CHAPTER

APPLICATIONS OF DERIVATIVES O 6

APPLICATIONS

DERIVATIVE AS A RATE MEASURER:

If y=f(x) be a function of x, where y is dependent variable and x is independent variable.
Then Z—i’ or f'(x) represents the rate of change of y with respect to x for a definite value of x.
REMARK:1

The value of % at x = xg 1.e. (%) x=x, represents the rate of change of y with respect to x at
X = Xg.

REMARK:2

__ay/dt

_ 23
If x=¢(t) and y=w(t), then =

, provided that % * 0.

Thus, the rate of change of y with respect to x can be calculated by using the rate of change of

y and that of x each with respect to t.

IMPORTANT FORMULAS:

i.  Area of a square = x? and Perimeter = 4x
where x is the side of the square.
1.  Areaof a rectangle = xy and Perimeter=2(x+y)

where x and y are the length and breadth of rectangle.

iii.  Area of a trapezium = %(sum of parallel sides) X (perpendicular distance between
them)

iv.  Area of a circle =nr2

and Circumference of a circle = 2ntr

where r is the radius of circle.
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v.  Volume of sphere = 5111‘3

and Surface area of sphere = 4mr?

Where r is the radius of sphere

vi.  Total surface area of a right circular cylinder = 2mrh + 2712
Curved surface area of right circular cylinder = 2nrh
and Volume = tr?h

where r is the radius and h is the height of the cylinder. @

vii.  Volume of a right circular cone = im‘zh . Q
Curved surface area = nrl Q\\

Total surface area = mr? + mrl
where r is the radius, h is the height and | is the slant helg%f a cone.
viii.  Volume of a parallelopiped = xyzzy

and Surface area = 2(xy+yz+zx)
where x, y and z are the dimensions of a Bar@y
ix.  Volume of a cube = e
and Surface area = 6x2 C)Q =0i(n-1)d
g+k) 'F cﬁo)
where x is the side of cube. @.
i &: ” (side)?
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X.  Area of an equilateral tria t
MARGINAL COST: O\

Marginal cost represents the instantaneous rate of change of the total cost with respect to the

number of items produced at an instant. If C(x) represents the cost function for x units produced,
then marginal cost denoted by MC, is given by MC= %{C(x)}.
MARGINAL REVENUE:

Marginal revenue represents the rate of change of total revenue with respect to the number of l

items sold at an instant. If R(x) represents the revenue function for x units sold, then marginal
1 La0]
revenue denoted by MR, is given by MR= %{R(x)}. (4 Coco
Ciz)
a+b)*
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INCREASING AND DECREASING FUNCTIONS:
i.  INCREASING FUNCTIONS: LetIbe an open interval contained in the domain of a real
valued function f. Then f is said to be

a) Increasingon I, if x; < x,
> fx) < f(x2),Vxy,x, €1
b) Strictly increasing on I, if x; < x,
= f(x) < f(x2),Vx1,x, €1

ii. DECREASING FUNCTIONS: LetIbe an open interval contained ir@in of areal

valued function f. Then f is said to be
a) Decreasingon I, if x; < x, OQ
= f(x) = f(x),Vxp,x;, €1 .
b) Strictly decreasing on I, if x; < x, K%
= f(x1) > f(x2),Vx1,x, €1 A@
MONOTONIC FUNCTIONS: N g’
A function f(x) is said to be monotonic on an i , b) if it is either increasing or decreasing
on (a,b).
THEOREM: Let f be continuous o ggdifferentiable on (a, b).
i. If f'(x) > 0 for each x € (a, b), then f(x) is said to be increasing in [a, b] and strictly

increasing in (a, b).
ii. If f'(x) <0 for each x € (a, b), then f(x) is said to be decreasing in [a, b] and strictly
increasing in (a, b).
iii.  If f'(x) =0 foreach x € (a, b), then fis said to be a constant function in [a, b].
TANGENTS AND NORMALS:
1.  TANGENTS: A tangent is a straight line, which touches the curve y=f(x) at a point.

1. NORMAL: A normal is a straight line perpendicular to a tangent to the curve y=f(x)

intersecting at the point of contact
1 LaD]
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Yi+1 = Yi+ (xn/@)(a-YiZ)
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SLOPE OF TANGENT AND NORMAL:

e

Z—z represents the gradient or slope of a curve y=f(x).

If a tangent line to the curve y=f(x) makes an angle 6
With x-axis in the positive direction, then

SLOPE OF TANGENT = 3—‘:= tan 0

SLOPE OF NORMAL = ~ - = @
dx

SLOPE OF TANGENT

EQUATIONS OF TANGENT AND NORMAL: \\Q

Let y=f(x) be a curve and P (x4, y;) be a point on it. Then,
EQUATION OF TANGENT AT P (x4, y,) IS O

1) = [y @ — 21) K% .

EQUATION OF NORMAL AT P (x,y;) IS

(Y1) =—(x — x,) QQ

[H] (*1,¥1)

.
ANGLE BETWEEN INTERSECTION O @I

)=y 2

Let y= f1 (x) and y= f2 (x) be the two curv: ¢ be the angle between their tangents at the

point of their intersection P (x4, ¥;). \'@,

Then, tang = [w] K

1+m1m2

dy
where m; = [H] (xp,yy) fOT y= fi

=3+ (n-1)d

d
and m, = [d—z] (xpyy) fOLy= 2 ()

Ifmym, = —1, then tangents are perpendicular to each other. In this case, we say that the curves
intersect each other orthogonally. This also happens, when m; = 0 and m, = oo.

