- SMART ACHIEVERS

Y__E!:B_g Nurturing Success...

Nurturing Success...
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Q1. The amount of pollution content added in air in a city due to x-diesel vehicles is given by
P(x) = 0.005x* + 0.02x* + 30x. Find the marginal increase in pollution content when 3 diesel
vehicles are added.

Q2. The money to be spent for the welfare of the employees of a firm is proportional to the
rate of change of its total revenue (marginal revenue). If the total revenue (in Rs.)
received from the sale of x units of a product is given by R(x) = 3x* + 36x + 5, find the
marginal revenue, when x = 5.

Q3. The total cost C(x) associated with the production of x units of an item is given by
C(x) = 0.007x> — 0.003x* + 15x + 4000. Find the marginal cost when 17 units are produced.

Q4. Find the rate of change of the volume of a sphere with respect to it’s surface area when
the radius is 2cm.

Q5. A balloon which always remain spherical, has a variable diameter %(2){ + 3). Determine
the rate of change of volume with respect to x.

Q6. Find the rate of change of the area of a circular disc with respectto it’'s circumference
when the radius is 3 cm.

Q7. A balloon, which always remains spherical, has a variable radius. Find the rate at which
it’s volume is increasing with respect to it’s radius when the radius is 7 cm.

Q8. Find the rate of change of the area of a circle with respect to it’s radius. How fast is the
area changing with respect to the radius when the radius is 3 cm?

Q9. Astone is dropped into a quiet take and waves move in circles at a speed of 4 cm/sec. At
the instant when the radius of the circularwave is 10 cm, how fast.is the enclosed area
increasing?

Q10. A stone is dropped into a quiet lake and waves move in a circle at a speed of 3.5 cm/sec.
At the instant when the radius of the circular wave is 7.5 ¢cm, how fast is the enclosed
area increasing?

Q11. The radius of a circleyis increasing uniformly at the rate of 4 cm/sec. Find the rate at
which the area of the circle is increasing when the radius is 8 cm.

Q12. The total revenue received from the sale of x units of a product is given by
R(x) = 13x* + 26x+ 15. Find the marginal revenue when x = 7.

Q13. An edge of a variable cube is increasing at the rate of 3 cm per second. How fast is the
volume of the cube increasing when the edge is 10 cm long?

Q14. The side of a square is increasing at the rate of 0.2 cm/sec. Find the rate of increase of
the perimeter of the square.

Q15. The side of a square sheet is increasing at the rate of 4 cm per minute. At what rate is the
area increasing when the side is 8 cm long?
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Q16. A circular disc of radius 3 cm is being heated. Due to expansion, its radius increases at
the rate of 0.05 cm/sec. Find the rate at which its area is increasing when radius is 3.2cm.

Q17. The radius of a circle is increasing at the rate of 0.7 cm/sec. What is the rate of increase
of its circumference?

Q18. The radius of an air bubble is increasing at the rate of 0.5 cm/sec. At what rate is the
volume of the bubble increasing when the radius is 1 cm?

Q19. The radius of a spherical soap bubble is increasing at the rate of 0.2 cm/sec. Find the
rate of increase of its surface area, when the radius is 7 cm.

Q20. The radius of a balloon is increasing at the rate of 10 cm/sec. At what rate is the surface
area of the balloon increasing when the radius is 15 cm?

Q21. If y = 7x - x*and x increases at the rate of 4 units per second, how fast is the slope of the
curve changing when x = 27

Q22. Find an angle 0, which increase twice as fast as its sine.

Q23. A particle moves along the curve y = x* + 2x. At what point(s) on the curve are the x and
y coordinates of the particle changing at the same rate?

Q24. An edge of a variable cube is increasing at the rate of 10 cm/sec. How fast the volume of
the cube is increasing when the edge is 5 cm long?

Q25. A balloon which always remains spherical, is being inflated.by.pumping in 900 cubic
centimetres of gas per second. Find the rate at which.the radius of the balloon is
increasing when the radius is 15 cm.

Q26. The radius of a cylinder is increasing at the rate of 2cm/sec. and its altitude is decreasing
at the rate of 3 cm/sec. Find the rate of change of volume when radius_is 3 cm and
altitude 5cm.

Q27. The length x of a rectangle is decreasing. at the rate of 2 cm/sec.and the width y is
increasing at the rate of 2 cm/sec. When x=12 cm and y = 5 cm, find the rate of change
of (i) the perimeter and (ii) the area_of the rectangle.

Q28. The length x of a rectangle is decreasing at the rate of 5.cm/min and the width y is

increasing at the rate of 4 cm/min.When x = 8 cm and y:= 6.cm, find the rate of change of
(i) the perimeter (ii) area of rectangle.

Q29. A particle moves along the‘curve, 6y = x* + 2. Find.the point on the curve at which the
y-coordinate is changing 8 times as fast as the x-coordinate.

Q30. The volume of a cube is increasing at a rate of 7 cm®[sec. How fast is the surface area
increasing when the length of an edge-is 12 cm?

Q31. The volume.of a cube is increasing at a constant rate. Prove that the increase in surface
area varies inversely as the length of the edge of the cube.

Q32. Aladder 13 m long leans against a wall. The foot of the ladder is pulled along the ground
away from the wall, at the rate of 1.5 m/sec. How fast is the angle 6 between the ladder
and the ground is changing when the foot of the ladder is 12 m away from the wall.

Q33. The surface area of a spherical bubble is increasing at the rate of 2 cm?/s. When the
radius of the bubble is 6 cm, at which rate is the volume of the bubble increasing?
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Q34. A man is walking at the rate of 6.5 km/hr towards the foot of the tower having 120 m high.
At what rate is he approaching the top of the tower when he is 50 m away from the tower?

Q35. A kite is 120m high and 130m of string is out. If the kite is moving away horizontally at the
rate of 52 m/sec, find the rate at which the string is being paid out.

Q36. A water tank has the slope of an inverted right circular cone with it’s axis vertical and
vertex lower most. It's semi-vertical angle is tan™ (0.5). Water is poured into it at a constant
rate of 5 cubic metre per hour. Find the rate at which the level of the water is rising at the
instant when the depth of water in the tank is 4 m.

Q37. A man 2 metres high, walks at a uniform speed of 6 metres per minute away from a lamp
post, 5 metres high. Find the rate at which the length of his shadow increases.

Q38. An air force plane is ascending vertically at the rate of 100 km/h. If the radius of the earth
is r km, how fast is the area of the earth, visible from the plane, increasing at 3 minutes
after it started ascending? Given that the visible area A at height h is given by

A =2n h )
r+h

Q39. A ladder 5 m long is leaning against a wall. Bottom of ladder is pulled along the ground
away from wall at the rate of 2 m/s. How fast is the height on the wall decreasing when
the foot of ladder is 4 m away from the wall?

Q40. A man is moving away from a tower 41.6 m high at the rate of 2m/sec. Find the rate at

which the angle of elevation of the top of tower is changing, when he is at a distance of
30 m from the foot of the tower. Assume that the eye level of the man is 1.6 m above
from the ground.

Q41. The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate
of 3cm/sec. How fast is the area decreasing when the two equal sides are equal to the
base?

Q42. Sand is pouring from the pipe at the rate of 42 cm®/s. The falling sand forms a cone on a
ground in such a way that the height of.cone is always one-sixth of radius of the base.
How fast is the height of sand cone increasing when the height is- 4 cm?

Q43. Water is dripping out from a conical funnel of semi-vertical angle % at the uniform rate

of 2 cm?[sec in it’s surface area'through a tiny hole at the vertex in the bottom. When the
slant height of the water is- 4 ¢m, find the rate of decrease of the slant height of the water.

Q44. Water is dripping out from a conical funnel at a tniform rate of 4 cm®/sec through a tiny
hole at the vertex in the bottom. When the slant height of the water is 3 cm, find the rate
of decrease of the slant height of the water-cone. Given that the vertical angle of the
funnel is 120°.

Q45. An inverted.cone has a depth of 10 cm and a base of radius 5 cm. Water is poured into it
at the rate'of 3/2 c.c. per minute, Find the rate at which the level of water in the cone is
rising when the depth is 4cm.
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MATHEMATICS - Xl | Derivatives as a rate measurer NCERT-Solution

Nurturing Success...

Date: 18/10/2021

s1. Given P(x) = 0.005x° + 0.02x*> + 30x
On differentiating w.r.t. x, we get
P'(x) = 3 x 0.005x% + 2(0.02)x + 30

At x=3
P'(3)= 3x0.005x 9+ 2(0.02) (3) + 30

= 0.135+0.12+ 30
= 30.255

S2. We know that, marginal revenue is the rate of change of total revenue with respect to'the number

of units sold.

. dR
Marginal Revenue (MR) = ax

-4 3x? + 36x + 5) = 6x + 36
_dx( )_
When, X =5,

MR = 6(5) + 36 = 30 + 36 =66

Hence, the required marginal revenue is Rs. 66.

S3. We have,
C(x) = 0.007x>- 0.003 x* + 15x + 4000

d
= EC(X) =.0.021x*> = 0.006x + 15
» 2
— C(x) = 0.021 x 172 +0.006 x 17 + 15
dx x=17

= 6.069+<0:102 + 15 =20.967
Hence Marginal cost = Rs. 20.967

4. = ETEI'S and S =4n’
3
dv
= 9 - an? and g
ar dr
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S5.

S6.

S7.

S8.

dv _ dVidr _ 4nr? r (va
dS ~ dS/dr  8mr 2 "

_: _
ds

Let V be the volume of the balloon. Then

_ 4n |3 3_911: 3
V= ?{4—(2x+3)} -ﬁ-(2x+3)
av _ 9rn , d
= ax E-3(2x+3) &(2x+3)
ﬂ _27n 2
= dx —T(2X+3) .
We have,
A=qxr, C=2nr
= % = 2nr and E=21r:
dr dar

dA dA/dr_2nr_r
dC dCldr 2m

()
= —_
dCJ: s

Let x be the radius and V be the volume of the balloon. Then;

3 cm

4
V= —nx°
3
= ﬂ = 47x?
dx
= (ﬂ] = 47(7)% = 1967 cm?
,dX, X=f

_2
2

=1 cm

Hence the volume is increasing w.r.t. it's radius at the rate of 196 = cm?, when the radius is 7 cm.

Let A be the area of the circle. Then,

A = nr
dA
— Z2nr
= i n
(%] = (2n x 3) cm = 67 cm.
dr r=3
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$9. Let rbe the radius of the circular region and A be its area. Then,

A= nr?
Cal 2:rtr£
= at -~ ot

ar
It is given that ot =4 cm/sec

dA
dt

8nr

When r= 10 cm, e 80n cm?/sec

$10. Let rbe the radius and A be the area of the circular wave at any time {. Then,

dr
A=z and o = 35 cmisec. [Given]
Now, A= nr
A _, o
= a 7 at
%_2 35)=7 [--£=350m/sec}
= dt-rcr(.)- r it
dA \
= — = 7n (7.5) = 52.5m em“/sec.
dt r=7.5

S11. Let rbe the radius and A be the area of a circle at any time t. Then,

dar .
A= m’ \and i 4 cmisec [Given]
Now, =qr’
GA ., dr
- at
dA ) )
= ot = 27 x § %4 cm“/sec = 64n cm“/sec.
r=8
$12. We have; R(x) =.13x* + 26x + 15
= dR(x) = 26x + 26
dx
dR(x)
= d =26x%x7+26=208
X Iz

Hence, marginal revenue = Rs. 208.
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$13. We have,
ax
V=x and i 3,
Now,
v=x®
dv ax
— = 3x* =
= dt ot
= = ﬂ = 9X2
at
4
= (d—] = 9 x (10)? = 900 cm’/sec
- dt x=10
S14. We have,
P=4x and ﬁ =0.2
- at
P=4x
aP _ 4
= dt ot
dP
= — = 4x0.2=0.8 cm/sec
dt
S15. We have,
A= x* and o 4 cm
dt
Now,
A=rx?
2 2x o
- ot~
dA
= ot 8x
dA
— 1| =.64cm?/min
- ( ot )x_a /
S16. Let rbe the radius and A be the area of the disc at any time t. Then A = n/°.
. dr
It is given that o = 0.05 cm/sec.
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S17.

S18.

S19.

Now,

When r=3.2 cm

A=nr?

%—Zrdr
a gt
dA

i 21 x 3.2 x 0.05 = 0.320% cm?/sec.

Let rbe the radius and C the circumference of the circle. Then,

Itis given that

Now

We have,

dv
- ==

We have,

Now

al.

C=2nr
K-O?'cm/sec
dt ‘
C = 2nr

ac _, d

at - Tt

dC

o 21 x 0.7 cm/sec = 1.4n cm/sec.

ar

V= inr‘”’ and —=0.5

dt

dr
= 4nr* ot

= 4n (1) (0.5) = 21 cm’/sec.

ar
S = 4/ and o =0.2
S.= 4nr?
oS _ a
at = o™t
as
= 8 (02)= 16w

1.6m x 7 = 11.21 cm?/sec

$20. Let rbe the radius and S be the surface area of the balloon at any time . Then,

dr
S = 4n/ and i 10 cm/sec.

[Given]
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Now, S=4nr

as _ o dr
= at ™ at
as _ dr
= i 80nr [ E—mcm[sec]
= (d—s] = 80x (15) = 12007 cm?/sec
dt /s
§21. We have
d
m = Slope of the curve = Y _7_3x
ax
Now,
m=7-3x
am _ o
= at % at
dm dm dm dx .
= — = —6x.(4) > — =—-24x = | — ==~48" |+ — =4 (given
dt @ = (dt ]2 [ g+ )]
§22. We have,
9 = Zi(sine) = @=20038@
dt dt dt df
1
= cose=§:>9=n/3.
$23. We have,
y=x+2x
dy ax
— = (2X+2)—
= at = Vot
dy dx .
= 2x + 2 o o—=—
= X+ [ ax - of (glven)]
__1
= X = - >
1 - 2
put X = —Emyzx + 2Xx
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. (_1 _E]
Point is R

$24. | et x be the length of the edge of the cube and V be its volume at any time . Then,

dx
V= x*and at = 10 cm/sec [Given]

Now, v=x3

o}% , dX

— = 3x°—
- ot ot

o }% dx

— = w—=10
- it = A0 5]
= (EK)=3Of

dt

dv

= )T 30(5)* = 750cm’ [sec

x=5

Thus, the volume of the cube is increasing at the rate of 750 cm?®/se¢ when the edge is 5 cm
long.

S25. Let rbe the radius and V be the volume of the balloon. Then,

4 av
V= —nr’. Itis given that=—— = 900 cm®/sec

3 at
4
Now, V= 5”
dVv ar
= gt 4nf? ot
dr dv
= 2 + —=900 and r=15]
= 900.=4r x 15 of [ ot
a1
= i cm/sec.
$26. \We have,

V=nr2h,£=2 and @=—3
dt at

V = nr*h
= v T {2mﬂ +r? ﬁ} [Differentiating both side w.r.t. f]
dt dt dt
dv
— = n[4rh-3r?
= il ]
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S27.

S$28.

When r=3, h=5, we obtain
vV
v _ n (60 — 27) = 33% cm°/sec.
at
Let Pbe the perimeter and A be the area of the rectangle at any time t. Then,
P=2(x+y)and A = xy.
Itis given that
d_x
at
(i) We have, P=2(x +y)

d
= — 2 cm/sec and ?': = 2 cm/sec.

Differentiating both side w.r.t. ¢

aP = 2[d_X+d_yJ

= dt dt  dt

=2(-2 + 2) = 0 cm/sec i.e., the perimeter remains constant.
(i) We have, A=xy
Differentiating both side w.r.t. ¢

“ (&)l

= at ~ Udf dt
dA .

— - =_2x5+12x%x2 [~ x=12cm and y =5cm(given)]
dA ,

- i 14 cm?/sec.

Given the length x of a rectangle is decreasing at the rate of 5 cm/min.
ax ¢ .
— = —5icm/min o (
p { (i)

Also, the breadth y of rectangle is increasing at the rate-of 4 cm/min.

% = 4 cm/min. .. (ii)

To find,
, . A 3OP
(i) Rateof change of perimeteri.e., o

. _ A
(i) Rate of change of areai.e., C:f_t
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where, P denotes the perimeter and A the area of rectangle.
(i) Weknowthat P=2(x+y)
Differentiating both sides w.r.t. t, we get

dP 2[afx dy)

dat dt dt

dP . . . N
o =2(-5+4)=2(-1)=-2cm/min [By using Egs. (i) and (ii)]
P 2 cm/min

dt

(iil) We know that area of rectangle A = xy
Differentiating both sides w.r.t. t, we get

A _ 9y, 9 o d ayr dx
dt dt g [ ox V)= X ydt]

Now, we are given that x=8 cm, y =6 cm

dx d_y

— =-=5 cm/min, = 4cm/min.
dt
dA
= (8x4)+{6x(-5
of ( )+ {6x(=5)}
= 32— 30 = 2 cm/min
% =2 cm?min
at

Note: [f the rate of change is decreasing, we take —ve sign and if the rate of change is increasing,
we take +ve sign.

S$29. Let the required point be P(x, y).Itis given that

Rate of change of y-coordinate =8 (Rate of change of x-coordinate)

dy ax

= T B (1)
at at
Now, By = x° +2
= L/ 3x* — dx [Differentiating both side w.r.t. f]
dt dt
dx 2 ax . .
= —— | = 3x"— Using (i
s[s er - [Using (i)]
= 3x% = 48
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= xX=*4

Now, x=4

= 6y = 4°+2 =66

= y =11

and, X=-4

= By = (—4)’+2=-62
31

— I
3

So, the required point are (-4, —31/3) and (4, 11).

$30. et x be the length of an edge of the cube, V be the volume and S be the surface area. at any

time t. Then,
V=xand S = 6x°
Also, V.5 cm®/sec [Given]
at
d, s
= —(x7) =7
dt( )
= 3x2% =7
dt
= % = 312 [Differentiatingboth side w.r.t. {]
Now, S = 6x°
= @ = 12xd—x
dt dt
aS 7 dx 7
= — = 12x x Vo=
dt 3x? dt  3x?
ds 28
— = = ==
dt X
= (ﬁ) =28 cm?/ sec = 7 cm?/sec.
dt )2 12 3

S31. Let x be the length of each edge of the cube, S be its surface area and V be its volume at any
time t.

Then, S =6x’and V = x°. It is the given that % = k (constant)
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Now, V=x3

Differentiating both side w.r.t. ¢

dv o ax .

— = 3X°— ..
- dt dt 0
= k = 3x2d—x

dt

- ax _ k.

at 3x?
and, S =6x°
Differentiating both side w.r.t. ¢

daS _ dx
= dt = 12)(&

gs _ 12x( K ) Using (i
- ds _ 4k _ dS 1

dt X da x

Hence, the rate of increase in surface area varies inversely as the length of the edge of the cube.

$§32. Let the bottom of the ladder be at a distance x m. From the wall-and the top be at a height y from

the ground. Then x? + y* = 132and tan 6 = 2, j—::1.5.
X

Differentiating both equation both side w.r.t. {,

Ya
x Y _, & B
2xd—x+2yd—y = 0and-secip 0 - —df " df _dt T
dt dt dt X y 13m
Xdy 3y l p
— "IN 0
= 3x+2yd—y =0 and seczeﬂz# o—x—w X
dt dt X
X[ 3_X]_3_J’
dy 3x 50y 00 2y ) 2 [ dx ]
— = ——and sec”0—= v —=1.5
- dt dt X dt
N do _ 3 (xX"xy®) 3 (+y) 3 (¥+y?)
dt 2 x’ysec?® 2 x’y(1+tan’0) 2 [ yzj
Xy 1+~
X
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S$33.

S$34.

= — =—
dt 2y
When x=12, X +y =13
= y=5
@8 __3
dt 10
We have S = 4nr?
as _ dr
= - = -
dt dt
dr ds .
2= 8nr — .. —=2cm?[sec (given
= W [ prv [sec (g )]
. a _ 2 0
t 8nr
Now, V= ircr3
3
= N grp I [Differentiating both side w.r.t. ]
dt dt
dv 2 r o
= AnPx 2 Using (i
= o X T [Using (i)]
- av _,
dt
Hence, (ﬂ) = 6 cm®/sec.
dt
Let at any time t, the man be at distance of x and y metres from the foot and top of the tower
respectively. Then,
B
V2= X + (120)° ()
Differentiating both'side'w.r.t. t
= 2y W =g K g 120 m
dt dt
= d_y = id—x 4 x meter .
dt ydt 0

A (Man)

We are given that % =—6.5 km/hr (negative sign due to decreasing x). Therefore,

... (ii)
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Putting x = 50 in Eq. (i), we get

y = v50° +120° =130
Putting x =50, y =130 in Eq. (ii), we get
dy _ _6.5><50

d ~ 130
Thus, the man is approaching the top of the tower at the rate of 2.5 km/hr.

=-2.5km/hr

$35. We have,

Y2 =x2+ (120 B X
Differentiating both side w.r.t.

dy dx 120m %
= 2y — =2X — N

Yot dt 7y

dy _ xdx
- dt ydt A
= ﬂ = 52 [i] I:... d_X:

dt y dt
Putting y =1301in y?— x> = (1202 = 1302 — 1202 == Xx* = 502
we get x =50.

dy _ 52x50

7 = - 2 )

of 130 0m/sec

S$36. Let a be the semi-vertical angle of the water tank in'the form of cone. Then,

52 m/sec]

1
2

1
o

tan a 5

I
h

N N =

= r

Let VA'B'be the water.cone of volume V. Then,

dVv

—— =5m3[hr [Given]
dt
- dh
We have to find — when h=4 m:
dt
We have,
1T
V=—mnrh
3
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3 \2 12
Differentiating both side w.r.t. t

2
V= ln[ﬁ] h=""_p°

N av _ =, .dh
at 4 dt
- 5= Fuq2 M
4 dt
35
= dh _ izgxl m/h = — m/h.

dt  4n 4 22 "~ 88

Thus, the rate of change of water level is z—g m/h.

S37. o 6 metres/minute [Given]."... (i)

Clearly, triangle ABE and CDE are similar.

A8 _ AE 5
CD CE f
) 5 xry
2 y 5m D
= §=1+£ T
2 y 2'I
3 X x E
— S =5 = 3y = 2x AT Y

Differentiating both side w.r.t.

dt at
= Y Zoe)
at
= d—y =
at

Thus, the shadow increases at the rate.0f4 metres/minute.

$38. ltis given that the plane is ascending-vertically at the constant rate of 100 km/h.

ah _ 100 km/h

dt
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Height of the plane after 3 minutes = 100 x 5—0 =5 km. [Using h = vi]

Now, A=2nP N
r+h
Differentiating both side w.r.t. t
dh d
(r+h)y——=h—(r+h)
= A 2m’2£[—h J= 2nr? dt (,jr
dt dt\r+h (r+h)

dh , dh
2l _p2l

ot (r+hy T (r+hy dt
3 3
= % = 2nr > X 00 = 2007:!-2 |:‘.' @ =100 km/h:|
dt (r+h) (r+h) dt
To find — when t = 3 minutes.

at
Also at t= 3, we have h =5 km.

[d,q] _ 2007r?
dt)  (r+5)"

$39. The ladder when leaning against the wall forms a rightangled triangle with length of ladder equal
to the hypotenuse of the triangle and base and altitude equal to the distance of feot from, wall and
distance of top from ground.

Let AC be the ladder.
Let BC = x and height AB=y

To find (;_y where x =4m
t

From the right angled AABC, by Pythagoras theorem;we-have
(AB)* + (BC)*'= (AC)?

= X2+ =25 (D) A

= @7 +y' =25 T

= 16 + y* = 25 l

= y¥=9 e

y=3
Differentiating Eq. (i) w.r.t. f on both sides, we get
2xd—x+ Zyd—y =
dt dt
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Substituting the values of x, y and % above, we have

4x2)+3 Y = g
ot

= 8+3Xd—y=0
dt
d_y:__am,fs
dt 3

Hence, height on the wall is decreasing at the rate of % m/s.

Note: In a rate of change of quantity +ve sign shows that it is increasing and —ve sign shows
that it is decreasing.

S$40. Let AB be the tower. Let at any time ¢, the man be at a distance of x metres from.the tower AB
and let 0 be the angle of elevation at the time. Then,

tan 6 = &
PC
— tan0 = ﬂ
X
= X =40cot 6 (1)

Differentiating both side w.r.t. ¢

ax
- — = — 40 cosec’d &
dt
£
. dx y @
We are given that ot = 2 m/sec. N
ado 0 X \
2'=< 40 cosec’ — P c
o Q|}1_~‘5 m A
= @ = ——1 (ii)
dt 20cosec?0 -
When x =30, we have
30 3 ) . )
coth = —=— Putting x=30 in Eq. (i
202 [ g q. (i)]
cosec’® =1+cot’0=1+ L
16 1
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N 25 . .
Substituting cosec?0 = % in Eq. (ii), we get

do _ _ -1 __4 radian/sec.

ot 25 125
20 x 22
“16

Thus the angle of elevation of the top of tower is changing at the rate of (4/125) radian/sec.

S41. | et at any time ¢, the length of each equal side be x cm and area of the triangle be A. Then,

A= %BCxAD

2
= A= 1><b><,’)<2—b—
2 4

= A= %\/4;(2 — B

Differentiating both side w.r.t. t

A
dA b d
—— = == \4x*-p?
- ot 4dt
e % = Ex;£(4x2_b2) X X
at 4 2./4x?2 —p? dt
b b
dA ax 2 2

b
— = —————x8
- dt 8\}4x2_b2x th B D C

R dA_ b df
dt  Jax®-p2 dt
= 9A 3RS [ ax_ 3 cm/sec (given)]
dt  Jaxr- ¥ " dt
dA 2
= (—) gy b _ J3b cm?/sec.
dt./ b 4p® - p*

S42. Let V be the volume of cone, h be the height and rbe the radius of base of the cone. Given that,

dVv 3 .
— =12 cm’/s (i
it / (i)

Also, height of cone = % (radius of base of cone)

1
= —r
6

h
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S$43.

To find @
at

We know that, volume of cone is given by

V= —nrh

Putting r=6h from Eq. (ii) in Eq. (iii), we get

V= %n;(eh)2 -h
. v=Z.36h°
3

or V= 12znh°
Differentiating above equation w.r.t. f, we get

WV 12nx3n2. B

dt dt
= LA v . el

dt

Put % =12 cm®/s, h = 4 cm, we get

12 = 361t x16 x@
dt
adh 12
- = -
dt 36nx16
@ = Lcmls
dt  48n '

... (iii)

Let VAB be a conical funnel.of semi-vertical angle % . At'any‘time t the water in the cone also

forms a cone. Let rbe it's radius, /be the slant heightand S be the surface area. Then, VA' = |,

O A'=rand ZAVO' ="~ |

4
In AVO'A’, we have
Vo.r' ¥ ] OIAI OIAI
cos— = =—— and sin—= = .
VA’ VA' 1
i T
= VO'= Icos— and O'A' = /sin—.
4 4
The surface area S of the conical funnel is given by
S = rn(0O'A) (VA" [Using S =mrl]
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nl?

T
TR

= S=nfsin%.f=n123in

Differentiating both side w.r.t. t

. dS _ 2nldi
dat 2 dt
27l dl as
- —2= M2 o —=-2om’ sec]
J2 dt [ dt /
R ar_ 2
at nl
E} J2
= (dt e A cm/sec.

