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xE - al = (x+a) (x-a)

DIRECTION COSINES AND DIRECTION RATIOS OF A LINE:

If a line makes angles a,f and y with X-axis, Y-axis and Z-axis respectively then [ =
cosa,m = cos § and n = cosy are called the direction cosines of the line.
The relation between direction cosines of a line is [? + m? +n? = 1.

Numbers proportional to the direction cosines of a line are called the direction ratios of the

: .. : ; +a +b
line. If a,b and c are the direction ratios of a line, then [ = = m = = n=
> 3 VaZ+p2+c2 ’ VaZ+p2+c2 ’
+c
va2+b2+c?

For any line direction cosines are unique but direction ratios are not unique.

DIRECTION COSINES AND DIRECTION RATIOS OF A LINE PASSING
THROUGH TWO POINTS:

The direction cosines and-direction ratios of the line passing through the points P(xq,y1,21)

X2—=X1 Y2—=YV1 22771

PQ ' PQ ’ PQ

and Q(x,,y,, z,)-are respectively given by and (X, — x1,Y2 — V1,22 —
z;)

where, PQ = \/(x; — x1)% + (¥ — y1)? + (25 — 21)?
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LINE:

A line or straight line is a curve such that all points on the line segment joining two points of it
lies on it. A line in space can be determined uniquely, if

1. Its direction and the coordinates of a point on it are known.

ii. It passes through two given points.
EQUATION OF A LINE:

1. Equation of a line passes through a given point and parallel to a given vector

Vector Equation The equation of a line through a given point A with position vector a
and parallel to a given vector b is given by r = a + Ab, where A is a scalar.
Cartesian Equation The equation of a line passing through a point A(x4,y;,2;) and

. . o . . X=X - Z—Z
having direction ratios a,b and ¢ is — 1 YN _ A

b c
If ,Lm and n are the direction cosines of the line, then equation of the line is
X=X V= Vi_27 2
l m n

ii.  Equation of a line passing through two given points =
Vector Equation The vector equation of a line passing through two points with position :3.‘_;52_(1:,:
vectors a and b is given by r = a +A(b — a) where 1 is a scalar. :

Cartesian Equation The equation of a line passing through two points A(x4, y1,21)

. X—x - z—z
and B(X,, ¥y, 2,) is —2 £ - 274
X2—=Xq Y2—=V1 22721

ANGLE BETWEEN TWO LINES:

Vector Form If 0 is the angle between two lines r = a; + Ab; and r = a, + ub,,

bl-bz
22

then, cos 8 =

If two lines are perpendicular, then by. b, = 0 and if two lines are parallel, then b; = Ab,.

Cartesian Form If a4, by, c; and a,, b,, ¢, are direction ratios of two lines respectively, then

aiaz+biby+cqcy

the angle 8 between the lines is given by cos 8 =

Jalz+b12+012.\/a22+b22+622
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SOME IMPORTANT RESULTS:

i.  If 8 is the angle between two lines with direction cosines [, my,n, and l,, m,, n, then
cos@ = l1l, + mym, + nyn,.

ii.  Iftwo lines are perpendicular, then a,a, + b;b, + c;¢c, = 0

0 a b c
iii.  If two lines are parallel, then =+ = = = =2
a; by ¢

SKEW LINES:

If two lines do not meet and not parallel, then they are known as skew lines. QQ

SHORTEST DISTANCE BETWEEN TWO SKEW-LINES:
The shortest distance between two skew-lines is the length of the line se@ erpendicular to

both the lines.
Vector Form Shortest distance between the skew lines r = a@ andr = a, + Ab, is given

_|ICaz=a4).(b1xby)|
7 510 = | [b1Xby| @

The shortest distance between the parallel lines r = @x and r = a, + ub is given by SD =

2
(S

*

N

A o o X=X == Z—Z X=X =
Cartesian Form The shortest distance between the lines =t = X221 = 2721 g 7% — Y70
ap by c1 a by
X2—=X1 Y2=Y1 Z2— @
aq b,
ay b,

2
C2 J(bicz—byc1)?+(craz—cr0q 1bz—a3b1)?

O\

|bx(a2—a1)
[b]

b +] = ‘-!f + Kn Ll _' R-Yf )
C RKaw = (Xnl2) (3-axn®)
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PLANE:
A plane is a surface such that a line segment joining any two points on it lies wholly on it. A
straight line which is perpendicular to every line lying on a plane is called a normal to the plane.
EQUATION OF A PLANE:

i.  Equation of a plane in normal form:

Vector Equation Let O be the origin and 7 be a unit vector in the dire of the

normal ON to the plane and let ON=d. Then, the equation of the plane isr.n = d.

Cartesian Equation The equation of a plane is ax+by+cz+d=0, w Xand c are the

direction ratios of the normal to this plane. b

ii.  Equation of a plane perpendicular to a given vector a ng through a given
point \h

Vector Equation The equation of a plane passin @\ a point a and perpendicular |

to the given point n is (r-a).n=0

.
Cartesian Equation The equation o%@sing through a point (x4, y;,2;) is

a(x —x) +b(y —y) +c(z—2z) =
where a,b and ¢ are direction rat}#pgrpendicular vector.

iii.  Equation of a plane passing through three non-collinear points
Vector Equation The equation of plane passing through three non collinear points a,b
andcis (r —a)[(b=a) X (c —a)] = 0.
Cartesian Equation. The equation of a plane passing through three non-collinear
points A(x4,¥1,21), B(x3,¥,,2,) and C(x3, Y3, 23) 1s given by

X=Xy wY~—V1 Z—Z2Z;
Xo =Xy Y2—=V1 2 — 73
X3 —X1 Ys— V1 23— 73

=0

X1 Y1 Z41
If above points are collinear then |X2 Y2 Z2{ =0
X3 Y3 Z3
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iv.  Intercept form of the equation of a plane If a plane cuts(intercepts) a,b and ¢ with the

coordinate axes X,Y and Z then the equation of the plane is g + % + % =1

v. Equation of a plane passing through the intersection of two planes
Vector Form The equation of plane passing through the intersection of two planes
r.my =d; and r.n, =d, is r.(ny + An,) = d; + Ad, , where 1 is a real number.
Cartesian Form The equation of a plane passing through the intersection of the planes
a1 x +byy+cz+d, =0 and ayx +b,y+c,z+d, =0 is(a;x +byy+ciz+
dy) + A(a,x + by +cz+d,) =0

vi.  Equation of a plane parallel to a given plane
Vector Form The vector equation of a plane parallel to the given plane r.n = d; is
r.n = d,, where d, is a constant determined by the given condition.

