Mathematics Functions

Functions
Single Correct Answer Type
1. Types of Functions

1. f:R->R, f(x)=x| is
1) one-one but not onto 2) onto but not one-one
3) Both one-one and onto 4) neither one-one nor onto
Key. 3
X2 if x>0
Sol. Give that f(x)=40if x=0
—x? if x<0
2. Letf:[0,43]|> [o, %Jr log2 } defined by f (x)=log, Vx> +1+tan*x then f(X) is
A) one —one and onto B) one — one but not.onto
C) onto but not one — one D) neither one — one nor onto
Key. A
X+1 .. .
sol.  f'(x)=——= f(x) is increasingin [O, \/ﬂ
X“+1
3. If f:N — N is defined by f(n)zn—(—l)n,then
(A) fis one-one but not onto (B) fis both one-one and onto
(C) fis neither one-one nor onto (D) fis onto but not one-one
Key. B
Sol. This function f maps
152, 2->1
34, 4-3
556, 6>5

ie., 2m—-1—2m and 2m —>2m-1
So fis one-one and onto.

4. Given A={X,y,z}, B={u,v,w}, the function f :A— B definedby f (x)=u, f(y)=v, f(z)=wis

1) Surjective 2) bijective 3) injective 4) all of the above
Key. 4
Sol.  Conceptual

2. Domain & Range

6. The domain of ,/sin(cos x)

1) |:2n7r,2n7z+%}, nel 2) ‘:2n7z+%,2n7r+7r}, nel
3) 2n7z+7r,2n7z+3—7[ ,hel 4) 2n7z—£,2n7z+Z ,hel
2 2 2
Key. 4
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Sol.

Key.

Sol.

F(x) is defined when sin(cosx)>0

cosx>sin""0=cosx >0
X lies on I and IV quadrant

T T
2n;z—E£x£2n7z+E, nel

2
: X
The domain of the function f ()= sml[log2 (? J is

1) [-2 2] 2) [-2,-1] 3) [12] 2) [-2,-1]U[a.2]
4

sin X _ X 1% 2 >
f (x)=sin| log, 5 eR < -1<log, 5 £1<:>2£2£2<:>1£x <4 & xe[-2,-1|U[12]

8.

Key.

Sol.

Key.

Sol.

10.

Key:.

Sol.

11.

The domain of definition of the function, f(x) given by the equation 2* + 2¥ =2 is

(A)0< x<1 (B) 0<x<1 (C) —0<x<0 (D) —o<x<1
D

Itisgiventhat 2X+2Y= 2VX,yeR

Therefore, 2*=2-2Yy<2 = 0<2*<?2

Taking log for both side with base 2.

= log,0<log, 2" <log, 2

Hence domain is —oo < X < 1.

) ) 1. 1 .
The domain of the function f(x)_;+sm x+m is
1) [-11]\{0} 2) [-11] 3) (-1,0) 4) ¢
4

X#0, -1<x<l, x—2>0

_sin[x]z +tan[x]z

If f R~ Ruisdefined by f (x)= o ]2 , then the range of f= (where [x] denotes
+[x

integral part of x)

1) \[=11] 2) {11 3) {1 4) {0}

4

[X]=neZ < sin[x]z =tan[x]7 =0

The range of f (x)= ﬁ is
_I_
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Key.

Sol.
12.

Key.

Sol.

13.

Key.

Sol.

14.

Key.

Sol.

15:

Key.

Sol.

3 [13 (03 JuE)

1
-1<sin3x<1

Let f:R— [0%) be defined by f (x)=Tan™*(x* +x+a). Then the set of values of a for which f is

onto is
1 1 1 1

1) [O, 2) [, 3) [=,(~0,= 4) J=
) [0.) ) ) N B R
4
x* +X+a=0 has areal solution

=1-4a>0
The range of X* +4y* +9z° —6yz —3xz—2xy is
) & 2) R 3) [0,) 4)_ (~0,0)
3
x2+4y2+922—6yz—3xz—2xy=(x)2+(2y)2+(32)2—(2y)(32)—(x)(32)—(x)(2y)20

". Range = [0,).

2
The range of )(2——)(+1 is
X“+x+1
1 1

1) |=,3 2) |=,1
) {3 } : {3 }
3) [1.3] 4) (—oo,%]U[f)’,oo)
1

x> —x+1 > ) )
Let y= =YX R YX+ Y =X —x+1=(y-1)x* +(y+1)x+(y-1)=0

X2 +2X+7
x € R =5 Discriminant > 0= (y+1)" —4(y-1)" > 0= -3y?+10y-3>0

=3y’ —10y+3£0:>(3y—1)(y—3)£Ojég y<3

1
Range=|=,3
’ {3}

The range of [x—2|+|x—95| is
1) [2,0) 2) [3,») 3) [4,x) 4) [5,)
2
f (x)=|x—2|+|x—5| and domain =R
Forx<2, f(X)=2-x+5-x=7-2x>3
For 2<x<5, f(X)=x-2+5-x=3;
Forx>5, f(X)=Xx—-2+x-5=2x-7>3,
Range f =[3,)
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16.

Key.

Sol.

17.

Key.

Sol.

18.

Key.

Sol.

19.

Key.

Sol.

20.

Key.

Sol.

The range of the function f (X)=""P,_, is
1) {1,2,3) 2) 1,2,3,4,513) {1,2,3,4} 4) 11,2,3,4,5,6)

1
f(x) is defined = x—-3>0,x-3<7-x=x2>3,2x<10=3<x<5= x=30r4or5

Range = { f (3), f (4), f (5)} ={*R,’ R’ P} ={132}

The range of sin™ x—cos™ X is

37 Sr « -3 T
Y [ 2 ’5} & [ 2 ’5} ) { 2 ’”} K [O’E}
1

. _ T _ _ T _
sin?tx—costx==—-costx—costx==—-2cosx
2 2
_ _ _ -3r. _ T
0<cos'x<r=0<2c0s*x<27r= 27 <-2c0S lXSO:TSE_ZCOS 1x£E

.. Range = [_3—”2}
2 2

2+ X
The range of the function f (x)= ZL X#2is
—X

1R 2) R-{-1} 3) R={1} 4) R-{2}
2
y:%:ﬂy—yx=2+x:>x(y+1)=2y—2:>x= 2;:12 = f*(x)= 2;(;12

~. Range = f = Domain f ™ =R={=1}

The domain of f (x)= N 3

> +log,, (x° —x) is

1) (L2 2) (-1,0)U(1,2)
3) (=1,0)U(2,) 4) (-1,0)U(1,2)U(2,)
4

f\(x)= 4_3)(2 +log,, (x* —x) is defined = 4—x* #0,x* =X >0=> X # +2,(x+1)x(x~1)> 0

~»Domain = (-1,0)U(1,2) U(2,)

The domain of

N2+ X+4/2—-X is
X

1) [-2, 2] 2) (-2,2) 3) [-2,0)U(0,2] 4) R—-{0}

3

/24 X+N2=X o defined =2+X20,X—Xx20,Xx#0=x>-2,x<2,x=0
X
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. Domain = [-2,0) U (0, 2]

Z(x—2) %
21.  The domain of the function f (X)=|9"+27% " — 21932

Al [-3,3] 8) [3,%0) 0 Ew) o) [0.]
Key. C
Sol. We must have
2
9%+ 2737 _ 21932 5
(3¢) +30? ~219-3%2 >0
2X 2X
(32X)+3——219—3 >0
81 9
(1+i—1j3“ >219
81 9

3 x 3% > 219
81

3 >3x81=3°
2x>5

x>2

= Domainis [g,ooj.

22.  The domain of the function f (X)= \/10—\/ x* —21x* is

(A) [5,%0) (8) | /21,421
(© | -5,~21 |21, 5] {0} (D) (~o0,-5]
Key. C

Sol.  We musthave x* —21x* >0 and 10—+/x* —21x* >0

=0 (¥ ~21)>0 ————(1)

and. 100> x* —21x* - (2)

(2)-gives x=0 or XS—\/E. or XZ\/Z

2)= x* —21x*-100<0

= (x*-25)(x*+4)<0

= x?—25<0 (as X*+4>0 always)

=-5<x<5

Domain is given by [—5, —Jﬁ}u[«/ﬁ, 5} and Xx=0.
X —3x+4

23. f(x)=
) x> +3X+4

then range of f(X) is




Functions

Mathematics
1 1 1
1)|0,= 2) | —0,= |U(7,0) 3) i 47
){ 7} )( 7j (7.) 30 )[7
Key. 4
x> —3x+4
Sol. =
X +3x+4

yx> +3xy+4y =x* —3x+4
X*(y=1+3x(y+1)+4(y-1)=0
Dis 1> 0= 9(y +1)? —4x4(y ~1)? >0
By +1)-4(y-DB(y+1)4-4(y-1)=0
(—y+7)(7y-1) =0\

1
-7 y—-=1<0
(y )(y 7)
1
=<y<7
7 y
24, If 2f(sinx)+ f(cosx)=XxVxe thenrangeof f(X) is

1 [1,2} 2) [—Z_ﬂz} 3) [—Z_ﬂz}
3 3 3 3 3.6

Key. 2
Sol.  Put Xx=sin"x

2 (x)+ f (x/l—XZ):sin‘lx N
X=Cc0S " X
:>2f(\/1—x2)+ f(x)=cos™'x. = (2)
(1)x(2) = 4f(x)+2f (\/1—x2)=25in1x
f(x)+2f (\/1—x2 ) cos 1x
3f(x) =2sin" x—cos ' X

f(x)= gsin‘1 x—ltz—sin‘l xj
3 313

25. f (X) = Max{sin x,cos X} Vx e thenRange of f(X) is.
-1 -1 1
[ﬁ } 22 1]
Key. 1
Sol.

4) ¢




Mathematics Functions

s
s

S |

f (X) = max{sin x, cos x}

. 1
Required range = {——2,1}

26.  Therangeof f(X)=tan*(X* +x+a)Vx e isasubsetof [0, Z) then range ofais

) -7 T 1
1) | 2) (7,5j 3) |3, -1] 4) 3, )
Key. 4
Sol.  tan'(X*+x+a)>0= X" +x+a=0

:>disc£0:>1—4a£0:>a2%

=ae[;,»)
27. The domain of the function f(X) = L .
X —[X]
(A) N "(B) (0, ) (C) R—{0, £1, +2, +3,..} (D)R-N

Key. " ~C

Sol. Observe that when x is an integer x = [x]. Hence, f(x) is not defined when x is an integer. Domain is R
excluding 0, £1, +2, ...

28. Domain of the function f(x) = log, (Iog4 (Iog2 (Iogg,(x2 +4X —23)))) is

(A) (-8, 4) (B) (=0, —8) (4, )
(C) (_41 8) (D) (_001 _4)U(8! Oo)
Key. B

Sol.  The given function is defined when
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29.

Key.

Sol.

30.

Key.

Sol.

31.

Key.

Sol.

log, log,(x* +4x—23) >1
i.e., when log,(x* +4x —23) > 2

i.e.,when x> +4x—-23>3°

i.e.,when x> +4x-32>0

i.e.,when X <-8 orx>4

Domain of the function f(x) = /5| x| -x*—6 is

(A) (-0, 2)U(3, o) (B) [-3,-2]U[2,3] (C) (—»,-2)U(2,3) O) R—{-3:-2,2,3}

B

5|x|-x*-6>0 = X°-5|x|+6<0
when x<0,x2+5x+6 <0, -3<x<-2
when X >0, x> —=5x+6<0, 2<x<3

x = 0 will not satisfy the condition.
Domain is [-3, —2]U[2, 3].

Range of the function y = 2X _27)( is
2" +2
(AR (B) (-1,1) (Cy[-1,1] (D) (0,1)
B
2%+ 2*js always > 0 i.e., domain’is R
_2=2 22 -1
YT i T
2Xx
Iy = 2.2 (Componendo Dividendo)
1-y 2
- 22x > 0
2
= 1+_y >0 i.e., M >0
1-y 1-y
N 1-y* >0 = -1<y<1

) X+3 )
The range of the function f(X) =——, x# -3 is
x+3
(A) {3,-3} (B) R—{-3} (C) all positive integers (D) {-1, 1}

D

f(x) =1whenx+3>0
f(x) =—1whenx+3<0
Range = {-1, 1}
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32. The range of the function f(x) = cos® §+sin % xeR is

5 5 5 5
®o3] @3] of+3) o[+

Key. D

2
Sol. f(x)=1—sin2§+sin5 = - sinzi—sini +1=— sinf_l 1 +1
4 4 4 4 4 2 4

Maximum f(x) = %
2
Minimum f(x) = §—(—1—lj =§—g:—1
4 2 4 4
5
Range of f(x) = {—1, —}
4
33. The domain of the function f(x) = loge(X? + x + 1) +.8INy/X=1 is
(A) (-2,1) (B) (-2, =) (©) 1, ) (D) None of these
Key. C

Sol.  Wemusthavex—1 > 0.
Note that (x? + x + 1) is always positive.combining, the domain is [1, o).

X —[x
34. Let f(X)= 1—[[]] X‘e R, where [ ] denotes the greatest integer function. Then, the range of f is
+X—[x
1 1
(A) (0, 1) (B) 10, 3 (©) [0, 1] (D) |0, >
Key. B
Sol.  The graph of'y = x — [X] is as shown below
A y
T 1
3 =2 1 O 1 2 3 4 X

When x is an integer, x — [x] =0
Hence, f(x) = 0 when x is an integer
X —[X] as x tends to an integer.
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35.

Key.

Sol.

36.

Key.

Sol.

37.

Key.

Sol.

As X =1, L—>l
1+x 2

Hence, the range of f(x) is {O, %}

Let f(X) = [x]cos( T ]j where, [ ] denotes the greatest integer function. Then, the domain of f is

[x+2
(A) X € R, X not an integer (B) (-0, —2) U[-1, x0)
(C) xeR, x#-2 (D) (=00, —1]

B

[x+2] #0

[X]+2 %0

[xX] # -2

x should not belong to [-2, 1)

Domain of fis (—o0, —2) U[-1, ).

tan (n{x* - x])

Range of (x) = 1+sin(cos x)

is (where [X] denotes the greatest integer function)

(A) (—o0, ) ~[0, tan1] (B) ((~0, o) ~[tan 2, 0)
(C) [tan2, tanl] (D){0}
D

B tan (nfx* - x])
~ 1+sin(cos x)

f(x)

= {0} because of [x? — x] is integer.
{0}

Range of the function f(x) = x* + is

x*+1

(A) [1, ) (B) [2, ) © B ooj (D) (~o0, )
A
f(x) =x*+1+ X2+1_1

X*+1+ — > 2[Q AM > GM]

X“+1
1
X2 + > 1
x? +1
f(x) e [1, )

10
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38.

