Mathematics Differentiation

Differentiation
Single Correct Answer Type

1. The second derivative of a single valued function parametrically represented
by x=¢(t) and y = y(t), (where ¢(t) and y(t) are different functions and

¢'(t) #0) is given by

ey L)oo &)

A)dXQZ (d_X)s B)dXQZ (dXQ
dt dt
@’x\dy _dx(dy x)dy)_(dy)in
d’y \dt* Jdt dtldt’ d’y \dt* ldt t* ) dt
C) 2 3 D) 2 3
@ @)
dt dt
Key. A
So. 4y _dy/dt
dx dx/d
d’y _ d (dy/dt
dx* dx|dx/dt
2. y=f(X) be a real valued twice differentiable function defined on R, then
dy( T, dx
dx?\ dy dy
dy dx d’y
A —= B) — C)— D)0
@ Bl g (©) D)
Key. D
2
o, Byot(m) o) 4
dx?  dx\dx) dx| dx
dy
wx o dx

d| 1 |dy__dy* dy __ dy’

Tdy| OX [dX (g2 dX (gx )
d [dy} (dy)

d? y dx )’ d2
=7
dx? dy dy

3. A function f :R— [l,oo) satisfies the equation
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f(xy)=f(x)f(y)—f(x)—f(y)+2.1f fis differentiable on R—{0} and f (2) =5,
f (X) :%—x then A=__
(A) 2f'(1) B8) 3f'(1) © % f'(1) D) f'(1)

Key. D
f(x+h)—f(x)

Sol. f'(X): It
x—0

o f{x(l+2)}—f(x)(

Xx—0 h

o (352 11

Xx—0 h Cox
X
Putting X =1, Y =2 in the given functional equation, f(1)=2
h

(=t f(“"j_ Al

X  ho0 h/x

x =0 given)

f(x)-1
= (1
— '@
' : . f* g" 2C
4. 1f F(x): f (x).g(x) and f (X)g (X)ZC, where ‘¢’ is a constant then T+E+f—g =
(A) v (B) v (©) L (D) none of these
F F' F
Key. C
Sol. Given F=fg=F'=f'g+1fg’
F'=f"g+2f'g+ fg"
= F"=f"g+2C+ fg"
r_tr,e,x
F f g fg
5. Let g(x)=log f(x) where f(X)is a twice differentiable positive function on (0,30)such
that f(x+1) =xf(x). Then,for N=123...., g"(N +%)—g"(%)=
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Key.

Sol.

Key.

Sol.

Key.

Sol.

Key.

Sol.

Key.

Sol.

A -4 1+l+i+...+#2 B) 4 1+1+i+...+#2
925 " (2N-1) 925 " (2N-1)
C) 4 1+1+i+...+#2 D) 4 1+£+i+...+#2
925 " (2N +1) 925 " (2N +1)
1
" " 1
9"(x+1)-g (X):_F
x—>x—1 we get g"(x+l)—g"[x—1j=— 4
2’ 2 2)  (2x-1y

Put x=1,2,.....N adding we get result
2

ax equals :
dy? '

oy SEANE
A (WJ R (dsz dx

d’y ﬂjz 9y [ﬂjg
© [dx2 j(dx 2 7@ \ax

4

ax _ (ﬂ)l _ O i(d_yjl ax _ _(d_yjz d_zy(d_y)l _ _(d_yjs
dy (dx dy? dx\dx/) ‘dy dx ) dx? \ dx dx

If X*+y? =1, then

d’y
dx?

A) yy"—2(y')2+1=0 B) yy"+(y')2+1=0
C) yy"—(y')2 +1=0 D) yy"+2(y')2+1:0
2

Differentiate successively

If y=x|og(a+—xbxj,then x”ﬂ:(x%—y) , Where :

dx? dx
A) n=3,m=2 B) n=2,m=3
C) m=n=2 D) m=n=3
1
Conceptual
If y=(sin™ x)2 +(cos™ x)2 then (1—x2)d—2y—xﬂ=
’ dx>  dx
A) -4 B) 4 C)2 D) -2
2
P -1

y, = f/slli XZX - 2\/0'10_5 sz = J1-xy, = 2(sin‘1 X —cos ! x)

— 2X 1 1
=N, 21— X2 h 2[\/1—x2 +\/1—x2]
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2

