Mathematics Definite, Indefinite Integration & Areas

Definite, Indefinite Integration & Areas
Single Correct Answer Type

1. If a circle of radius r is touching the lines x? - 4xy + y? = 0 in the first quadrant at points A and
B, then area of triangle OAB (O being the origin) is
3./3r? J3r? 3r?
(A) (B) (C) — (D)r?
4 4 4
Key. A
Sol.
2N4-1
Here tan 20 = :\/§ :6=E
2 6
1
Area of AOAB = E(r cot 0)?2 (sin 20)
1 23
NS RN
2( ) 2
2. ABCD is a quadrilateral with side lengths AB =4, BC=10, CD = 6 and AD = 6, and diagonal BD
= 8 units. If the incircles of triangles ABD,and BCD touch BD at P and Q respectively, then
area of quadrilateral C;PC,Q (where €, and C; are incentres of triangle ABD and BCD
respectively), is
V15 . .
(A) 3+T sg. units . (B) 3 sg. units
15
(Q) T sq. Units (D) 4 sqg. units
Key. A
Sol.

4
In triangle ABD, we have BP = 6+—2+8 -6=3.

In triangle BCD, we have
DQ:éQ%?ig_lozz_
=PQ=8-(3+2)=3

1
= area of trapezium C,PC,Q = E(l’1+|’g)'PQ,

JIx3x5x1 \/E

where r; = = and r, =

9 3
J12x2x6x4

12

=2.
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= area of quadrilateral C,PC,Q = > +T sq. units.

1(2+E}<3=3 \/B
3

3. The area of the region whose boundaries are defined by the curvesy =2 cos x, y = 3 tan x
and the y-axis, is

2
A)1+3In| —
W [Jéj

(C)1+%In3—|n2 (D)In3—1In2

(B)1+gln3—3ln2

Key. B

Sol. Solving 2 cos x = 3 tan x we get, 2 — 2 sin’x = 3 sin x
i

:>sinx=£:>x=—.
2 6

/6
Required area = '[(Zcosx 3tan x)dx =2sinx — 3Insecx|
0

n/6

= 1—3In2+gln3.

4, The area of the region bounded by the curve y = x? and y. = sec! [=sin? x], (where [.] denotes
the greatest integer function), is

(A) m/n (8) %nﬁ (©) %nﬁc‘ (D) %nﬁ

Key. B
Sol. [-sin? x] = 0 or —1 but sec™ (0) is not defined.
= sec![-sin’x] =sec? (-1) ==
3 4
The required area = J. (m=x2)dx = gﬂ?\/; .
=

( -11
5. The range of the function f (X) = _“ t]dt, x e {? , E} is

1

35 53 -3 5 -5 -3
W [@5] (B){s 8} ‘C’ [?5} ) B ﬂ

Key. D

X 2
Sol. IfOSXS%: f(x):jtdt:x =
1

If—%<x<0:>f jtdt—jtdt— {XZH\

11

= f( )>0VXE{? E}

- Range of () |{f[‘?1]f[%ﬂ:[%5—?3}

6. jTanl(l—x+x2)dx:
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Mathematics
T T T
A) In2 B) — C) — D) ——In2
(A) (B) 4 (C) 5 (D) >
Key. A

Sol. jtanl(l—x+x2)dx:j z_ n’l[ X+<1_X)“dx

(
! LZ @ Ll—x(l—x)U

- %—Jl‘(tan1 (1-x)+tan™ x) dx

0

1
:%—Z_Etanl(x)dx: In2

3
7. I(;zx—4x2) In(1+ Tanx) dx =
0
T i ° P
A) — B) —In2 C) — D) —In2
()192 ()192 ()96 ()96
Key. B
% w % /8 T
Sol. Let | :I4x[——len(1+tan x)dx:I4[——xjxln[1+tan[—— D dx
0 4 0 4 4
% VA
=4In2j.x[——xjdx—l
V4
% T
:>I:2In2jx(——x)dx
5 4
3
:Llnz
192
2r
8. len[3+cosxj dx =
0 38— Cos X -
T T T
A)—In3 B) —In3 c) —In3 D)0
Key. D)
2z 2z
E I(Zﬁ—x)ln[3+cosxdxj =21 =2z |n[3+cosx) dx
| 0 3-cosx > \3-CoSs X
Sol.
:>I:Zﬂjln[3+cosxjdx:Zﬂjln[ngcosxjdx:—l —1=0
5 \3—C0SX 5 \3—CO0SX
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9.

Key.

Sol.

10.

Key.

Sol.

11.

Key.

Sol.

If a point P moves such that its distance from line y = x/éx — 7 is same as its distance from

(2x/§, —l) , then area bounded by locus of P and the coordinate axes is (in sq. units)

3 ®) 243 3f

A) — C)6 D) —

(A) > (C) (D)

A

As point lise on the line. Locus of the point is straight line perpendicular to
X

given line passing through (2\/§, —1) ie. —+y=1

V3
\/§><1
>

3 3 3
IFA| ==, <2 ,B| ——, \/EJ,C[——, —\/EJ and D (3 cos 0, 2'sin.0) are four points,
(ﬁ j ( V2 V2

= area of triangle =

3
then the value of 6 for which the area of quadrilateral ABCD'is maximum, (% <0< Zﬂ) is

(in sg. units)

.41 n 3 T
A) 2m—sint = B) — C) 2m—cos ™+ — D) =
(A) 2m 3 (B) 4 (C) 2= \/g ( )4
B

Area of quadrilateral ABCD is.maximum when area of ACD is maximum
= distance of D from AC issmaximum i.e. (COSG—Sin 9) is maximum.

= \/ECOS(O + EJ 1S maximum

:>6=ﬁ.
4

A square ABCD s inscribed'in a circle of radius 4. A point P moves inside the circle such that
d (P, AB) < min(d (P,-BC), d (P, CD), d (P, DA)) where d (P, AB) is the distance of a point P

from line AB. The area of region covered by moving point P is (in sq. units)

(A)4n (B) 8w (C)8n—16 (D) 3n—4
A
Shaded area is the required B
2
region = L 4.

Dvc
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2—-tan2z 2—-tan2z
12.  Let |, = J‘ x f (x(3—x))dx and let I, = j f (x(3—x)) dx
sec?z sec?z

1 [ . . o1 e I
where 'f' is a continuous function and 'z' is any real number, then —* =

2

3 1 2
(A) > (B) > ©)1 (D) 3
Key. A
Sol. Conceptual
13. Iff, g, h are continuous functions on [0, a] such that

fla - x)=1(x),gla —x)=-g(x), 3h(x)-4ha-x)=5 theni f(x)g(x)h(x)dx =

a)0 b) a c)a/2 d) 2a
Key. A
Sol. Conceptual
T sin®x
14.  The value of I ———dx, where [x] is the greatest integer less than or equal
-2 |:X:| + l
| 2
to x, is
a)l b) O c) 4-sin4 d) 4+sin4
Key. B
Sol. Conceptual
4/n 1 1
15. j (3x”.sin— —x.cos —)dx =
% X X
82 24./2 322 322
a) 3 b) 3 C) 3 d)
T T T T
Key. C
Sol. Conceptual

1

Inx
16. The area bounded by the curves f (X)= X, x#1 and y:|x—e| is

e, x=1
e 2 2
(A) o (B) e (C) 2e (D)1
Key. B
ev L. 7
logi _ ;
sol.  f(x)=1%¥ =& x*l ob & 2
e, x=1

17. The area of the region bounded by the point P (X, y) satisfying log, log, x>0 and

E<x<2is
2




Mathematics Definite, Indefinite Integration & Areas

Key.

18.

Key.

3 7
(A) 2 (B)1 (C)2 (D) 3

D
Sol. (i) %<x<l

a) O<y<l = x>yaAx<l1
b) y>1 = x<yax>1
not possible

(i) 1<x<2
a) O<y<1
X>y A X<1
A (22)
gA R
Wnfeis
1 ,j:
(3| A
Z 2|1 2

Not possible
b) y>1
X<y AX>1

1 1111
Area =———.—.—+=
2 2222

it
8 8

Area of the region defined by ||X| —|y|| >1 and X* + y2 <lis

(A) 1 (B) 2 (c) -1 (D) 27 -1
c
sol. 1< x-]y| <1

IX=Ivl[<1 A X[~y > -1

Required area = 7[(1)2 =7
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19. If I, :jtan”xdx,then Lo+ 1, +2(1, +.ceet 1y )+ g + 14, is equal to
9 n 8 n 9 n 10 n
tan” x tan” x tan” x tan” x
1) > 2)1+ ) 3)) 4>
1 N ot N N+l 2 N+l
Key. 1

tan""
n—1 - In—2

Sol.  Wehave |, = [tan" xdx = [tan"? x(sec” x—1)dx =

tan"™* x
2t In = n—1 (nZZ)

Thus, we have

Lo+ 1 +2(1,+.+ 1)+ g+ 1

=(lo+ 1)+ (1 + 1)+ (1L, + 1)+ (L + 1)+ (1, + 1)+ (T + 1)+ (1, + 1)+ (15 + 1)

