a" = zab + \)1' z_‘__ll =

A _+f 14000
Congeyf ot

1
* A

N
%[_

y‘i.'_r

2w

al = (x+a) (x-a)

LINEAR PROGRAMMING PROBLEM (LPP):

A linear programming problem is one that is concerned with finding the optimal value(
maximum or minimum value) of a linear function(called objective function) of several
variables( say x and y called decision variable), subject to the constraints that the variables are

non-negative and satisfy a set of linear inequalities(called linear constraints).

MATHEMATICAL FORM OF LPP:

The general mathematical form of a linear programming problem may be written as Maximize
or Minimize Z = ¢, x + ¢,y
Subject to constraints are a; x + by y < dq, a;x + b,y < d,, etc. and non-negative restrictions

arex =0,y = 0.

SOME TERMS RELATED TO LPP:

i. CONSTRAINTS: The linear inequations or inequalities or restrictions on the variables
of a linear programming problem are called constraints. The conditions x = 0,y > 0
are called non-negative restrictions.

ii. OPTIMISATION PROBLEM: A problem which seeks to maximise or minimise a
linear function subject to certain constraints determined by a set of linear inequalities
is called an optimisation problem. Linear programming problems are special type of
optimisation problems.

ili. ~OBJECTIVE FUNCTION: A linear function of two or more variables which has to
be maximised or minimised under the given restrictions in the form of linear
inequations or linear constraints is called the objective function. The variables used in

the objective function are called decision variables.




An =3¢+ (n-1)d
exp Flxorh) -F (re)

mxn ..E._F
3

iv. OPTIMAL VALUES: The maximum or minimum value of an objective function is
known as its optimal value.

v. FEASIBLE AND INFEASIBLE REGIONS: The common region determined by all
the constraints including non-negative constraints x,y = 0 of a linear programming
problem is called the feasible region or solution region. Each point in this region
represents a feasible choice. The region other than feasible region is called an infeasible
region.

vi.  BOUNDED AND UNBOUNDED REGIONS: A feasible region of a system of linear

. .. . . Cn - 2 . .. 1 [a0]
inequalities is said to be bounded, if it can be enclosed within a circle. Otherwise, it is

said to be unbounded region. e
vii. FEASIBLE AND INFEASIBLE SOLUTIONS: Any solution to the given linear
programming problem which also satisfies the non-negative restrictions of the problem
is called a feasible solution. Any point outside the feasible region is called an infeasible
solution.
viii. OPTIMAL SOLUTION: A feasible solution at which the objective function has

optimal value is called the optimal solution of the linear programming problem.
ix. OPTIMISATION TECHNIQUE: The process of obtaining the optimal solution is
called optimisation technique

IMPORTANT THEOREMS:

i. THEOREM 1: Let R be the feasible region (convex polygon) for a linear programming
problem and Z=ax+by by the objective function. When Z has an optimal value(
maximum or minimum), where the variables x and y are subject to constraints described
by linear inequalities, this optimal value must occur at a corner point( vertex) of the
feasible region.( A corner point of a feasible region is a point of intersection of two
boundary lines in the region) .

ii. THEOREM 2: Let R be the feasible region for a linear programming problem and 4
Z=ax+by be the objective function. If R is bounded, then the objective function Z has

both a maximum and a minimum value on R and each of these occurs at a corner point

(vertex) of R.
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GRAPHICAL METHOD OF SOLVING LPP:
I CORNER-POINT METHOD:

STEP I Formulate the given LPP in mathematical form if it is not so.

STEP 2 Convert all inequations into equations and draw their graphs. To draw the graph
of a linear equation, put y=0 in it and obtain the graph representing the equation.

STEP 3 Determine the region represented by each equation. To determine the region
represented by an equation replace x and y both by zero, if the inequation estoa

valid statement, then the region containing the origin is the region O@Ied by the
given inequation. Otherwise, the region not containing the origin isb n represented

by the given inequation.

STEP 4 Obtain the region in Xy-plane containing all point%t,gﬂtaneously satisfy all
the constraints including non-negativity restrictions. The gon region so obtained is
the feasible region and is known as the convex po Xthe set of all feasible solutions
of the LPP.