If m; = m, , then tangents are parallel to each other.
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APPROXIMATIONS:

Let y=f(x) be a function such that f:D—R, DcR. Here, x is an independent variable and y is the
dependent variable.
Let Ax be a small change in x and Ay be the corresponding change in y and given by Ay =
f(x + Ax) — f(x). Then,

i.  the differential of x, denoted by dx, is defined by dx = Ax.

ii.  the differential of y, denoted by dy, is defined by dy =f'(x)dx or dr @

iii.  If dx = Ax is relatively small, when compared with x, dy is a good ation of Ay

and we denote it by dy = Ay. Q

ABSOLUTE ERROR: The error Ax in X is called the absolute error in

RELATIVE ERROR: 1f Ax is an error in X, then Azx is called t @\%: error in X.

PERCENTAGE ERROR: If Ax is an error in X, then 2 3®1s called the percentage error in

) R~
MAXIMA AND MINIMA: Q
Let f be a real valued function and ¢ be an interior point in the domain of f. Then,

I.  Point c is called a local maxima,.if there is a h>0 such that f(c)> f(x), V x in (c-h,c+h).
Here, value f(c) is called the local maximum value of f.
II.  Point c is called a local minima, if there is a h>0 such that f(c)<f(x), V¥ x in (c-h,c+h).

Here, value f(c) is called the local minimum value of f.

CRITICAL POINT:

A point ¢ in the domain of a function f at which either f'(c) = 0 or f is not differentiable, is
called a eritical point of f. If f is continuous at ¢ and f'(c) = 0, then there exists h>0 such that f

is differentiable in the interval (c-h, c+h).

1t La0l
furLao]
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FIRST DERIVATIVE TEST:

Let f be a function defined on an open interval I and let f be continuous at a critical point ¢ in L.
Then,

I.  If f'(x) change sign from positive to negative as x increases through point c, then c is a
point of local maxima.

II.  If f'(x) change sign from negative to positive as x increases through point ¢, then ¢ is a
point of local minima.

II.  If f'(x) does not change sign as x increases through point ¢, then ¢ is'neither a point of

local maxima nor a point of local minima. Infect, such a point is calg\of inflection.

SECOND DERIVATIVE TEST: Q

Let f be a function defined on an interval  and ¢ € I. Let fbe tmg ntiable at c, then

I.  x=cisapoint of local maxima, if f'(c)=0 and f "(c)<0 lue f(c) is local maximum
value of f.
II.  x=cis apoint of local minima, if f'(c)=0 and ”Y';O. The value f(c) is local minimum
value of f. ’\Q
1.  If f'(c)=0 and f"'(c)=0, then the te Q
ABSOLUTE MAXIMA AND ABSO INIMA:
Let f'be a differentiable function on [a, d ¢ be a point in [a, b] such that f'(c)=0. Then f(a),

=3+ (n-1)d

f(b) and f(c), the maximum of tl@v lues gives a maxima or absolute maxima and minimum

of these values gives a minima or absolute minima.
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PRACHICE QUESTHONS

x—1x+12x+1
x+1x+32x+3
2x+12x—14x+ 1

a) One point of maximum and one point of minimum

b) One point of maximum only @

¢) One point of minimum only . \Q
d) None of the above Q\
2. The points of extrema of f(x) = f xsint :

1. The function f(x) given by f(x) = has

——dt in the domain x >

a) (2n+1);,n=1,2, K%o

b) (4n + 1)§,n =1,2,..

c) (2n+1)§,n=1,2, .
Z

d) nm,n=1,2,..
3. The critical pomts of the function Q

f(x) = 2sin? + sin §
Whose coordinates satis equality x? — 10 < —19.5x, is

a) —6m
b) 6n ‘
c) 97”
d) —4m

4. Letg(x) = f(x) — 2{f (x)}* + 9{f (x)}® for all x € R. Then,

a) g(x) and f(x) increases and decrease together

b) g(x) increases whenever f(x) decreases and vice-versa
¢) g(x) increases for all x € R

d) g(x) decreases for all x € R

3o 1 %1 = i+ Con/(a-yit)
= Kaw = CXH,-‘Z) (3’Mn")

coi’h (2} = i cot :nz m =
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5. The tangent and the normal drawn to the curve y = x2 — x + 4 at P(1,4) cut the x-
axis at A and B respectively. If the length of the subtangent drawn to the curve at P is .
equal to the length of the subnormal, then the area of the triangle PAB in sq units is
a) 4
b) 32
c) 8

d) 16 @

6. Consider the following statements :
I.  The function x + % (x # 0) is a non-increasing function 1@\\1‘%& [—1,1]

II.  The maximum and minimum values of the function |

III.  The function x? log x in the interval has a point (@)&ma

3lare 2,4

Which of the statement given above is/are ¢
a) Only1 @

b) Only 2 @
c) Only 3 Q\
d) All1,2,3 0

7. The radius and height of a c& e equal. If the radius of the sphere is equal to the

=3+ (n-1)d

height of the cylinder, then

and the volume of %@r is
a) 4:3
b) 3:4

c) 4+3m
d) 3m:4

10 of the rates of increase of the volume of the sphere

. Let f, g and h be real-valued functions defined on the interval [0, 1] by f(x) = e** +
e‘xz,g(x) = xe**+e %2 andh(x) = x2e** 4+ e~** If a,b and ¢ denote respectively,
the absolute maximum of f, g and h on [0, 1], then

