
CHAPTER 

06 APPLICATIONS OF DERIVATIVES 

DERIVATIVE AS A RATE MEASURER: 

If y=f(x) be a function of x, where y is dependent variable and x is independent variable. 

Then 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 or 𝑓𝑓′(𝑥𝑥) represents the rate of change of y with respect to x for a definite value of x. 

REMARK:1 

The value of  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 at 𝑥𝑥 = 𝑥𝑥0 i.e. (𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑥𝑥=𝑥𝑥0 represents the rate of change of y with respect to x at 

𝑥𝑥 = 𝑥𝑥0. 

REMARK:2 

If x=𝜑𝜑(𝑡𝑡) and y=𝜔𝜔(𝑡𝑡), then 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑

, provided that 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
≠ 0. 

Thus, the rate of change of y with respect to x can be calculated by using the rate of change of 

y and that of x each with respect to t. 

IMPORTANT FORMULAS: 

i. Area of a square = 𝑥𝑥2 and Perimeter = 4x

where x is the side of the square.

ii. Area of a rectangle = xy and Perimeter=2(x+y)

where x and y are the length and breadth of rectangle.

iii. Area of a trapezium = 1
2
 (sum of parallel sides) × (perpendicular distance between 

them)

iv. Area of a circle =𝜋𝜋𝑟𝑟2

and Circumference of a circle = 2𝜋𝜋𝜋𝜋 

where r is the radius of circle.

APPLICATIONS 
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v. Volume of sphere = 4
3
𝜋𝜋𝑟𝑟3 

and Surface area of sphere = 4𝜋𝜋𝑟𝑟2 

Where r is the radius of sphere 

vi. Total surface area of a right circular cylinder = 2𝜋𝜋𝜋𝜋ℎ + 2𝜋𝜋𝑟𝑟2 

Curved surface area of right circular cylinder = 2𝜋𝜋𝜋𝜋ℎ 

and Volume = 𝜋𝜋𝑟𝑟2ℎ  

where r is the radius and h is the height of the cylinder. 

vii. Volume of a right circular cone = 1
3
𝜋𝜋𝑟𝑟2ℎ 

Curved surface area = 𝜋𝜋𝜋𝜋𝜋𝜋 

Total surface area = 𝜋𝜋𝑟𝑟2 + 𝜋𝜋𝜋𝜋𝜋𝜋 

where r is the radius, h is the height and l is the slant height of a cone. 

viii. Volume of a parallelopiped = xyzzy 

and Surface area = 2(xy+yz+zx) 

where x, y and z are the dimensions of a parallelepiped. 

ix. Volume of a cube = 𝑥𝑥3  

and Surface area = 6𝑥𝑥2  

where x is the side of cube. 

x. Area of an equilateral triangle = √3
4

 (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)2 

MARGINAL COST: 

Marginal cost represents the instantaneous rate of change of the total cost with respect to the 

number of items produced at an instant. If C(x) represents the cost function for x units produced, 

then marginal cost denoted by MC, is given by MC= 𝑑𝑑
𝑑𝑑𝑑𝑑

{C(x)}. 

MARGINAL REVENUE: 

Marginal revenue represents the rate of change of total revenue with respect to the number of 

items sold at an instant. If R(x) represents the revenue function for x units sold, then marginal 

revenue denoted by MR, is given by MR= 𝑑𝑑
𝑑𝑑𝑑𝑑

{R(x)}. 
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INCREASING AND DECREASING FUNCTIONS: 

i. INCREASING FUNCTIONS:   Let I be an open interval contained in the domain of a real 

valued function f. Then f is said to be 

a) Increasing on I, if 𝑥𝑥1 < 𝑥𝑥2 

⇒ 𝑓𝑓(𝑥𝑥1)  ≤ 𝑓𝑓(𝑥𝑥2),∀ 𝑥𝑥1, 𝑥𝑥2 ∈ 𝐼𝐼 

b) Strictly increasing on I, if 𝑥𝑥1 < 𝑥𝑥2 

⇒ 𝑓𝑓(𝑥𝑥1) < 𝑓𝑓(𝑥𝑥2),∀ 𝑥𝑥1, 𝑥𝑥2 ∈ 𝐼𝐼 

ii. DECREASING FUNCTIONS:   Let I be an open interval contained in the domain of a real 

valued function f. Then f is said to be 

a) Decreasing on I, if 𝑥𝑥1 < 𝑥𝑥2 

⇒ 𝑓𝑓(𝑥𝑥1)  ≥ 𝑓𝑓(𝑥𝑥2),∀ 𝑥𝑥1, 𝑥𝑥2 ∈ 𝐼𝐼 

b) Strictly decreasing on I, if 𝑥𝑥1 < 𝑥𝑥2 

⇒ 𝑓𝑓(𝑥𝑥1) > 𝑓𝑓(𝑥𝑥2),∀ 𝑥𝑥1, 𝑥𝑥2 ∈ 𝐼𝐼 

MONOTONIC FUNCTIONS: 

A function f(x) is said to be monotonic on an interval (a, b) if it is either increasing or decreasing 

on (a,b). 

THEOREM:  Let f be continuous on [a, b] and differentiable on (a, b). 

i. If 𝑓𝑓′(𝑥𝑥) > 0 for each 𝑥𝑥 ∈ (𝑎𝑎, 𝑏𝑏), then f(x) is said to be increasing in [a, b] and strictly 

increasing in (a, b). 

ii. If 𝑓𝑓′(𝑥𝑥) < 0 for each 𝑥𝑥 ∈ (𝑎𝑎, 𝑏𝑏), then f(x) is said to be decreasing in [a, b] and strictly 

increasing in (a, b). 

iii. If 𝑓𝑓′(𝑥𝑥) = 0 for each 𝑥𝑥 ∈ (𝑎𝑎, 𝑏𝑏), then f is said to be a constant function in [a, b]. 

TANGENTS AND NORMALS: 

i. TANGENTS:  A tangent is a straight line, which touches the curve y=f(x) at a point. 

ii. NORMAL: A normal is a straight line perpendicular to a tangent to the curve y=f(x) 

intersecting at the point of contact 
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SLOPE OF TANGENT AND NORMAL: 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 represents the gradient or slope of a curve y=f(x). 

If a tangent line to the curve y=f(x) makes an angle 𝜃𝜃 

With x-axis in the positive direction, then 

SLOPE OF TANGENT = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= tan𝜃𝜃 

SLOPE OF NORMAL = −1
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑂𝑂𝑂𝑂 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇

 = −1𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 

EQUATIONS OF TANGENT AND NORMAL: 

Let y=f(x) be a curve and P (𝑥𝑥1,𝑦𝑦1) be a point on it. Then, 

EQUATION OF TANGENT AT P (𝑥𝑥1,𝑦𝑦1) IS 

(y-𝑦𝑦1) = [𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

](𝑥𝑥1,𝑦𝑦1)(𝑥𝑥 − 𝑥𝑥1) 

EQUATION OF NORMAL AT P (𝑥𝑥1, 𝑦𝑦1) IS 

(y-𝑦𝑦1) = −1

[𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑](𝑥𝑥1,𝑦𝑦1)
(𝑥𝑥 − 𝑥𝑥1) 

ANGLE BETWEEN INTERSECTION OF TWO CURVES: 

Let y= f1 (x) and y= f2 (x) be the two curves and 𝜑𝜑 be the angle between their tangents at the 

point of their intersection P (𝑥𝑥1, 𝑦𝑦1). 

Then,  𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = [ 𝑚𝑚1−𝑚𝑚2
1+𝑚𝑚1𝑚𝑚2

] 

where 𝑚𝑚1 = [𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

](𝑥𝑥1,𝑦𝑦1) for y= f1 (x) 

and 𝑚𝑚2 = [𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

](𝑥𝑥1,𝑦𝑦1) for y= f2 (x) 

If 𝑚𝑚1𝑚𝑚2 = −1 , then tangents are perpendicular to each other. In this case, we say that the curves 

intersect each other orthogonally. This also happens, when 𝑚𝑚1 = 0 and 𝑚𝑚2 = ∞. 

If 𝑚𝑚1 = 𝑚𝑚2 , then tangents are parallel to each other. 
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APPROXIMATIONS: 

Let y=f(x) be a function such that f:D→R, D⊂R. Here, x is an independent variable and y is the 

dependent variable. 

Let ∆𝑥𝑥 be a small change in x and ∆𝑦𝑦 be the corresponding change in y and given by ∆𝑦𝑦 =

𝑓𝑓(𝑥𝑥 + ∆𝑥𝑥) − 𝑓𝑓(𝑥𝑥). Then, 

i. the differential of x, denoted by dx, is defined by dx = ∆𝑥𝑥. 

ii. the differential of y, denoted by dy, is defined by dy =𝑓𝑓′(𝑥𝑥)dx or dy=�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� ∆𝑥𝑥. 

iii. If 𝑑𝑑𝑑𝑑 = ∆𝑥𝑥 is relatively small, when compared with x, dy is a good approximation of ∆𝑦𝑦 

and we denote it by 𝑑𝑑𝑑𝑑 ≅ ∆𝑦𝑦. 

ABSOLUTE ERROR:  The error ∆𝑥𝑥 in x is called the absolute error in x. 

RELATIVE ERROR:  If ∆𝑥𝑥 is an error in x, then ∆𝑥𝑥
𝑥𝑥

  is called the relative error in x. 

PERCENTAGE ERROR: If ∆𝑥𝑥 is an error in x, then ∆𝑥𝑥
𝑥𝑥

× 100  is called the percentage error in 

x. 

 

MAXIMA AND MINIMA: 

Let f be a real valued function and c be an interior point in the domain of f . Then, 

I. Point c is called a local maxima, if there is a h>0 such that f(c)≥ f(x), ∀ x in (c-h,c+h). 

Here, value f(c) is called the local maximum value of f. 

II. Point c is called a local minima, if there is a h>0 such that f(c)<f(x), ∀ x in (c-h,c+h). 

Here, value f(c) is called the local minimum value of f. 

 

CRITICAL POINT: 

A point c in the domain of a function f at which either 𝑓𝑓′(𝑐𝑐) = 0 or f is not differentiable, is 

called a critical point of f. If f is continuous at c and 𝑓𝑓′(𝑐𝑐) = 0, then there exists h>0 such that f 

is differentiable in the interval (c-h, c+h). 
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FIRST DERIVATIVE TEST: 

Let f be a function defined on an open interval I and let f be continuous at a critical point c in I. 

Then, 

I. If 𝑓𝑓′(𝑥𝑥) change sign from positive to negative as x increases through point c, then c is a 

point of local maxima. 

