CHAPTER

05

CONTINUOUS
FUNCTION

CONTINUOUS FUNCTION:

A function f(x) is said to be continuous at a point x = a of its domain, iff lim f(x) = f(a) i.e
X—a

it must satisfy these three conditions:

1.  f(a) exists. (alies in the domain of f)
ii.  lim f(x)exists. i.e, lim f(x) = lim f(x)
xX—a x—a x—-a

i, lim, f(x) =f(a)

POINTS TO REMEMBER:

i.  Every constant function is continuous.

ii.  Every identity function is continuous.
iii.  Every rational function is always continuous.
iv.  Every polynomial function is continuous.

v.  Modulus function f(x) =|x| is continuous.

vi.  All trigonometric functions are continuous in their domain.

ALGEBRA OF CONTINUOUS FUNCTIONS:

Theorem I: Let f and g be two real functions continuous at a real number a, then

1. (ftg) is continuous at x=a.

ii.  (f-g) is continuous at x=a.

ii.  fgis continuous at x=a.

v. 5 is continuous at x=c provided that, g(x)#0.

Theorem 2: Composition of f and g is continuous i.e. fog and gof are continuous.
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DIFFERENTIABILITY AT A POINT:

Let f(x) be a real valued function defined on an open interval (a,b) and let ¢ belongs to (a,b).
Then, f(x) is said to be differentiable or derivable at x=c, iff

i. llm f(x)—f(c)

exists finitely.
xX—C x—c

i lim Z07O_ |y 0@
x-cm  X=C x—ct  x—c
e Y
\\ {a*Lao]
L Ci2)

g +b)t

f(x) is differentiable at x=c => f(x) is continuous at x=c. OQ

% 23 in(x)
DIFFERENTIATION:
The process of finding derivative of a function is called !@erentlatlon.

DERIVATIVES TO REMEMBER: @ ~
et
1. i (constant) =0 \
e ar"(ﬂ—l)d
) (xn) o 0 oth) =F Co)

»—F

. d @
iii. y ~(cx™) = onx™” 1 where gﬁ\onstant
v. E (sinx) = cosx @%
d .
V. o (cosx) = -smc’
. d .
vi. — (tanx) =sec“x
dx
. d
vii. (cosecx) = -cosecx cotx :
d
. «— (secx) = secx tanx l
dx
d - 2
— (cotx) = - cosec“x
dx
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dx(e)e

Sin (%)

fi +1 = Yi+ (kn/2)(a-Yi%)
1= Konsr = (Xnf2) (3-axp® )
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a4 X\ _ x
dx(a )=a*log.,a,a>0
xii. < (logex) ==, x>0

Xiii. (loga

ALGEBRA OF DERIVATIVES:
i. SUM AND DIFFERENCE RULE: @

a _du v
E(uiv)_dxidx * Q
ii,. PRODUCT RULE: \\
[P Q
= (wv)=u ” V) +v ” (u) O
iii. QUOTIENT RULE: % N
a a K

d (E) L (u)—ua W)

G AQ)

where u and v are functions of x.

DERIVATIVE OF COMPOSITE FUNC’I@
Let y be a real valued function which is composite of two functions, say y = f(u) and u = g(x).

Then, Z—y—d—y d—u— f'(w). g'(x) K\'@

Le. ; [f{g()}H] = £ [g(X)]%'@

DERIVATIVES OF IMPLICIT FUNCTIONS:

Let f(x,y) = 0 be an implicit function of x. Then, to find Z—i’ we first differentiate both sides of

equation w.r.t. x and then take all terms involving Z—z on LHS and remaining terms on RHS to

get required value.

o4y = i+ Xn/2 )(a-Yi%)
Kt = (Xﬂlﬂ} (3-axn’ )

n= « = m_.aru. /
—5x @ +(n-12d S“ ="
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DERIVATIVES OF INVERSE TRIGONOMETRIC FUNCTIONS:

. d , . _q 1
— =—— -1<x<
Lo (sin™" x) = 1<x<1
i, L (coslx) = ——, -1<x<I
T dx Vi-x2’
i X “14) =
i, — (tan™" x) e
1 i -1 =] =
v, — (cot™ x) Tz
- = >
V.o o (sec™"x) ok [x[>1 . Q
° =——— x>
vi. - (cosec™ x) P Ix|>1 Q

DERIVATIVE OF A FUNCTION W.R.T. ANOTHER FUNCTI

Let y = f(x) and z = g(x) be two given functions, we firstly di tiate both functions with

respect to x separately and then put values in the followin, lae

dy _dy/dx e dz _dz/dx A
dx dz/dx dy dy/dx 0\@

o
DIFFERENTIATION OF LOGARITH% @CTION: e
Suppose, given function is of the form m %.In such cases, we take logarithm on both sides drit-nd

and use properties of logarithm to simplify it and then differentiate it.

