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(D) Im(z')=0
Key. D
1+2° Z Z+z -
Sol. Z' = .— = —— =Z+7Z whichis purely real.
z z 7
= Im(z')=0.

128.  For all complex numbers z,,z, satisfying |Zl| =12 and |Z2 —3—4i| =5, the minimum value

of

|2,-12,|is

a)o b) 7 c)2 d) 17
Key. C
Sol. Conceptual

120. If Y, = max“z ~w|-|z-w?

, Where |Z| =2 and

Y, = max“z ~w|-|z- WZH, where [Z|= %and wand w’

are complex cube roots of unity, then

a) ¥, =~/3;y, =3 b) ¥, </3;y, =13
9 ¥, =3y, <3 d)y, >/3;y, <+/3
C

Key.

Sol. We have ||21| — |22|| < |Z1 — Zz| and equality holds only when argz, =argz,.
= “Z - W| - ‘Z - WZH < ‘Wz = W‘ < \/§ and equality can hold only when |Z| = 2 and not
when |Z| =—

130. Let f (X) be the remainder obtained on dividing x 207 —1by (X2 +:|.)(X2 + X +1) ,then

f (X) is'a polynomial of degree

a) 0 b) 1 c) 2 d) 3
Key. D

sol._Let X —1:(x2 +1)(x2 +X +1)p(x)+f (x)

Put X =i, W, w?for get f (X)

2009 2010 2011

131. If @ #lisany of 7" roots of unity then real partof “ +3a” +5a”~ +————+ upto

7 terms is

a)7 b) 14 c)-7 d)-14
Key. C

. 2Krx
a=Clis—— (K =0to6
Sol. Let ( ) S =a® + 3% 4+ 5q* ™M 4 ————— +13a%"
(@' =1)
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=1+3a+50° +——————— +13a°(AGP)
14 -14
l-a q_gs2K7

132. All the complex numbers z that satisfy the equation z'° = (1—z)"lie on

1 1 1 1
X== b) Xx=—= =_ d y=-5
a) 5 ) > 'y > )y >
Key. A
10
Z—mzj_:;i:f’lo:cisZK—ﬁ(K:Oto 9)
(1-2) 1-7 10
o T
:Z:—]éOK =—+—tan—
1+cis 207 2 2 &
10

11
133. If zis a complex number such that |Z —1| =1then arg (——E) may be
z

b) -2 0z q -Z

a) — —
6 2 4 4

Key. B

Sol. Since [2—1|=1=> z-1=cis§ =z=(L+cos@)+isin O = 2cos§cis§

Cis —Q
.1__ 251
-

1 i 0 L
> = —9—5 = —Etana which is purely imaginary
2C0S—
2
134. Oe [O, 272'] and z,,Z,,Z, are three complex numbers such that they are collinear and
(1+|sin 49|) Z; + (|COS 6| —1) z, -2 Z, =0 .If at least one of the complex numbers z,,7,, Z, is

non-zero then number of possible values of @ is
a)Infinite b) 4 c)2 d)8
Key. B

Sol. If z,,2,,2, are collinear and az, +bz, + €z, =0 then a+b+c =0 .Hence

1+sin ¢9|+|cose|—1—\/§= 0= sin¢|+|cos O] = J2

Q;

B-a)

is equal to
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n n-1 n+1 n+2
A) B) Q) D)
3"-1 3"-1 3"-1 3"-1
Key. A
n-1 n-1(3_ ) _ n-1 n-1
Sol. LetP =ZL:— (8-a)-3 :32 31
03—, i=0 (3—04) 03—0;

Z" —1=ﬁ(z —a;) log(Z" —1)=_nf:|n(z —a)

Diff. both sides w.r.t Z
Zn -1 n-1

- —g — Put Z=3
n3"™ & 1

31 &3

3n3"! n3" n

136. Let |Z1 —1| :1,|Z2 +4| =2 then maximum value of |Z1 —Zz| is
A)8 B)5 C) 4 D) 2
Key. A

Sol. Max. distance between two curves lies along theircommon normal.
/4 . 8
137. The complex number Z has argument €, _E <@<0 and |Z +4I| =4, then C0t9+2 =

A) 1-i B) 1+i Q)i D) —i
Key. C

Sol.

o

L=l

r(0.-4) Rz)

8

20,8

8 _ icoto

Z
Applying rotation at P

138wLet |Z — (1+1)| < 2 then |iZ +1+ 2|

A)<7 B)<9 C)<5 D)< 10
Key. C

Sol. iz +1+2i|=|i(z—@+i)+3i|<|Z —@+i)|+3<2+3
50

139. If x> =2x%—1 and x is not real then Z:(xr +x7)? =
r=1

A)O B) 256 C) 76 D) 94

Key. D
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Sol. X=wm, @*

r 2r

{2 Jif r is a multiple of 3
o +o =

—1,if r is not of a multiple of 3

AB
140.  If A(z),B(z,),C(z,) be the vertices of triangle ABC in which [ABC = % and BC - V2

then z, is equal to

(@) z;+i(z,+2,) (b) z;—i(z, —2,) (c) z;+1(z,— 2,) (d) z,—i(z,-z)
Key. B
Z,-1 z
Sol. L2 - [2e*
I3~ 1,
141, If [2]=2, |2,| =3, || =4 and |z, + 2, + Z,| =5 then |4z,2, + 92,2, +162,2,| =
a) 20 b) 24 c) 48 d) 120
Key. D
Sol.  |4z,2,+92,2, +162,2,|

= ‘zl 22,2, +2,2,2,2, + 23232122‘

= |2.||z||zd]||2 + 2, + 2, =120

2|2* +2|7|-3
142.  1f 109 450 | ———— | < =2-then
|z]+1
a) |z|<g b) |z|>g o |z|>2 d) 7] <2
Key. C
2‘22|+2|z|—3
Sol. |Ogtan300 W <-
2‘22‘+2|z|—3
_ >3
|z|+1
= ((|121-2)(2/2])+3) >0
= |z| >2
143. Z, and Z, be two complex numbers with o and f3 as their principal arguments, such that

o+ > 7, then principal Arg(lez) is
a) a+pf+rx b)a+pf—-x c) a+pf—-2rx d) a+p

Key. C
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. T 2
Sol. Take Z, =i, Z, =wArg Z, = E,Argz2 = 3

7 7
Argz, + Argz, = ?ﬂ- should be equivalent to ?ﬂ-— 2

2 2 .
144. Ifthesquarerootofx—2+y—2+l_ §+X +E is £ §+X—L then m s
y© x° 2ily x) 16 y X m
a)2 b) 3 c)4 d)5
Key. C
. \2 2 2
ol (XY L)Xy LX)
y X m y= x° 2ily x) 16
LH.S =
2 .
{sz ﬂ(gz}%
y X mly X)) m
2 2
=§?+Xg+2+£m£[§+lj—j§
X m2ily x) m
m=4
z,-22,
145, If | ——==|=1and |22|¢1,then value of|Zl| =
2-171,
a)2 b) 1 c)d d)5
Key. A
Sol. Conceptual

4 Im(z,
146. If Ai(Zl), AZ(Zl) areithe adjacent vertices of a regular polygon. If ( l) =1—\/§ then

Re(z,)

number ofisides of the polygon is equal to

a)6 b) 8 c)16 d)12
Key. B
Sol. Clearly origin is the centre of the polygon

Let z, =re"”

Z_l _ refie

Re (z) = rcosO

Im (21) =—rsin0

:—ﬂzl—\/ﬁ :>tan(9)=\/§—l
coséd

=0 =% if ‘n’ be the no. of sides then 6 = x
n

=>n=8
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147.