II. If 𝑓𝑓′(𝑥𝑥) change sign from negative to positive as x increases through point c, then c is a 

point of local minima. 

III. If 𝑓𝑓′(𝑥𝑥) does not change sign as x increases through point c, then c is neither a point of 

local maxima nor a point of local minima. Infect, such a point is called point of inflection. 

SECOND DERIVATIVE TEST: 

Let f be a function defined on an interval I and 𝑐𝑐 ∈ 𝐼𝐼. Let f be twice differentiable at c, then 

I. x=c is a point of local maxima, if 𝑓𝑓′(𝑐𝑐)=0 and 𝑓𝑓′′(𝑐𝑐)<0. The value f(c) is local maximum 

value of f. 

II. x=c is a point of local minima, if 𝑓𝑓′(𝑐𝑐)=0 and 𝑓𝑓′′(𝑐𝑐)>0. The value f(c) is local minimum 

value of f. 

III. If 𝑓𝑓′(𝑐𝑐)=0 and 𝑓𝑓′′(𝑐𝑐)=0, then the test fails.                                                                          

ABSOLUTE MAXIMA AND ABSOLUTE MINIMA: 

Let f be a differentiable function on [a, b] and c be a point in [a, b] such that 𝑓𝑓′(𝑐𝑐)=0. Then f(a), 

f(b) and f(c), the maximum of these values gives a maxima or absolute maxima and minimum 

of these values gives a minima or absolute minima. 
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PRACTICE QUESTIONS 
 

1. The function 𝑓𝑓(𝑥𝑥) given by 𝑓𝑓(𝑥𝑥) = �
𝑥𝑥 − 1 𝑥𝑥 + 1 2𝑥𝑥 + 1
𝑥𝑥 + 1 𝑥𝑥 + 3 2𝑥𝑥 + 3

2𝑥𝑥 + 1 2𝑥𝑥 − 1 4𝑥𝑥 + 1
� has 

a) One point of maximum and one point of minimum 

b) One point of maximum only 

c) One point of minimum only 

d) None of the above 

2. The points of extrema of 𝑓𝑓(𝑥𝑥) = ∫ sin 𝑡𝑡
𝑡𝑡

𝑥𝑥
0 𝑑𝑑𝑑𝑑 in the domain 𝑥𝑥 > 0 are   

a) (2𝑛𝑛 + 1) 𝜋𝜋
2

,𝑛𝑛 = 1, 2, … 

b) (4𝑛𝑛 + 1) 𝜋𝜋
2

,𝑛𝑛 = 1, 2, … 

c) (2𝑛𝑛 + 1) 𝜋𝜋
4

,𝑛𝑛 = 1, 2, … 

d) 𝑛𝑛𝑛𝑛,𝑛𝑛 = 1, 2, … 

3. The critical points of the function                                          

               𝑓𝑓(𝑥𝑥) = 2 sin2 �
𝑥𝑥
6
� + sin �

𝑥𝑥
3
� − �

𝑥𝑥
3
� 

Whose coordinates satisfy the inequality 𝑥𝑥2 − 10 < −19.5𝑥𝑥, is 

a) −6𝜋𝜋 

b) 6𝜋𝜋 

c) 9𝜋𝜋
2

 

d) −4𝜋𝜋 

4. Let 𝑔𝑔(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) − 2{𝑓𝑓(𝑥𝑥)}2 + 9{𝑓𝑓(𝑥𝑥)}3 for all 𝑥𝑥 ∈ 𝑅𝑅. Then, 

a) 𝑔𝑔(𝑥𝑥) and 𝑓𝑓(𝑥𝑥) increases and decrease together 

b) 𝑔𝑔(𝑥𝑥) increases whenever 𝑓𝑓(𝑥𝑥) decreases and vice-versa 

c) 𝑔𝑔(𝑥𝑥) increases for all 𝑥𝑥 ∈ 𝑅𝑅 

d) 𝑔𝑔(𝑥𝑥) decreases for all 𝑥𝑥 ∈ 𝑅𝑅 

 

www.sm
art

ac
hie

ve
rs.

on
lin

e



 

5. The tangent and the normal drawn to the curve 𝑦𝑦 = 𝑥𝑥2 − 𝑥𝑥 + 4 at 𝑃𝑃(1, 4) cut the 𝑥𝑥-

axis at 𝐴𝐴 and 𝐵𝐵 respectively. If the length of the subtangent drawn to the curve at 𝑃𝑃 is 

equal to the length of the subnormal, then the area of the triangle 𝑃𝑃𝑃𝑃𝑃𝑃 in sq units is 

a) 4 

b) 32 

c) 8 

d) 16 

6. Consider the following statements : 

I. The function 𝑥𝑥 + 1
𝑥𝑥

(𝑥𝑥 ≠ 0) is a non-increasing function in the interval [−1, 1] 

II. The maximum and minimum values of the function | sin 4𝑥𝑥 + 3| are 2, 4 

III. The function 𝑥𝑥2 log 𝑥𝑥 in the interval has a point of maxima 

Which of the statement given above is/are correct? 

a) Only 1 

b) Only 2 

c) Only 3 

d) All 1,2,3 

7. The radius and height of a cylinder are equal. If the radius of the sphere is equal to the 

height of the cylinder, then the ratio of the rates of increase of the volume of the sphere 

and the volume of the cylinder is 

a) 4:3 

b) 3:4 

c) 4 ∶ 3𝜋𝜋 

d) 3𝜋𝜋 ∶ 4 

8. Let 𝑓𝑓,𝑔𝑔 and ℎ be real-valued functions defined on the interval [0, 1] by 𝑓𝑓(𝑥𝑥) = 𝑒𝑒𝑥𝑥2 +

𝑒𝑒−𝑥𝑥2 ,𝑔𝑔(𝑥𝑥) = 𝑥𝑥𝑒𝑒𝑥𝑥2+𝑒𝑒−𝑥𝑥2 andℎ(𝑥𝑥) = 𝑥𝑥2𝑒𝑒𝑥𝑥2 + 𝑒𝑒−𝑥𝑥2. If 𝑎𝑎, 𝑏𝑏 and 𝑐𝑐 denote respectively, 

the absolute maximum of 𝑓𝑓,𝑔𝑔 and ℎ on [0, 1], then 

a) 𝑎𝑎 = 𝑏𝑏 and 𝑐𝑐 ≠ 𝑏𝑏 

b) 𝑎𝑎 = 𝑐𝑐 and 𝑎𝑎 ≠ 𝑏𝑏 

c) 𝑎𝑎 ≠ 𝑏𝑏 and 𝑐𝑐 ≠ 𝑏𝑏 

d) a=b=c 
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9. A  particle is moving  in a straight line such that the distance described ‘s’ and the time 

taken ‘𝑡𝑡’ are given by 𝑡𝑡 = 𝑎𝑎𝑠𝑠2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐,𝑎𝑎 > 0. If 𝑣𝑣 is the velocity of the particle at any 

time 𝑡𝑡, then acceleration is 

a) -2av 

b) −2𝑎𝑎𝑣𝑣2 

c) −2𝑎𝑎𝑣𝑣3 

d) None of these 

10. Let𝑓𝑓(𝑥𝑥) = �|𝑥𝑥3 + 𝑥𝑥2 + 3𝑥𝑥 + sin 𝑥𝑥| �3 + sin 1
𝑥𝑥
� , 𝑥𝑥 ≠ 0

0,                                                    𝑥𝑥 = 0
, then number of points (where 

𝑓𝑓(𝑥𝑥) attains its minimum value) is 

a) 1 

b) 2 

c) 3 

d) Infinite many 

11. Divide 12 into two parts such that the product of the square on one part and the fourth 

power of the second port is maximum, are 

a) 6,6 

b) 5,7 

c) 4,8 

d) 3,9 

12. If the sum of the squares of the intercepts on the axes cut off by the tangent to the curve 

𝑥𝑥1/3 + 𝑦𝑦1/3 = 𝑎𝑎1/3 (with 𝑎𝑎 > 0) at 𝑃𝑃(𝑎𝑎/8,𝑎𝑎/8) is 2, then 𝑎𝑎 = 

a) 1 

b) 2 

c) 4 

d) 8 
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13. A variable triangle 𝐴𝐴𝐴𝐴𝐴𝐴 is inscribed in a circle of diameter 𝑥𝑥 units. If at a particular 

instant the rate of change of side ′𝑎𝑎′ is 𝑥𝑥
2
 times the rate of change of the opposite angle 

𝐴𝐴, then 𝐴𝐴 = 

a) 𝜋𝜋
6
 

b) 𝜋𝜋
3
 

c) 𝜋𝜋
4
 

d) 𝜋𝜋
2
 

14. 𝑂𝑂𝑂𝑂 And 𝑂𝑂𝑂𝑂 are two roads enclosing an angle of120°. 𝑋𝑋 And 𝑌𝑌 start from ‘𝑂𝑂’ at the 

same time. 𝑋𝑋 Travels along 𝑂𝑂𝑂𝑂 with a speed of 4 km/h and 𝑌𝑌 travels along 𝑂𝑂𝑂𝑂 with a 

speed of 3 km/h. The rate at which the shortest distance between 𝑋𝑋 and 𝑌𝑌 is increasing 

after 1 h is  

 

a) √37 km/hr 

b) 37 km/hr 

c) 13 km/hr 

d) √13 km/hr 

15. A particle moves along a straight line according to the law 𝑠𝑠 = 16 − 2𝑡𝑡 + 3𝑡𝑡3 , where 

𝑠𝑠 a metre is the distance of the particle from a fixed point at the end of 𝑡𝑡 seconds. The 

acceleration  of the particle at the end of 2 s is 

a) 36𝑚𝑚
𝑠𝑠2

 

b) 34𝑚𝑚
𝑠𝑠2

 

c) 36m 

d) None of these 
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�
2   if   𝑛𝑛 = 3𝑘𝑘, 𝑘𝑘 ∈ 𝑍𝑍

10     if      𝑛𝑛 = 3𝑘𝑘 + 1,𝑘𝑘 ∈ 𝑍𝑍
0   if    𝑛𝑛 = 3𝑘𝑘 + 2, 𝑘𝑘 ∈ 𝑍𝑍

 