,d%y Xdy

10. If xsin(log x)+ xlog x, th — 2y =
y= (logx)+xlog enxdx v
A) In(x) B) xIn(x) C) —xIn(x) D) '”TX
Key. 2
Sol. y, =sin(logx)+xcos(logx)-+logx+1
_cos(logx)_sin(logx)+1
2T X X X
. . . . . d’y _dy
11. By introducing a new variable t, putting X =cost, the expression (1— X )W— X&-i- yis
transformed into :
d?y d’y dy d’y d’y
A + ay_dy C) — — D) —
) a ) ®) a at a ’ ) dt?
Key. 1
sol. tocosix= o1
1-x°
dy dy dt 1 dy >dy dy
—=—,—= =>1-x* 2L ==
dx dx dx «/1 x2 dt dx dt
2
= (1—x )M—xﬂ d_g/
dx? dx dt
12. Let f(X) and g(x)be two functions having finite non-zero third order derivatives f "(X)

and g"(x) forall Xxe R.If f(x)g(x)=1 forall xR, then ff__gg_ is equal to :

A) 3{£_g_uj B) 3(£_g_"j
g f fg

C) 3(9_"_£J D) 3(£_g_"j
g 9 g f

Key. 2
Sol. fg=1= fg,+ f,0=0
= fg, +9f,+2f,0,=0

= fg, +of, =3[ f,9, + 1,9, ]

L 3{&_&}
fiboa Lf 9

(using fgl =-10)
13, IF YT =[x+\/l+ xz]then (1+ xz)y2 +Xy, isequal to:

A) m*y B) my? C) m?y? D) my
Key. 1

ol y:(x+\/1+7)m:>yl=m(x+\/1+7)ml.{1+

2X }
241+ X2
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=1+ Xy, = m(x+\/1+ X )m =1+ Xy, =my

:>(1+x )y2+xyl m’y

0
14. If X+ cosq= secq, y+ cos®q= sec’®q then h% T =
X0

a)8 b) 16 c) 64 d) 49
Key. C
aly 0
o W gdiq% 8sec’qtanq+ 8cos’ gsing _ 8tanq(sec’ q+ cos’q)
©dx g-’dxg secqtanq+ sing tanq(secq+ cosq)
dqo

(dyjz ) 64(sec8 0+ cos? 9)2 B 64[(sec8 0 —cos® 49)2 +4} _ 64(y2 +4)
dx)  (secO+cosf)’ [(sec@—cos@)2 +4J - (x*+4)

2
(x2+4j(dyj 64
y°+4 )\ dx
15. Let y= f(x) and f:R® R be an odd function which is differentiable such that
f"(x)>0and f (a,b)=sina+ cos’b+ 2- 4sinacos’b .

if £(f (a,b))= 0 then sin*a +sin’b =

a) 0 b) 1 0)2 d)3
Key. B
Sol. f "(X) is an odd function

\ f (@,b)=0P (sin‘a- 1) + (cos'b- 1) + 2(sin’a- cos’b) =0
=sin’ a+sin” =1

16. If y=sin(sinx) and %+3i tanx+ f (x)=0, then f (X) equals.

A) sin’xsin(cosx)  B) sin’xcos(sinx)  C) cos*xsin(cosx) D)
cos® xsin(sin x)
Key. D

Sol. dy = cos(sin x)cos x
dx

d’y : . o
W=—cos(smx)smx+cosx[—sm(smx)]cosx
.'.M+ﬂtanx_—cos Z xsin(sin x)

dx?  dx

L d%y

T +d—ytan X +cos’ xsin(sinx)=0
X dx
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~. f(x)=cos® xsin(sinx)
2

X
17. —— equals
dy? a

d’y )’ a2y ) (dy)" . dy(dy)’
» (dTJ g [dT (&) © d—(d—j

_d_zy(ﬂ)‘s

x? )\ dx

Key. D
d?x d(dx) d[dx) dx

Sol. —5=—|— |=—| — |[x—
dyc dyldy) dx{dy) dy

1

d|dy 1

dx| dx (dyj
dx

-1 _d% _dy

(dy)z “dx dx
dx

__(ﬂj_s d’y
- ldx) T dx?

Yy dzy
18. If (a+bx)e* =x then x° e equals
X

2] o] o[z
A)(deer B) (de y ©) dx y

Key. B

Sol. %: log x —log (a+bx)

Differentiable

T X a+bx x(a-+bx)

"o Y1 1, a

dy ax
dx a+bx

Differentiable again w.r.t x

2

d?y a
X——>= 2
dx®  (a+bx)