1 La0]
a) a=bandc #b

I Lavel
b) a=canda # b ¢izd
c) a¥bandc #b |

d) a=b=c
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9. A particle is moving in a straight line such that the distance described ‘s’ and the time
taken ‘t’ are given by t = as? + bs + c¢,a > 0. If v is the velocity of the particle at any

time t, then acceleration is

a) -2av
b) —2av?
c) —2av3

d) None of these @

3 2 . . l *
10. Letf (x) = {Ix +x°+ 3x + sinx| (3 i x) X F 0, then numb &ts (where
0, x=0 Q
f(x) attains its minimum value) is O

- X

b) 2 K

) 3 !Q

d) Infinite many R Q
11. Divide 12 into two parts such that th \ f the square on one part and the fourth
power of the second port is maximué;%

) o ({0
) 48 %

d) 3,9
12. If the sum of thaqlﬁ)f the intercepts on the axes cut off by the tangent to the curve
x1/3 + y1/3 = q1/3 (with a > 0) at P(a/8,a/8) is 2, then a =
a) 1
b)- 2
c) 4
d) 8

1 La0]
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13. A variable triangle ABC is inscribed in a circle of diameter x units. If at a particular

instant the rate of change of side 'a’ is ; times the rate of change of the opposite angle

A,then A =
a) %
b) 3
c) % @
02 Q

14. OB And OC are two roads enclosing an angle 0f120°. X And Y@ om ‘0’ at the

same time. X Travels along OB with a speed of 4 km/h and s along OC with a
speed of 3 km/h. The rate at which the shortest distance %een X and Y is increasing
after 1 his

0 A@
ey Q'
a) V37 km/hr \Q
b) 37 km/hr \Q.

¢) 13 km/hr K
d) V13 km/hr %

15. A particle moves along a straight line according to the law s = 16 — 2t + 3t3 , where

S a metre is the%ance of the particle from a fixed point at the end of t seconds. The

acceleration. of the particle at the end of 2 s is
a)
b)
©)

d) None of these 1 [a0]

I Lavel
ciz)

36m
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16.If the function f(x) = x3+ 3(a— 7)x% + 3(a? —9)x — 1 has positive points of
extremum then
a) a€ (3,0)U (—,—3)
b) a € (—oo, 3)U( 29)
) (=,7)

0 (2)

17. The maximum distance from the origin of a point on the curv Q int —

sin(%t),y—acost—bcos( ) botha,b > 0, is Q\\

a) a-b

b) atb

c) Va? + b? K%
d) Vaz-—b?

18. An object is moving in the clockwise d1rect % d the unit circle x? + y2 = 1.
As it passes through the p01nt = — rdinate is decreasing at the rate of 3unit

per second.The rate at which the —coordinate changes at this point is (in unit per

second) @b
TR
b) 3V3 @'
c) V3 @
d) 2v3 %0

19. A spherical iron ball 10 cm in radius is coated with a layer of ice of uniform thickness

that melts at a rate of 50 cm?/min. When the thickness of ice is 15 cm. then the rate at

which the thickness of ice decreases, is

5 . 4
a) acm/mm
1 La01]

5 )
— cm/min o
541 o Lauo]

b)
5 . Ciz)
c) on a+h)?

1 .
d) o sin (x)

] x‘

= ‘ﬁa— Xn/d (a-Yi<)
Wit = (Xnl2) (3-axn®)

coth (2) = | cot
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20. If the rate of change of area of a square plate is equal to that of the rate of change of its
perimeter, then length of the side is
a) 1 unit
b) 2 units

¢) 3 units

d) 4 units
21. A particle moves on a line according to the law s = at? + bt + c. If the di ment
after 1 sec is 16 cm, the velocity after 2 sec is 24 cm/sec and acceleratio @n/ sec? |

then
a) a=4,b=8,c=4 OQ
b) a=4b=4,c=8 %’
c) a=8b=4c=4 K
d) None of these E;SQ’

22. The maximum value x3 — 3x in the 1nterva1®
a) -2

SO
c) 2 @.C)
d) 1 \,
23. The function f(x) = CO%\‘ x increases in the interval

a) (1,00)

b) (~1,00)

Q) (~09,0) .
d) '(0;%) )

24. The equation of the normal to the curve y = e~ 2l

linex =1/2,is
a) 2e(ex+2y)=e?—4
b) 2e(ex —2y) =e?—4 1 Ex01
I Lavel

c) 2e(ey—2x)=e?—4 i)
d) None of these '

at the point where the curve cuts the I
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25.If a particle moves according to the law s = 6t — %, then the time at which it is

momentarily at rest is
a) t=0 only
b) t=8 only
c) t=0,8
d) None of these
26. The length of subtangent to the curve x2y? = a* at the point (—a, a) is

a) 3a . QQ

b) 2a \
) s OQ
d) 4a
.
27. A particle moves along a straight line with the law of n@ivem by s? = at? + 2bt +
c. then the acceleration varies are @

3 &

b) Q

d) ’ K\
28. The maximum value of @aen x+2y=8is

a) 20
b) 16 %
¢) 24,1\ +
d) 8

29. The length of the subtangent to the curve x? + xy + y? = 7 at (1, —3) is
a) 3 4
b 3 i [a0]
c) 3/5 o Lol

d) 15 (+'b§"

c)

Nl"‘ hﬁsl"‘ @ =

in (x)

ag-apn 101 = Yi+ (Xn/d )(a-i%)
i Knw = (Xﬂ,.‘l)('ﬁ"ﬂxn")

coth (2) = [ cot GzPMRLD =i sin€i2) An=Bp(n-1)d

<ot = iyiarks by Lt £
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30. A given right circular cone has volume p and the largest right circular cylinder that can

be inscribed in the cone has a volumeq. Then, p: q is
0

a) 94

b) 8:3
c) 7:2 \\Q
d) None of the above

31. The angle between the curves y = a* and y = b* is equal to O

- -b
a) tan 1( = |) %’
1+ab K
- b
SR () &
1-ab
—1 (| logb+loga | )
C) tan (1+10ga10gb ’\Q
—1 (| loga logb
d) tan (1+10ga10gb Q

