Mathematics Binomial Theorem
Binomial Theorem
Single Correct Answer Type
1. If 7 divides 32% , the remainder is
A) 1 B) 0 Q) 4 D) 6
Key. C
Sol.  32=2°=(32)" =(2°)"
=2 =(3-1)" =3m+LmeN
32
(32" =(32)™ = 2%
23(5m+1) 22 — 4.85m+1
4(7+1)™" =4(7n+1),ne N =28n+4
.. When 7 divides (32)3232 remainder =4
5200
2. If {x} represents the fractional part of x, then {?} is
e B & = D) =
4 8
Key. B
100
200 52 1424 100
Sol. > = ( ) = ( )
8 8 8
141 CL24+10C,(24) 4 ...+ Cyp (24)
- 8
1 5200 1
=—+integer =4 — /==
8 8 8
3 Forn>3,1.2 "C, 23 "C, ; +.t (=1) (r+1)(r+2) is
n-3 n+3 -2
m "c, B2 G o Cra b C,
Key. B
Sol.  Wehave (1+X)" =" C, +" C,x+" C,x* +.......

+"C, XT+"C, X"+ A" C X" (D)
and (1+x) 7 =12 Cx+* C,x2nnnnt

(_1)“1 r+1Cr_1 Xr_l-i-(—l)r
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Multiply (1) and (2) , we get

(1+%) =("C,+"Cx+"C, X’

—+

Clearly , the coefficient of X' from the product in R.H.S is

1"C,-3C,"C, ,+'C,"C, , ..
oo 448 54
1 21
T +(1)rw
2.1

= %[1.2 "C.-23"C,,+43"C, -

.. Required series = 2x coefficient of X' in (1+ X)n

+(-1)" "?C,."C,

"C, .,

4. The coefficient of X* in the expansion of

(14+%)™ +2x (14 %)™ +3x2 (1+ %)™ +..... 41001 ¥

a) 1000 B) 1001 C) 1002
Key. C
Sol. Let, S=(1+ x)lOOO +2x(1+ x)999 +2x(1+ x)999 +3x%(1+x)

X 5 x(1+ x)999 ++2x°(1+ x)998 Fon

1+x

1001
+1000 o 1001X°
1+X

Subtract above equations,

(1—LJS =(1+ x)1000 +(1+ x)999 +

1+x

1000

X(L+

x* (1+ x)998

S=(1+

+...+X

)1001
0

i

X
1+x

[sum of G.P]
(l+ X)lOOZ

1+ X

)1000

100] XlOOl

r

X

1002

-1002 x***

1001x"**

X2 (1+x)™

—1001 x***

998

+

+(—1)r(r+2)(r+1)]

-3 =2 .n—3 Cr

D) 21001

+1001 xo0°
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Key.

Sol.

Key.

. coefficient of X in S= coefficient of X*° in [(1+ x)1002 — xto02 —1002Xl°°1} =1002 C,

The coefficient of the term independent of x

X+1 x—1 Y
of X2/3_X1/3+1_ X — X2
A) 70 B) 112 C) 105
D

() +@)° (x-1)

X3 x4 g2 (Xllz _1)

(X1/3 n 1) ( 23 _ U3 | 1) (Xuz " 1) ( xU2 _1)

Given expression =

(Xz/s _ 3 +1) X2 (X1/2 _1)

— (X1/3 +1) _(1+ X—1/2) — Y3 _ V2
10
N X+1 x—1
By 11 x—x¥?

10
B X+1 x—1
x23 U3 1y g2
_ <X1/3 b2 )10
. 15710
T, in (x”a—-x ”2) is

0C, (Xm )10" _(_1)r .(X—llz )r

10=r r

:(—1)r C. X (T Ej which is independent of x

if (104—1}:0:”:4
3. 2

Hence required coefficient =° C, (—1)4 =210

in the expansion

D) 210

Let n be an odd natural number greater than 1. Then the number of zeros at the end of the

sum 99" +1 is
(A)3 (B)4 (C) 2
C

(D) None of these




Mathematics Binomial Theorem

Sol.

Key.

Sol.

Key.

Sol.

1+99" =1+(100-1)" =1+

{"C,100" -"C,.100"™" +......... -"C,}

Because n is odd =100{"C,.100"" " C,.100"" +......... -
"C,,-100+"C, ,}

=100 x integer whose units place is different from 0
[Q" C,, =n,has odd digit at unit place |

. There are two zeros at the end of the sum 99" +1

If Cy,CLClinnn C, are the Binomial coefficients in the expansion (1% X)™. N being
even, thenC, +(C, +C))+(C,+C,+C,) +......... (C,+C,+C, +..+C, ,) =isequal to
(A) N2" (8) n.2"* () n.2"* (D)n.2"2

B

Terms = =(Cy +C, +.....C

3
n "C,, 25

f T~ o~ [ T Aaasth i I

I ;{ncr L Crl} 24,t enn is.equal to

(A)3 (B) 4 (C)5 (D)6

et - Cu GG

3 n
= . 3ZI’3

r=0 r=0 (n +1)3 (n +l) r=0

2 2
oS- 1 {n(n+1)} :>S:n—

(n+2)° | 2 (n+1)

wn
I
-
=
-
w
U
w
I
>
-

SN

25
Now, S = ﬂ (given) which is only possible for 5
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9. If m and n are any two odd positive integers with n < m, then the largest positive integer

which divides all numbers of the form, m? —n? can be
(A) 4 (B) 6 (C)8 (D)9
Key. C
Sol. lLetm=2k-land n=2p-1 p<k
Then m*—n? =(m+n)(m-n)
=(2k+2p-2)(2k-2p)=4(k+p-1)(k-p)

Further if k and p both even, then k-p is even but k+p-1 is odd
If k and p both odd then k-p is even but k+p-1 is odd. If one is even and other odd then k-p is

odd but k+p-1 is even. Thus in every case (k—p)(k+ p—1) even

-.m? =n? is divisible by 4x2 =8. Hence, m? —n? is divisible by 8 or any multiple of 8. The
largest integer among the given options is 8

10. The number of termsin (a1 + a; + as + a4)® is
(A) 64 (B) 81 (C)30 (D) 20
Key: D

Hint  Any term of (a1+ o2+ as + a4)?is of the form ai®. a;?~as": as®.
wherea+B+y+0=3,0,0,7,0€1{0,1,2,3}
Thus number of terms is 20.

11.  Thevalue of *C, +° C, +* C, + urrneniid +%%9 Cyqq I8

(A) 1000 Cll _ 12 (B) 1000 Cll Y 12 (C) 999 Cll _ 12 (D) 1000 ngg
Key: A
Hint  Since '°C, +" C, +3Cs4° C, +......... +%% Cygo

1000 1000
- C989 - Cll
(Since , *Cy=*C, and "C,+"C,_, =" C,)

12 13 14 999 1000
So, “C,+ " Cy+"C, +...... +77 Cyge = Cp; =12

12. Thesum S, = Zn:(—l)K .3”Ck ,wheren=12,.......... is
k=0
A (-1".>*c,, () (-1)"."C, (© (-1)"*'C,,, (D) None of
these
Key: B

Hind: S, =>"C, ->"C,+>"C, +........ +(-1)".>C
3 3n-1
But "C, =" C,
3 3n— 3n—
_ nC1:_n 1C0_n 1C1

3n C2 :Sn—l Cl +3n—1 C2
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13.

Key:

Hint:

14.

Key:

Hint:

_3n C3 — —3n_1C2 _3n-1 C3
( )ﬂ 3nC ( )n 3n- 1Cn 1+( )n .3n71Cn
On adding we get S, = (—1)n 2rc,

The Coefficient of x° in (x—21 CO)(X—21 Cl)(x—21 Cz) ........ (x—21 Clo)is

a0 _1 39_1
(W27 -5"Cx (B 27 -5 "Cy ©2%-%C, (O
239 _% ec
D
Coefficient X'° =sum of products of G ORI ?C,,. Taking 2’ ata time.
10 _1 K-1
0, )-
K=1 K
1 1.1 1
A I+ —+—+—F+———+— (B) B R P—+——+—
3 11 2.3 10
11 1 11 1
O l+=4+=+=+———+= D)=+ ———+—
2 3 4 9 2 3 4 12
B
10. 10, 10 10
Required value is G T8 i\ 0
1 2 3 10
To find which, consider (1— X)10 =10 10, x+10, X2 ————— +10¢ X1
(1-x)"-1_
= -— 10, =10¢ X+ ————-— +10, x°
X l: C, Cio }

10
o [0 g0 10, ~10, x+———+10, X Jix
0

0 X
10 10 10
_1001_ G 6 Co
2 3 10
t1-(1-x)" L
To find LHS consider |n:.|.¥dx:>|n+1 I =J.(1 X) dx =i
0 X 0 n+1
InJrlzi—i_I
n+1
Ll-(1-x)° 1 1 1
:J. X=—+lg=—+—+lg~———
0 X 10 10 9
1 1
=—+—+—+-———+1
10 9 8
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6k