Key.

Sol.

39.

Key.

Sol.

40.

Key.

Sol.

X% +e

If f(x)=1 n[ > j,then range of f(x) is
X“+1

(A)(0,1) (B) (0,1] (©) [0, 1) (D) {0, 1}
B

2 2 _ _
fo) =In| X FE oy XEILre My, 072
X“+1 X“+1 X“+1

Clearly range is (0, 1]

Hence (B) is correct answer.

1

The inverse of f(X) = (5—(X —8)5 )5 is

(A) 5—(x—8)° (B) 8+(5-x3)"°
(C) 8—(5-x*)"° (D) (5— (x-8)¥° )3
B

Let y=f(x) = (5-(x~8)°) ", then
y}’=5-(x-8)° = (x-8)°=5-y°

= x=8+ (5-y°)"

Let, z= g(x) =8+ (5-x%)"*

Now, f(g(x)) = [5-(x<8)°]

1/3

1/3
= (5—[(5—x3)“5]5) < (5-5+x%)"° =x
Similarly, we can show that g (f(x))=Xx.
s .
Hence, g(X) = 8 + (5— x3) is the inverse of f(x).

The range of the function f(X) =X —1|+|x —2|+|x +1+|x + 2| where, x e[-2, 2] is
(A) [6,8] (B) [2, 4] (C) [0, 4] (D){1. 2}
A
f(X) =[x =1 +|x—2|+[x+1+|x +2|
when X €[-2, —1]

f(x) = —(X=-D)-(X-2)-(X+D)+X+2 =-2x+4
when X €[-1, 1], fx)= -(X-1)-(X-2)+X+1+x+2

= X+1-X+2+X+1+X+2=06

when X €[4, 2], fX)= (X-D)—-(X—-2)+X+1+X+2 =2x+4

11



Mathematics Functions

41.

Key.

Sol.

42.

Key.

Sol.

Plotting the graph of the function, range of f(x) = [6, 8]

2
Range of the function f(X) = X2+—X+2; XxeR is
X +Xx+1
11 7 7
A) (1, © B) |1 — C 1 — D)1 —
(A) (4, ) ()( 7} ()( 3} (){ 5}
C
2 2
We have, f(x) = x2+x+2=(x -2|-X+1)+1=1+ 1 :
X°+X+1 X°+X+1 ( 1) 3
X+=| +—
2 4

We can see here that as X — o, f(X) — 1 which is the min value of f(x):"Also f(x)“is max when

2
x+1 +§ is min which is so when x = —l and then E
2 4 2 4

Domain of the function f(x) = |[log, ﬁ is
\/ sinx —

(A) nt+(=1)" o where n is any integer and.o. € [O, gj

(B) nt+(-1)" g n=1 23, ... (C) 2nt—a. where ae(O, g} n any integer

D) @2n+)=x

( 2

A

, N any.integer

[sinx—1)"% 0 ()
sinx = 1
[sinx—1] <1
=1 <sinx-1<1
0 <sinx<2 ...(>ii)
From (i) and (ii), sinx € [0, 1)
sinx € [0, 1)
sinx =0 > x=nn

sinx=1—> x=nNn +(—1)”g

= Domain of f(x) is
X = nn (n any integer)

12
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43.

Key.

Sol.

44,

Key.
Sol.

sinx <1

o

General solution is

x= nn+(-1)"a

where, o e [O, Ej.
2

If the range of f(X) =2+§/§,—3§x<—1 is [Oﬁ/ﬁ] where ne N then n=

2
=x3 ,-1<x<2
(A)1 (B)2
€ 4 (D)6
C
The given function has local maximum at x= -1 ,minimum at x=0 and F(Q) = 0,F(-1) =1,

F-3)=2-33 t2-2°=4
". range of f(x) =[0, /4]

If 2f(sinx)+ f(cosx)=XxVxe thenrangeof f(X).is

1 [1,2} 2 [—2_7%} 3) [ﬁz} 2 [1,2}
3 3 3 3 3 6 6 6

2

Put X=sin""x

2f (x)+ f (x/l—Xz)zsinlx 550

X =c0s™" X

:>2f(\/1—x2)+ FOY=costx —(2)

(1) x (2) 34f(x)+2f(\/1—x2):2$in‘1x
f(X)+2f (\/1—x2 ) =C0s ™" X
3f(X)=2sin" x—cos™ x

f(X) = gsin’1 x—l(f—sinl xj
3 3\ 3

13
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2 .
45.  Rangeof f(x)=tan™ [—(Ztan‘1 X —sin"x+cot ' x —cos™ x)} contains
I
(A) Only one integer (B) More than 2 integers
(C) Only two integers (D) No integer
Key. A
2
Sol. y= tan~* (—tan‘1 xj , —1<x<1
T
T otantx<t
4 4
L2yl
i 2

—tan’ll < tanl(gtanl xj < tanl(lj
2 T 2

y =0, is only integer hence one integer

46. 1f f(x)=/cos(sin x)+/sin(cosx), then the range of f(x)is

(A) [\/cosl, \/sinl] (B) [Jcosl, 1+ «/sinl ]
(©) [ 1-+cos1, fsint | (D)\[Veos1,1]
Key. B
Sol.  Period of f(x) is 2x, but f(X) is not defined.for x € (n/2, 3n/2). Hence it suffices to consider X e [-n/2,

n/2]. Further since f(X) is even, we consider X < [0, n/2].

Now \/COS(Sin X) and \/Sin (COS X) are decreasing functions for x € [rn,n/2].
= Ri= [f(n/2), #0)}= l,/cosl, 1+ \/sinlj

47- The range of f (X)==X2+%* —x+c0s X, is

A) [-134 1] B) [0,m-1] C) [-1,2+7] D) [-1n]

Key. A

sdi f{x}=—x3+x2—x+cos_1x

Domain [_1’1]
1

1-x

F{x)=—3"+2x-1-

J is a decreasing function
* Min Off[x} is f{1]=—1+1—1+0=—1

Max Off(X) is f{_lj =1+1+1+mm=5+m

14
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Range = [-13+7]

48, The domain of the function

f (x)=log, {sgn(9—x2)}+ [x]' —4[x] where [] = G.LF

A) [-21)U[2.3) B) [-4.1)U[2.3)
C) [4,l)u[2,3) D) [2,1)u[2,3)
Key. A

Sol. Given f(x):loge{sgn(9—x2)}+ [X]" —4[x] =y, + v, (say)
Now, y, is defined if sgn(9—-x*)>0
But sgn x = 1(i.e. > 0)ifx >0
sgn(9-x")>0=9-%">0=x"-9<0=>(x-3)(x+3)<0=>-3<x<8 ..(A)
Again, vy, is defined if [x] -4[x]> 0= [x[{{x]" - 4}> 0={x]([x]=2)([x] +2)>0.
Following the wavy curve method, we find
Thus [x]>2or [x] lies between — 2 and 0, i.e. [x]=-2,- 1 or O

Now, [X]22:>X22 ...(B)
xX]=-2=-2<x<1
xX]=-1=-1<x<0

x]=0 =0 < x<1.
Hence [x] =-2,-1,0 =>-2<x<1
~(B)u(C)=(x=2)or (-2<x<1) ...(Q)
Hence D, =(A)u(C)=[#21)U[2,8).
49. The Range of the function

f (x)=log,, {sin‘l(\/ﬁ)+3§} is

A) [Iog%z,logzn} B) [Iog%,log&z}
Q) [Iog3—”,logﬁ} D) [Iog3—ﬂ,I0927z}
2 4
Key. A
Sol. “Let f(x)zlogm{sin‘l( x—5)+37”}.

The function is defined if (i) Xx—5>0 (ii)) -1<+/x-5<1 and
(iii) sinl(«/x—5)+37ﬂ>0.
Now (i) = X5

(i) =>0<x-5<51=6<x<6.
(iii) is satisfied by virtue of (ii).

15
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Hence, considering (i) and (ii), we find that the domain of the function viz. D, =[5,6].

Let ylzsin’l( x—5) and vy, =sin1(\/x—5)+3?” so that y=log,(y,) where vy, =yl+3?7[

Now, for y, since x€[5,6],y,>0 so that 0< ylﬁg(Q —%Ssinl(z)ﬁgj

3z 3r = 3r 3
Consequently 0+ —<y, +—<—+—=>—<vy, <2
QUenty Dr o Sshr sty =y s st

= log [377[) <log(y,)<log(2r), since u = log z is an increasing function

= Iog(s?ﬁjs log(y,)<log(27).

Hence the range of {(x) is [Iogs?”, log 27[} .

50 The domain of f(x)=\/x—2—2\/x—3—\/x—2+2\/x—3, is

A) [3.5] B) (3,5) C) [5.%) D) [3,)

Key. D
Sol =320 = x=3

x—l-2Nx—320py x23
= x—222#x—3and =24 2fx=320

= x2-8x+1620 = (x—4) 20 xeR

Domain [B’W]
51. Minimum value of function . f (x) =x*(x* +1)(x* + 2)(x* +3): xR, is

(A) -2 (B) -1 ©1 (D) none
Key. B
R (3 §2_g _goo
Sol. Lett=x(x"+3);t=(x +2) 4e[ 2 )

f(%)=9g(t)=t(t+2)=(t+1)>-1 is least when t = -1

and —le[—%,oo) - min f(x) =1

52.  The domain of the function f (x)= [x]2 —6[x]+8 where []=G.I.F
A) (-4, 4) B) (—,3)U[4,0) C)(3,4) D) (3,4)U(5,%)Key. B
Sol. (i) The function is defined if sin x —% >0

. 1 T 5 T 57
=SSINX>2—=Xe|—,— |=>Xe|2nr+—,2n7 +—
2 6 6 6 6

16
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(ii) The function is defined if —1£| ]4—2£1; xz1
X_
= 1< ! <3= ! >1 (1)
1T
And P -(2)
x-1
1) =  [x-1<1=>-1<x-1<1=0<x<2 .(A)
2) = |X—1|2£:>—££X—1$£:ESXS£ ...(B)
3 3 3 3 3

N

Combining (A) and (B), we find that x e [0,—} u[

[SSYREN

,2} with is the domain of the given function.

w

53.  The domain of the function of f (x)= logy,, {sgn (x2 )}

(where [[] G.LLF) is

A) [2,») B) (-2, 2) C) (—»,2) D) None
Key. A
Sol. (i) f(x) is defined if (i) (4 - x]) > O (iii) [ x* | >0 but [x |#1

Now, (i) =[x <4=>-4<x<4 (A)
From (jii), [x2]>o:[x2]=1,2,3,...
But [ X* ] #1.
[X*]=234,.ie[x]22
= X 22,Q[ f(x)]zn= f(x)zn.
=  x<—/2 or x>\2
Combining (A) and'(B);we find that —4<X<—/2 or 2<x<4.  ..(B)
Hence the domain of thé given function is (—4, —Jﬂ u[ﬁ,4).

(ii) The function is defined if (*i) sgn (XZ) >0 and (ii) [x] >0 but [x] = 1.

1if x*>0
We know that sgn (Xz) =40if x=0

~1if xX*<0
(i) Since sgn (XZ) is non-negative, we have x> >0=xeR —{O} . .(A)
(i) = [x]=2,3,4,.. . x€[2, o) ..(B)

Hence, D, =ANB =[2, ).

54, The domain of the function
f (x)=log, {1— log,, (x2 —5x+10)} is

17
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Key.

Sol.

55.

Key.

Sol.

A) (0,0) B) (0, 5) C) (-,0) D) None
B

(a) The function f(x) is defined if (i) x* —5x+10>0, (i) 1-log,, (X* ~5x +10) >0

Now, (ii) = log,, (X —~5x+10) <1=> x* ~5x +10 <10

= X* -bx<0=Xx(x-5)<0=0<x<5 (A)

Again, x*—-5x+10>0 forall x, ..(B)

Since the discriminant of the corresponding equation x> —5x+10=0 is negative, so that.the roots of
the equation are imaginary.

Combining (A) and (B), we find that the domain of f(x) is (0, 5).
(b) The function g(x) is defined if (i) (X—4)2 >0, (ii) log, (X—4)2 >0

(iii) log, {Iog4 (x—4)2} >0

(i) is true for all x. (A)

(ii) is true if (x—4)2 >1=x* -8x+15>0=(x—3)(x—-5)>0=>x<30rnx>5 ...(B)
(iii) is true if Iog4(x—4)2 >1:>(x—4)2 >4=x*-8x+12>0

= (x=2)(x—6)>0 = x<2o0rx>6 ..(C)

Hence combining (A), (B) and (C), we find that the’domain of g(x) is (— 0, 2)u(6, oo).
The domain of the function

f (x)=log, {sgn(g— X’ )} +[x]" - 4[x].where [x] = G.I.F
A [-2)u23] B [-41)U[23] ) © [41)u[2.3] D) [21)uU[2.3]
A

Given f (x)=log, {sgn(g— G )} +y[X] —4[x] =y, + v, (say)

Now, Y, is defined if sgn (9— XZ) >0

But sgnx =1(i.e.>0) if x>0

5 sgn(9-x°)>0=9=%" >0=x* —9<0=>(x-3)(x+3)<0=>-3<x<3  .(A)
Again, Y, is defined if [x]’ —4[x] > 0= [x]{[x] ~42 0=[x]([x]-2) =0.
Followingthe'wavy curve method, we find

Thus [X]>2 or [X] lies between—2and 0, i.e.[x]=-2,-10r0

Now, [x]>2=x>2 ..(B)
[x]=-2 = -2<x<1

[x]=-1=-1<x<0

[x]=0 =0 < x<1.

Hence [x]=-2,-1,0 =>-2<x<1

.'.(B)U(C)z(XZZ) or (—2SX<1) ..(C)
Hence D; =(A)u(C)=[-21)U[2,3).

18
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56.

Key.

Sol.