Key.

Sol.

148.

Key.

Sol.

149.

Key.

Sol.

If exactly one root of 7z +az+b=0 wherea, b e Cis purely imaginary, then

2) (b—b) =—(ab +ab)(a+a) b) (b —b)* =—(ab +ab)(a-a)
o) (5—b)2 =—(a5—§b)(a+§) d) (5—b)2 =—(a5—§b)(a—§)
A

2’ +az+b=0
Let zois the purely imaginary root of the equation

Then z,” +az, +b=0
= Z,+Z, =0
= 2, =—1,
- —2 — -

We have z, +az,+b=0=12, +az,+b=0

—_2 2 _ J—
Now z, +az,+b and z,”—az,+b =0
We should have a common root. Find common root:

Z, and Z, are the roots of z*—az+b =0, where |21| = |Zz| =1 and a, b are non-zero

complex numbers, then

a) Arg(a) = 2 Arg(b) b) 2 Arg(a) = Arg(b)
c) Arg(a) = Arg(b) d) none of these
B

,+2,=2a 2,2, =b
Since |Zl|=|22|=a
1
= Arg(a) = E[Arg(zl)+Arg(Zz)]

Also Arg (b) = Arg (lez)

~Argla) = %(Arg (b))= 2Arg(a)=Arg(b)

If |Z =2+ 2i| =1, then the least value of |Z| is

a) V8 +1 b) V6 +1 o) 6 -1 d) V8 -1

D

|Z—2+2i|:1 = z-2+2i=cosO +isinf
z=(2+ cos0) +i(sinb — 2)
7] —JA+4c0s0+c0s? O+4—4sinO+sin? 6

= \J9+4(cos0-sin0)
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=ﬁ%ﬁm[ )
] Jo-af2

=9-28 = 8-1

J>I~>l

|z] is least if cos (

.blél

2z+1
150. If the imaginary part of — is -4, then the locus of the point representing z in the

iz+1
complex plane is
1) straight line 2) a parabola 3) acircle 4)an ellipse
Key. 3

Sol. Let z=Xx+ly
2z+1  2(x+iy)+1
iz+1 i(x+iy)+1

(2x+1)+ 2iy
- (1-y)+ix
[(2x+1)+2iy |[(1-y)—ix]
(1- y)2 + X
2y(1=y)—x(2x+1
since Im 2z+1 =—4, we get y( y) ( > ):—4
iz+1 2 +(1_ y)
= 2X° +2y° +X-6y+4=0
Which represents a circle:
151.  If Z, =COS¥+iSin¥ then 2,2,2,2, is equal to
1)-1 2)1 3)-2 4)2
Key. 41
K T . .. T
Sol. “let Z, =W~ where W=C0S—+1SIN—
10 10
5 2,2,2,2, = WW W W
=W
= coslo—”+ i sinlo—” (Q Demoviere's theorem)
10 10
=CcoSz+isinrz
=-1
152. If Z,,Z,,Z, are the vertices of an isosceles triangle, right angled at the vertex z,, then value

of (21—22)2 +(z, —23)2 is
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1)-1 2)0 3) (z,-2,) 4) None of

these

Key. 2

Sol. Since A(Zl), B(Zz),C (23) is an Isosceless right angled triangle with right angle at B

BA=BC and | ABC =90°

BIZQI
A 2z
by
Z3— 1
=2,-2,|=|2,-Z,| and arg - =7rl2
17 42

BT h :|23_22| (coszﬂsinzj =i
-2, |3,-1) 2 2

(23_22)2 :_(21_22)2

=(2,-2,)" +(2,-2,)" =0

153. If a,by¢, p;q,r are three non-zero complex numbers such that
r . a bhc 2 9 r?
B+g+—=1+l and —+—+—==0 thenvalueofp—2+q—2+—2 is
a b c P g..r a~ b® c
1)0 2)“1 3) 2i 4) -2i
Key. 3

2
Sol. We have (l+ i)2 = (§+ﬂ+£j

2 2 2
1—1+2i:p—+q_2+r_2+2(£+m+mj
bc ca ab

154.  For all complex numbers Z;, Z, satisfying |21| =12 and |Z2 —3—4i| =5, the minim ,

of |Zl—22| is
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1)0 2)2 3)7 4)17
Key. 2
Sol. |21| =12 = 7, lies on circle with centre C; at origin and radius 12
|2, —3—4i|=5= 2, lies on the circle with centre C, (3+4i) and radius 5.
|Zl - Zz| will be minimum.
If z, and Z, lies on the line joining C, and C, i.e on the line Z=3+4i
Minimum value of |Zl - Zz| =AB
=c¢B-CcA
12-10=2
1 1.1
155. If Z;,Z,,Z; are complex numbers such that |21| :|22| :|23| =|—+—~+—|=1then
105 4
|2, +2,+24 is
1) equalto 1 2) less than 1 3) greaterthan 3 4) equal to 3
Key. 1
Sol.  Q|z|=|z,|=|z;|=1we get 2,7, = 2,7, =2,7, =1
1 1 1 1.1 1
SA=l—+—+— =& =N Y=—;=—
L, I, I Z Z, Z3
=|z,+7,+Z
=|z,+2,+ 1,
z,-2, 1-i43
156.  The complex numbers.z,,Z, and Z, satisfying L 3 2\/_ are the vertices of a
Z, 13
triangle which is
1) of.area \/é 2) right angled and isosceles
3). equilateral 4) obtuse-angled and isosceles
Key:=.3
-2, |1-iv3 Z,-1 1 3
Sol. 1 3|: \/7| :M: -+2
,-2,| | 2 | 2,-2 V4 4

=z, -z|=|2,- 7,

Z,-1, :1—iJ§

Again

& Z,—1, 2
-1, _1:1—i\/§_1
Z,— 1, 2
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-1, _—1—i\/§
Z,—1, 2
2,-17,| —_1—i\/§
Z2,-2,| |2 2
lz-2,| _ 1.3_
lz,-z| V4 4

=z, -7,|=|z, -z

. Z,,Z, and Z, are the vertices of an equilateral triangle.