15. The sum Z( )(3“1 2k+l) =

(A)1 (B) 2 (€)3 (D)4
Key: B
6 3 -2k
Hint: (3k _ 2k )(3k+l _ 2k+l) - (3k _ 2k )(3k+l _ 2k+l)
3k 3k+l
= 3k _ 2k o 3k+1 _ 2k+1
0 3k 3k+l 3 32
Z K ok kil ok - Lt ——;
o3 -2 3 -2 3-2 =3 -2
=3-1=2
16.  The value of the expression °C,10° —°C,9° +°C,&°........... ¢, is
A) (9 B)[10 C) 910 D)0
Key: D
Hint:  Given expression = No.of on to functions from a set of 9.elements to a set of 10 elements =
0
5 n-3r+1"C
17. Z— — is equal to
< n-r+l 2
1 1 1 1
a) ? b) 3_n c) F d) §+1
Key: A
Ne D, Ne N, Ne 1
Hint: 9 == —— L=
Z( —r+1] 2" Z;‘ or &l T on
18. The sum of all the\coefficient of those terms in the expansion of (a + b + ¢ + d)® which
contains b but not c
(A) 6305 (B) 6561 (C) 256 (D) 48
Key: A

Hint:  Sum of the coefficients of the terms not containing c is 3% and of the term not containing b
and.c both is 2%, so required sum = 3%- 28,

190 5 = 2™3725737°4115136 then zp is

r=1
(A) 24 (B) 23 (C) 22 (D)21
Key: A
Hint: 15' = 211 ><36 ><53 X 72 ><111 ><131
Z P =11+6+3+2+1+1=24
r=1
e . 1 1 1 .
20. The number of the positive integer pairs (x,y) such that =+ = = 2007 where X <Yis
Xy
(A) 5 (B) 6 € 7 (D)8
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Key: C
Hint: ! Jrl L
X Yy 2007

= (X +y)2007 = xy
= Xy —2007x-2007y =0
(x - 2007)(y - 2007) =2007% =3*x223?
The number of pairs is equal to the number of divisors of 2007% that is
(4+1)x(2+1)=15
Since X <Y, so required number of pairs =7
21. The greatest integer less than or equal to (\/§+1)6 is

(a) 194 (b) 195 (c) 196 (d) 197
Key: d

6
Hint: Let (\/§+1) =1+F, wherelisaninteger and 0 < F <1.

Letf= (\/5—1)6. We have
1

\/5_1: \/§+1

Alsol+F+f= (\/§+1)6 +(\/§—1)6

= 2[%C,. 23+ ©C;. 22 + 6C4 .2 + °Cg)
=2(8+60+30+1)=198

Hence F+f=198 —lis an integer. But O < F + f < 2.
Therefore F + f = 1, and thus;~l = 197.

= 0<\/§—1<1:> 0<f<1.

X2 x3 x4 x5
22. The coefficient of X’ inthe expansion of | 1+ —+— j is
( L2 B s
(A) 2 (B) 2 (€) 1 (D) 2
15 15 360 45

Key: C

. g, 1 1 11 1 1 11 11
Hint; Coefﬂuentofx is ——+——

51 42 33 214 4[5

=é[6¢1 +9C,+°C,+°C, +°C, |
_1 (26 _ 2) _ st
|6 360
23. Coefficient of x2%%% in (1 + x + x? + x3 + x#)100% (1 - x)1002 jg
(A)o (B) 4. 1091Cyy,
(C) -2009 (D) none of these

Key: A
Hint: (1 +x+ x% + x3 + x#)100 (1 - x)002
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=(1-x) (1 -x°)1 so all the powers of x will be of the 5m or 5m + 1 (mel)
So coff. of x*°° will be 0

) n 2n ; 2r Ay |
24, If (x +2x+4) =>ax", then >’ =
r=0 r=n

r

n+l
a) 22" -1 p &1
3
n-1
c) 41 g4+t
2
Key: Db

Sol: Putx=2x

2 n 2n ryr
(4x +4x+4) =>a,2'x
r=0

1
Put X =—
X
2 n 2n
[1+ 2x +(2x) } = a, x>
r=0
Put2x =y
n 2n 2n—r.
ey ey?) =S G

r=0

, . 1 _
Equating coeffigient.of X' 4—nar2r =8y, 2"

:)%:i4r

a, 4n
%am—r =§i4r =[4n+1_1j
r=n a, r=n 4n 3

25.  Coefficient of x° in ((1+x)(l+x2)2 (1+x*°’)3 ..... (1+x“)n) is

a) 26 b) 28 c) 30 d) 35
Key: b

Sol:  The coefficient of x° in the given expression = coefficient of x® in
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26.

Key :

Sol :

217.

Key:

Sol :

(1+ °cx® )(1+ 5Clx5)(1+ ‘e x )(1+ T+ e’ )(1+ 2Cx% + 2sz“)(1+ X)

= coefficient of X® in (1+6x® +5x° + 4x )(1+ 2x° +3x% + x4 +6x° +3x6)(1+x)

(
= coefficient of X in (

11x5+17x) 1+x) =28

) (2" +1)(2"+2) (2”*1 1)(2"*-2)
3 3
) (2n+l+1)(2n+1+2) (2n+1 )(2n+1_2)
3 )
b

_{2'”; —1}2 _[(22):1 1H
s

i (2”+1—1)3(2“+1—2)

1
2

4 -
Let neN and'n < (5\/§+8) . Then the greatest value of n is

a) 77040 b) 77042
C) 77041 d) none of these
c

Suppose X = (5\/5 +8)4
= X1+ [x]
0<5/3-8<1

0<(5\/§—8)4 <1

10
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28.

Key ;

Sol :

29.

Let F= (5\/5—8)4

O0<F<1

[x]+{x}+F :(5\/§+8)4 +(5J§—8>4

=4, (5J§)4 + 4C1(5\/§)3(8)+....+(4C0 (5\/§)4 - 401(5@)3 (8)+...j

_ 2.[(:0 (5v3)"+C, (8 (543 +C, (8)4}

= 2[625(9)+(6)64(25)(3)+(64)(64)]
=2 [5625 + 28800 + 4096] =77042

{x} +F must be an integer

Also 0 < {x}+F<2

= {x}+f=1

= [x]=77042-1=77041

1_Xk+l
If P = 1 , the number of terms'in the product P,.P,....P, is
—X
n(n+1 2
2 (n+1) py NN
2 2
2 o 2
0 n“+n-2 d) n“+n+2
2 2
D
Sy k+l
Pk_l X
1-x

n(n+1): nZ+n+2

No. of terms = 1 + max. power of x = 1+ > >

The value ofay +a, +a, +.... is

11
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n_ n
2) 2" -1 b) 2" +1
2 2
n—-1)! n+1)!
e o (01
2 2
Key: d
Sol : (1+x)(1+x+x2)....(1+x+...+x”):ao+a1x+a2x2+a3x3+....
Put,x =1,
2x3x4x..(n—1)=ay+a,+a, +az+...
Put x =-1,
n+1)!
(n+1)!:2[a0+a2+...]:a0+a2+....=( 2)
30. The coefficient of abc3de? in the expansion of (a+b+c+d+e)8 is equal to
a) 3630 b) 3600
c) 3360 d) none of these
KEY: ¢
- 34 2.2 8!
Sol:  Coefficient of abc’de Isﬁ = 3360
31.

Key.

Sol.

32.

Key.
Sol.

If each coefficient in the.expansion of the expression X(1+ x)n(n € N) in powers of 'X' is

divided by the exponent of corresponding power, then the sum of the values thus obtained is
equal to

n n n n+1
A) 2 B) 2" -1 0 2" +1 D) 2 1
n+1 n+1 n+1 n+1
D
& PR & o 2”"’1—1
S - St WL
1 2 3 no nrtl n+1
IFXE xR xt =X+ x = x°+x*—x=7 then
(A) x*® is 15 (B) x*® is less than 15
(C) X0 greater than 15 (D) Nothing can be said about X2
C

X° = xB x4+ x =X+ —x

12
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33.

Key:

Hint:

34.

Key.

Sol.

35.

Key.
Sol.

=x(¢ +D)(x* +1)(x* -1)
X —1= (0 +D)(x* +D)(x® +1)(x* -1)

:;UZ+DZ7HJ__5§T+2}>M

S x¥>15

The value of the expression Z Z (—1)i+j_1 "C, .”Cj =
0<i <j<n
1) 2n—lCn 2) 2nCn 3) 2n+1Cn 4) none
1
Let the required value be S
non i+j-1 N 2i-1 ,
ZZ(_l) GG, :Z(_l) (nci) +25
i=0 j=0 i=0
n 2
0 =-)("C) +2s
i=0
S =2n—l Cn_l =2n—1 Cn
If A, be the co-efficient of a'b’c®*"’ in the expansion of (a+b—c)** then
(A) A\, i is defined for i < 1010 (B) Ai, i= Aj, i
(C) Aui,siis defined for i <405 (D) Ao, 1=2000
B
2010!
A_ L=
Clearly, A =1 20101
_2010!
M jiN(2020 —i= j)
Hence, A ;=A;;
n(n-1)

If n~>"3 and abeR, then the value of ab-n(a-1)(b-1)+ T (a-2)

(b=2)—..+(-1)"(a=n)(b-n) is equal to

(C) (ab)"

D
Tea=(-1)"C(a=k)(b—k)
=(-1)*"C,[ab-k(a+b)+k’]

Thus, the sum of series in (i)

:é(_l)k.”ck [ab—K(a+b)+Kk?]