57.

Key.

Sol.

The range of the function f(x)=3x"—4x°-12x*+1 is
A) [31, ) B) [-3L ) C) [3 =)
B

Given that y = f (x)=3x" —4x’ -12x* +1.

It cuts the y-axis at the point (x =0, x = 1).

Differentiating, we get % =12x3 —12x? — 24x
X

. dy 2
e —=12 —X—-2)=12x(x-2 1).
e, X(X* —x—-2)=12x(x-2)(x+1)

Now, %:0:x(x—2)(x+1)=0:>x=0,2,—1

Also, %>O:> x(x—=2)(x+1)>0.
X
Using wavy-curve method, we have

Thus %>0 when x> 2 or Xe(—l,O).
X

dy

Similarly, d—<0 when0O<x<2orx<-1.
X

Hence the graph of the curve will be as follows:

Atx=2,f(x)=3x16-4x8—-12x4+1=48-=32-48+1=-31.

Atx=-1,f(x)=3.1+4.1-121+1=-4.
.. The least value of the function is — 31.

Hence the range of the function is [—31,00) .

The range of the function_f(x) = \)em_x(logz J is

A) [1@] B) [4,\/;’” Q) [2\/?]

A

cos’l(log4 xz)

(iii) Given'that y(x)=1e

D) [—3, oo)

o537

The function is defined if (i) X* >0 which is true for all x (i) —1<log, x2<1.

Now, (ii) =47 <x? s4:>%s X' <4= xeB,Z}orxe[—Z,—ﬂ-

Hence the domain of the function is [—2,—%} u[%,Z} .

To find out the range, let Y, = log, X* so that y = Nl

Again, let y, =COS’1(yl).

y:x/eTz where y, =cos™(y,) and y, =log, x*.

1 1 1 .
Now, for X =§(or _Ej y, =log, [Zj =log, (4 ):-1
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And for x = 2 (or - 2), y; =log, (4)=1

Hence Y, lies between -1and 1i.e. -1<y, <1=cos™(—1)>cos™(y,)>cos (1)
=>r2Y,20=0<y,<r.

Again 0<y, <z =>e" <e” =1<e” <e” =1</e% <\o” =1<y<e™.

Hence the range of the function is [1, \e” J .

58. The Range of the function
. 37| .
f(x)=log,,{sin™"(V/x=5)+=—1 is
(x) 910{ (vVx-5) 2}

A) [Iog ,log 24 B) {Iog Iog37r} C) [Iog%,logz} D) {Iog ,log 24 Key.
A

Sol.  Let f(x)=log,, {sin‘l(\/E)+3—”}.

2

The function is defined if (i) X—5<0 (i) —1<~/x—5 <1.and(iii) sin’l(\/ 5)+3?” >0.

Now (i) =>x>5

(i) >0<x-5<1=6<x<6.

(iii) is satisfied by virtue of (ii).

Hence, considering (i) and (ii), we find that the.domain of the function viz. D, =[5,6].

Let ylzsin‘l(\/x—S) and y, =sin1(.lx—5)+3?” so that y =log,, (y,) where y, =y1+3?”

Now, for Y, since X €[5,6];y; 20'so that 0<'y, S%(Q —%gsin‘l(z)égj

3z v 3r 3
Consequently 0+ o< yig L< X 7 9 oy <og
q y 5 Y1 R 2 Y,
= Iog( )< log(y, ) <log(27), since u = log z is an increasing function

= Iog[ j<log(y2)<log(27r)

Hence the range of f(x) is [Iog%r, log 24 .

I

59. The range of the function f (x)=cos™ Iogfx] iswhere [.] = G.I.LF

A) E} B) {0} C) {x} D) {27}

Key.

X
Sol.  The function is defined if (i) [x] > 0 and [x] = 1 (ii) U >0
X
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(iii) |0g | |>0 (iv) O<qflog[x]%ﬁl

Now, (i) [x] =2, 3, ... i.e. [X]22:> X>2 i.e. the domain of the function is [2, oo) .

For this value of x (> 2) (||) is true,

(|||)|salsotrueand1flog llog 1=0.

Hence f(x)=cos (0)

Hence the range of the function is {%}

60. The range of the function

f (x)=sin1[x2 +ﬂ+cosl[x2 —ﬂ where []=G.I.F

A) {7} B) {%} C) {27} D) {0}
Key. A

Sol. Lety, =sin1[x2 +ﬂ and y, = cos{x2 —ﬂ .Theny= Y, +V,.
a2 1. .
Now, Yy, =sin [x +§} is defined

if —1§‘:X2+1:|S1:>—1SX2+E<2:>—§SX2<§ (1)
2 2 2 2

Again v, = Cosl[x2 —%} is defined

If —1< xz—l §1:>—13x2—1<2:>—ESX2<E -(2)
2 2 2 2
Taking the intersection of (1) and (2), we find that

1 3 3 . .
3 <x3< ® —=0<x*< > since X* cannot be negative.

Now, for X? so.that ESX2+£S1 and —ESXZ —lso,we have
2 2 2 2
y=sin"(0)+cos™(-1)=0+7—cos*(1)=0+7r-0=7x.

Similarly for 1 <x*< 3 , we have y=sin™(1)+cos™(0)= T g,
2 2 2 2
Hence the range of the given function is [7[] .
61. Consider the real-valued function satisfying 2f(sin x) + f(cos x) = x. Find the domain and range of f(x).
Sol.  Given 2f(sin x) + f(cos x) = X (1)

Replacing x by g— X, we have 2f(cos x) + f(sin x) = g - X -.(2)

(1) + (2) = 3f(sinx)+3f (cosx) =g:>f (sinx)+f(cosx)= ..(3)

ola
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62.

Key.

Sol.

63.

Key.

Sol.

64.

Key.

Sol.

L-@) :f(sinx):x—g:f(x):sin’lx—g.

Hence D, =[-11] and R, =[—E_E,E_E}:{_2_“ E} ]

2 6'2 6 3'3
If f(x)= X2+ x +% and g(x) = X2+ ax+1 be two real functions, then the range of a for which
g(f(x)) =0 has noreal solutionis
A) (-0,-2) B) (-2,2) C) (=2,0) D) (2,0)
C
f(x) —x2 +x+%:(x+%)2+%2%
g(f(x)=(f (x))2 +af (x)+1 for g(f(x))=0 a:—(f(x)+%)§—2

s Ifa>-2, g(f(x)) =0 has no solutions

The number of integers in the domain of real function f (X)= IOglO sin(x—3) — V16— X2 is
A) 4 B) 8 C) 9 D) infinite

A

The domain of the given function is (3— 27,3 — ) (3,4]. The integers in the domain are

{-3,-2,-14}

of () _ T
if f(X)isa polynomial function such that | f (X)‘ <1v¥xeR and g(x) = , then
of (0, o TX)

the range of g(X) is

. e2+1
A) [0, 1] B) O, 5
e -1
2 42
C) O’ez—l D) L 6210
et +1 _1+e

D
For 0.<f(x) <1 g(x)=0
For 1< f(x)<0
2f () 2
e -1 l-e
g(X)_er(X)+1:>g(X)EL+e2’OJ

a2
. range of g(X) = 1—62,0
1+e
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65. The domain of definition of the function, f(x) given by the equation 2* + 2¥ = 2 is

(A)0< x<1 (B) 0<x<1 (C) —0<x<0 (D) o< X <1
Key. D

Sol. Itisgiventhat 2*+2¥= 2VX,yeR
Therefore, 2X=2 -2Y<2 = 0<2¥<2
Taking log for both side with base 2.

= log,0<log, 2" <log, 2

Hence domainis —0 < X <1

66. The range of the function f(x) = logy [x], where [x] and {x} respectively. denote the integral and
fractional parts of x, is
(A) (-o0, 0] (B) (-0, 0)
(C) {In k; keN} (D) (-00, -1)

Key. A

Sol. Forxe (1,2),f(x)=0

for xe (2, 3), f(x) = logx2 = € (-0, 0)

1
log,{x}

67. If f (X) =sin"t X+ cos™ X+ tan™ X then range of the function f (X) is

(1) E 37”} ) [0, 7] (3)40, 7) (4)R
Key. 1
Sol. Domain [-1, 1] and Range [f(-1), f(1)]

X+ 1+ X2

68. Let R be set of real numbers, the function f :R™ — R, f(x) =log, log,

, then range of

f(x) is
(1)¢ (2)R (3) R+ (4) R-

Key. 1
Sol. for X<0

0 <X*4/1+x° <1
Iogz(x+\/x+x2)<0

SO
69. 1F & +e™ =€ thenforfix)
(1) domain — (=e0,1) ,range _ (=0,1)
) domain =1, range (—o0,1]
) domain ~ (_OO’O], range (—0,1]
(4) domain — (_OO’O], range — (—o0,3]
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Key. 1
e'™ =e—e"=f(x)=log, (e—e")

Sol.

e—e*>0=e'>e"=>x<1

D; =(—oo,1)

Let y=f(z)=log,(e—e"l=e’ =g —¢"

= e*=e-e’=x=log,(e—e”)

= e-e'>0=e>¢

y<l1
R =(-,1)
2
70. The domain of f(x)=sin[log( f‘x ]J is
—X

(1)(0,5) (2)(1,5) (3)(-2.1) (4)(2,3)

Key. 3

sol.  4-%X>0 359 1-x>0
S —2<X<2 gng X<1

71. The range of the function Y = ':XZ:I—[X]2 X e [0, 2] where [.] denotes the integral part, is

(1)10] 2) {0.3) (31412} (4){0,1,2}
Key. 4
2
Sol.  We have, y:[xzj—[x] ’ XE[O’Z]
_ 2
e vl e=x<
y=[x"]-1, 1sx<2
=[X2]—1, X=2
=0 X=2
i.e., y=0 0<x<l1

—1-1=0 1<x<+2
=2-1=1 J2<x<+3
=3-1=2, /3<x<2

=0 X=2
Hence, the rangeis {0, 1, 2 }

72, Llet f (x)::(sinflx)z-r(cosflx)2 then

2 2
(1) Greatest value of f (X)is% (2) Greatest value of f (X) is %
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7’ 7’
(3) Least value of f (X) is 5 (4) Least value of f (X) is —
Key. 3
2
Sol. f (x)=2(sin‘1 x)2 _zsintx+
2 2
= Z(S,inl x—z] + I
4 8
2 2
= f(x)e{”—,si}
8 4
73. If [a, b] be the range of iz ((COS"1 X)% + (sin™* X)Z) thenb-a=
Vs
9 3 5
A 1 B. — cC. -— D. —
8 4 4
Key. B
Sol.  (cos™x)*+(sin" x)* = %{(cos1 x+sin™ x)? + (cos=" x=sin"* x)2}
2 2 2
LAY L Z Csinix| L
2\ 2 2 8
1(r° 1
a:—2 - | ==
7\ 8 8
2 2 A
b: 12 ﬂ_+(£+ﬂ-j 1atX:_
2z | 4 2
_3
4
b—a:g
8
2
74. The domain of the function \/IoglO[SXAr X j is
A.(0,5) B.(1,4) C. [0,5] D. [1,4]
Key. D
5X — X

Sol. >1= x> -5x+4<0=xe[L4]

75. The greatest and least values of (Sin™ x)* + (cos™ x)* are
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w

QI

Key. B

3
so..  (sin™'x)*+(cos " x)® = (%) —3sin xcos™ x(%j

7~ 37 . 4 (n .
=———SIN " X E—Sln X

8 2
7 3. . z)°
=_—4+—<sin"x—-=—
32 2 4
3 77[3
min = —, max = —

3.0dd & Even Functions
76.  Let f(x)=e"+sinx be defined on the interval [:4, 0], the-odd extension of f (X) in the interval [-4,

4]

1) e +sinx, xe(0,4) 2) € +sinx, xe(0,4)

3) e*—sinx, xe(0,4) 4) —e*—sinx, x<(0,4)
Key. 2

sol.  f(x)=—f(-x)
_.2x(sin x+tan x)

2{x+217r}_41
T

is (where [.] = G.LF)

77.  The function f(x)

A) An odd function. B) An even function
C) Neither even nor odd function D) None of these

Key. A

Sol. = The denominator is = 2[ X+ 217[} —41= 2[1+ 21} -41
T T

x(sinx +tanx)

B

_ —x{sin(—x)+tan(-x)} _x(sinx+tanx)

= f(-x)= . = .
H*i ‘“LH

s f(x)=

(if x=nr)
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x(sinx +tan x)

=T o £ (x).(if x=nz then f(x)=0)

T

2
78. If f :[—20, 20] — R defined by f (x) = {”—}sin X+cos X is an even function, then the set of values
a
of ‘a’is [.] G.L.F
A) a € (500,) B) a & (400, )
C) ae (—400, 0) D) ae (—300, 900)
Key. B

2
Sol.  If f:[-20,20] >R defined by f (x){%}sinx%osx is an even function , find:the set of values of

a;[]=G.I.F.

[Hint: If f(x) is an even function, then f (x)=f(-x)= f(x)=f (—x)=0:{x—

}sinx:o
a

2 2
:{X—}za:ms%d:a>x2 =a>400 (since 20<x<20) ..ae(400,%0) ]
a

2
| J 5|n2x ,([.] denotes

greatest integer function) is an.odd function, then the complete set of Values of‘a’,is

79. If f:[-4,4]-{-m0,m} > R, such that f(x)= cot(smx)J{

A) [_OO’ _4] N [41 OO) B) (_007 _16) V (16! OO)
C) [-16,-16] D) (~0,~16] U[16, )
Key. B

X2

Since XE[—4,4]:>OSX <16

Sol. For f(x) to beodd, { ] should not depend on value of x.