DIFFERENTIATION OF PARAMETRIC FUNCTIONS:

_dy/at
dx/dt

If x=¢(t) and y=w(t) ,then Z—i’

DIFFERENTIATION OF INFINITE SERIES:

When the value of y is given as an infinite series, then the process to find the derivatives of
such infinite series is called differentiation of infinite series. In this case, we use the fact that if
one term is deleted from an infinite series, it remains unaffected to replace all terms except first
form by y. Thus, we convert it into a finite series or function. Then we differentiate it to find

the required value.



a":?ah l-b-'-:

|
L
Trae Card"

/ \ s
ff 1 =
1-€0

S‘“g Y

° £ ix

N
og M

Loa}vu

b \""a,_

[ /P

D

5=

Iz

log M-

A

%X —A (x+a) (x-a)

S>x a4 +Mn-1d

Conh e -t 1N

SECOND ORDER DERIVATIVE:

Let y=f(x) be a given function, then — = f'(x) is called the first derivative of y or f(x) and —

(Z—z) is called the second order derivative of y w.r.t. x and it is denoted by d—szl ory'.

ROLLE’S THEOREM:
If a function y=f(x) is defined on [a, b] and

1. function fis continuous in [a, b].
ii.  function fis differentiable in(a,b).
iii.  f(a) =f(b)

N
Then there exists at least one value ¢ belongs to (a,b) such that f éQ

LAGRANGE’S MEAN VALUE THEOREM:
If a function y=f(x) is defined on [a,b] and

i.  function f'is continuous in[a,b].

ii.  function fis differentiable in(a, b)

Then, there exists at least one value @s to (a,b) such that f'(c) = £ (b) f (a).

\
P

fi+1 = Yi+r (Xn/2)(a-Yi%)
Knst = (Xnl2) (3-axp )

@n = Q= Di-?gr"
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PRALTIGE QUESTION::

1. Let [x] denotes the greatest integer less than or equal to x and f (x) = [tan? x]. Then,

a) lir% f(x) does not exist.
X

b) f(x) is continuous at x = 0

¢) f(x) is not differentiable at x = 0

d f'(0)=1 .
2. Let f(x) be defined on R such that f(1) = 2, f(2) =8and f(u +v) = qu - 2v?

for all u,v € R (k is a fixed constant). Then, Q

a) f'(x) =8x
b) f(x) = 8x % *
O ) =x é
d) None of these A
3. Iff(x) = M,x + 0, is to be conti t x = 0, then f(0) must be defined as

o ‘Q
o \’0

4. If for a function f (x) f'(2) = 4, then llm [f(x)] where [-] denotes the greatest

integer function, i 1s
a) 2
b) 3
c) 4

d) Non-existent
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,x#+0,1
5. If f(x) defined by f(x) = "2‘1" x =0 thenf(x)is continuous for all,
-1, x=1

a) X
b) x except x=0
c) xexceptx=1

d) xexcept x=0 and x=1
ey @
. On the interval I = [-2,2], the function f(x) = {(x + 1) e ™"y 5 00

0, x=0 \
a) Is continuous for all x € I — {0} Q\

b) Assumes all intermediate values from f(—2) to f(2) O
¢) Has a maximum value equal to % % .
d) All the above é
36¥—9%—4%+1 x+0 ;
7. If f(x) = {\/7—\/1+cosx ’ is continuoui at @ , then k equals
k, x=0

a) 16v2log2log3 \Q
b) 16v2In6 C)
¢) 16v2In21n3 \®
d) None of these K
8. If f(x) = Min {tan x@@en
a) f(x) is not differentiable at x = 0,, 2
b) f(x) is continuous at x = 0,%,37”

9) f(?f(x)dx =In+?2

d) “f(x) is periodic with periodg

. For the function f(x) =

1 log,(1- . .
oge(“x): °2e(1"%) {4 be continuous at = 0, the value of f(0) is

a) -1
b) 0
c) -2
d) 2

— _'_ S o m'ﬁ"rﬂ '..i"""l = ‘!r*’ . .Kn a a-yf )
" K &y +(n-13d A =Y NE = (Xrllﬂ) (3._““’_)

i 9 . ol e Tl 5
z h = LAX®) a {3 W i e P,
AL 2‘ _ b o _ X e ﬁ‘ 1 comin = bl et Yo" e C“‘ (,2) . i cot (iz, =ty
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10.If f(x) = [7|t] dt,x > —1, then
a) f and f' are continuous forx +1 > 0
b) f is continuous but f" isnotso forx +1 >0
¢) f and f' are continuous at x = 0

d) f is continuous at x = 0 but f’ is not so

11. The function f(x) = |x| + |x — 1], is

a) Continuous at x = 1, but not differentiable @
b) Both continuous and differentiable at x = 1 ’\Q
c) Not continuous at x = 1 Q\
d) None of these O
12.1f f (x) = | log, x |, then %.
D) f(1) =107 =1 \

b) /(A7) =-1f'1")=0 A@
o) ff(M=1f(17)=0 N @
d FO)=-1F0" =1 N\
13. At x = 0, the function f(x) = |x| is C)Q
a) Continuous but not differenti
b) Discontinuous and differen &'
¢) Discontinuous and not differentiable

d) Continuous and differentiable

1+x65

<
14.If f(x) = { Ly Tex< g then the set of points of discontinuity of g(x) = fof (x), is

a) {1,2}
b) {0,1,2}
c)-.{0,1}
d) None of these

1 La0]
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4_c,2
G’ 53 XTI 21,2

| D (x—
h = 15.Letf(x) = IGx 1)éx ;N: 10 Then, f(x) is continuous on the set
’ 12, x=2

a) R

b) R-{1}
c) R-{2}
d) R-{1,2}

fo .
16.If f(x) = {x S L is continuous at x = 0, then the value of k i \Q
k, x=0
. OQ

b) -1
c) 0 K%’

d) 2

— x, if x is irrational’

continuous, is Q\

a) oo

! 4

d) None of these

17.1f function f(x) = {1 %,if x is rational t@number of points at which f(x) is

x2 sin (= 0
18.1f f(x) = { x/)’ , then
0, x=0
a) f and f' arecontinuous at x = 0
b) f is derivable at x = 0 and f' is continuous at x = 0
c) fisderivable at x = 0 and f’ is not continuous at x = 0
d) f"is derivable atx = 0
19. Let f(x) be an odd function. Then f'(x)
a) Isan even function
b) Is an odd function