157.  The vertices B and D of a parallelogram are 1—2i and 4+ 2i respectively. {f the'diagonals

are at right angles and |AC| = 2|BD

1)§i+l 2)3i-4
2 2
Key. 3

Sol. Let affix of A be Z.
M = Mid point of BD

e

AMB =90°
123
Arg| ———= |=—
-2 | 2
2
1-a-3 a3l
= 5 5 Cis—
7—— 7—-—
2 2
BM|
[AM|
BD
L2 1
Ac
2
_[Bo],
|AC]

~~i (QlAc|-2eD))

, then the complex number representing A'is

3) 3i—§ 4)E
2 2

D432
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.53
2 i
= _—3 +3i
2

Hence option( 3)

158. Forall z satisfying |Z +1—i| =1 we have
1)%3 Argz <7 2) —7r < Argzg% 3) -7 < Arg zs% 4) None of

these
Key. 1
Sol. |z+1—i|=1:>|z—(—1)+i|=l

.. Locus of z is a circle whose centre is (—1,1) and radius=1
' }/’

b
The circle touches both:the axes in the second quadrant

. Vs
All points on this circle lie.in the region +ve Y-axiIS corresponding to Arg Z = E
and-ve X-=axIS.corresponds to Argz =7z
T
A—=—<ArgZ<r
2
Henceleption'(.1)

159.... The equation |z—4i|+|z +4i| =10 represents

1).acircle 2) an ellipse 3) a line segment 4) None of
these
Key. 2
Sol. p(Z), A(4i), B(-4i) then
|AB] = |4i - 4i
- |-si
=8

Now |Z—4i|+|Z+4i|:10

55



Mathematics Complex Numbers

= |PA|+|PB|=10
>|AB]|

.. Locus of P is an ellipse

Hence option is (2).

160. If 2° = (Z —1)5 then the roots are represented in the argand plane by the points that are

1) Collinear 2) Concylic
3) Vertices of a parallelogram 4) None of these
Key. 1
Sol. Let Z be a complex number satisfying
5
2°=(2-1)
5
=[2°||(z-2y]
=20 =z
=[2=lz-1

Thus Z lies on the perpendicular bisector of the segment joining the
. . . 1
Originand A(1+i0) i.e  Zlieson Re ZZE
Hence option (1)

161. Let | z—=5+12j| <1 and the least and greatest values of | z | are m and n and if / be the

N X2+ 24x4+1 _
least positive value of —————— (x> 0), then [ is
X
m+n
(A) > (B)m+n (C)m (D) n
Key. 2
Sol. r"™ term of given expression

:r(r+1—w)(r+1—w2)
=(r+1-1)(r +1—W)(r +1—W2)
SLetr+1=x

=(r+1) -1 (x—l)(x—w)(x—w2)= x* -1

n-1
.". Given expression value = Z r(r +1—W)(r +1—W2)
r=1

=Z(r +1)° -1
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Hence option ( 1).

162. If X=2+5i then the value of X* —=5x? +33x—19 is equal to

1)-5 2)-7 3)7 4) 10
Key. 4
Sol. X=2+51 = x-2=5i

= (x=2)" =(5i)°

X* —4x+4=-25

= X —4x+29=0- (i)

Dividing X® —5x° +33x—19 by X* —4x+ 29

x> —4x+29)x% —5x* +33x —19(x -1

X2 —4%* + 29x
—x* +4x-19
—x% +4x—29
10
- X* =5x* +33x—19 = (x—1)(X* “4x+29)+10
=(x-1)0+10(Q from(1))
=10
Hence option (4).

163.  The complex number Z,,Z,,Z; are the vertices of an equilateral triangle. If Z; is the

. . 2 2 2
circumcentre of the triangle then z” +z,” +2,” =

1) z,° 2) 3z,° 3) 7,0 4) 3z,°
Key. 2
Sol. Since the triangle with Zl, 22,23 as vertices is an equilateral triangle, its circumcentre and
centroid-will'coincide
L7 2 +72,+7Z,
° 3

(3Z,) =Z +Z,2 + 2 +2(2,Z,+ 2,2, + 2,Z,) — ()
Since the triangle is equilateral we have
2P +2,)+2 =2,2,+2,2,+Z,Z, —(2)
From (1) and (2) we get
92 =27 +2, +2) +2(27 +2,+Z)
32, =22+2,"+2

Hence option (2).
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164. The complex numbers Sin X +1C0S2X and COS X —1SIN 2X are conjugate to each other for

1) X=nr 2) x=0
1
3) X=(n+§jﬂ' 4) no value of X
Key. 4

Sol. Let Z =sinx+icos2x, Z, =cosXx—isin2x
Z,=2,
Sin X —1C0S 2X = C0S X —1Sin 2X
=sinx=cosXx and c0s2x =sin2x
=tanx=1 and tan2x=1

Vs T
—=> X= Z and x= E which is not possible .Hence there is no value of x

Hence option (4).

165.  Suppose Z,,Z,,Z, are the vertices of an equilateral triangle inscribed in the circle |Z| =2.If
Z =1+i\/§ then z, may.be

1) 1+i+/3,2 2) 3-i2,4 3) 1-i+/3,-2 4) 2-i3,1
Key. 3

Sol.  Let Z;yZ,,Z, are the vertices A,B,C of equilateral triangle ABC inscribed in a circle

|Z| =2 with centre (0,0) and radius 2.

Given Z, =1+ i\/é

2r
Rotating OA about O by an angle 3 we have

Al

Z-0 |z-0] =%

5[]

. 27 . . 2«7
Z =(1+|\/§)(cos?i|sm ?j
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. -1 .43
:(1+|\@)(?i|7J

(1+iﬁ)(1—iﬁ) —(1+iJ§)(1+i\@)
T 2 (or) 2
g (13+248)
- ¢ 2

—2 or 1-iy/3

Hence option (3)

2r . . 27w . .
166. If a =C0S— +1SIn— then the quadratic equation whoseroots‘are

a=a+a’+a’ and p=a’+a’+a’is

1) xX*+x+2=0 2y %2 =5x+7=0
3) X*=x+2=0 4) x> +x-2=0
Key. 1

2r . . 2«7
Sol. a=C0S—+I1SIh—
7 7

, ( o . . 2%]7
a =| CoOS—+I1SIn—
7 7

=C0S27 +isin2mr

Sumofroots = o + 3

—a+a’+a*+a*+a*+a

—a+a’+a*+a*+a’+a°

_a(i-2)
~ 1-a
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Product of roots = af8
=(a+a’+a*)(a’+a°+a°)
=a‘+a’+a’'+a°+a’+a’+a’'+a*+a"
—a‘+a’+1+a°+1+a’+1+a+a® (Q from(1))
=3+a+a’+a’+a*+a°+a°
=3+(-1) (Q from(2))
=3-1=2

Required equation is X* —X(—1)+2=0

X2 +x+2=0
Hence option (1)

167. Let Z and W be two non zero complex numbers such that |Z| = |W| and argz+argw=r .

Then z

1) w 2) W 3) —W 4) 2w
Key. 3

Sol.  Let argw=149
LArgz=r-6
W =|wj(cos@+isin @) and z =|z|[ cos(z - @) +isin(z—0)]
=|w|(—cos@+isin o)
=—|w|(cos@—isin6)

=—-W
Hence option (3)
168. If |Zl —1| <1 |Z2 —2| <2, |Z3 —3| <3 then the greatest value of |Zl +2,+ 23| is
1)6 2)7 3)9 4) 12
Key. 4
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Sol. |z, +2,+12,|=|(2,—1)+(2, - 2)+(2z,-3)+6|
<|z,-1+|z,-2|+|z,-3/+6
<1+2+3+6