Thus, the rate of decrease of the slant height is % cm/sec.
'

S44. Let at any time £, V be the volume of the waterin cone i.e., the volume of the water-cone VA'B’,
and let /be the slant height. Then,

W3

O'A" =1sin60°= —
2

and VO' = [cos 60° =

!
2

V= %n(O’ A VO

2 7
3 §
V=JWLQ§]GQ=EL v
3 2 2 8
Differentiating both side w.r.t. t
dvV _ 38wl dl :
= — = — ()
dt 8 dt

aVv
We are given that'———=-4 cm®/sec (negative sign due to decrease V).

ot
—4 = 3_75;22
8 dt
al 32
= - =
dt 3nr

When /= 3, we have
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S$45.

di . -32 32
— = =—= cm/sec
dt  3n(3)* 27n

. . . 2
Thus, the slant height of the water-cone is decreasing at the rate of 237—ﬂ cm/sec.

Let o be the semi-vertical angle of the cone VAB whose height VO is 10 cm and radius OB =5 cm.
Then,

5 1
tana= — = —
10 2
Let VV be the volume of the water in the cone i.e., the
volume of the cone VA'B' after time  minutes and h be
the height of water. Then,

V= %n(O’B’)E(VO')

= V= %nhstanza [ tanazﬁz%ﬁo'g:htan&]

= v= Zp? [ tanazl]
12 2

Differentiating both side w.r.t. t

- ﬂ = lg,h?@:Eh?@
dt 12 a 4 dt
— 3. nh” dh [ ﬂzﬁcmalminutes( iven)]
2 4 dt Codt 2 9
dh 6
] _— =
dt nth?
= (@j = Q0" 3 cm/min
dt s [ m(4)? 8z .
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- SMART ACHIEVERS

Y__E!:_B_g Nurturing Success...

Nurturing Success...

MATHEMATICS - XIl | Increasing and Decreasing Function NCERT

Date: 18/10/2021

Q1. Show that the function f(x) = %+ 7 is decreasing for x eR (x # 0).

Q2. Show that f(x) = (x—1) € + 1 is an increasing function for all x> 0
Q3. Prove that the function f given by f(x) = log sin x is strictly increasing on (O,g) and
strictly decreasing on (g, 1:] .

Q4. Show that the function f(x) = x* — 3x* + 3x, x ¢ Ris increasing on R.

X _ﬁ, x # -1 is increasing or decreasing.

Q5. Determine the value of x for which f{x) =

Q6. Find the least value of a such that the function x> + ax+ 1 is increasing on [1,2].

Q7. Prove that the function f given by f (x) = x°* — 3x* + 4x is strictly increasing on R.

Q8. Find the values of a for which f(x) = x* — ax is an increasing function on R.

Q9. Find the values of b for which the function f(x) = sin x — bx + c.is decreasing function on R.

Q10. Find the intervals in which the following function is strictly increasing or decreasing.
f(x) =10 - 6x — 2x*

Q11. Let I be any interval disjoint from (-1, 1). Prove that the function fgiven by-f(x) = x + 1
X

is strictly increasing on I.

Q12. Determine the intervals in which the function f{x) = x*- 8x° +22x° - 24x+21is decreasing
or increasing.

Q13. For which values of x, the functionf{x) =
it is decreasing.

is increasing and for which values of x,

x? +1

Q14. Find the intervals for which'fix) = x* — 2x? is increasing.or decreasing.

Q15. Find the intervals in which f(x) = §+ z,x #0 is'increasing or decreasing.
X

Q16. Find the intervals.in-which f(x) = (x + 1) (x—.3)? is increasing or decreasing.
Q17. Find the intervals in which f(x) = —x* < 2x + 15 is increasing or decreasing.
Q18. Determine-the values of x for which f(x) = x*, x > 0 is increasing or decreasing.

Q19. Determine the values of x for which f(x) = — 2x* — 9x* — 12x + 1 is increasing or
decreasing.

Q20. Find the intervals in which the function f given by f(x) = x> +i3,x #0is (a) increasing
(b) decreasing. X
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Q21.

Q22.

Q23.

Q24.
Q25.
Q26.

Q27.

Q28.

Q29.

Q30.

Q31.

Q32.

Q33.

Q34.

Q35.

Q36.

Q37.

Q38.

Q39.
Q40.

Q41.

Q42.

Q43.

Find the intervals in which the function fix) = x* _%3 is increasing or decreasing.

Determine the values of x for which f(x) = {x(x - 2)}2 is increasing or decreasing.

Determine the values of x for which f(x) = - x* _% x3 -3x%+ % x +11 is increasing

or decreasing. 10

Find the intervals in which f(x) = x* — 12x* + 36x + 17 is increasing or decreasing function.
Find the intervals in which the function f(x) = (x - 1) (x - 2)* is increasing or decreasing.
Find the intervals in which the function f(x) = (x-1)* (x-2)?is (a) increasing (b) decreasing.

Find the intervals in which the function fix) = 2x* + 9x* + 12x + 20 is (a) increasing
(b) decreasing.

Find the intervals in which the following function is (a) increasing (b) decreasing.
f(x)=2x"-9x*+12x + 15

Find the intervals in which the function f(x) = 2x* — 15x* + 36x + 17 is increasing or
decreasing.

Find the intervals in which f(x) = IL is increasing or decreasing.
ogx

Find the intervals in which f(x) = 2 log (x-2) — X* + 4x + 1 is increasing.

Find the intervals in which the function fgiven by f(x) = 45‘"X2- 2X = XCOSX (< x<2r
+ COSX
is (i) increasing (ii) decreasing

Separate the interval [0, ©/2] into sub-intervals in which f(x) = sin® x + cos* xs increasing
or decreasing.

Show that y = log (1 + x) - 22—", x > —1 is‘an increasing function of x, throughout its
domain. X

Separate the interval [0, ©/2] in sub.intervals in which f(x) = sin3x is increasing or
decreasing.

Show that f(x) = tan™ (sin x +'cos x) is an increasing function on the interval [0, n/4].

Find the intervals in which.the function f(x) = sin X+ cos x, 0 < x < 2r is strictly increasing
or strictly decreasing.

Prove that the funection f given by f(x) = log cos x is strictly increasing on (- /2, 0) and
strictly decreasing on (0, n/2).

Show that the function f{x) = tan x = 4x is decreasing function on [-n/3, /3].

Show that f(x) = cos (2x + n/4) is an increasing function on [37/8, 71/8]

4sind

Prove that y = 2+ cos O

— 0 is an increasing function in [0, g]

Prove that the function f(x) = x* — x + 1 is neither increasing nor decreasing on (- 1, 1).

Find the values of x for which f(x) = [x (x — 2)]?is an increasing function. Also, find the
points on the curve where the tangent is parallel to X-axis.
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Q44. Find the intervals in which the following function f(x) = 20 — 9x + 6x?> — X% is
(a) strictly increasing (b) strictly decreasing

Q45. Find the interval in which the following functionis increasing or decreasing.
f(x)=x>-6x*+9x+ 15

Q46. Find the interval in which the following function is increasing or decreasing.
f(x) =5x*—15x*-120x+ 3

Q47. For the function f(x) = 6 + 12x + 3x? — 2x3, find (a) the interval (s) where it is increasing;
(b) the interval (s) where it is decreasing.

Q48. Find the intervals in which the following function f: (a) strictly increasing (b) strictly
decreasing
f(x) =2x®-3x*—-36x+7

Q49. Find the intervals in which the following function f: (a) strictly increasing (b) strictly
decreasing

f(x) =x*—6x2—36x+2

Q50. Find the intervals in which the function fgiven by f(x) = sin x—cos x, 0 < X< 2m, is strictly
increasing and strictly decreasing.

Q51. For the function f(x) = 2x® — 8x*> + 10x + 5, find the interval (s):
(a) in which f(x) is increasing (b) in which f(x).is decreasing.

Q52. Find the intervals in which the following function fis an.increasing or decreasing
f(x) =2x3-24x+5

Q53. Find the intervals in which the following function f is an increasing or decreasing
f(x) =2x—-6x>—48x+ 17

Q540n which the following intervals is the function f(x) = x'° + sin x — 1 strictly increasing?
(i) (0, n/2) (i) (nl2, =) (iii) (0,1) (iv) (-1,1)

Q55. Find the values of k for which f(x)= kx®— 9kx? + 9x + 3 is strictly increasing on R.

Q56. Find the value of ‘a’ for which the function f(x)=(a +2) x>*~3ax?+9ax -1 decreases for all
real values of x.
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Nurturing Success...

MATHEMATICS - XlIl | Increasing and Decreasing Function NCERT-Solution

Date: 18/10/2021

S1. Wehave,
f(x) = §+7
X
3
flix) = —
= (X) "
Now, xe R x20
1
- > 0
= 2
3 <0
= _>
2
= ff(x)< 0

Hence, f(x) is decreasing for x € R, x # 0.

S2. We have,
f(X)=(x—1) e +1
H - . [1] " +ve .
Differentiating w.r.t. “x”, we get 3 X €40, =) >
f')=(x—-1)e+e*(1)+0
= f'(x) = xe*—e"+e&*=xe*>0 forall x>0.
[ when x> 0, & >0 and therefore, x&* > 0]
= f'(x) >0 forall x=>0.

Hence, f(x) is an increasing function for all x > 0 i.e., (0, «).

$3. We have, f(x) = log sin x

= f'(x) = ——cos x = cot x
sin x
When, 0<x<g, f'(x) is +ve
= f(x) is increasing.
T :
When, §<X<’.’E, f'(x) is—ve
= f(x) is decreasing.
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S4.

S5.

S6.

S7.

Hence, fis increasing on [0, g) and decreasing on [g n].

Given that y = x> — 3x* + 3x
Differentiating w.r.t. x, we get

Y _3l_ex+3 = ﬂ=3(><2—2x"'1)

dx dx
= v = 3(x — 1)

ax
Now, 3(x-=1)?%20,VxeR

We get that %ZO,VXER
X

Hence, the given function is increasing on R.

We have,

xX-2

= —— X#-1
Fx) x+1
N F(x) = (x+1)‘1—(x2—2)-1 - 3 . X %1
(x+1) (x+71°,
3 2

Clearly, f(x) = 7220 [ (x+1)>0,x=-1]

(x+1)

So, f(x) is increasing on R — {—1}.

We have,
f(x) = x* + ax+ 1
fix) = 2x + a

Since f(x) is an increasing function on [1, 2]. Therefore,

fiix) =0 forall x € [1, 2]
= 2x+a >0 forall x e [1, 2]
— a=>= —2x forall x e [1, 2]

but maximum value of —2xin x € [1;2]).is — 2.

Thus, the least value of ais —2.
We have,
f(x) = x*=3x* + 4x

= f'(x) = 3x* — 6x + 4
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=30%-2x+1)+1
= f(x) = 3 (x=1)?+1>0 forall x e R.

Hence, f(x) is strictly increasing on R.

$§8. f(x)is increasing on R

= ff(x) >0 forall xe R
=N 3x¥*-a=>0 forall x e R
= a < 3x° forall x eR

But, the least value of 3x? is 0.
Therefore, a< 0.

$9. f(x)is decreasing on R

= ff(x) <0 forall xe R
= cosx—-b<0 forall xe R
= b > cosx forall xe R

But, the maximum value of cosxis 1.

Therefore, b=1.
$10. We have,

f(x) = 10 - 6x—2x° <" Increasing —»-<— Decreasing —
= f'(x) = —6—4x=—2(3+2x) "ad @3 —
Now, f(x) is increasing if f'(x) > 0 2
ie., -6-4x>0
: 2
Le., —-4x>6 = 4x'<~6 = x<—§
and f'(x) is decreasing if f'(x) < Ou.e., if—6 —4x < 0.
ie., -4x <6 = 4x > -6 = X > —g

Hence, f(x) is increasing for x < —% i.e., in the interval. (—m, _73]

and decreasing for x > _?3 ie., [—7300)

S11. We have,

f(x) = }<+1
X

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 3



=

=

1 x?-1

f'ix) = 1-—=
(x) 2 2
2
¥=1>0 1.0
X
f'(x)>0

Thus, f'(x) >0 forall x ¢ I

Now, xe I = x¢ (-1,1) = x<—-1 or x>1= x¥>1.

Hence, f(x) is increasing on I.

S12. We have,

p—

e

f(x) = x* — 8x°+ 22x°— 24x + 21
() = 4x° — 24X°+ 44x — 24 = 4 (X — 6X°+ 11x — 6)

fi(x) = 4(x=1) (¢ —=5x+6)

For f(x) to be increasing, we must have

=

=

f'(x) >
4(x—-1) (X¥*~5x+6) = 0

(x—1) (x*=-5x+6)= 0
xX=-1Nx-2)(x=3)> 0

1<x< 2 or 3<Xx<w
x e [1,2]U][3, »)

So, f(x) is increasing on [1, 2] U [3, «)

For f(x) to be decreasing, we must have

=

f'(x) < .0
4(x — 1) (x>~ 5x + 6)'< 0

(x—1) (¢-5X+6)y< 0
(x=1) (x=2)x=3)< 0
<1

x e (—o,dlU[2, 3]

So, f(x) is-decreasing on (— o, 1] U [2,.3].

$13. We have,

v x221>0]

[+ 4> 0]

»

3 +

[ 4> 0]
+

. >

3 + oo
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(x*+1)1-x@2x+0) _ 1-x?
(x? +1) (x> +1)?%

For f{x) to be increasing, we must have

= f'(x) =

f'ix)y > 0
= i}
(x2+1?2 ~
= 1= > 0 [- ¢+ 1)°>0]
== -(¢-1)=0
= ¥ -1<0
= x-1)(x+1)<0 _ N _
< b
= —1$X§1 - oo -1 1 + oo

So, f(x) is increasing on [-1, 1].

For f(x) to be decreasing, we must have

f'(x) < 0
2
= 12 X = <0
(x“+1)
= 1-x<0 [ A+ 1) > 0]
= -(*-1<0
= x=-1)(x+1)=0
+ - +
= X< -lorx =1 <+ 1" ; +:°
So, f(x) is decreasing on (— o0, —1] U [1, ®).
S14. We have,

fix) = x4—2x
= fr(x) =14xC — 4x = 4x (x* = 1)
For f(x) to be increasing, we must have

ff(x) > 0
= dx(-1=0
= x(X*=1=0 [- 4>0]
= X(x-1)(x+1)=0
= -1<x<0o0rx>1 - + - t
= xe[-1,00U[1, x) - -1 0 1 + o0

So, f(x) is increasing on [-1, 0] U [1, «)
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For f(x) to be decreasing, we must have

f'(x) <
= 4x(x2—1)g
= x(x*-1)<0 [+ 4>0]
= x(x=1)(x+1)<0
< — + - + ’
= x<=-1or0< x<1 - 1 0 1 R
= X e (o,—1]1uU|[0, 1]
So, f(x) is decreasing on (— «, = 1] U [0, 1].
S$15. We have,
X 2
x - _+_
fix) >t
1 2 _ x*-4
= flix) = ——— =
) 2 x? 2x?
For f(x) to be increasing, we must have
f'ix) > 0
2
N X —242 0
2x
- XX—4> 0 [+ 2¥*>0 and x = 0]
= x=2)(x+2)>= 0
= x< —2orx=2andx=0 + - - +
< . . . >
= X e (—», —-2]uf2, %) - AR 0 2 + oo

So, f(x) is increasing on (— o, — 2] U2, %)

For f(x) to be decreasing, we must have

f'(x) <0
. x? =4

2x°
= X —4<0 [2x* > 0 and x = 0]
= (X=2)(x+2)< 0

+ — - +
- - < »

= xe[-2,2]-{0} T 5 0 2 oo

So, f(x) is decreasing on [-2,0) U (0, 2].
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S16.

S17.

We have,
f(x) = (x+1)° (x = 3)°

= fr(x) = (x-3)3-3(x+1)2i(x+1)+(x+1)3 -3(x-3)2i(x-3)
ax ax

= f'(x) = 3(x+1)2(x=3)°%+3(x+1)®(x=-3)?

= f'(x) = 3 (x +1)? (x =3)* (x + 1 + x=3)

= f'(x) = B(x +1)* (x - 3)* (x — 1)

For f(x) to be increasing, we must have

f'ix) = 0
- 6(x + 1) (x-32%(x=1) >0 *
= X e [1, »)

So, f(x) is increasing on [1, x).

For f(x) to be decreasing, we must have

f(x) <0
= 6 (x+1)°> (x—3)2(x=1) <0 -
= X e (-, 1]

So, f(x) is decreasing on (— «, 1].

We have,
f(x) = —x*—2x+15

= ffix)==2x-2==2(x+1)
For f(x) to be increasing, we must have

f'ix) = 0
= -2(x+1) =0
= x+1 <0
= X e (o, =1]

Thus, f(x) is increasing on the interval (— o —1).

For f(x) to be decreasing, we must have

f'ix) < 0O
= -2x+1) <0
= x+1>=0
= X € [-1, x)

So, f(x) is decreasing on (— 1, ).

-1
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$18. Given, f(x) = x*is defined for x > 0.

Now,

f(x) = x*

log f(x) = x log x

Differentiating w.r.t. x both side

=

=

=

=

=

=

U

=

Thus, f(x) is increasing on (

100]

1

, 1
—f(X) = x.— :
F(x) X x+logx 1

f'(x) = f(x) (1 + log, x)

f'(x) = x*(1 + log, X)
For f(x) to be increasing, we must have
flix) =0

X (1+log, x) =0

1+log,x 20

1+ log, x

log x

=

0

[-- x>0 for x> 0]

‘slog, x = N = x> a"for a>1
Here,e >1.S0,log, x > 1= x =~

%

For f(x) to be decreasing, we must-have
fi(x)<"0
xX(1 + log, X)

=

=

1 +log, x

log, x

<

IA

IA

<

0

=
+ oo

o=

[-- x>0 for x> 0]

—_—

X

X

<

€

e—1

(0, 1/e)

Thus, f(x) is decreasing on (0, 1/e).

('Dl_\l

Hence, f(x) is increasing on (1/e, «) and decreasing on(0, 1/e).
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S$19. We have,
f(x) = —2xX° — 9%°— 12x + 1
—6x°—18x—12

= f'(x)

—6 (¢ +3x+2)
—B(x+1)(x+2)

For f(x) to be increasing, we must have

flix) =0

= -6(x+1)(x+2)=0
+ - +

= (x+1)(x+2) <0 b > o o
= X € [-2,-1]
For f(x) to be decreasing, we must have

ffix) <0
= —-6Xx+1)(x+2)<0

«— - LN

= x+1)(x+2) >0 S ) -1 + oo
= XxX<-2 or x=-1
= X € (—w,-2]Ul-1, x)

Hence, f(x) is increasing on [—-2, — 1] and decreasing on (=%, ~2] U [-1, «).
$20. The given function is

f(x) = )(3+i x#0

x>
Differentiating w.r.t. x, we get
f(x) = 3x° —3’4—
X
Put ff(x) =0
= 3x2 —%— =0
X
6 —
- 3x : 3 _ 0
X
= 3x°-3=0
= 3x° =
= X =1
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- x% =(1)° and x® = (-1)°

= Xx=t1 =x=1 and x=-1

Now, we find intervals in which f(x) is increasing or decreasing.

6
Interval f(x) = o . e Sign of fx
X
x<-1 ) +ve
(+)
—-1<x<1, () -ve
(+)
x+0
x> 1 ﬂ +ve
(+)

Now, we know that a function f(x) is increasing when f(x) > 0 and it is said to be decreasing
when f'(x) < 0. So, f(x) is increasing on intervals (—«, —1) and (1, «) and it is decreasing on

(-1,1)-{0}.

S21. We have,
3
= fo) = x4 -2
x) 3
- fl(x) = 4x° = x* = X% (4x — 1)
For f(x) to be increasing, we must have
fi(x) >0
= X (4x-1)>0 [+ X >0]
[1 ] — .
= Xe |—, - 0 1 + oo
4 4
So, f(x) is increasing on [1/4, ).
For f(x) to be decreasing, we must have
f(x) </0
= X (4x -1 <0 [« X*>0]
1] - »
= X € (—m,— -0 1 + oo
4 4

So, f(x) is.decreasing on [—m %]

S$22. We have
f(x) = xX* (x — 2)
- fi(x) = 2x (x =2)% + 2X* (x — 2) = 2x (x =2) (2x — 2)
fiix) = 4x (x=2) (x—1)

U
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For f(x) to be increasing, we must have

fiix) > 0
= 4x(x—-2)(x—-1) =0
- - < >
= X(x=2)(x=1)> 0 o T
= x € [0,1]U[2, »)
So, f(x) is increasing on [0, 1] U [2, »)
For f(x) to be decreasing, we must have
Ffix) < 0
= 4x (x-2)(x—-1)< 0
- - < I
= x(x=2)(x=1)< 0 e 0 1 2 + oo
— x € (—0,0]U[1, 2]
So, f(x) is decreasing on (-, 0] U [1, 2]
s23\We have,
f(x) = S 4y 32,30, gy
10 3] 5
= f'(x) = §x3—2x2—6x+§
5 5 5
= f(x) = g(x3—2x2—5x+6)
= = g(x—1)(x2 ~X-6)
6
= = g(x*1)(x—3)(x+2)
For f(x) to be increasing, we.must have
F(x)>= 0
6
- g(x—1)(x—3)(x+2) >0
< - . + . - . + | .
= x=1)x=3)(x+2)= 0 X " 5 R
= X € [_2|1]U[3300)

So, f(x) is iIncreasing on [-2,1] U [3, =).

For f (x) to be decreasing, we must have
fix) <0

- g(X-1)(x—3)(X+2) <0
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= (x=-N(x-3)(x+2) < 0

=

$24. The given function is

X e (—oo,—2]U|[1, 3]

f(x) = xX°—12x° + 36x + 17

Differentiating both sides, w.r.t. x, we get

Putting f(x)=0

f'(x) = 3x° — 24x + 36

3x°—24x+36= 0

= 3(*-8x+12)= 0

= 3x-2)(x-6)=0

= x—2=0and x—-6=0
X=2o0r6

Now, we find intervals in which the function f(x) is increasing or decreasing.

Interval f(x) = 3(x-2) (x-6) Sign of fx
X<2 (*+) =) () +ve

2<x<6 (*) (+) ) -ve
x>6 (+) (+) () tve

We know that a function f(x) is said to be an‘inereasing function, if f(x)=0 and a decreasing
function, if f(x) <0. So, f(x) is increasing on-intervals (—<0, 2) and*(6,.«) and it is decreasing

on (2, 6).

$25. The given function is f(x) = (x — 1).(x — 2)?

Differentiating both sides, w.r.t. x using product rule, we get

Putting

fix)= (x-1) xd%(xuz)z +(x-2) x%(x—ﬂ

F) = (x—1) 2(x=2) + (x —2)* - 1

F(x)

fl(x) = (x—=2) (3x—4)

f(x)=0

(x-2) (3x—4)= 0

2(x=1) (x = 2) + (x — 2)?
X=2)[2x-2 + x—-2]
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= x—2=0 or 3x—-4=0

= ic::r2
3

Now, we find intervals in which f(x) is increasing or decreasing.

Interval f(x)=(x-2)(3x-4) Sign of fx
x< 3 O +ve

2 <x<2 O ) —ve
X>2 (+) (+) tve

We know that a function f(x) is said to be an increasing function, if f(x) > 0 and a'decreasing

function, when f(x) < 0. So, f(x) is increasing on (—oo,%] and (2, «) and decreasing on

1)

$26. Given that, fx) = (x—1)° (x—2)

Differentiating both sides w.r.t. x, using product rule, we get

v = (v 3. 9 o2 a2 d 3
fiix) = (x-1) leX(x 2)° +(x=2) dx(x 1)

d _ dv  du
—(uv) = U—+v—
dx dx  dx
- F(x) = 1) 2(¢=2) + (x = 2)7 *3e— 1)°

= (x= 1) (x = 2) [2(x — D)y+3(x — 2)]
(x=1)% (x=2) (2x =2+ 3x — 6)

- fi(x) = (x=1)* (x-2){(5x= 8)
Now, we put ffix) =0
So, (x— 1% (x-2)(5x—-8) =0
Either (x—=1)?=0o0orx—2 =0
or 5x <8 .= 0
We get, X = 1,%,2
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S27.

Now, we find intervals and check in which interval f(x) is increasing or decreasing.

Interval f'(x) = (x — 1)? Sign of f'(x)
(x-2) (5x — 8)
x<A1 (+) ) () +ve
I<x<¢ *) ) 6 +ve
8
5 <x<2 (+) () (+) ~ve
X>2 (+) (+) (+) +ve

We know that a function f(x) is said to be an increasing function,

if f(x) <0. So, given function f(x) is

(a) increasing on intervals (=, 1), (1, %) and (2, »)

(b) decreasing on [ %2}

The given function is

f(x) =

Differentiating w.r.t. x, we get

f'(x) =

Putting fi(x) =
6x>+ 18x + 12 =

= 60+ 3x+2)=
= B(x+1) (x+2)=
= x+1)(x+2)=
= x+ 1=
or X +2 =
X =

Now, we find intervals and check in which interval f(x) is increasing or decreasing.

2x° + 9x° + 12x + 20

6x> + 18x + 12
0
0

0
0
0

0
0
-2,-1

if f'(x) =0 and decreasing,

Interval F(x)=6(x+1)(x+2) Sign of f'(x)

X<—-2 (+) ) tve
—2<x<1 #)E) (+) —ve

X>—1 (+) () () tve
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We know that a function f(x) is said to be an increasing function, if f(x) > 0 and decreasing,
if (x) <0. So, given function is
(a) increasing on intervals (—, —2) and (-1, «)

(b) decreasing oninterval (-2, —1).

$28. The given function is
f(x) = 2x° — 9% + 12x + 15

Differentiating both sides, w.r.t. x, we get

f'(x) = 6x* — 18x + 12
Putting f(x) =0
6x°—18x+12=0

= 6(x*-3x+2)=0
= 6(x—1)(x-2)=0

= x—-1=0andx-2=0

x=1or2

Now, we find intervals and check in which interval f(x) is increasing-or.decreasing.

Interval F(x)=6(x—1) (x=2) Sign of f'x
x<1 (+) =) =) tve
1T<x<2 (+) (+) (=) -ve
X> 2 (+) (+) (£) +ve

We know that a function f(x) is said ta-be an increasing function when 7 (x) >0 and it is said to be
a decreasing function when F(x) £0. So, f(x) is

(a) increasing on intervals (=, 1) and (2, «)
(b) decreasingon (1, 2).

§29. The givenfunctionis
f(x) = 2x® — 155 +36x + 17
Differentiating w.r.t. x, we get

f'(x) =.B%%— 30x + 36
Putting f(x) =0
6x°—30x+36=0

= 6(*—-5x+6)=0
= 6(x—-2)(x-3)=0
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x—2=0orx-3=20

x=2o0r3

Now, we find the intervals and check in which interval f(x) is increasing or decreasing.

Interval F(x) = 6(x — 2) (x - 3) Sign of f'(x)
X<2 (+) (=) ) +ve

2<x<3 (+) (+) =) -ve
X>3 (+) (+) (+) +ve

We know that f(x) is said to be an increasing function when f'(x) > 0 and decreasing function
when f(x) <0. So, f(x) is increasing on (-, 2) and (3, «) and it is decreasing on (2, 3).