Cartesian Form The Cartesian equation of a plane parallel to the given plane ax +
by+cz+d;,=0isax+by+cz+d, =0
COPLANARITY OF TWO LINES :

Vector Form Two lines r =a; + Aby and r = a, + 1b, are coplanar, iff (a, —

a,).(b; X b,) = 0.

Cartesian  Form: Suppose, Cartesian  equations of two lines  are
X—X - Z—Z X—X 5 Z—Z . .
LY _ZA a9 2 =Yz _Z% Then, these lines are coplanar iff
a; by c1 az b C2
X2 =X Y2—V1 2272
a, b; i =0
az b, C2

ANGLE BETWEEN TWO PLANES:

Vector Form The angle between two planes is the angle between their normals.

nin,

Angle between the planes r.n; = d; and r.n, = d, 1is given by cos 8 = NN
1 2

Cartesian Form If 6 is the angle between the planes a;x + b,y +c;z+d; =0

a1a2+b1b2 +c1C

and a,x + b,y + c,z + d, = 0 then, cos 8 =
\/alz+b12+C12.\/a22+b22+C22
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NOTE : If two planes are perpendicular, then n;.n, = 0 or a,a, + b;b, + c;¢, = 0 and if they
are parallel, thenny xn, = Qor 2 =2 =%
ap bz Cy

DISTANCE OF A POINT FROM A PLANE:

Vector Form The perpendicular distance of a point a from the plane r.n=d, where n is normal

lan—d|
[n|

Cartesian Form Distance of a point P(xy, ¥4, z;) from a plane ax+by-+cz+d=0 is gi by
_lax; + by, + ¢z, +d| Q
va? + b?% + c? \\

ANGLE BETWEEN A LINE AND A PLANE:

to the plane, is

The angle ¢ between the line r = a + Ab and plane r.n=d is given by Q = |I DI

1 La0]

I Lavel
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PRACTHICE QUESTIONS

1. If the plane 2ax — 3ay + 4az + 6 = 0 passes through the mid point of the line joining
the centres of the spheres x? + y% 4+ z2 4+ 6x — 8y — 2z = 13 and
x2 4+ y% + z?2 — 10x + 4y — 2z = 8, then a equals
a) -2

b) 2
) -1 @
) &

2. A point moves such that the sum of its distance from points (4, 0, 0@—4, 0,0)is 10,
then the locus of the point is O

a) 9x* — 25y + 25z = 225 @ '

b) 9x? + 25y? + 253% = 225

¢) 9x2 + 25y% — 2532 = 225 &
d) 9x? 4+ 25y +25z2 =225=0 0\®

3. The point of intersection of the line

x-1 _ y-2

__=ﬁandtheplane2®go—z+1=0is
2 -3 4

10 3 5 \

a) (_ ;E!_ ) K

4. A variable plane moves so that sum of the reciprocals of its intercepts on the coordinate
axes is 1/2 Then, the plane passes through
D (33-3)
b) (—-1,1,1)
c) (2,2,2)
d) (0,0, 0)

i e Mioper Tt = i Oinfa)(acy/i=)
K -aji‘(ﬁ'—.i3d n =r : SN (Xn.fﬂ)(3"dxn")

ke _1_ T _gg-ﬁ- Lz) = | cot (iz}

ot = 2ab v b
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5. Thelines 7 = a; + A b, and 7 = @ + u b, are coplanar if
a) G, Xa; =0
b) by X b, =0
©) (@ —a)) % (b xby) =0
d) [@ by b, | =[a5 b b, ]

> QL
S

Q
+

|
S

a)

b)

QU

|

|:u |
S S
Sl

:é’

ST

Qu

|

| S S
S

c) =
e

d) None of the above

x—1

7. Equation of the plane passing through line —

Il
¢|.
w
o
=
o
=
<)
3
<)
=
=
o
(=
=N
=
-
o
=3
o

plane x + 2y + z = 12 is given by ax +,by®z 4 = 0, then
a) a=-8b=2,c=-5 Q\ =y 2
b) a=-9,b=-2,c=-5 Q =3+(n-d
C) a=9,b=—2,c=@

g+‘\-) 'F (’-q}
d) None of the above K

&

8. The value of k so-that the lines x_—_31=y2—;2=? and, xB—_kl=y—Il=% may be
perpendicular i% n by
7
T
10
b) NEa
c) -10

d)%

1 La0]

I Lavel

Ciz)

fi 41 = Yir (xn/2)(a-Yi
Konsr = (Xnl2) (3-axn®)
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9. If O is the origin and A is the point (a, b, ¢) then the equation of the plane through A and
at right angles to OA is
a) alx—a)—b(y—b)—c(z—c)=0
b) alx+a)+b(y+b)+c(z+c)=0
¢) alx—a)+b(y—b)+c(z—c)=0
d) None of the above
10. The projection of a directed line segment on the coordinate axes are 12, 4, 3@ DC’s

of the line are . Q
12 _ 43 \\

2 13’ 13’13 Q

12 4 3
b % mE: O
2 4 3 &
©) 13’13’13 K
d) None of these @

11. The line drown from (4, —1,2) the point (—3,2,3) meets a plane at right angle at the

.
point (—10,5,4), then the equation opr@\

a) 7x+3y+z+89=0
b) 7x—-3y—z+89=0 @0
c) 7x—3y+z+89%'
d) None of these ®
12. The equation of th@ﬁh passing through the point (1, 1, 1) and containing the line of
intersection of the planes x + y +z = 6and 2x + 3y + 4z = 12 is
a) x+y+z=3
b) x +2y+3z=6
) 2x+3y+4z=9
d) 3x +4y+5z=18
13. A line makes the same angle 6 with each of the x and z axes. If the angle 8, which it
makes with y-axis, is such that sin? 0, then cos20 equals
a) 2/3
b) 1/5
c) 3/5
d) 2/5