a" —-b"

(B)

(D)0

a-b

13
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—ab> (-1)."C, —(a+b) 3 (1) ”Ck+Z ) K2."C,
k=0 k=0

We know that

(1+x)" ="Cy +"Cx +"C, X% +....+ "C x"...(ii))

Differentiating both sides w.r.t. x, we get

N(L1+x)"™" =1."C, +2."C,x+3. "Cox% +...+n."C, x"....(iii)

Multiplying it by x we get

Nx(1+x)" ™ =1."Cx +2. "C,x? +3. "Cox* +...+n."C, X,

Differentiating w.r.t. x, we get

n(1+x)"" +n(n-1)x(1+x)""

=12."C, +22."C,)X +...+n%"C X" ..(iv)

Putting x = =1 in (ii), (iii) and (iv), we get

n

Z::( )k "C, =0
Zn: ”ck_o

; k
> (-1)°k?"C, =0
k=0
Thus, the sum of the series is 0

7 7
36.  The expression 41 - {1+“4X+1} —{ﬂ} is a polynomial in x of
X+

2 2
degree
(A) 7 (B)5 (C) 4 (D) 3
Key. D

Sol.  put =y and expand

37. Co-efficient of ol in the expansion of,

@M=L+ @ +pM =2 +q)+(a+p)M 3 (a+ g2+ ... (a+qm~1
where a=#—q and p=#q is:

mC t_t mC m—t_ m-t
» (p q') ® P =g™)
—( p—q
( t ) (D) mct (pm—t+qm—t)
p-— p—q

Key. B
Sol. E=(a+pm~1

= co-efficientof a* = = =

14
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38. Let (5+ 2\/E>n =p+f where ne Nand pe N and 0<f<1 then the value of,

2 _f+pf-pis:

(A) a natural number (B) a negative integer

(C) a prime number (D) are irrational number
Key. B

Sol. Ansis—1

39.  The coefficient of x* of in the expansion (1+5X+9x? +......00)(L+X?)* is

(A) *'C,+4"C,+3 (B) *C,+3"C, +4
(C) 3"C,+4"C,+3 (D) 171
Key. D

13 14
40. The number of distinct terms in the expansion of (X+ y2) + (X2 + y) is

A) 27 B) 29 C) 28 D) 25
Key. C
Sol. To get common terms in both the expansions

R ()0
ro=2r & 26-2n=14-r,
pr=o, =4

.. Only one term is common.

41. If A, be the co-efficient of a'b’c®*" in the expansion of (a+b—c)** then

(A) A, i is defined for i < 1010 (B) A=A

(C) Az, siis defined for i < 405 (D) Ao, 1=2000
Key. A

2010!
Sol.«. Clearly, A, =
° S B =i (20101 )1
_ 2010!
M ji(2010-i - j)!

Hence, A;;=A;;

42. Ue  Us 1 e
The value of 0, 5 1y 3 24 + 1L will be

15
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Key.

Sol.

43.

Key:

Hint:

44,

Key:

Hint

A) %(212—1) B) $(211—1) Q) %(2”+1)
A
e~ _ % op-l
Using Ck - k Ck_l
For D=k <11

11 12
Cj; _ CI:+1
E+1 12
So, given expression is

([

12 12 12

= — Crd :}E[Z = Cn}:;i(zm—l)
=0 12

m=1\ k=1\_ p=k
a) 3"-2" b) 4" —3" c).3"+2"
B

:Zn:”cm ((1+2)m—2m)zzn:(”cm3m— "C,2")

m=1 m=1
=(143)"=1-(1+2)" +1=4"-3
The value of 2000, +2000; +2000; +.....+2000, =7

21999 _1 21999 +1 22000 +1

a) b) c)
3 3 3

D
(1+X)" =n¢ +NgX+ne X* +.....+N¢ X
Putx=1,w, w? and add
=C,+C +Cy+...= —{2” +(=1)" (WPt w? )}
_ %{22000 +(_1)2000 (W4001 w20 )}

D) None of these

d) 4" -1

92000 _q

d)

16
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45.

Key.

46.

Key.

Sol.

47.

Key.

Sol.

48.

Key.

Sol.

49.

Key.

Sol.

22000 _ 1
3

30 20¢,®c,, -3 ®C, °Cy +....+°Cy, 1°C, equals ("C, denote coefficient of x" in
(1+x)")

(A) *C,.3° (B) *C,.3°
( C) 20 ClO .210 (D) 20 ClO 10C8
C

Sol.  Coefficient of x%in [20 Co(3+ X)20 ~-2C,(3+ X)lg +ot 22C (34 X)lo}

=x%in(3+x-1)%

=x¥in (2 + x)%°

- 210 20C10

Number of ways, 3 persons having 6 one rupee coins, 7 one rupeecoins, 8 one rupee coins

respectively donate 10 one rupee coin collectively is ..........

a) 29 b) 83 c)44 d) 47
D
Coeff of X*° (1+x+x2+————+x6)(1+x+——+x7)(1+x+———+ xs) is
n r-1
ZZ"Cr. 'C,.2" isequal to
r=1 p=0
a)4"-3"+1 b) 4" -3" -1
c)4"-3"+2 d) 4" =3"
D

ch(1+2 2= ch: 2" - ch 2"

=1

=(4"-1)—-(3=1)=24"-3"

Thevalue of (20)—(f)(g°)+(g)(ZO)—(g)(§°)+(i)( ) where( ) denotes "C;, is

(A).15625 (B)0
(€).1000000 (D) 2250000
D

30Ce —>C1 %0C6 + °C, 3°C¢ —>C3%°Ce+ °C4 1°Cq = coefficient of x® in [SCO (1+ X)50 -3C 1+ X)40
+5C (1+%)¥=5C3 (1 +x)% +°C4 (1 +x)1°=5Cs (1 +x)°] = coefficient x®in [(1 + x)1°=1]°
= coefficient of x®in (1°C; x + °C, x? + ... )° = 5C; (*°C;) (*°C4)* = 2250000.

The value of the expression *°C,10° —°C,9° +°C, 8°........... -C, is
a) 9 b) |10 c)910 d) 0
D

Given expression = No.of on to functions from a set of 9 elements to a set of 10 elements =
0

17
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50. The term independent of x and y in the expansion of
1 1 1
[+ =2+ (Y + )+ (P + ) AT s
X Jy oy
A(XC ) b)Y 9 (3, ) a3,y
r=0 r=0 r=0 r=0
Key. D
Sol.  The given expression can be writtenas (1+x)".(1+y)".(1+ i)n . The constant term is
X
clearly C3+C} +————+C? wherec, ="c,.
10
51. The sum of the rational terms in the expansion of (\/§+ ?/5) is
a) 41 b) 42 c) 39 d) 45
Key. A
10-r ;
Sol. T, =10C, —/—.3°
2

This is rational , if and g are integers.

.. There are only two rational terms

Namely 10C, (v2) (32}0 and 10C,, (V2 [3§j

S.sum=32+9=41

10

100-r r
1
52. The values of ‘r’ such that (100)C, (—8) (—Gj is rational is :
5 2
a) 84 b) 85 c) 86 d) 42
Key. A
Sol. Direct verification«in'sufficient.
53. If (1+X)" = ag+aX+a,x* +....+a,X" inwhich @, ;,a, ,,a,arein AP, then
a) a,,a,,a;arein GP b) a,a,,a; areinHP ¢) n=7 d) n=14
Key. C
Sol. a;=a5a,,=a,a,,=a(QnC, =nC_,)

2 Y(A)'is correct.

n(n-1) n(n-1)(n-2)

a,a,,a, arein AP = n, > , are in AP.

6
n(n-1)(n-2
S L
2 2
6n+n’—3n”*+2n=6n>-6n
n*-9n’+14n=0, (n-7)(n-2)=0
“n=7.
54. The coefficient of a°h°c* in the expansion of (a+b+c)18 is:
a) 18C, x14C, b) 18C,, x10C,

18
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) 18C, x12C, d) 18C,, x14C,
Key. A
Sol. (a+b+c)18 = [a+(b+c)}18

—18C,a' +18C,a"" (b+0" +18C,a** (b +¢)? +..+18C,a° (b+c)” +....
.. coefficient of a°b°c* =18C,, x10C,

55. In the expansion of (1 +x) (1 + X +X2) ..... (1 + x + X* + ..... + x?"), the sum of coefficients is
(A) 1 (B) (2n)!
(C) (2n)! + 1 (D) (2n + 1)!

Key. D

Sol. Let (T+X) (1 +Xx+X3) e (L X+ e X =ag+a1x + aX> + ...

Put x=1, we get
apt+tar+taz+...=234..(2n+1)= (2n+1)!