16. If the function 𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 + 3(𝑎𝑎 − 7)𝑥𝑥2 + 3(𝑎𝑎2 − 9)𝑥𝑥 − 1 has positive points of 

extremum then 

a) 𝑎𝑎 ∈ (3,∞) ∪ (−∞,−3) 

b) 𝑎𝑎 ∈ (−∞,−3) ∪ �3, 29
7
� 

c) (−∞, 7) 

d) �−∞, 29
7
� 

17. The maximum distance from the origin of a point on the curve 𝑥𝑥 = 𝑎𝑎 sin 𝑡𝑡 −

sin �𝑎𝑎𝑎𝑎
𝑏𝑏
� ,𝑦𝑦 = 𝑎𝑎 cos 𝑡𝑡 − 𝑏𝑏 cos �𝑎𝑎𝑎𝑎

𝑏𝑏
�, both 𝑎𝑎, 𝑏𝑏 > 0, is 

a) a-b 

b) a+b 

c) √𝑎𝑎2 + 𝑏𝑏2 

d) √𝑎𝑎2 − 𝑏𝑏2 

18. An object is moving in the clockwise direction around the unit circle 𝑥𝑥2 + 𝑦𝑦2 = 1. 

As it passes through the point �1
2

, √3
2
�,its 𝑦𝑦 −coordinate is decreasing at the rate of 3unit 

per second.The rate at which the𝑥𝑥 −coordinate changes at this point is (in unit per 

second) 

a) 2 

b) 3√3 

c) √3 

d) 2√3 

19. A spherical iron ball 10 cm in radius is coated with a layer of ice of uniform thickness 

that melts at a rate of 50 𝑐𝑐𝑚𝑚2/min. When the thickness of ice is 15 cm. then the rate at 

which the thickness of ice decreases, is 

a) 5
6𝜋𝜋

 cm/min 

b) 5
54𝜋𝜋

 cm/min 

c) 5
18𝜋𝜋

 cm/min 

d) 1
36𝜋𝜋

 cm/min 
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20. If the rate of change of area of a square plate is equal to that of the rate of change of its 

perimeter, then length of the side is 

a) 1 unit 

b) 2 units 

c) 3 units 

d) 4 units 

21. A particle moves on a line according to the law 𝑠𝑠 = 𝑎𝑎𝑡𝑡2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐. If the displacement 

after 1 sec is 16 cm, the velocity after 2 sec is 24 cm/sec and acceleration is 8cm/ sec2  , 

then 

a) 𝑎𝑎 = 4, 𝑏𝑏 = 8, 𝑐𝑐 = 4 

b) 𝑎𝑎 = 4, 𝑏𝑏 = 4, 𝑐𝑐 = 8 

c) 𝑎𝑎 = 8, 𝑏𝑏 = 4, 𝑐𝑐 = 4 

d) None of these 

22. The maximum value 𝑥𝑥3 − 3𝑥𝑥 in the interval [0, 2] is 

a) -2 

b) 0 

c) 2 

d) 1 

23. The function 𝑓𝑓(𝑥𝑥) = cot−1 𝑥𝑥 + 𝑥𝑥 increases in the interval 

a) (1,∞) 

b) (−1,∞) 

c) (−∞,∞) 

d) (0,∞) 

24. The equation of the normal to the curve 𝑦𝑦 = 𝑒𝑒−2|𝑥𝑥| at the point where the curve cuts the 

line 𝑥𝑥 = 1/2, is 

a) 2𝑒𝑒(𝑒𝑒𝑒𝑒 + 2𝑦𝑦) = 𝑒𝑒2 − 4 

b) 2𝑒𝑒(𝑒𝑒𝑒𝑒 − 2𝑦𝑦) = 𝑒𝑒2 − 4 

c) 2𝑒𝑒(𝑒𝑒𝑒𝑒 − 2𝑥𝑥) = 𝑒𝑒2 − 4 

d) None of these 

 

www.sm
art

ac
hie

ve
rs.

on
lin

e



 

25. If a particle moves according to the law 𝑠𝑠 = 6𝑡𝑡2 − 𝑡𝑡3

2
, then the time at which it is 

momentarily at rest is 

a) t=0 only 

b) t=8 only 

c) t=0,8 

d) None of these 

26. The length of subtangent to the curve 𝑥𝑥2𝑦𝑦2 = 𝑎𝑎4 at the point (−𝑎𝑎, 𝑎𝑎) is 

a) 3a 

b) 2a 

c) A 

d) 4a 

27. A particle moves along a straight line with the law of motion given by 𝑠𝑠2 = 𝑎𝑎𝑡𝑡2 + 2𝑏𝑏𝑏𝑏 +

𝑐𝑐. then the acceleration varies are 

a) 1
𝑠𝑠3

 

b) 1
𝑠𝑠
 

c) 1
𝑠𝑠4

 

d) 1
𝑠𝑠2

 

28. The maximum value of 𝑥𝑥𝑥𝑥 when 𝑥𝑥 + 2𝑦𝑦 = 8 is 

a) 20 

b) 16 

c) 24 

d) 8 

29. The length of the subtangent to the curve 𝑥𝑥2 + 𝑥𝑥𝑥𝑥 + 𝑦𝑦2 = 7 at (1,−3) is 

a) 3 

b) 5 

c) 3/5 

d) 15 
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30. A given right circular cone has volume 𝑝𝑝 and the largest right circular cylinder that can 

be inscribed in the cone has a volume𝑞𝑞. Then, 𝑝𝑝: 𝑞𝑞 is 

ML P

Q

O

x

 
a) 9:4 

b) 8:3 

c) 7:2 

d) None of the above 

31. The angle between the curves  𝑦𝑦 = 𝑎𝑎𝑥𝑥 and 𝑦𝑦 = 𝑏𝑏𝑥𝑥 is equal to 

a) tan−1 �� 𝑎𝑎−𝑏𝑏
1+𝑎𝑎𝑎𝑎

�� 

b) tan−1 �� 𝑎𝑎+𝑏𝑏
1−𝑎𝑎𝑎𝑎

�� 

c) tan−1 �� log𝑏𝑏+log𝑎𝑎
1+log𝑎𝑎 log𝑏𝑏

� �    

d) tan−1 �� log𝑎𝑎−log𝑏𝑏
1+log𝑎𝑎 log𝑏𝑏

� �    

32. If a and b are positive numbers such that 𝑎𝑎 > 𝑏𝑏, then the minimum value of a sec  𝜃𝜃 −

𝑏𝑏 tan𝜃𝜃 �0 < 𝜃𝜃 < 𝜋𝜋
2
� is 

a) 1
√𝑎𝑎2−𝑏𝑏2

 

b) 1
√𝑎𝑎2+𝑏𝑏2

 

c) √𝑎𝑎2 + 𝑏𝑏2 

d) √𝑎𝑎2 − 𝑏𝑏2 

33. Let y be the number of people in a village at time t. Assume that the rate of change of the 

population is proportional to the number of people in the village at any time and further 

assume that the population never increase in time. Then, the population of the village at 

any fixed 𝑡𝑡 is given by 

a) 𝑦𝑦 = 𝑒𝑒𝑘𝑘𝑘𝑘 + 𝑐𝑐, for some constants 𝑐𝑐 ≤ 0 and 𝑘𝑘 ≥ 0 

b) 𝑦𝑦 = 𝑐𝑐𝑒𝑒𝑘𝑘𝑘𝑘 , for some constants 𝑐𝑐 ≥ 0 and 𝑘𝑘 ≤ 0 

c) 𝑦𝑦 = 𝑒𝑒𝑐𝑐𝑐𝑐 + 𝑘𝑘, for some constants 𝑐𝑐 ≤ 0 and 𝑘𝑘 ≥ 0 

d) 𝑦𝑦 = 𝑘𝑘 𝑒𝑒𝑐𝑐𝑐𝑐 , for some constants 𝑐𝑐 ≥ 0 and 𝑘𝑘 ≤ 0 
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34. The function 𝑓𝑓(𝑥𝑥) = cos(𝜋𝜋/𝑥𝑥) is increasing in the interval 

a) (2𝑛𝑛 + 1, 2 𝑛𝑛),𝑛𝑛 ∈ 𝑁𝑁 

b) � 1
2 𝑛𝑛+1

, 2 𝑛𝑛� ,𝑛𝑛 ∈ 𝑁𝑁 

c) � 1
2 𝑛𝑛+2

, 1
2 𝑛𝑛+1

� ,𝑛𝑛 ∈ 𝑁𝑁 

d) None of these 

35. If 𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 − 6𝑥𝑥2 + 9𝑥𝑥 + 3 be a decreasing function, then 𝑥𝑥 lies in 

a) (−∞,−1) ∩ (3,∞) 

b) (1, 3) 

c) (3,∞) 

d) None of these 

36. If 0 < 𝑥𝑥 < 𝜋𝜋
2

, then 

a) cos(sin 𝑥𝑥) > cos 𝑥𝑥 

b) cos(sin 𝑥𝑥) < cos 𝑥𝑥 

c) cos(sin 𝑥𝑥) = sin(cos 𝑥𝑥) 

d) cos(sin 𝑥𝑥) < sin(cos 𝑥𝑥) 

37. The longest distance of the point (𝑎𝑎, 0) from the curve 2𝑥𝑥2 + 𝑦𝑦2 − 2 𝑥𝑥 = 0, is given by 

a) √1 − 2 𝑎𝑎 + 𝑎𝑎2 

b) √1 + 2 𝑎𝑎 + 2𝑎𝑎2 

c) √1 + 2 𝑎𝑎 − 𝑎𝑎2 

d) √1 − 2 𝑎𝑎 + 2 𝑎𝑎2 

38. If 𝑃𝑃𝑃𝑃 and 𝑃𝑃𝑃𝑃 are the two sides of a triangle, then the angle between them which gives 

maximum area of the triangle, is 

a) 𝜋𝜋 

b) 𝜋𝜋
3
 

c) 𝜋𝜋
4
 

d) 𝜋𝜋
2
 

 
 

www.sm
art

ac
hie

ve
rs.

on
lin

e



 

39. If the curves 𝑥𝑥
2

𝑎𝑎2
+ 𝑦𝑦2

𝑏𝑏2
= 1 and 𝑥𝑥

2

𝑙𝑙2
− 𝑦𝑦2

𝑚𝑚2 = 1 cut each other orthogonally, then 

a) 𝑎𝑎2 + 𝑏𝑏2 = 𝑙𝑙2 + 𝑚𝑚2 

b) 𝑎𝑎2 − 𝑏𝑏2 = 𝑙𝑙2 − 𝑚𝑚2 

c) 𝑎𝑎2 − 𝑏𝑏2 = 𝑙𝑙2 + 𝑚𝑚2 

d) 𝑎𝑎2 + 𝑏𝑏2 = 𝑙𝑙2 − 𝑚𝑚2 

40. Let the function 𝑔𝑔: (−∞,∞) → �−𝜋𝜋
2

, 𝜋𝜋
2
� be given by𝑔𝑔(𝑢𝑢) = 2 tan−1(𝑒𝑒𝑢𝑢) − 𝜋𝜋

2
. Then, 𝑔𝑔 

is 

a) Even and is strictly increasing in (0,∞) 

b) Odd and is strictly decreasing in (−∞,∞) 

c) Odd and is strictly increasing in (−∞,∞) 

d) Neither even nor odd, but is strictly increasing in (−∞,∞) 