STEP 5 Determine the coordinates the ’&@(comer points) of the convex polygon
obtained in Step 2. These vertices areCA)Q

solutions of the LPP.

as the extreme points of the set of all feasible

STEP 6 Obtain the values o jective function at each of the vertices of the convex
polygon. The point where the objective minimum) value is the optimal solution of the

given LPP.
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I ISO-PROFIT OR ISO COST METHOD

STEP I Formulate the given LPP in mathematical form if it is not so.

e

STEP 2 Obtain the region in xy-plane containing all points that simultaneously satisfy
all constraints including non-negativity restrictions. The polygonal region so obtained is
the convex set of all feasible solutions of the given LPP and it is known as the feasible
region.

STEP 3 Determine the coordinates of the vertices of the feasible region obtaiu® step2.
STEP 4 Give some convenient value to Z and draw the line so obtalnod

STEP 5 If the objective function is of maximization type, then dra arallel to the
line in step 4 and obtain a line which is farthest from the ori %has at least one
common point to the feasible region. .
If the objective function is of maximization type, the %ines parallel to the line in
step 4 and obtain a line which is nearest to the origi nﬂas at least one common point
to the feasible region.

STEP 6 Find the coordinates of the co Qomt obtained in step 5. The point so

obtained determine the optimal solution and the value of the objective function at these

points give the optimal solution. @ 2 i
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= PRACTICE QUESTIONS:

T e i
f.' i'. (s

_fc; ML [ 1. The solution set of the inequation 2x +y > 5 is

iy 2

5= O a) Half plane that consists the origin

b) Open half plane not containing the origin

c¢) Whole xy-plane except the points lying on the line 2x+y=5
d) None of these

.
2. Objective function of a LPP is \\Q

a) a constraint
b) a function to be optimized O

c) arelation between the variables @ .

d) none of these

3. Which of the following sets are convex? !@
a) {(x,y):x%+y?>1} N @

b) {(x,y):y* = x}
¢) {(x,y):3x? +4y? > 5} C)Q

O {(@y):y=2y< 4\:0»
4. Let X;and X, are optim &tl s of a LPP, then

a
a) X =A1X; + (1‘%1 € R is also an optimal solution.
b) X =AX; + (1 =21)X,,0 <A <1 gives an optimal solution.
c) X=2AX; +(1+ A)X,,0 <2 <1 gives an optimal solution.
d) X =4X; + (1 + A)X,, A € R gives an optimal solution.
5. The maximum value of Z=4x+2y subjected to the constraints 2x + 3y < 18,x +y >
10; x,y =2 01is
a) 36
b) 40
c) 20
d) None of these
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6. The optimal value of the objective function is attained at the points

a) given by intersection of inequations with the axes only '
b) given by intersection of inequations with x-axis only
¢) given by corner points of the feasible region

d) none of these

7. The maximum value of Z=4x+3y subjected to the constraints 3x + 2y > 160, 5x +

2y = 200,x 4+ 2y > 80; x,y = 0is @
a) 320 R Q
b) 300 \\
c) 230 Q
d) None of these O

S

8. Consider a LPP given by K
Minimum Z=6x+10y @
Subjectedtox > 6;y = 2;2x +y = 10;x,y ’A
Redundant constraints in this LPP are ‘\é

i
a) x,y=0 e d

b) x >62x +y =10 @?’
) 2x+y=>10 {\'
d) None of these

9. The objective funct& x+3y can be maximised subjected to the constraints 3x +
4y <248x+ 6y <48,x <5,y<6;x,y=>0

=3+ (n-1)d

a) at only one point
b) at two points only
¢). at an infinite number of points
d) none of these
10. If the constraints in a linear programming problem are changed

a) the problem is to be re-evaluated 1 La0]

I Lavel

b) solution is not defined S
Ciz

¢) the objective function has to be modified

d) the change in constraints is ignored
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11. Which of the following statements is correct?
a) Every LPP admits an optimal solution
b) A LPP admits unique optimal solution
c) If a LPP admits two optimal solutions it has an infinite number of optimal
solutions
d) The set of all feasible solutions of a LPP is not a converse set
12. Which of the following is not a convex set?

a) {(x,y):2x+5y<7
b) {(xy):x? +y* <4 \\Q
¢) {x:|x| =5} Q
d) {(x,y):3x? + 2y? < 6} O
13. By graphical method, the solution of linear programmi@lem