6
56. If x = (\/§+ \/E) , then the largest integer not exceeding x is
(A) 729 (B) 971
(C)969 (D)970
Key. C

Sol. x=(5+2\/é)3
Letx=k+f keN,0<f<1

Consider: 5-2+/6 = —0<5-2/6 <1=0<(5-2/6)<1

1
5+2\/5

Let F=(5 - 2\/6)”,0<F<1

k+f+F=(5+26)3+ (526 2[5° +3C, 5. (2/6 )]
= 2[125 + 360] = 970,

= f+Fisainteger,but0<f+F<2

=f+F=1
= k =969.
53 100
57. The coefficient.of X™ in the expansion of z OC (x=3)'* M2 is
m=0
A) 10 c, B) 100 C., c) 10 o p) 1 o

Key. C
Sol.  (x—3)!* +1°C (x—3)®2' +...+®C,, 2

— {(X _3) + 2}100 — (X _1)100 — (1_ X)lOO — 100(:53 (_1)53 —_ 100(:53
58.  If 7 divides 32% , the reminder is

A)1l B) O C)4 D) 81
Key. C

sol. 322" =3m+1lmel*

323232 _ (25)3m+1 _ 215m+5 —28n+5
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1 1 100
59. The number of irrational terms in the expansion of [53 + 24j is
A) 94 B) 92 C) 93 D)91

Key. B

1 1 100 1 1 100
Sol. (53+24] =[24+53J
1 100-r 1\F ror
T1=mc(%j .&{]:mczﬂky

For rational terms, ‘r’ should be divisible by 12.
.. No. of rational terms =9
.. No. of irrational terms = 101-9=92

60. The greatest integer less than or equal to (x/§+1)6 is
A) 416 B) 414 C) 417 D) 415

Key. D

Sol.  (V3+1)°+(3-1)°= 2[GCO(J§)6 +5C,(v/3)* + °Cy(v/3)*+ Gcs} =416
Let (\/§+1)6 = | +F where lisintegral part and F isfractional part
Let (+/3-1)°=G
0<F<L0<G<l=0<F+G<2=F+G=1

l+F+G=416=1+1=416=1=415

61. 2°C +2—21°C +2—31°C Fo+=—2c =
. ot S Gt T Tl =

A) 21 -1/11 B) 3" -1/11 c) 2" -2/11 D) 4" -1/11
Key. B
Sol. Conceptual
3 10
62. If the fourth termein the expansion of (2 +§ Xj has the maximum numerical value then
the range of x contains.
(a)—6—4<x<—2 (b)1<x<% (c)—2<X<% (d)—%<x<2
21 21 21 21
Key. “A
Sol. Conceptual
63. If nis an odd natural number then z (=1) is equal to
r=0 ncr
n n
(a)o (b)1/n (c) o (d) n.2
Key. A
Sol. Conceptual
n 2 2 2
64.  If (1+X)" =Y n X then C;’ +C—1+C—2+ ....... + o
P 2 3 n+1
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|2n 2n+1 2n-1 [n
(a) > (b) > (c) > (d) >
(1n) (In+1) (In-1) (n-1)
Key. B
Sol. Conceptual
b 21
65. In the expansion of §/§+ 3——= the term containing same powers of a and b is
b \Va
(a) 11t (b) 13t (c) 12t (d) 6"
Key. B

42-3r 2r-21
so. T.,=2l.a b3
42-3r=4r—42=r=12

66. The coefficient of X* of the expansion (1+5X+9X? +....... o)L+ %) is
(a) 11 +4.11; +3 (b) 11 +3.11; +4 (¢ 3.11. +4.11, +3 (d)171
Key. D

Sol. Co-efficient of X*
= (L+5x+9x* +13%7 +17x" +.... ) (1+11x° +11 x*+2...)

=11 +99+17

67.  The coefficient of X" in the polynomial (X=1)(Xx —2)(X—3).....(Xx—n) is
(@) n(n®+2)(3n+1) b) n(n®-D(3n+2) ( n(n®+1)(3n+4)

(d) None
24 24 24
Key. B
Sol. T, =(X— ) (X— ) (X — a3 )uue.. (X = 2,,)
=X" —Zlocixn’1 + X F s
4
68. If 1,0c,,0c,,0c,,0ec, are the fifth roots of unity then 22— =
i=1 &7 Oci
51 49 25 25
= b) — == d) =
(a) 3l (b) 31 (c) 2 (d) 16
Key. B

Sol. ‘weknowthat z°—1=(z-)(z-,)(z-,)(Z-a,)(z—,)
Take'log on both sides, diff.w.r.t. zand put z = 2.

69 If a and a, be the coefficients of X" in the expansion of (1+ X)2n and (l+ X)Zn_1 respectively,

then

1. a,=2a, 2.8 =2a, 3.4 =a, 4. None of these
Key. 2
Sol.  Consider T,,, in (l+ X)2n ST, ="CXxX

a, = Coefficient of x" =""C

n
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_2n! 2n(2n—1)! ~ 2(2n-1)!

Tt n(n—1)!(n)! - (n-1)1(n1)

2n-1

Again coefficient of T, ,in (1+Xx)™ is *"*C,
a’ = Coefficient of X" in (1+x)*""
_2n-1 _ (2n _1)!
" ni(n-1)!
12(2n-1)! 1
===
272 (n-1)Int 2 -
L 28,=8a
70. If C,,C,,C,....are binomial coefficients in the expansion ZC,Xr, then value of the
r=0
expression (series)
2C, + 3G, + 4G, + 5Cq SR [~
1 2 3 4
L 2"+1 ” 2" 1 N 2"(n+3)-1 . 2"(n+2)-1
n+1 n+1 n+1 n+1
Key. 3
Sol. Given

(1+X)" =Cy+ Cix+CyX* +... + C, X

Integrating baoth.sides with respect to X, we get

T x )™t 2 3 n+1
(L) =C°X+C1X +C2X + e +C”X +k
n+1 1 2 3 n+1

Putting x=0,
Wegetk:L
n+1
(1+x)" -1
n+1
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C,x Cx* CxX° C x"
1 2 3 n+1

Multiplying with X both sides

x(1+x)" =x Cx> Cx* C,x* C,x"™
= + + Foot
n+1 1 2 3 n+1

Differentiating with respect to X

(n+1)x(1+x)" +(1+ x)n+l -1
n+1

2C,x 3Cx* 4C,x° (n+2)Cnxn+1
= + + o
1 2 3 n+1

Now putting X =1 both sides, we get

2" +(n+1)2" -1
n+1

_2C, 8¢, 4, s (n+2)C,
1 2 3 n+1

2 (n+3)—1:2c:0+3c:l+4c:2+ ________ +(n+2)cn
n+1 1 2 3 n+1

71. In the expansion of (1+X)™ ,the sum of coefficients of odd powers of X is
1.0 2. 2% 3. 2"
Key. 2
Sol. Fact. The sum of the coefficients of odd powers in the expansion of (1+ X)n = sum of the

coefficients of even powers in (1+ X)n

— 2n—l

270—1 — 269
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60
72, Number of irrational terms in the expansion of (5/5 + 1\0/5) are

1.54 2.61 3.30 4,31
Key. 1

60 1 1\%
Sol. Given (§/§+1\°/§) =£25 + BlOJ
Now L.C.M. of 5and 10 is 10

1\60-1 1"
. Number of rational terms let us writes T, , =% C, (ZSJ (SNJ

r r
12— —
_60 Cr2 5310

As 0<r<60
r =0,10, 20,30, 40,50,60

*. Number of rational terms'is.7
*. Number of irrational terms equals to
Total number of terms - Number of rational terms

=61-7=54

o1 Lor
73. If C,,C,,C,,....,,C, are Binomial Coefficients, such that S| = ZW and t, = Z?then

r=0 r r=0 r

t
— equals
S

n

n n(n +1) n+1 4. None of these
1. > 2. —2

Key. 1
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n
r
Sol. Given t, = Z— =
r=o C

74. If (1+x)" =) C,x', then the value of 3C,# 7C, #.11C, +...+(4n—-1)C, is

r=0
1. (4n-1)2"

Key. 3

2. (2n-1)2"

3. (2n-1)2" +1

sol. Let S$=3C, +7C, +11C, +....+(4n-1)C,

Let us write
T = (4r —1)Cr
T, =4rC, —C,

=A4r ECF1 =C,using "C, =
r

iTr = 4'nicr—l - icr
r=1 r=1

r=1

=4-n.2”4(2”—1)

=2n.2"-2"+1

S =2"(2n-1)+1 By using

N
—-."C,,\
r

a. (4n-1)2" -1
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(1+x)"" =Cy +C,x+C,X2 4.+ C, X

2" =C,+C,+C,+...+C,,

2n
75. Middle term in the expansion of (1—3X +3x% - X3) is

6n)Ix" 6n)1.x3" 6n)! 4. None of these
1. ()b 2. (6n)tx™ 3. _(6n)t (=x)*"
(3n)!(3n)! (3n)! (3n)!(3n)!
Key. 3
Sol.  (1-3x+3x" —x° )Zn =(1-x)"
Concept: Index =6n which is even so most middle term
. (6n " th _—
is ?+1 i, (3n+1)" term is middle term,
n 6n! 3n
T, =" C, (—x)" = —X
3n+1 3n ( ) 3n |3n ! ( )

76. Let n be an odd natural number greater than 1. Then the number of zeros at the end of the

sum 99" +1 is

(A)3 (B) 4 (€)2 (D) None of these
Key. C

1+99" =1+ (100-1) " =1+
Sol. n n n n-1 n

{"C,100" —" C,.100" * +........ -"C,}

Because n is odd=100{"C,.100"* =" C,.100" " +........ =

"C,4-100+" C,

= 100 integer whose units place is different from 0

|Q" C, , =n,has odd digit at unit place |

... There are two zeros at the end of the sum 99" +1
77.  If C,,C,Cypyn C, are the Binomial coefficients in the expansion (1+ X)". ‘W being

even, thenC, +(C, +C))+(C, +C,+C,) +.......... (C,+C,+C, +...+C,_ ) =isequal to

(a) N2" (8) N.2"* (c) n.2"* (D)n.2"?
Key. B

Sol.  Sum ={Cq +(C,+Cp +wnntCy )} +={(Co+€) +(Co+C F et C Ly )} +
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78.