32.If a and b are positive numbers % a > b, then the minimum value of a sec 6 —

=3+ (n-1)d

b tan 6 (0 <6<2)is K
) T ,(\®
1
15 VaZ+p?
o) VaAd\o?
d)«vaz = bz
33. Let y be the number of people in a village at time t. Assume that the rate of change of the
population is proportional to the number of people in the village at any time and further
assume that the population never increase in time. Then, the population of the village at

any fixed t is given by 1Le01]

I Lavel
a) y = e*t + c, for some constants ¢ < 0 and k >0 Ciz)
b) y = ce*t, for some constants ¢ > 0 and k < 0

c) y= e + k, for some constants ¢ < 0 and k > 0

d) v=kec . for some constants c > 0and k < 0
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%@ = 5 : 34. The function f(x) = cos(m/x) is increasing in the interval
nrh "l a) (Zn + 1; 2 Tl),n EN

b) ( ! ,Zn),nEN

2n+1

1 1
©) (2n+2'2n+1)'n S 4
d) None of these

35.If f(x) = x3 — 6x2 + 9x + 3 be a decreasing function, then x lies in

a) (—OO, _1) n (3: OO)

b) (1,3) ‘\Q
Q

¢) (3,)

d) None of these O
36.1f0 < x <, then @o

a) cos(sinx) > cosx

b) cos(sinx) < cosx AQ
¢) cos(sinx) = sin(cos x) . @
d) cos(sinx) < sin(cos x) \
37. The longest distance of the point rom the curve 2x2 + y? — 2 x = 0, is given by
a) V1—-2a+a? \
b) m@&
c) Vi+2a-—
d v1i-2 a?
38. If PQ and PR are the two sides of a triangle, then the angle between them which gives

maximum area of the triangle, is

a)y.

T

b) 3 P
T

c) " 1 [a0]
T forLao]

d) E Ciz)

f ‘fb)"

in (x)

S Byt U2 = Yi+ (Xn/2)(a-Yi<)
> ayr(n-d ik Kusr = (Xnl2) (3-axn?)

: L}
ar = Zab 4 b* = Cagh) ﬁ‘

cotetr) = riarks eyl coth €2) = | cot
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39. If the curves Z—z + i—z =1and ’;—22 — 3:1—22 = 1 cut each other orthogonally, then
a) a’*+b?=101*+m?
b) a?—b%2=1>—-—m?
c) a’?—b?=12+m?
d) a?+b?2=12-m?

40. Let the function g: (—o0, ) — (— %,%) be given byg(u) = 2tan"(e*) — =. Then, g

is
* 1 LaD]
a) Even and is strictly increasing in (0, c0) \\Q ‘ ,‘_L___J._
b) Odd and is strictly decreasing in (—oo, ) Q b Ci2)
a+b)*
¢) Odd and is strictly increasing in (—oo, ) O
d) Neither even nor odd, but is strictly increasing i 6}&0) pin(x)
41. Let f(x) = 1+ 2x2 + 2%2x*+. ... ...+ 21%x2° The has
a) More than one minimum A
b) Exactly one minimum . @
M=y 2
c) At least one maximum
=@ (n-1)d
d) None of these o) ~F ()
1
42. Letf(x)={|x|1’ jor U< | <_®Ilenatx=0,fhas z -F

for xﬁ f
a) Alocal maximu@

b) A local mi &
7

b
c) No loc& mum
3G G

d) No local'maximum A

43. All points on the curve y? = 4a (x + asin E) at which the tangents are parallel to the

axis of x licon a l

a) Circle
b) Parabola 1 [a0]

I Lol
ciz)
d) None of these S

¢) Line

Sin (%)

S:: a,_—-‘a“" i Yi ¥ (Xn/d) a’-Yf )
it Kosr = (Xnl2) (3-axn?)

& = Zab s b KAl

L comone il e 2V
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i
a =
e
Wl
A+ 14003 k. S
Cos5 ‘,__, 2w

x"aAaz = (x+a) (x-&)

%@c | 44. 1f —2 “° + + ol oo “"‘ + a,, = 0. Then the function f(x) = apx™ + a;x™* +

|
h ¥ azx"‘2 + -+ a, has in (0, 1)

a) At least one zero
b) At most one zero
c) Only 3 zeroes
d) Only 2 zeroes
45. The length of the subtangent at any point (x4, y;)on the curve y = a*, (a > @
a) 2loga

D g \\Q
c) loga OQ

d) a**1loga
46. Suppose the cubic x3 — px + g has three distinct real @here p > 0andgq > 0.
Then, which one of the following holds?

a) The cubic has maxima at both = P c‘n

b) The cubic has minima at = a a at —

¢) The cubic has minima at max1ma at—
d) The cubic has mini &p and — ;

47. A ABC is not right an;le@ 1s inscribed in a fixed circle. If a, A, b, B be slightly

P
3

then =
cos A cosB

da
varied keeping c,

a) 2R
b) w
c) 0
d) None of these

Vs

1 La01]
o Lan]
Liz)
a+b)?

Sin (k)

] x‘

Yi+y = ‘fl-;+ Xn/d (a-Yi<)
Wit = (Xnl2) (3-axn®)

coth (2) = | cot
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48. The equation(s) of the tangent(s) to the curve y = x* from the point (2, 0) not on the

curve is given by

_ 4098
a) ¥y =

b) y—1=5(x—-1)