<12

Greatest value of |z, + 2, +2;| =12

Hence option (4)

169.  The greatest and least value of |Zl + 22| if Z, =24+7i and |Zz| =6

1) 31,19 2)25,6 3)31,6
Key. 1
Sol. |z, +2,|<|z|+]|z,]

=[24+7i|+6

— (24)2+72+6:25+6:31
Also |zl+22|:‘zl—(—zz)‘
>z ~|z,[={25~6]=19

.". Least value = 19, Greatest value = 31

Hence option (1)

3 . .
170. If %< a < 77[ then Modulus and argument of (1+ cos 2a)+ I1sin2a is

1) —Zsina,% 2) —2¢c0Ssa, a—r 3) -2sina,a—rx
these
Key. 2

Sol.  Let Z=(1+c0s2a)+isin2a

=2C0S% a + 2isinacosa

=2c0sa[cosa +isina]

4)19,6

4) None of
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=-2C0sa[-cosa —ising]

:—2COSO,’|:COS((Z—7Z')+i5in(a—7l'):| {Q%<a<3§}
~|z7|=-2cosa and argz=a-rx
Hence option (2)

171.  If |Z —Zq +|Z +3| <8 then the minimum and maximum values of |Z —4| respectively is

11,9 2) 10, 15 3) 16, 22 4)13, 18
Key. 1
/’N‘% I-|-.0|
! 3 4 X
Al ol S (3,01 P
|=5,0¢ -3,0§ 1,0}
Sol.

Given |Z—1|+|Z+3|38

*. 2 lies inside or on the ellipse-.whosefoci are (1, 0) and (-3, 0) and vertices are (-5,0) and
(3,0). Clearly the minimum and maximum values of |Z — 4| are 1 and 9 respectively

representing the distances PA and PA’.

~1l<jz-41<9

Hence option (1)

172, If |Z—25i|£15 then | maximum argz — minimum argz| equals

3 4
1)}2cost= 2) 2cos =
5 5
3 . 43 3
3) X 4 cost2 4)sint=—cost=
2 5 5
Key. 2
Sol. If |Z — 25i| <15 then z lies either in the interior and or on the boundary of the circle with

centreat C (O, 25) and radius equal to 15 .
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The least argument is for point A and greatest argument is for point B from right

AOAC,COS(%—HJ:%_ZO_A' s

oC 25 5
Z—49:cos‘1(ﬂj
2 5}

C(0,25)
Nowfor|Z—25i|315 15
A
| Maximum argz — Minimum argz| = |ArgB — ArgA|
=|BOA p

=|BOX —|AOX =%+%—9—9

=7—-20
:Zcos’lﬂ
5

Hence option (2)

Z Z
173.  Let Z; and Z, be two non-zero complex numbers such that - +—2 =1 then the origin and

ZZ Zl
points represented by z, and z,
1) lie on a straight line 2).form a'right triangle
3) form an equilateral triangle 4) None of these

Key. 3

Z 1
Sol. Let + =7 thenz+—-=1
z, z

=72-7+1=0

Z_1J_ri\/§

2
,i_lii\@
Uz, 2

If Z, and Z, are represented by A and B respectively and O be the origin, then

OA |z] [+Bi| [1 3

—=—=—]l=,/-+—=1
4 4

OB |z| | 2
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174.

Key.

Sol.

175.

= 0A=0B
Also, E:M — _4h
OB |z, Z,

2 2 4 4
= AB=0B

Thus OA=0B = AB

.. A AOB is an equilateral triangle.

Hence option (3)

If the equation, 4+ alz3 + azz2 + a3z +ag =0, ‘where ‘aq, ap, a3, ag are real coefficients

different from zero has a pure imaginary'root then the expression
a'l a'2

value equal to:

(A) O (8) 1 (C) -2 (D) 2
2
we know that
11 1 1 n(x)
+ +... + =

x—w"t o 2"-1

1 1 1 1
+ +

_n2™
2—w't 2"-1

1 1 1 n2"t n2io2"41 2'(n-2)+2

-3

w7 2" -1 2(2” —1)

Hence option (4)

a
Lad
a2 a3

has the

If o, B be the roots of the equation ul —2u+2=08& if cot® =x+ 1, then

(X+a)"—(x+pB)"
a-p

is equal to
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sinn@ (8 cosné © sinn@ cosnd
sin" @ cos" @ cos" @ sin" @
Key. 1
S= 1+3a+50* +(2n-3)""4(2n-1)a"™*
as = A+30 + oo, +(2n—3)05""1+(2n—1)05n
Sol. Let S(l-a)=1+2a+2a’+.... 22" —-(2n-1)a"
=1+2a(1+a+a2+ .......... a”‘z)—(Zn—l)a”
20 (1-a"*
_1,22079") o
l-«o
2 _ n
21+M—(2n—1)a”

~1+ 2(1“_1) ~(2n-1) (Qa"=1)

=1-2-2n+1=-2n

g-—2n_.2n

l-a a-1
Hence option (4)

176. If z :(ﬂ+3)—i\/5—/12 then.the locus of z is

1) ellipse 2) semi circle 3) parabola 4) straight
line

Key. 2

Sol. det\Z=X+I1y then X=A4+3, yz—m
:>(x—3)2 =A%and y* =5-4°
(1) (2)
From (1) and (2) (x—3)2 =5-y?
:>(x—3)2+y2=5

Clearly itis a semicircleas Yy < 0. Hence part of the circle lies below the x-axis.
Hence option (2)
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2 2 2
1 1 1
177.  If X> +X+1=0 then the value of (x+—j +(x2+—j F e, (x27+—7j is

X x? x?
1) 27 2) 72 3) 45 4) 54
Key. 4
Sol. X2 +X+1=0= x=w or W

1 1
Let X=W then X+ = =W+—=w+W* =-1

X w
2 2 1 2
X+ =W+—=w+w=-1
X W
1 1
Xt =Wt =1+1=2
X W
4 1 4
X'+ — =W +—=W+—=-1etc
X W W

=18+9(2)" =54
Hence option (4)
178.  If centre of a regular hexagon is at origin and one of the vertices on Argand diagram is 1+ 2i,

then its perimeter is

1) 24/5 2) 62 3) 445 4) 645

Key. 4

Sol.  Letthewertices be 7,,7,,2,,2,, 2,2 w.r.t centre O at origin |23l N

Now.A O A A, is equilateral = OA, =0A, = A /A, =5

Perimeter = 6+/5

Hence option (4)
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#

179. Let A(Z1), B(Z2), C(Z3) be the vertices of an equilateral triangle ABC, then:the value of
Z,+72,-27 .
arg| —————— | isequal to

Zs - Zz
a) = b) = 0z a2
3 4 2 6
Ans. c
(ZZ tLs_ zlj Ay
. [zz+zs—221]_ 5 |
Z,-7Z, Z,-7,
(Zz +Z, le
2 /4
=argi~————— 2% b ==
Z,—-Z, 2
Clearly AD 1 BC
180. If |Z —-1- i| =1,~thenthe locus of a point represented by the complex number
5(z—i)—6is
a) circle with centre (1, 0) and radius 3 b) circle with centre (-1, 0) and radius 5
c) line passing through origin d) line passing through (-1, 0)
Ans. b