S = By-2et :'.f'+',1 - ‘-ff%- Xn/a ] a—Y{ )
o A il

—>x 3 +(n-1d 7 Kt = (Xnl2) (3-axn®)

Laghyr a | P
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14. If the straight linesx = 1+5s,y =—-3—1s,z=1+Asand x =§,y =1+4+tz=2-—

t with parameters s and t respectively, are coplanar, then A equals

a) -2
b) -1
1
C) — E
N
15. Let L be the line of intersection of the planes 2x + 3y +z = land x + 3 =2.1f

.
L makes an angle o with the positive x-axis, then cos a equals \\
L
a) 5
1 O
&
c) 1 K
d) = lQb

16. Equation of plane containing the line x—;x‘=\@l = z;ZI and parallel to the line x;xz =
1 1 2
yy: _ =% o

o W 1S
=a|+(rl—1)d
X=X Y—Y1 23—

g-{"\-} 'F (’-q}
a) a; b, \ 0
X2 Y2

-F
&
X1 1 31
X — Xl%— Vi Z— %1
@~§§0 by ¢ |=o0
d b, cy

d) None of the above

1 [a0]
I Lol

Ciz)
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17. The line through i+ 3j + 2k and perpendicular to the lines # = (i = = E) +
A2t +j+k)and, 7 = (21 + 6] + k) + u(i + 2] + 3k) is
a) 7= (1+2j—k)+A(-i+5f—3k)
b) 7 =1+3j+2k+A(— 5]+ 3k)
¢) #=1+3j+2k+A(i+5j+3k)
d) #=1+3j+2k+A(-t—5j—3k)
18.In AABC and mid points of the sides AB,BC and CA are respectée@,0,0),

AB2%4BC?+cA?

(O, m, O)and (0;01 n) Then’ (l2+m2 +n2)

is equal to ‘\
a) 2 Q\
O

b) 4
c) 8 % N
d) 16 K
19. If direction cosines of two lines are proporti@%o (2,3 — 6)and (3, —4,5) then the

acute angle between then is -

a) cos™! (g) C)Q\
b) cos™! (%f) \Q»
c) 96° K
d) cos™! (g) &
20.If P(x,y,z) is m on the line segment joining Q(2,24) and R(3,5,6) such that the

projections of OP on the axes are %,? and 25—6 respectively, then P divides QR in the

ratio
a) 1:2
b) 3:2
c) 2:3
d) 1:3

Yi+1 = i+ Ofn/2)(a-YiZ)

x @y +(n-1d . 1=r Kot = (Xn/2) (3-axn®)| | a X=yg2

A= Tahr b e .--1 comon = gl sbe VR €, coth (2 = [ cot GzpMhiZ) =i sin(i2) Ay =3din-0d
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21. Equation of plane containing the lines
T=i+2j+k+A0+j+K)and ¥ =1+ 2f + k + u@ + 2j + 2k) is
a) T=1+2j+k+A(1+j+2k)
b) F=i+j+k+A0+2j+k)+pu(i+2j+k)
o) r=1+2j+2k+A(0+j+k)+pu(i+2j+k)
d) r=i+2f+k+A0+j+k)+pd+2j+2k) ‘
22. There is point P(a, a, a) on the line passing through the origin and qual?@d with

axes. The equation of plane perpendicular to OP and passing % P cuts the SEETH

intercepts on axes. The sum of whose reciprocals is

\
a) a O
b \%’
c) — AQ
d) @
23. The position vectors of points A and@- j+3kand 31+ 3]+ 3k respectively. M=y 2
The equation of a plane is 7 - (5 i j—7 A) + 9 = 0. The points 4 and B =Br(n-1)d

a) Lie on the plane &\'

the plane

L 4

b) Are on the same si
c) Are on the (ﬁ&de of the plane
d) None of these
24. A sphere of constant radius 2k passes through the origin and meets the axes in 4, B, C.
The locus of the centroid of the tetrahedron ABC is
a). x% +y?+ 3% = 4k?
b) x%+y%+3z2=k?
c) 2(x? +y?+3%) =k?
d) None of these

1 La0]

I Lavel
Ciz)



(bx¢&+éxa+axb)=0

=

(=3
=
H

F-(bx¢+éxa+axb)=[abd
f-(@x(b+ &) =[abd]
d) t-(@+b+ &) =0
26. What are the DR’s of vector parallel to (2, —1,1) and (3,4, —1)?

) oo &\Q
O

¢) (-1,5,2)

d) (=1,-5,—2) 2 \%

27.In a three dimensional xyz-space, the equation x = 0 represents

a) Points A
%,

(]
~'
H

b) Plane B

c) Curves Q\

d) Pair of straight lines
28. The direction cosines of a | @zﬁly inclined to three mutually perpendicular lines

having direction cosines 1N L, my,ny; L3, ms, ng are
a) L+ +1;,m 2 +mg,ng +n, +n3
b) ll+lz+13 m 2 3 Nit+ny+ng
V3 W3 B

li+l+l3 my+my+mg ni+n,+ns
) N Y 3 ’ 3

d) - None of these

29. The equation of the plane through the point (1, 2,3) and parallel to the plane x + 2y +
5z =01is
a) x—1)+2(y—-2)+5(z-3)=0
b) x+2y+5z =14

c) x+2y+5z=6
d) None of the above

fi +1 = Yi+ (Xn/2)(a-Yi%)

x a+ond o iew Kt = (Xnl2) (3-axa?)