[| J 0-if [a] >16 = a & (—0,~16) U (16,0)

4. Periodic Functions
80. If f:R — R isa function satisfying the property f (X+1)+ f (X+3) =2 forall XeR thanfis

(1) Periodic with period 3 (2) Periodic with period 4
(3) non periodic (4) Periodic with period 5
Key. 2

sol.  f(x+1)=f(x+5)
81. A real valued function f satisfies f(10+X)= f(10—X) and f(20—x)=—f(20+X), forall xe R

which of the following statements is true?
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(1) fis an even function (2) fis an odd function
(3) fis a constant function (4) f is a non-periodic function
Key. 2

Sol. Change x to 10 — x to obtain
f(20—x)=f(x)
We have T(20=X) ==f(20+x)
= f(x) =—F(20+X)
Now change x to 20 + x
f(20+x) =—f(40+x)
—f(x) =—f(40+x)
f(x)=f(40+x)

, so fis periodic
again () =—=F(20-x) =—F(x)
Thus fis odd

1(|sin in
82. The period of the function f(x)=—[|sI X|+ SN X j is

2\ cosx |cosx|
T s
(A) © (B)2n ©.5 (D)
2 3
Key. B
Sol.  Since |sin X| and cos X are periodic function with-period © and 2w respectively.
Therefore, [sinx| is periodic with period 27.
0S X

|cos x|

Similarly, is periodic with period 27.

So, period of f(x) is't.C.M. of {27, 21t} =27.

f(x)-5
83. Let f:R—> R—{B} be a function such that for some p >0, f(x+ p):L forall xeR.

f(x)-3
Then, period of* f is
(A).2p (B) 3p (C) 4p (D) 5p
Key. C
Sol. 3 does not belong to the range of fimplies 2 also cannot belong to range of f because, if f (X) =2 for

2-5 - : .
some Xe R.Then f (X+ p) = ﬁ =3 which is not in the range of f. Hence 2 and 3 are not in the
range of f. If f (X+2p) =f (X), this implies

f(x)="f(x+p+p)
_ f(x+p)-5
f(x+p)-3
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f(x)-5
_f(x)-3 ~
f(x) 5
f(x)- 3
_—4f(x)+10 2f(x)-5
S 2f(x)+4 f(x)-2
so that [f (X)—Z]2 =—1 which is absurd. Therefore, 2p is not a period. Again
2f(x+p)-5
f(x+3p):w
_3f(x)-5

(x)-1 = f(x).
Now f(x+4p)=f(x+3p+p)

Therefore 4p is a period.

84. Period of the function f(x)'= [x].+[2x] + [3x] + [4x] + ... + [nx] — % , Where ne N and [ ]

denotes the greatest integerfunction, is
1

(A)1 (B)n © — (D) 2n
n

Key. A
Sol.  f(X)=X]+[2X]+.....+[NX] = (X + 2X +.....4+nX) = [X]—X+[2X]—2X +....+[nx] = (nX)

= ~[{G+{2x}+.....+{nx}]

Period of {rx} = 1
r

", Period of f(x) = LCM(l ! l ...... , 1jzl
2" 3 n
85. Which of the following is non-periodic
() X (B) sin/X (C) cos|| (D) sinx
tan x sin x

Key. B
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Sol. f(x)=sin JX is non-periodic because f(T) = f(0) = f(-T) is not satisfied.
86. I f2+x)=a+[1-(f(x) —a)“]”4 forall X e R, then f(x) is periodic with period
(A)1 (B)2 (C)4 (D)8
Key. C
Sol. f(2+x)-a = {L-[f(x)-a]'}"*
= [f2+x)-a]*= 1-[f(x)—a]*
[f(2 +x) —a]* + [f(x) —a]*=1 ...(0)
() is true for all x
Replace x by (x + 2) in (i)

[f(x + 4) —a]* + [f(x + 2) —a]*=1 ...(i)
(i) and (ii) gives, f(x) —a]*=[f(x + 4) —a]*
=  f(x+4)-a=f(x)-a
= f(x + 4) = f(x)

87. Period of f(x) = sgn([x] + [-X]) is equal to
(where [.] denotes greatest integer function)

(A)1 (B)2
©)3 (D) does not exist
Key. A
Sol.  Letf(x) = sgn([x] + [-X])
0; X el
_{—x Xl

Hence f(x) is periodic with period L

88. The period of the function

i (x):exp[x—[x]h/x—[x] +(x—[x])2

+|sin x|+ |cos 7|+ |tan 7zx|]

A) 1 B) 2 C)3 D) 4
Key. A
Sol. _ The period of x — [x] is 1.

The period of /x—[x] is 1.

The period of (x—[x])2 is 1.

The period of [sin 7x| = Z 1.
T

The period of |cos x| =1.
The period of |tan zx|=1.

Thus each of the above functions is a periodic function with period 1. Therefore their L.C.M. is 1. Hence
the function f(x) is periodic with fundamental period = 1.
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89.  The period of the function f(X)=sin 3XCOS[3X] —c0s3xsin [SX], where [] denotes the greatest

integer function is
(1)6 (2)3 (3)1/3 (4)1/6

Key. 3
Sol. f(x) =sin 3{x}, where {.} is a fractional part function.

90. If f(2+x)=a +[1— (fF(x) —a)“]l/4 for all X e R, then f(x) is periodic with period
(A1 (B)2 (C)4 (D)8
Key. C
Sol. f(2+x)-a = {L-[f(x)-a]'}""
= [f2+x)-a]*= 1-[f(x)-a]*
[f(2 + x) —a]* + [f(x) —a]*=1 ...(1)
(1) is true for all x
Replace x by (x + 2) in (i)
[f(x +4)—a]* + [f(x + 2) —a]*=1 ...(11)
(1) and (ii) gives, f(x) —a]* = [f(x + 4)~ a]*
= f(x+4)—a=1(x)—a
= f(x +4) =f(x)
91.  The period of the function f (x)= (—1)[X] where [] = G.I.F
A) 2 B) 1 C)3 D)4
Key. A
Sol.  Given: f(x)=(-1)".
First of all, we sketch the.graph of f(x) with the help of piecewise defined functions as follows:

I -2x<-1
-1 -1x<0
f(x)=(-1 =11 o0<x<1
-1: 1<x<?2
1 2<x<3.

The graph of f(x) is given by
From the above graph of f(x), we see that the function f(x) repeats its value after the least interval of 2.
Therefore the function f(x) is periodic with period 2.

92. |If 2f (X)+3.f (%j = X% —1 then f(x) is

(1) Periodic function (2) an even function
(3) an odd function (4) one one function on domain R
Key. 2

1
Sol. replace x by —
X
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5. Inverse, Composition Functions
93.  If the functions of fand g are defined by f(X)=3—X,g(Xx)=2+3x for x € R respectively, then

g (f ()=
Al 1 4 1
B. —— C. —— D. —
3 3 4
Key. B
Sol. f‘l(x):3—x,g‘1(x)=%2
“1p¢-1 _a-ly 1
9 [f (2l=9 (1)——§
94, Which among the functions is inverse of itself?
og x X2+ 1+ X2 1—X
(A) y=a"" B y=5"  (©y="—"3 (D) y="—
1-x 1+x
Key. D
Sol.  Out of 4 choices, if f(x) = —— .
1+X
1— (i_x)
f[f(x)] = # =x
1+( ~X)
@+x)
1_—X is the inverse of itself.
1+X
1
95.  The inverse of f(x)= (5—(x—8)5)3 is
(A) 5—(x—8)° (B) 8+(5-x*)"°
(©) 8-(5-x)" (D) (5-(x~8)"*)

Key. B
Sol. . Let.y=1(x) = (5-(x—8)°) ", then
y?’=5-(x-8)° = (x-8)°=5-y°
— x=8+ (5-y°)"°
Let, z= g(X) =8+ (5-x%)"

Now, f(g(x)) = [5-—(x——8)5]1/3

= (5—[(5—x3)1’5]5)1/3: (5-5+x°)" =x
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96.

Key.

Sol.

97.

Key.

Sol.

98.

Key.

Sol.

99.

Key.

Sol.

100:

Key.

Sol.

Similarly, we can show that (f (X)) =X.

3\V5 . .
Hence, g(x) = 8 + (5—X ) is the inverse of f(x).

If f(X)=x=x*+X"=x*+......... oo when |X| <1 then f*(x)=
X X 1 1
1) — 2) — 3 — 4 —
) 1-x ) 1+x ) 1-x ) 1+X
1
2,03 U4 X
f(X)=x=x"+x"=x"+...=—
1+x

1(y) = __t _ —t(1— __x S e X

f (x)_t:>f(t)_1+t:x+xt t=>x=t(1-x)=>t 1_X:>f (x) Y
If f:(0,00)— R defined by f(x)=log;, then f~*(x)=
1) log® 2) x¥ 3) 10* 4) None

3
fH(x)=y=x=f(y)=x=log}, = y=10"= f *(x)=10"

If f(x)=(1—x")"",0<Xx<1,n being an odd positive integerand h(x) = f (f (X)), then h'(1/2)

A 2" B. 2 c.n2mt D.1
D

h(x) = (L= f (X)")" = (1— (L— X")" .= xwen hl(%) -1

If f(X):X—1 then number of solutions of f(f(f(x))=1.
X

1)1 2) 4 3) 6 4) 2
2
1 x*—3x% +1
f(x)=x-—=, = f(f(X) =——5——
() =x—— (100 ==
= f(f(fx)=1= f(f(x)= f‘l(l):lJrZ\/g — 2 values exist
Or f"1(1)=¥ — 2 values exist
Which among the functions is inverse of itself?
2 1+X2
A) y = a2 B) y=5" C)y= D)y="—=1
(A) y B)Yy ©y 1 (D) y T x
D

X
Out of 4 choices, if f(x) = ——.
1+x

33



Mathematics Functions

L @-x)
0] = —ng =X
1+
@+x)
1_—X is the inverse of itself.
1+X

101.  If f(X) =x(x—1) is a function from {%oo} to [—%,oo], then {x e R/f*(x) =f(x)}.is

(A) null set (B) {1}
(©) {0, 2} (D) a set containing 3 elements
Key. C

Sol. {xeR/f'x)=f(x)}= {xeR/ff(x)=x}
f(f(x)) = f(x(x=1)=[x(x-DI[x(x-1) -1 = x(x-D[x* —x-1]
ffx)=x = x(x—1)(x*—x—-1)=x
= x(x*-2x*) =0 = x=0,2
102.  Let f(X)=3x*—7X+C, where ‘c’ is a variable co-efficient and X > % . The value of ‘¢ such that

f (x)touches f*(X) is......

16 4
A) 6 B)7 C) — D) —
(A) (B) © 3 (®) 3
Key. C
sol.  f(x)and f™(x) can onlyintersectoon the line y = X

.Y =X must be tangent
Solving 3X* —7X #€ =X p
=3x* -8x+¢=0
The above equation has real and equal roots
=64-12c=0
16
3

c

103.  Let f {%,%} - [0,4] be a function defined as f (X) = \/§sin X—COSX+2

then f_l(X) is given by

(1) sin‘l(—x_zj—Z (2) sin‘l(—Hz}LZ
2 6 2 6
(3) 2?72-—008l (X;sz (4) Does not exist
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Key. 3
Sol. f(x)=23in(x—%j+2

Since f is one — one onto
fis invertible

-1 _
Now fof™(x)=x

:>25in[f1(x)—%j+2:x

z —4 <1vxelo, 4]}

fl(x)zsin1(§—1j+% [ 5

- 71 71 _72.
SIn ~ a +COS 0!—5

Also using
f’l(x)zz—cos’l—x_2 +£:2—”—cosl(—x_2j
2 2 6 3 2

104.  The value of the parameter o, for which the function f(X) =1+aX, ov=# 0 is the inverse of itself, is

(A) -2 (B)-1 ©1 (D)2
Key. B

y-1
Sol. 'y =l+oX = X=—
o

F1x) = 22 2 £ =14 o
o

X_l 2
= —— =1+o0x = X-l=oa+aX
o
Equating the coefficient of X
a’=1land a =1
o==1

a=-1
6. Functional Equations
105. If fis realfunction satisfying the relation f (X+ y) =f (X).f (y) forall X,ye R andf(1) =2 and
n
aeN, for which Z f (a+ k) 216(2” —1) thena=
K=1

(1)2 (2)4 (3)3 (4)8
Key. 3

sol. f(a)=a"; Y f(a+K)=> f(a)f (K)

= 2aKZn_;2K = 26‘(2n —1)
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106. A real valued function f(x) satisfies the functional equation
f (X— y) =f (X).f (y)— f (a—x) f (a+ y) for some given constant a and f(0) = 1 then f(2a-x) =
(1) f(x) (2) —f (x) (3) f(-x) (4) f(a)+f(a—x)

Key. 2

Sol. PutX=y=0= f(a)=0

f(a-x)=f(a—(x—a))=f(a).f(x-a)-f(a-a)

107.  If f:R—R isafunction satisfying f (x+y)=f(xy) forall x,yeR and f (g) =(%j »then

. (Ej _
16
3 9

D5 2 3)

~[ &

4) 0
Key. 1
Sol. Let f(0)=k, then f(x) = f(x+0) = f(0) = k, f is a constant function. But f (gj = (ﬁ)

4
o f (x) = (§j for all x and hence f [gj = (§j
4 16 4

108.  If for nonzero x, 2 f (x2)+3f(i2j=x2—1,then f(xz):
X
3+2x* —x? 3-_2x* 4%’ 3-2x*—x? 3+2x* +x?
1) =2 22 7) P c) P g T2 T2
) 5x? ) 5x? ) 5x? ) 5x?
Key. 3
1 1
sol. 2f(x2)+3f(Fj:xz—lzﬂ(x2)+6f(Fj:2x2—2 ......... (1)
1 1 1 3
2f(F +3f(xz):F—lzgf(x2)+6f(Fj:F—3 ......... (2)
3 3-2x* —x?
(2)—(1):>5f(x2)=?—2x2—1:>f(ﬁ):T

109. If.f1R<R satisfies f(x+y)=f(x)+f(y) forall x,yeR andf (1) =7, then Zn:f(r) is
r=1

7n(n+1) 3) 7_2n 4) 7n(n+1)

7(n+1) 2

1
) 2 2

Key. 2
sol.  f(1)=7,f(2)=f(1+1)=f(1)+f (1)=2f (1), f (n)=nf (1)

110.  If fisa real valued function satisfying f (X)+ f (x+6)= f (x+3)+ f (x+9), then f(x)=

1) f(x+3) 2) f(x+6) 3) f(x+9) 4) f(x+12)
Key. 4
Sol.  Replace x with x+3
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111, If f(x)f (lj =f(x)+f (lj Vvx € R —{0}, where f(x) be a polynomial function and f(5) = 126, then
X X

f(3) =
(A) 28 (B)26 (C) 27 (D) 25
Key. A
Sol. f(x)=1% x"or f(5)=1= 5"
or, 126=1+ 5" or £5"=125 = + 5"=53
n=3
f(3)=1+32=28

112.  If g(x) is a polynomial satisfying g(x) g(y) = g(x) + g(y) + g(xy) -2 for all real x'and y and g(2) = 5, then
g(3) is equal to

(A) 10 (B) 24
(€)21 (D) 15
Key. A

Sol. Puttingx =1,y =2, then
8(1) g(2) = g(1) + g(2) + g(2) - 2
= 5g(1)=8+g(1)
g(1)=2

. 1. . .
Also, replacing y by — in the given relation, then
X

g(X)gH=9(><)+9(;j+9(1)—2
1 1
or g(x)g(;j_g(xﬁg(;j
= g(x)=1%x"
= +2" =2°
Taking +ve sign
2n= 22
n=2
= g(x) =1+x%°

g(3)=1+32=10

113, Let f (%) :%(f (x)+ f(y)) forreal xandy. If f'(0)existsand equals to -1

and f(0)=1 then the value of f(2) is

a) 1 b) -1 c)

d) 2

Key. B
Sol.
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£(x) = lim f(x+hr)]— f(x)

h—0

f(2x)+ f(2h)

f(x)
=lim 2
h—0 h
f'(x)=-1 ;F(2x)=2f(x)-1
= f(x)=1-x

114.  Afunction f: R — R satisfies the equation f(x) f(y) — f(xy) =x+y V X,y € R and f(1) > 0, then

) f(x) f1x)=x>-4 ®) f(x) f1(x)=x%-6
©) f(x) f(x)=x2-1 (D) none of these
Key. C

Sol.  Takingx=y =1, we get
f(Y)f(1)-f(1)=2
= f2(1)-f(1)-2=0 = (f(1)-2)(f(1)+1)=0
= f(1)=2 (asf(2) >0)

Takingy = 1, we get
f(x). f(1) - f(x) =x+1

= f)=x+1 = fix)=x-1
f(x).F1(x)=x?-1

(C) is the correct.answer.