$30. The domain of f(x) is the set of all positive real numbers other than unity i.e., (0, 1) U.(1,.%)

Now, fix) = ——

log x

logx-1-x- 1
= f(x) = X

(log x)?

= F(x) = 109X 1

(log x)

For f(x) to be increasing, we must have

F(x) > 0
N Iogx—21 S
(log x)
= logx—1> 0 [* (log x)*> > 0 for x> 0, x = 1]
= log x > 1
- - +
e . >
- oo 0 1 e + oo
; log, x >N = x > a"for a>1
= X=e
Here,e>1..log, x> 1= x> ¢
= X € [e, «)

So, f(x) is increasing on [e, =)

For f(x) to be decreasing, we must have
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logx -1
=
(log x)?
= logx—-1<0 [ (logx)?=>0forx =0, x=1]
= log x < 1
= - +
B B
— o0 0 1 e + o0
] wlog, x >N = x> a'for a>1
= XxX<e
Here,e>1..log, x >1= x > ¢
= x € (0, e]-{1} [+ f(x)is defined for x > 0, x #1]

So, f(x) is decreasing on (0, e] — {1}.

S$31. f(x) is defined for all x > 2
Now, f(x) = 2log (x—2)—x*+ 4x + 1

2
= f'(X)= E—ZX-F"-

_2-2x(x-2)+4(x-2) _ -2x>+8X-6

= f'(x) 2 3
2 —_— —_ —
- Flx) = -2(x X—_42x+ 3) _ 2(xx 1_)(2x =3)

For f(x) to be increasing, we must have

fi(x) >0
N —2(x —=1)(x - 3) >0
X—=2
xX=1)(x-3
_ (x=Nx=3) g4
X-2
= x=3<0 [+ f(x)is defined forx>2 =>x-=1>0,x-2>0)
- +
L . . >
— oo 2 3 + oo
= x <3
= X € (2, 3]

So, f(x) is increasing on (2, 3].

S32We have,

4sinx —2x — XCOS X

f =
) 2+CosSX
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(24+cosx)(4cosx —2—-cosXx + xsinx)+(4sinx —2x — X cos x)sinx

= f'(x) = 5
(24 cosx)
6003x+2),s1‘n/x—4+3c:052x+_&sinﬂ6§7+4sin2x
_ —2X§iTX — XSIAXTOS X — 2 COS X
(2 + cos x)*
- 4cosx —4+ 3+1-cos® x
(2 + cos x)?
cos x(4 —cos x
= fi(x) = ( )

(2 +cos x)?

(i) For f(x) to be increasing, we must have

fl(x)y =0
cos x(4 —cos x)
(2+cos x)2
= cos x >0 Lc:sxg >0
(2+cosx)
= X € O,E U E,Zn
2] | 2
" . n] [3=n
Hence, f(x) is increasing on [O'E u[?zﬁ]
(i) For f(x) to be decreasing, we must have
flix) <0
cos x(4 — cos x) <0
(2 +cos x)?
= cos x <0 Losxz >0
(2+cos x)
= X € n S—R
2’2
. , n 3%
Hence, f(x) is decreasing on [E?] .
$33. We have,
f(x) = sin* x + cos* x
= f(x) = 4 sin® x cos x — 4 cos® x sin x
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= f'(x) = — 4 sin x cos x (cos? x —sin? x)

= f'(x) = — 2(2sin x cos x) (cos®x — sin? x)
= f'(x) = =2 sin 2x cos 2x
= f'(x) = —sin 4x

We have, 0 < x < /2 = 0 < 4x < 2.

Case l: When 0<4x <=
In this case, we have

sin4x >0

— —-sin4x <0

= f(x) <0
fiix) <0 [for 0 <4x < m or 0 < x< n/4]

So, f(x) is decreasing on [0, n/4].

Case ll: When, m<4x < 2n
In this case, we have
sin4x <0
E— —sindx >0
= fi(x) =0
' T T
fi(x) =0 [for n<4x <2n or zgxga]

So, f(x) is increasing on [n/4, n/2].

$34. The given function y = log (1 + x) — —2X_
2 +%

Differentiating w.r.t. x, we get

dy 1 (24 x)-2-2x -1
= = — (s 5
dx 1+X (2 +x)

1 4+2x—-2x

X (2+x)

(2+Xx)? = 4(1+ x)
(1+x)(2+ x)?

@+ X +4x-4-4x)
T (1 X)(2+x)?

X2

T 1+ x)2+x)?
Now, X2, (2 + x)? are always positive, also 1 + x > 0 for x > —1.

. (i)
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From Eq.

$35. We have,

Now,

=

(i), dy >0 for x> —1. Hence, function increases for x > —1.

ax
f(x) = sin 3x
f'(x) = 3 cos 3x

0< x<nf2

0 < 3x < 3n/2.

Since cosine function is positive in first quadrant and negative in the second and third quadrants.
Therefore, we consider the following cases.

Case I:

Case ll:

When 0<3x<nf2
In this case, we have
0<3x < /2

= cos 3x =0
= 3cos3x =0

fi(x) =0
for 0<3x<nf2
ie., 0<x<n/6

So, f(x) is increasing on [0, /6]

When nf2 < 3x < 3nf2
In this case, we have

nf2 < 3x.<.3n/2

= 3cos 3x.<£0
= cos:3x.<0
ff(x) <0
for nf2 < 3x < 3n/2
ie., /6 < x < nf2

So, f(x) is decreasing on [r/6, /2]

Hence, f(x)'is increasing on [0, ©/6] and decreasing on [n/6, ©/2]

§36. We have

f(x) =tan™" (sinx + cos x)

F(x) = !

1+ (sin x + cos x)?

d .
x —(sinx +cos x)
dx
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= . 1 > x(Cos X —sinx)
1+ (Sin+ cos x)

cos x(1-tanx)
1+ (sinx + cos x):2

= f'(x) =

forincreasing

cos x(1-tanx)

= f(x) = . 5 >0

1+(sinx + cos x)

1
- sand1-tanx>0
= cos x > 0, 1+ (sinx +cos x)
tan x <1 for0 < x < n/4

= fi(x) >0
Thus, f'(x) >0 forall xe [0, n/4]

Hence, f(x) is increasing on [0, n/4].

§37. The given function is
f(x) =sinx+cosx, 0<x<2n
Differentiating both sides, w.r.t. x, we get

f'(x) = cosx — sin x

Putting f(x) = 0, we get
cos x—sinx =0

= COosS X = sin X

Dividing both sides by cos x, we get

1= tan x
= tam(:tanE or tanx =\.tan 5—7[ [ tan£=1 and tan@=1]
4 4 4 4
T bn
x - _O —_
4 4
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Now, we form intervals and check in which interval f(x) is strictly increasing or strictly decreasing.

Interval f'(x) = cos x — sin x Sign of f(x)
X < E COSE—SinE=£—1=£ +ve
4 6 6 2 2 2
5n T .7
—<X<— cos——-sin—=0-1=-1 -ve
4 2 2
X > 4 cosﬁ—sin%=0—(—1)=1 +ve
4 2 2

Since, f(x) > 0 at x < % and x > %m so f(x) is strictly increasing in the intervals [O, %) and

5n

$38. We have,

f(x) = log cos x

= f(x) = L(—sinx)
COS X
= —tan x

Now, x € (-7/2,0)
= tanx< 0
= —tanx> 0
= f(x)>0

So, f(x) is strictly increasing on (- /2,0)

and, x.e (0, n/2)
= tan x> 0
= —tanx< 0
= f(x)<0

So, f(x) is strictly decreasing on (0, /2).
$39. We have,
f(x)= tan x —4x

. 1-4cos? x
= fX) = sec?x-4= —5—
cos? x

(7,2:1] while f(x) < 0 at % <x< %ﬂ so f(x) is strictly decreasing in the interval [% ?Tn]
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2

= f(x) = 4 [1—0032 x)
cos® x

= 4sec? x[l —cos x][l +cosx]
2 2

T TT
Now, —ggx < 3
1
= cCosS X = —
2

1
= ——cosx < 0

2

= 48602)([%—(}08)(][%4-008)() <0

= Fx)<0

So, f(x) is decreasing on [-n/3, n/3]

$40. We have,

f(x) = cos (2x + n/4)
= f'(x) = — 2 sin (2x+ ©t/4)
Now,

X e [3n/8, 7n/8]

= 3n/8 < x < 7n/8
= 3nf4 < 2x < T1/4
= n/4 + 3nf/4 < 2x+ n[4 < Tnf4 + nf4
= n <2x +nf4 < 27
= sin (2x + w[4)'< 0 [ since function is'heg. in third and fourth quadrant]
= -2 sin 2x +.n/4) >0
= fl(x) =0

Hence, f(x) is increasing on [3n/8, 7n/8].

S41. Given functionis

4sin0

2+cos0
Differentiating Eq. (i) both sides w.r.t. 6, we get

(D)
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(2 +cosB)x %(4sin9)

-4 sin 0 x i(22 +cos0)
do

d_y = -1
do (2 +cosB)?
dy _ (2+cosB)(4cos0)—4sinB(0-sind)
= — = - 1
do (2 +cos0)
dy [80039+4c0529+4sin29—(2+c039)2}
f— _— =
do (2 + cos 0)?
N dy _ [8 cos 0 +4(cos” 0 + sin® 0) — (4 + cos? 0 + 4 cos 9)]
do (2 + cos0)?
d 8cos0 +4 — 4 —cos” 0 —4cosH .
= &y - S0V cos 5 cos [ sin? 0 + 00s%0 = 1]
do (2 +cos9)
. dy _ 4cos6-cos’0
do (2 +cos0)?
N dy _ cos0(4 —cos0)

do (2 +cos0)?
Now, as cos 0 >0 forall 0 e [Oﬂ

Also, (2 + cos 0)? being a perfect square is always positive for all 6 e {O, g} .

Again, for 6 e {Og} , we know that -1 <.cos <1
— 4—cos0>0forall0 e [o,g}

cos (4 — cos0)
(2 +cos 0)?

Hence, we conclude that >0forall e [0, g}

~ Yo forantelo ™
do 2

Hence, yis. an increasing function in {O, ﬂ

S42. We have,
fx)= x*=x+1 « _ N ’
= F(x)= (2x-=1) - =1 % 1 + oo
Now, -1<x<1/2
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S43.

= x—=1/2)< 0

= 2x-1)<20
= f'(x)< 0
and, 12 <x< 1
= x—1/2)> 0
= 2x-1)> 0
= f'(x)> 0

Thus, f(x) does not have the same sign throughout the interval (-1, 1).

Hence, f(x) is neither increasing nor decreasing on (-1, 1).

The given function is f(x) = [x (x — 2)].

or f(x) = (& — 2x)

We have to find the values of x for which f(x) is an increasing function
So, f'(x) = 20¢ — 2x) (2x — 2)

Putting f'ix)y=0

=N 2(*-2x)(2x-2)= 0

= 4x(x-2)(x=-1)=0

= 4 =0 or x-2=0 or x-1=0

= x=0,12

Now, we find the intervals in which f(x) is an increasing function.

Interval f'(x)=4x(x—1)(x - 2) Sign of f'(x)
x<0 ) G —-ve

O<x<1 (*+) )6 +ve

1<x<2 (+) (+) (=) —-ve
X>2 (+) () () +ve

. (i)

From the above table we can see that the given function f(x) is an increasing function when
0 <x<1andwhenx> 2. Because at these values of x, f'(x) is positive and we know that f(x) is

said to be an.increasing function whenever f{x) > 0.

Also, we have to find the points on the given curve where the tangent is parallel to X-axis. We

know thatwhen a tangent is parallel to X-axis, then

Y _

dx 0
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where y =[x (x — 2)]?

From Eq. (i),

when

when

when

f'x)=0 = x=0,1,2
x=0, y=[0(-=2F=0

x=1, y=[1=10F=1
x=2, y=[2OF=0

Hence, the tangent is parallel to X-axis at the points (0, 0), (1, 1) and (2, 0).

$44. The given function is

f(x) =20 - 9x + 6x> - x°

Differentiating w.r.t. x, we get

fi(x) =—9+ 12x — 3x°
Putting f'(x) =0

-9+12x-3x=0
= -3(X*-4x+3) =0
= -3(x-1)(x-3) =0
= x-1)x-3) =0
= x—1=0o0rx-3 =0

x=1 or 3

Now, we find intervals in which f(x) is strictly increasing and the intervalsiin.which it is strictly

decreasing.
Interval f(x)=-3(x—-1) (x-3) Sign of f(x)
x<1 ) ) ) -ve
1<x<3 (=) (+) () +ve
x>3 (=) (+) (+) -ve

Now, we know that a-function f(x) is said to be strictly increasing when f'(x) >0 and it is said to
be strictly decreasing, if f'(x) <0. So, the f(x).is

(a) strictly increasing on the interval (1, 3)

(b) strictly decreasing on the intervals (—, 1) and (3, )

$45. We have,

f(x) =x°—6x°+9x+ 15
f'(x) =3x° —12x + 9
=3(x* —4x + 3)
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=3(x-1)(x-23) =

(a) When f(x) is increasing:

x=1o0orx=3

= f'(x) >0
= 3x=1)(x-=3)>0
Sign. of Sign. of | Sign. of Graphical
3(x-1) (x-3) f'(x) intervals Intervals Intervals
—ve —-ve + ve — o, 1
_ o1 3}x<1 oo <—0 1 (=, 1)
x<1 x<3
+ve +ve +ve 1o [ }X>3 2 _ (3, =)
1<x 3<x S (x > 3)
= x>3 or x<1 = Xe(—wo 1)U (3, ©)
I el (1,3) G L
1 3
The required interval is (= o, 1) U (3, «).
(b) When f(x) is decreasing:
= f'(x) <0 = 3x-1)x-3)<0
Sign. of Sign. of | Sign. of Graphical
3(x-1) (x-3) f'(x) intervals Intervals Intervals
- - —oo 3
+ve ve ve 1 ; (1, 3)
1<x x<3 <
-ve +ve —-ve —e Null
X <1 3<x 13 set
xe (1, 3) o0————o0
1 3
: oo
€ © © »> {::———f—g }
1 3

Hence, fwill bé decreasing in (1, 3).

$46. We have,
f(x) = 5 —15x* — 120x + 3
= f'(x) = 15x° — 30x — 120
= f'(x) = 15 (x* — 2x — 8)

=15(x —4)(x + 2) =
(@) When f(x) is increasing function:
f'(x) >0
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= f'(x) >0 = x-4)x+2)>0

= x+2>0and x-4>0 = Xx>-2and x> 4
or x+2<0and x—-4<0 = x<-2and x<4
Sign. of Sign. of | Sign. of Graphical
15(x—4) (x + 2) f'(x) intervals Intervals Intervals
—ve —ve +ve {_m ! M} . L (o0, —2)
x<4 X< =2 —o%—o0-2
+ ve + ve + ve 4 o——» o (4, — )
I P 40—
X>4 X>-2
— X € (—w, —-2)uU (4, )
—cc —0 -2 4 00— o
The required interval is (— 0, —2) U (4, «).
(b) When f(x) is decreasing function:
= f'(x) <0 = 15x—-4)(x+2)<0
Sign. of Sign. of | Sign. of Graphical
15(x-4) (x +2) f'(x) intervals Intervals Intervals
—-ve +ve —ve —o0 4 (=2,4)
<« Lo—o4
x<4 —-2<x -2 0———3 oo
+ ve -ve -ve —» Null
-——0 OoO0—Pp O
X>4 X<-2 -2 4 set
Also, f (x) will decreasing when x € (-2, 4).
o —0
-2 4
The required interval is (— 2, 4).
S47. Here, f(x) =6+ 12x + 3x° — 2x°
= f1(x).=12 + 6x — 6x°
=6(2+x-x%)
=62 —-x)(1+Xx)
(a) For f(x) to beiincreasing, f'(x) > 0
6R2-x)(1+x)>0
Either 2-x>0."and 1+x>0
or 2—-x<0"and 1+x<0
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Sign. of Sign. of | Sign. of Graphical
6(2 - x) (1+ x) f'(x) intervals Intervals Intervals
+ve +ve + ve = 5 o——o (=1,2)
X<2 x>-=1 -1 0—mp» =1 2
-ve —-ve + ve 20— oo Null
2<Xx x<-=1 " _'1 set
o0
-1 2
= xe(-1,2)

The required interval is (-1, 2).

(b) For f(x) to be decreasing, f'(x) <0

= 6(2-x)(1+x)<0
Either 2—-x>0 and 1+x<0
or 2-x<0 and 1+x>0
Sign. of Sign. of | Sign. of Graphical
6(2-x) (1+ x) f'(x) intervals Intervals Intervals
+ve -ve -ve —c0 €——02 (= oo, =1)
—~60 €—0—1
x<2 X< -1 60 ——0 —1
—ve +ve —ve 20——Llpre| N (230)
x>2 x>-=1 —lo0——p o

= x<-=-1 _0r x>2

= X e—o,—1)u (2, x)

The required interval is (—oo;— 1) U (2, ).

$48. Here, f(x) 22x° - 3x* - 36x+ 7
f(x) = 6x° —6x — 36
=6 (x> — x — 6)

=6(x—3)(x +2)
— f'x) =0 at x=3 and x=-2
f'fix) =6 (x—3)(x+2)

If x<-2then, f'(x) = (+)(=)(=) = +ve _ _ ‘
Increasing -«— Decreasing —» Increasing

So, f(x) in increasing function for x < —2. *—“—@2 3

If x> 3 then, f'(x) =6(x—=3)(x+ 2)
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S49.

= (H)(+)(+) = +ve
So, f(x) in increasing function for x > 3.
If —2<x<3then, f'(x)=6(x—-3)(x+2)

= (D)) =-ve

So, f(x) in decreasing function for—-2 < x < 3.

Hence, f(x) is increasing in the interval (— «, — 2) U (3, «) and decreasing in the interval (- 2, 3).

We have,

f(x) =x*— 6x° — 36x + 2
Differentiating Eq. (i) w.r.t. “x”, we get

f'(x) = 3x* — 12x— 36

f'(x) = 3 (x* - 4x — 12)
— f'(x) =3 (x—6)(x + 2)
Putting f'(x) =0we get3(x—6)(x+ 2)=0

= either x—-6=0 or x+2=0 = xX=6 or
So, Intervals are (-, —2), (-2, 6), (6, =).
< Increasing = Decreasing > Increasing -
S

-« <&

(i) When x € (—w, —2), then
f'(x) =3 (x—6)x + 2)

= (+ve)(-ve)(-ve) =+ve = f'(x) > 0.

Thus f(x) is increasing in the interval.(—eo, —2).
(i) When x € (-2, 6), then
f'(x) =3 (x=6)x+ 2)

F (+ve)(—ve)(+ve) =-ve = f(x) < 0.
Thus f(x) is decreasing in the interval (—2, 6).
(i) When x € (6,7), then
f'(x) =3(x—6)(x+ 2)

= (+ve)(+ve)(+tve)=(+tve) = f'(x) > 0.

Thus'f(x) is increasing in the interval (6, «).

.. (i)

Hence, f(x) is increasing in the interval (-, —2) U (6, ») and decreasing in the interval

(=2,6).
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§50. The given function is
f(x)=sinx—cosx, 0<x<2n
Differentiating w.r.t. x, we get

f'(x) = cos x + sin x

Putting fi(x) =0
cosx+sinx=0
= sin X =—cos x

Divide both sides by cos x, we get

tan x = -1

For x € [0, 2n]
tanx = tan>" = x= oF
4 4
tan x = taln-/—JT = x=7—1r
4

3n n

X=_,_

4 4

[+ tan 0is — 1 in 2" quadrant and 4™ quadrant as in 2" quadranttan(z — 0) = —tan 0 and in 4"
guadrant tan (2n — 06) = —tan 0]

Now, we find the intervals in which f(x) is strictly increasing or strictly decreasing.
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Interval f(x) = cos x + sin x Sign of f(x)
< 3n f’[E) = cos~ + sin~ =0+1=1 +
T4 2)" 72 T2 T T ve

3 x< I f’(s—n) - cos 2T 4 sin 2%
4 4 6 ) 6 6
= COS rc—E + sin .rc—E
= 6 5 -ve
‘s
= —COS—+ sin—
6
o V3 1 3+t
2 2 2
7T
—<x<2n f’[11£)= cos(11£]+sin[11£]
4 6 6 6
T . T
= COS| 2n —— |+ Sin| 21 — —
[ 6} [ 6] Ve
T ., T
= COS— — Sin—
6 6
_V3_1_ Va1
2 2 v)

We know that a function f(x) is said to be strictly increasing in an interval when'f’(x) > 0 and it is
said to be strictly decreasing when f(x) < 0. So, the‘given function f(x) is.strictly increasing in

intervals [0, 37?:} and [74—7[ 211] and it is strictly decreasing in the interval [% 74—“]
S51. We have,

f(x) =2x° —8x° + 10x + 5 .. ()
Differentiating Eq. (i) w.r.t. ‘X", we get

f'(x) = 6x° — 16x + 10

= 2(3x% — 8x\+ 5)
= f'(x) =2(3x=5)x—-1) (1))
Putting f'(x) =0, weget x=5/3 or x=1
Sointervals are (-, 1), (1, E] (ﬁ m] :
3/\3

(i) Forx e (—oo, 1)
F/(x) = 2 (3x = 5)(x — 1)
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= (+ve)(—ve)(—ve) = +ve

= f'(x)>0 = f(x)isincreasingon x € (—w, 1).

, 5
(i) Forxe (1,5]

f'(x) =2(3x=5)(x—-1)

= (+ve)(—ve)(+ve) = —ve

= f'(x)<0 = f(x)is decreasing function on (1, g] ,

(i) Forx e [%,m)

f'(x) =2(3x-=95)(x—1)

= (+ve)(—ve)(—ve) = +ve

= f'(x)>0 = f(x)isincreasing in (% m],
Hence .
(a) f(x)isincreasing in (-, 1) U (5‘ m)

(b) and decreasing in (1%}

S§52. We have,
f(x) =2x° - 24x+ 5
Differentiating Eq. (i) w.r.t. “x”, we get
f'(x) =6xX°—24=6(x"—4)=6(x— 2)(x+ 2)

Critical points are 2 and —2.

There are three intervals (-, = 2), (-2, 2) and (2, «).

- @ )
e -2 2

A

(@) When x ey= =, —2), then
f'(x) =6 (x=2)(x + 2) = (+)(=)(=) = (*)
Sineef'(x) is + ve, so f(x) is increasing in (—w«, —2).
(b) When x € (-2, 2), then
fr(x) =6 (X =2)(x + 2) = (+)(-)(+) = —ve

Since f'(x) is —ve, so f(x) is decreasing in (-2, 2).
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(c) When x € (2,), then
f'(x) =6(x—2) (x + 2) = (+)(+)(+) = +ve

Since, f'(x) is +ve, so f(x) is increasing in (2, ).
Hence, f(x) is increasing in the interval (- =, —2) U (2,0) and decreasing in the
interval (2, 2).
S$53. We have,
f(x) = 2x° — 6x* — 48x + 17
f'(x) = 6x° — 12x — 48
f'(x) =6 (¢ —2x— 8)

=6 (x—4)(x+ 2)
If f'(x) =0 = 6(x—-4)(x+2)=0 = xX=4,-2
The three intervals are (-, —2), (-2, 4), (4, »)
() When x e (- », —2)

f'(x) = 6(x—4) (x +2) = (+)(-)(-) = +ve
Since, f'(x) is +ve, so f'(x) is increasing in (— w0, — 2).
(i) When x € (-2, 4), then

fi(x) =6 (x—4)(x + 2) = (+)(-)(+) = —ve
Since f'(x) is —ve, so f(x) is decreasing in (-2, 4).
(i) When x € (4, ), then

f'(x) = 6(x —4) (x+.2) = (+)(+)(+) = +ve
Since, f'(x) is positive, so f(x) is increasing in (4,«)

Hence, f(x) is increasing in theinterval (- «, —2) U (4,%) and decreasing in the

interval (— 2, 4).
S54We have,
f(x) =x" + sin x— 1

= f'(x) =100 x*° + cos.x
(i) x € (0, n/2)

= x* > 0 andiwcos x> 0

=N 100x*° + cos x > 0

= f'(x) >0

Thus, f(x) is strictly increasing on (0, n/2).
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S55.

(ii)

(iii)

X e (nl 2, m)
= x> 1 ['.‘n!2<x<n:g<x<§}
14 7
= 100x*° + cos x>100-1=99>0
= 100x*° + cos x > 0
= f'(x) >0
Thus, f(x) is strictly increasing on (n/2,n).
x €(0,1)
= x® >0
= 100x*° > 0
Also, x €(0,1)
= x lies between 0 and 1 radian
=  xlies between 0° and 57° [+ 179 =57°]
= x lies in first quadrant
= cos x>0
= 100x*° + cos x >0
= f'(x) >0

Thus, f(x) is strictly increasing on (0, 1).

(iv) As f'(x)>0for0<x<1.

But, f'(x) can be positive as well as negative when-1<x<0

So, f'(x) can be positive as well as hegative forx € (=1, 1).

Hence, f(x) is neither increasing nor decreasing on (-1, 1).

It is given that f(x) is increasing of R. Therefore,

U

U

U

f (x) >0 forall x e R
3kx®> —18kx*9 >0 forallx € R

kx> <Bkx+3>0forallxe R

k>0 and 36k*—12k<0.[- axX*+ bx+c>0forallx e Ra> 0 & Disc < 0]

k>0 and 12k (3k=1) <0

k>0 and k(3k—1)<0
3k-1<0

I A
v

w| =

[+ k> 0]
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1
k<o
= 3

= k € (0,1/3)
Hence, f(x) is strictly increasing on R, if k € (0, 1/3).

S56)Ne have,
f(x) = (a+2) x°—3ax’ +9ax — 1
= f(x) =3 (a+2)x’—6ax+9a
Since f(x) is decreasing for all real values of x. Therefore,

f(x) <Oforallxe R
= 3(@+2)x*—6ax+9a<O0forallxeR

= (a+2)x*—2ax+3a<0forallxeR
, rax? +bx +c<0foralkxe R

= a+2<0and 4a“°-4x(@+2)x3a<0 — a<0and Disc 20
= a< -2 and a’-3a*-6a<0
= a<-2 and —2a°-6a<0
= a<-2 and -2a(a+3)<0
Now, —2a(a@a+3)<0
= a(a+3)>0

- + - * >

— oo -3 0 + oo
= a<-3o0ra>0
= a € (— o;=3)w (0,0)

Hence, f(x) is strictly decreases forallx € R, if a € (— o, — 3) U(0;0).
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- SMART ACHIEVERS

Y__E!:B_g Nurturing Success...

Nurturing Success...

MATHEMATICS - Xl | Tangents and Normals Ncert

Date: 18/10/2021

Q1. Find the slope of tangent to the curve f(x) = 3x? + 4x at point, where x-coordinate is - 2.

Q2. Find the slope of tangent to the curve y = 3x? — 4x at point whose x-coordinate is 2.

Q3. Find the slope of the normal to the curve x=1—-asin 0,y = bcos?0 ato = L

9"
Q4. Find the slope of the tangent of the curve y = 3x* —4xat x=1.
Q5. Find the slope of tangent to the curve y = 3x? — 6 at point on it whose x-coordinate is 2.