C) 4096 2048( 8)
y 81 27 3

O y-—re=5(x-3)

2 _1 — *
49.Iff(x)={3x +12x-1,-1<x<2 4 \Q

37—x, 2<x<3

a) f(x) is increasing in [—1, 2] OQ\

b) f(x) is continuous in [—1, 3]

.
¢) f(x)is maximum at x = 2 K%

d) All the above

50. If a®x* + b?y* = ¢®, then maximum value o ’5&
c? -
a) —

Yab \Q\ e
C3
b) < 0 -3 (n-1)d
c) < \@

04’1\-} -f (’-q}
d)

&

1 La0]

I Lol

Ciz)

i+ = Yixr (Xn/d) R-Yi' Y
HKnwr = (anﬂ)(}'ﬁxn,')
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x‘-ha‘: (x+a) (x-&)

2nh+b1': Las®
¥

A
Cos =

ANRYEB BEY

N T

. “ N = 9
ACwAa/o>» WA W WRE»WAOQP QTP »UP ®UU

14, C
15. 5@ 40.C
16. @& 41B
17, 42.A
18. % 438
19. 44.A
¢
20 $ 458
21 A - & 46.B
2 47.C
&
23 48.C
24, 49.D | [a0]
o Lauo]
25 50.C e

f +LJ=

in (x)

Au-apr Ji*1 = Yi+ (Xn/d )a-Yi%)
o Knit = (Xnl2) (3-axn®)

1)
o' = Zab +bY = Laghy* 3

SC o coBtn) = i bande iy L




@A =3¢+ (n-1)d
exp £lxorh) =F (o)

z-F

HINTS AND SOLUTIONS

x—1 x+1 2x+1 x—1 x+1 2x+1
. Wehave,f(x)=|x+1 x+3 2x+3|=>f(x)=]| 2 2 2
2x+1 2x—1 4x+1 3 -3 —1
x—1 2 3 . -
Applying C, - C, — C
Sf)=|2 o0 -2 ppg_g)cz_zé 1
3 _6 _7 3 3 1

=S ) =—-12(x — 1) —2(-14 + 6) + 3(=12) = f(x) = —12x — 8

Clearly, f'(x) # 0 for any x € R.So, f(x) has no point of maximum or minimum
6 =2(5)sin(5) cos (5) + () cos3 - ()

( )[Zsm( )cos( ) 2 sin? (g)] = (2)51n( )cos( ) Zsin(g)
Put f'x)=0 & sin(g) =0= tan(%) =1= §= km k €1 or §=nn+%,

nel >x2-10<-195x < (x+9.75)? < 105.0625 & (x —0.5)(x +
20)< 0 —20<x<05

o1t

So, the critical points satisfying the last inequality will be 0, 61, — >

. Let there be a value of k for which x3 — 3 x + k = 0 has two distinct roots between 0 ==/« 0|
and 1.Let a, b be two distinct roots of x3 — 3x + k = 0 lying between 0 and 1 such that i
a < b.Let f(x) = x3 — 3x + k. Then, f(a) = f(b) = 0.Since between any two roots
of a polynomial f(x) there exists at least one roots of its derivative f'(x). Therefore,
f'(x) = 3 x? — 3 has at least one root between a and b. But, f'(x) = 0 has two roots
equal to +1.which'do not lie between a and b.Hence, f(x) = 0 has no real roots lying
between0 and 1 for any value of k

. Wehave,g(x) = f(x) — 2{f(x)}* + 9{f (x)}3 forall x € R

=9'(x) = f'(x) = 4f )f'(x) + 27{f ()} f'(x) forall x € R

= g'(x) =[1—4f(x) +27{f (x)}*]f'(x) forall x € R

Clearly, 27{f (x)}* — 4f (x) + 1 is a quadratic expression with discriminant less than

zero. So, its sign is same as that of the coefficient of {f (x)?} i.e. positive for all x € R

Thus, g’ (x) and f'(x) have the same sign. Hence, g(x) and f (x) increase and decrease
together
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x"anz = (xta) (x-&)

5. Given equation of curve is y = x? — x + 4

Slope of tangent at P(1, 4) is

d d
et = (@),
dx dx (1,4)

-~ Equation of tangent is
y—4=1x-1)> y—x=3 (1)
And equation of normal at point P(1,4) is

y—4=-1(x—-1) > x+y=5 ..(i) .\\QQ

Since the tangent cuts x-axis at A(—3, 0)

And the normal cuts x-axis at B(5, 0) OQ
1 4 1 .
=2 |[[—4(-3 — 5{%8 sq units

-3 0 1
5 0 1
6. DO IT BY YOURSELF @
7. Let r be the radius of the cylinder. Let.Vl@Vz be the volumes of the sphere and

cylinder respectively. Then, V; = gn% b=qrd  [vh=r1]

\%4
av, 3

av; dar
=>—=4nr’—and—2 =3n A =4:3
at dt dt vy

8. Given function
fO) =e* + e"‘;@&xexz +e** and h(x) =x2e* +e™* Are strictly

increasing on [0;-1]..Hence, at x = 1, the given function attains absolute maximum all