O tan"™t & tan" x
D i) P

n=2 n=1

3 -
i XCOS™ X—SIn X
20. Ies'"x (—] dx , is equal to

cos? X
1) e (tan x+x)+C 2)e"™ (x—secx)+C
3)e™™ (secx+tanx)+C 4)none of these

Key. 2

Sol. We have

3 -
inx [ XC0S° X—sinx
I :jesmx —2 dX
cos” X
= I xe™" cos xdx — I ™" (sec x tan x) dx

= [xeSinx —J.es"‘xdx] — [es"‘x secx —jes"‘xdx]

=e™(x—secx)+C
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21 IfJ. n| YIX +b then
' x\/1 x? V1-x®+1 ’
1
1) b=1,a=1 b=-1 a=—=
3
2
3) b=la= —5 4) None of these
Key. 2
xidx

B dx _
Sol. f_'l-xﬂ"l—f 'I-x}sfl—f

put 1- %" =1 = —3x’dx = 2edt

sin®x
22. n 5 — dx=
(cos”™ x+3cos” x+1)tan " (Sec x + Cos x)
1)tan "t (sec X +cosX) + ¢ 2) Iog‘tan‘l(secx+cosx)‘+c
1
3) >——+C 4) log|secx+cosx|+c
(secx+cos” x)
Key. 2
sol. ut Tam“l[secx+cos xj =j'[x)
fl[xj— sin® x
cost A +3costha+1
1
.'.If—[xj=logf x|+
-4
23, I(Jsinx+Jcosx) dx =
1) 2 L 1 +C
2
(Jtanx+l) 3(\/tanx+l) 2
2 1 1
2) +=|+cC

(Vi +1)’| 3(anx+1) 2




Mathematics Definite, Indefinite Integration & Areas

2 1 1
+=|+cC

(\/MH)Z V3(vanx +1) 2

3)

2 1 1
4) —E +C

(x/taW+1)2 ﬁ(x/taﬁ+1)

Key. 1

= S X cosx_4 x= ax = !
f_“\ll{_-l_ ) ’ I|: cosx[\fﬁx+l):|4 Icosgx(u@x+l)4

sec? xdx

(@x+1)4

FPutftanx+1=y = ! sec” xdr = dv =>sec® xdx = 2Jtan xdv = 2(y—T)dy
Zaftan x

1 1 1 -1 1 211 1
I=|l =52y Ndv=2||—=——|d=2| —+—=|4+t0=—| ———
[ 26-Dar=2f( - Jfo-al bt -1

]H

2 1

(@mf[z(@m)

Lo —

Sol.

24. I Jtan xdx =

) 1 2tan‘(tanx_1j+log tanx —+/2tanx +1 e
2.2 J2tanx tan X ++/2tan x +1 |
) 1 2,[an_l(tanx—leOg tan x —+/2tan x +1 e
2\/5 2tan x tan x++/2tanx +1
190 (tanx+1 [tan?x—2tan x+1 ||
3) —=|2tan +lo +C
242 J2 tan x | tanx+2tan x +1
1| (tanx+1 (tan2x—2tanx—1| |
1) ——| 2tan +lo +C
52 J2tan x | tanx+2tanx+1
Key. 1

lzjzmdx=%j(m+ mtx)m%j(m_m)dx

Sol.
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1)(@}2 —2(X+M); +C
2 (i +2) _2(x+m)?+c
2 (e 2)f ~2x i 2 oe

4) %(X-l—ﬁ) +2(X+M)+C

Key. 2

N | w

N~

x4zl +2=t

Sol. Put

2c0s X—sinx+ A
COSX+SinX—2

26. If j

AB, A is

32
)| 2,2~
2'2

Key. 2

22
2)| 2,2~
2'2

Sol.

—[ﬂfn|cos T+snx— 2|+Bx+C]
dx

COSX— SN X

=4 +8=

dx=Al n|COS X+Sin X — 2| + Bx+ C Then the ordered triplet

3 (1,_1,3)4) 35)
2 2 2 2

Acosar—damn x+Bcosx+ Bsin x— 28

cosxtsinx— 2
2=A+8 -1=<4+8,1=-2E8
A=3/2B=121=-1

X +4
27. —— —dx=
Ix“—2x2+2
5 5
1) X——zi+2x+C X
5 3
5 3 5
3) X—+zi—2x+c X
5 3
Key. 4
Sol.
J.(x +4+4x I x +2 279}
x—2xt +2 (x 2x +2)

_].(x4+2—2x2)(x4+2+2x2:]d x
(x* - 22" +2] 5

cosx+sinx—2

AP
5 3

3

4) —+zi+2x+C
5 3

= +?+2x+C

10
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4 B
cos” x dx 1
28. | 55 =——(L+cot*x) +C
sin® x(sin5 X + cos® x) 2
2
1)5 2) E 3)2 4)1
Key. 3
Sol.
cost xdx

i

] } 75
sm3 x[smj x+ |::c::-sj x:]

cost xdx

sin® :Jr(1+|::<;:-1:j x)yj

4 2
cot” xcosec”x dx
= put 14cot® x=¢ Scot* x cosec’x dr=—dt

(1+ cot’ x)m

29. If f(x)=\&,g(x)=ex‘l,andIfog(x)dx:A fog(x)+Btan‘l(fog(x))+C,then

A+ B isequal to
1)1 2)2 3)3 4)0
Key. 4

Sol.

Jag {x] =" —1
f:_l-\fex—lcix:_l- 2" dt [Wﬁzem«.n‘ex—lz.ﬁ]

441

= 2f—Otanlt+C =2 2”—1—2tan'1(-.|l'ex—1)+C:Efag(x]—Etan'I{fag{x})+C
A+B=24+(=2)=0
30.  If _[ sin ! xcos *xdx = f {%x—xf ’1(X)—2\/1—x2}+%\/1— X* +2x+C , then f(x) is
equalito

1) sin'3x 2) sin 2x 3)sinx 4) sin 4x
Key.«3

Sol:
.o _ . Lo 2
_[sm Y xcos lx.:fx:_l-[—sm lx—(sm lx) :|.:£x
2
i Lo .o 2 .o
= E[xsm Yx4 l—xg)—(x(sm lx) +sin T xl-x° —x)+c By paris
= sin'lx[gx—xsin'lx—E 1—x2:|+g 1-x* +2x+c

FHx)=sin x, f{x) =sinx

11
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- x/6
31, Let F(x)=¢" X(l— jannd F)=1 1 F@1/2)= ky/3e , then k =
T

2

1-x
T T T T
1)— 2)— 3) — 4) —
4 6 2 3
Key. 3
Sol.
L o 1 x
Fixy= [ 1- 2 dr= " " 1-x* — dx
{] I { l—sz I [ 1- % l—sz
F(x]:ém "Nl-xt 4o
F(0)=1+¢ = c=0 [~ F(0)=1)
F(1f2}=g’”._3=@g’”
2 s
. k_ﬂ-
) 2
2. j(x‘lj X otan  T(%C then find f (X).
X+1) 53+ x2 + x
1) x+1+1 2) x+1+2 3) x—1+1 4) x—l—Z
X X X X
Key. 1
Sol.

x+1+l
x

EZJ[:L\/ >

X
{x+1]x\{x+1+l {x+1}[l+l]\{x+l+— [x+l+2]\lx+l+l
X X X X X

Pu£x+l+l:.tg
X

I v S (I_EJ(H?}ﬁl:I

1
(1——2de= 2t dt
X

12
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Mathematics
= I—fj % otanede =2t | frt Lt |4e
[z +1)z x
x+l+1
X Ans.

33. IZCOSZX In (tan x)dx, is equal to
1)sin2xIn(tanx)—2x+C

3)sinxIn(tanx)—x+C
Key. 1

Sol.  We have | ='|.2c032xln(tan x)dx =sin 2xIn(tan x)—fsin 2%

=sin2xIn(tan x)—jde =sin2xIn(tan x)—2x+C

COS X + XSin x
34. I— dx =
x(x+cosx)
1) log|———|+c
X 4+ COS X
X+ COS X
3) log|—————|+¢
2X
Key. 1

dx

X 4 COS X + XSIin X — X
ol I
x(x+cosx)

35. j[1+tan xtan(x+a)]dx,is equal to

sin(x+ )
sin x

1)%an a.ln +C

sin x

——|+C
sin(x+ @)

3)eota In

Key. 4

2)sin2xIn(tan x)+2x+C

4)none of these

2
sect X
dx
tan'x
X
2) —log|———|+c
X+ COS X
X+ COS X
4) —log|————|+cC
sin(Xx+«a
2) cotaln g +C
sin X
COS X
4) cotaln|————|+C
cos(X+ )

tan (x+a)—tan x

Sol.  Wehavetana =tan(x+a—x)=

Then, we have

1+tan xtan(x+«)

j[1+tan xtan(x+a)]dx:jcota[tan(x+a)—tan x]dx

13
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=cota| —Injcos(x+a)|+In[cos x| |+ C