41. Let 𝑓𝑓(𝑥𝑥) = 1 + 2𝑥𝑥2 + 22𝑥𝑥4+. … … + 210𝑥𝑥20.Then, 𝑓𝑓(𝑥𝑥) has 

a) More than one minimum 

b) Exactly one minimum 

c) At least one maximum 

d)  None of these 

42. Let 𝑓𝑓(𝑥𝑥) = �
|𝑥𝑥|, 𝑓𝑓𝑓𝑓𝑓𝑓 0 < |𝑥𝑥| ≤ 2

1,      𝑓𝑓𝑓𝑓𝑓𝑓   𝑥𝑥 = 0 , then at 𝑥𝑥 = 0,𝑓𝑓 has 

a) A local maximum 

b) A local minimum 

c) No local extremum 

d) No local maximum 

43. All points on the curve 𝑦𝑦2 = 4𝑎𝑎 �𝑥𝑥 + 𝑎𝑎 sin 𝑥𝑥
𝑎𝑎
� at which the tangents are parallel to the 

axis of 𝑥𝑥 lie on a 

a) Circle 

b) Parabola 

c) Line 

d) None of these 
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44. If 𝑎𝑎0
𝑛𝑛+1

+ 𝑎𝑎1
𝑛𝑛

+ 𝑎𝑎2
𝑛𝑛−1

+ ⋯+ 𝑎𝑎𝑛𝑛−1
2

+ 𝑎𝑎𝑛𝑛 = 0. Then the function 𝑓𝑓(𝑥𝑥) = 𝑎𝑎0𝑥𝑥𝑛𝑛 + 𝑎𝑎1𝑥𝑥𝑛𝑛−1 +

𝑎𝑎2𝑥𝑥𝑛𝑛−2 + ⋯+ 𝑎𝑎𝑛𝑛 has in (0, 1) 

a) At least one zero 

b) At most one zero 

c) Only 3 zeroes 

d) Only 2 zeroes 

45. The length of the subtangent at any point (𝑥𝑥1,𝑦𝑦1)on the curve 𝑦𝑦 = 𝑎𝑎𝑥𝑥, (𝑎𝑎 > 0) is 

a) 2 log 𝑎𝑎 

b) 1
log𝑎𝑎

 

c) log 𝑎𝑎 

d) 𝑎𝑎2𝑥𝑥1 log𝑎𝑎 

46. Suppose the cubic 𝑥𝑥3 − 𝑝𝑝𝑝𝑝 + 𝑞𝑞 has three distinct real roots where 𝑝𝑝 > 0 and 𝑞𝑞 > 0. 

Then, which one of the following holds? 

a) The cubic has maxima at both 𝑝𝑝
3

 𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑝𝑝
3
 

b) The cubic has minima at 𝑝𝑝
3

 and maxima at − 𝑝𝑝
3
 

c) The cubic has minima at−𝑝𝑝
3

 and maxima at 𝑝𝑝
3
 

d) The cubic has minima at both 𝑝𝑝
3

 𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑝𝑝
3
 

47. Δ 𝐴𝐴𝐴𝐴𝐴𝐴 is not right angled and is inscribed in a fixed circle. If 𝑎𝑎,𝐴𝐴, 𝑏𝑏,𝐵𝐵 be slightly 

varied keeping 𝑐𝑐,𝐶𝐶 fixed, then 𝑑𝑑𝑑𝑑
cos𝐴𝐴

+ 𝑑𝑑𝑑𝑑
cos𝐵𝐵

= 

a) 2R 

b) 𝜋𝜋 

c) 0 

d) None of these 
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48. The equation(s) of the tangent(s) to the curve 𝑦𝑦 = 𝑥𝑥4 from the point (2, 0) not on the 

curve is given by 

a) 𝑦𝑦 = 4098
81

 

b) 𝑦𝑦 − 1 = 5(𝑥𝑥 − 1) 

c) 𝑦𝑦 − 4096
81

= 2048
27

�𝑥𝑥 − 8
3
� 

d) 𝑦𝑦 − 32
243

= 80
81
�𝑥𝑥 − 2

3
� 

49. If 𝑓𝑓(𝑥𝑥) = �3𝑥𝑥
2 + 12 𝑥𝑥 − 1,−1 ≤ 𝑥𝑥 ≤ 2

37 − 𝑥𝑥,   2 < 𝑥𝑥 ≤ 3 , then 

a) 𝑓𝑓(𝑥𝑥) is increasing in [−1, 2] 

b) 𝑓𝑓(𝑥𝑥) is continuous in [−1, 3] 

c) 𝑓𝑓(𝑥𝑥) is maximum at 𝑥𝑥 = 2 

d) All the above 

50. If 𝑎𝑎2𝑥𝑥4 + 𝑏𝑏2𝑦𝑦4 = 𝑐𝑐6, then maximum value of 𝑥𝑥𝑥𝑥 is 

a) 𝑐𝑐2

√𝑎𝑎𝑎𝑎
 

b) 𝑐𝑐3

𝑎𝑎𝑎𝑎
 

c) 𝑐𝑐3

√2𝑎𝑎𝑎𝑎
 

d) 𝑐𝑐3

2𝑎𝑎𝑎𝑎
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HINTS AND SOLUTIONS 
1. We have,𝑓𝑓(𝑥𝑥) = �

𝑥𝑥 − 1 𝑥𝑥 + 1 2𝑥𝑥 + 1
𝑥𝑥 + 1 𝑥𝑥 + 3 2𝑥𝑥 + 3
2𝑥𝑥 + 1 2𝑥𝑥 − 1 4𝑥𝑥 + 1

� ⇒ 𝑓𝑓(𝑥𝑥) = �
𝑥𝑥 − 1 𝑥𝑥 + 1 2𝑥𝑥 + 1

2 2 2
3 −3 −1

�   

⇒ 𝑓𝑓(𝑥𝑥) = �
𝑥𝑥 − 1 2 3

2 0 −2
3 −6 −7

�     �Applying 𝐶𝐶2 → 𝐶𝐶2 − 𝐶𝐶1
𝐶𝐶3 → 𝐶𝐶3 − 2𝐶𝐶1

� 

⇒ 𝑓𝑓(𝑥𝑥) = −12(𝑥𝑥 − 1) − 2(−14 + 6) + 3(−12) ⇒ 𝑓𝑓(𝑥𝑥) = −12𝑥𝑥 − 8  

Clearly, 𝑓𝑓′(𝑥𝑥) ≠ 0 for any 𝑥𝑥 ∈ 𝑅𝑅.So, 𝑓𝑓(𝑥𝑥) has no point of maximum or minimum 

2. ∵   𝑓𝑓′(𝑥𝑥) = 2 �1
3
� sin �𝑥𝑥

6
� cos �𝑥𝑥

6
� + �1

3
� cos 𝑥𝑥

3
− �1

3
� 

= �1
3
� �2 sin �𝑥𝑥

6
� cos �𝑥𝑥

6
� − 2 sin2 �𝑥𝑥

6
�� = �2

3
� sin �𝑥𝑥

6
� cos �𝑥𝑥

6
� − 2 sin �𝑥𝑥

6
�  

Put 𝑓𝑓′(𝑥𝑥) = 0   ⇔   sin �𝑥𝑥
6
� = 0 ⇒  tan �𝑥𝑥

6
� = 1 ⇒  𝑥𝑥

6
= 𝑘𝑘𝑘𝑘, 𝑘𝑘 ∈ 𝐼𝐼  𝑜𝑜𝑜𝑜 𝑥𝑥

6
= 𝑛𝑛𝑛𝑛 + 𝜋𝜋

4
,

𝑛𝑛 ∈ 𝐼𝐼 ⇒ 𝑥𝑥2 − 10 < −19.5 𝑥𝑥 ⇔    (𝑥𝑥 + 9.75)2 < 105.0625 ⇔   (𝑥𝑥 − 0.5)(𝑥𝑥 +

20) < 0 ⇔  −20 < 𝑥𝑥 < 0.5  

So, the critical points satisfying the last inequality will be 0,6π,−9π
2

 

3. Let there be a value of 𝑘𝑘 for which 𝑥𝑥3 − 3 𝑥𝑥 + 𝑘𝑘 = 0 has two distinct roots between 0 

and 1.Let 𝑎𝑎, 𝑏𝑏 be two distinct roots of 𝑥𝑥3 − 3𝑥𝑥 + 𝑘𝑘 = 0 lying between 0 and 1 such that 

𝑎𝑎 < 𝑏𝑏.Let 𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 − 3 𝑥𝑥 + 𝑘𝑘. Then, 𝑓𝑓(𝑎𝑎) = 𝑓𝑓(𝑏𝑏) = 0.Since between any two roots 

of a polynomial 𝑓𝑓(𝑥𝑥) there exists at least one roots of its derivative 𝑓𝑓′(𝑥𝑥). Therefore, 

𝑓𝑓′(𝑥𝑥) = 3 𝑥𝑥2 − 3 has at least one root between 𝑎𝑎 and 𝑏𝑏. But, 𝑓𝑓′(𝑥𝑥) = 0 has two roots 

equal to ±1 which do not lie between 𝑎𝑎 and 𝑏𝑏.Hence, 𝑓𝑓(𝑥𝑥) = 0 has no real roots lying 

between 0 and 1 for any value of 𝑘𝑘 

4. We have,𝑔𝑔(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) − 2{𝑓𝑓(𝑥𝑥)}2 + 9{𝑓𝑓(𝑥𝑥)}3 for all 𝑥𝑥 ∈ 𝑅𝑅 

⇒ 𝑔𝑔′(𝑥𝑥) = 𝑓𝑓′(𝑥𝑥) − 4𝑓𝑓(𝑥𝑥)𝑓𝑓′(𝑥𝑥) + 27{𝑓𝑓(𝑥𝑥)}2 𝑓𝑓′(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑅𝑅 

⇒ 𝑔𝑔′(𝑥𝑥) = [1 − 4𝑓𝑓(𝑥𝑥) + 27{𝑓𝑓(𝑥𝑥)}2]𝑓𝑓′(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑅𝑅 

Clearly, 27{𝑓𝑓(𝑥𝑥)}2 − 4𝑓𝑓(𝑥𝑥) + 1 is a quadratic expression with discriminant less than 

zero. So, its sign is same as that of the coefficient of {𝑓𝑓(𝑥𝑥)2} i.e. positive for all 𝑥𝑥 ∈ 𝑅𝑅 