Key.

Sol.

79.

Key.

Sol.

The positive integral values of n such that

1.2 +222+3.2°+4.2* +5.25+....+n2" =29 1 2 js
(A) 313 (B) 513 (C) 413

B
214224284 42" =22
224284 2" =Mt _p2

224 42n =M 23

+27 =27 -2

=n(2")-(2"-2)

= 2" (n—1)+2

Given that 2" (n-1)+2= 2210 L2
= (n _1) 2n+1 — 2I’1+10

=>n-1=2

—=n=2°+1=513

3
) "¢ 25

(A)3 (B)4 (€)5
C
it o G _"Cu_ 'C
nCr +" Cr—l " C:r n+1 n
T Cr—l
r
Lo
n+1
Now,
n n r-3 1 n
S={,=s= = re
rz=(;{ } r=0 (n+1)3 (n+1)3 r=0

(D) 613

(D) 6
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7T (n+11)3 {n(nzﬂ)}z =5° 4(::1)

25
Now, S = 2 (given) which is only possible for 5

80. If m and n are any two odd positive integers with n < m, then the largest positive integer

which divides all numbers of the form, m? —n? can be
(A) 4 (B)6 (€8 (D)o
Key. C
Sol. Lletm=2k-land n=2p-1,p<k
Then m* —n” =(m+n)(m-n)
=(2k+2p—-2)(2k—2p)=4(k+p-1)(k—p)

Further if k and p both even, then k-p is even but k+p-1 is odd
If k and p both odd then k-p is even but k+p-1 is odd. If one is even and other odd then k-p is

odd but k+p-1 is even. Thus in every case (k — p)(k +p —1) even

-.m?—n? is divisible by 4x2 =8. Hence, m? —n?is divisible by 8 or any multiple of 8. The
largest integer among the given options is 8

81. If C,,C,C,,...,C, denote the binomial Coefficients in the expansion of (1+x)", then

> (=Drrc, _L+rlog, 10 is equal to
= (L+log,10™)"
A)O B) 1 C)2 D) 3

Key. A
Sol. Let log,10=x

1+rx

- g;‘(_l)r € L+nx)"

n n-1
_[1- 1 o X 1- 1 _0
1+nx 1+nx 1+nx

21
82. In the expansion of [i/%-i— 3 %J the term containing same powers of a and b is
\} a

A) 11t B) 13" C) 12t D) 6%
Key. B
2 r/3 42-3r  2r-21
Sol.  t,,=2%C, (%) *h_acas b
a
42 —3r=4r-42 i.e. r=12

13" term contains same powers of a and b

83.  The coefficient of x* of in the expansion (1+5x+9x* +....)(1+x’ )11 is

A) "'C,+4"C,+3 B)"C,+3"C,+4 C)3"C,+4"C,+3 D)171
Key. D
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Sol.

84.

Key.

Sol.

85.

Key.

Sol.

86.

Key.

Sol:

87.

Key.

Sol.

Coefficient of x* is (1+ 5X +9x> +...)(1+ x> )11
=(1+5x+9x> +...)(1+11x2 +1C, (xz)2 +)

= (145X +9x” +13x° +17x* +...) (1+11x° + "C,x" +..)
Coefficient of x* is *C, +9+11+17=55+99+17 =171

25 .
If (14X +X2) " =a, +a,X+2,X" +...+85,X*, then &, +a, +8, +...+ 2, is

A) even B) odd and of the form 3n
C) odd and of the form (3n — 1) D) odd and of the form (3n + 1)
A

putting x = 1 and — 1 and adding
41 (1+2)°+1

ay+a, +..+a85, =

2 2
_ 25C0+25C12+25C2.22+...+25C25.225+1
2
2[1+%5C, +2C,.2+...+ 5C,.2%
_ [ 1 22 ) ]=2[13+25C2+...+25C25.223] is an even integer

The co-efficient of X" in the polynomial (x — 1) (X =2) (X —3) ... (x—n) is

n(n®+2)(3n+1 nfn-1)(3n+2
o M2+ i 1) +2)
24 24
n(n®+1)(3n+4)
Q) D) none of these
24
B
E=(x—oy)(X—0,)(X—0y)..(x =0, ) wher a, =1, o, =2 etc

=x" —(Zal)x“’l +(Za1a2)xn’2 +..

Hence co-efficient:of X" = sum of all the products of the first ‘n’ natural numbers taken two
(1+2+3+..+n) (P +2° +..+n*) n(n’-1)(3n+2)

atatime = =
2 24
The remainder when 27% is divided by 12 is
A)3 B) 7 C)9 D) 11
C
2740 — 3120
3M9 _ (4 _1)119 _ 119C0 4110 _119C14118 + 119C2 4117 1 034116 T+ 119C1184 -1
3 =4k-1

3% =12k -3=12(k-1)+9
The required remainder is 9

2n 2n
If >'a,(x-1) =>'b,(x-2) and b, =(-1)"" forall r>n,then a, =
r=0 r=0
A) 2n+1Cn71 B) 3nCn C) 2n+1(:n D) 0

C
Letx—1=t, then
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88.

Key.

Sol.

89.

Key.

Sol.

90.

Key.

Sol.

91.

2n 2n
dat =>b(t-1)
r=0 r=0
2n
a, = coefficient of t" in Y b, (t-1)
r=0

= coefficient of t"bin (b + b, (t=1)+...+b, (t=1)" +b,, (t-1)"" + ...+ b, (t-1)")
=b, "C, +b,,, "'C,(-1) +b,,, "?C,(-1)* +..+b,, *"C, (-1)"

=(-1)""."Cy + (1), I, .+ (<1)T 2,

="C, +"C, +"?C, +..+°"C, +...+ "C, =*"C, ="""C,,

_ 2n+1C
- n

1 1 6561
In the expansion of (73 +119J total number of terms free from radical signs is

A) 729 B) 730 C) 731 D) none of these
B

6561-r

T _ 6551Cr 7T 11r19

r+1 =
The term is free from radical sign, if r is multiple of 9 and.6561 — r is a multiply of 3
i.e. r=20,9, 18,27, ... 6561. These are 730 in number,

The last two digits of the number (23) are

A) 01 B) 03 C)09 D) None of these
C

(23)" =(529)" =(530-1)’
="C,(530)' —"C,(530)° +...#7C4(530)" +C,530 -1
="C,(530)" ~7C,(530)° ...+ 37101

=100 m + 3709
last two digits are 09

2
ZZ(Q +CJ) N
0<i<j<n
a)(n—1).2C, +2" b) *'C,+2" ¢ *"C,—(n+1)2" d)None
A

N (C+C,) =Y C+C?+2CC; =n(C2+C2 +...eet C2 )4+ 233 CC is

2n _2n
=n’"C, + Z(QJ

22 =""C +2> > CC,
1 1 1

1 .
15 " [213 5 [7e

The value of
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214 215 210 213
a) — b) — c) — d) —
115 16 15 15
Key. C
Sol. Multiply and divide by 16!
92. The term independent of x and y in the expansion of

i)
a) (ZCT 0> ("C,) o) [ZCT a3 (C)

r=0
Key. D

Sol. It can be simplified as (1+ X)n (1+ y)n (14‘ i}
Xy

The constant term is CJ +C? +.....+C}

93.  IfC,="C,, then (C,—C,+C, —Cy +...) +(C, ~Cy #Cg=C, +..) s

n+1

a) 27" b) 2" c) 2% d22
Key. B
Sol. Put X =i in the expansion of (1+ X)n we get

4} Take modulus

both sides and square it

9
94, The coefficient of X° in (ZX—%j is

X
a) 41472 b).28.3° 2834 d) 44172
Key. A
- 7 2 9, ,\4
Sol. r=2 , coefficient =9C , (2) (—3) =(2) (3)
k 5
95. If the coefficient of x in (XZ + —j is 270, then the value of k is
X
a) 2 b) 3 c)4 d)5
Key. B
Sol: r=3,5 k3:270 k=3
C
3
X n
96. In the expansion of (2 + gj , coefficient of X 7 and X 8 are equal. Then the value of n is
a) 49 b) 50 c) 55 d) 56
Key. C
Sol n 2n_7 =N 2n_8 n=>55
C; 37 Cg 38
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97.

Key.

Sol.

98.

Key.

Sol.

99.

Key.

Sol.

100.

Key.

Sol.

101.

Key.

Sol.

102.