Maximize Z = 3x; + 5x,

Subjectto 3x; +2x, < 18,x1 <4 ,x, <6,x.=>0,x, =201s
a) x,=2,x,=0,Z=6

b) %, =2,%,=6,Z =36 \Q

c) x,=4,x,=3,Z=27
d x,=4,x,=6,Z= @'
14. The region represented b equation system x,y > 0,y < 6,x +y < 3 is
a) unbounded i %drant
b) unbounded in first and second quadrant
c) bounded infirst quadrant
d) none of these
15. The point at which the maximum value of x+y, subject to the constraints x + 2 <
70,2x +y < 95;x,y = 0 is obtained, is
a) (30,25)
b) (20,35)
c) (35,20)
d) (40,15)

an=_ | : S = Bu-zgr* fi+1 = Yi+r (Xn/2)(a-Yi%)
e BT T R e Rt )

P 6 com g = wrimlelay L e V" €7, BQ“‘ ‘,Z) - r c:ai-': 1z
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16. The value of the objective function is maximum under linear constraints
a) at the centre of feasible region
b) at (0,0)
c) atany vertex of feasible region
d) the vertex which is at a maximum distance from (0,0).
17.The corner points of the feasible region determined by the following system of linear
inequalities: 2x +y < 10,x + 3y <15 ;x,y = 0 are (0,0),(5,0),(3,4) an@). Let
Z=px+qy, where p,q>0. Condition on p and q so that the maximum of @rs at both

(3,4) and (0,5) is \
a) p=q OQ
=2

b) p=2q 6 .

©) p=3q K

d) q=3p @
18. The corner points of the feasible region dete ’A by the system of linear constraints

.

are : (0,10),(5,5),(15,15),(0,20). Let z=px ere p,q>0. Condition on p and q so that
the maximum of z occurs at both the points (15,15) and (0,20) is

b o {(0
c) q=2
™ &0

d) q=3p
19. Corner points of the feasible region determined by the system of linear constraints

M=y 2

=3+ (n-1)d

(0,3),(1,1) and (3,0).Let z=px+qy, where p,q>0. Condition on p and q so that the
minimum-of z occurs at
a) p=2q
b) 2p=q
) p=3q
d) p=q 1 201

I Lavel
Ciz)
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20. Corner points of the feasible region for an LPP are: (0,2),(3,0),(6,0),(6,8) and (0,5). Let
z=4x+6y the objective function. The minimum value of z occurs at
a) (0,2) only

b) (3,0) only
¢) the mid-point of the line segment joining the points (0,2) and (3,0) only
d) any point on the line segment joining the points (0,2) and (3,0)
21. Corner points of the feasible region for an LPP are: (0,2),(3,0),(6,0),(6,8) and (0,5). Let
7z=4x+6y the objective function. Then Max.z-Min z= @

v N
S

c) 42
d) 18
22.The feasible region for an LPP is shown in Figure. @&(-4y be the objective function.

Maximum value of z is A
a) 0 \

b) 8 A(bﬁ

c) 12
d) -18
23. The corner points of the feasible region determined by the system of linear constraints
are (0,0), (0,40), (20,40), (60,20),(60,0).The objective function is z=4x+3y. Compare the
quantity in Column A and Column B
Column A

Maximum of z

Column B

325

a) The quantity in Column A is greater

b) The quantity in Column B is greater
¢) The two quantities are equal

d) The relationship cannot be determined on the basis of information supplied.

Vo th = ‘!f'%- -f(n ) h-Yf )
Wonst = (an ) (3-ax,’ )
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24. The feasible region of a LPP is shown in Figure. Let z=3x-4y be the objective function.

Minimum of z occurs at

@10
(08) ©8)

(85)

00 (50)

c) (5,0

a) (0,0) . Q
b) (0,8) \\
\

d) (4,10) O
25.In Q. No. 24, Maximum of z occurs at % .
a) (5,0) K

b) (6,5) AQ
c) (6.:8) .\@

d) (4,10)
26.In Q. No. 24, (Maximum value of imum value of z) is equal to

a) 13 \Q»

b) 1 K
c) -13 %
d) -17 @
27.The graph of t@quality 2x+3y>6 is
a) h ne that contains the origin

L\
b). half plane that neither contains the origin nor the points on the line 2x+3y=6.
c) whole XOY plane excluding the points on the line 2x+3y=6
d) entire XOY plane

1 [a0]
I Lol

Ciz)
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28. The objective function of an LPP is
a) a constant
b) a linear function to be optimized
¢) an inequality
d) a quadratic expression.
29. Which of the following is a linear objective function?

a) Z=axtby

b) Z <ax+by
.
c) Z>axtby Q

d) Z # ax + by

Br= 1 6= Byower Lt = His CRa2)(aofi%) . _
X @4+(n-12d 1=r Kt = ()(,.fﬂ}(}-—ax‘,,_") ! Z : )(;71

* o ——— T . o
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1. Letx,y plane

|

(0,5)

(512,01\ x . Q
By the given equation 2x+y>5 \\
x=0 and y=0 Q

y>5 and x>5/2

Hence open half plane not containing origin. % N
2. Let, Z=CX K

The condition may be ax = bl,ax < b2,x ZQ@

So the objective function of LPP is a fun@t'o@)e optimized.