1. = (ash 5 a It T —
ﬁ = ﬁnh + b L aghy’ 1 L A e BQ“‘ LZ) = r c'ai."_ iz}
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30. The shortest distance between the lines # = (5¢ + 7f + 3k) + A(5{ — 16§ + 7k) and, # =
9% + 13 + 15k + pu(31 + 8f — 5k), is
a) 10 units
b) 12 units
c) 14 units
d) None of these
31. The equation of the plane passing through the intersection of the planes x +@~ 3z + ‘

.

N\

a) 3x+2y+z+1=0 \\ 1 La0]
b) 3x+2y+3=0 OQ
c) 2x+3y+z=0
d x+y+z=0

4 = 0and 4x + 3y + 2z + 1 = 0 and the origin, is

2

%

32. Ifthe plane 3x + y + 2z + 6 = 0 is parallel to th&

of 3a + 3bis 0\@

—y= %, then the value

L s
) )

2 ® o+W) =F Gto)
0) 3 {\. FF]
d) 4 % £

33. The shortest distan@en the skew lines I;: F = &; + Ab; L,: ¥ = &, + ub, is

az=a3)-d,xb,

b) S

c) laz—E)z)'i_fMi’ﬂ
|byxb,|

d) |51—|::2)'i:1><52|

1X3| 1 [a0]

I Lavel

Ciz)

fi +1 = Yi¥ (Xn

n/d )(a-Yi
Kaer = (Xnl2

) (3-axn®)
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34. The equation of the plane through the line of intersection of planes ax + by + cz + d =
0,a’'x+b'y +c'z+d = 0 and parallel to the liney = 0,z = 0 is
a) (ab'—a'b)x+ (bc' —b'c)y+(ad' —a'd) =0
b) (ab' —a'b)x + (bc' —b'c)y+ (ad' —a'd)z=0
c) (ab'—a'b)y+ (ac'—a'c)z+ (ad' —a'd) =0
d) None of these
35. P,Q,R,S Are four coplanar points on the sides AB, BC,CD, DA of a skew q@ilateral.

.
a) -2 \\Q
b) -1 Q
c) 2 O
d 1 x
36. The coordinates of the foot of the perpendiculﬁ@ om the point A(1,0, 3) to the

AP BQ CR DS
The product—-—Q-—-—equals
PB QC RD SA

2

join of the points B(4,7,1) and C(3,5, 3) ar@
.
a) (5/3,7/3,17/3)

b) (5,7,17) Q\

c) (5/7,=7/3,17/3) @0

d) (=5/3,7/3,-17/3 \
37. Consider the following @Snts:

I Line joinin (4, 3, 2) is parallel to the line joining (5, 1, —11), (8, 2,—8)

II  Three concurrent lines with DC’'s(l;, m;n;)i = 1,2,3 are coplanar, if

L, My,
l2 m, n,| = 0
lz m3 ng
HI ~ The plane x — 2y + z = 21 and the line x—;l = yz;z = % are parallel

Which of these is/are correct?
a) (1)and (2)
b) (2)and (3)
¢) (3)and (1)
d) (1), (2) and (3)

Yoty = \-‘ffi- Xn/Q _ R-Yf )

A= G = Bu-mieh |
>x +n-12d . f=r Knst = (Xﬂfﬂ)(3""-"":)

1 com g = wrimlelay L e V" €7, BQ“‘ ‘,Z) o r cot (iz, ;
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38. If the straight lines xk;l — 2= —- and === % intersect at a point, then the

integer k is equal to
a) -2
b) -5
c) 5
d) 2
39. The vector equation of the plane passing through the origin and the line of i@ection

t Lan]

ofthe plane F-3@ = land £+ b = p, is

a) F-()\é’—ui))=0 Q L i2)
b) ¥ (Ab—pd)=0 O Sk
¢) £-(Ab—pd) =0 %. in (x)
d) #-(Ab+pd)=0 K

40. The line passing through the points (5,1, a) an&Ab 1) crosses the yz-plane at the

point (0, ﬁ, — —) .Then, N

2 2 \ e
a) a=8b=2 C)Q =@ (n-1)d

g+‘\-) F Cro)
b) a=2,b=8 @, ,, -F
c) a=4,b=6 K\o
d) a=6b=4 %
41. The equation of t containing the line 7 = + j + A(Zi e 4]2), 1s

(4212 0) =3

(i+2/-k)=6

0

a)
b)

o) (-1 — 27 + k) :
d) None of these l

42. The intersection of the sphere x2 + y2 + z2 + 7x — 2y —z = land x? + y? + z% —

=

3x + 3y + 4z = —4 is same as the intersection of one of the spheres and the plane is HELR
I Lavel
a) 2x—y—z=1 Ciz)

: 1
b) 2x+y+z=1 g

c) 2x—y+z=1 m(&)

d 2x+y+z=1

fi +1 = Yi+ (kn/2)(a-Yi%)

S:: aj_—-'a'ﬂ'n

¢ dg+(n-1dd t=X Wan = (Xanl2) '_(3"""6!- )
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C,O&i'f 140934

K= iy
z" 2z l'-i wi
x"’}\ﬁl = (_J(fa) (.‘*.—ﬁ)

sk Exd - iaady I

43. A line makes acute angles of a, B and y with the coordinate axes such that
cosacosP =cosfcosy = % and cosycosa = %,Then cosa + cosf +

cosyis equal to

a)%5
b)g
c)E
3
d = .Q@

44. The vector from of the sphere 2(x? + y? + z%) — 4x + 6y + 8z Q is

2 Fo[f-Qi+j+k)]=2 Q)

=

b) F-[F— (2i - 3j - 4k)] = K%’
o) F-[i—(2i+3j+4k)] =2 @
d Fo[F-(20-3-4k)]=2 A

45. Let a plane passes through the point ,1) and also passes through a line joining
the points Q(0,1,1) and R(0,0,2). Then the distance of the plane from the point (0, 0, 0)

is \Q.