1 20
Value of the numerically greatest term in the expansion of (l + — is
3

20 1 20 1
a) C7 E b) C 3 E
) 20 1 g 20 1
8 27,3 7273
D
21 20 1

The coefficients of 9™, 10" and 11 terms in the expansion of (1+ x)n are in A.P.then

the Value of n is

a) 23 b) 7 c) 4 d) 21
A
r=9,n°~(4x9+1)n+4x9%-2=0,n=140r 23,
The number of terms in the expansion of (p +q+r+ S)n is
n(n+1) (n+1)(n+2)(n+3)
a) b)
2 6
) n(n+1)(2n+1) ) (n+1)°n°
C —
6 4
B
Standard formulae.
4 124
The number of irrational terms.in the expansion of (\/g + \/g) is
a) 125 b) 32 c) 93 d) 34
C

; 124
No of rational terms are T +1=32,

If'a,a,,a;,a, are any 4 consecutive binomial coefficients of the expansion of (1+ X) n

a a a
Respectively, then 1 , +2 , +3 arein
a1+a2 8.2 8.3 a3 a4
a)A.G.P b) G.P c)H.P d) A.P
D
1 3 3 133 3609 .
1+3'3+3'3+1 4’6’4 12'12'12°

If the sum of the coefficients in the expansion (x - 2y+3z) " is 128, then the greatest
coefficient in (1+x) " is
a) 25 b) 35 c) 45 d) 31

32
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Key.

Sol.

103.

Key.

Sol.

104.

Key.

Sol.

105.

Key.

Sol.

106.

Key.

Sol.

B
7.6.5
Put X=y=2z=1then2"=128,n=7, 7. =——=35
*1.2.3
If n=2009, then N =2009 "—1982 "—1972 "+ 1945" is divisible by
a) 658 b) 1977 c) 1988 d) 2009

B
Since nis odd X" +Yy" has divisor x+y.

If Co, C1...C10 are the binomial coefficient in the expansion of (1+x) %, then
2 3 11
2Co+ Ci+ 2 C+ +2 C
0 - 1 I 2 T 10
2 11

211 211 1 311 311 _1
a) — b) c) — d)
11 11 11 11
D
10 2110 n_
[[(1+x)"dx =102+ =% +......... e 3 1
11 11

2n 2n
If (1+px+X°)" = > ax’, then D (2r+1)a, =

r=0 r=0
a) (p+2) b) (2p+1)(p +2)°
¢) (2n+1) (p+2) " d).(p+2)"

C
2> ra, +Y. " a, =2nQ2 +p)" P+ 2)+(2+P)
=(2n+1)(P +2)’

19 8 6
Let (X* +ax® + 2X=5) " (X* +px—41) (x* —x*+x-7) =
X% +391x% 2 X* +ag,X* +...+a,X +a, be an identity, where
o, By 8gs,84,,0..38,,8, are integers. Ifo. + 3 <10, then the smallest possible value of a.is

a)7 b) 8 c)31 d) 23
C
. _— . 1 L
It will be.an identity even if we replace x by — and considering numerator alone.

Differentiating on both sides with respecttoy, aty =Owe get 19 +83 =397, a +pf=10—k

where k is positive integer. Put f=10—a—K in first equation we get 11o.—8k =317
L a=31
107.  The number of different terms in the expansion of
2008 2007
(1+x)2009 +(1+x2) +(1+x3) is
a) 3683 b) 4017 c) 4018 d) 4352

Key.

B

33
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2009 ) 22008 .
Sol. (1+ X) has 2010 terms in total. (1+ X ) has a constant, even power of x starting

from 2 to 4016 but already even powers of x from 2 to 2008 were enumerated in (l+ X)zoog'

The remaining terms containing even powers of x are from 2010 to 4016. They are 1004 in

)2007

number. In (l+ x3 hasa constant, multiples of 3 as powers of x. Even multiples of 3 from 6

to 4014 were already enumerated in above expansions. The remaining even multiples of
3 from 4020 to 6018 which are 334 in number. Odd multiples of 3 as powers of x from 3 to 2007
were enumerated in above expansions and the remaining from 2013 to 6021 are to be enumerated.
They are 669 in number.

.. the number of terms in the expansion = 2010 + 1004 + 669 + 334 = 4017.

108. The term independent of x and y in the expansion of

[+ + (Y +%)2+(M +%)2_4]n s

A (D" ) B) >.("c,)’° (") D) > ("¢,)’
r=0 r=0 r=0 r=0
Key. D

1
Sol.  The given expression can be written as (1+ X)".(1+Y)"(1+ —)". The constant term is
Xy

clearly CJ +C;} +————+C} wherec, ="¢

N
10
109. The sum of the rational terms in the expansion of (x/§+ E’/g) is :

A) 41 B) 42 C) 39 D) 45
Key. A

10-r L
2

sol. T, =10C, 3

10=r

r
This is rational , if and g are integers.

.. There are only two rational terms

Namely 1oc0(J§)1° (3§J0 and 10C,, (v/2 )° (;ﬂm

S.sum=32 +9 =41
110. U (1+%)" =2, +aX+8,X" +....+a,X" inwhich &, 4,8, ,,, ,are in AP, then

A).a;,a,,a, arein GP B) &,,a,,a, arein HP
Q)n=7 D) n=14
Key. C
Sol. an—3 = a3' a'n—2 = a‘Z’an—l = al(Q nCr = nCn—r)

". (A) is correct.

-1 -1)(n-2
E:I],az,a3areinAP:>I‘l,n(n2 ),n(n E)S(n )areinAP.

n(n-1)(n-2)
6 n(n-1)
2 2

n+
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6n+n®—=3n*+2n=6n?-6n
n°-9n*+14n=0, (n-7)(n-2)=0
. n=7.

n
111.  Ifx= (2+ \/§) , then the value of x-x? + x[x] where [.] denotes the greatest integer function,

is equal to

A)1 B) 2 C) 22 D) 2"
Key. A
Sol. x-x% + x [x] = x = x(x-[x]) = x(1-{x})

n
Now x + x1 = even integer where x;= (2—\/5) clearlyx; € (0,1) VneN.

o Ax} + xq= integer
=>{xl+xi=1

1 n
112. Inthe binomial expansion of (\/;+4—j , e N the coefficients of first, second and

24/x

third terms form an A.P. The number of rational terms inthe expansion is (Assume that X is a
rational number and \/;, (‘/; are irrational)

A) 1 B) 2 Q)3 D) 4
Key. C
o (o] g () (A 147

24/x r=0 24x =0 2
’ D n(n-1) arein AP.= n=8
2 8

113. (|1+2[2+3[3+.......+2009[2009) +1

A) 2|2010 B) [2010 C) 12011 D) 2|2011

Key. B
Sol. [14+212+33+...cc..... $nn=[n+1-1
114. The sum of'coefficients of the terms of degree ‘m’ in the expansion of

(L+x)(L+y)"A+2)"is
) ("C.) (®) 3("C,) (©) "C,, (D) 'C,

Key. D
Sol. . “Putting y = z = x we get (1+x)*" coeff x" =*"C_

115. _If Cr denotes "C, then the value of S &6 &, (-1)" G _
2 3 4 5 n+2
1 1 1 1

A) —— B) —— C) —— D

& n+1 (B) n+2 ©) n(n+1) ( )(n+1)(n+2)
Key. D

1
n 1

Sol. R = 1-X) dX=—+—=
0 eq sum _([x( x)" dx (D7)
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10
116.  If the 4" term in the expansion of (2+%J has the maximum numerical value, then

‘x’ lies in the interval

WEALY) e8]
21 4 23 23
—64 —64
C)|—,2 D)| -2, —
( )[ o j ( )[ 21]
Key. AorB
Sol. t—3<1 andt—5<1
4 4
ie., E <l ‘éx <1
X 64

xe or-2)u(2 ]
21 21

15 15\
117. The Value of leCr(r—?j is

r=0

A) 2°.15 B) 2215 C).2%.15 D) 2°.15
Key. C

S 15 2 S 15 225 15
Sol. M *C.r*-15yr. Co+=px2

r=0 r=0

15

15
D r?Bc, 15> [r-1+1]x* G, =15.2" +15.14.2" = 2°.60

r=0 r=1

.. Required Sum = %x 254 21°.60—225.2"

1 1 1 1
118. The Val f + + + i
S s s s 709
214 215 210 213
A) — B) — C) — D) —
5 ) 6 5 5
Key.«.C

Sol. _Let Sbe the required Sum. Then we have 2Sx /16 ="° C, +'°C, +"°*C, +*°C, +...+"° C,,
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Binomial Theorem

Integer Answer Type
1. The sum of last 3 digits of 3'* is

Sol. We have

=% C,.(80)" +% C,.(80)" +....4% C,, (80)’ + *C,, (80)" +* C,, (80) +** C,
=10°[ *C, 8% x10” +* C, x8 x10” +.....+% C,, x8° |
25x 24

+ x(80)" +25x80 +1

=10°m+1920000+2000+1, where me N
=10°(m+1920+2)+1

= 3% -1=10°(m+1922)

= 3% _1 js divisible by 1000

Thus, last three digits of 3'%° are 001, last two digits of 3'%° are 01 and the last digit of 3'®°
is 1

2
n n 2
2. If neN and C, =N Cy, and Zkg{ S J =n(n+1) (n+2) then pis
1

k= an—l 3p
Key. 4
Sol. We have
"C, n-k+1
"C., . k
n

2
k=1 an—l
n % ( n—k +1j2
k

_k}z

I Il
=~ =~
S
LN
~

S o
4N

{(n+1)
k{(n+1)" ~2(n+1)k+k*}

Il
=

S
UN

|:k(n+1)2 -2(n+1)k? +k3J

=~
[N

—(n+1)’ @kj_z(nﬂ)@wj{iwj

k=1
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Key.