COS X

—|+C
cos(x+a) *

=cotaIn

Zsin(x2 +1)—sin 2(x2 +1

Zsin(x2 +1)+sin 2(x2 +1

36. Let x*#nz—1ne N .Then, the value of J-X\/ ; dx is equal to

1 x* +1
1) log|=sec(x® +1)|+C 2) log|sec +C
) log - sec(x" +1) ) log ( > j
1 2
3) Elog|sec(x +1)|+C 4) None of these

Key. 2

23in(x2 +1)—sin 2(x2 +l)

sol. - We have'IX\/Zsin(x2 +1)+sin 2(x2 +1 dx

A

2sin(x® +1)—2sin(x* +1)cos(x* +1
= d
_IX 23in(x2+1)+25in(x2+1)cos(x2+1) X

1—cos(x2+1)oI
X
)

:IX 1+ cos(x2 +1

2
=jxtan[x +1jdx
2
2 2
:Itan[x +1)d X +1}
2 2

2
sec[X +1J +C
2

=log

dx

. i |
37 Icos(Zx)cos(4x) 's equal to
1 1++/2sin2x| 1
1 lo ——(loglsec2x—tan2x|)+C
275 I vasinax 2\ )

14
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1 1++/2sin2x| 1

2) lo ——(log|sec2x —tan 2x|)+C
277 % 1o vasine| 21" )

1+\/§sin2x 1

3)— log|sec 2x —tan 2x
J_ 1 J_S|n2x ( g| |)

4) None of these

Key. 1

sin(4x—2x)dx

Sol.

° Isin(Zx)cos(Zx)cos(4x)

_I sin 4x dx jsechdx
sin 2x cos 4x

cos2xdx 1
=2 ———————(log|sec2x —tan 2x
I COoS4x 2( 9| |)

1-7cos” x f(x
38. J. — —dx = ( )7 + C, then f(x) is.equal'to
sin’ xcos” X (sin x)
1) Sin x 2) Cos x 3) Tan x 4) Cotx
Key. 3

1—7c0s® X sec”X 7
Sol. IﬁdXZJ‘ Y - dx
sin’ xcos? x sin’ %< sin’ x

2
Sec’ X
:j — dx—f dx=
sin’ x sin

§ec? x

~= =X
sin

Now, |, :J‘

tanx tan x.cos x
=% +7I — dx
SIn° X SIN™ X
_ tan x |
sin”x ?
tan x
|1+|2 :74‘(:
SIn° X

= f (x)=tanx

15



Mathematics Definite, Indefinite Integration & Areas

39. Integral of \/1+ 2cot X(Cot X+ COS ecx) with respect to x is:
X . X
1) 2Incos§+c 2) 2Insin—=+c
3) = In 0052 +C 4) In sin x —In(cosec x — cot x) + ¢
Key. 2
Sol. 1= j\/1+ 2COSEC X COot X + 2 cot? X

= IJcoseczx+ 2cosecx cot X + cot® x dx

= _[ (cosecx + cot x) dx

1 X
40. Let f (X) ==In (—Xj then its primitive with respect to x is
X e

1)lex—lnx+C 2) 1Inx—eX+C
2 2
1., e*

3) =In"x—x+C 4) —+G
2 2X

Key. 3

Sol. Jélneixdx =J‘§(Inx—lnex)dx

=I|nx_xdx = Dilnxdx—jlxdx} (putnx=u; 1dx:du )
X X X X
:J'udu—JldX=1/n2x—x+C ]
2
L. |n(x2+1) X .
41. Primitive of f (X)z X.2 with respect to x is
o) (3¢ +1)2"" (x +1)"™" (¢ +1)"
1) —~—+C 2)———+C 3) ——+C 4) ——+C
2(x: +4) In2+1 2(In2+1) 2(In2+1)
Key. 3
Sol: b= jXZ'"(X2+l)dX let x2+1=t ; xdx=$
In2+1 2 In2+1
HenceI=lJ.2'"tdt =—I t"*dt Lt +C=1-u +C = (Q)
2 2 2 In2+1 2 In2+1

42, Let g(x) be an antiderivative for f(x). Then In (1+( (X)) ) is an antiderivate for

" 2 (x)g(x) ) 2 (x)g(x) 3) 2f (x)

_2f(x)
1+(f(x)) 1+(g(x)) 1+(f(x))

4) none

Key. 2

16
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Sol. Given J f(x)dx=g(x) = g'(x)=f(x)

29(0)9'(x) _ 2f(x)g9(x)
1+9°(x)  1+0°(x)

d
now &(In(1+ 9*(x))= = (8)

cos® X +cos’ x
43. IﬁdXequals
sin® x+sin* x
1) sinx—6tan~*(sinx)+c 2) sinx—2sin"" x+c
3) sinx—2(sin x)fl—6tan’1(sin X)+cC 4)sin x—2(sin x)f1 +5tan~{(sin x)+c
Key. 3
1-t%) (2 t
Sol. sinx=t ; |=J—( 5 )( I(y D (- 2)dy 1+ 2(1 2y)
t (1+t y(d+y) yly+rd
e[ Ao L] (12208 g
3y y+1 t° 1+t
‘ pX p+2g-1 . qxq—l ‘
44, The evaluation of NI +1dX is
p q q p
1) — X +C 2) X +C 3) — X +C 4) X +C
xPr 41 xPr 41 xPH 41 xP 1
Key. 3
p+29-1 q-1 p-1 =q-1
S b S A sl
(xp*q+1) (xp+x’q)

taking x9 as x29 common from Denominator and take it in N

45, I%(X+\/;)dx equals
1) ZeW[x—\/;Jrl}rC 2) eﬂ[x—zﬁﬂ]
3) e&[x+\/ﬂ+c 4) e&[x+\/§+1]+c
Key. 1
N
Sol. Iﬁ (X+\/;) dx ; putx=t2; dx=2tdt

- je‘ (t? +1) dt =et (At2 + Bt +C) (Let)
Diffrentiate both the sides

el (t2 +t) =et (2At+B) + (At2 +Bt+C)et
On comparing coefficient we get

A=1;B=-1;C=1]

17
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tant x 2 2
46. je—z{(secl NIED'G ) +cos™ (i x2 ﬂ dx (x>0)
@+x) + X
an~ x . 2
e e™ . (tan " x)
1) e danx+C 2) +C

2

2 2
3) e™ X.(secl(\/1+ X2 )) +C 4)e™ x.(cos ec’l(\/1+ X2 )) +C

Key. 3
2
Sol. note that sec™1 \/1+x* =tan"1x; cos™1 | =2 tan~1x for x >0
1+x
e tan~' x
I= I - ((tan‘l x)> +2tan" x) dx puttan~lx=t
1+x

= Je‘ (t?+2t)dt = et. 2 = et""”flx(tan’1 x)2 +C

2sin” x—-1  cos x(2sin x+1)
COS X 1+sinx
(where c is the constant of integeration)

1) e tanx+c 2) e*cotx+cC 3) 8 gosec’x +c¢ 4) None of these
Key. 1

47. Let f (X) thenJ.eX (f (X)+ f'(X))dX equals

ol cosx(1+2sinx)  cos® x—sin® x
ol. -

1+sin x COS X
_ cos” X(1+2sin x) — (1+sinx)(cos’ x--sin® x) _ —sinxcos® x+sin® x
) cos x(L+SinX) ~ cosx(L+sinx)
_ sin X €0s” X +sin® x(14sip X) ) sinx(1-sin X) +sin® x o
cos X(1+sin x) COS X

48.  Area bounded by the curves Y =€”, y =l0g, X and thelines X=0,y=0,y=1s

A).€% + 2sq.units B) e +1sq.unit
C) e+ 2sq.units D) e —1sq.unit
Key: D

Hint:

18
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49.

Key:

Hint:

50.

Key:
HINT-:

x=0

el’
/ log, »
0,1) 4 B

O (1,0]4

1
Area = Area of rectangle OABC —I log, X
0

The area of the loop of the curve y2 =x* (X + 2) is [in square units]

N 3242 @) 64+/2 Q 1282 o) 256+/2

( 105 105 105 105

D

0 0 2
Area =Zj ydx = Zj X2 x + 2dx = 4\/51(22 —2)2 22dz(Wherev/X + 2 = 7)
-2 -2 0

N
{27 4z5 423}2
:4 _

7 5 3
0
| 25642
105
The area of the smaller‘portion enclosed by the curves x*+y? =9 and y* =8x is
A)£+9—”—gsin‘l lj B) 2 £+9—”—gsin‘1 1
3 4 2 3 3 4 2 3
)2 £+9—”+gsin‘1 1 D)£+9—ﬂ+gsin‘1 1
3 4 2 3 3 4 2 3
B
0,3)
(3. 0) Q%,O)
0,-3)
X2 +y? =9,
x*+8x-9=0
. —-8+64+36
2

19
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51.

Key:

Hint:

52.

Key:

Hint:

53.