Letw=5(z—i)—6
=|w+1=5|z-1-i|=5
181. Let z be a complex number satisfying ‘22+22 COSa‘Sl, (a€R) then maximum value

COt|Z| must be

a) V2 +1 b) V/3-1 o) \3+1 d) /6
C

Ans.
‘22 +22005a‘£1:>|z||z+2005a|Sl

=|z+2cosa|<|z|+|2cosq

= |2f (|z] +|2cos )" <1
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:>|z|e[0, \@+1]

182.  Ziand Z, are the roots of Z2—aZ + b = 0 where |Zl| = |Zz| =1 and a,b €C, then

a) arg (a) = arg (b) b) arg(a) = 2 arg(b) c) 2arg(a) = arg(b) d) none of these
Ans. C

Z,+Z,=a,ZZ,=band |Z|=|Z,|]=1

1
. arg(a)=E{arg(zz)+arg(zl)} and arg(b)=arg(Z,Z,)=arg(Z,)+arg(Z,)
.2 arg(a) =arg (b)

183. If[z-1=1andarg z=6(z=0) and 0<f<7/2, then 1—z is equal to
YA

a) tand b) i tand c) tang d)i tang
Ans. b
arg[—z_zj—Z
0-z 2
z2-2 AP. P@)
= —=—] /2
z OP m >y
0 2 g
tanz9zﬁ v
P

then 2;2 =jtané@
z

184.  If complex number z satisfies |z=6i|=Im(z), then range of (argz—argf) will be
Sz ezl (2] (o 5
2 2 3 .2 3 3 4 3
Ans. a

Clearly z lies on a parabola focus at (0, 6) and x-
axis as directrix as.arg z = —arg z . Point of contact

of the tangent drawn from origin to the parabola
will corresponds to the maximum and minimum 100.6)
argument. '
Ve B(2) A@2)
(aro2),, = p
4 b
3z o)
(argz),,, =—~
4
T 3
—<2arg<—
2 2
185. If z1, 25, z3 are three distinct complex numbers and a, b, c are three positive real numbers
a b c a’ b? c?
such that = = then the value of + + is
|Zz_23| |23_21| |Z1_Zz| =13 I3—4 L,—1,
a)o b) 1 c)2 d)3
Ans. a
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186.

Ans.

187.

Ans.

188.

Key.

Sol.

189.

Key.

Sol.

a’ b? c? - - - - - —
+ + :/1(22—23+25—z4+zl—22):0
Z,— 1 -1 4, -1,

If |Z—1|+|Z+3| <8 then the range of values of |Z—4| is

a) [0, 7] b) [1, 8] ¢)[1,9] d) [2, 5]
c
z lies inside or on the ellipse with foci (1, 0) and (-3, 0). Hence minimum and maximum values

of |Z—4| areland?9.

If X1, X2, X3 .... Xn are the roots of x" + ax + b = 0, then the value of (x1==.x2) (X1 — X3)
(X1 —Xa) eree (X2 —Xn) is

a) nx! +a b) nx" +a c) nx +a"* d) nx,+a"

b

X"+ax+b=0=(x=x)(X=%)(X=X;)....(Xx =X, )

X" +ax+b
= (X=X, ) (X=X, )ceee (x—xn):W

. [ x"+ax+b e
(X1—Xz)(X1—Xa)(X1—X4)----(X1—Xn):!L@(WJZHM '+a

Triangle ABC, A(z,),B(z,) and C(z;) is.inscribed in the circle | z| = 5. If H(z,) be
the orthocenre of triangle ABC,.then.Z, is equal to

(A) %(zl+zz+23) (B) g(zl+zz+z3)
C) (z,+2,+2,) (D) 3(z,+2,+23)
C

Circumcentre of triangle ABC is origin. Let G(Z;) be it’s centriod, then
Z, = %(21+ Z,+2,) the points O (0), G(z.),H(z,) are collinear and OG : GH=1:
2

Zs :ZXOJ;&:ZH =325=2,+2,+12,
If tangents drawn to circle | z|= 2 at A(z,) and B(z,) meet at P(z;), then
A) ZP:(21+22] B) ZP:2(21+22)
2 2.z,

© z,= %% 0) Z=22,

z,+2,
C
Equation of tangentat A(z,) is
z + Z_ 2> z + Z_ 2
Zl Zl Zl
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190.

Key.

Sol.

191.

Key.

Sol.

192.

z z 2
= —+—=—
z; 4 z,
Equation of tangentat B (z,) is

z z 2

z,+2,
2 1Y (o 1Y 2 N
If t°+t+1=0, then the value of t+¥ +t+= | + +|t +t_ IS

(A) 27 (B) 72
(C) 45 (D) 54
D

=18+9x4=18+36=54
Let n is of the form of 3P where P is an‘odd integer then,
"Cy+"Cy +"Cg +"Cy +.....+ "C,, EQUAlS

1/, 2 (on
(A) 5(2 -2) (B) §(2 -2)
1 n-1 2 n
(C) §(2 -2) (D) $(2'+2)

A
n 2
(1+X) =Co+CX+€,X° +.....+C. X

(1+®)"= Cy #Ci0 + €007 + ... + €00

2" +(~o)" + (_(Dz)n =3c,+3C4 +.....+3"C

Co+Cy+Cq+..tC, = %[2” +(-D)"o" + (—1)”(92“]

_ %[zn n (_1)3P (DSP 4 (_1)3P COGP]

=%[2“—1—1]=%[2”—2]

Let z, and z, be two complex numbers with aand  as their principal arguments,
such that o+ 3 > mt, then principal arg(z,z,)is given by
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Key.

Sol.

193.

Key.

Sol.

194.

Key.

Sol.

(A) a+B+mn (B) a+p-=
C) a+p-2=n (D) a+p
C

arg (zi1z2) =arg (z1) +arg(z2) + 2mn, m e |

= a + [ - 2 which should be equivalent to negative angle %n -2n

Let z and o be two complex numbers, such that | z|* o—|ow|*Z=z-o and z # o,
then

A) z=o (B) zm=1
(C) Zw=2 (D) zw=2
B

|zZf o-|ofz=2-®
:w[l+|z|2]=2[l+|oo|2}

(L] 2] :Za)zlwlz{lﬂzf}
(L |of] L|of
= zo Iis real number and therefore
Zo=0Z ... Q)
|z o-|ofz=2-
ZZo-onZ—-Z2+mn=0
2(203—1)—03(502—1):0 v N2
From (1) and (2)
z(z®-1)-w(z®-1)=0
(zo-1)(z-©)=0
Zzo=1=Zw Since. 2o

0o =

The point of intersection of the curves arg (z —3i) = %Tn and arg (22 +1- 2i) = % is

3..9 .
(A ZHZ (B) 1+3i
(C)- 1+ (D) no solution

D

arg(z-3i)= 3 @ \
4 3i
arg(2z +1-2i) = % /
2
T /

1 .
= arg| z+—--1|+arg(2)=—
g( > ] 9(2)=7

= arg{z—(—%jﬂ}:% veeee (2)

real axis
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195.