Thus, 𝑔𝑔′(𝑥𝑥) and 𝑓𝑓′(𝑥𝑥) have the same sign. Hence, 𝑔𝑔(𝑥𝑥) and 𝑓𝑓(𝑥𝑥) increase and decrease 
together 
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5. Given equation of curve is 𝑦𝑦 = 𝑥𝑥2 − 𝑥𝑥 + 4 

Slope of tangent at 𝑃𝑃(1, 4) is 

�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑�

= 2𝑥𝑥 − 1   ⇒       �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑�(1,4)

= 1 

∴  Equation of tangent is 

𝑦𝑦 − 4 = 1(𝑥𝑥 − 1) ⇒    𝑦𝑦 − 𝑥𝑥 = 3        ...(i) 

And equation of normal at point 𝑃𝑃(1, 4) is 

𝑦𝑦 − 4 = −1(𝑥𝑥 − 1)  ⇒      𝑥𝑥 + 𝑦𝑦 = 5       ...(ii) 

Since the tangent cuts 𝑥𝑥-axis at 𝐴𝐴(−3, 0) 

And the normal cuts 𝑥𝑥-axis at 𝐵𝐵(5, 0) 

∴ Area of ∆𝑃𝑃𝑃𝑃𝑃𝑃 = 1
2

 ��
1 4 1
−3 0 1
5 0 1

�� = 1
2

 |[−4(−3 − 5)]| = 16 sq units 

6. DO IT BY YOURSELF 

7. Let 𝑟𝑟 be the radius of the cylinder. Let 𝑉𝑉1 and 𝑉𝑉2 be the volumes of the sphere and 

cylinder respectively. Then, 𝑉𝑉1 = 4
3
𝜋𝜋𝑟𝑟3 and 𝑉𝑉2 = 𝜋𝜋𝑟𝑟3      [∵ ℎ = 𝑟𝑟] 

⇒ 𝑑𝑑𝑉𝑉1
𝑑𝑑𝑑𝑑

= 4𝜋𝜋𝑟𝑟2 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 and 𝑑𝑑𝑉𝑉2
𝑑𝑑𝑑𝑑

= 3𝜋𝜋𝑟𝑟2 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
⇒

𝑑𝑑𝑉𝑉1
𝑑𝑑𝑑𝑑
𝑑𝑑𝑉𝑉2
𝑑𝑑𝑑𝑑

= 4 ∶ 3 

8. Given function 

𝑓𝑓(𝑥𝑥) = 𝑒𝑒𝑥𝑥2 + 𝑒𝑒−𝑥𝑥2, 𝑔𝑔(𝑥𝑥) = 𝑥𝑥𝑒𝑒𝑥𝑥2 + 𝑒𝑒−𝑥𝑥2 and ℎ(𝑥𝑥) = 𝑥𝑥2𝑒𝑒𝑥𝑥2 + 𝑒𝑒−𝑥𝑥2 Are strictly 

increasing on [0, 1]. Hence, at 𝑥𝑥 = 1, the given function attains absolute maximum all 

equal to 𝑒𝑒 + 1
𝑒𝑒
 

9. Given ,   𝑡𝑡 = 𝑎𝑎𝑠𝑠2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐 

⇒   1 = 2𝑎𝑎𝑎𝑎 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑏𝑏 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

    [differentiating] 

⇒   1 = 2𝑎𝑎𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏   …(i) 

⇒ 0 = 2𝑎𝑎 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑣𝑣 + 2𝑎𝑎𝑎𝑎 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
+ 𝑏𝑏 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
  [differentiating] 

⇒    𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

(2𝑎𝑎𝑎𝑎 + 𝑏𝑏) = −2𝑎𝑎𝑣𝑣2 ⇒    𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�1
𝑣𝑣
� = −2𝑎𝑎𝑣𝑣2              [from Eq.(i)] 

⇒    𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −2𝑎𝑎𝑣𝑣3  
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10. 𝑓𝑓(𝑥𝑥) = �|𝑥𝑥3 + 𝑥𝑥2 + 3𝑥𝑥 + sin 𝑥𝑥| �3 + sin �1
𝑥𝑥
�� , 𝑥𝑥 ≠ 0

0,                       𝑥𝑥 = 0
 

Let g(𝑥𝑥) = 𝑥𝑥3 + 𝑥𝑥2 + 3𝑥𝑥 + sin 𝑥𝑥 

g′(𝑥𝑥) = 3𝑥𝑥2 + 2𝑥𝑥 + 3 + cos 𝑥𝑥 

= 3 �𝑥𝑥2 + 2𝑥𝑥
3

+ 1� + cos 𝑥𝑥 = 3 ��𝑥𝑥 + 1
3
�
2

+ 8
9
� + cos 𝑥𝑥 > 0  

And 2 < 3 + sin �1
𝑥𝑥
� < 4 

Hence, minimum value of 𝑓𝑓(𝑥𝑥)𝑖𝑖𝑖𝑖 0 𝑎𝑎𝑎𝑎 𝑥𝑥 = 0. Hence, number of points=1 

11. Let 𝑥𝑥 and 𝑦𝑦 be a two parts. Then, 

𝑥𝑥 + 𝑦𝑦 = 12 

Let   𝑃𝑃 = 𝑥𝑥2𝑦𝑦4 

⇒      �𝑝𝑝 = 𝑥𝑥𝑦𝑦2 = 𝐿𝐿               [say] 

⇒       𝐿𝐿 = 𝑥𝑥(12 − 𝑥𝑥)2 ⇒      𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (12 − 𝑥𝑥)2 − 2𝑥𝑥(12 − 𝑥𝑥)  

For maxima, pot 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0 

⇒    (12 − 𝑥𝑥)[12 − 3𝑥𝑥] = 0 ⇒      𝑥𝑥 = 12, 𝑥𝑥 = 4  

At 𝑥𝑥 = 4, it is maximum (∵ 𝑥𝑥 ≠ 12) 

Hence, it is maximum, when the parts are 4, 8 

12. We have, 

𝑥𝑥1/3 + 𝑦𝑦1/3 = 𝑎𝑎1/3 

⇒ 1
3
𝑥𝑥−2/3 + 1

3
𝑦𝑦−2/3 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 0 ⇒ 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −�𝑥𝑥

𝑦𝑦
�
−2/3

= −�𝑦𝑦
𝑥𝑥
�
2/3

⇒ �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑃𝑃

= −1  

The equation of the tangent at 𝑃𝑃 is 

𝑦𝑦 −
𝑎𝑎
8

= −1 �𝑥𝑥 −
𝑎𝑎
8
� ⇒ 𝑥𝑥 + 𝑦𝑦 =

𝑎𝑎
4

 

This cuts intercepts 𝑎𝑎
4
 and 𝑎𝑎

4
 with each of the coordinate axes 

∴ 𝑎𝑎2

16
+ 𝑎𝑎2

16
= 2 ⇒ 𝑎𝑎2 = 16 ⇒ 𝑎𝑎 = 4  
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13. We have, 𝑥𝑥
2

= 𝑎𝑎
2 sin𝐴𝐴

    [Using : 𝑅𝑅 = 𝑎𝑎
2sin𝐴𝐴

] 

⇒ 𝑎𝑎 = 𝑥𝑥 sin𝐴𝐴 

 

⇒ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥 cos𝐴𝐴 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
⇒ 𝑥𝑥

2
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥 cos𝐴𝐴 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

    �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥
2
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

(given)�  

⇒ cos𝐴𝐴 = 1
2
⇒ 𝐴𝐴 = 𝜋𝜋

3
  

14. After time 𝑡𝑡 the distance covered by 𝑋𝑋 is 4𝑡𝑡 and 𝑌𝑌 is 3𝑡𝑡. 

Let shortest distance between 𝑋𝑋 and 𝑌𝑌 is 𝐴𝐴. Then, by cosine law       

 

               𝐴𝐴2 = (4𝑡𝑡)2 + (3𝑡𝑡)2 − (4𝑡𝑡)(3𝑡𝑡)2 cos 120°  

⇒     𝐴𝐴2 = 16𝑡𝑡2 + 9𝑡𝑡2 − 24𝑡𝑡2 �− 1
2
� = 37𝑡𝑡2  … . (𝑖𝑖) ⇒   𝐴𝐴 = √37𝑡𝑡  

               If 𝑡𝑡 = 1ℎ, then 𝐴𝐴 = √37𝑘𝑘𝑘𝑘.Now, differentiating Eq.(i)w. r. t. 𝑡𝑡,we get 

                2𝐴𝐴𝐴𝐴′′ = 37(2𝑡𝑡). After 𝑡𝑡 = 1ℎ, we get  2 √37 𝐴𝐴′′ = 2(37) 

⇒    𝐴𝐴′′ = √37𝑘𝑘𝑘𝑘/ℎ  

15. Given ,    𝑠𝑠 = 16 − 2𝑡𝑡 + 3𝑡𝑡3 

⇒   𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −2 + 9𝑡𝑡2    ⇒ 𝑑𝑑2𝑠𝑠
𝑑𝑑𝑡𝑡2

= 18𝑡𝑡  

At 𝑡𝑡 = 2𝑠𝑠, acceleration a= 𝑑𝑑2𝑠𝑠
𝑑𝑑𝑡𝑡2

= 18 × 2 = 36𝑚𝑚/𝑠𝑠2 

16. We have,𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 + 3(𝑎𝑎 − 7)𝑥𝑥2 + 3(𝑎𝑎2 − 9)𝑥𝑥 − 1 ⇒ 𝑓𝑓′(𝑥𝑥) = 3𝑥𝑥2 + 6𝑥𝑥(𝑎𝑎 − 7) +

3(𝑎𝑎2 − 9) 

If the function 𝑓𝑓(𝑥𝑥) has a positive point of minimum, then 𝑓𝑓′(𝑥𝑥) = 0 must have positive 

roots⇒ 𝑥𝑥 = 0 is less than the roots of 𝑓𝑓′(𝑥𝑥) = 0 ⇒ 𝑓𝑓′(0) > 0 and Discriminant ≥ 0 ⇒

4(𝑎𝑎 − 7)2 − 4(𝑎𝑎2 − 9) ≥ 0 and 3(𝑎𝑎2 − 9) > 0 ⇒ 7𝑎𝑎 − 29 ≤ 0 and 𝑎𝑎2 − 9 > 0 ⇒

𝑎𝑎 < 29
7

 and (𝑎𝑎 < −3 or 𝑎𝑎 > 3) ⇒ 𝑎𝑎 ∈ (−∞,−3) ∪ (3, 29/7) 
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17. Let 𝑃𝑃(𝑥𝑥,𝑦𝑦 be a point of the curve 