a) 3 K
b 0 >
c) @
d Z_\ A?‘
46. If the direction ratio of two lines are given by 3lm —4in + mn =0 and [ + 2m +

N Sl

3n =0, then the angle between the line is

T
a) g
T
b)Z
T
C) E
E
2

d)

i +1 = Yi+ (Xu/2)(a-Yi?)

n= { S - a;—éa'l‘n’
x Byeand e Konst = (Xnl2) (3-axn®)

Gl fab y b e .-"1' comirt eyl e . coth (2 = [ cot GzpMhiZ) =i sin(i2) Ay =3din-0d

WAy
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47. A mirror and a source of light are situated at the origin O and at a point on 0X
respectively. A ray of light from the source strikes the mirror and is reflected. If the
direction ratios of the normal to the plane are proportional to 1, —1, 1, then direction

cosines of the reflected ray are

48. If a sphere of radius r passes through the origin, then the ex Qsof the diameter
parallel to x-axis lie on each of the spheres 6
a) x2+y2+z24+2rx=0 K

b) x2+y2+2z2+2ry=0 !@
c) x2+y?+32+2rz=0 @
2 2 2 \

d) x*+y*+3 +2ry+2rz!Q
49. If Iy, mq, ny and [, m,, n, are direction cosines of the two lines inclined to each other  Foive o
at an angle 6, then the direct& es of internal bisector of the angle between these

lines are

ll+lz mi+m,
a) 2 sin®’ 2sin® 0
SlIl2 Sin S 2

b) l1+lz mitm, nitn;

0 0 0
2 cosE 2 cosE 2 cos;

li=l;» mi—-m, ni—n
c)121212

.0 .0 )
ZsmE ZsmE ZsmE

d li-l; my—-mp; ni—ny
) S o 3o "2 cadd
COSZ COS2 COSZ

50. The equation of the sphere touching the three coordinate planes is
a) x> +y?+z°+2a(x+y+2z)+2a*>=0 JEx0]
b) x*+y*+z2—2a(x+y+3)+2a*>=0 ‘(‘:;1
¢) x2+y?+z2+2alx+y+3)+2a2=0

d) x> +y?+3%+2ax+2ay+2az+2a*2=0

K = (Knlﬂ) (3-axn® )



1. A 26.A
2. B 27.B
3. D 28.B @
4. C 29.A N Q
5. D 30.C \\
6. C 31.B Q
7. C 32.B O
L 2
8. B 33.A K%
9. C 34.C @
10. C 35D A
11.B 36. @
2B >
13.C 0@,]3
14. A \@ 398
15. A @& 40.D
16.C @ 41.A
17.D % 42.A
18.C $ . 43.C
19. A 44.D
20. A ~& 45.D
21.D 46.D
22.D 47.D
23.C 48.A
24.B 49.B
25.B 50.B

an = ! ' S = Br-ae™ Vi 44 = Yfi- Xn/d a-—Yf ) y :
x B +(n-1d : 1=r Knst = (Xm_fﬂ}(}‘d)(ﬁ.,') «5’ : )"”f:

Ly d 1
z —cﬁ ; comin = bl sle™ NS €.

coth (2) = | cot (izpMh(2Z) = i en@iz) An=3d¢n-0d
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HINTS AND SOLUTIONS 5

1. Centre of given sphere are C;(—3,4, 1)and C,(5,—2,1)

5-3 4-2 1+1

2 ) P(1,1,1)

So, midpoint of C;C, = P ( 5

Now, the plane 2ax — 3ay + 4az + 6 = 0 passes through the point P.
~2a(1)—3a(1)+4a(l)+6=0=a=-2

2. Let the point is P whose coordinate are (x,y, z) and the given points ar ,0,0) and
(—4,0,0) ~ PA+ PB =10 \\
JE—2+y2+22+/(x+4)2+y2+z2=10 ...(i) Q
Also, [(x +4)2 + y2 + z%] + [(x — 4)? + y? + 57] O
And [ (x + D2+ yZ + 22 +[(x — 4)? + y2 + 22 K
[V (x+4)2+y%+ 22 —/(x —4)? +y? +z2] é
[+ 42 +y2+ 22— /(x — 4)2 + y2 -@ 0% (i)

On solving Egs.(i) and (i), we get Q
2 =Hd+(n-
+625+200x n

= x% + 8x + 16 + y? +%K

= [25x2 + 400 + 200x +25y?% + 25z2 ] —16x% — 625 —200x] =0
= 9x? + 25y? + 253% = 225

3. Given equation line is
x—1 ~\0 2 _z+3

2 -3 4
Any point on the line isP(24 + 1, =31 + 2,44 — 3)

=1 [say]

Since, these point lies on the given plane.

W22+ D +4(-31+2)—(41—-3)+1=0=

~ Required point is P (?, - %,g)

4, Let§+%+§= 1 ...



a = Zab + b* -

Conh e -t 1N

5. Given lines pass through points P(a;) and Q(a;) and are parallel to vectors Eand
Erespectively. If the lines are coplanar, then
PQ L (b, xby) = PQ - (b; X b;) =0
= (@ — @) (by X b;) = 0 = [a; by by] = [a7 by by]

6. The straight line # = @ + A b meets the plane 7 - 7% = 0 in P for which 4 is given by
e YN o a-n
(a+/1b)-n=0:l=—_,—_)
b-n

. Q
Thus, the position vector of Pis 7 = d (%) b Q\\

7. Equation of any plane passing through given line is O
alx—1)+bly+1)+c(z—-3)=0 ...(0) N
Above plane is perpendicular to the plane K%
x+2y+z=12 AQ

~a+2b+c=0

*
Also, normal to the plane is perpendi%\@hne

~2a—b+4c=0

a b c a b D
- — = — = - - =

8+1  2-4 -1-4 9‘@
“9(x -1 -2(y+1)—=5(z—-3)=0
=>9x—2y—52-l}5
~a=9b=-2,c==5

8. Given lines will be perpendicular, if

—3><3k+2k><1+2x—5=o=>—7k—1o=o=>k=—§

Equation of any plane passing through (a, b,c)is a'(x —a) + b'(y —b) + c'(z—¢) =
0
DR’s of 0A = (a, b, ¢)