Key:

Hint:

~ —8+10

-9,1

x=1
Area enclosed = 2“:2@dx+ LB\/Q— dex} = Z[Zﬁj:&dx+_[13\/9 - dex}

On simplifying we get
o ¥2,9m 941
3 4 2 3

The area of the region in the xy-plane defined by the inequalities x—2y220,
1-x—|y|=0'is

1 1
A) — B) — C) — D) —
)2 )3 )4 )12
1/2
Area—ZJ d
4 12

Area bounded by curve y? = x and x = 4 is divided into'4 equal parts by the linesx=aandy =
b then.

8
a) Area of each part = 5 b)b=0

) a=+/2 d) a=(16)"
D A
4 L
Total area = ZJx/;dX:s—?;z /
° b A | As
Area of each part = 8/3
4
:A4:>J.(\/§—b)dx: 5 >
A, As 4
(X ok =2 :> b=0 ]

\/§dx=§:>a3:16

D ey B Q) C—

Area of the region in which point p(x,y), {X>0} lies; such that ny/lG—X2 and

tan~t (Xj
X

(A) (Enj (B) (%’HSﬁj () (43-7) (o) (V3-7)

3

V2
<—s

B
Required area is the area of shaded region (APOQ)

20
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= area of AOAQ + area of sector (OAP)

= 1 x 4x 43 + M
2 6 [[L[nU
(20
3
54, Area bounded between the curves y = vV4—x° and y* = 3|x| is/are
-1 271 273 273
(A)—= B)——F= (© (D)
V3 3.3 3 3J3
Key: C

1
Hint:  Required area = 2](\/4—X2 —J&)dx
0

32\
:z[gﬁ_xz g[_jﬁz_j

3

2

55. Let T [O,oo) — R be a continuous and strictly increasing function such that
X
f3(x) = jt.f2 (t)dt,vx >0. The area enclosed by y =f (x), the x-axis and the ordinate at
0
X=3, is
3
(A)1 (B) > (€2 (D)3

Key: B

2
Hint: f(x)=%

21
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56.

Key:

Hint:

57.

Key :

Sol :

58.

Key:

3
A_lszdx 3/2

Let f(x) = x + sin x. The area bounded by y = f‘l(x),y =X, Xe [0, Tt] is

(@)1 (b) 2 (c)3
(d) canot be found because f1(x) cannot be determined
B

The curves given by y = x + sin x and y = f"}(x) are images of each other in the line y = x.

Hence required area = j((x +sin X)—X)dx =—[cos X];I =2
0

The area of the region bounded by the curves |x +y| < 2, [x —y| < 2 and 2x2 +6y? >3 is

(A) (8+§n]sq. units (B) (8—§n}q. units
(C) {4—in]sq units (D) [8—¥n}sq.units
B
2x*+6y*>3 e

. B 3
area of ellipse = X =X ——= = ——

2.2 2

[x+y| <2 => 2< (x+y)<2 . . oS0 (2)
[x-y| <2 = 2<(x-y)<2.%. . . . . . (3

n\/3

Required area = (S_Tj sg. units

A A’ B

fA=L" e [ dtthen ot BT —1f=2
1+t t(l+t ) 1 AR
a)'sino b) coseco c)0 d)1

22
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B coseco 1
8=}, t(1+1%)
et Loy o [ U
t 1 1+u

Hint: — _ A4B=0 = A=-B

A A’ -A

. |e° A? -1{=0
1 A*+B* -1
29,3 2 _
59. The value of j 2x 26X +9x 5dx equals
y XT—2X+5
(A) 4 (B) 1
C)-1 (D) None of the above

Key: D
Hint  Make the substitution x — 1=t. It turns into an odd integral and.so reduces to zero.

¢ . n |
60. Let I, ='|.e'x (sinx) dx, ne N, n>1 then 2% equals
0 2006

2007 x 2006 2008 x 2007
(A) — =i B) —cor
2008° +1 2008° +1
2006x 2004 2008 x 2007
©) —fez D) — i
2008° -1 2008° -1
Key: B

Hint  In :J.e‘X (sin x)"dx

0
= [sinn x(—e‘x)]"g + jnsin "1x cos x e *dx
0

—0+n j(sin”*l X COS x)e’xdx
0

= n[(sin”’l X COS x)(—e’x)]: —nT {~sin"x+(n-1)sin"? x cos® x }(—e™)dx

=0+ n_|'e‘X {=sin" x+(n-1) sin"? x (1-sin® x)} dx
0

= nTe‘X {(n—1) sin"? x —nsin" x} dx
0

=n(n-11 _,—n’l

n

23
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we have (1+ n2) l,=n(n-1)I,,

I, n(nh-1)
I, n°+1

then

61. A hyperbola passing through origin has 3x-4y-1=0 and 4x-3y-6=0 as its asymptotes. Then the
equation of its transverse axis is
a) x-y-5=0 b)x+y+1=0 c) x+y-5=0 d)x-y-1=0

Key: C
Hint:  Asymptotes are equally inclined to the axes of hyperbola
Find the bisector of the asymptotes which bisects the angle containing the origin.

1
62. If I t?f(t)dt =1-sinx, Vx e (0%} then the value of f[%) is

sinx

@) % ®) V3 © % (D) 3

Key: D

1
Hint: [ t2f(t)dt=1-sinx
sinx
Differentiating both sides with respect to ‘x’
0—sin®x.f (sinx).cosx = —COSX = COSX [1— sin? x.f (sin x)] =0

But cosx =0

So, f(sinx) =

(3)-

.’f 2x(1+sin X)dx

sin® x

63.

< 1+cos®x
72'2 T
A) = B) 7° )o D) =
(A) 4 (B) (C) (D) 5
Key: B
T (7 —x)sinx
Hint: |_4j xsinx =4j&dx
1+cos’ x 5 1+C0s” X
zl2 .
.21 =4 jﬂdxﬁnJLﬁdx
1+cos® X o 1+cos” x
=27°
| =7°
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64.

Key:

Hint:

65.

Key:

Hint:

66.

Key:

Hint:

Let f :(O,oo) — R and F(x) = '[f (t)dt. If F(x?) = x? (1 + x) then f(4) equals

1
(A)5/4 (B)7 (C) 4 (D)2
C

F'(x)=f(x)
F(x):x(l+\/;):x+x3’2

F'(x)zf(x)=1+g&

. f(4) =
X 3\-1/2 g“(x)
If f (X) = I 1+t dt and g (x) is the inverse of f, then the value of is
2
0 97 (%)
(A) 3/2 (B) 2/3 (C)1/3 (D)1/2
A
X
I(1+t ) 1/2
0
9(x) 1

ie. flg(x)]= { (1+t3)7 2 dt
9(x)

. 3\ 12 .
ie. X= J- (1+t ) dt [Q-gisinverse of f = f[g(x)] =x]
0
Differentiating with respect to x, we have
=(1+g)*".g’
ie. (g y=1+g?
Differentiating again with respect to x, we have
29'g"=3g°g’

- o _3

gives 92 =5

jln(cota+ tan x)dx , where a e (Ogj is
0

a) aln (sin a) b) —aln(sin a) c¢)—aln(cos
a) d) none of these
B

F cos

I d _J‘I COS X dx

0 sin a.cos X smacos a— X)

. F 1 r . .
adding 21 :jln — dx=f—2|nsma dx =—2alnsina

SN~ a

0 0

25
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67.

Key:

Hint:

68.

Key:

Hint:

69.

Key:

Hint:

70.

Key:

(A)f(2)<5 (B) f(2)>=
(c>f(2)=% (D) f(2)>1
A
1
f'(x)=
( ) 2+ x4
f(2)-f(1
By LMVT f '(C)=M for some ce(1,2)
=f(2)= ! 7 as f(1)=0 :1<c<2:>3<2+c4<18:>f(2)<1
2+C 3
/4 14
Let | —”j xzoos(tanx)ZOOde I —”j Xzoog(tanx)zoogdx and
0 0
14
| _ﬂj x2010(tan X)2010 dx Then the correctorder sequence, is
0
(A) I2<I3<I1 (B) I1<I2< I3
© I3<I1<I2 (D) I3<I2<I1

D

Af f(x +y) = f(x) + f(y) + 2xy.- 6 for all x, yeR and f '(0) = 2, then y = f(x) will be
(A) straight line (B) parabola
(C) ellipse (D) circle

B
#(x) = Iirrgf(XJrh);f(ero)

£ 00+ () +2xh —6 - (x) - (0) + 6

n—0 h

f(0+h)—f(0)
h

=2x + lim

n—0
f(x) = x% + 2x + C, but f(0) =
So, f(x) =x? + 2x + 6.

6
The value of j(\/x +/12x—36 + \/x —4/12x —36 )dx is equal to

3

A) 643 (B) 43 (€)124/3 (D) 24/3

A

= 2x +f'(0)
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Hint: :f(\/(x +3)+24/3Vx +\/(x +3)—2\/§\/;)dx

0
3

J ((&+«/§)+(\/§—\/§))dx:?2ﬁdx=6@

0

71. Let f: {0%} — [0,1] be a differentiable function such that f (0) =0, f (%j =1, then

A F(a)=\1-(f(2)) forall a e[o,%)

® f'(a) _2 forall & eto,gj

VA

(C) f(a)f'(a)zi for at least one ae(o,%]

(D) f'(a):8—025 for at least one « E(O,ZJ
. 2
Key: A

Hint: Let: [O,%} —[0,1] bea ...
(A) Consider g(x):sin_lf(x)—x
Since g (0) =0,9 (%j =0
.. There is at least one value of « € [O,%j such that

LA CIRNN T
1-(f(a)).

i.e. f '(a) = 1—(f (0{))2 for atleast one value of & but may not be forall € [0,%)

9'(a)=

.. flase

(8) Consider g(x) =f (x)— 2=
T

Since g(0) = o,g(%j -0

T
.. there is at least one value of € (O, Ej such that

g'(a)zf'(a)—%:o

27
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72.