Key.
Sol.

196.

Key.
Sol.

197.

Key.
SOL.

No point of intersection of (1) and (2)

Let ‘(21—222)/(2—212_2) =land|z,|#1 where z, and z, are complex numbers.

The value of | z, | is

(A) 1 (B) 2
(C) cannot be obtained (D) none of these
B

|z, -2z, = ‘2 - zlz_z‘2 ie.,
(2.-22,)(2,-22,) = (2- 2,2, )(2- 22| - 2~ 2,2,)(2~ 2:2,)

= Z12_1 - 2222_1 - 2212_2 + 4222_2 =4- 2212_2 - 22—122+ |z, I’ Z, §

= (Z1)>-4)(jz2)* -1) =0

Since |z, |#1,

= |21|2:4:|21|:2

Points A(z1), B(z2) and C(zz) form a triangle with centroid zo. If triangles XCB, CYA

and BAZ similar to triangle ABC are out wordly. drawn on the sides of AABC, then
centroid of AXYZ is

(A) 320 (B) — 70

©) 2o (D) - 220

C

The quadrilateral abxc isa parallelogram. if z is the affix of X, z A Y
1 1
—(z,+2)==(z,#+2
S (2 +2) =52 2,) \/
Z2=22+73—-21

similarly affix-ofy.is z1 + zz — z> and that of z is z1 + 22 — z3 X

centroid of AXYZ is

1
5(22+23—z4+21+23—22+21+23—23)

= %(21+Zz+23)220
The roots of 1 + z + z3 + z* = 0 are represented by the vertices of
(A) asquare (B) an equilateral triangle
(C) arhombus (D) a rectangle
B

The given equation is (1 + z) (1 + z%) = 0 the distinct roots being — 1, —®, —®?

which if be represented by points a, b and c in that order
ab =1 - 0| = |o| |0 - 1| = |o® - 1]
be = o — ©?| = |0?| |0 - 1] = |o? - 1]
ca = |o? - 1|
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THE THREE POINTS REPRESENT THE VERTICES OF AN
EQUILATERAL TRIANGLE.

198. If o is any complex number such that ze = |z]? and |z—Z|+|w+®|=4, then as o
varies, then the area bounded by the locus of z is

(A) 4 sg. Units (B) 8 sg. Units
(C) 16 sg. Units (D) 12 sg. Units
Key. B
Sol. zo=zf=>w0=12
|z+Z|+|z-Z|=4
x|+ ly| =2

Which is a square .. Area = 8 sg. Units

199. If |z—1| + |z + 3| < 8, then the range of values of |z — 4] s,

(A) (0,8) (B)[1, 9]
(©) [0, 8] (D) [5 9]
Key. B

Sol.

z lies inside or on the ellipse. Clearly the
minimum distance of z from the given point 4 : :

is 1 and maximum distance is 9 SN )3
- 6+10i . : . .
200.  The reflection of the complex number W in the straight line iz =z, is
+1i

(A) -3 +5i (B) — 3 - 5i

(C)3-5i (D) 3 + 5i
Key. A
Sol. 6+1.02| _ 6+}0| _5 g

@+1i) 2i

Put  z=x+ly

i(X—ly)=X+1iy

IX+ty=x+iy
= L X-y)-i(x-y)=0
= Xx—y=0
Reflection is (-3 + 5i)
201. “.Ifz1, z2 and z3 be the vertices of AABC, taken in anti-clock wise direction and zo be

the circumcentre, then | 22 —2t 310 2A [ Z0=% Sl 2C s equal to
Z,—-2,)sin2B (z,-z,)sin2B
(A)0 B)1
€ -1 (D) 2
Key. C

Sol.  Taking rotation at O

Z.—-2 ..
=0 "L —cos2C—isin2C
Z,-2,
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Z.—2 ..
=08 —cos2A +isin2A
z,-2,

Az)

/o

B(z.) C)
Now | Ze—% sin2A+ Z,—Z, |sin2C
z,-2,)sin2B |\ z,-z, )sin2B

_sin2A c0s2C - isin2A sin2C + cos2Asin2C + isin2Asin2C

sin2B
_sin(2A+2C) _ 1
sin2B
4_
202. If z=cosa +isina, 0< a < /6 then the argument of z +11 is
z
T o T
A) —+— B) 2 2
A) 5+ (B) Z—
3a T
C) — D) 20—
©) = (D) >
Key. A
Sol. arg -1 =arg(z* -1 -arg(z* +1) = 206 %41 3a_7m+a
. 22 +1 2 2 2

1+ 2°

, then

203. If|zl=1andZ' =

(A) Z' lie on a line not passing through origin (B) 2’| = ~/2
(C)Re(z)=0 (D) Im((z)=0
Key. D
Sol.  Conceptual
204. The number of.complex numbers z satisfying |z+Z|+|z—-Z|=4 and |z + 2i| + |z — 2i|

=4 is/are
A0 (B)1
(©)2 (D) 4
Key. C
SOL. .. x| +y|=2 ()
z+2i|+|z-2i|=4 .....(1h)

eq. (i) represent square & (ii) represent line segment solution are z = £ 2i.
205. If z,, z, are complex numbers such that z”’ —32,2> =2 and 327z, — z =11 then ‘le + 222‘ =

A)3 B) 4 C)5 D)6
Key. C

Sol. 22 —32,22 +3iz%z, -2} =2+11i = (2, +iz,)’ = 2 +11i
Similarly (z, - i22)3 =2-11
|2+ 23| = |(z, +i2,)(z, - iz,)| = |(2+11i)° (2-11i)""°| = 5
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Complex Numbers
Integer Answer Type
1. If ?’Ii is purely real, then find 5 M .
5z 3z,-71,
Key. 5
Sol. Let % = K (real)
5z,
LCLS
z 3
3+ 772 3+7 35K
5 Zl :5 3|
3-72| |33
Z, 3i
35K +9i _
35K —-9i
2. Let 1, W, W? be the cube root of unity. The least-possible degree of a polynomial with real

coefficients having roots 2w, (2+3w), (2 + 3w’ ) \ (2 —w—w? ) ,is

Key. 5

Sol.  Roots are 2W,(2+3W)(2+3W2)(2—W—W2)(2+3W)and 2 +3W? are conjugate each

other 2w is complex root, then other root must be 2w? (as conjugate root occur in conjugate

pair)
2—w—w? = 2—(—1) =3 which is real.

Hence least degree of'the polynomial : 5.

3. If a complex number z satisfies |Z—8—4i|+|z—14—4i| =10, then the maximum value of

arg(z)= tanlg, find k.
Key: ~4

2 2
(x-11) +(y—4) 1
25 16

Sol. (k =12) locus of z is an ellipse

Equation of tangentis Yy —4 = m(x—11)+c =c=11m-4

As ¢ = a’m? +b?for standard ellipse
:>(11m—4)2 =25m*+16=m=0 or m:%
211

.'.tanH:E:w:tan
12 12
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4.

Key.

Sol.

Key.

Sol.

Key.

Sol.

Key.

Sol.