¢) May be even or odd
d) None of these

- Vi 414 = Yi+r (Xn/2 a...y;)
& = By-petd FiA = i
T Konet = (Xnl2) (3-axn®)



20.Let f(x) be an odd function. Then f'(x)
e) Isan even function
f) Is an odd function
g) May be even or odd
h) None of these
21. f(x) =|x—3|is..atx =3
a) Continuous and not differentiable @
b) Continuous and differentiable . Q
c) Discontinuous and not differentiable Q\\

d) Discontinuous and differentiable

22. Let f(x) = [x] and g(x) = {xz O'XD;;Z_ 7 Then, which 0@‘&6 following is incorrect?

a) }Cmi g(x) exists, but g(x) is not continuous at x = é
b) lim f (x) does not exist and f (x) is not contimh&at x=1

c) gofis continuous for all x

d) fog is continuous for all x c)Q
el/x_q
23. The function f(x) = { 1/x4q {X@

a) Is continuous atx =0 ®

b) Is not continuous a
c¢) Isnot continuousat x = 0, but can be made continuous x = 0
d) None of these

24. The function f(x) = | cosx | is

a) Everywhere continuous and differentiable

b) Everywhere continuous and but not differentiable at (2n + 1) %, nez

¢) Neither continuous nor differentiable at (2n + 1) g, nez

d) None of these

an =d+(n-1)d
exp fixorh) -F (ko)

e

=3+ (n-1)d
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25.1f f(x) = X%, = '(logea)" a>0,a+0,thenatx =0, f(x) is

a) Everywhere continuous but not differentiable
b) Everywhere differentiable
¢) Nowhere continuous
d) None of these
26.If f(x) is continuous function and g(x) be discontinuous, then
a) f(x)+ g(x) must be continuous
b) f(x) + g(x) must be discontinuous
c) f(x)+ g(x) forall x
d) None of these
27. Let f(x) be a function satisfying f(x + y) = f(x)f(y) for all
x g (x) where llm g(x) = 1. Then, f'(x) is equal to é

%,
(;\\Q
Q

Rand f(x) =1+

a) g'(x)
b) g(x) @A
¢ f(x) \

d) None of these

28. The points of discontinuity of &re

d) None of these

sin4 m [x]
1+[x]2

a) nm,ne€l
b) 2nm,nel

c) 2n+ 1)§,n

29. Let f(x) = where [x] is the greatest integer less than or equal to x, then

a)~ f(x) is not differentiable at some points
b) f'(x) exists but is different from zero
c) f'(x) =0 forall x

d) f'(x) = 0 but fis not a constant function

Vi +1 = \-fh- (Xn/2 a-yi' )
Konst = (Xnl2) (3-axn®)

coth (2 = | cot (izpM

n Sﬂ = m __.a ‘_l-
X 31 +(n-12d =

. J‘ﬁ 1 oy = gkl eV a" &,

Y =i snliz) 4,

=d¢n-0d
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30.1f £(9) =9, f'(9) = 4, then llm “f/(_) equals

a) 4
b) 0
c) C
d 9

h—>0 f(h=h2+1)-f(1)’

a) does not exist ’\Q
b) is equal to -3/2 Q\
c) is equal to 3/2 O

d) isequalto3 N
32. The differential coefficient off(logx) w.r.t. X, where f(x)@

X

o R
b) 29* . @
: N

c) (xlogx)™!

d) None of these 0
33.1f x = acos36 , y= aSin36, th (%)2 =

a) tan?@ ®
b) sec?6 @
o

2
1. Tirm f(2h+2+h%)-f(2) , given that f'(2) = 0 and f'(1) = 4 @

c) secH

d) \sec6|

A\ f(l) '@ @ (GO AEY)
34.1f f (x).= x™, then the value of f(1) — e T B =

a) 2"
b) pn—1
c) 0 1 [a0]

d 1

I Lol

Ciz)



35. Derivative of sec™! (1_—;2) w.r.t.sin"!(3x — 4x3) is

WIN = N|Ww AR

d)

36.1f (x + y) sinu = x2y?, then xg—z + yg—; is equal to @
a) sinu ’\Q
b) cosecu Q\
c) 2tanu O
d) 3tanu % 23

2
37.1fu=x%+y%?and x = s + 3t,y = 2s — t, then %@

) 12
:) 32 . @A

¢) 36 c\)Q

d) 10
38.If f:R — R is an even ﬁmcti(@@ is twice differentiable on R and f''(m) = 1, then

f'" (—m) is equal to
a) -1 %
b) 0 %®

c) 1
.
d) 2 ‘\g
39.Let a function y = y(x) be defined parametrically by x = 2t — |t|,y = t? + t|t|. Then,
y' (x);x>0
a) 0
b) 4x
c) 2x

d) Doesn’t exist

Mo+l = Yfi- Xn/Q ﬂ'Yf )
WKonst = (Xnl2) (3-axn?)