Since, plane (i) is perpendicular to the line OA, therefore its DR’s is proportional to

(a, b, c) « Required equation of plane is a(x —a) + b(y —b) +c(z—<¢c) =0

S = By-2et :'.f'+',1 - ‘-ff%- Xn/a ] a—Y{ )
o A il

—>x 3 +(n-1d 7 Kt = (Xnl2) (3-axn®)

Laghyr a | P
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10. DC’s of line = (o= : =) =(212) _

V122+42+32°122+42+32°1/122+42+32 13’13’13

11. Since, the line passing through the points (4, —1, 2) and (-3, 2, 3). So, the DR’s of the
line is (4+3,—1—2,2 —3)ie, (7,—3,—1). Since, the line is perpendicular to the
plane therefore DR’s of this line is proportional to the normal of the plane.
~ Required equation plane is
7x+10)—-3(y—-5)—-1(z—-4)=0=7x—-3y—2z+89=0

12. Equation of plane containing the line of intersection of planes is @
(x+y+2—6)+A2x+3y+4z—12) =0 ’\\Q
Since, it passes through the point (1, 1, 1),
~(14+14+41-6)+21(2+434+4-12)=0= -3+ A(— = 1=-1
Hence, required equation of plane is % .
x+y+z—6)—(2x+3y+4z—-12)=0 K
i.e, x+2y+3z=6 AQ

13. Since, 2 +m? +n? =1 .
= c0s%0 + cos?B + cos?0 =1 Q\ =y 2
[~ 1 = cos®,m = cos 3, given] C) =~ Btn-tid
= c0s20 + cos?p \@'
But sin? = 3 sin? 0 K
~ 3sin%0 = 2cos?0 ®
:3=5cosze=>’(c;6=§

14. Given lines can be rewritten as
1 _ &K\ !

_Sandx—o_ _ 2_t
1 ol A 1 2 -2 2

Since, two lines are coplanar.

1-0 -3-1 1-2 1 —4 -1
1 A A l=0=|1 =A A|=0
1 2 -2 1 2 =2

=121 -2)+4(-2-20)—-112+1) =0 1 [0

I Lavel

= —8—-4A-2-A=0=> A=-2 ¢iz)



_t el i T

a’“ = Zab vt ::_La

o e X =W
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C,os—=~ e 2w

xr- al = (x+a) (x-&)

z
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15. Let the direction cosines of the line L be [, m, n. Since, the line intersect the given planes,
then the normal to the planes are perpendicular to the line L
v~ 2l+3m+n=0 ...()
andl+3m+2n =0 ....(i0)

From Egs. (i) and (ii), we geté = _ﬂg = g =k [say]
We, know, 2 +m?+n?=1 @
. 2 4 (—2k)2 2 — — 1 .
w BRI+ (=32 + Bk =1=k=1x \Q
. l — i - — i
nl==cosa=— Q
16. Do it yourself. O
17. The required line passes through the point i + 3j + 2k grpendicular to the lines

?:(i+2j—l€)+,1(2i+j+12)and,?=(2i+6®¢ +u(l + 2] + 3k)

Therefore, it is parallel to the vector b= @ + E) X (i + 2]+ 3]2) = (i +5j +
.

3) \
Hence, the equation of the required li r = (i +3j + 275) + A'(f — 5j + 3k)

=>7=(0+37+2k)+ A(—@zk), where 1 = =2’

18. From the figure K
C(xs’ Yy Z3)‘A®

(0, m, 0) (0,0,n)

(xz’yz’ Zz) (1,0,0) (x1’y1’Z1)

X1 +x2 = Zl,yl +y2 = O,Z1 +Z2 = O,

X +XS = O,yz +y3 = Zm,ZZ +ZS = 0, and X1 +x3 = O‘yl +Y3 = O, Z1 +Z3 =
2n

On solving, we get the coordinate are A(l, —m, n), B(l, m, —n) and C(—[, m n).

. AB2+BC2+CA%? _ (4m2+4n?)+(412+4n?)+(412+4m?)
T 124m24n2 12+m?2+n2

8

—sx DA T I K = (Xnf2) (3-axa®; ‘
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19. Since, direction cosines of two lines are proportional to (2,3, —6)and (3, —4,5)

[2x3+3x(—4)—6X5| |6—12—-13| _1 (18V2
5 COS = = = 0 =cos " (—
V22+32+(-6)2,/32+(—4)2+52 V4950 35

: 3A+2 5A+2 6A+4
20. The coordinate of P are( , ) )
A+1’ A+1 A+l

P(x,y,2)
0(2,2,4) —R(3.5,6)

. . .. 32 _ 13
Since, the projection of OP on x-axis is Vel

t Lan]

A 5
=>15A+10=13A+13=>A=§ Q@

21. Do it yourself \\ fa*Lao]
L Ciz)
22. v 0P =vVa?+a?>+a?=+3a OQ a v bt
1 1
~ DC’s of OP are T A7

%0 Bin(x)
Equation of plane is K
x+y+z=3a=_ +—+i—1 :@

3a

-~ Intersection on axes are 3a, 3a and 3are ively

N

23. The position vectors of two giv. Qs are d —j + 3k and b=30+ 3j + 3k and
the equation of the given p & : (5i+ 2j — 7k) +9=0or,7-n+d=0

S f th Is=— + —
um of their reciprocals = o~ = 3aCn-1d

g+‘\-} F(ﬁq}

»—F
Wehave,d -7 +d = ( 3k)-(5i+2/—7k)+9=5-2-21+9<0
and, b7l +d = (31 +3] +3k)- (51 + 2/ —7k) +9=15+6—21+9 >0

So, the points d and b are on the opposite sides of the plane

24. Equation-of sphere OABC is x2 + y? + 3% — ax — by — cz = 0 where ,a2+l;2+c2 _

$ l
= a?+b%+c?=16k* ..(»0)