- Area of APAB = %

equal to e + é
9. Given, t=as®>+bs+c
ds ds . ..
= 1= 2as w +b - [differentiating]
= 1=2asv+bv ...(I)

ds dv dv . ..
=0= ZaEv + Zasa + bE [differentiating] -

d dv (1 i X
= d—:(Zas +b) = —2av?* = d—:(;) = —2av? [from Eq.(i)] Lt

dv

= —2aqv3
dt

=

Gas_ 1 __ G .= Ba-dr" i+1 = Yi+ (Xn/2)(a-Yi%)
>x Byr(n-dd T i=r Ko = (Xnf2) (3-axn®)
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exp fixorh) =F (ko)

mxnt [
= A 2

3 2 : (1
[x° + x +3x+smx|(3+sm(x)),x¢0
0, x=0
Let g(x) = x3 + x2 + 3x + sinx

10. f(x) = {

g'(x) =3x%+ 2x + 3+ cosx
2
=3(x2+2—x+ 1)+cosx=3{(x+1) +§}+cosx>0
3 3 9

And2<3+sm()<4

Hence, minimum value of f(x)is 0 at x = 0. Hence, number of po1rﬁ\Q

11. Let x and y be a two parts. Then,
x+y=12 OQ
Let P =x?y* .
> Jp=xy?=L [say] K%

> L=x(12—-x)?%= E=(12—x)2 —lex)

For maxima, pot —=0 ’

= (12—x)[12—3x]—0=> 5@( 4

At x = 4, it is maximum (- x

Hence, it is maximum, whe{ sare 4, 8

12. We have, %
X3 4 y1/3 = a1/3®
S Lyars +§ﬁ_y — 02— _ (5)—2/3 _ (g)z/s - (d_y)P =1

dx dx y X dx

The equation of the tangent at P is
a

y—g=—1(x—%)=>x+y=z

This cuts intercepts % and % with each of the coordinate axes

a? a2
s —+——2=>a =16=>a=4
16 1 La0]

[a*Cael

Ciz)



i = A1 . Lt

= Zab + b" = (a}

e
A +P 034 N
Cos T ’2— .d wi

e a = (x+a) (k—a)

X a
%@: | 13k e L, 2 2sinA [Using : R = ZsmA]

=>a=xsin4d

f}ﬁn’_‘]h
: N Y Hoco

Sl e

xdA _ dA da _xdA

da
=>E_xCOSAdt=>Ed__ AE i 2dt(glven)] 0\\0

ScosA=-> A==
2 3
14. After time t the distance covered by X is 4t and Y is 3t. O
Let shortest distance between X and Y is A. Then, by cx@\?f
O

o AP

/EPA@

A% = (4t)? + (3t)% — (4t)(3t)2 cos

= A% =16t%+9t? — .. ()> A=+37t

Ift = 1h,then A = /37 &w differentiating Eq.(i)w. r. t. t,we get
24A" = 37(2¢). Aft@ 1h, we get 2/37 A" = 2(37)
= A" =+/37km/h
15. Given, s = 16— 2t+ 3t3

ds _ 2 a’s _
> L2497 >=18t

2
At't = 2s, acceleration a= % =18 x 2 = 36m/s?

16. We have,f(x) =x3+3(a—7)x*+3(@*—-9Dx—1> f'(x) =3x2+ 6x(a—7) +
3(a?-9)

If the function f (x) has a positive point of minimum, then f’(x) = 0 must have positive

1 Lad]
roots= x = 0 is less than the roots of f'(x) = 0 = f'(0) > 0 and Discriminant > 0 = o Lol

4a—7)?2-4@*-9)=>0 and 3(a*>—-9)>0=>7a—-29<0 and a>-9>0=> it

a<2—79and(a< —3ora>3)=>a€ (—x,—-3)U(3,29/7)

P e T DO )
3% B +(n-d ‘ r :X N = : ' '
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17. Let P(x, y be a point of the curve

at at
X = asint—bsin(?),y= acost—bcos(F)

and, O be the origin. Then,0P? = {a sint — b sin (%t)}z + {a cost — b cos (c;t)}z

a—>b
=>0P2=a2+b2—2abcos( > )t

Clearly, OP? is maximum when cos ( . ) t minimum i. e. equal to —1

t Lan]

In that case, we have OP? = a? + b? + 2ab = (a + b)? = OP = a;l-&
18. Let x be the length of a side of the triangle. Then, its area 4 is give%

A—£ 2=>dA_\/_
4 dx 2

ﬁ -
A ",
=2 %100 =22~ x 100 = 2 (£ x 100) = 2k % n(x)
y3. 2 K
4

. d (4 ar _ 50 1
19. Given,— (—nr3) =-50=> — =——cm/
dt \3 dat 4nr2 t)r=15 " 4mx225 181

{a*Lao]
b Ci2)

x oA =% Ax = a4 =By Ax s
dx 2 O

min.Hence , the thickness of ice decre 1/18m cm/min

20. Let at any point t, the length of a he square be x. Then, i
A = Area = x% and P = Per em FOra)
=8 = 2x L and & @) " 'F
It is given that — = 2

21. We have,

s = at? +bt+c ...(40)

ds ag
==\ 2at+b ...(i1)

d?s 2
N~ 2a ....(1i1)
Att =1, wehaves = 16

~a+b+c=16

1 LaD]
Att = 2, we have T

ds d?s _ _ ¢iz)
a—24andﬁ—8$2a+b—24and2a—8 TR

Solving these equations, we get

=4,b=8andc =4

Sin (%)

Gne 1 Q= duaet Titi= Yit On/2)(a-Yi%)

>x Bgr(n-dd t=r WKonst = (Xunl2) (3-axn?)