Sol.

Key.

Sol.

~ (n+1)° {@}—z(n +1) n(n+123(2n+1) +{”(”+1)}2

2
n(n+1)2

=T{(n+1)—§(2n+l)+g}

, n(n+1)2 6(n+1)—4(2n+1)+3n
..... (i) = X
2 6
n(n +1)2(n+2)

12

If C,,C,,C,...C,, denote binomial coefficient in the expansion of\(1+ X)n and
given a=b=2 and n=10, then

aC, +(a+h)C,+(a+2b)C, +....+(a+nb)Cy =4K.2° wherekis®

6

We have

aC,+(a+b)C,+(a+2b)C, +....+(a+nb)C,

n

> (a+rb)"C,

=0

=a| > ."C, +b[ir"crj
r=0

=a| > ."C, +b[zn:r$ "1C,_1j
r=1

=a Zn:”Cr +bn[zn: ”‘1Cr_lj

r=1

—a, 2" +bn 21" [Q Z "C, = 22 e = 2"1}
=(2a+bn)2"*

Given *Cx(1—X)" +28C,x2(1-x)® +32C,x°*(1—X)° +.....+8.X% = ax+b, Find a+b
8

SCx(1-x) +2°C, x* (1-x)’

+35Cx* (1= )"+ 4 nEC, X* =8X

Solution we have,

"C, x(1-x)""+2. "C,x* (1-x)""

+37C¢ (1-%)" .40 "C X"
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= Zn: r"C.x" (1-x)""
r=1
- Zn: r. %n -1C., x"(1-x)""
-1
— ni n—lC X. Xr—l (1_ X) (n-1)—(r-1)
=1 r-1

— nXZn: n—lC Xr—l (1_ X) (n-1)—~(r-1)
=1 r

= nx[x+(1—x)]n_l

=nx .=8x(n=8)
a+b=8

n

1 LT
5. Let an:Z_vl—etﬂn:Z_forn=1o,ﬁnd%

r=0 Cr r=0 ncr
Key. 5
51
Sol.  Wehave ¢, = Z - :n=10
r=0 Cr

r n/2
2)-1
=2 n2 + - Ko N (ii)
r=0 Cr Cn/2
. Z r
r=0 nCr
_(”il r n-r| n/2
=0 nCr nCr nCn/2
n/2-1 n n
~rc [ 2°c,
n n/2-1 1 1 n
=— + =—a, [Usi ii
2{ Z;C} ; nJ 5 [Using ii]
Hence,
an -y forallnen
r=0 Cr 2

n n k
6. If =N r— ,find k
rZ(:)( ) ¢ 2l
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Key.

Sol.

Key.

Sol.

2
We have

n r e
Z(_l) n+2cr:r

r=0

r

n! 21r!

rzo(_l) (n—r)!r!x(r+2)!

:2,:0(_1) (n—r)! (-r+2)
B 2 STy (n+21)
"2 Y e 2)re2)
2 3 2 ne2
" &Y e
2 n+2 S )
"y G
2 & S ne2 n+2 n+2
e e e
:(n+1)2(n+2)[0_{1 (n+2)}}
2
T n+2

s=a+(a+d)+(a+2d)+.....+(a+nd)and

A=a+(a+d)"C, +(a+ 2d)ng, +.....+(a+nd)ng, then

(n+1DA=k"S where k =
2
We have

s=a+(a+d)+(a_2d)+....+(a+nd)

n+1[2a+ n+1— 1)d]

:S_n+1(

2a+nd)

Now,

A=a+(a+d) "C,+(a+2d) "C,+....+(a+nd)"C

n

4
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:g(aﬂd) "C,
=a(i”0r]+d[ir. ”CFJ

r=0 r=0

N n
=a2"+dn2"" {Q D> 'C,=2">r"c, =n 2”‘1}
R=0 r=0

=(2a+nd)2""

S ESCHO e

_s.2"
n+1
~(n+1)A=2"S
200 200
8. Consider two polynomials f(X) and g(X) as g(X)= > a X and f(x)= > ,Brx .
r=0 r=0
200
Given (i) ’Br =1vr >100, (ii) f(X +1)=g(X). let A= > a . Find the remainder when
r=100
Ais divided by 15.
Key: 1
200 |, 200 "
Hint: Y ax =3 B (r+x)
r r
r=0 r=0
+a, X+ X2 it 200
O+ X+ 0, X s @00
200
=By + 1(1+x)+ ...... + 200(1+x)
. .\ 100 _100 101 200 20
Equating coefficient of X, we get %0 = C100 + C100 +onn C100 = C101
Similarly we cant find %007 %00
200 201 201 201
> a="C .+ C__+... C
12100 r 101 102 201
200
A=2

When A is divided by 15 remainder is 1.

9. (L-1)Coefficient of x° in ((1+ X)(1+ Xz)2 (1+ X3)3 ....(1+ x" )n) is 4k. The numerical value of k is

Key: 7
Hint: The coefficient of x® in the given expression = coefficient of x® in
(1+6 Clxe)(l+5 Clx5)(1+4 C1x4)(1+3 Cx*+2C,x° )(1+2 Cx*+° C2x4)(l+ X)
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10.

Key.

Sol.

11.

Key.
Sol.

12.
Key.

Sol.

13.

Key.

= coefficient of x® in (1+ 6x° +5x° +4x4) (1+ 2x% +3x% + x4 +6x° +3x6) (1+x)
= coefficient of x® in (11x5 +17x6)(1+ X)
=28

L+ X)L+ X+X) @A+ X+ X2 +X%) ... (L+X+X*+.. 4 X

When written in the ascending power of x then (the highest exponent of x) — 5045 is
5

100(101)

Highest exponent of x=1+2+3+ .....+ 100 = : 5050

Find the Coefficient of X% in (1 + x +x? + x3 + x#)199 (x — 1)1,

0

Coefficient of x1%% in (1 + x + x? +x3 + x*)° (x — 1)?%

Coefficient of x1% in —(1 — x)? (1 — x°)**°

Coefficient of x1% in —(1 — 2x + x2) (1 — ¥9C; x° + 199C, x1° — 199C3 x1>%#...00)
Coefficient of x}® =0

Given *Cx(1—X)" +25C,x*(1-x)® +3°C,x°*(1— X)°+....c+8.X% = ax+b, Find a+b
8

"Cx(1-x) +2°C, x*(1-x)’

+35Cx% (1= )"+ + nEC, X° =8

Solution we have,

"C, x(1-x)""+2. "C,x* (1-X)

+3"C¢ (1-x)" .+ "C X

n=2

>

= I
— ni n—lC % Xr—l (1 X) (n-1)—(r-1)
r=1 r-1
— nxi n—1C Xr—l (1_ X) (n-1)—~(r-1)
r=1 r-1
=nx[ x+(1- x)]nfl
=nx .=8x(n=8)
a+b=8

n

1 Lor B
Let &y :Z n , Let :Bn = Z N for n = 10, find %
n

r=0 Cr r=0 Cr
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Sol.

14.

Key.

Sol.

-1
We have , = Z -
r=0 Cr

r n/2
=2 2 }+ t o (ii)
= "C.| "C,
oo
..rz_(;ncr
& r n-r| nJ/2
X e

2
n/ -1
:EH ”C} nC }:ga [Using (ii)]

> ' :gan forall ne N

r=0 r

kK &
IfZ( iy (”Z’C = findk

2

We have

n rnC

Z (_1) n+2cr:r

r=0

U “  n! 21r!

,:O(_l) (n—r)!r!x(r+2)!

:Zr:O(—l) (n—r)! (.r+2)

B 2 STy (n+21)
"2 Y e 2)re2)
B 2 3 L2 ne2

R T




Mathematics Binomial Theorem

15.

Key.

Sol.

s=a+(a+d)+(a+2d)+.....+(a+nd)and
A:a+(a+d)”C1+(a+2d)nCZ+ ..... +(a+nd)ng then
(n+D)A=k"S wherek =

2
We have

s=a+(a+d)+(a_2d)+....+(a+nd)
:s:nTJrl[Za+(n+1—1)d]

:s:nTJrl(Za+nd)

Now,
A=a+(a+d) "C,+(a+2d) "C,+....+(a+nd)"C

n

n

:g(aﬂd) "C,
=a(i”crj+d(g‘r. ”CrJ

r=0
N n

=a2"+d.n 2"t {Q D> 'C,=2">r"c =n 2”‘1}
R=0 r=0

=(2a+nd)2"*

= {nTJrl(ZaJr nd)Hnin 2"1}

_s.2"
n+1

~(n+1)A=2"S
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16. The sum of the series 3.?°”’C, —8.%C, +13*"C, —18.”*'C, +.... upto 2008 terms is

K, then K is
Key. 0

2007

Sol. Series = Z (-D"(5r+3) ®'C,=0=>K=0
r=0

n+4
17. If n is a +ve integer greater than 3 such that (1+x°)*(1+X)" = ZaKxK and a;,a,,a,
K=0
are in AP then maximum value of n is
Key. 4

n+4

Sol.  (1+x*)*(L+x)" =D acx"
K=0
a,=nC, 2+"C, =4,
"C,+2."C, =4,
But a,,a,,a, arein AP
(n-2)(n-3)(n-4)=0=n=2,3,4

Maximum value of N is 4.