Let (a, B,v) be the centroid of the tetrahedron OABC, then a = %, B=

ST

< (0]
=- \
N4 2 (5

I Lavel

From Eq. (i), a® + B2 + y? = k? ¢iz)
o +b)t

Locus is x2 + y? + 52 = k?
Sin(x)

i +1 = y; ¥ (%Xn a } a—___Yf

Gn=__1 _. S = By-94r" e
>x Og+(n-Dd =¥ Knwr = (Xul2) (3-axn®)

— 7 ﬁ‘ L conine gl e Y e coth (2) = | cot Gz
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A" = Zab + b = (a2

Ao oo X EL W
[ * -_—
C,m?:— gt & W

x"—Aal (x+a) (x-a)

25. Let P(T) be any point on plane
Clearly F — & will be in linear combination of b — @ and € — &
= f—2a,b—2a &—awill be coplanar
> @E-3){(b-3a)x(E-a)}=0=>F-3a) {bxc+axb+éxa}=0
=F-(_f)x3+é’x5+§x_l3) =[@b ¢

26. Required DR’sare (3 —2,4+1,—1—1) ie, (1,5,—2).

27. Given equationis x2 = 5x + 6 = 0 N QQ
> (x—2)x-3)=0>(x—2)=0or(x—3) =0 \\
Which represents a plane Q

28. Do it yourself.

29. Equation of plane passing through the point (1, 2, 3) is % -
Ax—1)+B(y—-2)+C(z—-3)=0 ...(0) K
Since, plane (i) is parallel to plane x + 2y + 5z =
=>A=1B=2C=5 N
Putting these values in Eq. (i), we get
x—-1D+2(y—2)+5(—-3) = @he required plane

30. Do it yourself. \

31. Equation of plane passi gh the intersection of given planes, is
(x+2y+3z+4) +3y+2z+1)=0 ...(J)
Plane (i) is passing through the origin ie, (0, 0, 0)
“4+1=0>21=-4
On putting the value of A in Eq. (i), we get

(x+2y+3z+4)—4(MA4x+3y+2z+1)=0

= =15x—10y—-5z2=0=>3x+2y+3=0

S = By-2et :'.f'+',1 - ‘-ff%- Xn/a ] a—Y{ )
o A il

—>x B +(n-1d f=t Knst = (Xﬂfﬂ}(3"¢¥n")

Laghyr a | P



an =d+(n-1)d
exp fixorh) -F (ko)

e

1
] . g X=3 _y-3  z—1
32. Given line can be rewritten as 53> = — = —

3

Given plane3x + y + 2z + 6 = 0 is parallel to the above line

3
2

22341 (-1)+2-a=0=2a+2b=1=3a+3b=
33. Let PQ be the shortest distance vector between [; and [,. Now, [; passes through A4, (a,)
and is parallel to _61 and [, passes through A4,(a,) and is parallel to_ﬁz. Since, PQ is

perpendicular to both /; and [, it is parallel to _61 X _l))z Q

Ach \\

2 %) Q %0
bixb K

Let 1l be the unit vector along PQ.Then, n =

Let d be the shortest distance between the gi es l; and [,
., — .
PQ|=dandPQ=dn
=9 . : : \ : I : s
Next PQ being the line of shortest d e between [; and [, is the projection of the line
N =@ (n-1)d
joining the points A;(a;) and n

ough the line of intersection of the planes

34. The equation of a .~
ax +by+cz+d=0anda'x+b'y+c'z+d =0is
(ax + by +cz+d)+A(a'x+b'y+c'z+d) =0
s>x(a+ra)+yb+Ab)+z(c+Ac)+d+1d =0 ..(>0)

. o« . X z
This parallel to x-axis i.e., 1= % =3

.-.1+(a+/1a’)+0(b+/1b’)+0(c+/1c’)=0=>/1—%

Putting the value of A in (i), the required plane is

y(a'b—ab")+z(a'c—ac)+a'd—ad =0 1 [a0]
[a*Cael
ciz)




a = Zab + b* -

A _+f 1rcop
C,osz e
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okl - chh 10

35. Let the vertices A, B, C, D of quadrilateral be (xq, V1, 21), (X2, V2, %2), (x3,V3,23) and
(x4, V4, 34) the equation of plane PQRSbeu =ax + by +cz+d =0
Letu, =a,x + b,y +c,z2+dwherer =1,2,3,4
AP BQ CR DS _ (_ 1) (_U2) (_us) (_%a) _
Then, PB QC RD SA ( uz) ( u3) ( u4) ( ul) 1

36. Let D be the foot of the perpendicular and let it divide BC in the ratio A : 1. Then, the

3A+4 5A+7 3 /1+1)

coordinates of D are ( FIEE e e

Now, AD 1 BC @
=>AD-BC=0=>-21+3)—-2(B1+7)—4=0=21= —7/4\\0
So, the coordinates of D are (5/3,7/3,17/3) Q

37. (1) Direction ratio of the joining the points (1, 2, 5) and (4, )is (3, 1, —3) and
direction ratios of the joining the points (5, 1, —11) an@ 38) is (3,1, 3)

= These are parallel

(2) It is true AQ

(3) Direction ratios of the plane x — 2y + 1 are (1,—2, 1) and direction ratios of
the line xT_l = yT—z = :;1 are (1,2, 3 hey are parallel, then 1(1)—2(2) + 1(3) =0
38. Since two lines intersect at a poi shortest distance between them is zero.

k 2 3 \
~[3 k 2]|=0 K
1 1 -2 %
a, by €1
l a, b, c |= 0]
Xo=X1. Ya=V1 22— 71

= k(—2k=2)—2(-6-2)+3B3—-k)=0= 2k?+5k—25=0
=>(2k—5)(k+5)=0=>k=§,—5

Hence, integer value of k is —5

_'a_ﬂ__= | S = Ar-e® :'..i'-sl-'-j_ = ‘-ff%- Xn/a _ R-Y‘f )
—>x DD T T X = (Xn/2) (3-axn?)
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39. The equation of a plane through the line of intersection of the planes ¥-a =
b = p can be written as (F-3a = 1) +k(i"-_13 =p)=0
= P (d+kb)=A+ku ..()
This plane passes through the origin, therefore 0 ( a+k _f)) =A+uk =2k= —%
On putting the value of k in Eq. (i), the equation of the required plane is