— 7 ﬁ‘ L oo vy e coth (2) = | cot Gz
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x"aAal = (xta) (x-&)

(
o

22. Given, f(x) =x3—3x
f'(x) =3x%-3
For maxima, f'(x) = 6x
= 3x2-3=0 > x=+1
x=1€][0,2]
At x =1, f"(x) > 0, minima

f(0) =0, f(1) = =2 and f(2) =2

Hence, maximum value is 2 0\\0

23. We have, f(x) = cot™lx +x = f'(x) = —+1= xiz Q

1+x2 1+

Clearly, f'(x) > 0 for all x.So, f(x) increases in (—o0,

*
24. We have, y = e—2|x| — { ezx’x <0 @
e )

e ¥,x>0
The line x = 1/2 cuts this curve at the poir@

Al dy_{ 2e%* x < 0 .(d_y) N @_3
_\ e

0. —= = K
Tdx  (=2e 7 x>0

dx
The equation of the normal at P c)%

1 e 1
) D
=>4(6ey— 1) = 82(?5&)\; 2e(ex —2y) =e? —4

25. We have, @
gt sl gy H s o
s =6t ﬁdt =12t > and — =12 — 3t

dt?
When the particle is momentarily at rest, we have

ds d?s
—=0and—#0
dt dt? *

NowE=0=t=01t=8
dt

d?s
Clearly, =z #0fort=0,8

1 La0]

furLao]

= @y-24r" Joi+y = ‘fl'-_{- Xn/2 )(a-Yi<)
1=r Wit = (Xnl2) (3-axn®)

8y +(n-1d

g ‘
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26. Equation of the curve is x?y? = a*

On differentiating w.r.t. x, we get

x22y%+y22x=0=> D (d—y)( ) =—(i)=1

dx X dx —-a

] =7 —
Therefore, length of subtangent at the point (—a, a) = (%) T

27. Given, s=Vat? + 2bt + ¢
[ Vat2+2bt+c+a ]

(2at+2b)

—(at+h)————
: )2«/at2+2bt+c * Q
2
(\/at2+2bt+c) \\
ds 2at+2b at+b d?s
> — = = > — =

dt  2VatZ+2bt+c  VatZ+2bt+c  dt? (,/—atz+2bt+0

d? ac—b?

g 1
> — = = o —
2 3 Acceleration « — @

28. Given, y = 8

Sx—x2 A
Q'
dp

=3 (8 2x) \Q
For maxima or mmlma ut%g

8—2x=0=>

. a’p _ @ a’p\ _ _
Again, —— = (dxz) =-1<0

Thus, functi ximum atx =4 andy = 2

2

Let p=xy=

=8+(n-1)d

Therefore, maximum value of p =4 X 2 = 8
29. Given curve is x2 + xy + y2 =7

a, 3)

- dx (1-6) s

=>2x+x +y+2y o i2y

~ Length of subtangent= gy = _—13 =15
ax -5

dx

1 La0]

I Lavel
ciz)



Zab + b* = |

A o3 = 'l.

‘l' 1+ -

Cos ‘ & Wi
el 2 i N

x® Za = (xta) (x-&)

30. Let H be the height of the cone and a be its semi-vertical angle. Suppose that x is
the radius of the inscribed cylinder and h be its height
~ h=QL=0L—-0Q =H—xcota
V =Volume of the cylinder= mx?(H — x cota)
Also, p = gn(H tana)?H ...(0)

G 2,2 LV _
dx—n(ZHx 3x“cota) - dx—O = x=0,

x=;Htana .

0 N\
O
- \%’

. . 2
* I/ is maximum when x = EH tan @ @

2
x=2Htana = d—z ) =—-2nH <0 @
3 dx Q

And q=VmaX=7r4H2tan2a1H—§p Eq. (1)]
Hence, p:q = 9:4
31. The pomt of intersection of g1V& is (0, 1). On differentiating given curves,

we get = a*log a —= =

At (0,1) m; =log a, {\1

. tanf = %l_m %= tan~! M|

- 1+m 1+logalogh
32. Let y=a seclH btan6

A _ 2
prA a secftan — bsec<6

Put % = 0 = secH(a tand — bsech) =0

= my; = a* loga,m, = b*logh

> sing =2 (v sec # 0)

Now, —> 0, at sinf = -
> de? a

.. . a b
~minimum value is y = a —-b =Va? — b2
Y va2-p2 va2-b2

33. Given, % & y,where y is the position of village = idy = kdt

kt

= logy =logc + kt  [on integrating]= log% =kt=>y=ce

Bre i g = Gt T4 = ik CwR)(A=Yi%)

> X ﬂ:*‘"—ﬁd | 1= Knn = (Xnl2) (3-axn?)

coi’h (2) = i cot :tz "4-
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34. We have, f(x) = cos (;) = f'(x) = —sin (;)
For f(x) to be increasing, we must have f'(x) > 0

=>—sm(x)>0=>sm( )>0=>2n1t< <Q@2n+1m

=>—>x>

1
2n+1 =x€ (2n+1’ﬁ)
35.% f(x) =x3—6x*+9x+3
On differentiating w.r.t. x, we get @

fl(x) =3x2—-12x+9= f'(x) = 3(x? —4x + 3) ’\\Q

For decreasing, f'(x) <0

=>(x-3)(x-1)<0, O
SO X E (1, 3) TS
36. We know that cos x is decreasing on (0, t/2) a@;< xfor0 < x < %

~ cos(sinx) > cosx for0 < x < =

Also, 0<cosx<1<—for0< f&smx<xf0r0<x<—

=~ sin(cos x) < cosx for 0 < x < =@ (n-1)d

Hence, cos(sinx) > c %' n(cos x) < cosx for0 < x < —
37. Let (x,y) be the p he curve 2x? + y2 — 2x = 0. Then its distance from

(a, 0) is given I@\/(x —a)? +y?