Q6. Prove that the tangents to the curve y = x2 — 5x + 6 at the points (2, 0) and (3, 0) are at
right angles.

Q7. Show that the tangents to the curve y = 2x® — 3 at the points where x =2 and x= -2 are
parallel.

Q8. Find the slope of the tangent and the normal to the curve x* + 3y + y2=5 at (1, 1).

Q9. The slope of the curve 2y? = ax? + b at (1, —1) is — 1. Find a, b.

Q10. Find the slope of the normal to the curve x = acos®0, y=asin®0ato = %

Q11. Find the equation of the tangent to the curve y = —5x%+6x + 7 at the point (%, %)

Q12. Find the points on curve y = x* — 11x + 5 at which'equation of tangent is y =.x — 11.

Q13. Find the points on the curve y = (x — 3)? where the tangent is.parallel to the line
joining (4, 1) and (3, 0).

Q14. Find the points on the curve x* + y*>~ 2x— 3 = 0 at which tangent is parallel to X-axis.

Q15. Find the points on the curve y'=.2x? — 6x — 4 at which the tangent is parallel to the
x-axis.

Q16. Find the points on the curve y = x® at which the slope ofthe tangent is equal to y-coordinate
of the point.

Q17. Find the equation of the normal to the curve y.= 2x? + 3 sin xat x= 0.

x-T7

Q18. Find the equation of tangent to the curve y =
g 9 Y= _ 5x +6

X-axis.

at the point, where it cuts the

Q19. Find the equation of the tangent to the curve y = (x® — 1) (x — 2) at the points where the
curve cuts the x-axis.

Q20. Find the equation of tangent to the curve y = x* - 6x® + 13x* - 10x + 5§ at point x=1, y = 0.

Q21. Find the equation of the tangent and the normal to the curve y = x* - bx® + 13x* -10x+ 5
at the point (0, 5).
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Q22. Find the equation of the tangent and the normal to the curve y = x* - 6x® + 13x*-10x+ 5
at the point (x = 1).

Q23. Find the equation of the tangent and normal to the parabola y? = 4ax at the point
(at?, 2at).

Q24. Find the equation of the tangent line to the curve y = x> — 2x + 7 which is parallel to the
line2x-y+9=0.

Q25. Find the equation of the normal to the curve ay? = x® at the point (am?, am?®).

Q26. Find the equation of tangent to the curve y = 2x? + 7, which is parallel to the line
4x-y+3=0.

Q27. Prove that (g)n+ (%)n =2 touches the straight line % + % =2 forall ne N, atthe point(a, b).

Q28. Find the equation of the tangent line to the curve y = x? — 2x + 7 which is perpendicular
to the line 5y — 15x=13.
Q29. Show that the line §+ % =1 touches the curve y = bes at the point where it crosses

the y-axis.

Q30. Find the equations of all lines having slope 2 and that are tangent to the curve y = ﬁ X#3.

Q31. At what points will the tangent of the curve y = 2x* — 15x2 + 36x~21 be parallel to X-axis?
Also, find the equations of tangents to the curve.

Q32. Find the points on the curve XTZ+£_;:1 at which.the tangents are parallel to the
(i) x-axis, (ii) y-axis.

Q33. Find the points on the curve y = x3 — 2x? — x at. which the tangent lines are parallel to the
line y=3x-2.

Q34. Find the point on the curve 4x? + 9y? =1, where the tangents are perpendicular to the
line 2y + x = 0.

Q35. Find the points on the curve 9y? = x° where normal to the curve makes equal intercepts
with the axes.

Q36. Find the equation of tangent to the curve x = a sin®*tand y = a cos? t at the point, where

t= =,
4

Q37. Find the equation of tangent to the curve 4x2 +9y? = 36 at the point (3 cos 0, 2 sin 0).
T

Q38. Find the equation of tangent to curve x=sin 3f, y = cos 2tat t= 4

Q39. Find the-equation of tangent and.normal to the ellipse X_: + z_i =1at(x,, y,)
a

Q40. Find the equation of the tangent and the normal to the curve L: - V_j = 1 at the point
a b
(g ¥o)-

Q41. Find the equation of the normal to the curve y = (1 + x)¥ + sin~'(sin2x) at x = 0.
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Q42. Find the equations of tangents to the curve y = (x* — 1) (x — 2) at the points, where the
curve cuts the X-axis.

Q43. Find the equation of the tangent and the normal to the curve 16x2 + 9y? = 144 at
(x,, ¥,) where x, =2 and y, > 0.

Q44. Find the equation of tangent to the curve x? + 3y = 3, which is parallel to line
y—-4x+5=0.

Q45. Find the equation of the tangent line to the curve y =,/5x —3 — 2 which is parallel to the
line 4x—-2y + 3 =0.

Q46. Find the equation of tangent to the curve y = +3x—2 which is parallel to the line
4x -2y +5=0.

Q47. Find the equations of all lines of slope zero and that are tangent to the curve
1

y=x2—2x+3'

Q48. Find the equation(s) of normal(s) to the curve 3x? — y? = 8 which is (are) parallel to the
line x + 3y = 4.

Q49. Find the equations of the normal to the curve y = x* + 2x + 6 which are parallel to line
x+14y+4=0.

Q50. Find all the tangents to the curve y = cos(x + y), —2n < x < 2r_that are parallel to the line
x+2y=0.

Q51. Find the angle between the parabolas y? = 4ax and x? =4by at their point of intersection
other than the origin.

Q52. Find the angle of intersection of the y? = 4x and 'x? = 4y.
Q53. Find the angle of intersection of the curves . xy =6 and x?y = 12.

Q54. Find the coordinates of the points on the-curve y=x? + 3x + 4, at which the tangent
passes through the origin.

Q55. For the curve y = 4x® — 2x° find all points at which the tangent passes through the origin.

Q56. Find the equations of all lines of slope —1 that are tangents to the curve y = <=1’ x#1.

Q57. Show that the curves xy =a% and x? + y? = 2a? touch each other.

Q58. Show that the curves

ax’+ by>=1
and ax:+by>=1
should intersect orthogonally if 1 = 1_1 .
a“b a b

Q59. Show that the angle between the tangent at any point P and the line joining P to the
origin O is the same at all points on the curve

log(x? + y?) = k tan‘{%).

Q60. Show that the curves x = y? and xy = k cut at right angles, if 8k% = 1.
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Q61. Find the equation of tangent and normal to the curve x=1-cos0, y=0-sin0 at e:%.

Q62. Find the equation of the normal to the curve x? = 4y which passes through the
point (1, 2).

Q63. Show that the normal atany point 0 to the curve x=a(cos 0 +0 sin0), y=a(sin 0 — 0 cos 0)
is at a constant distance from the origin.

Q64. The curve y = ax® + bx?+ cx + 5 touches the x-axis at P(-2, 0) and cuts the y-axis at the
point Q where it’s gradient is 3. Find the equation of the curve completely.

Q65. Determine the quadratic curve y = f(x) if it touches the line y = x at the point x =1 and
passes through the point (-1, 0).

Q66. Find the equations of tangents to the curve 3x? — y?> = 8, which passes through the
4
. _’0
point [3 ]

Q67. Find the equation of the normal at a point on the curve x* = 4y which passes‘through the
point (1, 2). Also find the equation of the corresponding tangent.
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MATHEMATICS - Xl | Tangents and Normals Ncert-Solution

Nurturing Success...

S1.

S2.

S3.

S4.

Date: 18/10/2021

Given that y = 3x% + 4x
Differentiating w.r.t. x, we get

d
= 6x+4

Slope of tangent = z—i atx=-2=6(-2)+4=-12+4=-8.

Given that y = 3x? — 4x

Differentiating w.r.t. x, we get

y

dx = 6x—-4

d
Slope of tangent = [d_ﬂ atx=2=6(2)-4=12-4=8,

We have, x=1-asin® and y=bcos?0

= %=—acoseand%-—2bcosesin9
dy
4 _ do _ —2bsinbcos® _ 2b . o
dx  dx —acos0 a
do
(dy) 2br. n _2b
= — = =sin- = —
ax Jg_F a 2 a
Hence (SI fth | t(?l-n]=——1*=—i
, ope.of the normal a =3 (d_y) 25
dx 9=§

Given that'y = 3x* — 4x

Differentiating w.r.t. x, we get

dy _ s
ax 12x° -4
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S5.

S6.

S7.

S8.

d
Slope of tangent = l:é] atx=1=12(1°*-4=12-4=8.

Given that y=3x*-6
Differentiating w.r.t. x, we get

d_‘V:GX
dx

d
Slope of tangent = d—l): atx=2=6(2)=12.

The equation of the curveis y = x> —5x + 6
Differentiating w.r.t. x, we get

d_y =2x-5
dx
Now, m, = Slope of the tangent at (2, 0) = (d—) =2x2=5=-1
dX (2‘ 0)
dy
and, m, = Slope of the tangent at (3, 0) = | — =2x3-5=1
ax (3,09
Clearly, mm,=-1x1=-1

Thus, the tangents to the given curve at (2, 0) and (3,.0) are at right angles.

The equation of the curve is y = 2x3 -3

Differentiating w.r.t. x, we get

dx
- - o= (Y - 2
Now, m, = Slope.of the tangent at (x = 2).= M =6 x (2)?=24
x=2
and, my = Slope of the tangent at(x=-2) = (%) =6 (-2)2=24
x=-2
Clearly, m, =m,

Thus, the tangents to the given curve at.the points where x = 2 and x = -2 are parallel.

The equation of the curve is x2 + 3y + y2=5

Differentiating w.r.t. x, we get

dy dy
2 3= +2y— =0
X+ {;h'xJr ydx
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S9.

S10.

dy _ 2X

-l = -
ax 2y +3
N (O‘_V) .2 __2
dx (1,1) 2+3 5
dy 2
Slope of the tangentat (1, 1) = (—) ==
dx Ji) S

The equation of the curve is 2y?> = ax? + b

Differentiating w.r.t. x, we get

dy _

4y — = 2ax
Y ax
- d—y = ﬂ
ax 2y
. (91] _-a
dX (1,-1) 2

Itis given that the slope of the tangentat (1, — 1) is — 1. Therefore,
_a- -1 = a=2
2
Since the point (1, — 1) lies on (i). Therefore,
2(-12=a(12+b =.a+b=2

Puttinga=2ina+b=2,weobtainb=0

Hence,a=2and b=0.

We have, X.= acos30, y=asin®0
= L = —-3acos?0sin 0
ao
and dy = 3a sin?0.cos O
do
dy
ay B d_e
NOW, dx = d_—X
do

()
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dy _ 3asin’0cosH

= = =—tanb
dx  —3acos?6sind
. Slope of the normal at any point on the curve = — 1o =1 coto
dy —tan®
ax
. . .
Hence, (Slope of the normal at 9=Z] = COtZ =1.
S$11. The equation of the given curve is
y=-5x2+6x+7
dy
— =-10x+6
- ax
dx [1_2]
2" 4
. . 1 35).
The required equation of the tangent at 2 is
35 _ [dy) ( 1)
Y—-——7%=\|7 X—3
4 dx (1%) 2
2 4
Y~ 2
= X+—.
= y 2
S§12. Given equation of curve is y=x2—-11x+5 .. (i)
. . dy
Slope of the tangent to the given curve is o
X
Y 3x2 — 11
dx

Also, slope of the tangent y = x—-111is 1.

I
-

i(x3 ~11x +5)
ax

3xX2-11=1

= 3x¢= 12
= X2 =4
X = 12
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From Eq. (i),

At x=2,y=(2P-1(2)+5=8-22+5=-9
At X= -2, y=(=2PF—11(=2)+5
= _8+22+5=19

Hence, the required points on the curve are (2, —9) and (-2, 19).

$13. Let the required pointbe P (x,, y,). The equation of the given curve is

y=Kx-3y .. (i)
Y ook
= i 2 (x—3)
d_V] =2 (x. -
- ( dX Jix,.y,) 2=9)

Since the tangent at P is parallel to the line joining (4, 1) and (3, 0). Therefore,

Slope of the tangent at P = Slope of the line joining (4, 1) and (3, 0)

EIRE =
dX Jix.yy 3—4

= 2(x,—3)=1
-
- X1=_
2

Since the point P (x,, y,) lies on (i). Therefore,

y1 =(X1—3)2
_ 7
X1—E

2 2
7 (1Y) 1
- - (-

Thus, the required point is (% %]

S14. Given equationof curve is

X2+ y2=2x=-3=0 ()]
We know that when a tangent to the curve is parallel to X-axis, then g_y =0.
X

d
So, we find % from Eq. (i) and equate it to zero. Now, differentiating both sides of Eq. (i) w.r.t. x,
we get
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2x+2ydy 2=0

i

= 2yﬂ=2—2x
ax

2-2

- dy _ £ X

dx 2y

d_y_‘l—x

ax y

Putting 4 =0, we get
ax

1-x=0

= x=1

Now, putting x =1 in Eq. (i), we get

1+y?2-2-3=0
= y’—4=0
= y2 =4
= y=+2

Hence, required points are (1, 2) and (1, —2).

$15. Let the required pointbe P(x,, y,). The given curve is

y=2x2-6x-4 ()
dy
— =4x-6
= dx
= (d_y) =4x,~6
dx [’H,l’i)

Since the tangent at (x,, y,)is'parallel to x-axis. Therefore,

aX /)y,
= 4X1 -6=0
3
= X, = =
2

Since, (x,, y,) lies on curve (i). Therefore, y, = 2x12 -6x,—4
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Now, X, = E
2

- e )

9 17
——9-4=—-—
2 2

So, the required point is (% %) )

$16. Given that, y=x3 ()]
dy
We know that, slope of tangent = ™
dy
Sl ft t=— =3x2
ope of tangen dx X

Now, given that slope of tangent = y-coordinate

dy _
dx y
= 3x2=y [ v = 3x2]
dx
= 3x? = x3 [-: =X Given]
= 3x-x3=0
= x}(3-x)=0
x=0,3
Now, putting x =0, 3 in Eq. (i), we get
y=(00°=0 [At x=0]
and y=(3)P=27 [At x = 3]
Hence, the required points-are (0, 0) and (3, 27).
$17. The equation of the given curve is y = 2x? + 3'sin x (i)

Putting, x=0in (i), we gety=0
So, the point of contact is (0, 0).
Now, y = 2x%+ 3 sin x

ay _
adx

= 4x + 3 cos x
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= (d_yJ =4x0+3cos0°=3
dx (0,0)

So, the equation of the normal at (0, 0) is

y—0=—%(x—0) Using:y—y1=(dy_)1(x—x1)
dx {:XU)‘HJ
= x+3y=0
$18. The given equation of curve is
x—7 :
Y X sx+6 - @
Differentiating both sides, w.r.t. x using quotient rule, we get
_ y du,~ u dv
dy _ (x> -5x+6)-1-(x -7)(2x - 5) ‘_Q{EJ= dx  dx
dx (x? —5x +6)° Cdx\y v2
dy  |(X°=5x+6)-y(x* ~5x+6)2x-5)]
— Y- - - ... (ii)
dx (X =5x +6)
. given y= X—_T
' ' x> -5x +6

S(x=T7) =y(x2 -5x+6)

_ dy _ 1-(2x-S)y. .. (i)
dx x> -5x+6

[Dividing numerator and denominator of Eq. (ii) by x? — 5x + 6]

As, it is given that given curve cuts X-axis, so its y-coordinate is zero.
Put y=0in Eq. (i), we/get
2—X__7_._ =0
X< =5X4+6
— X=7

. Curve passes through the point (7, 0)."Also, from Eq. (iii), we get

Slope of tangent = m = [d_y}
dx 7.0
- _ 10 _1
49-35+6 20

1
Hence, the required equation of tangent passing through the point (7, 0) having slope 20 is
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S§19.

S$20.

1
-0 =—(x=-7) or 20y=x-7
y 20( ) y

or x=20y = 7.
The equation of the curve is y = (x* = 1) (x — 2) . (D)
It cuts x-axis at y = 0. So, putting y= 0 in (i), we get

-1 (x=-2)=0
= x=1)(x=2)(x*+x+1)=0
= x-1=0,x=-2=0 [°.°x2+x+1¢0]

= x=1,2

Thus the points of intersection of curve (i) with x-axis are (1, 0) and (2, 0).

Now, y=(x=1)(x=2)
= Y _ 2 (x—=2)+(x*-1)
dx
= (d_y] =312 (1-2)+ 11-1
dX_(-]‘O)
==3+0==3
and (d_y) = 3(22(2-2)+2°~1
ax (2,0)
=0+8-1=7

The equation of the tangents at (1, 0) and (2, 0) are respectively
y—0= =3(x=1)

and y—-0= 7(x-2)
= y+3x<=3=0
and 7X—y=14= 0.
Given equation of curve.is
y=x*—6x3+13x2=10x+ 5
Differentiating w.r.t. x, we get
d
& - 40— 18x2 + 26x-10
adx
We know that slope of a tangent
")
dx (X1, 1)
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S21.

S22.

m = [ﬂ] =4-18+26-10=2
dx x=1

Equation of tangent is given by

Y=y, = mx - x,)
Here, x, =1,y, =0, m=2

y—-0=2(x-1)
y=2x-2
Hence, 2x—-y= 2.

The equation of the curve is y = x* — bx® + 13x? — 10x + 5.

Y 4x® — 3bx? + 26x - 10
ax
= (d_y] = 4(0)*>-3b(0) + 26(0) - 10
dx J0,5)

0-0+0-10=-10

The equation of tangent at (0, 5) is

y-5= (%) -0
dx (0,5)
or y=5=-=10(x=0) or A0x+y-5=0
The equation of the normal at (0, 5) is
-5= __1_._()(_0)
T ®
dx,(0‘5)
1
or y—96= E(X—O) or x—10y+50=0
The equation of the curve is y = x* — 6x% + 13x2 =10x+ 5 (i)
v 4x3 — 18x2+26x — 10
ax
= (d_y] =:4-18+26-10=2
dx x=1

Putting x = 1in (i), we get y = (1)* = 6(1)® + 13(1)2=10(1) + 5
=1-6+13-10+5=3
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The equation of the tangent at (1, 3) is

or y-3=2x-1) or 2x-y+1=0
The equation of the normal at (1, 3) is

y-3= ———(x-1)

(%)
dX_ x=1

or y—-3= —%(x—‘l) or x+2y—-7=0.

$23. The equation of the given curve is y? = 4ax

Differentiating (i) w.r.t. x, we get

dy
2y— =4
ydx @
dy _ 2a
= ax y
N (d_y] _ 2 _1
dX, (afz,ZSf] 281‘ t

So, the equation of the tangent at (af?, 2at) is

y—2at= (ﬂ) (x —at?)
dx (at*,2at)
_ 1 5
= y—2at= ?(x—at )
= ty = x.+.af?

The equation of the normal at (a2, 2at) is

1 2
= 2at= — x —at
= y (ﬁ] ( )
dX (a7 2at)
1 2
= y—2at= —T(x—at)
t
= y—2at=—t (x — af)
= y + tx = 2at + af®.

()]
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$24. The equation of the curve is y = x2 = 2x + 7

§25.

Let P (x,, y,) be a point on y = x2 — 2x + 7 such that tangent at P is parallel to the line

g-Zx—Z
ax
2x —-y+9=0
(d_y) =2
ax Jp
= 2x1—2=2
= X, =2

1
Since P(x,, y,) lieson y

Y, = X{—2x,+7

= y,=4-4+7=7

Hence, required pointis (2, 7).

The equation of the tangent is

ore () e

x2 —2x + 7. Therefore

ax
or, y—-7=2(x-2) or 2x—-y+3=0.
We have, ay? = x3
Differentiating with respect to x, we get
dy
2ay—— = 3x?
4 ax
2
. o, B
ax 2ay
- ( dy ] _ 3a'm* _ 3m
dx (am?, am®) 2a*m?® 2
The equation of the.normal at (am?, am?®) is
W 2
y—amd="—— (x —am®)
(o)
AX ) (. am®)
2
—am® = ——(x—am’?
Y 3m ( )
or 2x +3my—am? (2+3m?) =0
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$26. Let the point of contact of the required tangent line be (x;, y,)
The equation of the given curve is y=2x2+ 7

Differentiating both sides w.r.t. x, we get

dy
—_ = 4
ax X
= [d_y) = 4x,
dx (x4 1)

Since the line 4x — y + 3 = 0 is parallel to the tangentline at (x,, y,)
Slope of the tangent at (x,, y,) = (Slope of the line 4x—y + 3 =0)

dy —4 Coeff. of x
= - = — +Slope=——"——
X Jig.yy 1 Coeff. of y
= 4x, = 4
= X, =1
Now, (x;, y,) lieson y= 2x* + 7
y, = 2x +7
= y1=2+7=9 ["'X1=]

So, the coordinates of the point of contact are (1, 9).

Hence, the required equation of the tangent line is

y—9= 4(x-1)
= 4 -y+5=0
S27. We have, (1) +(1] N2
a b

Differentiating both sides w.r.t.'to x, we get

=1 Nt
a a b b dx
d _ n-—1 n—1
- & _b[i] [E]
dx al\a y

The equation of the tangent at (a, b) is

(ﬂ} )
dx (a,b) a

y—-b= _—b(x—a)
a

= ay—ab= —bx+ab
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= bx + ay = 2ab
X, ¥
= —+= =2
a b
Hence, §+% = 2 touches the given curve at (a, b) foralln € N.

$28. The equation of the curveis y = x? - 2x+ 7
— =2x-2

dx
If the tangent at P (x,, y,) is perpendicular to the line 5y — 15x = 13. Then,

(d_y} x 3=
pr

= (2x,—2)x3=-1
' 6

Since P(x,, y,)lieson y=x2-2x+7
Y, = X2 =2x,+7

= =§_§+7=21—7
173673 36

The equation of the tangent at P (% %] is

..(d_l’) __1
) ax Jp 3
36y —-217=-12x+10

or, 12x + 36y — 227 = 0.

$29. _x
The equation of the given curveis y = be 2 ()

It crosses y-axis atithe point, where x =0

Putting x = Odin (i), we get y=be® = b

So, the point of contact is (0, b).
Differentiating (i) w.r.t. x, we get

dy -ii(_ﬁ]
ax be adx
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S30.

S31.

= —=_ea
ax a
), et
d dxJor a = a

The equation of the tangent at (0, b) is

y—b=—§ (x—=0) |:Using:y—y1=(
= ay—ab = — bx
= bx + ay = ab
= £+1=1

a b

X

Yy _

Hence, §+ e 1 touches the curve y = be @ atthe point where it crosses the y.axis.

Let (x,, y,) be the point of contact of a line of slope 2 which touches the curve y = " 1

1
Now, =
W y x—3
. @1
dx (x=3)
dy] 1
—J _— = 2
(dx (x4, 1) {x‘l - 3)
But, (d_y] =2
dX (X1,Jf1]
1
- =2

= 2(x,; = 3)2 = -1,
which is not possible at LHS is positive and RHS is negative
Hence, thereiis no tangent line of slope 2:to the given curve.

We know that when a tangent is parallel to X-axis.

Then, d_y =0
dx

d
X ]{x1.y1] (X - xl)]
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Differentiating the given equation y = 2x® — 15x2 + 36x — 21 w.r.t. x, we get

d_y = 6x?—30x + 36
ax

Put P 0, we get
ax

6x?—30x+36=0
= 6(x*>-5x+6)=0
= x2—-5x+6=0
= x-2)x-3)=0
or x=2o0or3

Now, when x = 2, we get
y = 2(2)*-15(2)*> + 36(2) — 21
= y=16-60+72-21
= 88-81=7

Also, when x = 3, we get
y = 2(3)°-15(3)* + 36(3) — 21
= 54 -135+108-21
y= 162-156=6

Hence, the tangent passes through the points (2, 7) and (3, 6).
Now, we find the equation of tangents to the given curve.

Slope of tangent at point (2, 7) is

dy}
m=.|— = 6(2)? - 30(2).+36
L,Xm (2)?~30(2)
=24-60+36=0

and slope of tangent at point (3, 6) is m
dy )
m = [a](as} =6(3)—-30(3)+36
= 54<=90+36=0

. Equation of tangent at point (2, 7) having slope O is

y—-7=0(x-2)
or y-7=20
y=17
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and equation of tangent at point (3, 6) having slope 0 is

y—-6=0(x-3)
or y—-6=0
y=6

Hence, equation of tangents are y =7 and y = 6.

S32. X2 y2
Let P (x,, ¥,) be a point on the curve T+ 25 = 1. Then,
2 2
X1 oY _ .
—+=—=1 o (
4 25 ®
2 2
Now, X—+‘V— = 1
4 25
= £+2_yd_y =0
2 25dx
= d_y = _2_5£
ax 4y
_ (d_y) __25x
dx Jp 4y,

(i) Iftangent at Pis parallel to x-axis, then

[d_y) =0
ax P
25 X,
- it NP
4y,
= X, =
Putting x, = 0 in (i), we get
y_12 =i
25
= yp=1%5

Hence, required points are (0, 5) and (0, —5).
(i) Ifthe tangent.at Pis parallel to y-axis, then

1

—
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= y, =0

Putting y, = 0in (i), we get

= X,

Hence, required points are (£2, 0).

$33. Let P(x,, y,) be the required point. The given curve is

y=x3-2x-x

= ay
ax

- ()
dX {xv}ﬁ)

3x2—4x -1

3xZ —4x, -1

Since the tangent at (x,, y,) is parallel to the line y = 3x - 2.

Slope of the tangent at (x,, y,) = Slope of the line y = 3x - 2

- @,
dx (X4, ¥4)
= 3xZ —4x,-1=3
= 3x) —4x,-4 =0
= (x,=2)(3x,+2)=0
= X, = 2, _2
3

Since, (x,, y,) lies on curve Eq. (). Therefore, y, = x7 — 2x?

Now, X{=2
= Vi 28 -2(2)%*-2
=8-8-2=-2
2
x'_] = ——
3
= = (_g.]s_z[_g)zﬁ_g
4 3 3 3

. (i)
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S$34.

C 27 93 27 27
) _ -2 —14
Thus, required points are (2, —2) and (? ?J

8 8 2_-8-24+18 -14

Let the required point be P (x,, y,). The equation of the given curve is
4x2 + 9y? = 1 .. (i)
dy _ . _
= 8x + 18ya =0 [Differentiating w.r.t. x]
ax 9y
(dy) —4x,
: — e
dx (x4, 4) 9y1
Since tangent at (x,, y,) is perpendicular to the line 2y + x = 0. Therefore,
Slope of the tangent at (x,, y,) x Slope of the line = -1
- (d_y) x[_l) =
dx (x4 1) 2
9y, 2
—2X .
= V== 1 . (ii)
Since P(x,, y,) lies on the curve (i). Therefore,
4x? +9y? =1
-2x, \
- 4x? +g( : ) - 1 [Using (i)}
2
= 4x? P2y
9
2=
- X 20
3
= x, = =%
" 2410
3
Now, X = —
'2\10
. ) = _Z(L) S
"o9l2v10 3V10
3
and X, = ——
“ 210

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 19



= y1 = _—2(_ 3 ] =
9l 2v10) 3
Hence, the required points are ( 3 _—1] a
210 3410

$35. Let the required point be (x,, y,).
The equation of the curve is 9y? = x°.