F-(uﬁ’—)\_f))=0=> F-(A_f)—uﬁ):O

40. Equation of the line passing through (5,1, a) and (3,b, 1) is 5—3 Xf\% Q)

17 b
Also, point (O,g, - 12—3) satisfies Eq. (i), we get — % = i - §
( “)

From Ist and IlIrd termsa — 1 = ( = q = %
_E K

From Ist and IlIrd terms — 3(1 — b) = 2 @

41. The equation of a plane passing through (2, @15 a(x—2)+b(y—2)+c(z—-1) =
0 N\
This passes through (9, 3, 6) and is @cular to the plane 2x + 6y + 6z —1 =10

~7a+1-b+5c=0and?2 @F&:O:i:L:i:E:B:i
—24 -32 40 3 4 -5

So, equation of the requi &ne is
3x—2)+4(y -2 —1)=0or,3x+4y—-5z=9

42. Given sphere are

=3+ (n-1)d

Si=Ex*+y*+z2+7x—-2y—z=1

S, =x2+y2+2z2—-3x+3y+4z=—4
required equation of plane is

2 +y2+224+7x—-2y—2z—-1)— (x> +y?>+22—-3x+3y+4z+4)=0
[“5—-5,=0=10x—-5y—-5z2=5=2x—-y—z=1

1 La0]

I Lavel
Ciz)



a’“ = Zab vt ::_La

-1
K=

[ 1
Cosi:: v(ﬂ}‘

wi

H 2 &
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43. Given,cosacosfcosy = 5 and cosycosa = 5

2 1 2
Then, cos o = ;,cosB =3 andcosy = 3

cosa+cosB+cosy=§+§+§=§
44. Given, equation can be rewritten as x? + y? + z2 — 2x + 3y + 4z — g =0
LetF = xi + yj + zk
» Given equation written in vector form is ¥ - [F — (21 — 3] — 4k)] =’§ @
45. Let the equation of plane passing through the point P(—1,—1,1) is \\Q
alx+1)+bly+1)+c(z—1)=0....(1)
Which passes through the points Q(0, 1, 1)and R(0, 0, 2) O
~a+2b+0c=0anda+b+c=0 N

a b c a b c K
- — = s - = — = —
2-0 1-0 1-2 2 -1 -1 !@

From Eq. (i)
.
2c+1)-1(y+1)-1(z—-1) =0 —z4+2=0
. . z ! 0+0+0+2 2
=~ Distance of plane from point (0, OQ) v CF
46. Given, 3lm — 4ln + mn = (\@'

and [+ 2m+3n=0 &

From Eq. (ii), | = —(2m + 3n) putting in Eq. (1)
-32m+3n)m+402m+3n)n+mn=0= —6m?+12n? =0
= m = +V2n

Now, m=+/2n

=1=—(2V2n+3n) = —(2v2+3)n

wlim:in = —(3 + Zﬁ)n: V2nin = —(3 + 2\/7):\/7: 1

Also, m=-V2n=1=-(-2V2+3)n

~limin = —(3 — 2\/5)11: —V2:n

= —(3-2V2): —V2:1 = cos§ = —CG2AE2RHD(NV)H1
(G2 (@) 412 [(3-22) (D) 42

:'..i'»i-'-j_ = ‘-!f + Kn Ll R-Yf)

'} a“ = I _ Sn - m_.al.n

2y +(n-1d =%

yE A ]



ﬁn = dit(n-1)d
exp Flxorh) =F (ra)

n

2 -F

47. Let the source of light be situated at A(a, 0,0), where, a # 0
Let OA be the incident ray, OB be the reflected ray and ON be the normal to the mirror

at0 ~ LAON = £NOB = 2 (say)Direction ratios of OA are proportional to a, 0, 0 and

N SN S
B0

so its direction cosines are 1, 0, ODirection cosines of ON are — 5
Let [, m, n be the direction cosines of the reflected ray OB. Then,

b1 _ 1 om0 1 1
2c0s6/2 \/5'20059/2 - \/5 "2cos6/2 3

ThmeemSisIeme e NN

o . 1 22
Hence, direction cosines of the reflected ray are — 373 Q

48. Let (u, v, w) be the centre of the sphere with radius r. Since, iths through the origin

.
. . ..o XU -V Z—w
s u? + v? + w? = r?. Equation of the diameter paral axis is — = yT =—

As it passes through u, v, w and direction ratios le are 1, 0, 0.The extremities of

=~ The required extremities are P(r + u Q(-r+u,v,w)
P lies on the sphere x? + y? + 32 Q Das(r+uw)?+v2+w?2-2rr+u)=0
r

ly Q lies on the sphere x? + y? + 22 + 2rx =

diameter are the points on Eq. (i) at a distan @ the centre (u, v, w)
d

=8+(n-1)d
Because u? + v? + w? =12 an

0 l

= li+l; mi+my n{+n 0
49. v OC = (A2, Mtz 2iH2) Ang [OC| = cos
g g A 2 2 lLi+l, mi+m, ni+n

So, direction cosines of internal angle bisector are—%, ——*, ——
ZCOSE 2cos§ 2COSE

50. Since, the given sphere touching the three coordinates planes. So, it is clear that centre
is (a,@,a) and radius is a - The equation of sphere at the centre (a, a, a) and radius a
18
x—a)Y+@Wy—-a)Y+(z—a)=a?

3a° =a

= x%2 +y% + 32— 2ax — 2ay — 2az +

2

2 x?2+vy?2 432 —2a(x + v+ 3) + 2a? = 0 is the required equation of sphere