Key:
Hint:

73.

, 2 T
i.ef (oc) = — for atleast one value of & but may not be forall & € (O,Ej
T

.. false

(C) Consider g(x):(f (X))2

since g(0) = O,Q(%j =0

I
T

.. There is at least one value of o € (0, %j such that
Vs
9'(a)=2f(a)f '(a)—E =0

“H(@)f (@)=

.. True

(D) Consider g (X) =f (X)——
V4

since g(0) =0, g(%j =0

T
.. there is at least one value of € (O, EJ such that

0'(a)=F ()~ 2% =0

2
T
, o
f (a)=—2
T
.. True
2
If x=acost, y="asint, then d—)zl att= r is
dx 4
a a 22 22
(a) (b) ———= (c) V2 (d) _i
242 242 a a

d
Clearly x? + y? = a2 and y(r/4) = alN2 ,x(n/4)=al 2. Differentiating we get,

2x+2yy1=0 = y1=—§,so yl(n/4):—1.
y

Nowx+yy1=0 = 1+y’+yy, =0

1+ (v:(7/4) 22

= Ya(nl4)= y(n/4) — a

100
If z#0, then I [arg|z|]dx is (where [.] denotes the greatest integer function)
x=0

28

Definite, Indefinite Integration & Areas



Mathematics Definite, Indefinite Integration & Areas
A 0 (B) 10
(C) 100 (D) not defined

Key: A

Sol: Q |Z| = real and positive, imaginary part is zero

74.

Key:

Hint:

75.

Key:

Hint:

76.

. arglz|=0

= [arg|z|]]=0
100 100

J' [ arglz|]dx = J. 0.dx=0
x=0 x=0

sec’ x

[ f(t)dt
lim—2
x—% Xz_l

16
8
—f(2
(61)1T (2)

A

2
b) —f (2
0 21(2)

(d) 4 (2)

2.(1
k3
(C) m (ZJ

0
Required limits is of the form 6, so it is equal to

] Zsecxsecxtanxf(seczx) )
lim = lim

x—>Z 2X X
4 4

sec’ xtanx f (sec2 x) 8
T

f(2)

X

1
Let f (X) = Io |t - X|t dt for allrealx. Then the minimum value of f is

1 1
ot N 1+_j
3[ J2
C
1 %<0
3 2
3
)=t i+ X Xifo<x<1
33 2
X Litxs1
273

f attains its minimum at x =

5l

2
I(1+ tan x)(1+tan” x) dx equal to
2tan x

A) logtan® x++/tan x +¢

1

93(-5)

B) logtan® x + +C

1
2+/tan x
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Key:

Hint:

77.

Key:

Hint

78.

Key:

Hint

79.

Key:

Hint

C) log|tan x| +2+/tan x +c¢ D) log|tan|++/tanx +c¢
A
J' _I tanx
Zsm xcosx sin xcosx
sin® X + cos® x sec’ x
= —I —J = log(tan® X) +vtan x +¢
Sin X cos X
J-(2+secx)secx
(1+ Zsecx)2
1 1
a) +C b)2cosecx+cot x+C  c) +C d) 2'cosec x —
2C0Secx + cot X 2c0secx —cot x
cotx+C
A
2cosx+1 2+cosx cos X +5in% x
= 2o )y, o
(2+cosx 2+cosx)
_I COS X _J- —sin®x . sinx
2+C0oS X 2+cosx  2400SX

dx

‘[(X 3)4/5( )6/5 =

Us 5 X—3 1/5
A) ((x—3)(x+1)) +C B) Z(mj +c

X+1 Vs 6/5 4/5
Q| —= +C )(X 3) ( 1) +C

If the system of linear equations x+Yy+2=6,x+2y+3z=14and

2X+5y+Az=u, (A, £ €R) has no solution, then

a) 1#8 b) 1=8,u+#36 c) A=8,u=36 d) None of
these

1116

1 2 3 14 R,»>R,-R ;R;,—>R,-2R

2 5 1 u
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i1 o1 6

- |01 2 8 |R,>R-3R
0 3 1-2 u-12)

i1 1 6

- o1 2 8
0 0 2-8 u-36]

A-8=0& u—-36=0

80. A man starts from the point P(3,-3) and reaches the point Q(0,2) after
touching the line 2x+y=7 at R. The least value of PR+RQ is

a) 5v2 b)3v/2 ) V2 d) 242
Key: A
Hint P, Q lies on same side of the line find image of P w.r.t. line
dx dx
81. Let S(X)= , R(X)=
(%) Iex +8e7* +4e™ (x) J‘e3x +8e 4 4

M (X) = S(X)—ZR(X). If M (X) :%tanl( f (x))+c where c is an arbitrary

constant then f(|0962 ):

A)§ B)1 C)E D) —
2 2 2
Key: A
e?* -2 dt
Hint: M (x) = I#dx e* —t:>f—> ltan‘l(ﬂj+c
e +8e*+4 t*+8t2+4 2 2

1, (e +2e "
=—tan"| === |+C
2 2

82. If j(Z —3sin? x)\/sec x dx =2f (X)4/g(x) +C and f(x) is non constant function then
(A 200+g°(0=1 ) f*()-g*()=1 (© f(x)g(x)=1 (D)

f(x)=9(x)
Key: A
Hint:
2-3sin% x 2c0s? x—sin? x sin’ X4
- dx= dx = COoS X \/cos xdx —
I \JCos X j \/C0oS X I ( '[ \/cos
=2sinX+/COSX +C
= f(x) =sinx, g(x) =cosx
cotx
83. ——(2Incosecx +sin 2x)dx =

SN~ X
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Key:

Hint:

84.

Key:

Hint:

85.

Key:

a) —2e“In(cosecx)+c

c) e In(cosecx)+c
A

t =cot x = —cosec’xdx = dt = dx =
1+t

b) e Inx+cC

d) e In(sinx)+c

I:—J'e‘(ln(1+t2)+ 2t )dt:—et In(1+t2)+c=—2e°°“Incosecx+c

1+t°

2
sec” x —2010 P(x) (ﬂ'j
If dx = +C, then value of P| = | is
I sin2010 sin2010 3
1
A)0 B) —
(A) (B) 7
© \/é (D) None of these
C
sec? x — 2010
I —ot0 X
sin X
2 i \—2010 1
= | sec” x(sinx) —-2010| ——==dx =111,
I .[ (Sinx)2010
Applying by parts on I;, we get
tan x tan x-cosx tan x dx
W =———7+2010| —— 0X=——"7F-5+2010| ——=
(Sinx)2010 J. (Sinx)2011 (Sinx)2010 J. (sinx)201o
tanx P(x)
=>l=l-ly= =
(sin x)2010 (sin X)2010
V3 T
P| = |=tan—=+/3
(3j 3 3
Ifl :I dx , then | equals

. T
sin| x—= |cos x
( 3)

a) 2 log [sin x+sin(x—%) +C

c) 2log|sin x—sin(x—%} +C

b) 2log +C

. V3
sin| x—= [secx
( 3J

d) None of these
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Key.

87.

Key.

Sol.

88.

Key.
Sol.

89.

. jcos(x(x—z)j .
cos(gj sin(x—gjcosx

toxb—x .
jﬁdx is equal to
o (2x°+1)
1

A) 0 B) ——
(A) (B) 5

1 1
C) —— D) ——
© 12 ©) 36

and proceed

Suppose f, g are continuous and differentiable on [0,b];.f*,g" are non-negative on [0,b] and f

a b
is non constant with f(0) = 0, then the minimum value.of jg(x)f’(x)dx + jg'(x)f (x)dx on

ae(0,b] is

(A) f(a)g(a) (B) f(b).g(b)
(C) f(a)g(b) (D) f(b).g(a)
C

Integratlng by parts the integral
j g()F'(x)dx + j g'()f(x)dx

=g(f = j g'(0)f (x)dx + j g'()f (x)dx
=f(@)9(2)+ [ (x)f (x)dx

2f(a)g(a)+ Ig’(x)f (x)dx =f(a).g(b)
If f(x) be a real valued function, f(X)+f(X+4)=f(X+2)+f(X+6),

g(x) = IXX+8f (t)dt. Then gl(x) is equal to
a) f(x) b) f(Xx+8) c)8 d) 0

D
Conceptual

Value of f(\/x + 24X =1 +,4/x —ZWde is
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a)§ b)E C)§ d)3—4
3 3 3 3
Key. D
Sol. Q\/X+(2 (X—l))Z\/./(X_1)2+12+2 (X—l)
=J(x-1)+1