Since (x,, y,) lies on the curve. Therefore,

97 = X

Now, 9y? = x3
= 18y£ = 3x?

dx

2

= a _ x
dx 6y

o )
R (d_y) = X
dx (%1, ¥4) 6y1

Since the normal to the curve at (x,, y,) make equa
Slope of the normal = 1

= _; = + 1
(&)
dX_ (x5, v4)
3
= — = #1
X Jix,, )
2AY,
= X{ = +6y,
= x; = 36y?
= x} = 4x3
= X2 (X, —4)=10
= Xp= 0,4
Putting x, = 0in (i), we get
9y? = 0
= y;, =0

()

| intercepts with the coordinate axes. Therefore

[Using (i)
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Putting x, = 4 in (i), we get
9y? = 43

= y; = %

w| oo

But, the line making equal intercepts with the coordinate axes cannot pass through the origin.

Hence, the required points are (4, %) and [4, - g) .

$36. The given curve is x=asin®tand y=a cos*t

(4
First, we find ﬂ N :
* (@)
dt
Now, X=asin®t
ax . : :
o = a-3sin*tcost [Differentiate w.r.t. f]
= 3asin’tcost
and y =acos®t
dy _ . . .
o a-3cos?t(—sin ) [Differentiate w.r.t. {]
= —3acos?tsin t
(&
= b, .
dy _ dt_ _ 3a<?ozs tsint " cott
dx (d_XJ 3asin®tcost
dt
Now, slope of tangent, (m) {d_y] = cot™ =1 [ cot = = 1]
dx = 4 4
s 1 ’ a
Also, x/= asinfZ-a| —| =2«
‘ 4 [ﬁ ] 242
3
y. = aCOSSE:a[i] :i
1 4 \Wz) 22
Hence, equation of tangent is
Y=y, = mx —x)
a
Here, X = —,
1 2\/5
y, = i m=-—1
1 2\/5 !
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= 22y —a = -2J2x +a

= 2\/§x+2,/2y = 2a

Here, the required equation is
V2x++2y = a.

§37. Given equation of the curve is
4x2+ Qy? = 36
Differentiating both sides w.r.t. x, we get

8x+‘|8yd—y =0

dx
= 18yd—y = —8x
dx
— d_y = _8_X
dx 18y
= @ = X (i)
dx 9y

But given that tangent passes through the point (3 cos 0,2 sin 0)
Putting x =3 cos 0, y =2 sin 6 in Eq. (i), we get

dy _=12co0s6

dx 18sin0

dy _ —2cos0

or T = :

dx 3sin6

-2cos0
Slope of the tangent, m = . + We know that m = dy

3sin@ X Jox, v

Now, equation of tangent at the point (3 cos 0,:2 sin 6) having slope

-2co0s0 i
3sin0

=

y_y1 = m(x_ X1)
—-2c0s0
3sin0

= y—2sin0= (x — 3 cos 0)
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= 3ysin0—-6sin?0 = —2xcos 0 + 6 cos? 0
0

= 2xcos O+ 3ysino—-6=0 [» sin?0 +cos?0=1]

= 2xcos 0+ 3y sin 6 — 6(sin2 6 + cos? 0)

$38. We know that the equation of tangent at the point (x,, y.) is

y—y,=mx-x,), where m= [%} .. (1)
X (X1>Y‘|)
First, we find d_y
dx

Now, given x = sin 3t ... (i)

dx . .

E = 3 cos 3t [Differentiate w.r.t. f]
and = cos 2t o (1))

% = —-2sin2t [Differentiate w.r.t. f]

X
dy
dy _ \dt)_-2sin2t
dx [d_X] 3 cos 3t
dt
Putting t= % , we get
_2sin™ .+ sin= =1and cossizcos[n—ij
m{d_y] ) o 2 2 2 4 4
O'X r:E SCOS 311: 3 3 i 1
— W= =—CO8+ =——F
¢ 4 N 4 2
Also, to find (x., y,), we put t= % in Egs. (i) and (iii),
X, = sin3—n = sin[n—E] —sint = 1
* 4 4 4 2

and y, = cosgz 0

So, putting (x,, y,) = (%0] and m= ¥ in Eq. (i), we get
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y_0= &[X—i]
3 J2
2
= 3y = 2\/5)(—3

Required equation of tangent is
6v2x -9y -2 = 0.

$39. 2 2
We have, X+l =+ ()

a® b
Since P (x,, y,) lies on the curve (i). Therefore,

2
X1 Y1 _ .
42l =1 .
2 (ii)
Differentiating (i) with respect to x, we get
a b dx
2
- W . b
dx a<y
’ 2
- @
The equation of the tangent at P(x,, y,) is
dy]
y-y, = (— (x=xy)
1 dx Jix,,y,) 1
b*x
= y_y-]__ 21()(—-)(1)
a‘y,
. yyi—y: _ _(m;Xf]
b? a
2 2
xx‘] yy1 - X1 y1
= —t
a> ~b>v a® b
XX, VY, o
= — = 1 Using (ii
2 [Using (ii)]
The equation.of normal at P(x,, y,) is
_ 1
Y-y = -W(X-Xﬂ
'dx' 'i_x11}"1}
— _ — az.V1 (X - X )
,V y1 b2X1 1
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bg(y—.}ﬁ) = 82(X = X1)

-
Y1 X
2 2
— b_y —_ b2 = ﬂ —_ az
Y1 X4
a’x b?y
———— = g2_p2
= X4 ¥
S40. x2 y?
The equation of the curve is —- - <3 =1 ()
a
Point P(x,, y,) lies on (i). Therefore,
2 2
%o _Yo =1 (i)
a b
Differentiating (i) with respect to x, we get
2x _2ydy
a’> b? dx
2
- @ _ x
dx a‘y
b2
- )%
dx/p a%y,
The equation of the tangent at P(x, y,) is
b%x
= Y=Yo = S5 (X=2X5)
a‘y,
_ YYo= Y5 £ X%0 = Xo
b? a’
- XXo LW - X _ Yo
az b2 az b2
XX C
- _32—0 _ % =1 [Using (ii)]
The equation of the normal P(x,, y,) is
2
_. @Yo
-y, == X—X
Y=Y bex, (X=Xp)
b? a’
= —(y=Y,) = ——(X=Xp)
Yo Xo
2 2
- Ex VY g
Xo Yo
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S41. We have, y = (1+ x)¥ + sin7'(sin?x)

S42,

Putting x = 0, we get
y = (1 + 0) + sin~'(sin?0)
= y=1

Thus, we have to write the equation of the normal to (i) at P(0, 1).
y-1= —'(x-0)

il

Differentiating (i) w.r.t. x, we get

dy y log (1+ x) d 1 d /. o

- =€ -— 1y log(1+ x)} + —=—"sin" x
= dy _ (1+ x)’ {d—y-log(1+x)+ y }_'_ 2sin X cos X

o dx T+ x| |cosx|y1+sin?x

Putting, x =0 and y = 1, we obtain

&)~ (%)

— | =4 0+1:+0
dx P { dx px "

= d—y)=1
/p

dx

Hence, the equation of the normal at P(0, 1) is

-1
(%)
ax o

y—1=-1(x=0) or x+y=1.

y-1= (x —0)

Given equation of the curve.is
y= (-1 (x=2)
Since, the curve cuts'the X-axis, so y-coordinate‘in its equation is zero.
x-1Hx-2)=0
e x’=1orx=.2
= X= t1o0r2
or x=-1,1,2

The given curve cuts the X-axis at points (-1, 0), (1, 0), (2, 0).
Now, differentiating Eq. (i) w.r.t. x, we get

d_y = (xX=1)-1+(x=-2)-2x
dx

. (i)

. (i)
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= —— = x2—1+2x?-4x
ax

= d_y= 3x?—4x -1
dx

We know that slope of a tangent is %

m = slope of tangent of 3x? — 4x — 1 at points (— 1, 0) or (1, 0) or (2, 0).
So, we get three values of m, i.e.,

m, = [d—y} = 3(-1)2—4 (- 1)—1
(-1,0)

ax
=3+4-1=6
or m, = [d_y} = 3(1)2=4(1)-1
=3-4-1=-2
or m3=[d—y} = 3(2)2-4(2)- 1
=12-8-1=3

We know that equation of tangent at the point (x,, y,) is given by y -y, = m(x—x,).
We get three equations of tangents.

Equation of tangent at point (=1, 0) having slope(m,) = 6.

y—0= 6(x +1)
= y= 6x+6
= 6x—-y= -6

Equation of tangent at point (1,.0), having slope m, = -2
y—-0=—-2(x-1)
= y=-2x+2 or 2x+y=2

and equation of tangentat point (2, 0) having slope'm, =3

y—0= 3(x=2)
y=3x—-6
= 33X =y= 6.
S$43. The equation of the given curve is 16x* + 9y? = 144 ()

Since (x,, y,) lies on (i). Therefore,

16x2 +9y? = 144
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= 16(2)2 + 9y? = 144
=N 9y,2 = 144 -64
i 2 - @

Y1 9

445
= y = 45 ey, >0]
3

So, coordinates of the given points are (2 i)
Now, 16x2 + 9y? = 144

dy . .
= 32x+‘18ya =0 [Differentiating.w.r.t. x]
_ dy _ —16x

dx Qy
- [dy] 16x2 _ 8

o [ ] 9 x —4\/5 3J5
The equation of the tangent at (2, ?] is
—ﬂ = (dy] (X~ 2)
Y73 dx )5 445)
. g5 ot
35
=N 3J6y-20= —8x+ 16
= 8x +3/5y=36 = 0
The equation of the hormal at (2 i)
- ﬂ =g L (x=2)
& (3
dx [ 4(]
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45 _
= y-=3 = 5 x-2
3J5
45 35
= 2 = NP (x-2)
3 8
- 24y — 325 = 9\6x-185
= 95x =24y +145 = 0

S44. The given equation of the curve is
x2+3y=3 - ()

So, differentiating Eq. (i) w.r.t. x, we get

2x + 3d_y =0
ax
dy _ 2X
- dx 3
2x

Slope (m) of tangent = -3

Also, slope of the given line whose equation is
y—4x+5=0is 4.

The tangent is parallel to the given line
Slope of tangent = Slope of line

2,
= 3 -
= -2x =12
= X ==6

Putting x = -6 in Eq. (i), we.get

(-6)%+3y=3
= 3y=3-36
= 3y=-33
= y=-1

The tangent is passing through point (- 6, —11) and it has slope 4.
Equation of tangent is
y+ 11 = 4(x + 6)

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 29



S45.

= y+ 11 =4x+ 24
or 4x -y = -13.

Let the point of contact of the tangent line parallel to the given line be P(x,, y,).

The equation of the curve is y= y5x-3-2

Differentiating both sides w.r.t. x, we get
@ - 5
dx 2,/5x -3
- (d_y'] =5
dX [x'__y1:| 2\H5X1 _3
Since the tangent at (x,, y,) is parallel to the line 4x — 2y + 3 = 0. Therefore

(d_y] = (Slope of the line 4x — 2y + 3=0)
(%5 v4)

dx

5 4

f— - = —

2,/5x, =3 2

= 4,/5x,-3 =5

= 16(5x, —3) = 25
= 80x, = 25+48

=3

' 80

AS 5x,=3-=2

= y, = 5x£—3—2
_ |73-48
= 2 P w2
5
=l = 2
= Y, i
_ 3
i = _Z

So, the coordinates of the point of contact are (% - %J
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Hence, the required equation of the tangent is

~(2) = (-2 (%), -]

4y +3 80x -73

= 4 40
= 40y +30 = 80x— 73
= 80x — 40y — 103 = 0.

$46. The given equation of the curve is

Y= 3x-2 - (1)

Differentiating Eq. (i) w.r.t. x, we get

dr_ 3

dx 243x -2
Slope of tangent= ———.
P 9 23x -2

Also, slope of the line 4x—2y+5=01s —(i] =2.

The tangent is parallel to the line
Slope of tangent = Slope of line

= m =2
= 3= 43x-2
Squaring both sides, we get
9 = 16(3x—-12)
= 9 =48x— 32
= 41.= 48xorx = “

48

41
Putting x = —— In Eq. (i), we get

48
41 41 41-32
= 3 —_— —-2 = ——2 =
Y7 [48] 16 16
- /i_ﬁ
16 4

The tangent passes through the point (:—; %] and its has slope 2.
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Equation of tangent is
y=y,= mx-x,)
41 3

—andm=2

Here, =28 ViT g

We get, the required equation of tangent is

_g = Z[X_ﬂ]
Y=3 48

4y -3 2[48x—41]
N 4y —-o aox—4l

4 48
4y-3  48x-41
= 4 24
4y _ 3o ABX-41
= Y = 6
= 24y — 18 = 48x — 41
= 48x — 24y = 23

S47. Let (x,, y,) be the point of contact of a line of slope zero whichtouches the curve

1

Y T o+
_ 1
Now. Y X g3
dy ~2(x-1)
= d_X = ) 2
(x —2x+3)
- (d_y) . =2(x =)
DTr) (x2-2x,+ 3.
Itis given that (d_y) =0
dx (x1.y4)
-2(x, =1 _
2 1 z =0
(x1 - 2X, +3)
= x, =1
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Since (x,, y,) lies on y= L

x?2—-2x+3
_ 1
Vi xZ —2x,+3
- = ;:1
YW 1273 2

Hence, the equation of the tangent is

y_

U

<

Il
YN

S48. Let the required normal be drawn at the point (x,, y,). The equation of the given curve.is
32 —y2=8 .. ()
Differentiating both sides w.r.t. x, we get

dy
6x -2y— =0
J/dx
= % = ﬁ
ax y
. (d_y] -3
dx (x1-}’1) y‘l

Since the normal at (x,, y,) is parallel to the line x +:3y = 4. Therefore,
Slope of the normal at (x,, y,) = (Slope of the line x + 3y = 4)

-1 -1
- _— =
(&), 2
X J(xy, 1)
= __y1 = ._1
3y 3
= Y, = X, ... (i)

Since (x,, y,)lies‘en (i). Therefore,
3x?—y?> =8 ... (iii)

Solving (ii) and (iii), we get

3x{—y; =8
= X.|2=4
= X, =2
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Now, X, =2 = y,=2 [Using (ii)]
and X, ==2 = y, ==2 [Using (ii)]
Thus, the coordinates of the point are (2, 2) and (-2, —2). The equation of the normal at (2, 2) is

1 1 1
—2= —_(x=2 —_ =
dx (x1-y'1)
= x+3y—-8=0
The equation of the normal at (-2, -2) is
”
y-(-2)= —(gj(x - (-2))
= x+3y+8=0.
$49. We have y=x+2x+6 ()
Differentiating w.r.t. x, we get
L 3x2+ 2
dx
_ -1 -1
Slope of normal = =
(d_J/) 3x% +2
dx.

Also, slope of the line

. . A

x+14y+4=0 is _%, [ Slope of theline Ax +By +C = OIS—E]

;1 = _—1 [--When two lines are parallel; their slopes are equal]
3x“+2 14
= 3X*+2= 14
= 3x? =.12

= X =.4

= X = 12

From Eq. (i), at x= 2
y=(2°+2(2) +6
= 8+4+6=18

and at x=—2,
y= 2P+2-2)+6
= -8-4+6=-6
Normal passes through (2, 18) and (- 2, — 6).
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Also, slope of normal = 1
Hence, equation of normal at point (2, 18) is

y—y, = slope of normal (x — x,)

-1
-18= —(x-2
y 2 X2
= 14y —-262= —x+ 2
or x+ 14y = 254

and equation of normal at point (-2, -6) is
-1
+6= —(x+2
y 14( )
= 14y +84= —x-2

or x+ 14y = —86
Hence, the two equations of normal are x + 14y = 254 and x + 14y = — 86.

$50. Let the point of contact of one of the tangents be (x,, y,). Then (x,, y,) lies;oniy = cos (x + y)

y, = cos(x, *+ y.) .. (i)
Since the tangents are parallel to the line x + 2y = 0. Therefore,

Slope of the tangent at (x,, y,) = (Slope of the line x + 2y = 0)

- (ﬂ) _
dx (x1.y4) 2

The equation of the curve is
y=cos (x+y)
Differentiating w.r.t. x, we get

v —sin(x+y)‘(1+ d_y]
- dx

ax
dy} . dy
= (— = —sin(x, +y,)- 1+(—)
AX (s o { )
1 . 1
= -3 = —sin(x, +y1)(1 —-E)
= sin(x, +y,) =1 .. (i)

Squaring Eq. (i) and Eq. (ii) and then adding, we get
cos?(x, + y,) +sin? (x, + y,) = yi +1

= 1= yZ+1
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= y,=0
Putting y, = 0 in (i) and (ii), we get
cos x, = 0 and sin x, = 1

T 3n
= X, = — ——
2 2

Hence, the points of contact are (g OJ and (—%,0).

The slope of the tangent is (—%) . Therefore, equations of tangents are

1 rc)
- 0= — —_
4 2(" 2

and y-0=-1(x+3—nj
2 2
= 2x+4y—-n=0
and 2x+ 4y + 3n=0.
S$51. We have, y? = 4ax and x? = 4by

5 \2
= [%] = 4ax [ x?=4by = y="—
= x*—64 ab’x= 0
= x(x*—64 ab?) =0
= x = 0, x3 = 64ab?

1 2
x = 0, x=-48°%ps

U

12 2
Putting x = 0 and x = 4a%h3 in y= %,

2 1
we get, y= 0and y= 4a3b3

Thus, the two curves intersect at P (4a%b§ 4a§b%) other than the origin (0, 0).

Now, y? = 4ax and x? = 4by
dy dy
2y— = 4 and 2x= 4b—
= ydx a n X I
= d_yz E and d_:i
dx y dx 2b
o A
_(dy) _ 2a _ 1({a}s
- ™7 a7 277200
TP 4g3p3

4

[ —2r<x, <2r]
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S§52.

1 2 1
'dy'] 4a3h? ( a’)é
and m,=|—| == —— = 2| —
2 (_dx P 2b b
Let 0 be the angle between the tangents to the parabolas y? = 4ax and x2 = 4by at P. Then,
m,—m
tan= | ——=
1+ mm,
1 1 1
) |36
= tan 6 = 2b1b1=2b2
32wl ()
b b b
11
3a3 b3
= tan 6 = 2 2
2(a3 +b3)
1
= 0= tan™ 3(ab)3

The equations of the two curves are
y2 = 4x .. (i)
and X2 = 4y . (ii)
y? y?
From (i), we obtain x = E Putting x = Z— in (ii) we'get

22
(%) =4y = W-64y=0 = y(y’~64)=0 = y=0,y=4

From (i), when y = 0, we get x =0 and when y = 4, we getx = 4.
Thus the two curves intersect at (0, 0) and (4, 4).
Differentiating (i) w.r.t. x;we get

dy dy 2
2y— = 4 —— =
y i = A (iii)
Differentiating (ii) w.r.t. x, we get
2x = 4 v
X
dy X .
— = — . (iv
= - 2 (iv)
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S§53.

Angle of Intersection at (0, 0):

m. = (d_y] = w
1 dx (0,0)

Therefore, the tangent to (i) curve at (0, 0) is parallel to y-axis.

From (iii), we have

From (iv), we have m, = [3—}/) =0
X /(0,0)

Therefore, the tangent to (ii) curve at (0, 0) is parallel to x-axis.

Hence, the angle between the tangents to two curves at (0, 0) is a right angle. Consequently, the

two curves intersect at right angle at (0, 0).

Angle of Intersection at (4, 4): From (iii), we have

(dy] 2 1
m1 - —_— = _— =
dx (4,4) 4 2
' 4
From (iv), we have m, = (d_y] =-=2
dx Jia, 4 2
Let 0 be the angle of intersection of the two curves. Then,
4k
2-|5 2|_3
_ 2| -
tang = |2 m1‘= 2/ = 2072
1+m1m2‘ 1 <
1+2%| = 1
2
= 0= tan’ (§]
4

The equations of the two curves are
xy =6
and x?y =12

From (i), we obtain y = —2— Putting this value of y ini(if);we obtain

xz(g) =12
X

= 6x =12
— X=2

Putting x = 2 in (i) or (ii), we get y = 3.
Thus, the two curves intersect at P(2, 3).

Differentiating (i) w.r.t. x, we get

. (i)
.. (i)
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dy
A =O
de-l'y
- ﬂ=_£
X X
_[ﬂ) _ 3
- ™= \dx ey~ "2

Differentiating (ii) w.r.t. x, we get

d d
X2—y+2)(y=0 = d_yz_gj mzz( y] =3
dx adx X (2.3)

Let 6 be the angle of intersection of (i) and (ii), then

3 3 3
tan 6 = m1_m2 = _(5)4-3 = _§+3=z=i
1+ mym, (_g)_ P A
1+ 2 (-3) > 2
= 0= tan"(i}
11

S54. Let P(x,, y,) be a point on the given curve such that the tangent'at P passes through the origin.

Since P(x,, y,) liesony=x?+ 3x + 4

v, = x2+3x,+4 .. (i)
Now, y=x2+3x+4
= ﬂ=2X+3
dx
= (d_y) = 2x4 +3
dx P

The equation of the tangent at P(x,, y,) is
Y-y, = (2x + 3) (x = X;)
It passes throughthe-origini.e., (0, 0)

0-y, = (2x, + 3) (0=1x,)
= Yy = 2x7 #3% .. (i)

Subtracting (ii) from (i), we get
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-x2+4 =0
= x1=i2

From (i), we obtain that

x1=2

= y,=4+6+4=14
X, = =2

= y,=4-6+4=2

Hence, the required points are (2, 14) and (-2, 2).
$55. Let (x, y,) be the required point on y = 4x® — 2x5. Then,
y, = 4x} —2x7 .. ()

The equation of the given curve is y = 4x3 — 2x5. Differentiating w.r.t. x, we get

dy
dx

- (5)
dx (X1, 1)

So, the equation of the tangent at (x,, y,) is

12x2 — 10x*

12x2 —=10x;

dy)
-y, =|— X—X
Y Y1 (dx (%1.71) ( 1)
= y-y, = (12¢ ~10x){x="x,)
This passes through the origin. Therefore,

0-y, = (12x"=10x7)(0- x,)

= ¥, =12x} —10x; .. (i)
Subtracting (ii) from(i), we get

0= —8x> +8x}

= 8x? (x2 -1 =0

= x, =0 or x,=+1

When x, =0

= y, =0 [Using (ii)]
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When X, =1

= y,=12-10=2 [Using (ii)]
When x, =-1
= y,==12+10=-2 [Using (ii)]
Hence, the required points are (0, 0), (1, 2) and (-1, -2).
S$56. | et (x,, y,) be the point of contact of a line of slope — 1 which touches the curve y = ﬁ
1
Now, y= —
x -1
. w1
dx (x =1)
But, (ﬂ) = -1
ax. (x1, y1)
— 1 5 = -1
(x;=1)
= (X, — 12 =1
= x,—1=%1
= x, =0, x,=2

Since (x,, y,) lies on the curve y = % Therefore,
X f—

1

Ol (i)
Now, x, =0

1 o
= Y= ] =-1 [Using (i)]
and, X, =2

1
= yi= 59 =1 [Using (i)]]

Thus, the'coordinates of the points.of contact are (0, — 1) and (2, 1).

The equations of the tangent at (0, — 1) and (2, 1) are respectively.

y+1=-1(xx-0) and (y—-1)=-1x-2)
= x+y+1=0 and x+y-3=0.
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S§57. The given curves are
xy = a? - ()
X% + y? = 2a? .. (i)
Substituting the value of y obtained from (i) in equation (ii), we get

4

x? +a—2 = 232
X
= x*-2a’*+a*=0
= X = %a
From (i), we have y=a for x=a
and y = —a for x=-a

Thus, the two curves intersect at P(a, a) and Q(-a, —a)

Now, Xy = a
dy
X—+y =20
- dx y
dy y
= == 7
ax X
and, X2 + y? = g2
dy
2x+2y— =0
- ydx
= dy _ _x
ax y
At P(a, a), we have (‘_j}i] > _2a = -1
dx Je, a

[d_y] = _E =1
dX_c;2 a

Clearly, (d_y) = (%) at P
C, /¢,

dx
So, the two curves touch each other at P.
Similarly we can show that these two curves touch each other at Q also.

$58. Let (x,, y,) be the point of intersection of the given curves. Then,
ax? +by? =1 .. (i)

ax?+by?=1 ... (ii)
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§59.

Differentiating (i) w.r.t. x, we get

2ax + Zbyg—}; =0

= dy _ _ax

ax by

R m = (2)
dX {X1IY1}

= _ 9%

by,

Differentiating (ii) w.r.t. x, we obtain

2a'x+2b'yd—y =0 = v _a'_x
ax X y
dx (%1, 1) b Yi
The two curves will intersect orthogonally, if
m,m, = —1
ax, [ a’x1J_
j— - X [— - = —
by, by,
= aa'x? = —bb'y?

Subtracting (ii) from (i), we obtain
(a-a’)x* = =(b-b")y’
(@a-a)xf=—(b-b")ys

Dividing (vi) by (v), we get

a-a’ - b—b’
aa’ bb’

111

= as. a b b

17 1 1 1

: — —— = —

a b a b
We have, log(x2 + y?) = ktan“(z]
X

Differentiating w.r.t. x, we get

(since curve passes through point(x,, ¥, )

... (if)

.. (iv)

.. (vi)

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 43



1"'? YA
= 2{x+yd—y} k{ }
dx P(x,, y.)
- dy
= 2X + ky = (kx — 2y) dx
0
dy 2x+ ky > X
=7 = O
= dx  kx-—-2y T

Let the coordinates of P be (x,, y,). Then,

(d_y) 2x; + kyy
dx kx, — 2y,

If the tangent at P makes an angle 6 with x-axis, then

Suppose OP makes an angle ¢ with x-axis. Then,

paY
X4

tan ¢ = Slope of OP =
Let o be the angle between OP and PT. Then

O=a+ 0
= a=0-9¢

tan o = tan (0 — ¢)

tang —itan¢
= tan o =
T4 tan0 tan¢
2X, + Ky, 2
=3 tan o = K =2y X
1+ 2Xx, + ky, xh
kX, —2y4 X,
2 2
= tan o = 2X;+kx1y1 kx1y1+2y12 -2
kx; —2X,y, +2X.y, + ky; Kk
_ o 2) 2
= o = fan Pk Constant.
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$60. The given curves are X = y? (i)

and xy = k ()]
From (i), we obtain x = y2. Putting this value of x in (ii), we obtain
=k
1
= y= k3
1 2

Putting y = k3 in (i), we get x = k3

2 1
So, the two curves intersect at the point P (kg, kg)

Differentiating (i) w.r.t. x, we get

dy
1= 2y—
y dx
= d_y = i
ax 2y
e (),
= 17 \dx P - 1
2k3
Differentiating (ii) w.r.t. x, we get
dy
1. y+x— =
y dx 0
== ﬂ = _Z
ax X
1
dy" k3 1
= m2=(_z] =_—2=_—1
dx =] = =
k3 k3
For the curves (i) and (ii) to.cutatright angles at P, we must have
m, my'= —1
:> L‘Ix (_i1) - —1
2k® K3
2
= 2k3 = 1
2 3
= (2k3) = 1°
= 8k? = 1.