D)
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2 2,2 2

el e (o)
dx ( a+ bx) dx

e
log, [ZJ p
3+2Iogexj+.|_anl X then (; y is

19. Ify :Tanl[

1-6log, x Ioge(exz) 2
A)0 B) 1 C)-1 "
Key. A
Sol. y=Tan™ ﬂ +Tan™ w
1+2log, x 1-6log, x

=Tan™(1)-Tan*(2log, x)+Tan™*(3)+Tan™(2log, x)
=Tan™(1)+Tan™*(3)
Wy,

T
20. Let f bea functionsuchthat f(x+y)=f(x)+f(y) forall x and y and

f (x)=(2x2 +3x) g(x) forall x where g(x) is continuous and g(0)=9 then f'(x) is

equals to
A)9 B) 3 C) 27 D) 6
Key. C
Sol. f'(x)= Lt fxrh)= ()
L 0= (x)
h—0 h
(2n*+3n) g (h)
:h—>0 h
= Lt (2h+3) g(h)
=3g(0)=3.9:27
Tanx
21 1t y=(Ta) ™™ then ¥ atx=" is
dx 4
Al B) 2 C)3 D) 4
Key. B

sol. logy=(tanx)*"log(tanx) — (1)
Taking log again, we get from (1)
log(log y) =tan xlog (tan x)+log(log ( tan x))

Differentiate with respect to X
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i.i Y _ sec” xlog(Tanx) +TanxL Sec?x + L Sec?x
logy y dx Tanx log (Tanx) Tanx
Ly ylogy sec® x| log(Tanx)+1+ L
dx Tanx log(Tanx)
anx l
= y(Tanx)™ log Tan.Sec’x| (log(Tanx)+1)+
y(Tanx) ™" log {( g(Tanx)+1) Tanxlog (Tanx)}

= y(Tanx)Talnx Seczx[log (Tanx)(logTanx+1) +Cotx]
T
h = — =
When at X % y=1

ﬂ :1.1.2(0+1) =2
dx

22.  The triangle formed by the tangent to the curve f (X)=x?+bx—b at the point (1, 1) and the

co-ordinate axes, lies in the first quadrant. If its area is 2 then the value of

A) -1 B) 3 C)-3
Key. C

dy
Sol. v 2x+b=2+bat(1,1)

bis

D) 1

Equation of tangentis Y—1= (2+b)(x—1) is intercepts A and B on the axis are obtained by

puttingy =0 and thenx=0
b+1
SJA=——,
b+2

A:EAB:Z
2

B=—(b+1)

S AB=4=—(b+1)(b+1)=4(b+2)

~b==-3
dy .
23. If t(1+x?)=x and x*+t>=y thenat x =2, the value of d— is
X
24 101 488
a) — b) — ¢) —
5 125 125
Key. 3
Sol. ﬂ :2x+2t.ﬂ
dx dx
x dt 1-x
= put x =2

T1+x &_(1+Xz)2

358
125
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24, Suppose f and g are functions having second derivatives f" and Q" every where, if
f'(x) _g"(x)
f(x).g(X)=1forall X and f"and g' are never zero, then ——= equals
f'0)  g'(x)
) ) 2909 AR
f(x) 9(x) f(x) g(x)
Key. 1
Sol.  Wehave T ()g(0+g'(0)F()=0=20), T o
(X) f(x)

Further T"(X)g(X)+2f'(X)g'(X)+g"(X)f(x)=0

Divide throughout by f'(X)g'(X) and use (1)
2

d
25. If X=g(t) and Yy =w(t), then d—z is equal to (dashes denote the derivative w.r.t ‘)
X

QY Ve o) LY V@ 02 o L YL
2 2 v AN
Key.

4
Sol. ﬂ
d

v
pe
d(dy) ew-v'oe
d2y d(dy) dt(dxj (0")
¢ dx\ dx dx @'

dt

26.  If x=asin20(1+cos20) and y =bcos26(1—cos26), then (%} =
0="

a) 0 b) 3% o) —J_ d)1

Key. 3
sol.  X=asin 2(9(2cos2 0) — 2asin 26cos?

y=Dbcos 249(25in2 9) =2bcos 20sin? 0

dy  2b(-2sin20sin’ @+ cos20sin 20)
dx  2a(2cos20cos’ 6 +sin 26(—sin 26))

:(ﬂj LN
dX Jg—r/3 Q

3
> ? satisfies f(X)(%J :1+%,then f(x)