𝑥𝑥 = 𝑎𝑎 sin 𝑡𝑡 − 𝑏𝑏 sin �
𝑎𝑎𝑎𝑎
𝑏𝑏 �

, 𝑦𝑦 = 𝑎𝑎 cos 𝑡𝑡 − 𝑏𝑏 cos �
𝑎𝑎𝑎𝑎
𝑏𝑏 �

 

and, 𝑂𝑂 be the origin. Then,𝑂𝑂𝑃𝑃2 = �𝑎𝑎 sin 𝑡𝑡 − 𝑏𝑏 sin �𝑎𝑎𝑎𝑎
𝑏𝑏
��

2
+ �𝑎𝑎 cos 𝑡𝑡 − 𝑏𝑏 cos �𝑎𝑎𝑎𝑎

𝑏𝑏
��

2
 

⇒ 𝑂𝑂𝑃𝑃2 = 𝑎𝑎2 + 𝑏𝑏2 − 2𝑎𝑎𝑎𝑎 cos �
𝑎𝑎 − 𝑏𝑏
𝑏𝑏 � 𝑡𝑡 

Clearly, 𝑂𝑂𝑃𝑃2 is maximum when cos �𝑎𝑎−𝑏𝑏
𝑡𝑡
� 𝑡𝑡 minimum 𝑖𝑖. 𝑒𝑒. equal to −1 

In that case, we have 𝑂𝑂𝑃𝑃2 = 𝑎𝑎2 + 𝑏𝑏2 + 2𝑎𝑎𝑎𝑎 = (𝑎𝑎 + 𝑏𝑏)2 ⇒ 𝑂𝑂𝑂𝑂 = 𝑎𝑎 + 𝑏𝑏 

18. Let 𝑥𝑥 be the length of a side of the triangle. Then, its area 𝐴𝐴 is given by 

𝐴𝐴 = √3
4
𝑥𝑥2 ⇒ 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= √3

2
𝑥𝑥 ∴ ∆𝐴𝐴 = 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
∆𝑥𝑥 ⇒ ∆𝐴𝐴 = √3

2
𝑥𝑥 ∆𝑥𝑥   

⇒ ∆𝐴𝐴
𝐴𝐴

× 100 =
√3
2 𝑥𝑥 ∆𝑥𝑥
√3
4 𝑥𝑥

2
× 100 = 2 �∆𝑥𝑥

𝑥𝑥
× 100� = 2𝑘𝑘  

19. Given, 𝑑𝑑
𝑑𝑑𝑑𝑑
�4
3
𝜋𝜋𝑟𝑟3� = −50 ⇒  𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= − 50

4𝜋𝜋𝑟𝑟2
⇒  �𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
�
𝑟𝑟=15

= − 50
4𝜋𝜋×225

= − 1
18𝜋𝜋

cm/

min.Hence , the thickness of ice decrease by 1/18𝜋𝜋 cm/min 

20. Let at any point 𝑡𝑡, the length of a side of the square be 𝑥𝑥. Then, 

𝐴𝐴 = Area = 𝑥𝑥2 and 𝑃𝑃 = Perimeter = 4𝑥𝑥 

⇒ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2𝑥𝑥 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 4 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 

It is given that 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
⇒ 2𝑥𝑥 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 4 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
⇒ 𝑥𝑥 = 2 

21. We have, 

𝑠𝑠 = 𝑎𝑎𝑡𝑡2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐    …(i) 

⇒ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2𝑎𝑎𝑎𝑎 + 𝑏𝑏     …(ii) 

⇒ 𝑑𝑑2𝑠𝑠
𝑑𝑑𝑡𝑡2

= 2𝑎𝑎        ….(iii) 

At 𝑡𝑡 = 1, we have 𝑠𝑠 = 16 

∴ 𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐 = 16 

At 𝑡𝑡 = 2, we have 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 24 and 𝑑𝑑
2𝑠𝑠

𝑑𝑑𝑡𝑡2
= 8 ⇒ 2𝑎𝑎 + 𝑏𝑏 = 24 and 2𝑎𝑎 = 8 

Solving these equations, we get 

𝑎𝑎 = 4, 𝑏𝑏 = 8 and 𝑐𝑐 = 4 
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22. Given,   𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 − 3𝑥𝑥 

∴     𝑓𝑓′(𝑥𝑥) = 3𝑥𝑥2 − 3 

For maxima,    𝑓𝑓′(𝑥𝑥) = 6𝑥𝑥 

⇒     3𝑥𝑥2 − 3 = 0   ⇒     𝑥𝑥 = ±1 

∵     𝑥𝑥 = 1 ∈ [0, 2] 

At  𝑥𝑥 = 1, 𝑓𝑓′′(𝑥𝑥) > 0, minima 

𝑓𝑓(0) = 0, 𝑓𝑓(1) = −2 and  𝑓𝑓(2) = 2 

Hence, maximum value is 2 

23. We have, 𝑓𝑓(𝑥𝑥) = cot−1 𝑥𝑥 + 𝑥𝑥 ⇒ 𝑓𝑓′(𝑥𝑥) = −1
1+𝑥𝑥2

+ 1 = 𝑥𝑥2

1+𝑥𝑥2
 

Clearly, 𝑓𝑓′(𝑥𝑥) > 0 for all 𝑥𝑥.So, 𝑓𝑓(𝑥𝑥) increases in (−∞,∞) 

24. We have, 𝑦𝑦 = 𝑒𝑒−2|𝑥𝑥| = � 𝑒𝑒
2𝑥𝑥 , 𝑥𝑥 < 0

𝑒𝑒−2𝑥𝑥, 𝑥𝑥 ≥ 0
 

The line 𝑥𝑥 = 1/2 cuts this curve at the point 𝑃𝑃(1/2, 𝑒𝑒−1) 

Also, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= � 2𝑒𝑒2𝑥𝑥, 𝑥𝑥 < 0
−2𝑒𝑒−2𝑥𝑥, 𝑥𝑥 > 0

  ∴ �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑥𝑥=1/2

= −2
𝑒𝑒
 

The equation of the normal at 𝑃𝑃 is 

𝑦𝑦 −
1
𝑒𝑒

=
𝑒𝑒
2 �
𝑥𝑥 −

1
2�

 

⇒ 4(𝑒𝑒𝑒𝑒 − 1) = 𝑒𝑒2(2𝑥𝑥 − 1) ⇒ 2𝑒𝑒(𝑒𝑒𝑒𝑒 − 2𝑦𝑦) = 𝑒𝑒2 − 4  

25. We have, 

𝑠𝑠 = 6𝑡𝑡2 − 𝑡𝑡3

2
⇒ 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 12𝑡𝑡 − 3𝑡𝑡2

2
 and 𝑑𝑑

2𝑠𝑠
𝑑𝑑𝑡𝑡2

= 12 − 3𝑡𝑡 

When the particle is momentarily at rest, we have 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0 and 𝑑𝑑
2𝑠𝑠

𝑑𝑑𝑡𝑡2
≠ 0 

Now,𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0 ⇒ 𝑡𝑡 = 0, 𝑡𝑡 = 8 

Clearly, 𝑑𝑑
2𝑠𝑠

𝑑𝑑𝑡𝑡2
≠ 0 for 𝑡𝑡 = 0, 8 
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26. Equation of the curve is 𝑥𝑥2𝑦𝑦2 = 𝑎𝑎4 

On differentiating w.r.t. 𝑥𝑥, we get 

𝑥𝑥22𝑦𝑦 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑦𝑦22𝑥𝑥 = 0 ⇒   𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑦𝑦
𝑥𝑥
⇒    �𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
�

(−𝑎𝑎,𝑎𝑎)
= −� 𝑎𝑎

−𝑎𝑎
� = 1  

Therefore, length of subtangent at the point (−𝑎𝑎,𝑎𝑎) = 𝑦𝑦

�𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�
= 𝑎𝑎

1
= 𝑎𝑎  

27. Given, s=√𝑎𝑎𝑡𝑡2 + 2𝑏𝑏𝑏𝑏 + 𝑐𝑐 

⇒   𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2𝑎𝑎𝑎𝑎+2𝑏𝑏
2√𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏+𝑐𝑐

= 𝑎𝑎𝑎𝑎+𝑏𝑏
√𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏+𝑐𝑐

 ⇒ 𝑑𝑑2𝑠𝑠
𝑑𝑑𝑡𝑡2

= ⎣
⎢
⎢
⎢
⎢
⎡ �𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏+𝑐𝑐+𝑎𝑎

−(𝑎𝑎𝑎𝑎+𝑏𝑏) (2𝑎𝑎𝑎𝑎+2𝑏𝑏)
2�𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏+𝑐𝑐

  

��𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏+𝑐𝑐�
2

⎦
⎥
⎥
⎥
⎥
⎤

�√𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏+𝑐𝑐�
2  

⇒   𝑑𝑑
2

𝑑𝑑𝑡𝑡2
= 𝑎𝑎𝑎𝑎−𝑏𝑏2

𝑠𝑠3
⇒ Acceleration ∝ 1

𝑠𝑠3
  

28. Given,    𝑦𝑦 = 8−𝑥𝑥
2

 

Let     𝑝𝑝 = 𝑥𝑥𝑥𝑥 = 8𝑥𝑥−𝑥𝑥2

2
 

⇒        
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
1
2

(8 − 2𝑥𝑥) 

For maxima or minima, put 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0 

∴           8 − 2𝑥𝑥 = 0 ⇒       𝑥𝑥 = 4  

Again,     𝑑𝑑
2𝑝𝑝

𝑑𝑑𝑥𝑥2
= −1 ⇒            �𝑑𝑑

2𝑝𝑝
𝑑𝑑𝑥𝑥2

� = −1 < 0  

Thus, function is maximum at 𝑥𝑥 = 4 and 𝑦𝑦 = 2 

Therefore, maximum value of 𝑝𝑝 = 4 × 2 = 8 

29. Given curve is 𝑥𝑥2 + 𝑥𝑥𝑥𝑥 + 𝑦𝑦2 = 7 

⇒  2𝑥𝑥 + 𝑥𝑥 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑦𝑦 + 2𝑦𝑦 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0 ⇒  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= − (2𝑥𝑥+𝑦𝑦)
𝑥𝑥+2𝑦𝑦

⇒ �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�

(1,−3)
= −(2−3)

(1−6)
= −1

5
  

∴   Length of subtangent= 𝑦𝑦
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −3
1
−5

= 15 
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30. Let 𝐻𝐻 be the height of the cone and 𝛼𝛼 be its semi-vertical angle. Suppose that 𝑥𝑥 is 

the radius of the inscribed cylinder and ℎ be its height 

∴   ℎ = 𝑄𝑄𝑄𝑄 = 𝑂𝑂𝑂𝑂 − 𝑂𝑂𝑂𝑂 = 𝐻𝐻 − 𝑥𝑥 cot𝛼𝛼  

𝑉𝑉 =Volume of the cylinder= 𝜋𝜋𝑥𝑥2(𝐻𝐻 − 𝑥𝑥 cot𝛼𝛼) 