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 45



S$61. Givencurveis x=1-cos 0 and y =0 —sin 0. To find equation of tangent and normal, first we find

d by using the formula.
dx

and

At

and

[a0)
dy _ \do
* (@)
do
ﬁ = i(1—{:.t:rs(—])=sin8
do do
@ _ i(8—3in(§i)=1—cos@
do do
dy _ 1-cos6
ax sin®

‘I—cosf 1—l
[d_y} o 4a__ 25
O_TI:

dx 2 sin” 1
4 2
m 1. N2-1
0= —, x,=1-c0S— = - ==——rr
4" V2 2
Vi = 4 4 4 2

Now, we know that equation of tangent is given by

or

y_y1 = m(x_x1)

(g

AL o (2=1)°
Sram x(N2 -1) 5

B Ly r(2+1-2V2)
ey x(~/2 =) 7
IR I = 2 -1 —(3_—2\/5)
[ 4+ﬁ} (W2-9-82
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$62.

Hence, the equation of tangent is

x\2-1)-y
= X(8 —4+/2) - 42y

Also, the equation of normalis given by

Suppose the normal at P(x,, y,) on the parabola x* = 4y passes through the'point (1, 2).

y=y,=
., y_(z_L] _
4 2
2n—-4
Vo[ 2 V2 -1) =
.ZTI—\/E?I—4\/§+4.
J2-1)- =
= ¥ ) | 4\/5 |
= 42y(N2-N-2n+\2n+4V2 -4 =
= 4V2x +42y(V2 -1) =
= 4\/§x+y(8—4~/§) =
= 42x + (8 -4\2)y =
We have, x> =4y
= 2x = 4d—y
dx
dy _ X
= dx. 2
d_y] _ X
- (dx p 2
The equation of the normal at P(x,, y,) is
-1
y=y, = (% -

(),

12-8V2 -2n+4
42

(16 21 - 82)

1
_E(X_)ﬁ)

-1 [X_\/E—1]
V2 -1 2

J2 -1

V2

—V2x +2 -1
J2

—42x + 42 - 4
211—\/5:11'

211—\/5:11'
(2 -+2)

X,)
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= y=y,= = —(x=x)

It passes through (1, 2).

2
2-y,= _X_(1_x1)
1
= 2—y1=—£+2
X1
= Xy, =2

Also, P(x,, y,) lies on x* = 4y

Xt = 4y,
Eliminating y, between (ii) and (iii), we have
X

T=2 = x2=8 = x,=2

Putting x, = 2 in (ii), we get y, = 1
Putting the values of x, and y, in (i), we get
y=-1=-1(x-2)

= x+y-3=0

This is the required equation of the normal.

$63. We have, x=a(cosO+0sinB) and y=a(sin 8- 06 cos0)
= d—x=a(—sin9+ecose+sin8)
do
and ﬁ=a(cose—cose+€|sin8)
do
= g=a-'8c:c:-se and g‘!=aesin6
do
dy
dy _ de
dx  dx
(o[}
dy aesin9=

tan 6
dx afdcosH

The equation of the normal at any point 6 is

1

(&)

= y—a(sind—0cos0) = — {x —a(cos6+0sind)}

. ()

... (if)

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 48



coso

sin®

= y—a(sin®—0cos0)= - {x —a(cos0+0sin6)}

= ysinO-—asin?6+a0bsinbcos=-xcos0O+acos?20+absinbcosH

= X cos 0 + ysin 6 = a(cos?6 + sin?0)

= xcosO+ ysinb=a ()

Now, Length of the perpendicular from the origin (0, 0) to (i)

_ OcosO+0sinB—a

= a = Constant
Jcos20 + sin? 0

Hence, the normal at any point 6 to the given curve is at a constant distance from the origin.

S64. We have, y=ax*+bx*+cx+5
e d—y=3ax2+2bx+c
dx

Since the curve y = ax® + bx?+ cx + 5 touches the x-axis at P(-2, 0). This means.that the curve
passes through P (-2, 0) and x-axis is the tangent at P(- 2, 0).

0=-8a+4b-2c+5

= 8a—4b+2c=5 ... (i)
'dy) )

and, (dx_ . =0

= 3a(-2)*+2bx(-2)+c=0

= 12a-4b+c¢c=0 .. (i)

The curve y = ax® + bx?+ cx + 5 meets y-axis-at Q.
Puttingx=0iny=ax®+ bx*+ cx+ 5, 'weget y=5
Thus, the coordinates of Q are (0,5)-

It is given that the gradient of the curve at Qs 3.

b
dXQ
= 3ax0+2bx0+c¢c=3

= c=3
Putting ¢ =3 in (i) and (ii), we get
8a—4b=-1 and 12a-4b=-3

Solving these two equations, we get a = —% and b = —%

Substituting the values of a, b and ¢ in the equation of the curve, we obtain

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 49



2

-1 32 43x45

2
As the equation of the curve.

S$65. Let the required quadratic curve be

y=ax*+bx+c .. (i)

d
d—}}:=26x+b

It passes through (-1, 0). Therefore,
O=a-b+c¢ (II)
Since the line y = x touches (i) at x = 1. Therefore,

(Slope of the tangent at x = 1) = (Slope of the line y = x)
= (ﬂ) =1
. dX_ x=1
= 2a+b=1 ... (iii)

Putting, x=1iny=x, wegety=1
Thus, the curve (i) passes through (1, 1)

= 1=a+b+c ... (iv)

Solving (ii), (iii) and (iv), we get

1 1 1
a=—,b=—andc=+
4 2 4
Substituting these values in (i), we get
X3 . :
y= - 4 > + " is the required quadratic curve.

S$66. Given equation of curve is
X*-y* =8 .. (D)
On differentiation w.r.t. x, we get

dy
6x— 2y —— =
L\ J"o‘x 0
3
. & _ 3
ax y
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Equation of tangent at point (h, k) is

dy
y_k= dx (h) (X_h)
3h
= y—k = T(X_h) ... (ii)

Since, it is passes through the point (%0]

o213

k\3
4 -3h
= - k* =3h (4 — 3h)
3
= 32— k*-4h =0 v (i)
Also the point (h, k) lies on the Eq. (i)
s 3hP-—k* =8 . (iv)
Now, from Eqs.(iii) and (iv), we get
4h =8 =h=2

On putting h = 2 in Egs. (iv), we get
3(2?-k* =8

= k?= 4

= k =+2

Now, putting the value of h and kin Eq. (ii), we get

_32)
y-(2) = (x-2)

= y;2 :i3(X‘-2)
— y = 83X 562

It will gives four possible equations but in there of themonly y =—3x + 4 and y = 3x — 4 satisfies
the poi [i 0)

point 3
Hence the equation of tangents are y=—3x+4andy= 3x-4

S67. Differentiating x*> = 4y w.r.t. x we get

_, 9y
2x—4dx
ay _ X
= dx 2
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Let (h, k) be the coordinates of the points of contact of the normal to the curve x? = 4y. Now slope

h
of the tangent at (h, k) is given by [d_y] =
dx lpxy 2

Hence, slope of the normal at (h, k) = I [ mm,=-1]

Therefore, the equation of normal at (h, k) is

-2
y—k=-—(x-h - (1)
[-- Equation of normal in slope formis y —y, = —i(x -x,)]
m

Since, it passes through the point (1, 2), we have

-2
—k=—(-h
2—k=—-(1=h)

= k=2+%m—m ... (i)

Since, (h, k) also lies on the curve x? = 4y, we have
h? = 4k ... (i)

On solving Egs.(ii) and (iii), we have h =2 and k = 1. Substituting the values of h and kin Eq. (i),
we get the required equation of normal

-2
-1 =—(x-2
y—1 2( )

= X+y=3

Now, equation of tangent at (h, k) is
h
—k=~(x~h
y 5 ( )

Puth=2and k=1, we get

y—1=—-(x-2)
= y=1=x-=2
= y=x—1
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MATHEMATICS - XIl | Diff Error and Approx NCERT

Date: 18/10/2021

Q1. Find the approximate value of f(2.01), where f(x) = 4x2 + 5x + 2.
Q2. Find the approximate value of f(5.001), where f(x) = x3 — 7x? + 15.

Q3. Ifthe radius of a sphere is measured as 9m with an error of 0.03m, find the approximate
error in calculating it’s surface area.

Q4. Find the approximate change in the volume V of a cube of side x meters caused by
increasing the side by 2%.

Q5. Ify=x*-10 and if x changes from 2 to 1.99, what is the approximate change in y? Also
find the changed value of y.

Etog

Q6. If y =sin xand x changes from , what is the approximate change in y?

Q7. The radius of a sphere shrinks from 10 to 9.8 cm. Find approximately the decrease in its
volume.

Q8. If the radius of a sphere is measured as 7 m with an error of 0.02m;-find the approximate
error in calculating it’s volume.

Q9. Acircular metal plate expands under heating so that it’s-radius increases by 2%. Find the
approximate increase in the area of the plate if the radius of the plate before heating is
10 cm.

Q10. Using differentials, find the approximate value of (l}.999)11_o upto 3 places of decimal.

Q11. If the radius of a sphere is measured as 9cm with an error of 0.03cm, then find the
approximate error in calculating its volume:

Q12. If the radius of sphere is measured as 9 cm with an error of 0.03 cm, then find the
approximate error in calculating it’s surface area.

Q13. Find the approximate change in the surface area of a cube of side x metres caused by
decreasing the side by 1%.

Q14. Find the percentage-error in calculating the volume of a cubical box if an error of 1% is
made in measuring the lengths of edges of the cube.

Q15. The time T of a'complete oscillation of a simple pendulum of length /is given by the
equation. T = 21:\/%, where g is constant. What is the percentage error in T when /is
increased by 1%?

Q16. Use differentials to approximate J25.2.

Q17. Use differentials to find the approximate value of J0.037.

Q18. Use differentials to approximate the cube root of 127.
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Q19.
Q20.
Q21.
Q22.
Q23.
Q24.
Q25.
Q26.
Q27.
Q2s.

Q29.

Q30.

Using differentials, find approximate value of /49.5 .

Using differentials, find the approximate value of Jo.6 upto 3 places of decimal.
Using differentials, find the approximate value of (255)'1‘ upto 3 places of decimal.
Using differentials, find the approximate value of (82)1_ upto 3 places of decimal.
Using differentials, find the approximate value of (81 .5)1 upto 3 places of decimal.
Find the approximate value of f(3.02), where f(x) = 3x?> + 5x + 3.

Using differentials, find the approximate value of (32.1 5)‘17 upto 3 places of decimal.
Using differentials, find the approximate value of (3.968)3 upto 3 places of decimal.
Using differentials, find the approximate value of (26.57)15 upto 3 places of decimal.

If f(x) = 3x*> + 15x + 5, find the approximate value of f(3.02) using differentials.

Use differentials to find the approximate value of log (4.01), having given that

log 4 =1.3863.

Using differentials find the approximate value of tan 46°, if it is ' being given that

1°=0.01745 radians.
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Nurturing Success...

MATHEMATICS - XlIl | Diff Error and Approx NCERT-Solution

Date: 18/10/2021

S1. We have, f(x) =4x>+5x + 2
Let x=2 and x + Ax=2.01 then Ax=0.01
f(2)=4x4+5x2+2=28

df

and — =8x+5
dx
= (d—f) =8x2+5=21
dx x=2
Let f(2.01) = f(2) + Af. .. (i)
Then, Af= ﬁAx
dx
= Af=21x0.01=0.21
f(2.01)=28+0.21=28.21 [Using Eq. (i)]
S$2. We have, f(x) =x3—=7x%+ 15

Let x=5and x+ Ax=5.001. Then, Ax=0.001
f(5) =5%—7x52+15=125=175+15=-35

df

— =3x%2-14
= O X X
Also (i] = 3x5%=14%x5=5 ()

dx Jx=s
Let f(5.001),=f(5) + Af.
Then, Af = g;ﬁx
ax

= Af=5x0.001=0.005
Hence, f(5.001)=(125-175+15) + 0.005 [Using Eq. (i)]

=-35+0.005 = -34.995

S§3. Letrbe the radius and S be the surface area of the sphere. Then,

S=4nr?
= ﬁ =8nr
dr
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S4.

S5.

It is given that r=9 and Ar=0.03. Therefore, error AS in S is given by

AS = (ﬁ) Ar=8nx9x0.03=216 tm’
I Jr=9

Hence, approximate error in calculating surface area is 2.16 mm?.

Let Ax be the change in xand AV be the corresponding change in V. Itis given that AX %100 =2.
X
We have, V=x3
= ﬂ = 3x2
dx
av
AV =—A
dx X
= AV = 3x? Ax
N AV = 3x% x 2% I:‘.‘%X100=2:>&X=2—Xj|
100 X 100
= AV =0.06 x3 m3
Thus, the approximate change in volume is 0.06 x® m®.
Let x=2, x+ Ax=1.99. Then, Ax=1.99-2=-0.01
Let, dx = Ax =—0.01
We have, y=x*-10
= L 4x3
dx
= [d—y] = 4(2)% = 32
dx x=2
dy
= = Ax
AYAZS D
= Ay=132(-0.01)=-0.32
= Ay =—0.32 approximately [+ Ay =dy]

So, approximate changeiny

Ay =-0.32
When x=2, wehave, y=24-10=6
So, changed value of y=y+Ay=6+(-0.32)=5.68
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$6. Take x:%,x+Ax=12_2
4
dX:Ax_g_E
14 2
Now, y =sin x
dy
—— =C0s
= v X
= (d_y] =cost =0
ax /Jy-F 2
dy ('22 rc)
Ay=—Ax =0|—-=|=0
4 ax 14 2
= Ay =0

So approximate change iny = Ay = 0.

S7. Let xbe the radius and y be the volume. Then,

4 5
= —T7X
Y= 3

Let x=10, x+ Ax=9.8. Then Ax=-0.2

4 s
Now, = — X
=3
= % = 4nx?
- (d_y] = 400n
dx Jx-10
dy
AV S AX
¥ ax
= dy = 400n (-0.2) = -80n/Cm?

Approximate ¢hange in volume = — 80x Cm?.

$8. Letrbe the radius and V be the volume of the sphere. Then,

4 3
V= —nr
31:
av
— =4nr?
= ar T

Let Arbe the errorin rand the corresponding errorin Vbe AV. Then,
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dv
AV = — Ar = 4nrPAr
dr

Itis given that r=7 and Ar=0.02

AV =4n x 7?2 x 0.02 = 3.92nr m®

Hence, approximate error in calculating volume is 3.92 © m?®.

S9. Let at any time, x be the radius and y be the area of the plate. Then, y = nx?.

Let Ax be the change in the radius and let Ay be the corresponding change in the area of the

plate. Then,
%xwo = 2 (Given)
When x = 10, g><100 =2
X
AX
2% %100 =2
- 10
2 -
. Ax = 2 {dx= Ax}
10
Now, y = nx?
dy
— = 21X
= ™ T
= (d_y) =20
dx x=10
dy
Ay = — Ax
Y ax
Ay = 20n><£ =4
= y = 10 - 4n
= Ay.='4n cm? [+ dy = Ay]

Hence, the approximate change in the area of the plate is 47 cm?.

1

$10. —
Let y= x10

]

dx 9
10x10

Let x=1and x+ Ax=0.999

Ax =(x+ AX) — x
=0.999-1=-0.001

1 1
Ay = (x + Ax)10 —(x)10
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1 1
= (0.999)10 — (1)10

1
= (0.999)10 —1

)
(0.999)10 =1+ Ay

Since dy is approximately equal to Ay and is given by

dy
Ay = =2 Ax
4 ax

1
9

10x10

x (-=0.001)

(=0.001)
9
10 x (1)1°

= M =—0.0001

10

1

. (i)

(0.999)"0 =1 -0.0001 = 0.9999 [Using Eq. (i)]

;
Thus approximate value of (0.999)'0 is 0.9999.

S11. | et rbe the radius of the sphere and Arbe the error.in measuring the radius. Then,
r=9cmand Ar=0.03.cm

Let V be the volume of the sphere. Then,

4 3

V=—nr

3?1',

= ﬂ=4‘n!"Z
dr

= (E’_\i) = 4n x 92
ar r=9

=324 n

Let AV be-the error in V due to error Arin r. Then,

dVv
AV = ?Ar
= AV = 32471 x 0.03
=9.72 n cm?®

Thus, the approximate error in calculating the volume is 9.72n cm?.
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$12. et S be the surface area, rbe the radius of the sphere. Now, given that r=9 cm
Let dr= approximate error in radius r

and dS = approximate error in surface area.

Now, we know that surface area of sphere is given by
S =4nr?

Differentiating both sides w.r.t. r, we get

asS

— =4n x 2r= 8nr

ar
= dS =8nr-dr

dS =8nx 9 x0.03 [('- r=9cmand dr=0.03 cm]
= dS =72 x0.03n

dS =2.16x cm?

Hence, approximate error in surface area = 2.16w cm?.

S13. Let S be the surface area of the cube of edge length x metres. Then,

S =6x2
= ﬁ =12x
dx

Let Ax be the decrease in its edge and let the corresponding decrease in S be AS. Then

ds
AS—&AX
- AS = 12X Ax
AS _ 12x Ax
— =
S 6x>
- AS DX
S X
ASL 100 = 22X 100
S X
=21 =2 ['.‘A—Xx100=1]
X

Thus, the approximate change in surface area is 2%.

S14. Let x be the length of an edge of the cube and y be its volume. Then, y = x°. Let Ax. be the error
in x and Ay be the corresponding erroriny. Then,

A
7X>< 100 =1 (given) ()

Now, y =x8
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S15.

2 a2
= ax 3
dy
= Ay=a
= Ay = 3x?. Ax
2
- A_y=3x Ax
y y
2
= ﬂ:SLSAX
y X
= A—'y=3g
y X
- A_yxmo = 3(§x100):3
y X
- A 100 =3
y

So, there is 3% error in calculating the volume of the cube.

Let A/be the change in /and AT be the corresponding error in T. Fhen,

§x 100 = 1 (given)

Now, T=2n \/I
g9

taking log both side
1 1
= log T= log2m + (E]Iogf— (5]'09 g

Differentiating w.r.t. /both side

1dT 171
j . | — s —
T di 2 1
dT 1d!
- - =
T 2 1
= ﬂ x100'1(ﬂ><100)
T 2\ |
dT 1
= %x100= —
= 7 X 5

()

From (i)

[Using (i)]

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 7



So, there is (%)% error in calculating the time period T.

$16. Consider the function y = f(x) = +/x
Let, x=25and x+ Ax=25.2. Then,

Ax =25.2-25=0.2

For x = 25, we have y=\/g=5
Now, y =Jx
N a1
dx  24x
dy'] 1 1
- —_ = _ = —
(dx v=25 2(5) 10
dy
= —AXx
Ay ax
= Ay = i(I[J 2) =0.02
EET g
= Ay =0.02
Hence, \725.2 =y+ Ay=5+0.02=5.02

S17. Lety=1f(x) = +/x, x=

0.040 and x + Ax = 0.037. Then,
Ax =0.037 -0.040 ==0.003

For x = 0.040, we have
y = 40040 =0.2
Now, y = Jx
dy: 1
- =
dx 2Jx
= (9’1) -] _ )
dx Jy—o04s0  2+0.040 0.4
dy
Ay = == Ax
4 ax
1 3
Ay = —(-=0. = -
- 4 0.4( 0.003) 400
e 3
- Y= "400

[Putting x= 25 in y = v/x ]

[Putting x = 0.040 in y = x|
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Hence,

3

Sy +Ay= 02—
yo a8y 400

=0.2-0.0075=0.1925

$18. Since we have to find the approximate value of the cube root of 127. So, we consider the function

1

y="f(x)= X3 .

Let x=125and x + Ax=127. Then,

For x =125, we have

Now,

Hence,

$19. Let

Differentiatingw.r.t. x, we get

Ax =127 -125=2

)
y=(125)3 =5

2
+Ay=5+——-="5.026
ye+ Ay 75

x =49, Ax=0.5

Jx

1
[Putting x=125iny = x3]
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We know that, Ay = g—i Ax

1 5 1
A= 17"T930 " 28
1 1
V495 =y+ Ay = 49 + —=7+—
yrAy= a9+ =T o
196 +1 197
= s "8 [y =+/x =49 =7]
= 7.035.
$20. | oty = Jx dy _ 1
4 dx  2Jx
Let x=0.64 and x+ Ax=0.6
AX = (X + AX) — x
=06-064=-0.04
Ay = X + Ax - Jx
= /06 -064 = 06-038
V0.6 =0.8 + Ay .. (i)
Since dy is approximately equal to Ay and is given by
dy
Ay = —-AX
Y dx
Ay = —— x (~0.04)
2x
_ —0:04 _ -0.04 - _0.025
20.64 1.6
v0.6.=0.8-0.025=0.775 [Using Eq. (i)]
Thus approximate value of +0.6 is 0.775.
S21. 1
Let y= x*
dy _ 1
dx 3
4x4

Let x =256 and x + Ax = 255
AX =(x+ AX) — X
= 255-256=-1
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Ay = (x + Ax)% - (x)%

= (255)% —(256)+

1
= (255)+ — 4

1
(255)2 =4+ Ay (i)
Since dy is approximately equal to Ay and is given by

_dy _ 1
Ay = A= (=)
4x4
—1
= 3
4 x (256)*
-1
= =-0.004
4 x 64
1
(255)4 =4-0.004 = 3.996 [Using Eq. (i)]

1
Thus approximate value of (255)4 is 3.996.

S22. 1 dy 1
Let y= x* —_ = —
Y dx 3
4x4
Let x=81and x + Ax= 82
AX = (X + AXy—X
=82 -81=1

Ay B X &x)% - (x)%

- (81)4 — (82)s

1

= (82)4 -3
1
(82)2 =3+ Ay. 0
Since dy is approximately equal to Ay and is given by
dy
Ay = —-Ax
y dx
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= 3 x 1
4x4
_ 1
- 3
4 %< (81)4
1
= — =0.009
4 %27
1
(82)+ =3+ 0.009 =3.009 [Using Eq. (i)]

1
Thus approximate value of (82)# is 3.009.

S23. 1 dy 1
Let y= x* — = —

4 dx 3

4x4

Let x=81and x + Ax=81.5

AX = (x+ Ax) — x
=81.5-81=05

Ay = (x + Ax)% - (x)%

1 1
= (815)4 — (81)s

1
= (81.5)4 -3
1
(81.5)4 =3+ Ay .. (i)
Since dy is approximately equal to Ay-and is given by
dy
Ay = S 5AX
y ax
1
= —3X (0.5)
4x*4
_ 05
R
4 x (81)*
= 95 . 0.0046
4x27
1
(81.5)4 = 3+0.0046 = 3.0046 [Using Eq. (i)]

|
Thus approximate value of (81.5)4 is 3.0046.
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$24. et y=f(x), x=3 and x + Ax=3.02. Then, Ax=0.02

For x = 3, we have y=f(38)=3x32+5x3+3=45
Now, y =1f(x)
= y=3x>+5x+3
= ﬂ=6x+5
ax
- (d—y) =6x3+5=23
dx x=3

Let Ay be the change in y due to change of Axin x. Then,

_ gy
Ay = AX
= Ay =23 x0.02=0.46

£(3.02) = y + Ay
= 45+ 0.46 = 45.46

1

S25. | ty= x5 dy _

Let x=32 and x + Ax=32.15
AX =X+ AX)—x=32.15-32=0.15

Ay = (x + Ax)% - (x)%

= (32.15)% —(32)%

:
= (3215)5 — 2

1
(32.15)8 =2+ Ay

Since dy is approximatelyequal to Ay and is givenby

d—y-Ax
ax

=1 “0:15

4
5x5

Ay =

0.15

4

5(32)5

0.15
= =0.0019
5x16

()
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1
(32.15)5 =2 +0.0019 =2.0019 [Using Eq. (i)]

1
Thus approximate value of (32.15)5 is 2.0019.

3 1

S26. Lety: XE d_y = EXE
ax 2
Let x=4 and x + Ax = 3.968
AX = (X + AX) — x
= 3.968-4=-0.032
3 3
Ay = (x + Ax)2 — (x)2
3 3
= (3.968)2 — (4)2
3
= (3.968)2 — 8
3
(3.968)2 =8 + Ay (i)
Since dy is approximately equal to Ay and is given by
dy
Ay = —-AX
Y adx
3 1
= —x2.(=0.032)
2
3 1
= E><(4)2 %X (—0.032)
= % %2,x (=0.032) = -0.096
2
(3.968)2 =18—0.096 = 7.904 [Using Eq. ()]
3
Thus approximate value of (3.968)2 is 7.904.
S27. 1 d 1
Lety= x3 — = —
4 dx 2
3x3

Let x = 27-and x + Ax = 26.57

AX=(X+ AX) = Xx
= 26.57-27=-0.43

Ay = (x + Ax)% - (x)%
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= (26.57)% - (27)%

1
= (26.57)3 -3

(26.57)% =3+ Ay .. (i)

Since dy is approximately equal to Ay and is given by

B
:

Ay

3x(27)%

-0.43
3x9

=-0.016

1
(26.57)3 =3-0.016 =2.984 [Using Eq. (i)]

1
Thus approximate value of (26.57)3 is 2.984.

§28. Given function is
f(x) =3x>+ 15x+ 5
Let X=3
and Ax =0.02, sothat

f(x + Ax) = £(3.02)

Using f(x + Ax) = f(x) #Ax - f'(x)

- f(x)=3x2 +15x +5
= F(x +AX) = f(x) + Ax - (6x + 15) - F(x) =% +15
= flx.+ Ax) = (3x* + 156x + 5)#+ AX - (6x + 15)

Putting x = 3 and Ax = 0.02, we get
f(3.02) = [3(3)>+.15(3) + 5] + (0.02) [6(3) + 15]

= (27 + 45 + 5) + (0.02) (18 + 15)
= 77 +0.02(33)

=77+0.66=77.66
Hence, f(3.02) = 77.66
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$29.

S30.

Let y = f(x) = log x, x =4 and x + Ax=4.01. Then, Ax = 0.01

For x = 4, we have y =£(4) =log 4
= 1.3863
Now, y =log, x
B d 1
dx X
- @
dx x=4 4
dy
Av = — AX
y dx
1
N Ay = 0.0025
Hence, log, (4.01) =y + Ay

= 1.3863 + 0.0025 = 1.3888

c
Let y = f(x) =tan x, x=45° = (%J and x + Ax = 46°.

Then, Ax = 1°=0.01745 radians.

For,x=£,wehave y=f(£]=tan£=1
4 4 4

Now, y =tan x
=  _ sec?x
dx
= (d_y) = sec? ™ =2
ax J,_® 4
4
dy
Ay = —AX
Y ax
= Ay =2 (0.01745) = 0.03490
= Ay = 0.03490
Hence, tan46° =y + Ay

=1+0.03490 = 1.03490.
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MATHEMATICS - Xl | Local Maxima and Local Minima NCERT

Date: 18/10/2021

Q1. Find all the points of local maxima and local minima and the corresponding local maximum
and local minimum values for the function.

f(x) =—(x-1)°(x + 1)
Q2. Find all the points of local maxima and minima of the function.
f(x) =x*-6x*+9x+15

1
x*+5

Q3. Find the local maxima or local minima, if any of f(x) =

Q4. Find the local maxima or local minima, if any of f(x) = x* — 3x.