A=x2+y?=1 \Q

2

x2+y2=1
At (0,0) we have 0 > 1, whic '%g. So the region of set A will not contain the origin.

L @
TS
MA

L N

Here its-all points are outside the set. So option a is incorrect.

B=y?>x

2 _

ye=x

an=_ 1 ‘ g, = Bi-et fi+1 = Yivr (Xn/2)(a-Yi%) : : .
x B +o-nd =* Knst = (Xnl2) (3-axn®)| _ 7 s
ord

k2 e ew X ;
. % 1 ﬂ‘ﬁ " coming =yl s e V0" €7,

coth (2 = | cot GzPMAEZ) =i sin(iz) s "aif{n-x};‘d
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At (0,0) we have 0 = 0, which is wrong. So the region of set B will not containéorigin. l
Option b is also incorrect. Q
.

C=3x2+4y2>5 \\ 1 [a0]

% %
>5+%>1 Q

A o
¥ K ‘

\Q s
. . . . . .. e ar"(rl—l)d

At (0,0) we have 0 > 1, which is .So the region of set C will not contain the origin. =8 2
So option c is incorrect. K F} = F}

Now,D=y>2,y<4

It is only possible w 3

G

So the correct option is d.
1 La0]
[a*Cael

Ciz)

S,"'" 'ﬂ‘g_——‘ad" ity = Yf ¥ (Xn

=" HKaer = (XMI )(3
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%@c 4. A set Ayis convex if, for any two points x1,x, € A and 1 € [0,1] imply that Ax; + (1 —
b D, € A.

Since, here x; and x, are optimal solutions.

Therefore, their convex combination will also be a optimal solution. Hence option b) is

correct.

5. Z=4x+2y subject to constraints 2x + 3y < 18,x +y > 10; x,y = 0

“,
>
N\
o)

We observe having drawn the graph the inequalities of equation, 2x + 3y < 18 is inward

and x +y = 10 is outward. So we are not getting le region and max Z cannot be

determined. A
| 4

S'mg = [

5= é‘ f:‘]_ ]
Nm \ \
luanr."l: w o

< §1\1|: \-’<7 wedyz B
b ! ¥

Graph moves outwards as per given situation. Therefore
o~ p per g

Trys c_mlf"a" Correct option is c&
R 7. By the given const@, et’s plot the points in graph,

(0304

1 La0]

we are getting unbounded
fa® Lae]

region. So max Z can not be determined. Ciz)
o +b)®

Ein (%)

i +1 = Yi+ (Xu/2)(a-Yi?)

i - .
e G e Ve
x agetind = Kt = (Xnl2) (3-axn®) '.

Aty -.'.'I"L.-- S . "1 comini= wmalelny slet NV G" €. coth (2) = | cot (izPpMLZ) = sin(iz) @A =3¢ (n-0d

. = W
- ]
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8. By the given condition:

¥

\<Q<—b
t t Kt t o«
¥ _D\/\& "

e

The shaded region represent the feasible region of the given LPP. Redundan@traint
is2x+y =10 Q

Xuations,
3x+4y=24, 8x+6y=48, x=5, y=6, x=0, y=0

Solving for corner points we obtain (0,0), (5,0), (5,4/3), /7,2;;7), (0,6)
t

*

9. Let’s convert the given inequalities into equations, we obtain the foll

Calculating value of Z at these corner points, we see ximum value of objective

function z is 24 which is at (5,4/3) and (24/7,24/7).
10. The optimization of the objective function of ‘L@gemed by the constraints. Therefore,
if the constraints in a linear programmin are changed, then the problem needs to
be revaluated. %

@)

ptimal solution, it has an infinite number of optimal

optimal value is 24.