Lk E : T W e St e, | —— - - ", AN
a” = Zab + b* = (& , ..a :‘ . coth (2) = | cot Gzpmh(z) =i siniz) A, =3d¢in-1d

N T

L
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40.Ify= logx+jlogx+\/logx+,/logx+~--00,then%isequalto

a)
b)

2y—1
x
2y+1

1

) Gy @
) \\Q
O

x--:00

41. The expression of L of the function y=a*" s

dx
2

_y
a) x(1-ylogx) % *
) y2logy K
x(1-ylogx) @
) y2logy A

x(1-ylogxlogy) * @
2lo \
d) y-logy
x(1+ylogxlogy)

42.1f f(x) = x™ + 4, then the value of a7 (1) +... %Is

1!

a) 2n1 K
b) 2" +4 @»
c) 1+i+1+i+--®

1! 2! 2! 6 n!

d) None of th

43.Let y be an&t%unction of x defined by x?* — 2x* coty — 1 = 0. Then y’ (1) equals
a) -1
b) 1

c) log2

d)

1 La0]
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)

2 = (xta) (x-&)

-
il M - Ehnady

= c — e*+1] .
' 44.The derivative of [ = ] is equal to

|
Tryz Cnrd” a) 0

b) —

ox

1
C) _e_"

d) e*
45, x =1V ¥

5 = ——is equal to @
4
a) —— .
(x+1)2 \Q
4(x—1) \
(1+x)3 O
x—1
% (1+x)3 % .
4 —= K

(x+1)3

. 2y A@
46.1f y = sin(log, x), then x 2t X8 equal to
.

a) sin(log, x)

b) cos(log, x) C)Q
) y* @

47.1f 2% + 2Y = 2**Y then %al to
2%42Y

2%42Y
b) —%
1+2%+Y ¢

c)

e : : e = B -2r" Yi+1 = Yf&- Xn/d A'Yf) o .
x @yrt-nd T Tiw Kawr = (Xnl2) (3-axn®)| (1 G° - x=y?

Ly d b,
= 'ﬁaﬁ coming = pmlilny sl S0 £

coth (2) = | cot (izpMh(Z) =i sin(iz) Ay =3¢n-0d
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48.1fy = x+Jy+Jx+ y+m00,then%isequalto

V+x
a) y2—2x

3
y3—x
b) 2y2-2xy—1

o) y34+x

2
d) None of these . \Q 1 [40]
\ ja*La0]

49. Observe the following statements: E Ci2)

) +'b.‘1'
L If f(x) = ax*! + bx~*9, the nf;((’;) = 1640 x~? O
d 2 1 % - fince)
a -1 X —
IL dx {tan (1—x2)} T 14x2 K

Which of the following is correct? !@

a) listrue, but Il is false ’\Q D
b) Both I and II true
0 . ar"(rl—l)d

¢) Neither I nor II is true oﬁ’k‘) F (o)

d) Iis false, but II is true ., = F
;
50. Ify = f(x) and y cos x + %S = T, then the value of f"'(0) is

a) II

b %)
¢) 0 §$

d) Zn‘

1 La0]

I Lol
Ciz)
A + k) *

Sin ()

K:

= 1 € . Biapr Jitt= Yi+ Ow2)a-yfi%) .
8y+(n-nd T Konsr = (Xnl2) (3-axn®) Z1 : =

.. L J o SO
- ﬂlb 5 x(;‘ )Ni &ﬁﬁ‘ - _gn_om-w-.l-tqwt_g‘»i‘ft._.!';‘-.., Coﬂ (2) = ‘ ‘of (-.Iz ‘” (2 - ‘ ‘5'"(‘?-) 53;*(_]1"1}&

=g
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an = ! ' S = Br-ae™ Vi 44 = Yfi- Xn/d a-—Yf ) y :
x B +(n-1d : 1=r Knst = (Xm_fﬂ}(}‘d)(ﬁ.,') «5’ : )"”f:

Ly d 1
z —cﬁ ; comin = bl sle™ NS €.

coth (2) = | cot (izpMh(2Z) = i en@iz) An=3d¢n-0d



an =d+(n-1)d
exp fixorh) -F (ko)

HINTS AND SOLUTIONS 5

1. Wehave, —n/4 <x <m/4
> -1<tanx<1=>0<tan?x <1= [tan’x] =0
o f(x) = [tan? x] = 0 for all x € (—m/4,7/4)
Thus, f(x) is a constant function on € (—m/4,7/4)

So, it is continuous on € (—m/4,7/4) and f'(x) = 0 forall x € (—n/él,é@

.
2. We have,

fu+v) =fu) + kuv — 2v? forallu,v € R ...(J) OQ\

Putting u = v = 1, we get

fQ=f(M)+k—-2=>8=2+k—2=>k=8 K%o

Putting u = x,v = h in (i), we get @
fx+h)—f(x) =kx —2h=lim fx+h)—f(x) — fl(x) =8x [... k = 8]
h h—0 h *