115.

A function f satisfies the equation 3 f(x)+2 f (X+519] =10x+30, (x#1)

X J—
then the value of f (11) is
f(7)
A) 7 B) 11 C) -7 D) —11

Key.. B
Sal. “Atx=11

3f(11)+2f(?)=140.(1)
but -T:?toget
3f(?)+2f(11)=100__(2)

& 3rd+asid 7
(2) = 3f(N+2/11) >
Using componendo and dividendo
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SUAD+SCn 6 L SAD+ ST _ 6

(FAD-7TN 1 (FAD-FT) 5
S

HON
116. Let f be a real-valued function with domain R. If for some positive constant a, the equation
fx +a) = 1+ (1 - 3f(x) + 3(f())? - (F())3}1/3
holds good for all x e R, prove that f(x) is a periodic function with period 2a.

Sol.  Given f(x+a)=1+{1_3f (x)+3(f (x))2 —(f (X))g}us

= f(era)-1={0-f ()] = {F(xra)-1f =t (o))
= f(x+a)—-1=1-1(x) f(x+a)+f(x)=2 ..(1)
Replacing x by x — a, the equation (1) becomes f(x) + f(x —a) = 2 «.(2)
Subtracting (2) from (1), we get f(x + a) — f(x —a) = 0.
Finally replacing x by x + a, we get f(x + 2a) — f(x) = 0
= f(x + 2a) = f(x) and hence f is periodic with period 2a.

117. Let f:R — R be continuous and periodic with period T > 0. then

(A) f(x,+T/2)="F(x,) forsome x, e[k, k+T/2],KeR

(B) f(x,+T/2)=f(x,) forsome x, € (k,k+T/4),KeR

(C) f(x,+T/2)="F(x,)forsome x, e(k,k+T/3),KeR

(D) f(x,+T/2)=f(x,) forsome x;e(k,k+T/6),KeR
Key. A

Sol. Let g(X)=Ff(x+T/2)—f(X)

then g(k) =f(k+T/2)—F(K). "..... ()
and g(k+T/2)=Ff(K+T)-F(k+T/2)
=f(k)—f(k +T/2)

=-g(k)

Hence by intermediate value property there exist an X, €[k, k + T /2] for which g(x) =0
118. “Afunction f: R — R satisfies the equation f(x) f(y) — f(xy) =x+y V x,y € Rand f(1) >0, then

) f(x) Fx)=x%-4 ®) f(x) f1(x)=x>-6
) f(x) f_l(X) =x2-1 (D) none of these
Key: C

Hint: Takingx=y=1, we get
£(1)F(1)-F(1)=2
= f2(1)-f(1)-2=0 = (f(1)-2)(f(1)+1)=0
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= f(1)=2 (asf(1)>0)

Takingy =1, we get
f(x). f(1) —f(x) =x+1

= fx)=x+1 = f_l(X)ZX—l
f(x).F1(x) =x? -1
(C) is the correct answer.

119. Let f be a function such that f (X+ f (y)) =f(X)+y; VX, yeR then f(2013)=_ _
(1)0 (2)1 (3) 2013 (4) 4026

Key. 3
sol. Put y=x= f(x+f(x))=f(x)+x
= f (t)zt (Identity function)

120. If f(x) is a polynomial function satisfying the condition f(x).f(1/x) = f(x)+ f(1/x), xeR-{0} and f(2) =9

then

(1) 2 f(4) = 3 (6) (2) 7 (1) = £(3) 3) 9 f(3):=2F(5)(4)f(10) = F(11)
Key. 3
Sol. f(x)=1+ X" putx=2,wegetn=3

Lfx)=1+ X3

- 2f(4) =130 = 3 f(6)
14 f(1) = 28 = 3 f(3)
9(3) =252 =2f(5)

f(10) = f(11)
121, If f(x)f (lj =f(x)+f (lj vx'eR —{0}, where f(x) be a polynomial function and f(5) = 126, then
X X

f@3) =
(A) 28 (B)26 (C) 27 (D) 25
Key. A

Sol. f(x)=1+x"or f(5)=1+ 5"
or, 126=1 +5" or £5"=125 = + 5"=5°3

n=3
f(8)=1+3%=28

7. Different Types of Functions

X X
122, Llet f(x)=a;tanx+a, tan(5)+a3 tan(§j+———

X
+a,.tan (—)Where dy,8y,a3 ———4a, are real numbers and
n
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Key.

Sol.

123.

Key.

Sol.

124,

Key.

Sol.

125.

Key.

Sol.
126.

Key.

Sol.

127.

Key.

nez+,‘f(x)‘s|tanx| forxe[_—ﬂ,zjthen a1+ﬁ+$+___+a_n i
2 2 2 3 n
(A)1 () <1 ) >1 (D) 2%
B
Clearly fl(O)is required fl(O)‘: It m‘
n—>0 h
f
h—0 |h| h—0| h

If [x] denotes the integral part of x. for real x. then the value of

17 1 1 1 1 1 3 1 199

S| St — [+ S+ — || =+ — |+ +| =+ =—
[4} {4 200} [4 100} [4 200} [4 200}
1) 50 2) 100 3) 25 4) 75
1

{200.%} =[50]=50

If g= {(1,1),(2,3),(3,5),(4, 7)} is described by:the formulag (X) = ax+ 3, then (&, ) =

1 (2,1) 2) (2,-1) 3) (-2,1) 4) (-2,-1)

2

g(l)=a+B=1

9(2)=2a+4=3

If f (x)= cos[nz]x +cos [—ﬂ2] X, then (where [ ] is integral part of o )

1) f(%):—l 2) f(7r)=1 3) f(-7)=1 4) f(%jzz
1

f (x)=C0s9x+Cc0s10x,Q 9 < z* <10

Set'/A has 3elements and set B has 4 elements. The number of injections that can be defined from A to
B.is
1), 144 2) 12 3)24 4) 64

WB)p =4P =432=24

2,ifn=3kkeZ
f:N— Z isdefined by f(n)=110—n,if n=3k+Lk e ZThen{n|f (n)>2} =
0,ifn=3k+2keZ

1) {3,6,3} 2) {147} 3) {47} 4) {7}
2
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Sol.

128.

Key.

Sol.

129.

Key.

Sol.

{n\(f(n)>2)}={n\10—n>2,n:3k+1}
={n\n<8n=3k+1}

X,0<x<1
Let f,(x)=1 1L x>1 and f,(x)="f,(-x)forallx
0, otherwise
f3(x)=—f,(x) forall x
f, (x)="F;(—x) forall x
Which of the following is necessarily true?

(A) f,(x)="F(x) forall x (B) f,(x)=—f,(—x) forall x
(C) f,(—x)="f,(x)forallx (D) f,(x)=f;(x)=0 forall x
B
y Y Z ‘):
{bsg— s 1 i ol 1
» X » X
O
» X » X
-1 |0 Y )| - A
v v v v
y =fi(x) y =f,(x) y =£(x) y =fi(x)

If 109 5.5 (6X° + 23X+ 21) = 4=10 5, (4X* +12x+9) , then the value of —4x is

A) 0 B)1 0)2 D) —%

B
First note that 2X+3>0"and 2X+3 %1, thatis, X>—-3/2 and X% —-1. Also, 3Xx+7 >0 and
3X+7#1, thatis, X>—=7/3 and X # —2. Suppose X >—3/2, Xx#—1.Then the given equation can

be written as

log[ (2x+3)(3x+7)] _ 2log(2x+3)

log(2x+3) log (3x+7)
log (3x+7) 2log(2x+3)
+ =4-
log(2x +3) log (3x+7)
N log(3x+7) _y
log(2x+3)
Then 1+y:4—g
Therefore y= 3—E
y
y?—3y+2=0
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130.

Key.

Sol.

131.

Key.

Sol.

132.

This gives Y =1or 2
Case 1: suppose that Y =1. Then
log(3x+7) =log(2x+3)

3X+7=2x+3
x=-4
This is rejected because X > —-3/2.
Case 2: Suppose that Yy =2.Then

log (3% +7) = 2log (2x +3) = log (2x +3)’
Therefore 3X+7=4x>+12x+9

4x* +9x+2=0

(4x+1)(x+2) =0

X=-1/4 or-2
Here X=-1/4 (sinceXx>-3/2)so —-4x=1

2n—1'if niseven
If f and g are two functions defined on N, such that f (n) = . and
2n+ 2if nisodd
g(n): f (n)+ f (n +1) . Then range of g is

A) {m e N /m = multiple of 4}
B) { set of even natural numbers}
C){m eN/m=4k +3,K is anatural number}

D) {m e N /m =multiple of 3 or multiple of 4}
C

g(n)=f(n)+f(n+1)

If nis even, n+1 is odd.
~.g(n)=2n-1+2(n+1)+2=4n+3
If nis odd, n+1 is even.
~.g(n)=2n+2+2(n#+1)-1=4n+3.

The number of solutionof y = %[sin X+ [sin X+ [sin x]ﬂ and [y + [y]] =2cosx where [. ]

denotesthe greatest integer function is
a)4 b)0 c)2 d)7

B
y= [Sin X] and 2C0SX = 2[y] is impossible for every X € R.

Let W be the set of whole numbers and f :W —W be defined by

ool 5] o

0 if x=0

where [y] denotes the largest integer <y . Then f (7752) =
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(A) 7527 (B) 5727 (C) 7257 (D) 2577
Key. D
Sol. This function simply writes the digits of the given number in the reverse order.

133. f (X) =sin [X] + [Sil‘l X] ,0<x< % , Where [ ] represents the greatest integer function, can also be

represented as

0 0 1 — O<x<Z
, U< XL " \/E ) 4
1+sinl ,1<x<Z 1 1 3 =« 7
2 I+ —+—=+—, —<X<—
2 J2 24 2
0 , O<x<=
0 , O<xx<1
T
C . D) {1 , — 1
()sm1,1£x<% (D) 4<X<
sind ,1§x<£
2
Key. C
Sol. 0<x<Z
0if 0<x<1
x| =
[x] 1if 1<x<Z
2
sin0=0 if  0<x<l
=sin|X|=
[x] sinl . if 1<x <X
2
Wehave0<sinx<1when0<x<£.
:{ﬁnﬂ:Ofm'0<x<%
0 if O0<x<l1
ssin[x]+[sinx]=| . T
sinl if 1<x<—
2
1 1 1 .
134. f(x)= + + then number of points where f(x)=0
x-1 x-2 x-3
1)1 2)2 3)3 4)4

Key. 2
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Sol.

135.

Key.

Sol.

136.

Key.

Sol.

\V ]

f(X)=X*+AX+ucosx, Ae¢, e . The number of ordered pairs (4, 1) for which
f(x)=0 and f(f(x))=0 have same set of real roots.
1)4 2) 6 3) 8 4) 10
1
f (X) = X* + AX+UCOS X
Let o betherootof f(X)=0= f(a)=0
= f(f(a))=1(0)=0 (Qa isrootof f(f(x).=0also)
Now f(0)=u=0
f(X)=x>+Ax=0=>x=0,x=-1
f(f (X)) = f(X*+AX) = (X* + AX)* + A(X* + 2X)
=(x2+/1x){x2+/1x+l}=0
Will have same root X =0, X ==A"If
X* + AX+ A =0 have no real roots

= 12-41<0
=0<A<4=4=123

But A =0 is also satisfy
(0,0),(0,2), (,2)(0,3)are 4 or diff. (1, 1) does exist.

f (X)'= X° +X2.+1 has roots X, X,, X;, X, X, and g(x) = x> —2 then

g(%)9(X:)9(%5)9(%,) g (%) =309 (X X, XX, X5 ) =
1).2 2) 5 3)7 4)11
3

Put g(X)=y=X"-2=>x=,y+2= f(\/m):o
= y° +20y* +40y° + 79y* + 74y + 23=0

Roots are g(X,), 9(X,), 9(%;), 9(X,), 9(x;)
9(%)-9(X,)-9(%3).9(X,)-9(x5) =—23

And X X, XX, X =—1

g(X1X2X3X4X5) = g(_l) =-1

= 9(%)-90%).9(%;).9(X,).9(X5) =309 (XX, X,%X,Xs)
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137.

Key.

Sol.

138.

Key.

Sol.

139.

=-23+30=7

f () = cos ™ 2| sin x| +| cos x |]j

sin® x+2sin x+ 4

([ ]denotes greatest integer function}. Then domain of f(X) is the internal [0, 27[] is.