18. If C, is a binomial co-efficient in the expansion of (1+x)", find the value of

> > (i+§)CC;.
i-L -1

Sol. Note: C,+C,+C,+..+C, =2"&1.C, +2.C, +...+n.C, =n2""
Z":Zn:(nl)cicj =X3i C,C; +23jC,C,

i=1 j=1

= 1 iCi.Ejzil“cj}gjcj. (gci}(zn ~1)23iC; =(2" -1)2n.2"* =n2" (2" -1)

19. Let (1+x3)” :Zarxr(l_x)sn—a, n>2, then find the value of n so that a,,a,,a, are in
r=0
A.G.P.
SOI |f (1—X3)n — arxr (1_X)3n—2r
r=0

= [(1—x)(1+ X erz)]n =(1-x)" rZ:‘arx’ [(1—x)2]n =>ax [(1—x)2]

N chr(sx)[a-x)z]"r:éa,x[(l-x)z]”r

r=0

Comparing the coefficients of like power of x on both sides, we get a, ="C,.3".
a,=3."C,,a,=9."C, and a, =27. "C,
a,,a,,a, arein A.G.P. iff "C,, "C,, "C, arein A.P.
n=7Ans.

(n-1)(2"* -n-2)' |

n"*(n +1)”71

20. Prove that "C, "C, "C,.."C, <
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Sol.

21.

Sol.

22.

Sol.

23.

Sol.

L 1
[ L (“co.“cl.”cz...."cn)} =[1“c1.1"c21“c3...i"cn}"

(n+1)! 2 "3 P4 Tl
1 n 1n 1n 1 n % n+l
<§ Cl+§ C2+Z C3+...+m C”=r=1 r*1=2”*1—n—2
B n n(n=1) n(n+1)
(n +1)!(2”+l—n—2)n (n—l)!(2”+1—n—2)n

"C,"C,"C,..."C_< =
o TEm o n"(n+1)" n"*(n+1)""

n - .
If (1+2x+2x7) =a, +a,x+a,x* +...+a,,x"" where n is even, then find the value of

dgd,, —dd, 4 +...+3,,8,.

(1+2x+2x7) =2, +2,x8,%" +...+ 8, X" ..(0)
Replace x by — x
(1-2x+2x%) =a, —ax+a,x* —..+ 2, X" ...(ii)
2y, — 485, 4. = coefficient of x*" in the product of RHS of (i) and (ii)

= coefficient of x?".inthe product of LHS

= coefficient of x*™.in [(1+ 2x2)2 —(2x)2}
i.e.in (1+4x“)n

= coefficientof y" in (1+ 4y2)n where x2 =y

N, & (nis even)
2

10
If the middle term of (i +XSsin x] is equal to 7% , then find the value of x.

X
There are 11 terms in-the expansion ... 6! term is the middle term.

1 5
T, ="°C, (;j (xsinx)’

0C(Sinx )’ =%

. 5 »63 1 1
(sinX)"'=—x—=—
8 252 32

= sinx:l

x:nn+(—1)"g, nel Ans.

Find the last three digits of 17*°
We have 17> =289 =290-1

Now 17% =(17%)" =(290-1)
=18C, (290) —*2C, (290)” +%C, (290)"” —....
~18C . (290)° +%C,, (290)” —2C,,, (290) +1

128

127

10
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- 1000m + (122127)

(290)° —(128)(290) +1

Where m is a positive integer.
= 1000 m + (128) (290) [(127) (145) — 1] + 1
= 1000 m + (128) (290) (18414) + 1
=1000 m + 683527680 + 1
= 1000 [m + 683527] + 680 + 1
= 1000 [m + 683527] + 681
Thus, the last three digits of 17°*° are 681. Ans.

24.  Find sum of rational coefficients in expansion of (%/gx +/3y + 2)6

! a
Sol.  Any term of the expansion is of the form L(51’3x) (31’2y)b z°
alblc!

z°, a,b,c non-negative integers and a + b + ¢ = 6. For rational coefficients ‘a’ must be

multiple of 3 and b must be multiple of 2.
The following are the possibilities

6! 61, 61, 618l 6!

|
Sum of coefficients =E+—'.3+—3 +—3'+ —5%—53+—-5%=1233 Ans.
6! 2141 412! 6! 3131 . 312! 6!
25. Find the algebraically second largest term in the.expansion of (3— 2x)15 at x =% .

Sol.  (3-2x)° at x:%

4
. 16|2X| :16x2x§:@
_3+|2X| 3+§ 17

r=7
8 7
t,, =ty ="Cy3 (—2x)7 =-"C,3 (éj is numerically greatest term.

t; and t, are positive terms
t, =1°C,3° (-2x)’ =*C,3°(8/3)’ ="°C,8°.3°
and t; =°C, 3 (-2x)’ =*C,. 3’ (8/3)° =°C, 83

1 88 | 1 86 4
tgt7=£8__£86_33=£8_ 6_4_3_ >0
81713 8le! 86!'3| 7 9
t, <t
810
t11:15C103_5
t, —t,, =10935-4096 > 0
t,>1,

Thus t,>t, >t
Hence t, is the second largest term.

11



Mathematics Binomial Theorem

26. Coefficient of X* in (X —1)(X2 - 2)(X3 —3) ...... (X20 - 20) is k then sum of the digits of k
is

Key. 4

Sol. (x=1) (x*=2) (x3>=3) .. (x"=n)

Highest power of x = 1+2+3+.....+20 = 210 we require, coefficient of x?1*”7

= either, we should leave

X'=7, (x=1) (x*~6), (x*=2) (x>=5), (x*-3) (x*~4), (x-1) (x*-2) (x**—4)
= required coefficientis 12 + 10+ 6 -7-8 =13

11 11
1 1
27. If the coefficient of x” in (axz +b—j and the coefficient of x 7 in (ax—b—zj are equal if
X X

1
b= 5 then the value of ais

Key. 9
Sol. ab=1

n
28. Let f(n) = (\/§+l) , ‘n’ being an odd positive integer.[.]'the greatest integer function then

the value of ‘n’ for which [f (X)] =82 is.
Key. 5

ol (V2+1) -(V2-1) =2{",(v2) "4 6, (¥2) Thanc
= integer

= (\/E—l)n is the fractional part of (\/5—1)

2 [fi] :[<\/§+1)n:| 2 (\/§+1)n —(Ji—l)n is satisfied forn=5

3 141X
29. If oo and B are the roots of equation x> + 4x + p = 0 where p = chr

= (L+nx)

n

(—1)r then the

value of | a-B |.is ......

Key. 4
n 1) @ (—1)r rx
Sol: =>yn,. +>n ———
LRI [anj & (LX)
= (1— L j +in: “’1CH—(_1) Xr
1+nx r=1 (1+nx)
n n-1
_(_nx ) nX 1- 1
(1+nx] (1+nxj( 1+nxj
0

_ la—pl=4

12



Mathematics Binomial Theorem

30. "c,"C,-"c,“Ic +"C, “"°C, —"C,""°C, +..+ to n terms is equal to (1+k)"
then the value of k is
Key. 2

4n

Sol.  Coefficient x"in {"CO (1+x)" -"C,(1+ X)m_3 +"C, (1+ X)4n_6 ot (—ZI.)n "C,(1+ X)n}

— Coefficient x" in (1+ X)n {(1+ X)3 —1}n =3

35
31. If the sum of the coefficient in the expansion of (ax2 — 2X+1) is equal to the sum of the

35
coefficients in the expansion of (X - ay) ,then the value of « is.

Key. 1
Sol. Conceptual

32. Thevalueof9950—99.9850+%(97)50— ...... +99 is

Key. O
Sol.  ®C,99% —*C, (99-1)" + ®C, (99 -2)" —.....+ **Cys (99 - 98) ™ **Cyy (99 - 99)

=99%[ ¥Cy = *C, + ¥C, —....# ¥Cyqy — *°Cyy |+ *°C,99%[ ¥C,~2.7C, +3.%C,—... | +....=0

m
[ 1og(10-3" _
33. At which x > 0 the 6" term in the expansion of the binomial ( 2 oaf10-%) +3 ol 2)Iogs] is

equal to 21, if it is known that the binomial coefficient of the 2", 3™ and 4" term in the
expansion represent respectively the 1%, 3™ and 5 terms of an A.P (the symbol log stands
for logarithm to the base 10).

Key. 2

Sol.  2."C,="C,+"C,

=m=7

7-5
9l 7C5|: 2|og(103*)} X[s o(x-2)log3 T

=X=2

34. When 32% is divided by 34, it leaves the remainder 3k + 5 then the value of Kk is

Key. 9
Sol. 3238 =215=2x 164 =2x (17-1)* =2 x (17k-1) =34k -34 + 32
So the remainder is 32.

35. If the sum of all the coefficients of the terms in the expansion of (x +y + z + w)°®
which contain x but not y, is 95t then the value of t is
Key. 7

Sol.  The sum of coefficients of terms not containing y = 3°
The sum of coefficients of terms not containing both x & y = 28
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So the required number = 3° - 2° = 665.
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