3. Atx=0, f(0)=% [Indeterminate form] Q\ =y 2
So applying L Hospital Rule we e() = 3+(n-1)d

_ 1. log (1+x2 tanx) é

f(0) = lim —==——m—= K\' n

2 % 2tanx 2
= lim (2x tanx+ x“sec“x (2tanx+ xsec“x) - —x Tsectx
x—0 (1+x2tanx)(3x2cos. x—0 (1+x2tanx)x(3cosx3) x—0 3cosx3(1+x2tanx)

. 0 tanx g
[Since lim—— = 1 & lim sec? x = 1]
x>0 X x—0

(2x1)+1 _

Therefore substituting x=0, we get(0) = X Ix1 1

So f(0)=1
4. f'(2)=4
lim f@+M)-f(2) _ 4
h—0 h
If h>0, then f(2+)>2, [f(2+h)]=4 and If h<0, then f(27) < 2, [f(2-h)]=4

Hence limit is 4. 1 Lol
ciz)

1 La0]
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x%—x

=1, ifx<Oorx>1

x2-x
N B ) PP _{1,ifx£00rx>1
5. Wehave, f(x) =4~ =-1L f0<x<1=f(x) = lifo<x<1
1, ifx=0
-1, ifx=1
Now, xll)rgl_ f(x) =}C1_1;1(1)1 = 1 and, xll)r(gl+ f(x) =}C1_1:1(1) -1=-1

Clearly, lim f(x) # lim f(x)
x—-0~ x—-0%
So, f(x) is not continuous at x = 0. It can be easily seen that it is not contin@ atx =
1 . Q
(x+1)e_(%+716)=(x+1) x<0 \\
6. We have, f(x) = { 1. ’ Q
(x+1) e~ Gt3) = (x+1e %% ,x>0

So, we will check its continuity at x = 0

We have, *@
(LHLatx=0)=leI(1)1_f(x)= 41{@ =1

(RHL at x = 0) = i = li —2/x% = er1—0
atx = - xLI(I)l*' f(X) - xlin € - xl—I;% e2/x -
lim

im S # x>0+ f(x) @'
So, f(x) isnot c @fs at x = 0 Also, f(x) assumes all values from f(—2)
to f(2) and f(2) = 3/ %
7. For f(x) to be continuous at x = 0, we must have

lim £ (x) = £(0)
(9*-1)(4*-1) _

= lim 2V D o iy EoDED g
x—>0y2—+/2 cos? x/2 x—0 V2.2sin2 x/4

Clearly, f(x) is continuous for all x # 0 6 .

maximum value of f(x)

_ 16x(9xx_1)(4xx_1) 16 N
= LI%W =k= ﬁlog9log4 =k=4 210g910g4 =

x/4

16v21log3log 2

Yoty = \-‘ffi- Xn/Q _ R-Yf )

A= G = Bu-mieh |
x A+(n-1d . f=r Wavt = Xnl2) € 3"“3‘?’.)

P M ) S "i"'s'- TR 3 a I - - —
AL 2‘5 &b e 1 com g = wrimlelay L e V" €7, BQ“‘ ‘,Z) o r cot (iz, ;



ﬁn =d+(n-1)d
exp fixorh) -F (ko)

tanx, 0 <x <m/4
cotx, —m/4<x<m/2
tanx, m/2 < x < 3m/4
cotx, 3m/4<x<m

e

8. Wehave, f(x) =

Since tan x and cot x are periodic functions with period . So, f (x) is also periodic with

period .1t is evident from the graph that f(x) is not continuous at x = 7 /2. Since f(x)

is periodic with period 7. So, it is not continuous at x = 0, +7 /2, +m, # 3n/® -
Also, f(x) is not differentiable x = m/4,3m /4,51 /4 etc

9. Since, the function f(x) is continuous \\Q
Now, RHLf(X) = lim log(1+0+h)+log(1-0-h) _ lim 10g(1+h)+C>—h) _

! - = lim thi=h —
h—0 0+h h—0 610 h—0 1
0 \
[by L ‘Hospital’s rule] !@

& f(0) =RHL f(x) = 0 *\Q
10.1f =1 < x < 0, then \Q

=y 2
fOx) = _Jl [t| dt = f e dK%‘x -1) =a.+En-1)d
If x > 0, then A@

0 X 1
—-(x%-2), -1<x<0
flx) = f—tdt+ j—tdt:%(x2+1) o flx) = 21
K -1 SO +1),  0<x

It can be easily seen that f(x) is continuous at x = 0. So, it is continuous for all x > —1

Also;Rf'(0) = 0 = Lf'(0). So, f(x) is differentiable at x = 0

—X, -1<x=0
s f(x) ={ 0, x=0
X, x>0

Clearly, f'(x) is continuous at x = 0.Consequently, it is continuous for all x > —1 i.e.

for x + 1 > 0.Hence, f and f" are continuous for x + 1 > 0



a”: 2 ab v bt = (AP

A _+f 1+0034 X iy
| * -—
C,m?:— gt & W

z (x+a) (x-a)

s .
P N LR

A

—2x+1, x<0
11. We have, f(x) =|x|+|x—1]={ 1, 0<x<1
2x—1, 1<x

Clearly, lim f(x) =lim1 =1, lim f(x) =lim(2x—-1) =1
x—>1" x—1 x—-1t x—1
and, f(1) =2x1—-1=1- lim f(x) = lim f(x) = f(1)
x—1~ x-1%
So, f(x) is continuous at x = 1