Q5. Find the local maxima or local minima, if any, of the following function, using the first

derivative test only.
f(x)=xy1-x, x<1

Q6. Find the local maxima or local minima, if any of the following function:

f(x)=£+3, x>0
2 x

Q7. Find the local maxima or local minima, if any of the following function.
5
f(x)=3x3-5x, x>0
Q8. Find the local maxima or local minima, if any of the following function.
f(x)=2x* -3x* -12x+ 4
Q9. Find the local maxima or local minima, if any of the following function:
f(x)=-x>+12x> -5
Q10. Find the local maxima or local minima, if any of the following function.
f(x)= x*—62x* +120x +9
Q11. Find the local maxima or local minima, if any of the following function.
f(x)=(x = )(x +2)*
Q12. Find the local maxima.or local minima, if any of the following function.
f(x)=(x —1%x +1)?
Q13. Find the local' maxima or local minima, if any of the following function.
f(x)=(x+MPx+2)", x>-2
Q14. Find the local maxima or local minima, if any of the following function.
X

f(x)= , 1<x<4
(x —1)(x —4)

Q15. Find the local maxima or local minima, if any of the following function.

f(x)=x,32-x*  -5<x<5
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Q16. Find all the points of local maxima and minima and the corresponding maximum and
minimum values of the function

f(x) = 2x°—21x2 + 36x - 20

Q17. Find the value of x for which the function (x — 2)* (x — 3)? is a maximum or minimum. Also
find the point of inflexion.

Q18. Find the points of local maxima or local minima and corresponding local maximum and
local minimum values of following function. Also find the points of inflexion, if any.

y= 9x°—45x>+ 48x + 11

Q19. Find all the points of local maxima and minima and the corresponding maximum and
minimum values of the function.

f(x) = —%x“ - 8x° —%xz +105

Q20. Find the points of local maxima or local minima and corresponding local maximum and
local minimum values of following function. Also find the points of inflexion, if any.

= x+.1-x, x <1

Q21. Find the points of local maxima and local minima, if any find also the local maximum and
local minimum values:
f(x) = 2sinx—x, ~<x<=
2 2
Q22. Find the points of local maxima or local minima, if any, find also the local maximum or
local minimum values:

f(x) = sin 2x, where 0 < x <7

Q23. Find the points of local maxima and local minima, if any find also the local maximum and
local minimum values:

f(x) =sin 2x- x, where — ESXSE

N

Q24. Find the points of local maxima or local minima, if any, also find the local maximum or
local minimum values:

f(x) = sin x—cos x, where 0 < x < 21

Q25. Find the points of local maxima or local minima, if any find also the local maximum or local
minimum values:

H T
f(X) = sin x + cos x, whetre 0'< x < 2

Q26. Find the points of local maxima or local minima and corresponding local maximum and
local minimum values of following function. Also find the points of inflexion, if any.

y= 3sin’x + 4cos?x.

Q27. Find the points of local maxima and local minima, if any find also the local maximum and
local minimum values:

. T
f(x) = sin* x+cos* x,0 < x< r
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Q28. Find the points of local maxima and local minima, if any find also the local maximum and
local minimum values:

f(x) = sin x + % cos 2x, where 0 < x sg

Q29. Show that '°9X has a maximum value at x = e and maximum value is .

X e

Q30. Show that the maximum value of (%)x is e'le,

Q31. If f(x) = alog | x| + bx? + x has extreme values at x=-1 and at x = 2, then find a and b.

Q32. Find the maximum profit that a company can make, if the profit function is given by
P(x) = 41 + 24x — 18X~

Q33. Find the points at which the function f given by f(x) = (x — 2)%(x + 1)* has:
(i) local maxima (ii)) local minima (iii) point of inflexion.

Q34. Find all the points of local maxima and minima and the correspondidng maximum and
minimum values of the function given below:

f(x):—%x4+2x3+§x2+100

Q35. Find the points of local maxima or local minima and corresponding local maximum and
local minimum values of following function. Also find the points.of.inflexion, if any.

y=x-2ax*+ax, a>0, xcR
Q36. Find the maximum value of f(x) = (x—1) (x - 2) (x - 3).
Q37.Ify = % has a turning point P (2, -1), find the values of a and b and show that y
is maximum at P.

Q38. Show that sin® 0 cos® 0 attains a maximum,when 6 = tan™' \jg :

Q39. Find the maximum and minimum values of y = tan x — 2x where0 < x < r.
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Nurturing Success...

MATHEMATICS - Xl | Local Maxima and Local Minima NCERT-Solution

S1.

Date: 18/10/2021

We have, y=fx)=—=x-1)°x+ 1)

Then, ﬂ=—3(x—‘|)2(x+1)2—2(x+1)(x—1)3
dx

= j—i=—(x—1)2(x+1)[3(x+1)+2(x—1)]

= j—i=—(x—1)z(x+1)(5x+1)

For local maxima or local minima we have

dy _
adx

= -x=12x+1)(Bx+1)=0 = x=10r—1orx=—%.

The change in sign of g—y for different values of x are shown below:
X

Clearly, z—i does not change its sign as x passes through 1. So x = 1 is neither a.point of local

maxima nor a point of local minima. In fact, x = 1 is a point of inflexion.

—_ + — —_

-
»

A

Clearly, g—y change sign from negative to positive as x passes through —1.
X

So, x =—1is a point of local'minima. The local minimum.value of f(x) atx=—-11is
f(=1)=(-2°*(-1+1)2= 0.
Itis evident from Fig. that % changes sign frompositive to negative as x passes through — %

So, x=— % is'a point of local maxima:

The local maximum value of f(x) at x = — % is

- 3 2
f(__1] = (X q) (2 q) 23456
5 5 5 3125
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S2. We have,
y=f(x)=x*-=6x2+9x+ 15
Differentiating both sides w.r.t. ‘x’, we get

¥ _ 3x?—-12x+ 9
ax
= 3(x*—4x+3)
=3Xx-1)(x-3)
. . dy _
For local maxima or local minima we have d— =0
Ix
3(x*-4x+3)=0
= x-1x-3)=0 = x=1or 3.

Case l: When x=1.

In this case, when x is slightly less than 1 then, f'(x) = 3(x — 1) (x — 3).is positive and
when x is slightly more than 1, then f'(x) is negative.

Thus, f’'(x) changes sign from positive to negative.

So, x =1 is a point of local maximum.

Case Il: When x = 3.

In this case, when x is slightly less than 3 then, f'(x) = 3 (x— 1) (x — 3) is negative and
when x is slightly greater than 3, then f'(x) is‘positive.

Thus, f'(x) changes sign from negative to.positive.

So, x = 3 is a point of local minima:

S3. We have,

1
= f(x)=
y=1x) x“+5

Differentiating both sides with respect to x, we get

dy . d

—(x*+5)"
ax dx( )

- (x*+5)7? % (x* +5)

22X
(x* +5)?

. . d
For local maxima or local minima we have d—i{ =0
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o 2x
(x? +5)?
When x = 0.

1}
o
U
>

1l
o

=0 = 2x

In this case, when x is slightly less than O, then a _ % is positive.
dx (x+5)

When x is slightly more than 0, then d_y: % is negative.
dx (x“+95)

Thus, % changes sign from positive to negative.
X
So, x=0is a point of local maxima.

Also, local maximum value is

1 1

(0°+5) 5

£(0) =

S4. We have,
y = f(x) = x®-3x
Differentiating both sides with respect to x, we get

dy
L =32-3=302-1)=3(x+ 1){x=1
2 OX (X2=1)=3(x+ 1)(c=1)

. . d
For local maximum or local minimum, we have E}i =0.
X

= 3x+1)(x=1)=0
= x=1-1

Case l: When x= 1.

dy_

In this case, when.x is slightly less than 1, then o 3(x+ 1)(x—1) is negative and

when x is slightly.more than 1, then % is positive.

Thus, % changes sign from negative to positive.
S0, x= 1 is a point of local minima.

Also, local minimum value = f(1)= (1)*-3(1)=1-3=-2.
Case ll: When x=-1.
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In this case, when x is slightly less than — 1, Thus, L2/ 3(x+ 1)(x—1)is positive and

X
when x is slightly more than — 1, then Z—y is negative. Thus, % changes sign from
X X

positive to negative.

So, x =1 is a point of local maxima.

Also, local maximum value = f(-1) = (-1)*-3(-1)=-1+3=2.

S5. We have, y=f(x)= xJ1-x

Differentiating both sides w.r.t. ‘x’, we get

dy
ax

d d
x-a\/1—x+\/1—x-ax

(=1 +4J1=x
21-Xx

X

_ —X+2-2x _ 2-3x
2J1-x 2 1-x

. - dy
For local maxima or local minima we have d_ =
X

= 23X =0 = 2-3x=0 or x=E
2J1-x 3
When x is slightly less than 2 then dy = 23« IS‘positive and when x is slightly more than

2 y 3’ dx 2J1-%

dy . .
—, then — is negative.
3 dx g

Thus, % change sign from positive to negative.

So, x= % is a point of local maxima.

Also, local maximum value,

y(atx=3]= 2[,2. 28221 23
3 3 3 3V.3 33 9

S6. |et y= f(x)=%+§

Differentiating w.r.t. “x”, we get

2343

For local maxima or local minima — d =0.
X

2&
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S7.

S8.

17 2
___=0
- 2 x?
- %:l = X2 =4 = X=z2
X 2

Since it is given x > 0.
So we will take x = 2 only.

If x is slightly less than 2 then 3—£ is negative.

If x is slightly more than 2 then 2—5/ IS positive.
X

Thus, % changes sign from negative to positive.

So, x = 2 is point of local minima and local minimum value is
f(2) = g+g=‘l+1=2.
2 2

5
Let y = f(x)=3x3% - 5x

[T L)

Differentiating w.r.t. “x”, we get

2 2
Y- 3x245 _5-5x3-5

dx 3
. - dy _ 3
For local maxima or local minima & =0 =~ 5{x3-1]=0.
2
= x3 =1 — %= 31
dy

In this case, if x is slightly less than.then ™ is negative.

If x is slightly more than 1 then % is positive.

Thus, % changes sign from negative to positive.
So, x = 1 istpoint of local minima and leeal minimum value is
f(1)=3(1)°P*<«6(1)=3-5=-2.

Let y= f(x)=2x*-3x* -12x+ 4
Differentiating w.r.t. “x”, we get

dy

— =6x*-6x-12

dx
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S9.

, .. d
For local maxima or local minima d_y =0.
X

= B(x2—x-2)=0 = X-2x+x-2=0

= x(x=2) +1(x=2)=0 = x+1)(x-2)=0
So, x=-1,2.
Casel: When x=-1.

If x is slightly less than —1 then (;_i is positive.

If x is slightly more than —1 then % is negative.
X

Thus, % changes sign from positive to negative.
X

So, x = -1 is the point of local maxima and local maximum value is
f(-1)=-2-3+12+4=11.

Case ll. When x = 2.

If x is slightly less than 2 then z—y is negative.
X

If x is slightly more than 2 then g—i is positive,

Thus, % changes sign from negative to positive.

So, x = 2 is the point of local minima and local minimum value“is
f(2)=16-12—-24+4=-16.

Let y=fx)==x>+12x*> -5

[T L)

Differentiating w.r.t. “x”, we get

92 —3x2 + 24x
dx

. . d
For local maxima or local minima d_y =0.
X

= -3x2+24x =0 = -3x(x-8)=0

= x=0,8
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Casel: When x=0.

If x is slightly less than O then % is negative.

If x is slightly more than O then 3_}/ is positive.
X

Thus, % changes sign from negative to positive.

So, x = 0 is the point of local minima and local minimum value is
f(0) =-5.

Case ll: When x = 8.

If x is slightly less than 8 then 3—1 IS positive.

If x is slightly more than 8 then g—y is negative.
X

Thus, % changes sign from positive to negative.
So, x = 8 is the point of local maxima and local maximum.value is
f(8)=-(8)°+12(8)>-5
=-512+768 - 5=251.

$10. Let y = f(x)=x*-62x> +120x +9

Differentiating w.r.t. “x”, we get

d—y = 4x° - 124x + 120
ax

. .. d
For local maxima or local minima we have d—y =0.
X

= 4x® —124x+120=0 = 4[x*-31x+ 30]=0
= x-1(x-5((x+6)=10
= x=1,5,-6.

Case l: When.x =—6.

If x-is slightly less than — 6 then g—i IS negative.

If x is slightly more than —6 then g—i is positive.

Thus, % changes sign from negative to positive.
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So, x = =6 is the point of local minima and local minimum value is
f(—6)=1296 -2232-720+9=-1647.
Case ll: When x=1.
If x is slightly less than 1 then Z—i: is positive.

If x is slightly more than 1 then % is negative.
X

Thus, % changes sign from positive to negative.

So, x = 1 is the point of local maxima and local maximum value is
f(1)=1-62+120 + 9=68.

Case lll: When x=5.

If x is slightly less than 5 then % is negative.

If x is slightly more than 5 then ¥ is positive.

dx

Thus, % changes sign from negative to positive.
X

So, x = 5 is the point of local minima and local minimum value is
f(5) =625—-1550 + 600 + 9=-316.

S11. Let y=f(x)=(x=-1(x+2)°

({3 1}

Differentiating w.r.t. “x”, we get

W= (= 1) () (x+ 20 '+ 27

ax
= (x+2)(2x=2+x+2)
= (x+2)(8x)
. - dy _
For local maxima or local minima prvi 0.
= xx+2)=0 = x=0,-2

Case I: When x=.0.

If x.is slightly less than O then %E is negative.

If x is slightly more than 0O then 3—"/ IS positive.
X

Thus, % changes sign from negative to positive.

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 8



So, x = 0 is the point of local minima and local minimum value is
fO)=(-1)@=-4

Case ll: When x=-2.
o dy . "
If x is slightly less than —2 then dx is positive.
X

If x is slightly more than —2 then g—i is negative.

Thus, % changes sign from positive to negative.

So, x = -2 is the point of local maxima and local maximum value is
f-2)=(-2-1)(-2+2)?=0.

S$12. Let y=1fx)=x-1)3(x+ 1)
Differentiating w.r.t., “x” we get

v (x=1P2(x+ 1)+ (x+1)23(x—1)
dx

=X+ D=1 2(x=1) +3 (x+ 1)]
= (x+1)(x—1)?[2x—2 + 3x + 3]
= (x+1)(5x + 1) (x - 1)

dy _

For local maximum or local minimum prvi 0.
= (x+1)(Bx+ 1) (x=12=0 = x=_1,_%,1
Since, (x — 1)? is always positive so sign of % depends upon the sign-of (x + 1) (5x + 1).

Casel: When x=-1.

If x is slightly less thani—"1.then g—y is positive.
X

If x is slightly more.than —1 then g—i is negative.

Thus, % changes sign from positive to.negative.

So, x =—1 is the point of locallmaxima and local maximum value is.
f1D==1-12+1+1)2=0

Case ll: When x = —%.

If x is slightly less than —% then % is negative.

If x is slightly more than —% then % is positive.
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S13.

Case lll:

Let

Thus, % changes sign from negative to positive.

So, x= —% is the point of local minima and local minimum value is.
N (1 V(1 ) 6) (4) -3456
fl-—=|=|-=-1||-=+1| =|-=| | =] = :

5 5 5 5/ \5 3125

There is no change in the sign of % .
X

When x = 1.

Therefore, x=1is the point of inflexion.

y="fx)=Kx+1)Kx+2)"

Differentiating w.r.t., “x” we get

2 1
j—i = %(x+1)(x+2)_3+(x+2)3.

: - d
For local maximum or local minimum d_y =0.

—

Case l:

Case ll:

(x+2)_% [%(x+1)+(x+2)]

X

1 _2 1
E(x+1)(x+2) 3+(x+2) =0

0

2
(x+2)_3[ix+z] 0o = :»(=—2,—Z
3 3

When x=-2.
But it is given that x> -2.
So we cannot take slightly less than part. Thus, wecannot take the point x = —2.

When x = I !
4
If x is slightly less than — Z then ﬂ is‘negative.
4 ax
If x is slightly more than _L then t;_y is positive.
X

Thus, j—y changes sign from negative to positive.
X
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So, x= ! is the point of local minima and local minimum value is.
N 7 13 13
(SECR R
4 4 4 4 )\ 4 434

N S
(x —1)(x —4)

S14, Let,
y= f(x)=
Differentiating w.r.t. x , we get

dy _ (x=-D(x-4) - x[(x-N+(x-4)]
dx (x —1)*(x — 4)*

x? —Bx +4 —(2x* —5x)
(x = 1)*(x — 4)°

X2 —Bx+4-2x*+5x
(x =1)*(x — 4)?

-x°+4
(= (x - 4y

: - d
For local maximum or local minimum d_y =0.
X
-x*+4

- ~=0 = =x*+4=0 = x=12
(x =1%(x —-4)

Since it is given that 1 < x < 4.

So we will take x = 2 only.

If x is slightly less than 2 then S—y— is positive.
X

If x is slightly more than .2 then % is negative.

Thus, % changes sign from positive to negative.

So, x = 2.is the point of local maxima and local maximum value is.

= 2 = 2 =
(2-10(2-4) (N(=2)

f(2)
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S15. Let, y=f(x) = xy32-x% = [32x® - x*
Differentiating w.r.t. x , we get
% = %(32)(2 —x*y"?(64x —4x°)

X(16 - x*)x4 2(16 — x?)

X\J32-x?x2 32— x

2
For local maximum or local minimum dy . 0 = 206 -x7) _ 0
dx J32 - x*

= 16-x2=0 = xX=*4
Casel: When x=-4.

If x is slightly less than —4 then g—“'}: is negative.

If x is slightly more than —4 then g—i is positive.

Thus, % changes sign from negative to positive.

So, x = —4 is the point of local minima.
Thus, local minimum value is

f(-4)= —4,32-16=-4/16=—4x4=-16

Case ll: When x=4.

If x is slightly less than 4 then % is positive.

If x is slightly more than 4 then % is negative.

Thus, % changes sign from positive to negative.

So, x=41s the point of local maxima and local maximum value is.
f(4)= 4432-16=4x4=16.

S$16. We have,
f(x) = 2x* - 21x2 + 36x — 20
= f'(x) = 6x>—42x + 36
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$17.

For local maximum or local minimum, we have

f'ix)=0
= 6x2—42x+36=0
= 6(x-1)(x-6)=0
= x=16

Thus, x = 1 and x = 6 are the possible points of local maxima and minima.
Now we test the function at each of these points.

We have, f''(x) = 12x — 42
At x=1
f'(1) = 12-42=-30<0.

So, x = 1 is a point of local maximum.
The local maximum value is f(1) =2 -21+36-20=-3
At x=6

f"(6)=12(6)—42=30>0
So, x =6 is a point of local minimum.
The local minimum value is f(6) = 2(6)*— 21 (6)? + 36 x 6 — 20 == 128.

We have, y=(x—-2)°. (x=3)?
d_y =(x=-2)P.2(x-3)+ (x—3)2 3(x—2)?
dx
d_y = (x=2)%(x=3)[2x— 4+ 3x - 9]
ax
= d_y = (x—2)?(x=3) (5x—13) ()
ax
For maxima or minima, E"X =0
dx
13
x=22(x-3)(5x—13)=0 = X =2»3, 5

Again differentiating Eq. (i), we get
2
T = 2= DEE9) (55— 13)+ (1= 27 (55— 13) + (= 2F(x=3). 5

= (x—2)[(10x2 — 56x + 78) + (6x% — 23x + 26) + (5x% — 25x + 30)]
= (x—2)(20x> — 104x + 134)
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d? d’y

i) When x=2, —=0 and +#0
0 dx? x*

The given function has a point of inflexion at x = 2.

d?y

X2

(i) When x=3,

=(3-2)(180-312 + 134) = +2 = +ve

The given function is minimum at x = 3.
The minimum value of the function = f(3) = (3 -2)*(3-3)*=0

2
(i) When x = 15—3 d’y —|:§—2]x[20x@—104x§+134:|

dx’® 25
3. 1 3 18
= —X—-(676-1352+670)= — (-6)=——=-ve
5 5 ( ) 25 (=6) 25
: : . 13
The given function has maxima at x = 5
3 2
The maximum value of the function = f (g) = [? - 2] X [g - 3]
27 4 108

—— X =
1256 25 3125

S$18. We have,
f(x) = y=9x>—45x? + 48x + 11

Differentiating w.r.t. “x”, we get

Y _ 27x%2—90x +48
ax

. . d
For local maxima or local minima B'i = 0.
e

= 27x2—-90x+48 =0
= 9x? — 30x + 16,=0
= 9x*-24x-6x+16=0
=3x(3x—-8) —2(3x-8) =0

= (B3x—-2)(3x—-8)=0 = X = Eﬁ
3 3
Again differentiating Eq. (i) w.r.t. “x”, we get
2
9Y - 5ax—90
dx

()
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S19.

2
9Y = 54x2_90<0
ax 3

2
At point x= —,
P 3

. 2 .. . . .
So, at point x = 3 it is local maximum & local maximum value is

f(g] = 9><i—45>~<i+48>~<3+‘|‘|=E
3 27 9 3 3
2
Atpointx=§, d{ = 54XS—90>0
3 dx 3

So, at point x= 3 it is local minimum and local minimum value is

8 512 64 8 31
fl=]= 9%X—-45X—+48x - +11=—-—.
(5) - ox S -aoxGraangenn=-§
We have,
F(x) = —%x4—8x3—4—25x2+105
= f'(x) = —3x®—24x?—-45x=—-3x (x> + 8x +'15)

For local maximum and local minimum, we must have

flfix)= 0
= -3x(x*+8x+15)= 0
— -3xx+3)(x+5) =0
= x=0-3,-5

Thus, x =0, x=-3 and x = -5 are the possible points of local maxima and minima.
Now we test the function at each of these points.
We have, f'(x). =~ 9x*—48x - 45

At x=0
f'(x) = 0-45<0
So, x = 0 is a point of local maximum.

The local maximumvalue of f(x) at x = 0 is f(Q) = 105

At x=-3
f'(-3) ="=9(-3)?’-48(-3)-45=18>0
So, x = - 3 is a point of local minimum.

The local minimum value of f(x) atx=-3 is

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 15



f=3) = —%(-3)4 _g(-3)’ —42—5(-3)2 1105 =%

At x=-5:
f'(-=5)= —9(-5)?-48(-5)-45=-30<0

So, x = -5 is a point of local maximum.

The local maximum value of f(x)atx=-51is

= _3( 5yt —8(5)" - (5y2 1105220
f(=5) = ~5(-5)" ~8(-5)° ~—>(-5 +105 ===

$20. We have,

y=f(x)= x+J1-x

Differentiating w.r.t. “x”, we get

Yo oy ey =1

dx 2 21— x

Now for local maximaorlocalminimaﬁ=0 = 1- =0
ax 2. 1-x
= 1= !
2. 1-=x
1
= 2 1-x =1 = 1-x=—=
2
1 3
= 1—-x= — = X = —
4 4

Again differentiating Eq. (i) w.r.t. “x”, we get

d? 1
x = LU0

3 . ) . . .
So, x= 2 is the point of local maxima & local maximum value is

(3) 3 3 3 1 3 1 5
fl— =—+1f1——=—+,[—=—+—=—.
4 4 4 4 4 4 2 4

S$21. We have,

f(x)=2sinx-x, <x<

N a

-
2
= f'(x)=2cosx—1.

(D)
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S22,

For local maximum or local minimum, we have

f'fx)=0
= 2cosx—-1 =0
= cos x = 1/2
= x= 73

Thus, x = + /3 are possible points of local maximum or local minimum.

Now f'(x) = — 2 sin x
At x = —n/3.

f(x) = —2sin(-n/3)=2sinn/3

= 243/2=3>0

So, x=-mn/3 is a point of local minimum.

The local minimum value is
f(—n/3) = 2 sin (-n/3) — (- 7/3)

=—=J3 + n/3.

At x = 7/3
fr(x) ==2sinn/3=- 3 <0.
So, x = /3, is a point of local maximum.
The local maximum value of f(x) is
f(n/3) = 2 sin n/3 — n/3
= J3 — /3.

We have,
f(x) = sin2x, where 0 < x<n
= f'(x) = 2 cos 2x.

For local maximum or local minimum, we have

f'ix)=0
= 2cos2x=0
= cos2x= 0
= 2x = E‘ﬂ
2 2
T 37n
= X = -
4 4

[-

-nf2<x < n/2]

['.'0<x<ﬂ:.'.0<2x<2ﬂ:]
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ol 3n . : . .
Thus, x= 2 and x = Y are possible points of local maximum or local minimum.

Now we test the function at these points.
We have, f''(x) =—4 sin 2x
At x = /4 : We have,

fﬂ(E) = —4sint=-4<0
4 2

T . .
So, X= 2 is a point of local maximum.

The local maximum value of f(x) is f[%) = sing =1.

At x = 3n/4 : We have,

f(s—n) = —4sinE=4 >0
4 2

3n . . -
So, x = i is a point of local minimum.

The local minimum value of f(x) is f(%) = sin?’—zTr =-1.
$23. We have f(x) = sin 2x — x
= f'(x) = 2 cos 2x— 1

For local maximum or minimum, we must have

f'x)=0
= 2cos2x-1=0
1
= CoS 2X = —
2
= 2X=— = or, 2x = = ['.'—Esxgﬁ.z—rmz,xsn]
3 3 2 2
T s
= X=——o0nLX=—
6 6
Thus, x == g and x = g are possible points of local maxima or minima.

Now, we test the function at each of these points.

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 18



We have, " (x) = —4 sin 2x.
At x=—x/6 : We have,

f”(_E) = _4sin(_£)= 4><£= 2-\/§>0
6 3 2

T . . ..
So, x= “5 is a point of local minimum.

J3

The local minimum value is f[—lj = sin[—zj + T_ -+ T
6 3/ 6 2 6

At x = /6 : We have,

F (EJ = —4sint= —4(ﬁ) =-23<0

6 3 2

T . .
So, x= 5 is a point of local maximum.

. . T . T
The local maximum value is f[g} =sin———=——

S24. We have,
f(x) = sin x — cos x, where 0 < x < 2n

f'(x) = cos x + sin x

For local maximum or minimum, we have

f'(x) =0
= cosx+sinx=0
= sin X = — cos X
= tanx = -
3 7
= ,\<=Tﬂc>r,x=77c [+ 0<x<2n]

3n n . . . ..
Thus, x= Y andx = 7y are possible points of local maximum or local minimum.

Now we test the function at each of these points.
We have;-f'(X) = — sin x + cos x
At x = 3n/4 : We have

,,[3Tc) . 3m 3n 1 1
f’l —| = -sih—+co8 —=——F=—-—==—
4 4 4
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S$25.

So, x= %I is the point of local maximum.

The local maximum value is

4
At x = 7n/4 : We have,

4 2 2 2

ST . Im T 1 1 2
f’l —| = —sin—+cos—=—=+-—==—7>0
4 4 2 2 2
n

So, the function attains a local minimum at x = i

The local minimum value is

[TEJ . In 7n
fl —| = sihn——-cos—=—
4 4

We have,
. T
f(x) = sin x + cos x, where 0 < x < 5
f'(x) = cos x —sin x

For local maximum or minimum, we have

f'x)=0

= cosx—sinx=0
= cos X = sin X

= tanx =1

T

= X= —

4

T . . : -
Thus, x = 2 is a point of local maximum or minimum.

Now f'"(x). = — sin x — cos x
,,[n] N T

= f"l =] = —sin——cos—
4 4

N2 s
R R

T . . .
So, x = 2 is a point of local maximum.

f(ﬂ] = sin?;—n—cos3—n=i+i=i=x/§.

[ oexed
2
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S26.

S27.