=S2=x=2ax+a’+2x—2x%* [Using2x?+y?—2x=0]

>s?=sx?+2x(1-)+a® ..()=>25==-2x+2(1-a)

For.S to be maximum, we must have,

ds
a=0=>—2x+2(1—a)=0:x=1—a

. daz
It can be easily checked that d—xi <Oforx=1-a
1 [e0]
Hence, S is maximum forx =1 —a ATl

ciz)

Puttingx = 1 —a in (i), we get S = V1 — 2 a + 2 a?
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x"anl = (x¥a) (x-4)

38. Let PQ = a and PR = b, then A= %ab sin@ + —1<sinf<1
~ Area is maximum when sin0 =1= 0 = g

39. The two curves are

2

xZ yZ . xz yZ 00
Ztz=1 .0 ad,z-==1 . (i

Differentiating with respect to x, we get
Ly = F2 ) _n <
dx/c, a?y'\dx/e, 1*y ,Q
The two curves intersect orthogonally, iff. \\
2 2
©,@), =tz o
= m2b%x? = a?12y?  ...(iii) % ¢
\

Subtracting (ii) from (i), we get

22 (5-5)+¥ (5+=5) =0 ..av) AQ
From (ii1) and (iv), we get ’\Q

1 1 1 1 /1
m2b? (E 12) a212( @Z
=02 —a?=- X b? = 1> + m?
40. Given, g(u) =2 & — = foru € (—o0, )

Nowg(—u) = (e‘”) — == 2(cot™1(e¥)) — E = (E - tan‘l(e”)) —=

= —g(u) + g(u) Is an odd function. Also, g'(u) = —0>0

1+( u)Z
Which is strictly increasing in (—oo, o)
41. f(x) = 1 + 2x% + 22x*+... 4210420
f'(x) = 4x + 4.22x3+...420.21%%1% = x(4 + 4.2%2x%+...+20.210x18)
For a maximum or minimum, put f'(x) = 0
> x=0
But 4+ 12.2% + x* + -+ 4+ 20.19.21%18 > 0

For x<0 = f'(x)<0and x>0 = f'(x)>0

- Exactly one minimum.

Bns_ 1 § .= Gu-2o" Yi+1 = Yi+ (Xn/2)(a-Yi%) . e
4 B EOEDA =" Wi = (Xnl2) (3-axn?)
._ i e - | f A
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. x|, for0 < |x| < 2
42. Given, f(x) ={1| | flor|x= 0

It is clear from the graph that f(x) has local ~maximum.

43. We have, y* = 4a (x + asinf) (D) \\Q
=>2y3—3:=4a(1+cos§) OQ

For points at which the tangents are parallel to xi ¢ must have Z—z =0

X X
= 4a (1+cosa)=0:ocosa=—1=> Dn

For these values of x, we have siné @
Putting sm— = 0 in (i), we ge

Therefore, all these poin 2 the parabola y? = 4ax
0

n+1

44. Consider the fU.IlCthIl + a1 — + a~— x

+ a,x
n+1
Since p(x) is a po@ml Therefore, it is continuous on [0, 1] and differentiable
on (0,1). Also, ¢ and, (1) = + + + -+ a, = 0 [Given]
C
=~ ¢(0) = ¢(1). Thus, ¢(x) satisfies conditions of Rolle’s theorem on [0, 1]
Consequently, there exist ¢ € (0,1) such that ¢'(c) =0 i.e. ¢ € (0,1) is a zero of

=f()

45.Given, y=a* = Z—Z =a*loga

¢’ ()=0aox™ +a;x" 1+ +a,

a*t 1

dy/dx T an1 loga - loga

Now, length of subtangent at any point =

1 La0]

I Lavel
ciz)
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46.Let f(x) =x3—px+q.Then f'(x)=3x%—1p

Put f'(x)=0 = x=\/§, —\E

Now, f''(x) = 6x

~Atx = \jg. f'"(x)=6 E > 0, minima And at = — ,2, f"(x) < 0, maxima

47. DO IT YOURSELF. @
48. Suppose the tangent from the point (2, 0) to y = x* touches t at (x4, Y1)

The equation of the tangent at (x;,y;) isy — y; = 4x3 (x — Q
If it passes through (2, 0), then 0 — y; = 4x3(2 — x;)

=y = 4x7 (0 —2) > xf = 4x7 (0 —2) [+ (xy, iesony = x* =~y = x{]
=3x—-8x=0=>x}3x,—-8)=0=> or, x; = 8/3
Now, x; =0,andy; = x{ = y; =0
x,=8/3,andy, = xf >y, = @?

Hence, the equations of th.

X ai +(n-1d 1=r K = (Xnl2) (3-axn?) ZAD) o S
P coth (2) = [ cot GzPMACD =i sin€i2) An=Fp(n-Dd
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49. We have,

(32 +12%x—1, -1<x<2
f(x)_{ 7y D=

Clearly, lim f(x) = lim f(x) = f(2)
xX—27 x-2%
So, f(x) is continuous at x = 2

Hence, it is continuous on [—1, 3]

Thus, option (b) is correct @
We find that - Q
f'(x) =6x+12 > 0 forall x € [—1,2] \\
= f(x) is increasing on [—1, 2] OQ

Thus, option (a) is correct

<
Also, K

f'(x) < 0forall x € (2,3] @
= f(x) is decreasing on (2, 3] A
.
Hence, f(x) is attains the maxir%‘@at 2

So, option (c) is correct 0

O

0.y = (7) @S
Let f(x) = &@M)Z = f'(x) = i(cext#)

M=y 2
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Put f'(x) =0=> x=+—1
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f () = 75
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