If ‘@’ and ‘b’ are complex numbers. One of the roots of the equation x> +ax+b=0is purely

real and the other is purely imaginary then a?-a? = kb, find k

4
Let ¢ and i3, a, f € R are roots of

X +ax+b=0=a+if=-a,ia f=b

a—if=-a

:>2a=—(a+é_1)and 213 =-(a—5)

cdiagf=a’-a =db=a’-a

There are two complex numbers z such that |Z—2—i|:1and argz :%. The product of

modulus of these two complex number is k. find k
8
(K=8) Two points B and D

~B=lz|=|z=2V2
2, =2+2i
andD(z,),z, =1+1i = |z,|=+2

|zz,|=2v2x2 =8

z—4i
The sum of the real parts of the complex numbers satisfying the equations 2_‘ =land
Z—/~21
iJr_?" :§is E,find k.
Z+3 5 5
5
z—-4i . z-8+3i| 3 . .
-| =1= z.=X+3i using this in |[————| = = = 5|x—8+6i| = 3|x +6il
z-2i z+3i 5
= x=8,17

Two complex numbers 8+3i, 17+3i

Sum of real part = 8+ 17 =25

If theequation z*+az°+a,z°+a,z+a, =0 where a,,a,,8,,8, are real coefficient
different from zero has purely imaginary roots then find the value of the expression

A, ad,
aa, A,
1

Let z=1y

= y*'-ayi-a,y’ +ia;y+a, =0
=vy'-a,y°+a,=0 —(1) and —a,y’+a,y=0
:>y:00ry2:§ —(2)

Gl

From (1) and (2)
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Key.
Sol.

Key.

Sol.

10.

Key.

Sol.

2

%—azidra4 =0
a
3i+&:l
aa,
=2 1 n-1 .
> — = findk (i=+-1)
g K
2
k=2,
12 Z 1 1 1 1
lete " =« thenz — = > F + —
Z1-e! l-a l-a -«
Where « is a nth root of unity (a,az,as, ....... a”_l) are the roots of
x"—1

x—1 :(X_a)(x—az) ....... (X_an—l)

Taking log on both side

§:11='°9(X—0)+Iog(x—a2)+ ....... +log(x=g")

Diff w.r.t. x and use lim
x—1

log

n-1 1 1 1
+ +

5 5

Let A,B,C be equilateral triangle with - A=e"'?, > B=e"¢,

ﬁ

C=e"% LetPbe

any point on the incricle of AABC . Find the value of PA? + PB? + PC?

5
Given triangle is.an equilateral triangle

c.incircle is X34 y2 =—

3
Let.pointon the in circle is (X, y)

2 2 2
2 2 1 2 1
cPA* +PB*+PC? = X" +| y——= | +(Xx=1) +| y+—=| +(Xx+1)" +| y+—=
IR (R
=3(x*+y?)+4
~1+4=5

Two lines Zi—zi+2=0 and Z(l+ i)+2(1—i)+ 2 =0 intersect at P. The complex numbers

T
of points on the second line which are at a distance of 2 unit form the point P are Z =i J_rel?
, find k
4
k=4
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The lines are zi—zi+2 = 0and Z(1+i)+2(1—i)+220 ati.
Let point on the line be z then |z —i| =2

= 2e" +1i putting this in second equation = 0 =7 /4

.pointsare z=i+e""*

11 If z,,2,,2,,........ ,Z, are in G.P with first term as unity such that 2, +7, + 7, +......4+2, =0.
Now if Z,,2,,Z,,........ ,Z,, represents the vertices of n-polygon, then the distance.between
incentre and circumcentre of the polygon is represented by 4k. Find k.

Key. 0

Sol. Letverticesbe 1 ar,ct?, ... ot

Given 1+ a+a’ +........ +a"=0=a"-1=0
n_
= 2,2y, 25, ,Z, arerootsof o =1

Which form regular polygon. So distance is zero.
12. Let A, Z, be two complex numbers. A(z,), B(z,), C(z;) be the vertices of a triangle

i i 3kr
such that 2, =2,+1, 2, =2, + """, 7, =2, +2""™" and ZABC = e then the

value of Kis
Key. 5
Sol. |z, —z,|=|z, -2, =|z, - 2,| = |4
Z3— L, emr/ll i17/44
S ——y
ZZ _ ZO el;z/4

— /BSC=17% ='wBAC=17Z
44 88

Z,—1Z i /4
Similarly 2—2% =¢"™* — /ACB==
Z,~1, 8
7 1ir 157
L AABC=r————=—.
8 88 22
13. The. roots of the equation z°+2%+......... 7" =0 where z#0,1 are represented by
vertices of a pentagon having longest side length is equal d. Find d 2,
Key. =3
Sol. d? =3. Equation reduces to z° =1

= z:c032k%+isin2k%, k=123,45

The longest side =

cosZ +isinZ—| cos5Zisin5Z || =+/3.
3 3 3 3
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. . N1
14. The complex number z satisfying |Z+2+I|+|Z—2+I|=4, 0£arg(z+2+2l)gz and

3% < arg(z -2+ 2i) < 7 will lie on a line segment of the length k. Find k.
Key. 2
Sol.  (k=2) length AB=2

(V3+i)(L++/3)

1+i

15. If the argument of (z—a)(Z —Db)is equal to that of , Where a,b are real

3+i
numbers. If locus of z is a circle with centre > then find (a+Db).

Key. 3
a (a—b)y _r
X +y*—(a+b)x+ab 4

Sol. tan
= x*+y’—(a+b)x—(a—b)y+ab=0

3+i
Centre= — = a+b=3

16. 1 . .100 \106
If Z = > (\/g— I) then the least positive integral value of 'n' such that (2101 + |109) =7Z"is
2
'k' then — k =
5
Key. 4
-1
Z= —z'[1+i~,."§)=ic02
Sol. 2
20—
106 106
{Emlﬂ-mg} N —[im:‘) -
L =t (mz)” =i g2
I:DEH—E S|
This is possible only when N=dr+2 and 2n-2 is multiple of 3 i.e.,
2 {43‘ * 2} -2 is multiply of 3
i.e., Brtz is multiple of 3=r=2
2
=10 L = k=4
5
17.  If a,,0,,0,,0,,0, are the roots of the equation x*~1=0, where o, =a*", o =€'**"* and
A=on pw=alY v =l then [|AZ" 4+ + v ] (where [.] denotes the
greatest integer function) is
Key. 1
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Sol.  Clearly o, =1

o, =0
o, = o
a,=a’
a, =o'
where o =e'?"*

1001 211001 2002 5%x400+2 2
A=ay =(@) =0 =a”" =a

2008 _ .3

p= (a4)669+l/3 — (a3)(669+1/3) _— a
V= (a5)503+1/2 — (a4)503+l/2
— (12014. — a5A402+4

— 4
=

Also sum of 2011" power of roots of unity is 0

2011 2011 2011 2011
+AT+u =0

So, 1+a +V

2011 _

XZOll +“2011 +V

_(1+ 0{’2011)

AP 4 2 P (14 )

| }b2011 + M2011 + VZOll |:| _(1+ eiZn/S) |

= |1 + cos2n/5 + i sin 27/5| ="|2cosn/5(cosn/5 + i sin 7/5)

: 2\/§+1_ NCEN

4 2

[l 7\‘2011 + HZOM + V201l |] - 1

Z,-7 i
18. If |Zl—ZZ|:\/25—12\/§, and Zl—zs=§e 6, then area of triangle (in square units)

2 3
whose vertices are represented by Z1, Z;, Z3 iS ...cccceeueneneee.