Also, 𝑝𝑝 = 1
3
𝜋𝜋(𝐻𝐻 tan𝛼𝛼)2𝐻𝐻   …(i) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝜋𝜋(2𝐻𝐻𝐻𝐻 − 3𝑥𝑥2 cot𝛼𝛼)   ∴  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0   ⇒     𝑥𝑥 = 0, 

𝑥𝑥 = 2
3
𝐻𝐻 tan𝛼𝛼 ⇒   𝑑𝑑

2𝑉𝑉
𝑑𝑑𝑥𝑥2

�
𝑥𝑥=23𝐻𝐻 tan𝛼𝛼

= −2𝜋𝜋 𝐻𝐻 < 0  

ML P

Q

O

x

h

 

∴   𝑉𝑉 is maximum when 𝑥𝑥 = 2
3
𝐻𝐻 tan𝛼𝛼 

And  𝑞𝑞 = 𝑉𝑉max = 𝜋𝜋 4
9
𝐻𝐻2 tan2 𝛼𝛼 1

3
𝐻𝐻 = 4

9
𝑝𝑝   [from Eq. (i)] 

Hence,  𝑝𝑝: 𝑞𝑞 = 9: 4 

31. The point of intersection of given curve is (0, 1).  On differentiating given curves, 

we get 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑎𝑎𝑥𝑥log 𝑎𝑎, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑏𝑏𝑥𝑥 log 𝑏𝑏 ⇒ 𝑚𝑚1 = 𝑎𝑎𝑥𝑥  log 𝑎𝑎,𝑚𝑚2 = 𝑏𝑏𝑥𝑥log 𝑏𝑏 

At (0,1) 𝑚𝑚1 =log 𝑎𝑎,𝑚𝑚2 =log 𝑏𝑏 

∴    tan𝜃𝜃 = 𝑚𝑚1−𝑚𝑚2
1+𝑚𝑚1𝑚𝑚2

⇒  𝜃𝜃 = tan−1 � log𝑎𝑎−log𝑏𝑏
1+log𝑎𝑎 log𝑏𝑏

� 

32. Let 𝑦𝑦 = 𝑎𝑎 sec𝜃𝜃 − 𝑏𝑏tan𝜃𝜃 

⇒     
𝑑𝑑𝑑𝑑
𝑑𝑑𝜃𝜃

= 𝑎𝑎 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃 − 𝑏𝑏𝑏𝑏𝑏𝑏𝑐𝑐2𝜃𝜃 

Put   𝑑𝑑𝑑𝑑
𝑑𝑑𝜃𝜃

= 0 ⇒ 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃(𝑎𝑎 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 − 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) = 0 

⇒ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑏𝑏
𝑎𝑎

       (∵ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≠ 0) 

Now, 𝑑𝑑
2𝑦𝑦

𝑑𝑑𝜃𝜃2
> 0,𝑎𝑎𝑎𝑎 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 = 𝑏𝑏

𝑎𝑎
 

∴minimum value is 𝑦𝑦 = 𝑎𝑎 𝑎𝑎
√𝑎𝑎2−𝑏𝑏2

− 𝑏𝑏 𝑏𝑏
√𝑎𝑎2−𝑏𝑏2

 =√𝑎𝑎2 − 𝑏𝑏2 

33. Given, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
∝ 𝑦𝑦,𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 y is the position of village ⇒ 1

𝑦𝑦
𝑑𝑑𝑑𝑑 = 𝑘𝑘 𝑑𝑑𝑑𝑑 

⇒  log𝑦𝑦 = log 𝑐𝑐 + 𝑘𝑘𝑘𝑘       [on integrating]⇒ log 𝑦𝑦
𝑐𝑐

= 𝑘𝑘𝑘𝑘 ⇒ 𝑦𝑦 = 𝑐𝑐𝑒𝑒𝑘𝑘𝑘𝑘 
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34. We have, 𝑓𝑓(𝑥𝑥) = cos �𝜋𝜋
𝑥𝑥
� ⇒ 𝑓𝑓′(𝑥𝑥) = 𝜋𝜋

𝑥𝑥2
sin �𝜋𝜋

𝑥𝑥
� 

For 𝑓𝑓(𝑥𝑥) to be increasing, we must have 𝑓𝑓′(𝑥𝑥) > 0 

⇒ 𝜋𝜋
𝑥𝑥2

sin �𝜋𝜋
𝑥𝑥
� > 0 ⇒ sin �𝜋𝜋

𝑥𝑥
� > 0 ⇒ 2 𝑛𝑛 𝜋𝜋 < 𝜋𝜋

𝑥𝑥
< (2 𝑛𝑛 + 1) 𝜋𝜋  

⇒ 1
2 𝑛𝑛

> 𝑥𝑥 > 1
2 𝑛𝑛+1

⇒ 𝑥𝑥 ∈ � 1
2 𝑛𝑛+1

, 1
2 𝑛𝑛
�  

35. ∵   𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 − 6𝑥𝑥2 + 9𝑥𝑥 + 3 

On differentiating w.r.t. 𝑥𝑥, we get 

𝑓𝑓′(𝑥𝑥) = 3𝑥𝑥2 − 12𝑥𝑥 + 9 ⇒ 𝑓𝑓′(𝑥𝑥) = 3(𝑥𝑥2 − 4𝑥𝑥 + 3)  

For decreasing, 𝑓𝑓′(𝑥𝑥) < 0 

⇒ (𝑥𝑥 − 3)(𝑥𝑥 − 1) < 0, 

∴    𝑥𝑥 ∈ (1, 3)  

36. We know that cos 𝑥𝑥 is decreasing on (0,𝜋𝜋/2) and sin 𝑥𝑥 < 𝑥𝑥 for 0 < 𝑥𝑥 < 𝜋𝜋
2
 

∴ cos(sin 𝑥𝑥) > cos 𝑥𝑥  for 0 < 𝑥𝑥 <
𝜋𝜋
2

 

Also, 0 < cos 𝑥𝑥 < 1 < 𝜋𝜋
2

 for 0 < 𝑥𝑥 < 𝜋𝜋
2
 and, sin 𝑥𝑥 < 𝑥𝑥  for 0 < 𝑥𝑥 < 𝜋𝜋

2
 

∴ sin(cos 𝑥𝑥) < cos 𝑥𝑥  for 0 < 𝑥𝑥 <
𝜋𝜋
2

 

Hence, cos(sin 𝑥𝑥) > cos 𝑥𝑥 and sin(cos 𝑥𝑥) < cos 𝑥𝑥 for 0 < 𝑥𝑥 < 𝜋𝜋
2
 

37. Let (𝑥𝑥,𝑦𝑦) be the point on the curve 2𝑥𝑥2 + 𝑦𝑦2 − 2𝑥𝑥 = 0. Then its distance from 

(𝑎𝑎, 0) is given by 𝑆𝑆 = �(𝑥𝑥 − 𝑎𝑎)2 + 𝑦𝑦2 

⇒ 𝑆𝑆2 = 𝑥𝑥2 − 2 𝑎𝑎𝑎𝑎 + 𝑎𝑎2 + 2 𝑥𝑥 − 2 𝑥𝑥2    [Using 2 𝑥𝑥2 + 𝑦𝑦2 − 2 𝑥𝑥 = 0] 

⇒ 𝑆𝑆2 = −𝑥𝑥2 + 2 𝑥𝑥(1 − 𝑎𝑎) + 𝑎𝑎2     …(i) ⇒ 2 𝑆𝑆 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −2 𝑥𝑥 + 2(1 − 𝑎𝑎) 

For 𝑆𝑆 to be maximum, we must have, 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0 ⇒ −2𝑥𝑥 + 2(1 − 𝑎𝑎) = 0 ⇒ 𝑥𝑥 = 1 − 𝑎𝑎 

It can be easily checked that 𝑑𝑑
2𝑆𝑆

𝑑𝑑𝑥𝑥2
< 0 for 𝑥𝑥 = 1 − 𝑎𝑎 

Hence, 𝑆𝑆 is maximum for 𝑥𝑥 = 1 − 𝑎𝑎 

Putting 𝑥𝑥 = 1 − 𝑎𝑎 in (i), we get 𝑆𝑆 = √1 − 2 𝑎𝑎 + 2 𝑎𝑎2 
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38. Let  𝑃𝑃𝑃𝑃 = 𝑎𝑎 and 𝑃𝑃𝑃𝑃 = 𝑏𝑏, then ∆= 1
2
𝑎𝑎𝑎𝑎 sinθ  ∵  −1 ≤ sinθ ≤ 1 

∴ Area is maximum when sinθ = 1 ⇒   θ = π
2
 

39. The two curves are 
𝑥𝑥2

𝑎𝑎2
+ 𝑦𝑦2

𝑏𝑏2
= 1     …(i)   and, 𝑥𝑥

2

𝑙𝑙2
− 𝑦𝑦2

𝑚𝑚2 = 1      …(ii) 

Differentiating with respect to 𝑥𝑥, we get 

�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑�𝐶𝐶1

= −
𝑏𝑏2

𝑎𝑎2
𝑥𝑥
𝑦𝑦

, �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑�𝐶𝐶2

=
𝑚𝑚2

𝑙𝑙2
𝑥𝑥
𝑦𝑦

 

The two curves intersect orthogonally, iff. 

�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝐶𝐶1
�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝐶𝐶2

= −1 ⇒ −𝑏𝑏2

𝑎𝑎2
𝑥𝑥
𝑦𝑦

× 𝑚𝑚2

𝑙𝑙2
𝑥𝑥
𝑦𝑦

= −1  

⇒ 𝑚𝑚2𝑏𝑏2𝑥𝑥2 = 𝑎𝑎2𝑙𝑙2𝑦𝑦2      …(iii) 

Subtracting (ii) from (i), we get 

𝑥𝑥2 � 1
𝑎𝑎2
− 1

𝑙𝑙2
� + 𝑦𝑦2 � 1

𝑏𝑏2
+ 1

𝑚𝑚2� = 0   …(iv) 

From (iii) and (iv), we get 
1

𝑚𝑚2𝑏𝑏2 �
1
𝑎𝑎2

−
1
𝑙𝑙2�

= −
1

𝑎𝑎2𝑙𝑙2 �
1
𝑏𝑏2

+
1
𝑚𝑚2� 

⇒ 𝑙𝑙2 − 𝑎𝑎2 = −𝑏𝑏2 − 𝑚𝑚2 ⇒ 𝑎𝑎2 − 𝑏𝑏2 = 𝑙𝑙2 + 𝑚𝑚2  

40. Given,    𝑔𝑔(𝑢𝑢) = 2 tan−1(𝑒𝑒𝑢𝑢) − 𝜋𝜋
2

, 𝑓𝑓𝑓𝑓𝑓𝑓 𝑢𝑢 ∈ (−∞,∞) 

       Now𝑔𝑔(−𝑢𝑢) = 2 tan−1(𝑒𝑒−𝑢𝑢) − 𝜋𝜋
2

= 2(cot−1(𝑒𝑒𝑢𝑢)) − 𝜋𝜋
2

 = 2 �𝜋𝜋
2
− tan−1(𝑒𝑒𝑢𝑢)� − 𝜋𝜋

2
 

        = −𝑔𝑔(𝑢𝑢)  ∴    𝑔𝑔(𝑢𝑢) Is an odd function. Also,    𝑔𝑔′(𝑢𝑢) = 2 1
1+(𝑒𝑒𝑢𝑢)2 . 𝑒𝑒𝑢𝑢 − 0 > 0 

Which is strictly increasing in (−∞,∞) 

41. 𝑓𝑓(𝑥𝑥) = 1 + 2𝑥𝑥2 + 22𝑥𝑥4+. . . +210𝑥𝑥20 

      𝑓𝑓′(𝑥𝑥) = 4𝑥𝑥 + 4.22𝑥𝑥3+. . . +20.210𝑥𝑥19 = 𝑥𝑥(4 + 4.22𝑥𝑥2+. . . +20.210𝑥𝑥18)  

      For a maximum or minimum, put 𝑓𝑓′(𝑥𝑥) = 0 

      ⇒      𝑥𝑥 = 0 

      But   4 + 12.22 + 𝑥𝑥2 + ⋯+ 20.19.210𝑥𝑥18 > 0 

      For    𝑥𝑥 < 0   ⇒     𝑓𝑓′(𝑥𝑥) < 0 and   𝑥𝑥 > 0  ⇒               𝑓𝑓′(𝑥𝑥) > 0 

∴  Exactly one minimum.  
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42. Given,  𝑓𝑓(𝑥𝑥) = � |𝑥𝑥|, for 0 < |𝑥𝑥| ≤ 2
1,                      for 𝑥𝑥 = 0 

         It is clear from the graph that 𝑓𝑓(𝑥𝑥) has local     maximum. 

 

43. We have,  𝑦𝑦2 = 4𝑎𝑎 �𝑥𝑥 + 𝑎𝑎 sin 𝑥𝑥
𝑎𝑎
�     …(i) 

       ⇒ 2𝑦𝑦
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 4𝑎𝑎 �1 + cos
𝑥𝑥
𝑎𝑎
� 

        For points at which the tangents are parallel  to 𝑥𝑥-axis, we must have 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0 

        ⇒ 4𝑎𝑎 �1 + cos
𝑥𝑥
𝑎𝑎
� = 0 ⇒ cos

𝑥𝑥
𝑎𝑎

= −1 ⇒
𝑥𝑥
𝑎𝑎

= (2𝑛𝑛 + 1)𝜋𝜋 

          For these values of 𝑥𝑥, we have sin 𝑥𝑥
𝑎𝑎

= 0 

           Putting sin 𝑥𝑥
𝑎𝑎

= 0 in (i), we get 𝑦𝑦2 = 4𝑎𝑎𝑎𝑎 

Therefore, all these points lie on the parabola 𝑦𝑦2 = 4𝑎𝑎𝑎𝑎 

44. Consider the function ϕ(𝑥𝑥) = 𝑎𝑎0
𝑥𝑥𝑛𝑛+1

𝑛𝑛+1
+ 𝑎𝑎1

𝑥𝑥𝑛𝑛

𝑛𝑛
+ 𝑎𝑎2

𝑥𝑥𝑛𝑛−1

𝑛𝑛−1
+ ⋯+  𝑎𝑎𝑛𝑛−1

𝑥𝑥2

2
+ 𝑎𝑎𝑛𝑛𝑥𝑥 

        Since ϕ(𝑥𝑥) is a polynomial. Therefore, it is continuous on [0, 1] and differentiable 

on (0, 1). Also, ϕ(0) = 0 and,ϕ(1) = 𝑎𝑎0
𝑛𝑛+1

+ 𝑎𝑎1
𝑛𝑛

+ 𝑎𝑎2
𝑛𝑛−2

+ ⋯+ 𝑎𝑎𝑛𝑛 =  0  [Given] 

     ∴ ϕ(0) = ϕ(1). Thus, ϕ(𝑥𝑥) satisfies conditions of Rolle’s   theorem on [0, 1] 

Consequently, there exist 𝑐𝑐 ∈ (0, 1) such that ϕ′(𝑐𝑐) = 0 i.e. 𝑐𝑐 ∈ (0, 1) is a zero of 

ϕ′(𝑥𝑥) = 𝑎𝑎0𝑥𝑥𝑛𝑛 + 𝑎𝑎1𝑥𝑥𝑛𝑛−1 + ⋯+ 𝑎𝑎𝑛𝑛 = 𝑓𝑓(𝑥𝑥) 

45. Given,   𝑦𝑦 = 𝑎𝑎𝑥𝑥     ⇒     𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑎𝑎𝑥𝑥 log 𝑎𝑎 

         Now, length of subtangent at any point = 𝑦𝑦
𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑

= 𝑎𝑎𝑥𝑥1

𝑎𝑎𝑥𝑥1 log𝑎𝑎
= 1

log𝑎𝑎
 

 

1

y
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x' x_ _
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46. Let   𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 − 𝑝𝑝𝑝𝑝 + 𝑞𝑞. Then    𝑓𝑓′(𝑥𝑥) = 3𝑥𝑥2 − 𝑝𝑝 

         Put     𝑓𝑓′(𝑥𝑥) = 0   ⇒   𝑥𝑥 = �𝑝𝑝
3

, −�𝑝𝑝
3
 

         Now,  𝑓𝑓′′(𝑥𝑥) = 6𝑥𝑥 

         ∴ At 𝑥𝑥 = �𝑝𝑝
3

,   𝑓𝑓′′(𝑥𝑥) = 6�𝑝𝑝
3

> 0,   minima And at = −�𝑝𝑝
3

,   𝑓𝑓′′(𝑥𝑥) < 0, maxima 

47. DO IT YOURSELF. 

48. Suppose the tangent from the point (2, 0) to 𝑦𝑦 = 𝑥𝑥4 touches the curve at (𝑥𝑥1, 𝑦𝑦1). 

The equation of the tangent at (𝑥𝑥1,𝑦𝑦1) is 𝑦𝑦 − 𝑦𝑦1 = 4𝑥𝑥13(𝑥𝑥 − 𝑥𝑥1) 

        If it passes through (2, 0), then 0 − 𝑦𝑦1 = 4𝑥𝑥13(2 − 𝑥𝑥1) 

   ⇒ 𝑦𝑦1 = 4𝑥𝑥13(𝑥𝑥1 − 2) ⇒ 𝑥𝑥14 = 4𝑥𝑥13(𝑥𝑥1 − 2)    [∵ (𝑥𝑥1, 𝑦𝑦1) lies on 𝑦𝑦 =  𝑥𝑥4  ∴ 𝑦𝑦1 = 𝑥𝑥14] 

⇒ 3𝑥𝑥14 − 8 𝑥𝑥13 = 0 ⇒ 𝑥𝑥13(3𝑥𝑥1 − 8) = 0 ⇒ 𝑥𝑥1 = 0 or, 𝑥𝑥1 = 8/3 

             Now, 𝑥𝑥1 = 0, and 𝑦𝑦1 = 𝑥𝑥14 ⇒ 𝑦𝑦1 = 0 

             𝑥𝑥1 = 8/3, and 𝑦𝑦1 = 𝑥𝑥14 ⇒ 𝑦𝑦1 = �8
3
�
4

= 4096
81

 

               Hence, the equations of the tangents are 

                𝑦𝑦 = 0 and 𝑦𝑦 = −4096
81

= 2048
27

�𝑥𝑥 − 8
3
� 
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49. We have, 

𝑓𝑓(𝑥𝑥) = �3𝑥𝑥
2 + 12𝑥𝑥 − 1, −1 ≤ 𝑥𝑥 ≤ 2

37 − 𝑥𝑥, 2 < 𝑥𝑥 ≤ 3  

Clearly, lim
𝑥𝑥→2−

𝑓𝑓(𝑥𝑥) = lim
𝑥𝑥→2+

𝑓𝑓(𝑥𝑥) = 𝑓𝑓(2) 

So, 𝑓𝑓(𝑥𝑥) is continuous at 𝑥𝑥 = 2 

Hence, it is continuous on [−1, 3] 

               Thus, option (b) is correct 

               We find that 

               𝑓𝑓′(𝑥𝑥) = 6𝑥𝑥 + 12 > 0 for all 𝑥𝑥 ∈ [−1, 2] 

              ⇒ 𝑓𝑓(𝑥𝑥) is increasing on [−1, 2] 

              Thus, option (a) is correct 

              Also, 

               𝑓𝑓′(𝑥𝑥) < 0 for all 𝑥𝑥 ∈ (2, 3] 

              ⇒ 𝑓𝑓(𝑥𝑥) is decreasing on (2, 3]   

              Hence, 𝑓𝑓(𝑥𝑥) is attains the maximum value at 2 

              So, option (c) is correct 

 

50.  𝑦𝑦 = �𝑐𝑐
6−𝑎𝑎2𝑥𝑥4

𝑏𝑏2
�
1
4 

Let   𝑓𝑓(𝑥𝑥) = 𝑥𝑥𝑥𝑥 = �𝑐𝑐
6𝑥𝑥4−𝑎𝑎2𝑥𝑥8

𝑏𝑏2
�
1
4 ⇒    𝑓𝑓′(𝑥𝑥) = 1

4
�𝑐𝑐

6𝑥𝑥4−𝑎𝑎2𝑥𝑥8

𝑏𝑏2
�
−3/4

 

                   �4𝑥𝑥
3𝑐𝑐6

𝑏𝑏2
− 8𝑥𝑥7𝑎𝑎2

𝑏𝑏2
�  

Put  𝑓𝑓′(𝑥𝑥) = 0 ⇒      𝑥𝑥 = ± 𝑐𝑐
3
2

2
1
4√𝑎𝑎

 

∴       𝑓𝑓 � 𝑐𝑐3/2

𝑐𝑐1/4√𝑎𝑎
� = 𝑐𝑐3 

√2𝑎𝑎𝑎𝑎
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