27 If X= 1+t y=—s 3
' ©
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2
a) X b) X 5 c) x+1 d) x—l
1+x X X
Key. 1
(3+2t)
o, W_dd_ ¢
dx dx/dt  (3+2t)
—
Since
dy ° dy 1+t
f(x)| 2| =1+ZL = f(xX)t? =1+t = f(x)==—"-=x
( ) dX dX ( ) ( ) t3
28.  If y:(1+x)(1+x2)(1+x4), thenﬂatx=0is
dx
a)lb)-1 )0 d) 2
Key. 1
Sol. Multiplying numerator & denominator by (1 - x)
1-x)(1+x)(1+x*)(1+x* L yE
, - X )(1+°)(1+x*) Lol (g} )
1-x 1-x dX Jyo
29. y=f(X) be a real valued twice differentiable function defined on R, then
dy (x| dx
dx2ldy ) dy?
dy dx
A — B —
(A) " (B) dy
d%y
C — D) O
() v (D)
Key. D
2
Sol. d_yzi(ﬂ)zd 1
dx? dx\dx) dx| dx
dy
_d) 1 \dy_ dy* dy  dy’
Cdy| O dx (e} dx o (ox )
o (57 6)
2 3 2
:d—g. & +d—)2(=0
dx“  dy dy
dy k .
30. If cos y = x cos(aty) and — = 3 then the value of k is
dx 1+x°-2xcosa
a)sina b) cosa 01 d)-sina

10
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Key. A

cosy dx sina dy cos’y _ sina

Sol. X=— P o= = = — K =sina
cos(a+y) dy cos®(a+y) dx x®sina 1+x*-2xcosa
x.g(x)
31. Giventhatf(x)= 4 |X| ' g(0) =0 = g'(0), then f(0) equals
0, x=0
(A)1 (B)-1
(€)2 (D)0
Key. D
sol.  #(0)= lim ©O+tM-T(0)
h—0 h
hg(h) g
gim- L im9M) g _ iy S g
h—0 h h—0 |h| h—-0 1
32. If f(x)=x+tanx, and fisinverse of g, then g'(x)equal to
1 1 1 1

a) b) c) d)

1+[ g (x)-x] 2-[9(x)-x]"  2+[g(x)-x]" " 1-[g(x)-x]

Key. C
Sol. f(x)=x+tanx
f(f*(y))="f"(y)+tan(f(y))
y=9(y)+tan(g(y))
x=g(x)+tan(g(x))
diff
1= 9°(x)+sec*(9 (X)) '(¥)
1
9'(x)=
2+ g(x)—x]
33. If “f* is an increasing function from R — R such that f " (x) >0 and f 7 exists then
dz(f‘l(x)) ‘
—dX2 is
a)<o0 b)>0
c)=0 d) cannot be determined
Key. A

Sol. (x)>0and f" (x)>0
Let g(x) = f1(x)
f(9(x)) =x
£ (g(x) . g'(x) =1

11
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34.

Key.

Sol.

35.

Key.

Sol.

36.

Key.

Sol.

= L
R CTE)

9" (9= -——— 1" (g). 9’00
(t(9(x))

0" (x).<0.

(" (%) & £(x) > 0)

(;j—xzz( f(x)=ogw (x)).<0

If a function f :[—2a, 2a] — R is an odd function such that
f(2a—x)=f(x),Vxe [a, 2a] and left hand derivative at x = a is O then find left hand

derivative at x = -a

1
(a)0 (b)-1 (c) > (d)a
A
fa)- Lt fCa-fah)
h—0 h
L of@+f@sh) _  —f@+f@+h)
h>0 h h—0 h
a*x
dy?
d?y)" d’y _l(dy)‘s
b) — =
(a)(d xzj ) [d x> ) dx
d’y dy)‘2 d’y (dyr
© dxzidx () d x* )\ dx
D

&[5
dy \.dx

Again differentiating with respective y

an[ Y
If /X2 +y? —ae (Xj(a>0),(y(0) >0) then y*(0) =
a .2 —xl2 —2 .1 a__z2
—e b) ae —e d) —e
(a) > (b) (c) 3 (d) >
C

Differentiating with respect to x two times

d’y  2(x*+y?)