And \/X_z\/ﬂ:\/(\/@)z+12_2 (x-1)

N
then X+ 2(x—1) +4/x—2(x ~1)dx
= [ (o= 1)+ [ |J(x-1) -1
S e S
= (VX + 1)+ [ (1= )% (VX 1) dx

4 1 4
_ g(xs/z)_'_x + X_sz/z 4 me_x
3 0 3, L3 )
:(E+4j+(1—g]+(g—4)+(z—1):g
3 3 3 3 3

Inm e*.sec’ xdx

90. i eZX 1 is equal to
a)o b) 2 c)e d) 2e
Key. A
n/4-e* sec? Xdx
SO| Let I J- 2—
n/d @ X -1
eXsec? x
If f( ) 2X
e” -1
F(=x) = e*sec’ x
e -1
_e*sec’x
- 1_e2X
_e'sec’x
e -1
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(9

| =0 (f(x)is odd function)

91. Let f(x)=%a0 +Zn:ai COS(iX)+Zn:bjSin(jX),then _[_ﬁnf(x)coskxdx is equal to
=1

i1
a) a, b) b, c) T, d) b,

Key. C
Sol. Conceptual

x( btcos4t —asin 4t asin4x _
92. et I 5 dt = , then a and b are given by
t X

a)1/4,1 b) 2,2 ) -1,4 d) 2,4
Key. A

_ x( btcos4t —asin4t asinax
Sol. Since, I z dt =

X

Differentiating both sides w.r.t. x

. bxcos4x —asin4x a{4xcos4x —sin 4x}

x? NG

On comparing b=4a
a=1/4 and bh=1

' a N X3 . a'
93. If f (x)=Kk in[0,a], then J‘Of(x)dx—{xf(x)—af (x)+§f (x)}0 is
a) —ka‘/412 b) ka* / 24 ) —ka*/24 d) ka* /12
Key. C
Sol. Conceptual

94. If. f(X) is a differentiable function and J-tz f(t)dt= % X +5 then f (%j =
0

A) 8/ 27 B) 16 / 27 C)16/81 D)8/ 9
Key. C
Sol. Diff. w.rt. x = f(x*)=x*

o sin® x

5. | —; _ —dx=
5, (sin” x+cos’ x)(1+e™)
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A) 27 B) C) /2 D) 4n
Key. B
Sol. jf(x)dx:j(f(x)+ f (—x))dx

-a 0

96. Let f(X),g(x),h(x) be continousin [0,2a] and satisfies
f(2a—x) = f(x),g(2a—x) =g(x),h(x)+h(2a—x) =3, f(2a—x)g(2a—x) = f(x)g(x)

2a

then | f(x)g(x)h(x)dx =

0

A) ff(x)g(x)dx B) 3} f (x)g(x)dx C) Zi f (x)g(x)dx D) jl F(x)g(x)dx

Key. B
2a 2a 2a
sol. 1= [ f()g()h(x)dx= [ f(2a—x)g(2a—x)h(2a-x)dx={-f (x)g(x)[3—-h(x)]dx
0 0 0
32& a
| :EI f(x)g(x)dx:SIf(x)g(x)dx
0 0
3/y2 6
97. —J;+&dx:
x(1+§/§)
6 -6 24
A) Lt XX +C B) X——Iog(1+ x*)+tan*(x*)+C
2 2 2
Q) gxlz +6tan"(x*) +C D) 6tan~*(x°®) +3x** —6log, v1+x? +C
Key. D
Sol. x=t°
X2 (1+ x*)®
1 1
1 1 \ 1 1 2o
A)—I§(1+;%) +C B)Ei(l—;ﬁj +C
19 1
1 1 \eo 1 1 )20
C) —|1-—| +C D) ——|1+—| +C
) -5(15%)

Key. A
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o [P

sin (Z— xj dx
99. j— = Atan™

- (f(x))+B, where A,B are constants then the range of Af (x)
2+sin2x

is
A [-11] B) [v2,/2] c) [0,1] D) [-1.0]
Key. A

d(sin x + cos x)

1
Sol. ——
° ﬁj-(sin X +cosX)? +1

100. The area bounded by the curves y=2—|x—]4, y=sinx;x=0.and X=2 is

A) 1+2co0s?1 B) 2+sin1 C) g D) 1+log2
Key. A
3 3
:—+|[|::osl—1}+3——+[|::052—|:051]:2+|:052
Sol.  Area 2
/2 .
n
101. | SNX gy~
0 l+cosx+sinx
Y T T T
A) = B) — +log~/2 c) ——log~/2 D) ——log2
)4 )4 g )4 g )4 g
Key. «C
;2 sinE njd sin x
f:J—E .:fxzzl—_ dx
sin S dcos snx+tcosx
Sol. 2 2
Let sinx = A{sin x+cosx )+ F(cosx—sin x) 4—B=1land _,-1+_.9:|j’_,q:l, 3:__1‘
2 2

i= EX%XE— EX% [log {sinx+cosx}:|;f4 = l—I—log\E
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102. D k34+6k2+11k+5
lim =

n—wi—= (k+3)|

2
A) — B) 1 C) — D) —
) 3 ) ) )
Key. C
] 2
sol. AT HEET+11k+5=(k+1)(k+2)(k+3)-1
e HIk+S 1
' (&+3) Skl (k3
103. m/2
I, = I cos" xcos(nx)dx, ne N then y/lyg0; : Iyg0, can be the.eccentricity of
0
A) Parabola B) Ellipse C) Circle D) Hyperbola
Key. D
mid
L= f cos”ﬂxcos[m+l}xdx
Sol. 0
i
= _[ cos™ [cosnxcosx—sinmxsinx]dx
]
i T
= _[ cos”xcosmx(l—sinzx)dx— f cos™ x sin » x sin xdx
1]
N I?‘H'l =Arn_fn_|_1 = 2fn+1 =iirn
Ll =2
104. B
If Xdx -2 (1— f (X))Za + Kk then which is true

201\2/(1+ 2 )1012 (2 2 )3012 B

-

A) @=503; B=500, f(+2)= 8) o0=503; =250, f(2)=

1
B—a

=

a_

‘ -

) a=503; =500, f(1)= p) @=503; B=225, f(\/3)=

1
oa—p

Q

=)

Key. C
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x
J 012 dx
(1+X2) ( 32]2012
Sol. 1+7°
2+ x4 1 1 1
st )= S ==
Let 1+x° thenf{ ) 24 x* () 3oa—-p
Where ©=2503:p=>500
105. 1
I Ix tan~' xdx. If a,1,,,+b,1,=c, VneN,n>1then
0
A) ay,8y,85....... are in A.P. B) b, b,,b,.. ... are.in G.P.
Q) C;,Cy,Cainnnn are in H.P. D) ay,a5,83....... are in H.P.
Key. A
nH 1 1 a4
fn=(x tan_li —][x—.%cfx
Sol. n+1 ] a+l 1+x

&

A )L+ B = g -

{?2+3 =

-E-|:l

nta
L a,=fn+3) = aaq.as. are in AP.
< (i) = by by arein A.P.

1

#+ 2 not in any progression.

7
o= =
"

2

x® —x3

1
106. !mdx is equal to

1

(A) 0 (B) B
1 1

©) T (D) T
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Key. D

Sol. j@d

3
°(2x+12j
X

and proceed

X

107.  Suppose f, g are continuous and differentiable on [0,b], f',g" are non-negative on [0,b] and f

a b
is non constant with f(0) = 0, then the minimum value of jg(x)f’(x)dx + jg'(x)f (X)dx on
0 0

ae(0,b]is
(A) f(a)g(a) B) f(b).g(b)
(€) f(a).9(b) (D) f(b)g(a)
Key. C
Sol.  Integrating by parts the integral

ig(x)f "(X)dx + j'g’(x)f (x)dx
=g(F Oy — [ g'OF ()dx +[ g ()T (x)dx
=f(2)g(@)+ [ (x)f (x)dx

>(a)g(a) + [ 9'(x)F (dx =¥ (2).g(b)

108. 2—-tan2z 2—-tan2z
Let I, = I xf (x(3-x))dx andlet I, = I f (x(3-x)) dx
sec?z sec?z

1 1 I
where ' f'.is a continuous function and 'z" is any real number, then -1

I

A) b B) : a1 D) z
2 2 3
Key. A
I-tans
L= _[ xf{x{B—x]}cfx
SOI SECEZ
J-tan?e
L= | r{x(3-x))dx
SECEZ

40



Mathematics Definite, Indefinite Integration & Areas

2-tan z
2= | (3-x)s{(3-x)x)ax
SECEE
I—tan 4z
2= [ 37(x(3-x))dx
SECEZ
I—tan‘z
=3 [ ((x)3-n)ax
SECEZ
21?].:3;2
L3
= 1=
A

109. 2y _
Ifjsec X-2010 . _ P(x)