11. It is known that the optimal solutii'o P either exists uniquely, does not exist or exist

infinitely. So, if an LPP admit:

>

y two points from negative and positive x-axis, if are joined

solution.
12. [x|=5 is not a convex

will not lie in the s@ﬁ e option a,b and d is a convex set. So correct option is c).

fi +1 = Yi+ (Xn/2)(a-Yi%)
Knwr = (Xg‘ﬂ)(s'ﬁxp?)
coth (2) = | cot Gzy

Gp= Dot

=¥

¢ O1+n-1d

z 2
D 1% compne ikl etV
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o1+ 20, < 18

3
\(2.6|

%@ c 13. By the graphical method:
b

x <6

<4

00)}

(4,0)

Checking co-ordinates,
At (0,0), z=0

At (4,0), z=12
At (4,3), z=27
At (2,6), z=36
At (0,6), z=30
Hence zmax=36 at (2,6)

14. Draw graph and observe that every point in the ﬁrstq@ satisfies these inequalities. So
the first quadrant is the region represented by in@ s
-

15. Drawing graph,

-2

The points OA @?easible region of LPP. Now checking the points O,A,B,C
7(0,0)=0 K\ %

7(0,35)=35
Z(40,15)=55
7(95/2,0)=47.5

'S

Z 1s maximum at (40,15)

16. In LPP, we substitute the co-ordinates of vertices of feasible region in the objective function

and then we obtain the maximum or minimum value. Therefore, the value of objective

x @y+n-12d

WAy

2

d

function is maximum under linear constraints at any vertex of feasible region.

Sn - a.L -—'a ‘_!\-

T ‘fﬁ l' cominim bl s le Y05 6

i +1 = Yi+ (Xu/2)(a-Yi?)

Kt = (anﬂ)(}-axn")

coth (2) = | cot (izpMh(Z) =i "s‘.r'-.ﬁc_i-g)

lp = At (n-d



@n =3+ (n-1)d
exp fixorh) -F ()

1N o
z -F

L t
17. Z=px+qy

Corner  Value

Points of z

(0.,0) ¢

(5.0)  5p .
(3.4)  3p+4q Q\\Q
O

(0,5) il K% N

Now comparing value of z @
.
Value on (3,4) = Value on (0,5
(3.4) (0.5) N\ -
3p+t4g=5q
0 e ar“(fkl)d
3p=q @ oth) =F (te)
18. Z(15,15)=Z(0,20) {\, P
15p+15q=20q @. |

15p=5q

3p=q

19. Z(1,1)=Z(3$ .
ptq=3

q

1 [a0]
I Lol

Ciz)

ﬂ;—‘a.r‘

T et : |
=% Wast = Xaf2) (3




Corner Corresponding value

points of 2 = 4x + by
(0,2) 12 (minimum)

(3,0) 12 (minimum) @

(6,0) 24 \
Q

(6,8) 72 (maximum) O

(0,5) 30

&
So max Z=72 \

PR 21, From previous table it is clear that mini alue is 12
Cos 4R

Hence Max Z-MinZ=60
x* - a \
22. K
Corner points @@ 4y

-16 (minimum)

(0,4)

- dioagen Jita = it On/2)(a-i%)
=t 2

U .
I=r X‘H"‘f = (Xn!2)(3"ﬁxu") éD )(:s)l,'
2
; ‘ﬂd 1 coming = ki sle 0" &

cotw (2) = [ cot Gzpmhi(zy = i sinliz) A =d¢in-1d



ﬁn B aur{'n-i'ﬁd
exp Flxorh) =F (ra)
rn 3

i

23.

Max z = 300<325

24.
Minimum of z=-32 at (0,8)

M=y 2

e ar“(fkl)d
gi"\-} 'F (ﬁq}

.

1 [a0]
I Lol

Ciz)

ﬂ;—‘a.r‘

T et : |
=% Wast = Xaf2) (3




2ab + bt

=f 140934
2

al = (x+a) (x

25.
Max Z =15 at (5,0)

26. From previous table MaxZ+MinZ=15-32=-17

27.

81,2
™
ES:“UI Q
We used dashed as y>6-2x/3 ¢
Hence half plane that neither contains origin nor th on the line 2x+3y=6.

28. The objective function of linear programming prQ to minimize or maximize the

function. * @

29.0bjective function Z=ax-+by, where a ar@constants, which has to be maximized or
minimized, is called a linear objective 1@:’ n

xO
>

E\)
$ R

ag-apen 11 = Yir (Xn/2 a-Yi?)
=r Konst = (Xnl2) (3-axn®)
QA - -

-