1) [0,7—”}u &,24 2) [0,27]
6/ |6
[z 2] NESS
6" 6 26
1

| £|sinx|+|cosx|£\/§
[Isinx|+]cosx|]=1 Vxej

Now sin2x+25inx+1z1=(sinx+1)2+£
For f to be well defined (sin x+1)° +£ >2
(sin x +1)° >1
4
:sinx+121, sinx+1g_£
2 2

. 1 . 3
SInXZ—E, SInXS—E (This is impossible

= Xe [0, %}U ‘:%,272{' Hence(A).iscorrect

If f(X) is a polynomial of degree 4 with leading coefficient one satisfying f (1) =1, f(2)=2,

f(3) =3 then {%} = ( [.] denotes GIF)
1)0 2)5 3)1 4)-1
2

f(X)—x=(XX-)(x-2)(x-3)(x— )

f(=1)=24(L+a) -1
£(0) = 6
f(4)=6(4—a)+4
f(5)=24(5-a)+5

f(-1)+ f (5) _[@}_5
fO)+f@) | | 28]
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If f(a)=4 and a <60 then number of possible values of « .
1) 3 2) 6 3) 10 4)4

Key. 1

Sol.  4=(-1)"+(-D)*+(-D)°+(-1)*’= «a=16<60
4=(-D)"+(-D*+(-)°+(-)*= «a=32<60
A4=(-D)°+(-D*+(-D*+(-)°= a=48<60

140.  f(x+1) =(-D""x-1f(X) for xe¥ and f (1) = f(1986). Then sum of digits of
(fO+f@2)+........ + (1985)) is

1)4 2) 3 3)7 4)11
Key. 3
1985 1985 1985

Sol. > F(x+D)= 3 (-1x -2 £(¥)
since f (1) = f (1986) N

1985

3) f(X)=1-2+3-4+5........ +1985

x=1

=(1+3+....... +1985)-2(1+2+3+......992)

_ ? (1986) — 2(992x993j

=(993)” —993x 992
=993

1985
Y f(x)=%=331
x=1 3

Sum of digits = 3+3+1=7

141, f(x)=ax’ —C™™Y _4< (1) < -1 and —1< f(2) <5 then which of the following is true

1) -7<f(3)<26 2) -4< f(3)<15
3) —1< f(3) <20 4)‘?289(3)3%
Key. 1
sol.  f(x)=ax®—c

—4<f(l)<~1=>-4<a-c<-1;
1<c-a<4—-()
=1<T(2)<5=>-1<4a-c<5->(2)
D+(2)=>0<3a<a
0<a<3—>(3

From (1)
-16<4a-4c<-4
=4<4c-4a<16

From (2)
—-1<4a-c<5
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3<3c<L21=1<c<7—>(4)

Now f(3)=9a—c is maxof ais maxand cis min

f(3),, =9(3)—1=26

f (py =9(0)~7=-7
~.—T7< f(3)<26

2010

142, Let f(x)=5+ > a, X" and f(-1)=4 then f(1)=

r=1
1)2 2) 6 3)5 4) 4
Key. 2
Sol.  f(X)=5+aX+aX’ +aX’ +.ovve + 8,0, X "
f (_]) ::5'_'81'_6% _'a5 .......... __EMOIQ ::4

f()=5+a,+a,+a....... +8,y,, = A say
10=4+1=>A1=6
143. Let f(X)=ax+b where aand b are rational numbers (where b #0). Such that f(1) < f(2),
2n-1

2 f(Var)
f(3) > f (4) then value of W (where ne¥ ) is
1)n 2)1 3)0 4) n?
Key. 4
Sol.  For fixed values of a and b_f(X) = ax+D is a straight line

But given (1) < f(2) and .f(3)>f(4)

LfO)=fQQ)=f@=Ff@)=41

= f(X) should be constant function = a =0

— f(x) =b= F(J2r) =b and f(Jé) b
: . 'n’b

Given‘expression is T =N

2

144.  Alinear function that map the set {2, 2} onto the set {0, 4} is

(A) f(x) = (x-2) (B) f(x) =(2-x) (C) f(x) = (2 +Xx) (D) (B) and (C)
Key:=D
Sol. “Let the linear function be
f(x)=ax+b

Letf(-2)=0andf(2)=4 = f(X)=x+2
Letf(-2)=4andf(0)=0 = f(X)=—x+2
The two linear function as are

f(x) = (x + 2) and f(x) = (2 —x)
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145.

Key.

Sol.

146.

Key.

Sol.

147.

Key.

Sol.

148.

Suppose f(x) = (x + 2)? for X > 2. If g(x) is the function whose graph is the reflection of the graph of
f(x) in the line y = X, then g(x) equals

(A) VX -2, x>0 (B)/x-2,x>0 (C) ﬁ X>2 (D) JX+2,x>-2
X+

B

y=(x+2)

Equation of the reflection curve in y = x is obtained by interchanging x and y iny = (x + 2)?

= reflection curve is

X =(y +2)
y+2=4/x
y =\/§—2,x20

Since x is always > 2.

If log, (log, (log, x)) =1, then x is

) 2% (B) 9 (C) 24 (D) 4%
A

log, [log, log, x] =1 = log, log, x =4

4
= log, x=3" = x=2°

The value of the parameter o, for which the function f(X) =1+ aX, a # 0 is the inverse of itself, is

(A) -2 (B) -1 ©)1 (D)2
B
y =l+ox = X.= y_—l

o

£1(x) = X222 ) =1+ ax
(04

x—1
= 2 =14ax = x-1=a+a’X
(04

Equating the coefficient of x
a’=1and oo =—1
o=+1
a=-1
If f(X)=x*+2bx+2c* and g(x) =—x*—2cx +b?® such that min f(x) > max g(x), then the relation
between b and ¢, is
(A) no real value of b and ¢ (B) 0<c<by2
(C) Il <IblN/2 (D) [c] > Ib| /2
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Key. D
Sol.  We have, f(x) = x? + 2bx + 2¢? ; g(x) = —x? — 2cx + b?
= f(x) = (X +b)*+2c* -b°
and, g(x) = —(x + ¢)? + b? + ¢?
= fan=2c>-b? and  Qmax = b? + ¢?
for, fmin> Omax = 2c2— b2 > p? + 2

= >0 = |c|>|b|\/§

149. Let Ay, Az As, ..., Ag are 40 sets each with 7 elements and Bi, B,, ..., B, are 'n sets each with 7
40 n

elements. If UAi :UBJ =S and each element of S belongs to exactly ten‘of Ai's and exactly 9 of
i=1 j=1
Bj's, then n equals
(A) 42 (B) 35
(C) 28 (D) 36
Key. D
Sol. n(S)x10=40x7
n(S) =28
28x9=nx7
n =36
150.  The number of functions f from the set A={0,1,2}.in to the set B={0,1,2,3,4,5,6,7} such that

f()<f()) fori<jand i, je A'is

a) °C, b).*C,+2(°C,)
¢)°C, d) °C,
Key. C
0<1<?2

= (0)< fil) < £(2)
f(0)<f(1)<f(2) =° C,
f(0)<f(1)=f(2) =° C,
f(0)=f(1)<f(2) =° C,
f(0)=f(1)=f(2) =°C,

Sol.

noon Oo.=0,if r#s
151. “Find the value of 523 whered ©
ind the value of ), 3. &, 273 w {45:1, if r—s
a) s (6" —1) b) 6" —1 c) 1(6” —1) d) none
5 5
Key. A

Sol. Zn: Zr{zn: Oy 35}
r=1 s=1
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152.  Consider J (t2 —8t +13) dt = xsin (Ej and (a, xeR —{0}) x takes the values for which the
X

equation has a solution, then the number of values of a € [0,100] is_

a)l b) 2 c)3 d)4
Key. C

3 2 X
Sol. t——8L+13t :xsin(e)
3 2 0 X
2
x{x——4x+13—sin(gj}:0
3 X

Here Xx#0 = 1(x2—12x+39):sin(Ej
3 X

a=3x,157,277 (3 values)

153.  Letf be afunction defined on‘the set of non-negative integers and taking values in the same set. Given

that
. X f(x) . .
i) x—f (X) =19 N -90 o0 ¥ non-negative integers x. [x] denotes greatest integer
functions:
ii) 1900°< f(1990) <2000 . Then possible values of f (1990) can take.
a) 2004, 2094 b) 1804, 1994 c) 1904, 1994 d) 1894
Key. C

Sol. since'1900 < f (1990) < 2000

) [1900} 1 (1990)} . [2000} e {@} <2

90 90 90 90
Case - |
g | 10990 | o) x—f(x):lg[l}—go )
0 | 19 90

Substitute X =1990
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90
1990 f (1990) =19x104—-90x 21=> f (1990) =1904

1090 1 (1990) -] 29 o) L)

Case — I

= 1990 f (1990) =19x104 —90x 22 = f (1990) = 1994

154. If g: [—l, 1] — R is a function and the area of the equilateral triangle with two of its vertices at«(0,0)

and (x,9(x)) is ? , then g(x)=

1) +/x* -1 2) +V1-x? 3) +V1+x° 4). +X
Key. 2
Sol. If a = length of a side = \/(x—0)2+(g(x)—0)2 X +9%(x)

Area of an equilateral triangle = AP Ts = X4+ 97 (x)=1= g(x) =+v1-x*

117

1 . ]
155. Let S = where [.] denotes the greatest integer function. The value of
Zl A [] g g
Sis
69 206 76 227
A) — B) — C)— D) —
(A) - (B) o1 (©) . (D) o1
Key. A

Sol.  [V117]=10; If re[n? (n+1)?)ne€¥ then [Vr]=n
The interval [n?,(n+1)?) has2n +1 integers
1 1 1 1

S= 3+ S+ + A9+ .18
2.1+1 22+1 29+1 2.10+1
=9+E=@.
217
156.  If x+[y]+{z}=11 [.]is G.I.F and {.} is fractional part

[X]+{y}+z=2.2
{x}+y+[z]=3.3 then

(A) X+y+z=33 (B) y-2x=1

(C€) 2(z+1)=5y O) {3+{y}+{z}=03
Key. A,B,CD
Sol. x+[y]+{z}=1.1 (1)

[X]+{y}+z=2.2 ¥

{G}+y+[z]=3.3 (3)

D +@)+ @)

= 2(X+y+2)=6.6
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157.

Key :

Sol :

158.

Key.

Sol.

159.

Key:

= X+y+z=33 (4)
4)-@

{y}+[z]=22 = {y}=02&][z]=2

4)- ()

{3+lyl=11 = {x}=01, [y]=1

(4)-@Q)

[X]+{z}=0 = [x]=0 & {z}=0
x=0.1
y=1.2
z=2

If 0<x <1000 and {g} + {g} + {g} = %X, where [x] is the greatest integer less than or equal to

X, the number of possible values of x is

(A) 34 (B) 33

(Q) 32 (D) none of these

B

Q LHS s aninteger

.. RHS is must be an integer for which x is multiple of 30.
. x=230,60,90,120,.....,990

= Number of possible values of x is 33.

If f(x)= [X2] —[X]2, [ ] denates greatest integer function and X €[0,Nn], n e N , then the number

of elements in the range of +f (X) is
A1l Byn-1 C)n D) 2n-1
D

If X e (N—1,n) then [x]=n—-1=>[x]% = (n—1)°

and (n—1)2 <[n%}<n? -1

0<[¥2]-[x]% <n?-1-(n—1)

0<f(X)<2n-2

Since f (X) has to be integer, range of f(X)={0,1,2,3,.....2n—2}
.. The number of elements in range of T is (2n-1)

If > +3— 5 +3 =A (meN, m > 3)and [] denote the G.I.F., then A can take
40 40

(A) two values (B) one value

(C) infinite values (D) four values

A
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Hint: > +3=i(5+52+53 +5m’1+2):>k=l,l
40 10 510

160.  The sum of all positive integral values of 'a’, @ € [1, 500] for which the equation [X]3 +X—a=0 has
solution is ([.] denote G.I.F)
(A) 462 (8)512 (C) 784
(D) 812
Key: D
Hint:  ais integer then x must be integer, i.e., [x] =x

a:x3+x
1<a<bh00=1<x<7, xel

7 (.3 78\ (78
Zai_xzz)l(x +x)_(7j +( 2) 812

161. f 2[0,1] — R is a differentiable function such that f(O) =0 and |f (X)| < k|f (X)| for all x

€ [0,1],(k > 0), then which of the following is/are always'true ?

(A) f(x)=0,vxeR (8) f(x)=0,vx<[0,1]
() f(x)=0,vxe[01] (0).F(1)=kK
Key: B

I/\

Hint: (F(x))° =K (F(x))° <0
= (F()~KF (x))(F'(x) +kt (%)) <0

:(f(x)e_kx) (f(x)ekx) <0

= Exactly one of the functions gl(X) =f (X)e_kx or 7{{\
gZ(X):f(X)ekX isnon decreasing. : |

2835

But f(0)=0=> both function g, and g,, have a value zero atx =0
vx 0,1, gl( )=0 and g, increasing :>gl( )=0=f(x)>0

gz(o) =0 and g, decreasing = gz(x)s 0=f(x)<0
=f(x)=0vxe[0,]

162. Let f be a one one function with domain = {x, y, z} and range = {1, 2, 3}. It is given that exactly one of the
following statements is true and the remaining two are false : f (X) =1, f (y) #1, f (Z) # 2, then
FE)=__
(1) (2)y (3)z 4)1
Key. 2
sol. f(x)=1(F)= f(x)=20r3
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f(y)=1(F)=f(y)=1
f

y
f(z)#2(T)= f(z)=1or3

hcf(x)=1+x; x>0
=1-x; x<0

Which of the following are true ?
(1) Range of f(x) is [2,0)

163.

2) f ( f (X)) is not a one one function

(3) Graphof y=f ( f (X)) is symmetric about y axis.

(4) All the above
Key. 4

sol. f(x)=1+[x|; xeR
f(f )—f(l+|x|):1+l+|x|:2+|x| v xeR

4020 k-1
164. If [X] is the greatest integral function, then Z;{E—’_Mjl is equal.to
(1) 2010 (2) 2009 (3) 2011 (4) 2005
Key. 1
2
Sol. For k=123..... upto 2010, the value of 2 4020 is equal to zero

b=
For K=2011 5010, - 4020, the valueof L2 4020 _4

-~ The sum value is 2010.