SinZOZI.O X SinZOlO

+C, then value of P(Ej is
X 3

1
A) 0 B) ﬁ Q) J§ D) None of these
Key. C
sec? x— 2010 i
_[ 2010 A
Sol. sin“ - x
:J-secle[sinx} —EDIDJ-W&'J{:II—IQ
s1nx
Applying, by parts on Il’we get
tah X tan xcosx tat x
i) =—=t 2010_[ T 4% = +2010[W
{smx nx {sm x]l sm x}
F
:;’f:fl_fz: tan x _ I[x]

[sin x] 210 [sin x} 2010

et

110. If ¢ >0 and the area of the region enclosed by the parabolas y = x? —c? and y= c? —x%is
576, thenc =
a)6 b) 4 c)3 d) 8

Key: A

c 8c®
Hint:  Area between the two parabolas = 4_[0 (C2 - XZ)dX = 3 =576
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onlyifc=6

111.  Let f(X) =x*+6X+1 and let R denote the set of points (X, Y) in the XY-plane such that
f(x)+f(y)<0 and f(xX)—f(y) <0. Then the area of the region R is
A) 67 B) 3t +2 C) 2n+8 D) 8w

Key: D

Hint:  f(X)+f(y) <0= (x+3)* +(y+3)* <16
f(X)-f(y)<0=(X-y)(x+y+6)<0

112.  The quadrilateral formed by the lines y =ax+cC,y =ax+d,y =bx+c and y =bX+d has
area 18. The quadrilateral formed by the lines y =ax+c,y =ax—d,y =bx +C and
y=bx—d hasarea72.If a,b,C,d are positive integers then the least possible value of the
sum a+b+c+dis
A) 13 B) 14 ) 15 D) 16

Key: D

Hint: ﬂzlS and (c+d)’ =

la—b| la—b|

a=3b=1d=3,c=9 is a solution for which the minimum is attained.

72.

113.  Area of a square ABCD is 36 and side AB is parallel to the X-axis. Vertices A, B and C lie on the
graphs of y=log, X,y =2log, X and y=3l0g, X respectively. Then a =

A) 31/6 B) \/é C) 61/3 D) \/6
Key: A
Hint: Let A=(p,log, p);B=(q,210g, q), p,q>0&a>0,a=1,then C=(q,3log, q)
ABP X —axis =p =q*|AB|=6 = |p—q| =6 also |log, q|=6.
114.  The area bounded by the curve (y—Sin‘lx)2 =x-X"s
T T
b) = d) =
a) 4 ) > om ) 3
Key: .. A

Hint: ~ The given curves on y=Sin‘1x—(\/x—x2)& y=Sin‘1x+(\/x—x2)

1
Requred area = IZ\/X —x2dx
0

X X
115. Let F(x) = sin xfcostdt+2jtdt+coszx—x2 . Then area bounded by xF(x) and ordinate
0 0

x =0 and x = 5 with x-axis is
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25 35
A) 16 B) — C) — D) 25
(A) ()2 ()2 (D)

Key: B
. . X X 2 2
Hint: F(x):smx.[0 cos,tdt+2.|'0 tdt — X° + cos” X
(Y,
=sinx(sint); + 2| — | — X" +c0s° X
2 0
=sin>x +x2—x?+cos’x =1

5 e xT 25
A= [ xFO)dx = [ () @dx = {7} =22

0

116.  Area bounded by the curves y =€*, y =10g, X and the lines X=0,.y.=0, y =1 is

A) €% + 2sq.units B) e +1sq.unit
C) e+ 2sg.units D) €=15q.unit
Key: D
Hint:
x=0 er
/ log, »
(o1 4 ¥ -1
i}
_f"f’
»=0
o (1,014

1
Area = Area of rectangle OABC —I Ioge X
0

117. (Thearea of the loop of the curve y2 =x* (X + 2) is [in square units]

N 322 @) 642 Q 1282 - 256+/2

( 105 105 105 105

Key: D

0 0 2
Hint: Area :Zj ydx = Zj X2 x + 2dx = 4\/§I(22 —2)2 22dz(wherev/X + 2 = 7)
-2 -2 0

N

z7 4z5 4z3 ’
=4 —— 4 —
7 5 3

0
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25642
105
118. The area of the smaller portion enclosed by the curves x?+y? =9 and y? =8x is

A)£+9—”—93in‘1(1j B)2[£+9—ﬂ—gsin‘l(1n
3 4 2 3 3 4 2 3

)2 £+9—”+gsin‘1(% D)£+9—ﬁ+gsin‘l(1)
3 4 2 3 3 4 2 3
Key: B

HINT :
(0,3)

(3. 0) Q%’O)

0,-3)

X2 +y? =9,
x> +8x-9=0
,_ —8+/64+36
2
-8+10
X =
2
x=1

Area enclosed = 2“012\/5)zdx+ 113\/9— dex} = Z[Zﬁj:&dx+_[13\/9 —x? dx}

On simplifying we get

-91

119. The, area of the region in the xy-plane defined by the inequalities x—2y220,

I-x=|y|>0is
1 1
A) ~ B) C) — D) —
2 3 4 12
Key: D
1/2
X 1 7
Hint: Area = ZJ- \/:dXJr— =—
5 V2 4 12
120.  Area bounded by curve y? = x and x = 4 is divided into 4 equal parts by the linesx =aandy =
b then.

8
a) Area of each part = 5 b)b=0
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) a=+/2 d) a=(16)"
Key: D A
4 -
32
Hint: Total area = ZJ.\/;dX:? /
° b A | As
Area of each part =8/3
4
A3:A4:>J.(\/;—b)dx: 0 4'
a Az A4
(b+x)dx=2 :> b=0 —~—_

121.

Key:

Hint:

122.

Key:

Hint:

D C— A D C—

&dx=§:>a3:16

Area of the region in which point p(x,y), {X>0} lies; such that yS\/16—X2 and

tan* (%j <Zis
(A) [15 j (B)[ +843 j (©(433-7) () (V3-7)
B

Required area is the area of shaded region (APOQ)
= area of AOAQ + area of sector (OAP)

><4 43+ (4><4)

(50

Area bolinded between the curves y =v4—x° and y° = 3|x| isfare
-1 27 -1 273 273
(A)—= B)—= © (D)
3 33 3 33
C

1
Required area = 2](\/4—X2 —\/&)dx
3/2
=2£)2(\/4 X +23| (—) 32 ]
0

2 3

_272—\/5
3

45



Mathematics Definite, Indefinite Integration & Areas

143

123.  Letf: [O,oo) — R be a continuous and strictly increasing function.such that

X
f3(x) = jt.f2 (t)dt,vx >0. The area enclosed by y = f (X, the'x-axis and the ordinate at
0

X=3, IS
(A1 ® ©)2 ©)3
Key: B
Hint: f(x)=X—2
6

3
A:%szdx:3/2

124.  Let f(x) = x + sin x. The area bounded by y = f’l(x),y =X, X€e [0, n] is

(@)1 (b) 2 (c)3
(d) canot be found because f1(x) cannot be determined
Key: B

Hint:  The curves given by y = x + sin x and y = f}(x) are images of each other in the line y = x.

Heénce required area = j((x +sin X)—X)dx = —[cos X];t =2
0

125. " ~The area of the region bounded by the curves [x +y| < 2, [x —y| < 2 and 2x?+ 6y? > 3 is

(A) (8+§n] sg. units (B) (8—?n}sq. units

(€) [4_injsq units (D) (8—¥n}q.units

Key: B
Sol :
2x*+6y*>3 e e ()

46



Mathematics

Definite, Indefinite Integration & Areas

: V31 w3
area of ellipse = X ——= X ——e = ——
2 2 2
[x+y]| <2 = 2< (x+y)<2 .(2)
[x—-y|<£2 = 2L (x—y)<L2 (3)
Required area = (8—75—\2/5} sg. units
126. The curve y:(|X|—1)Sgn(X—1) divides %+iy2 = — in two parts having area. A; and
64 25 T
A, (where A; <A,), then
gAT o A3
A, 13 Ay
7 13
c) A== d) Ay=—
) Aq 3 ) A, 7
Key: A
10 10 A 7
Sol: A =—-1A,=—+1 1
3 3 , 13
NG yz
127.  Area bounded by the circle which.is.concentric with the ellipse —+=—=1 and which
passes through (4,—%), the vertical chord common to both circle and ellipse on the
positive side of x-axis is
a) ﬁltanl[ij—§ b) 2tan1(ij
25 20 5 20
481
) it n+ ij d) none of these
25 20
Key: “a
. . 4
Sol:  As eccentricity of ellipse = —

Co-ordinate of foci = (4, 0), (-4, 0)

9
= (4, —g) is one of the end point of latus — rectum
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Q(4, 9/5)

P(4, -9/5)

= required area is

1 , 97 (9
—x7nx| 4°+— |[x2tan""| — |- area of APOQ
2 52 20

T

481, 4(9) 1 18) 481, _4( 9 ) .36
=—1tan | — |-=x4dx| — |=—tan 7| — |——
25 20) 2 5 25 20 5

128. Area of the region in which point p(x, y), {x > 0} lies; such that yS\/16—X2 and

tan (X) <Tis

X 3
a) (%,nj b) (%’H&/ﬁj
c) (4\/§—n) d) none of these

Key: b
Sol: Required area isithe area of shaded region (APOQ)

= area of AOAQ + area of sector (OAP)

1;
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129.