X’ (x—y)’
Putx=0= LO):
(-y(0))

12
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i d'y _
37. If y=e"cosx and y, +ky=0, where y4=d7,thenk—
A) 4 B)-4 C)2 D) -2
Key. A
Sol. y=e™cosx
y, =—€ “sinx—e " cosx=—e “sinx—y
y, =—€ *cosX+e *sinx—y,
= Y, ==Yy-Yy,+e*sinx
= y2=_2(y+y1)
= y3:_2(y1+y2)
= y;=-2(e*sinx-y)
= y4:2y1_2y_2y_2y1
or y,+4y=0 = k=4
2 2
3. Let y=¢*. Then | LY | X} q,
dx® )\ dy
A) 1 B) e C) 2™ D) -2
Key. D
Sol. y=e*
2
W _ e and d—2:4e2"
dx dx
& 11
dy 2e* 2y
d’x 1 1
- =———_=—"
dy>  2y* 2
2 2 _am2x
OI—32/.dizz4.ezx. —GZX =-2e
dx* dy 2e
39. If y*=P(x), is a polynomial of degree 3, then (ij y3.£
dx dx
A) P"(x)+P'(x) B) P"(x).P™(x) C) P(x).P™(x) D) a constant
Key. C
2 dy 1
Sol. y =P(x):>2yd—=P(x)
X
dy )’ d’y
Or 2| = | +2y— =P"(X
(dxj ydx2 (x)
2 12
or  2ydY_p 2(ﬂ) _pr P
dx dx 2y
d’y 1 1
2y} =2 = y?p"_Zp? —ppr_Zp?
Y Y 2 2

13
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40.

Key.

Sol.

41.

Key.

Sol.

42.

Key.

Sol.

43.

Key.

Sol.

If f'(x)=—f(x) and g(x) = f(x) and F(x)= (f (ED J{Q(ED and given that F(5) = 5, then

2
F(10) is equal to

A)S5 B) 10 C)0
A
X X X\ [
PO 2] 8 2 gl X g 2
(X){ (zj (2}9(2]9(2)
Here g(x)=f'(x) & g'(x)=f"(x)=—F(x)
X\ (% X\ [ x
so  F(x)=f| Zlg| 2 |-f| Z|g| 2 |=0
° P @9@ (2}3(2)
= F(x) is constant function
So  F(10)=5
® sinx cos
x® sinx X . & (x)
If f(x)=|6 -1 0 | (wherepis constant), then at x =0, v =0
p p P
A)p B) p C)-p
D
3x®> cosx —sinx
f'(x)=| 6 -1 0
pp P
6X —sinX —CoSX
f'(x)=|6 -1 0
p P p’
6 -1 0
f(x)=|6 -1 0|=0
p p* P
If X’ =e*, then @
dx
A) (1+log x)’1 B) (1+Iogx)’2
C) logx(L+logx)* D) logx(1+logx) "
C
Xy = ie.ylnx=x-y ie. y= X
1+Inx
dy__ Inx
dx (1+Inx)2
_ 2" dy A
If y:tan 1(@},“’]@1 & atX—OlS
A)1 B) 2 C)In2
D
2 2% 2% In2 2*In2

y=tan1( Jztanl 20 _tant2X = y'=

1+ 2% 2% 1+(2x+1)2 _1+(2x )2

D) 15

D)0

D) none of these

= y'(0)=——=1n2

10

14
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44,

Key.

Sol.

45.

Key.
Sol.

23.

Key.

Sol.

A function g defined for all real x > 0 satisfies g(1) = 1, g'(xz)zx3 for all x > 0, then g(4)
equals

A) % B)3 C) = D) none of these

= g'(t)=t*>,  where x*=t

94)="57 %55
If f(x) = log x, then f'(logx) equals
A) X B) logx ) 1 D) 1
log x X xlog x log x
D
f(x)=logx

x|

, 1
f (IOgX):@

f is a strictly monotonic differentiable function with f'(x) = . If g is the inverse
V1+ %3
of f then g (x) =
3x? 3g%(x) 3, G
A) ——— B) —(——— C) 29°(%) D)
241+ % 2,1+ g%(x) 2 N
C
y=f(x)ex=f*(y)ex=g(y) since g=f™
dx 1 3
—= = =41
ay "I W=y
d_ZX: gll(y) :i[%J :i 1+x3
y* dy  dy

15

Differentiation
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D) 17/2

3
9" (y)=59°(y)
24. Let f(x)=¥ when x=0 and f(0)=0. If g(0)=g'(0)=0 and g"(0)=17 then
£1(0) =
A) 3/4 B) —1/2 C) 17/3
Key. D
sol. 11(0)=Lt ~H=FO)_ 1 (9
x—0 X—0 x—>0 X
L9 €0, ) _g*0)_1
x—0 X2 x>0  2X X—>0 2 2 2

16