Now, lim L& _ i, FAZWZTD) _ iy 21 @
x—-1" x—1 h—0 —h h—-0 —h

fl)-f(1) f(+h)-f(1) = lim fl)-f(1) — ki 2(1+h)—1~ Q

x—1t x—1 h—0 h x-1t x—1 h—0 h

and, lim = lim
~ (LHD atx = 1) # (RHD at x = 1)So, f(x) is not differentiab@ =1

12. As is evident from the graph of f(x) that it is continuous but fferentiable at x =
1 K% -
/) =logio™ !Q
X' X
R~

(1,0) \
: OQ
WY — Tien FEO=FC @( Y _ i FAF=F D)
Now,f" (1 )—ler%TK 1 )—}lll‘l(l)—h

f”(1+) - lim log(1+h) _ 1
h—0 h.logg 10 loge 10

= f"(A%) = lim L = logyp e

h

TN f(xr!((} 1A=y _ pio FA=R)=F(D)
' )—xlgg—x_1 = f"(A7) = lim=———=

- . _.logio(1-h) . loge(1—h)
= (1 = lim——————— = lim——= —1
f ( ) h-0 h h—0 hloge10 0810 €

It is clear from the graph that f(x) is continuous everywhere and also differentiable

everywhere except at x = 0

S = By-2et :'.f'+',1 - ‘-ff%- Xn/a ] a—Y{ )
o A il

—>x 3 +(n-1d 7 Kt = (Xnl2) (3-axn®)

3 a | P _——



14. We have,
1+x, 0<x<2

f={317 32523900 = fof(®) = f() = F(f ()

1+(1+x), 0<x<1
3—(14+x), 1<x<2
1+(B3—-x), 2<x<3

fl+x), 0<x<2

=>g(x)={

fB-x), 2<x<3>90)=

2+ x, 0<x<1
:g@):%—m 1<x<?2
4 — x, 2<x<3

Clearly, g(x) is continuous in (0, 1) U (1, 2) U (2, 3) except possi

3. We observe that lim g(x) = lim (2 +x) = 2 = g(0) and
x-0% x-0+

x =1 = g(3). Therefore, g(x) is right continuous at x = 0 ft continuous at x =

3. Atx =1, we have lim g(x) = lim 2+x =3 an@g’(x) =lim2-x=1-
x—>1~ x—>1~ x x—-1*t

liI{l+ gx) # linlq_ g(x).So, g(x) is not contii at x = 1At x =2, we have
x— x—

and,xl}gl+ @ ,}L‘?— gx) #
lirgl+ g(x).So, g(x) is not continuou@lﬂence, the set of points of discontinuity
X—

of g(x) is {1, 2} 0
X0

15. Since, }Ci_r)rcl) f(x) = f(0)
=k = (Wi=k = k=2 [

5

xX—2~

lim g(x) = 3}1151_(2 -x)=0 ,}i‘%(‘* -x)=0

sin x

. sinx
lim S5 — 1]
x->0 X

= lim
x-0

16.For any x # 1, 2, we find that f(x) is the quotient of two polynomials and a polynomial

is everywhere “~continuous. Therefore, f(x) is continuous for all x #

1, 2. Continuity at x = 1: We have,
lim f() = lim f(1 —h)

: C(1-h-2DA-h+2)1-h+1)(1—h-1)
= lim f(x) = Jim (I-h-D(1-h-2)

(3-h)(2—h) h(h+1) _
h(h+1) -

. RT (3=h)(2—=h)(-1-h)(=h)
= lim f(x) = lim=— = "=

and, lim f(x) = lim f(1+ h)

> Jim £ = i

A+h—-2)A+h+2)A+h+ DA +h—-1)
(A+h—1DA+h—-2)]

Y G = finy

ﬁn = dit(n-1)d
exp Flxorh) =F (ra)

F-F

x=y2
=3+ (n-1)d




_t el i T

a”:?ah v bt = (a

K=l
A _+f 1200 s =
Cos 3= ‘ 5 2

(x+a) (x-a)

Conh e -t 1N

(h—=1)(3+ h)(2+ h)(h)

Jim, 7 = fm

|h(h — DI
(h=1DB+h) @+ hh
N, f () = ~Jim h(1— h) =

0 g 0

So, f(x) is not continuous at x = 1

Similarly, f(x) is not continuous at x = 2 @
17. If function f(x) is continuous at x = 0, then ’\Q
£(0) =limf(x) ~ f(0) =k = limxsin= Q\
x—0 x—0 x
k=0 [-.-—13sinls1] O
X

.
18. At no point, function is continuous @
2 1
19. We have, llmf( 2= f( ) lan() = 11mx51n§z’