Key:

Hint:

130.

Key:

Hint:

131.

Key:

Hint:

132.

Key:

Hint:

133.

Key:

(o9

If ¢ >0 and the area of the region enclosed by the parabolas y = x> —c? and y= c? —x%is
576, thenc =

a)6 b) 4 c)3 d) 8

A

c 8c?
Area between the two parabolas = 4-[0 (C2 - XZ)dX = ? =576

onlyifc=6

Let f(X) = X*+6X +1 and let R denote the set of points (X, Y) in the XY-plane'such that
f(X)+f(y) <0 and f(X)—f(y) <0. Then the area of the region R is

A) 61 B) 3n+2 C) 2n+8 D) 8n

D

f(x)+f(y)<0=(x+3)°+(y+3)*<16

f(X)-f(y)<0= (X-y)(x+y+6)<0

The quadrilateral formed by the lines Y =ax=C,y.=ax+d,y =bx+¢ and y=bX+d has
area 18. The quadrilateral formed by the lines y=ax+c,y =ax—d,y =bx +¢ and
y=bx—d hasarea72.If a,b,C,d arepositive integers then the least possible value of the
sum a+b+c+dis

A) 13 B) 14 C) 15 D) 16
D
2 2
(©=0d)" _18 ang &9 _75.
|a—b| |a—b|

a=3,b=1d=3,¢c=9 is a solution for which the minimum is attained.

Area ofasquare ABCD is 36 and side AB is parallel to the X-axis. Vertices A, B and C lie on the
graphsof'y =log, X,y =2log, X and y=3l0g, X respectively. Then a =

A) qu6 B) \/g Q) 6!/ D) \/6
A
Let A=(p,log, p);B=(q,2l0g, q), p,g>0&a>0,a=1,then C=(q,3log, q)
ABP X —axis= p=0°.|AB|=6 =|p—q|=6 also |log, q|=6.
The area bounded by the curve (y—Sinflx)Z =X—X"s

T T
a) 4 ) > cm ) 3
A
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Hint:

134.

Key:

Hint:

135.

Key.

Sol.

136.

Key.

Sol.

137.

The given curveson Yy = Sin‘lx—(\/x—x2 ) &y= Sin‘lx+(\/x—x2 )

1
Requred area = IZ\/X —x%dx
0

Let F(x) = sin XJ.COSth2'|.td'[+COS2 X —X? . Then area bounded by xF(x) and ordinate
0 0

x =0 and x = 5 with x-axis is

(A) 16 (B) % (C) 3—25 (D)25

B
Y X X 2 2
F(x)_smx'[O costdt+2_[0 tdt — x° + cos” X
(Y,
=sinx(sint), + 2 0 — X“4€0s° X
0
=sin’x +x2—x?+cos’x =1

5 5 x2T 25
A= [ xFO)dx = [ () @)dx = {?} =2

0

B
2o +K then which is true

it | xde ~% (1= £(%))

201\2/(1+ 2 )1012 (2 2 )3012 B

a) o0 =508; B =500, f(ﬁ)=Bi b) o= 503; B = 250, f(ﬁ)ziB
¢) o =503; B =500, f(1)=iB d) o =503; p = 225, f(ﬁ)ziB
a/_ a_
C
2+X%°
A\t
1+X

The, area of the region in the xy-plane defined by the inequalities x—2y220,

1-x—|y|=0is
1 1 7
= b) = = d) —
A5 )3 9% ' 12
1/2
Area —2_[ d
4 12

The area bounded by Y = sin™ x, y= COS™" X and the x-axis is

1)2+/2 2)2-/2 3) V2 +1 4) V2 1
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Key.

Sol.

138.

Key.

Sol.

139.

Key.

Sol.

140.

Key.

Sol.

141.

Key.

Sol.

142.

Key.

Sol.

4
By the graph

N2 1
Required area = I sin~! xdx + I cos *xdx

0 U2
. o X fﬂ+@
Let f be a real valued function satisfying f = f(x)- f(y) and Lt =3. The area
y
bounded by the curve y=f(x), the y-axis and the line y=3 is
1) 9e 2) 2e 3) 3e 4) none
3
h
f (1+j

frg = L XM =F0 L x) 3

h0 h hso N X

—.X
X
g2
Area enclosed by the curve y = f(x) defined parametrically as X = 5 Y= 5 is equal
1+t +t
to
. . 3z K 3z ]

1) 7 sq.units 2) 7 /2 sq.unit 3) qu.umts 4) 7 sg.units
1
Clearly t can be any real number
Lett=tan @

The maximum area of a rectangle whose two vertices lie on the x-axis and two on the curve
y=3-|x|, =3<x<3is

1)9 2)9/4 3)3 4)9/2
4
Take 2a and 3-a are the'length of the sides of the rectangle
_ {—xz +2 x<1 _
The area of the(closed figure bounded by x=-1, x=2 and Yy = and the x-axis
2x-1 x>1
is
1) 16+/3 sg. units 2) 10/3 sqg. units 3) 13/3 sq. units 4) 7/3 sq. units
1
By the graph

A= Jl-(—x2 + 2)+j'(2x—1)dx

The value of the parameter ‘a’ such that the area bounded by y = a’x? +ax+1, positive

coordinate axes and the line x=1 attains its least value, is equal to
1 1 3

1) —— 2) —— 3) —— 4) -1
4 2 4

3

A= j(a X +ax+1)d
0
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a2

a
= €+§+1 which is minimum for a =-3/4

X

242

143.  The area enclosed by the curves y=+/4—x?, y = \/5 sin[ j and x-axis is divided by the

y-axis in the ratio

7*-8 7’ -4 -4 27’

1 2 3) ——
) s ) )

2 4) 2
T°+4 T+4 2r+7n°—-8
Key. 4
Sol. By the graph

Area of the left of y-axis is 7z ,Area of the right of y-axis =

/A
22

o'—.ﬁ

e

144.  The area enclosed by the curves, Xy’ =a*(a—x) and (a—x)y* =a’x"is

2
1) (r—2)a’squnits  2)(4-r)a’squnits 3) za’/3squnits’ 4) % 5q. units

Key. 1
Sol. By the graph, required area
f a’ a’ . . \
= 2_[ a——————— |dy (integrating along y-axis)
g a‘+y° a‘+y

145.  The area of the region bounded by the parabola (y — 2)2 = X—1, the tangent to it at the

point with the ordinate 3 and the x-axis is
1) 7 sq. units 2) 6 sqg. units 3) 9 sq. units 4) 8 sq. units
Key. 3

Sol. Given parabola is (y—2)2 =Xx—-1
Tangent at (2,3)is y—3=%(x—2) = Xx-2y+4=0

By the graph
3

I((Y—2)2+1)dy—i(2y—4)dy

0
146. Consider the region formed by the linesx =0,y =0, x =2, y = 2. Area enclosed by the curves
V= € and y = 1n x, within this region, is being removed. Then, the area of the remaining
region is
1) 2(In2-1) sq. units 2) 2(1n2+1) sq. units
3) 2(21n2-1) sq. units  4) 2(2In2+1)sqg. units
Key. 3

Sol. By the graph
In2

2 j (2 —e")dx

147.  The area bounded by the curve f(x)=x+sinx and its inverse function between the ordinates
x=0and x=27 is
1) 4 r sq. units 2) 8 7 sg. units 3) 4 sq. units 4) 8 sq. units
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Key. 4
Sol. By the graph, required Area = 4A, where

A:j(x+sin x)dx—]r'xdx
0 0

7’ 7’ .
= 7—COS7Z+COSO—7 =2 square units

- . . R 2
148.  The area bounded by the curves y=sin™"|sin x| and y:(sm l|S|nX|) , where

0<x<2rm,is
7’ 7
1) —+— sq.units 2) —+— sq. units
3 4 6 8
2 n*(z-3) _ 4 7*(m-3) \
3) —+———=5q .units 4) —+ ———24s5q .units
3 6 3
Key. 4
T
X, 0<x<—
2
T —X, —<X<rz
Sol.  y=sin|sinx|=
X—r, TEIX<—
3z
2T —X, —SX<L21
2
By the graph

72

4j(x—x2)dx+4j (X2 — X)dx

149.  Area bounded by the'curve Xy> =a’(a—X) and its asymptote is

1) a’ [ 2 sq:units 2) za’ sg. units 3) 3 7a’ sq. units  4) 4 zra’ sg. units
Key. 2
0 a3
Sol. By the graph, required area = 2_[ — dy
0 y +a

150.% Consider two curves C, : y* = 4[&} X and C,:X* = 4[&} y , where[.] denotes the

greatest integer function. Then the area of the region enclosed by these two curves within
the square formed by the lines x=1, y=1 ,x=4,y=4 is
1) 8/3 sq. units 2) 10/3 sq. units 3) 11/3 sq. units 4) 11/4 sq. units

Key. 2

Sol. By the graph
The required area

A= j(2&—1)dx+i2\/_—§jdx
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