Key: =3

Z
Hint: !

3K

~ 30°

v 2

4K
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19.

Key:

Hint:

20.

Key:

Hint:

21.

z-2] 3
Z,-2,| 4
let|Z, — Z,| = 3K,|Z, — Z,| = 4k

angleatZ, = %

2 2
cos30? - 16K’ +9K —25+124/3 kel
2 x4k x 3k

area :%.3.4sin 30°=3

Two lines Zi—Zi+2=0 and Z(l+i)+7(1—i)+2=0 intersect at a point P. “There is a
complex number @ =X +1y at a distance of 2 units from the point’P which lies on line
Z(l+i)+7(1—i)+2 =0. Find [|X|:| (where [.] represents greatest integer function).
1
Solving the equation of the lineswe get Z=-7Z =z =1
0
|oc —]4 =2:a= 2€| +1, put it in the equation of the second line, we get
cosfd—-sind=0
iz

a=it2e4
X =42
=[|x|]]=1
12717

a

20
nd f(X)zA + > A Xk and the value of
0 ] k

If a=¢

of k.
7

20
f(x)+f(ax)+f(a2x)+ ..... +f(a6x):7AO+2Akxk(1+ak+ ...... +a6k)
k=1

but when K#7 and k #14, then 1+ak+a2k+....+a6k =0

Hence

k=7

If Z”:(Co{n(n+17)[(n+2)J+i8in[n(n+17)[(n+2)n for n = 1,23.... and the

. . kx
rinciple argument value of z= lim (z,z,...... Z_ )JIS—, then find the value of k
P p Y n OO( 172 n) 24
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Mathematics
Key: 6
Hint: Z _.____jZE____
nt N n(ne)(ne2)
n
1
['” 2 n(n+1)(n+z)J
- n=1
=z=Ilime
Nn—o0
ir

:>z:e7:>arg(z):

NG

22.  Suppose that w is the imaginary (2009)th roots of unity. If

2009 2008 1 b
(2 —1) > —— =(a)(2 )+C where a, b, ¢, € N, and the least value of (a + b + ¢) is

r=1 2—w
(2008)K. The numerical value of K is
Key: 2

Hint: Let x be the (2009)th root of unity # 1, then

.. On differentiate both the side w:r.t. x, we get

(2009)x*™® 1,208 "4
x22® 1 x=1% a1 x-w'

Putting x = 2 in"equation (2) , we get

2008, .q 2009 ( 22008 )

=1+ X =
= 2w’

22009 4

Multiplying both sides of above equation by (22009 —l) , we get
2008
(22009 —1) > 1 20092208 _ 2009
=1 2—w'
= 229 (2009 - 2) +1= 22" 2007 +1= [(a)(zb)+ c}

..a=2007,b=2008,c=1
Hence a+ b +c=4016

23.  If a,,0,,0,,0,,0, are the roots of the equation x* ~1=0, where o, =a*™, a =€'**'* and
A=y u=al® v =l then [|APM +u® + v ] (where [.] denotes the

greatest integer function) is
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Key. 1
Sol.  Clearly o, =1

o, =0
o, =a’
a,=d°
a, =a'

where o =g'?"'®

1001 231001 2002 5x400+2 2
A=a; =(@) =0 =a"" " =a

2008 _ .3

4)669+1I3 — (a3)(669+ll3) — a

p=(o o
V= (a5)503+1/2 — (a4)503+l/2

2014 5.402+4
= =

= (14
Also sum of 2011™ power of roots of unity is 0
SO, 1+ aZOll + }\42011 + M2011 + VZOll — 0
7\‘2011 + “2011 + V2011 — _(1+ a
2201 HZOM Lo _ ~(1+a)

| }\‘2011 + MZOll + V2011 |=| _(1+ eiZnIS) |

=|1 + cos2n/5 + i sin 2n/5| = |2cosn/5(cosn/5 + i sin.z/5)
_ o J5+1 _ J5+1

4 2
[l 7\‘2011 + HZOM + V2011 |] - 1

2011)

24, Find the least +ve integral value of ‘a’ such that there is at least one complex number
satisfying ‘Z +\/§‘ <a?’-3a%2and ‘Z + I\/E‘ <a®

Key. 3
Sol. (a=3) Atleast one complex.number z satisfy the required condition if the two circle intersect
at two distinct points:
25. A triangle with vertices represented by Z,,Z,, Z;has opposite sides of lengths in the ratio
2:4/19.18 respectively. Then the value of 4(z,—2,)" +6(2,~2,)(z,—2,)+9(2,—2,) s
k. find k.
Key. O
1 2
Sol. " (k=0)cosB=—=B=—"
2 3
Z,—1, Z1_22| i
By rotation = e
Z,—1, ;- 1, ‘

:>2(zl—zz)+g(z3—zz): 23—22[i¥J

Squaring to get the required result.
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26. Let 1, w, W2 be the cube root of unity. The least possible degree of a polynomial with real
coefficients having roots 2w, (2 +3W) , (2 +3W2),(2 —w—w? ) ,is

Key. 5
Sol.  Roots are 2W,(2+3W)(2+3W2)(2—W—W2)(2+3W)and 2+ 3W’ are conjugate each

other 2w is complex root, then other root must be 2w? (as conjugate root occur in conjugate
pair)

2—-W—wW = 2—(—1) =3 which is real.

Hence least degree of the polynomial : 5.

27. If 27" cos® @-sin® @ = asin80A0bsin 66 +csin40+dsin 26 and & is real then the value of
a+b +c+ dmust be equal to

Ans. 7
.. 1
] and 2|5|n6?=(z——j
yA

Now : (2cos6)’ (2isin )’ ( EJS(Z_EJS

(-3 Hd

Comparea=1,b=2,c=-2,d=6
a+tb+c+d=1+2-2+6=7

Sol. Letz=¢" -2C089=(Z+

N |~

11 1
AR, AA AA

28. Let A;, Az .... An be vertices of‘an n'sided regular polygon such that

Then find values of n
Ans. 7
Sol. Let Al(Zl) A?_(Zz) A3(Z3), A4(Z4)

A, =|z]2sin " AR = |z|2sm AA, = |z|2sm_

= ! - 1 + L =>n=7
.. 2w 3r a
sin— . sin— sin—
n n n

m(z)
29. Let A1(Z1), A2(Z2) be the adjacent vertices of a regular polygon. If :1—\/5 , then

Re(Z,)

the number of sides of the polygon are
Ans. 8

Sol.  Letz,=re’, Z;" =re’, Re(z)=rcos6, |m(21) ——rsing
sin@

-2 12 tand=2-1=0="2
cosé 8

If the number of sides be n, then & = z =n=8
n
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