- x—0 X
So, f(x) is differentiable at x = 0 such th\ )=20

For x # 0, we have

f(x)—szm( )+x cos }ébgf (x)—2xsm——cos—

1 1
= lim f'(x) = 11m2xsin’éhcos< ) =0 —lim cos( )
x—-0 x—0 X X

x-0 x-0

Since lim cos( ) :1?@ Xist
x—)

llr% f'(x) does not exist. Hence, f'(x) is not continuous at x = 0
X—

20. Solve by yourself.
21. From the graph it is clear that f(x) is continuous everywhere but not differentiable at

x=3

.a“ | S - m_,a rr i"l-j_ = ‘ﬂ+~ -xn L1 R'Y‘f )
—>x 31 +(n-12d T R = (Xnl2) Grax? )



an = dit(n-1)d
exp £lxorh) -F ()

n g
A R (E~_F
Mo

22. We have,
lim g(x) = lim g(x)=1and g(1)=0
x—1~ x-1*

So, g(x) is not continuous at x = 1 but . lilm g(x) exists
We have,xll)r{l_ f(x)= }ll_r}(l) f(l—h) = }ll_rftl)[l —h]=0
and, xll)r{;rf(x) = }ll_r)%f(l +h) = }11_1)1(1)[1 +h]=1
So, }cmi f(x) does not exist and so f(x) is not continuous at x = 1

We have, gof (x) = g(f(x)) = g([x]) = 0, for all x € R. So, gof is ous for

all x N\
S

We have,fog(x) = f(g(x))

_ f@0), xez
= fog(x) = {f(xz), xer—z>fo9® = [xZ] é
Which is clearly not continuous

23. We have, AQ
llm flx) = llmf( h) = llm%_‘]\a

h-0e~1/
=B+ (n-1)d

-1/h
and, hm f(x)—llmf(h) —1% —}Llrr(l)e m=1 ,m FCro)
. ., 'F
" IO IR
Hence, f(x) is not cont@s atx =0
24. It can be easily s om the graph of f(x) = |cos x| that it is everywhere continuous -~

but not differentiable at odd multiples of %

25. £ (x) = Eitzoy (log. @)"

- (xlogea)® < (log, a*)™ '
(-5 et l
n=0 n=0

= f(x) = el°8e @ = g* which is everywhere continuous and differentiable

1 La0]

I Lol
ciz)
a+b)t

Sin (%)

i +1 = y; ¥ (%Xn a } a—___Yf

.aﬂ-=_ _. S,':‘ e .
>x +n-d §=0 Knwr = (Xul2) (3-axn®)

. ﬁ‘ L it vy G coth (2) = [ cot iz}



e o S S
a’—=?ab FU b= S

— -1
K=

[ 1
Cosi:: v(ﬂ}‘

wi

H 2 &
at = (x+a) (x-a)

ok T - gl 1ED

26. If possible, let f(x) + g(x) be continuous. Then, {f(x) + g(x)} — f(x) must be
continuous= g (x) must be continuous. This is a contradiction to the given fact that g(x)
is discontinuous. Hence, f(x) + g(x) must be discontinuous

27. We have,

fG) = lim w = /() = lim f(x)f(';)—f(X)
h) —
= f10) = f(0) },igg&hl [« f(x + ) = FOF )] @

hg(h) — N
= £/ = £(2) {EL%H g 1} [ £ = 1+x 9]\

= f'(0) = f@limgh) = f(x)- 1 = @

28. The point of discontinuity of f(x) are those points wher: x is infinite.

ie, tanx = tanoo = x=(2n+1)§,n€1

sin 4 m[x]
1+[x]?

29. We have, f(x) = =0 forall x [+ a multiple of 7]

.
= f'(x) =0 for all x

\(\\
30. We have,

f '(x)
. Vf(0)-3 5 @'H _ Vafrx) _
Ll_rg i3 }c—>9 - ospital Rule]= 11m o s =4

31 llmf(2h+2+h2) f@ _ /br( h+2+h?)}(24+2h)—0
"ho0 f(R—h2+1)-f(1) h—>0 {f'(h—h?+1)}.(1-2n)-0

_ff@2 _ 62 _
Tl 41 &

[using L’ Hospital’s rule]

32. Solve by yourself.

33. Solve by yourself.

4. f(x)=x" = fA)=1

fi)=nx""' = f'()=n
f'@=nn-Dx"2 = f"1)=nh-1)

ffx)=nn—-1)(n-2)..21= f"()=nn-1)n-2)..2.1

" £ nen
Now, f(1) — (1)+f2('1) (1)+ +( 1)15 @

—1_ n n n(n-1) nn-1)n-2) I -D"n(n-1)(n-2)..2.1 _ (

1! 2! 3! n!

1-1D)"=0

Ay -'ar"
l_"

27 an= __L__.. g, =

‘4-1-. :‘fn- (Xn/2 )(a-Yi%)
'*‘_ﬁ"“}d : ]



ﬁn ;alr{.—n'ljld
exp fixorh) =F (ko)

mxnt [
= A 2

35.Let u = sin‘l(

1_2x2) , v =sin"1(3x — 4x3)

Put x = sinB, we get
u = sec”1(sec20),v = sin"1(sin30) = u = 26,v = 30

. 1 .1 u 2 2 du
> u=2sin""x, v=3sin"x = —-== UuU=-v=> —=
v 3 3 dv

2 2

36. f(x,y) =sinu = yy

Here, f(x) is a homogenous function of degree 3. By Euler theorem

9
O
P af a dsinu dsinu d u \

of L ,Of _ — i ou  Ou__
ax+yay—3f=>x o +y 3y = 3sinu = xax+yay

37.Given,u = x> +y3,x=s+3t,y=2s—t O

Now = =1,2=2..()

ds

d?x _y_
F_Od 0...(i0)