165. Let f(x) [X] and g(x)=X+[X].Then the number of solutions of the equality([-] is G.L.F)

4(X_ f (X)): g(x) is

(1)2 (2)3 (3)4 (4)0
Key. 1
Sol. The given equation is

4(x—[x])=x+[x]=2[x]+{x}
4{x} =2[x]+{x}
.'.OS@<1:>X=O,%

166. If m, n (n >m) are positive integers, then number of solutions of the equation

n [sin x| =m |cos x| in [0, 27] .

(1)2 (2)4 (3)m (4)n
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Key. 2
Sol. No.of solutions = 4

o mfd T 37 im

167. Let f(x)= In(l_—x) The set of values of 'a' for which f(a)+ f(ocz) = f (%) is
X a—a+l

satisfied are

A) (—o,-1)u(l,©) B)(-11) c) (0, D) (1,2)
Key. B

2 2
Sol.  f(a)+ f(“)z:I{Glzjﬁ_azﬂzmﬁ_aé ]
+a %

1%
R D R s N M
f =In =In
0c2 o 2

-a+1 1+ 1+ a
o —oa+l
oo f(a)+ f (oc2) = f (%j for all values of o for which the functions are defined,
aS—oa+1
therefore
(i) 1——(Z>O::>—1<oc<1....(1)
1+a
1- oc2 2
(ii) 2>O::>1—oc >0=-1l<a<l...(2)
1+a

From (1) and (2), we have —1<a <1
.. Thesetof values of oo = (—1,1).

168. Ifef(x)=18—+X,Xe(—10,10) and f(x)=kf( 200x2j’ then k =
—X

100+ x

A2 B. 10 1
C. — D. —
2

Key. C
Sol. f(x)=loge£

10+x]
10-x
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10+ 200x
200x 100 + x> (10+ X]
oo =109 1o 200X 9 10 ()
100+ x?
169.  The number of solutions of SiN{x}= cos{X} ( where {.} denotes fractional part) in [0, 277 ] is equal to
A.5 B.6 C.7 D.8
Key. B

SoL. Draw Graph
170.  Alinear function that map the set {-2, 2} onto the set {0, 4} is

(A) f(x) = (x-2) (B) f(x)=(2-x) (C) f(x) = (2 +x) (D) (B) and (C)
Key. D
Sol. Let the linear function be
f(x)=ax+b

Letf(-2)=0andf(2)=4 = f(X)=x+2
Letf(-2)=4andf(0)=0 = f(X)=-—x+2
The two linear function as are

f(x) = (x + 2) and f(X) = (2 - x)

171.  Suppose f(x) = (x + 2)% for X >—2. If g(x) is the function whose graph is the reflection of the graph of
f(x) in the line y = X, then g(x) equals

(A) /X -2, x>0 (B) Vx-2,x>0 @)Eé%an>2 (D) VX+2, x>-2
Key. B

Sol. y=(x+2)?
Equation of the reflection curve in y = x.is obtained by interchanging x and y iny = (x + 2)?
= reflection curve is

X = (y.+2)
y+2:\/;
y =\/§—2,x20

Since x.is always > 2.
2n—1if niseven

172. If f and g are two functions defined on N, such that f (n) = {Zn 2if nisodd and
+Z1 |

g(n)= f (n)+ f (n +1) . Then range of g is

A){m e N /m = multiple of 4}
B) { set of even natural numbers}
C){m eN/m=4k + 3,k isa natural number}

D) {m e N /m =multiple of 3 or multiple of 4}
Key. C

sol. — g(n)="f(n)+f(n+1)
If nis even, n+1 is odd.
~.g(n)=2n-1+2(n+1)+2=4n+3
If nis odd, n+1 is even.
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173.

Key.

Sol.

174.

Key.

Sol.

175.

Key.

Sol.

~g(n)=2n+2+2(n+1)-1=4n+3.

A function ‘f’ defined as f (@) =(-1)* +(-1)* +(-1)* +.......... +(-1)* where ¢ €¥ ,and ¢,
a,, a, areall divisors of & including 1 and itself such that o, a,.....c, =& and &, Q,.....q, €¥

If f(a)=4 and o <60 then number of possible values of « .
1) 3 2) 6 3) 10 4)4

1

4=(-1°+(-)*+(-1)*+(-1)°= «a=16<60
4=(-D*+(-D*+(-)*+(-)°= «a=32<60
4=(-D)°+(-D)*+(-)°+(-)*= «a=48<60

f(Xx+1) = (=D x=1f (x) for xe¥ and f(1) = f(1986). Then sum of digits'of
(F Q)+ f (2 4.+ F(1985)) is

1)4 2) 3 3)7 211

3
1985 1985 1985

Y E(x+) =D (-1)"x=2) f(X)
Snce T(1)= f(1986)

1985

3) f(x)=1-2+3-4+5........ +1985
x=1

=(1+3+....... +1985)-2(1+2+3+.....992)

_ 993 19g6) 2[992x993j
2

=(993)° —993x 992

=993

1985
.-.Zf(x)zﬁzssl
~ 3

Sum of digits =:3+3+1=7
f(X)=ax? —C™™'=4< f(1)<—1 and —1< f(2) <5 then which of the following is true

1) 7. (3)< 26 2) ~4< f(3) <15

3) 1< f(3)<20 nBor@<D
3 3

1

f(x)=ax’-c

-4<f()<-1=-4<a-c<-1;
1<c-a<4—-()
-1<f(2)<5=-1<4a-c<5->(2)
@D+(2)=0<3a<a
0<a<3—->(d

From (1)
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176.

Key.

Sol.

177.

Key.

Sol.

178.

Key.

Sol.

-16<4a-4c<-4
=4<4c-4a<16

From (2)
-1<4a-c<5
3<3c<L21=1<c<7—>(4)

Now f(3)=9a—cC is max of ais max and c is min

f(3)., =9(3)-1=26

f iy =9(0) 7 =7
L —7<f(3)<26

2010
Let f(X)=5+ z a,, X" and f(-1)=4 then f(1)=
r=1

1) 2 2) 6 3)5 4) 4

2
f(X) =5+aXx+aX> +a x>+, + 850X

f(-)=5-a -a,—-a.......... —8,,0 =4
f()=5+a +a,+a....... +8,,,0 =4 SAY
10=4+A=>1=6
Let f(X)=ax+Db where a and b are rational numbers (where b = 0). Such that (1) < f(2),
2n-1
> f («/Er)
f(3)> f(4) thenvalueof | “Lo———— | (wherene¥) is

f(/3)

1)n 2)1 3)0 4)n

4
For fixed values of a and b f (X) =ax+D is a straight line

But given f(1) < f(2) and f(3)> f(4)

~fQ=1fQ)=1Q)=f4)=4

= _f (X) should be constant function = a =0

= f(X)=b= f(+2r)=b and f(Jé) b
: . nb

Given expression is T =N

2

IS
x—1

X—>a

min (sin x {x})} |

If « is aroot of the equation Sin X +1= X then Iim{

Where [.] — denotes greatest integer function
{x}— fractional part of x.
1)1 2)0 3) does not exist 4) -1
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=X -1

| ok
lim min(sin x, X —[x]
X—>a— (X_l)
When 1< X<«
{x}=x-1<sinx
min{sinx, x-13=x-1
Required limit = lim {X—_l} =1 X—>a+
X—00— X_l

sinx<x-1
RHL:
lim [ SINX | _ g sinx _,
xoat| X1 x-1
Hence LHL # RHL [%}:o

X_

Limit does not exist
179.  f(X) =X’ +X*+1 has roots X ,X,, Xss X X and g(x) = x> —2 then

9(x)9(%)9(%X;)9(X,)9(%5) —309(X X X X, Xs) =
1)2 2)'5 3)7 4)11
Key. 3

sol.  Put g(x)=y=x2=2=x=4/y+2= f(Jy+2)=0
= y° +20y* 440y’ +79y* + 74y +23=0
Roots are g (X,),9(X;), (%), 9(X,), 9(;)
904)g(x,)-9(%)-9(x,)-9(%) =23
And X X, X X, X =—1
904X X, %) = 9(=1) =~1
< 0(%)-9(%)-9(%)-9(%,)-9 (%) =309 (X X, XX, X;)
=-23+30=7
180.  f(X)=X*+AX+4COSX, A€ ¢, ue| . The number of ordered pairs (4, x) for which
f(X)=0 and f(f(x))=0 have same set of real roots.

1)4 2) 6 3) 8 4) 10
Key. 1
Sol.  f(X)=x*+AX+UCOSX

Let & betherootof f(X)=0= f(a)=0
= f(f(a))=1(0)=0 (Qa isrootof f(f(x)=0 also)
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Now f(0)=u=0
f(X)=X*+Ax=0=>x=0,x=-1
f(f(X) = f(x*+AX) = (x> +AX)> + A(X* + AX)
=(x”+im{x?+ix+l}=0
Will have sameroot X=0, X=—A1 If

x* + AX+ A =0 have no real roots
= 1*2-41<0
=0<A<4=>1=123

But A =0 is also satisfy
(0,0),(0,2),(,2)(0,3) are 4 or diff. (4, 1) does exist.

181. A polynomial of 6th degree f (X) satisfies f (x)= f(2- x)" xi R.

If f(x)=0 has
four distinct and two equal roots then sum of roots of f (X): 0 is
a)4 b) 5 c)6 d)7
Key. C
Sol. Let & bearootoff(x)=0\ f(a): f(2- a)
f(x) has 4 distinct and two equal roots .". Sum of roots.=6

182.  The number of the functions f from the'set X ={1,2, 3} tothe Y ={1, 2, 3, 4, 5, 6, 7} such that f(i) < f(j)
fori<jandi,j € Xis
(A) °Cs (B)’Cs (C) Cs (D) °Cs

Key: D

Hint  7C3+2x7C,+7C1=°Cs.

183. f (X) =sin [X] + [Sin X] 0<x< % , where [ ] represents the greatest integer function, can also be

represented as

0 0 1 1 0<x<Z
, U< XL o) \/E ) 4
3 /4
I+sinl ,1<x<—
2 1+1+—1—+\—/§,£$x<Z
J2 24 2
0 ,O<x<z
0 , O<xx<1 4
T
C) . D) {1 , — 1
()sm1,1£x<% ) 4<X<
sinl ,1SX<Z
2
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Vs
Sol. O<x<—
2

0if O<x<1

~[x]=

Tl1if 1sx<Z
2
sin0=0 if O0<x<l1

:>sm[x]: sinl if 1£x<%

We have 0 <sinx <1 when O<X<%.

[sinx]:O for 0<x<%
0 if O<x<l

- sin[x]+[sinx]= snl it 1<x<Z
B 2

_ _ 2b% + x? 2X 1 |
184.  Domain of function f(X) =In|———— NS 'S is
b”—x*  bx+b”+X b—x‘
(A) R (B) R*
b b
C) R—9—= D) R—<b, =
©R-{2} o R-{b. 2|
Key. D
2b* +x* 2X 1
Sol.

_ RN
b®—x® bx+b*+x? b—x‘>0

2b? + x? 2X 1

= 3 3 2 2 #0
b® — X% bx+b°+x° b-—x
2x% —3bx +b?
- ——— — #0 X#b

b —x*

b
=\ 2x*-3bx+b%2%0 = Xib,E

185. Which of the following is a function ([.] denotes the greatest integer function, {.} denotes the fractional
part function)?

1 x!
A ———M B) —
) log[1l—-| x ] ( ){x}
log(x —1)
C) x! D) ——_~7
©) x! {x} O~ =

Key. C
Sol.For a, b & d Domain is Null set.
.. they are not functions.
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186. If f (X) = x"" —2x" 4+ 2x+1 and ‘g’ be the inverse of f °, then g’ (1) is equal to
1

1
(A) —3 (B) 2

() —% <g@)< % (D) none of these

Key. B
sol.  g[f(x)]=x
g'[f(x)}f'(x)
on putting x =0
g[f(0)}(0)
g'1)2=1

g’(1)=%

(@]

1

1

u o Uy

1
187.  Let g (x) be a polynomial of degree 8 satisfying ¢ (r) ==, r=123,....,9, and
r

0 ) e e s
. 5 g L] S
+=,x#0 f(-1)
f(x)= ’ Then =
I+ —4+=+.n +=, x="0
a) 50 b)45 c)5 d)50
Key. B
Sol.  Notesthat f(x)=g(x)
fF(=1)_f(=1
g(10)  f(10)
9
= i =45
5
\ _ X2 +1 _
188.  The range of function f(x) defined by f (Xx)=————, xe R—{0} is
log, (x* +1)
a)(-0,1) b) (0,2) c) [e,) d) (—o0,)
Key. . C
Sol.  Lett=x’+1,then (t>1) and g(t) =@ =g'(t)= I?c?;z_tl-

Thus g(t) decreases for t € [1, e] and

increases for t € [e, OO), g (e) = @ =e.

We observe that limg (t) — o0 and limg (t) —>
t—1* t—o0

Thus range of g is [e,oo). Hence range of fis [e,oo).
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189.  Let f(x) be a polynomial one — one function such that
F()f(Y)+2=F(x)+f(y)+f(x),YxyeR-{0} f(1)=1f(1)=3.
Let g(x)= %(f(x)+3)—j:f(x)dx, then
a) g(x) =0 has exactly one root for x € (0,1)
b) g(x) =0 has exactly two roots for x € (0,1)
g(x)#0 VxeR-{0}
d) g(x)=0 V xe R—{0}

Key. D

Sol. Putx=y=1= f(1)=2 again put y:1:> f(X)+f(lj: f(X)f(—j
X X

= f(x)=xX"+1 =g(x)=0 vxeR-{0}.

190. Let ‘m’ be the least value of the function f(x) = |x. Inx| ;' x€ [e, @), then the number of values of x for

2
. _4x+5 . .
which &% % = mis true is

(A) 2 (B)4
(€)1 (D) zero
Key. D
Sol. f(x) == |xInx|

Graph of f(x):
Obviously least value
Ocursatx=e
=|elne| =e.
e|x2—4x+5| — al
= x*—4x+4=0 and x>*=4x+6=0
= x =2 and no solution
Butx=2 ¢ [e, »)
= No valué of x ispossible.

yu
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191.