Now, u = x +y2

. = 2x +2y
d?u dx d?x
F_Z(E) +2x—2+2

= LU 2(1)% + 2x(0) +ﬁ

38. Let the even functio
f(x) =cosx = f'(x)=—sinx = f"(x)= —cosx

Atx =m, f”%’—- —cosm =1

. OQur.assumption is true.
SAtR= -1
f'(—m) = —cos(—m) =1
Alternate
Since the function is twice differentiable

~ f"(x) = const. Vxf"'(—-m) =

1 La0]
_f”(n) = 1 [a*Cael
ciz)

e (x.-l:a) (3-axn®)



ook b - chuad 10

39.Let y =logx
On differentiating w.r.t. x from 1 to n times, we get
1 1 2 6
Y1 = ;iyZ = _F'yB = F’y‘} = _Fr vy
D" (-1
~ by symmetry. y, = x—nn

40. Given, y = /logx+y = y?=logx+y

1 d d 1
x dx dx x(2y—1)

41. We have, \Q
y= a"axmoo =>y=a" Q\

= logy = x¥loga = log(logy) = ylogx + log(log a)

dy
= ZyE =

Differentiating w.r.t. x, we get %

1 1ldy _dy logx+ =% __ytlogy

logy y dx dx dx x(1 logxlogy) : @

42. f(1) =5,f'(x) =nx""1so f'(1) —n

f'@) =nn-1),..f"(1) =1.2..

Thus, £(1) + (1)+ +f(1)—5 "2!"1)+...+%i=(1+1)"+4=2”+4
43. x?* —2x*coty —1=0 &0

Atx =1, K

1—2coty—1=0 @:0:31:%

On differentiati Qw.r.t.'x', we get

2x%*(1 4+ logx) =2

d
[x"(—cosec2 y) % + coty x*(1 + log x)] =0

w ()

2(1+1og1) -2 (1(_1) gt 0) =0 =220 =02 @)y "

-1

S - Ay-aet Yoty = \-!fi- (Xn/a R-Yf )
n B

k B | = Ronst = (Xnl2) (3-axn?)

P

N

acl . T —
ﬁ‘ comon w7 coth {2)i= [ cot: (izpIMAEZ) =i _i"'hc".')



44.

45.

46.

47.

48.

_e+1_i —x__—x=_i
dx ]_dx[1+e ]_ € e*
. x _ 1—/y
Given, AT
Applying component and dividend, we get
Lbx _ (y+(-yy) | 1tz 2 (11)2
1-x  (A+¥)-1—y)  1-x 2y Y=

On differentiating w.r.t. x, we get

dy _ —2(142)2(1-x)-(1-x)2.2(1+x) _ (1—x)(1+x)(—2—2x—2+2x) @
dx (142)* - (1+x)* S \Q

_ 4(x-1)
T (x+1)3

Given, y = sin (log,x) ...(1)

dy 1 ..
= = 1 0= (11

- = cos(log, x).~ (i1) S

a?y _ —xsinoge x)%=cos(10gex),1 —sin (logex) eX)

dx? X2

d? . d
x2 d_xJz’ = —sin(log, x) — x d—i usmg@
2d% Ay _ - :
XCoStx_—= -y [using Eq. (t’Q
We have, @

2% 4 2V = 2%+Y

= 2*log2 + 27 log i@"”y log 2 (1 + Z—z) = (27 — ZX+J')Z_1 — x+y _ 9x

dy _ 2*(Y-1) 4 (23’—1)

dx 2%1—2’6’ 1-2%

We have,

+jy+Jx+ y+---w:y2=x+jy+Jx+ y+ o

s>y’=x+y+y=>0*—x)?=2y

Differentiating both sides w.r.t. x, we get

Yy

2 _ W _ N\ by yiox
Z(y x) (Zy dx 1) =2 dx = dx y3—xy—-1

ﬁn ;alr{.—n'ljld
exp fixorh) =F (ko)

mxnt [
= A 2

=8+(n-1)d

1 La0]

I Lavel
ciz)




a = Z2ab +b* = (a
Ky

z z % wi
= (xra) (x-a&)

€ ok 'Tod - clad 1008

49.1If f(x) = ax*! + bx™*°, then f'(x) = 41ax*® — 40bx~*!

—— (ax** + bx~*0)

A _+f 120034

=4 fll(x) = 1640 ax3° + 1640 bx~%2 = f”(X) — 1640

L™
IO

= f"(x) = = 1640x~2

So, statement-1 is true

—1 _
L 2 T+ ZEaln .x x < —1
We have,tan T,z ) 2tan x,if —-1x<1 @

—1t+2tan‘1x x>1 . Q
.4 -1_2% \ _
b (tan 1_x2) Tz forall x \\
So, statement-II is not true OQ
50. Given, y = cosx + xCosy =T

8
On differentiating both sides w.r.t. x, we get @

dy . . dy sinx—cosy
— COS —Ssinx X(— Sin —+cosy=0 —_—
dx +y( ) + ( y) dx + y & cosx—xsiny

Again, differentiating both sides w.r.t. x, w
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dx? (cosx— xsmy)2®
Atx =0,
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Hence, f"(0) ==

fi +1 = Yir (xn/2)(a-Yi?)
Konst = (Xnl2) (3-axn®)
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