Key.

Sol.

192.

Key.

Sol.

193.

Key.

Sol.

If f(x) = 2x + |x] , g(x) = % (2x = |x]) and h(x) = f(g(x)) then sin™ (h (h(h(h .... h.h(x))))) is n times

(A) sin™* (sinx) (B) x
(C) sin™tx (D) sin™* (| x| + 2x)
C

Since f[g(x)] = x, VxeR = h(x) = x
= sint [h (h(h... h(x)))] = sin™x
The range of the function defined as f(x) = cos™}(—{—x}) is (where {x} is fractional part of x)

(A) B , nj (B) (0, )

T 7T
0[03) (3
A

0<{x}<1VxeR= —-1<—{x}<0, sorange of f(x) is [g,nj

If f(x) . f(lJ =f(x)+ f (lj , then f(x) can be
X X
2

(A)1+£x" (B) —=———, where k is a fixed real number
L+KIn|x|
€ —~ (D) All of these
2tan™" | x|

D

Consider f(x) =1 £ x" = (f(x) — 1) (f(1/x)=1) = (¥ x") (£ X—ln )=1

=f(x). f (ij =f(x) + f (lj
X X

Consider f(x) = #
1+kin|x]|
f(x). f(ij = 2 X 1 = 24 >
X 1+Kin|x| 1-kIn|x| 1-k“In®|x]|

- f(x) f (1j=f x)f (1)
X X

T

Consider f(x) = —
n—|

X|
T R g T - 2
S x 2tan‘1|x|'2,[(,jm_1|1| 4tan”' | x|.cot™| x|
X

1 T T i 1 1
f(X) + f - |= 1 + =5 -1 + -1
X) 2@n|X| 5yt 1 2(tan™|x| cot™|x]|
| x|

2

_meot™ | x|+tan” x| _ n
2 cot™|x|.tan”t|x| 4tan'|x|cot™|X|
— (%) F(1/x) = f(x) + f(1/x)
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194. A function f: R—>Ris defined by f (X) =x*-10x* +9x* — x+1 then fis

A) A bijection B) one-one but not onto
C) Onto but not one-one D) Neither one-one nor onto
Key. D

Sol. Conceptual

2
195. If f:R—>R and f(X):w then f(X) is
X°+X+1
(A) one-one function (B) bijective function
(C) many one function (D) Identity function
Key. C
Sol. f (X) is monotonic function

196. If f(X)=x>+x*> 0<x<2
=X+2 2<Xx<4 and g(X) is even extension of f(X) then

(A)g(X)=—X+2 —4<x<-2 (B) 9(X)=x-2 —4<x<-2
=—x}+x* —2<x<0 =x* x> =2<X<0
(C)g(X) =—x+2 —4<x<-2 (D) f(X)=x-2 -4<x<-2
=x*-x* —2<x<0 =X +x°-2<x<0
Key. A
Sol. Conceptual
COS X . . . . .
197. f(x)= o] 1 (where x is not integral multiple of 7 and [.] denotes the greatest integer function)
- +7
%)
is
(A) an odd function (B) an evenfunction  (C) neither odd nor even (D) none of these
Key. A

= @R

198. If f(X)+2F(L-x)=x"+2 VxeR then f(X) is given as

x22)°
(A) ( 3 ) (B) X* =2 (€)1 (D) none of these
Key. A
Sol..... Replace x with (L—X) in the given expression

X—1X
199. If f(X)= 1# X € R (where [.] denotes the greatest integer function) then f(R) can not
—| X

+x—[X]

contain

1
(D) ==

3
(A)1 (B) 2 (C) >

Key. A,B,D
Sol.  Find the range of f(X)
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200.  Equation of the locus of points equidistant from two points ( f (1), f (0), f (1)) and
(f'(), f'(-2), f'(2)) where ‘' is a differentiable function satisfying the equation

f(x=1f(y)=1(f(y)+xf(y)+f(x)-1,VXx,yeR

(a) 6x—4y+10z+15=0 (b) 3x—2y+52z+15=0
(c) 6x+4y+10z-15=0 (d) 3x+2y—-5z-15=0
Key. A
fFx=f(y)=f(F(y)+xF(y)+f(x)-1—> |
put x=f(y)=0
= f(0)=f0)+0+ f(0)-1
= f(0)=1

put x=f(y)=kin 1
£(0) = f (k) +k(k)+ f (k) -1
ol 1ok 12f(k)-1
= 2f (k) =2—K’
k2
= f(k)=1-=

2

X
= f(x)=1-—
(x) 5

= fH(x)=—x

1

A(l,l, —j, B(-12,-2)

2 2

Let p(x,Y,z) be the point onthelocus
= PA? = PB®

(x—%)2+(y—1)2+(2—%)2 =(X+D*+(y=2)%+(z+2)°

= 6x—-4y+102+15=0
201. The function defined by

x|x| x<-1
f(x)=3[1+x]+[1-x] -l<x<lis
—X|x| x>1
a).an.odd function b) an even function c) neither even nor odd d) even as well as odd
Key. B
Sol. Draw graph.
2+ X?
202. The range of the function 5 1
S5+4X°+X
3 2
a) (0,1) b) (O,Z c) 0,§ d) None of these

Key. D
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Sol.

203.

Key.
Sol.

204.

Key.
Sol.

205.

Key.

Sol.

f(x)= Xi42=t,t>2
(x) 1
(x +X)+(x2+2)
1 2
maxf(x)=2+—1=g
2

min f(x) >0 = rangee(O,a

X, if xis rational
The function f(x) is defined on [0, 1] as following T ( X ( ) ) L. . then for all
1-x if x is-drrational
X e [0,1] f f(x) is equal to

a)o b) 1 + x c) x d)1
C

f(f(x)

N—

Zf(X)Z , if x is rational.
f

=1- (X) (1 X) if x is irrational
2(1 2
If f( ) |0g100x£ ( 0010 X )+ ],g(x) & {X} where {} denotes the fractional part of x, then
—X
range of g(x) for existence of fog(x) is
21 (0,100) U (100,200) o[ 02 ol 21
100 100
1 1 1
| 0,— e~ d) None of these
( 100) (100 10)
C

Range of g(x) < domain.of f(x)

. RN 11
Domain of f(x) is 0 —— N
( 100) (100 10]

If (%)= ¥ forall x < Rthen the sum f(ijjtf(—z ]-l- ......... +f(—1995jis
9°+3 1996 (1996 1996
8) 997.5 b) 997 c) 996.5 d) 996
A
9x 3
F(x)= 1-x) = F(x)+ f(x)=1
( ) 9" +3 ) 343" ( ) ( )

1995 2 1994
G.E. f[—j-f-f[—j + f(—}tf(—j +
1996 1996 1996 1996
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997 999 998
........ 1) (s ) [+ [
{ 1996 1996 1996

=[1+1+. e, upto 99 times]+%:997.5
206. The function f:R — Rdefined by f(x) :w
X —8x+18
a) injective but not surjective b) Surjection but not injective
c) Both injective and surjective d) Neither injective nor surjective
Key. D
Sol.  x?—8x+18 is not zero for any real number because X* —8X+18 can be written as (X—4)2 +2 and

2
numerator X+ 4X+30 is also +ve because (X+ 2) +26=x*+4x+30.since T take values which

areonly +ve forreal 'X'. Range f isasub setof (0,00) c.range f #R= T isnotonto also

£(0)=25 X80 5o maymx =26 i x£0

3 x2-8x+18 3
L f (10) = g =26 . T is notinjective.

207. I f(x+%, x—%jzxy, then f(m, n) + f(n, m)’= 0

A)onlywhenm=n  B)onlywhen m=n"._C)onlywhenm=-n D)forallmé&n
Key. D

Sol. Letx+X=m x—in
8 8
x=m;n,y=4(m—n)

F(m,n) = 2(m* -n?)
Similarly f(n, m) = 2(n*—m?)
= f(m, n) + f(n, m).= 0¥ m,n

208. If y= 109y, [mj then the possible set of values of x and y are
X

A) Xe[Znn 2nn+n] ye{O 1}
B) (0, ),y e{l}
C) xe U(Znn,Znn+gju(2nn+g,(2n +1)nj and y {0}

new
D) xe U (Znn,(Zn +1)7c)and ye {0,1}
newW

Key. C

Sol.  logy,, il =  sinxe(0,1)and x €(0,0)

X
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xe U (2nn,2nn+g]u[2nn+g,(2n +1)njand y {0}

neWw

209.  Let S be the set of all triangles and R"™ be the set of positive real numbers. Then the function,
f:S—>R",F(A)=areaof A, where AeS is

A) injective but not surjective B) surjective but not injective
C) injective as well as surjective D) neither injective nor surjective
Key. B

Sol.  Two triangle may have equal areas
f is not one-one
Since each positive real number can represent area of a triangle
fis onto

210.  f(x)=|x-1,f:R" >R and g(x)=e*,g:[-Lo)—>R if the function fog(x). is defined, then its
domain and range respectively are

A) (0,0) &[0,0) B) [~10) &[0,00)
i) e
Key. B
ol 1(x)=pg=2% O
g(x)=¢" x>-1

1-g(x) 0<g(x)<1l ie —1<x<0
g(x)-1  g(x)=1 e 0<X
_J1-e* -1<x<0
e*-1 x>0
domain =[-1, «)
Fog is decreasing in [- 4, 0] and increasing in (0, )
fog(~1) :1—% afid fog.(0)'= 0

lie x — oo fog (X) =.06" ... range [0, )

211.  The range of the function f(x)= Iogﬁ(2—Iog2)(2—log2(165in2x+1)) is

A) (—oo,l) B) (—00,2) Q) (—oo,l] D) (—oo, 2]
Key." =D
S0k F(X) = Iogﬁ(Z—IogZ(16sin2x+1))
1<16sin’*x +1<17
0<log, (16sin® x+1) < log,17
2-1log,17 <2-log, (16sin* x +1) < 2
Now consider

0<2-log, (16 sin° x +1) <2

—0<log [Z—Iog2 (16sin’ x+1)} <log ,2=2
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212.

Key.

Sol.

213.

Key.

Sol.

214.

Key.

Sol.

215.

Key.
Sol.

the range is (—,2]

If f(x).f(y)=F(x)+f(y)+f(xy)-2vx,yeR and iff(x) is not a constant function, then the value of
f(1) is equal to
A)1 B) 2 C)0 D)-1
B
Putx=y=1, (f(1) =3f()-2) =  f(1)=lor2
Let f(1) =1, thenputy =1
f(x). f(1) = f(x) + f(L) + F(x) - 2
= f(x)=1 constant function
f(1)=1, hence f(1) = 2

Let f(x)=tanx, g(f(x)):f(x—gj, where f(x) and g(x) are real valued functions. For all possible

value of x, f(g(x)) =

A) tan(;(—jj B) tan(x — 1) — tan (x +'1)
o) f(x)+1 o) X—n/4
f(x)-1 X+ 1l4
A
-1 -1
wor(iEm (N2
x-1
f(g(x)):tan[m)

Let h(x) = |kx + 5|, domain of f(x).is'[- 5, 7], domain of f(h(x)) is [- 6, 1] and range of h(x) is the same
as the domain of f(x), then value of k'is

A) % B) g 01 D) none of these
D

—5<|kx+5/<7 % —12<kx <2 where —6<x<1

= —6£gxsl where -6<x<1

k=2 4{.Q range of h(x) = domain of f(x)}

The function (x)= +Xitis
e -1 2
A) an odd function B) an even function
C) neither an odd nor an even function D) a periodic function
B
f(x)=%+§+1= 2X + xe —X g XAxe
e* -1 2 2(e* -1) 2(e* -1)
—X—Xe " X + Xe*
f(—x)= +1= +1
(%) 2(e7-1) © 2(e*-1)

f(-x) = f(x) for all x
f(x) is an even function.
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216.  Letf: {x,y, z} — {1, 2, 3} be a one-one mapping such that only one of the following three statements
is true and remaining two are false: f(x)=2, f(y)=2, f(z)=1, then
A fx)>fly)>f(z) B)fX)<f(y)<f(z) OC)f(y)<f(x)<f(z)  D)f(y) <f(2) <f(x)
Key. C
Sol.  Case—1f(x) # 2istrue, f(y) =2 and f(z) = 1 are false, then
f(x)=1or3,f(yy=1lor3andf(z) =1
= f is not one-one
Case — Il f(x) = 2is false, f(y) = 2 is true, f(z) # 1 is false, then
f(x) =2, f(y) = 2, f(z)=1
= not possible
Case — 11 f(x) = 2 is false, f(y) = 2 is false, f(z) = 1 is true, then
f(x) = 2, flyy=1o0r3 f(z)=2o0r3
= f(x) =2, f(z) = 3, fly)=1

217.  The image of the interval [ - 1, 3] under the mapping specified by the function f(x) =4x*-12x 1S
A) [f(+ 1), (- 1)] B) [f(-1), f(3)] C) [-8, 16] D) [-8,72]
Key. D
Sol.  f(x) =4x (x*-3)
f'(x)=12x*-12=0
or X=x1
f(x) e [f(1), max (f(- 1), f(3))] = [- 8, 72]

218.  If f(x)=2sin”0+4cos(x +0)sinx. sin6+cos(2x +26) then value of f?(x)+f? (%—x)

A)0 B) 1 Cc)-1 D) x?
Key. B
Sol.  f(x)=2sin*6+4cos(x +0)sin x:sin@+cos(2x +260)

=2sin” 0+ cos(2x +20) + 2cos(x +6)cos(x —6)—2cos* (x + )

=2sin? 0+ 2cos’ (x +0)—1+ 2cos® x — 2sin” 6 — 2cos’ (x + )

= C0S 2X

.'.fz(x)JerEE—szcos2 2x +sin®2x =1

Xl 1+%j F9x), where ‘a’ is a positive real number not equal to 1 and F(x) is an odd
a -

function, Which of the following statements is true?
A) G(x) is.an‘odd function
B).G(x) is-an even function
C) . G(x) is neither even nor odd function
D) Whether G(x) is an odd or even function depends on the value of ‘a’
Key. B
1 1

Sol. G(x):(ax—_1+§jF(x)

210, Let G(x):(

G(x) is an even function.
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