The local maximum value is

f(ﬁ] = sinE+cosE
4 4 4
1 1 2
-1, 1_2_5
2 V2 2

We have,
y = f(x) = 3sin’x + 4cos?x

Differentiating w.r.t. “x”, we get

ay
ax

6 sin x cos x + 8 cos x (—sin x)

—2 sin X COS X = —sin 2Xx

. .. d
For local maxima or local minima d_y =0.

IX
= —-sin2x=0
= sin2x=sin0 or sinn
T
= X=O,—.
2

Again differentiating Eq. (i) w.r.t. “x”, we get
d?y
dx?

2
At x=0, (d{_,’) <0
dx o

= -2 cos 2x

So, x =0 is the point of local maxima & local maximum value is

£(0) = 36in2(0) + 4 cos? (0) = 4

So, x = 5 is the point of local minima &ec¢al minimum value is

f(z] = 3sin? “44c082 L=3.
2 2 2

We have,

i T
f(x) = sin* x + cos* x, where 0 < x < 5

f'(x) = 4 sin® x cos x — 4 cos® x sin x

(D)
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= f'(x) = — 4 cos x sin x (cos? x — sin? x)
= f'(x) = — 2 sin 2x cos 2x = — sin 4x.

For local maximum or local minimum, we have

fix)=0
= —sindx =0
= 4x =7 [ 0<x<% 0<4x<2n]
= x = nf4
Now, f""(x) = — 4 cos 4x
e
= f[z]=—4coswr=(—4)(—1)=4>0
So, x = % is a point of local minimum and the local minimum value is
(n] v o (1Y 1Y 11
fl—|=sin"—+cos" —=| —= | +| =| =—+—==.
4 4 4 |2 J2 4 4.2
S§28. We have,
f(x) = sinx+ % cos 2x, where 05xs%
= f'(x) = cos x — sin 2x:

For local maximum or minimum, we must have
f'ix) =0

= cos x—sin2x =10

= cosx—2sinxcosx=0

= cos x (1 =2sinx) = 0

= cosx=0 or 1=2sinx=0

. 1

= cos x=0or, sinx = 5
= x=£orx= - [ USXSE]
2 6 2

T T : . : -
Thus, x= 5 and x = 2 are possible points of local maxima and local minima.

Now we test the function at each of these points.
We have, f(x) = — sin x — 2 cos 2x

At x = /6, we have,
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S§29.

T 1
3

f”(E] = —sint-2c0st =——-2x—=—<0
6 6 2

So, x = % is the point of local maximum.

The local maximum value is

At x = /2 : We have,

f”(E] = —sinE—2005n=—1+2=1>0
2 2

T
So, x= 5 is the point of local minimum.

The local minimum value is

T .o 1 1
fl=|=sin-+—-cosnt=1-—=—.
2 2 2 2 2
We have,
F(x) = log x
1
X——logx-1
frx) = —X——
X
N F(x) = 1—Iozgx
X

For local maximum or minimum, we must have

f'ix) =0
= 1_:{029)( =0
= log x =1
= X .=e.

1-logx
Now, f(x) = >— = X7 (1= log x)
X
d d

f"(x) = (1-1 = x4+ x?—(1-I
= (x) = ( OQX)dxX X dx( 0gx)
= f'(x) = = 2x3(1 =log x) = x3

= —-x3(3-2log x)

= f”(e)=—e‘3(3—2loge)=;—3<0
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Hence, f(x) has a local maximum value at x = e.

Maximum value = Ic:‘£=1.
e e
s30. _ [‘1] -
e y = <) "
= log y = —x log x.

Differentiating both side w.r.t. x

1dy _ 1
= ) dx = (x-x+logx-1J
1dy
—_— = +
= ) dx (1+log x)
= v =—y(1+log x)
dx

For maximum and minimum, we must have

dy _
dx
= —y(1+logx)=0
= T+logx =0
= log x =—1
= x=e-‘=% [ log, A=B=A=¢"]
d?y dy y 2_¥X
= ——(1+logx)——=y(1+logx)" — =
= v dx(+g)xy(+g) »
2 —X
= d}z/ = x"‘(1+logx)2-x = x"*(1+Jog x)* — x>
dx X
Also,
d2y ('1]—“”6 ( 1)2 [1j (-1e)-
=|— 1+log—| —1—
[dxz x=1/e e . g‘e. e
— [dzy = (e—1)—1a’e(1_|oge)2 _(e—1)—1.’9-1
dX2 x=1/e
[dzy _ e1xe(1 1)2 gller! — _glert
= dX2 x=1/e - <

So x = 1/e is a point of local maximum. The local maximum value of y is given by y = (e)"®.
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S31.

S32.

S$33.

Clearly, domain (f) = R-[0]
We have,
f(x) = alog |x|] + bx? + x
a
= f'(x)= —+2bx +1
X
Since f(x) has extreme values at x = —1 and x = 2. Therefore,
f(-1)=0 and f(2)=0
= —a-2b+1=0 and §+4b+1=0
= at+2b=1 and a+8b=-2
Solving these equations, we get
1
a=2andb=- —.
2
We have
P(x) = 41 + 24x — 18x?
2
= IPX) = 24 _36x and LX) _ 36
ax dx
For maximum or minimum, we must have
PX) -0 = 24-36x=0.2%%=2/3
ax
Also,
[d‘?P(x)J 26<0
= - <
dx* x=213 '
So, profit is maximum when x = 2/3.
Maximum profit = (Value of P(x) at x = 2/3)
=41 + 24 (2/3) =18 (2/3)?
=41+16-8=49,
We have,

y= (0= (=2 + 1)

Differentiating w.r.t. “x”, we get

Y 4(x =200 (x+ 17 + 3 (x = 2)* (x + 1)
dx
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= (x=20(x+12{4(x+ 1) +3(x-2)}
= (x=2)°*(x + 1)*(7x - 2)
dy _

For local maxima or local minima, we have ax
X

=

=

(x—2)3(x+ 1?2 (7x—2) =0

x=2,-1, =
7

Since, (x—2)?(x + 1)? is always positive. So, sign of 3—‘: depends upon the sign of (x — 2) (7x—2).

Case I:

Case ll:

Case lll:

S$34. We have,

When x = 3
7

: - 2 . "
In this case, when x is slightly less than Z then, (x — 2) (7x — 2) is positive.

When x is slightly more than % , then (x — 2) (7x — 2) is negative.

Thus, % changes sign from positive to negative.

So, x= % is point of local maxima.

When x = 2.

In this case, when x is slightly less than 2 then, (x— 2) (7x — 2) is negative.

When x is slightly more than 2, then(x — 2) (7x — 2) is positive.

Thus, % changes sign from negative to positive.

So, x = 2 is point of localminima .
When x=-1.
dy

In this case,there is no change in the sign of v
X

So, x ==1"is a point of inflexion.

y=f(x)= —§x4+2x3+gx2+100
4 2

Differentiating w.r.t. “x”, we get

dy _ _§x4x3+6x2+g><2x=—3x3+6x2+9x
adx 4 2

dy

For local maxima or local minima d— =0.

X
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S35.

= -3x[x2-2x-3]=0
= -3x(x°-3x+x-3)=0

= =3Xx-3)(x+1)=0

= X = 0, -1, 3.
Again differentiating Eq. (i) w.r.t. “x”, we get

2
9V ~ _gxz+ 12x+ 9
dx
. d?y
Now at point x =0, [ 2] =0+0+9>0
ax® ) .

So, x = 0 is the point of local minima & local minimum value is
f(0)=0+0+0+100=100

g2
At the point X = -1, [‘“’] =—9(-12+12(-1)+9=-9-12+9<0

dx?
So, x = =1 is the point of local maxima & local maximum value is
_ _ _g _1\4 _A\3 g _ N2
f(-1)= 4( )" +2(-1) +2( 1)° +100

3 9 407
= ——-2+—+4+100=—+—
2 +2+ 00 2

2

At point x=3,[§ny =-9(9F+12(3)+9<0
x=3

2

So, x = 3 is the point of local maxima & lecal maximum value is

3 9 535
f(3)= ——x81+2(27)+ =x9+100=——.
(3) 2 X 81+2(27) + > X9+ 2
We have,
y =f(x) = x* — 2ax® + a’x
Differentiating w.r.t. “xX°, we get

v 3x? —4ax + a*

ax

: .. d
For local maxima or local minima d—y =0.

X

= 3x2—4ax+a*=0
= 3x*—-3ax—ax+a’=0

= 3Xx(x-a)—a(x-a)=0

. ()
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S36.

= (B3x—a)(x—a)=10 =

>
1l
w|o

Again differentiating Eq. (i) w.r.t. “x”, we get

d?y

I = 6x—4a
X

d?y
dx?

At x=a, ( ] =6a—-4a=2a>0

So, the given function f(x) has minima at x = a & local minimum value is
fla)=a*-2a*+a*=0

2
Atx=§, (d y] = _2a<0

3

So, the function f(x) has maxima at x = g & maximum value is

(a] a’ a¢ ,_ a 3[1 2 1]~ 4&°
fl=]l= —=-2xax—+a " x—=a | —=-—-+—-|= .
3 27 9 3 27 9 327

We have,
y=1f(x)=(x-1)(x-2) (x-3)

Differentiating w.r.t. “x”, we get

v X=1(x=2)+ (x—=2)x=3)+(x—1) (x—23)

ax
= 3x2-12x + 11
. - dy
For local maxima or local minima a =0,
= 3xX-12x+11=0
_ » 12+.144-132 6+/3
6 3

_ 6+vJ3 6-+/3

= X = 3 3L

Again differentiating Eq. (i) w.r.t. “x’;we get

2
Y~ ex—12
ax

- ()
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At point x = 6+\/§,
3
2
d y = M_12>0
G'I)(2 x=6+\f§ 3
3
Hence, x = 6 +3‘/§ is the point of local minima & local minimum value is
((6+43) - (6+V3 _,)(6+¥3 L)(6+V3 ,
3 3 3 3
_ B+V3)WB)3-3) B3/ zu .o
o =3y -7
_ B g_g)6Y3_-23
27 27 9
At point x = 6-+3

3 )

2 fa—
[ J:] =M_12<0
adx L 8-\ 3

3

o

So, x= 6 _3\/5 is the point of local maxima & local maximum value is
((6-V3)_(8-¥3_,)(6-3 3)(6-+3 ,
3 3 3 3

(3-+3) _(9-3)(y8)¥ 23
S (S WB)(-3 - = = =

2.3

Hence, the maximum value of f(x) is 5

S37. y< ax —b _ ax=>b
(x-1(x-4) x*-5x+4

- (i)

2 d d
(x —5x+4)a;(ax—b)—(ax—b)a(x -5x-4)

— o = X Bx1 ) ... (i)

(x* =5x +4)a—(ax — b)(2x - 5)

(x* —5x + 4)°
- [ﬂ] _ (4-10+4)a—(2a-b)(4-5) —2a+2a-b_ b
dx Jp (4 —10+4) - 4 4
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Since Pis a turning point of the curve (i). Therefore

d
[—yj == Do o p=0
P

... (iii)

dx 4
Since P(2,-1)liesony= _ax-b Therefore
! Y= " h(x-4) ’
1= 2a—-b
(2-1)(2—-4)
2a-b
—-1=
-2
2a—-b=2 .. (iv)
From Eq. (iii) and Eq. (iv), we geta=1,b=0.
Substituting the values of a and b in (ii), we get
dy — (x*-5x+4)-x(2x-5)  —x*+4
dx (x* =5x +4) (x? —=5x +4)
2 2 i 2 2 i 2 2
d?y (x* —=5x+4) (4-x)—(—x"+4)—(x"—5x+4)
. = dax _ - dx
dx (x? =5x + 4)
_(X*=5x+4)*(-2x) -2 (—x* + 4)(xZ —5x +4)(2x - 5)
(x* =5x+4)
d’y _ —2x(x* =5x +4)+2(x* —4)(2x - 5)
or dx? (x? —5x.4+ 4)
[dzy] A(4-10+ 4) R 24" 4)(4 - 5)
2 =
Aax* Jio, (4-10+4)°
_ 8+0 _“1<0
dy d*y
Now, (—) ='0and =-1<0
dx (2,-1) dX2 <
So, yis maximum at Pwhen a=1and b=0.
$38. Let y = sin? 6.cos?H. Then,
% = psin”'BcosOcos’ O+ sin” Hgcos’ ' 6(—sinb)
dy —_ s -1 g+1 H. e q-1
= 90 psin” " 0cos’ 6 —-qgsin” 0cos” " O
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= i sin”'0cos? " B(pcos® 6 — gsin® 0)
20 Aein?
= v sinpecosqe(pcos_ b-gsin E}J
ao sinfcos O
Y P oens _
= i sin” 6cos” 6(pcotb —gtanb)

For maximum or minimum, we must have

d_y =0

do
= sin”0cos’O(pcotd —gtand) = 0
= sinf@= 0orcos’0=0orpcotb—qgtan6=0
= sinfO0 = 0or,cos?’0=0o0r tan 0 = P

q
= 0= 0or, 0=n/2or, 0=tan’ JE = q (say)
q
Now, % = sin” 0cos? O(pcotd — gtan®)=y(pcotd — gtanod)
— d’y _ d—y(pcote—qtan 0) + y(=pcosec’0 — gsec’ 0)
do? do

dzy} [dyj g Alp) o,
= | 2L < _q. 15|+ sin” 0 cos” O[-p cosec?0 — gsec® 0
- ()= ()R on ocostopcosti-gsecto

2
N 3952/ = [3—2] (,/pq -Jpq ) — sin”0 cos®.0[p cosec’d + g sec® 0]
=
.dzy = D q 2 2
= Y =" 0-sin”6cos? B(pcosec*®+qgsec 0)<0
Bz
, , P
Hence, y is maximum when = a = tan™’ \/g
$39. We have,

y = f(x) = tan x=2x

Differentiating w.r.t. “x”, we get

dy
— =sec’x—2
dx

(i)
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. .. d
For local maxima or local minima d—y =0.

IX
= sec’x—-2=0
= sec? x = 2 = sec x =++/2
T 3m
= X=— —.
4 4
Again differentiating Eq. (i) w.r.t. “x”, we get
d’y B )
v 2 sec x (sec x tan x) = 2 sec® x tan x

Now at point x= % :

42
ay =0
dxz_x_g

4

So, x= 2 is the point of local minima & local minimum value is

f(i) = tanE—2x£=1—£.
4 4 4 2

. 3n
At point x= —,
P 4

'dzy
dx? Lo

4

2 sec? (E) tans—n<0.
4 4

3n . . : . \
So, x= vy is the point of local:maxima & local maximum value is

f 3 - tans—n—2x2=—1—3—n.
4 4 4 2
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MATHEMATICS - Xl | Absolute Maxima and Minima NCERT

Q1.

Q2.
Q3.

Q4.

Q5.

Q6.

Q7.

Qs.

Qo.

Q10.

Q11.

Q12.

Q13.

Q14.

Date: 18/10/2021

If the function x* — 62x% + ax + 9 attains the maximum value at x = 1 on the interval [0,2].
Find the value of a.

Find the maximum and minimum values of f(x) = 2x® — 24x + 107 in the interval [1, 3].

If the function x* — 31x* + ax + 5 attains its maximum value at x = 2 on the interval [0, 3].
Find the value of a.

Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals.

f(x) =(x-1)2+3in[-3, 1]

Find the absolute maximum value and the absolute minimum value of the following

functions in the given intervals.
2

() =4x-"7 in [-2,4.5]

Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals.

f(x) = 3x*—8x" + 12x* - 48x + 25 in [0, 3]
Find the absolute maximum and minimum values of a‘function fgiven by
f(x) = 2x° — 15x* + 36x + 1 on the'interval [1, 5]

Find absolute maximum and minimum values of a function f given by
f(x) =12x** - 6x™, x'ef-1, 1]

Find the absolute maximum value and the absolute minimum value of the following
function in the given interval:

f(x)= (x—2)yx=1 in [1,9]

Find the absolute minimum value and the absolute:maximum value of the function
1
f(x)=(x—1)3 (x — 2), inthe interval [1, 9].
Find the absolute ‘maximum value and the @bsolute minimum value of the following
function in the given interval:
f(x) = X =12>* + 36x+ 17 in [1, 10]
Find the-absolute maximum value and the absolute minimum value of the following
function in the given interval.
f(x) =(1/2-x)%+ x> in[-2, 2.5]
Find the maximum and minimum values of f(x) = x + sin 2x in the interval [0, 27].

Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals.

f(x) =sin x+ cos xin [0, n]
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Q15. Find the maximum value of 2x° - 24x + 107 in the interval [- 3, —1].

Q16. Show that f(x) = sin x (1 + cos x) is maximum at x = % in the interval [0, n].

Q17. Find the maximum and minimum values of f(x) = x°° — x** in the interval [0, 1].

Q18. Find both the maximum and minimum value of 3x* — 8x® + 12x*> — 48x + 1 on the interval
[1, 4].

Q19. Find the absolute maximum and minimum values of the function fgiven by
f(x) =cos’x+ sin x, x € [0, 7]

Q20. Find the absolute maximum value and the absolute minimum value of the following
function in the given interval:

f(x) = sinx+%cost in [Og]
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MATHEMATICS - Xl | Absolute Maxima and Minima NCERT-Solution

Date: 18/10/2021

S1. Let f(x) = x* —62x*+ ax + 9. Then,
f(x) = 4x° — 124x + a.

It is given that f(x) attains its maximum value at x = 1.

f(1)=0
= 4-124+a=0
= a= 120.
$2. We have, f(x) = 2x° - 24x + 107
= fi(x) = 6x° — 24
Now, fi(x) = 0
=N 6x2—24= 0
= XxX=+2
But, x=-2¢[1,3].

So x = 2 is the only stationary point.
Now, f(1)= 2-24+107 = 85;
f(2) = 2(2)° —24(2)+.107=16-48 + 107 =75

and, f(3) =2(3)3=24%3+ 107 =54 - 72 +107 = 89
Hence, the maximum value of f(x) is 89which attains at x = 3 and'the minimum value is 75
which is attained at x = 2.
$3. We have,
y =f(x)=x’-31x* + ax+ 5

Differentiating w.r.t. “x*, we get

ay _ 3’ -62x + a
dx

Since it is.given that at x = 2 it attains maximum value

So, d_y=0 at x=2
adx

3(4)-62x2+a=0

12-124+a=0
a= 12.
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S4. We have,

Now,

and

.. Absolute maximum is 19 at x = -3, Absolute minimumis 3 at x =1.

S5. We have,

put

Now,

and

f(x) = (x=1)>+3in[-3, 1]

fix) = 2(x-1)
fix)=0
x=-1)=20
x= 1.

f(=3)= (=3-1)2+3
=16+3=19

f(1)= (1=1)2+3
= 3

2

fF(x) = 4x— % in[-2, 4, 5]

fi(x) =4-x
fi(x)y=20
X=4

f(-2) = 4(-2)- %

=_-8-2=-10,

f(4.5) = 4(4.5)—@

=18-10.126=7.875

(4)°

f(4) ="4(4) -

= 16-8=38.

Absolute maximum is 8 at x = 4.
Absolute minimum is =10 atx = -2

S6. We have,

U U

f(x) = 3x*—8x°+ 12x° — 48x + 25
fr(X)= 12x° = 24x% + 24x— 48
f(x)=0

12x° — 24X+ 24x-48= 0
1203 =2+ 2x-4) = 0
X (x=2)+2(x-2)= 0

x [0, 3]
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S7.

S8.

= (x-2)(x*+2)=0

= xX= 2 ['.-x2+2;£0:|
Now, f(0) = 25,
f(2)= 3(2)*-8(2)°+12(2)*-48(2) + 25

48-64+48-96 +25=-39

and f(3)= 3(3)*-8(3)°+12(3)°-48(3)+ 25

243 -216+ 108 - 144 + 24 =16

Absolute maximumis25atx=0
Absolute minimum = =39 at x = 2.

We have,
f(x) = 2x*—15x* + 36x + 1, x € [1, 5]
f(x) = 6x* — 30x + 36
= 6 (x* — 5x + 6)
fix)=0
=N 6(x*-5x+6)=0
= X = 2,3
Now, f(1)=2-15+36+1=24
f(2) = 2(2)° = 15(2)* + 36(2) + 1
=16-60+72+1= 29
f(3) = 2(3)° - 15(3)? + 36(3) + 1
= 54 -135 + 108+ 1.=28
f(5) = 2(5)° - 15(5)2+36(5) + 1
=250 -375+180 + 1 =56
Absolute maximum = 56at x=5
Absolute minimum = 24.at x = 1.
fo)=12x" —6x™, xe[=1, 1]

f(x) = 16x"° - 2x2P

_ 2(8x-1)
f(x) =0
2(8x 1) _
= x2'3 =0
1
= X = g
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Now, f(-1)= 121" -6 (1"
=12+6=18

O]
()

3 3-12 9

=2 _3_2"“__*%

4 4 4

f(1) = 12(1)** -6 (1)
=12-6=6

Absolute maximum= 18 at x=-1

Absolute minimum = — at x=

1
8

Ao

S9. We have,

y=f(x)= (x—2)x -1

Differentiating w.r.t. “x”, we get

Y = Do A S X )

ax
_ (x—1)'”2[x 2+22x 2] (x 1) [3X2_4J
For maxima or minima Y 0.
dx
=274 = 0
= = %e[t 9]

Putting x =1, % 9 in Eq. (i), we get

f(1)=20

-6

()
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F(9) = (9-2)J9-1 =142

The function f(x) has maximum value 14+/2 which attains at x = 9 & minimum value is

-2 . . 4
—— which attains at x= =.
3J3 3
$10. We have,
F) = (X —1) (x = 2) ()

Differentiating Eq. (i) w.r.t. “x”, we get

2
3

= f'(x) (x-1)%-1+(x-2)-%(x-1)‘

(x-2)  4x-5

(X _1)%"' 2 2/3
3(x-1 3(x-=1)

For maxima or minima, we must have f'(x) =0

= Li”=0 -  4x-5=0 = X
3(x—-1)

NS

Now, putting x =1, % and 9 in Eq. (i), we get
f(1) = (1—1)%{1—2) =0
13
() (-0 623
4 4 4 43
f(9) = (9—1)% (9-2)=14.

Thus, the maximum value of f(x) is:14 which is attained at x =9.and the minimum value is :43

e . 5 42
which is attained at x = 2
S11. We have,
y=f(x)=x—12x° + 86x+ 17 .. (i)
Differentiating w,.r.t:“x”, we get
Y - 32 _ 245436 ... (ii)
dx
. . dy _
For local maxima or local minima o 0.
3(x*-8x+12)=0
= 3x—-2)(x—6)=0 = x=2,6
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As 2e[1,10]&6 € [1, 10]
So 2 and 6 are the stationary point.
Now putting x=1, 2,6 ,10in Eq. (i), we have

f(1)=1-12+36+17 =42
f(2) = 8—48+72+17 =49
f(6) = 216 -432+216+17 =17

f(10) = 1000 -1200 + 360 + 17 =177

Thus, the maximum value of f(x) is 177 which attains at x = 10 & minimum value of f(x) is 17

which attains at x = 6.

S$12. We have,
f(x)=(1/2=x?%+xin[-2, 2.5]
f'(x) = 2[%—x}(—1)+ 3x°
= -1+ 2x + 3%
For maximum or minimum we must have
f(x) =0
= 3¢ +2x-1=0
= Bx-1(x+1)=0
= x=1/3,-1
2
Now, f(-2) = 1+2J +(—2)3=3§—8=—Z
2 4 4
f[1j_ 1 1]2 (’1]3 1 1 7
-l — +| = =—+t—=—,
3 2 3 3 36 27 108
(1 )2 , 9 5
f—D) = Z2+1| + (-’ ==-1==
=1) 3 (-1 2 C
2
and F2.5) = (1—2.5) L (25120 324125 157
2 8 8 8

Thus, theabsolute maximum = % atx=2.5 and,

7
the absolute minimum = — Z atx=-2
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S$13. We have,
f(x) = x + sin 2x
= f(x) =1+ 2 cos 2x

For stationary points, we have

f'ix)=0
= 1+2cos2x=0
1
= CoS 2X = ——
2
= 2x = 2?ﬂc:ur,2x=4??c ['.'0§x52;rr .'.0S2xs4rc]
T 2n
= X= — Oor, xX= —
3 3
Now, f(O)=0+sin0=0
Eos T . 2r m 3
fl=|= -+sin—=—+—,
(5)= 5ron%=5+%

f(z_n] = ﬁ+sin4_n=ﬁ_£
3 3 3 3 2
and f(2n) =2n+sind4n=2n+0=2n

Thus, the maximum value of f(x) is 2x and the minimumwvalue is 0. In the interval [0, 2n]

S14. We have,
f(x) = sin x + cos x, where x € [0, «]

= f'(x) = cos x — sin X

For maximum or minimum, we must have

fi(x)=0
= cos x—sinx =0
= €0S X = sin x
= tan x =1
= X = nl4
Now, f(0)=sin0+cos0=0+1
f(n/4) = sin n/4 + cos n/4
1 1 2
= —+—:—:-\/§
V2 2 2
and f(n) =sinm+cosnt=0—-1=-1.

So, absolute maximum = \/5 and, absolute minimum =-1.
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S15. Let f(x) = 2x°— 24x + 107. Then,
F(x) = 6x° =24 =6 (x—2) (x+ 2)

f(x) =0

= B(x—2)(x+2)=0

= x=-22

Because f(x) is defined on [-3, —1]

2(-3)°-24 (-3) + 107
—54+72+107 =125
2(-2)°-24(-2) + 107

-16+48 + 107 =139

then fix)=0atx=-2.
Now, f(=3)

f(=2)

f(=1)

$16. We have,

=

U

(-1)°—24(-1) + 107

—-2+24+107=129
The absolute maximum is 139 at x = - 2.

f(x) =

fx) =

fi(x) =
F(x) =
F(x) =

For stationary values, we have,

(%)=
= (2cos x—1) (cosix +11) =
= cos X =
= X=
Now, f(0) =

sin x(1 + cos x)

d, . i d
1+ cos x)—(sin x)+.sin x —(1+ cos x
( )dx( ) dx( )

cos x (1 + cos ) — sin’x
cos X +€os’x — (1 — cos’ x)

2 cos?x + cos x— 1= (2 cos.x= 1) (cos x + 1)

0

0

1 o, cos x S0
2 or, COS X ==
n -

3 oL X=T

sin 0°(1 + cos 0°)
O1+1)=0
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in E(.1+cos£)
- sing 3

ﬁ[nl):ﬂ

'!m
F o
w|a
~
|

2 2 4
and f(n) = sinw (1 + cos =).
=0(1-1)=0.
. : 33 o .
Hence, f(x) attains the maximum value e at x = n/3 in the interval [0, 7]
S17. Let f(x) = x50 — 20
Then, f(x) = 50x* - 20x"?,

For maximum or minimum we must have

fi(x) =0

= 50x*° - 20x"® =0

= x"¥(50x° - 20) =0

= x =0 or 50x*= 20
2 1/30

= x=0o0orx= (g)

Now, f(0) =0,

2 1/30 2 50/30 2 20/30
2] =[(4] -[%
2 - -3
_(g)2f3(g_1]__§(g)2f3
“\5/ .5 ) 5\5

and, f(1) =14 =0

2/3
Thus, the maximum valuesof f(x) is 0 and the minimum value of f(x) is —%(%) in the

interval [0, 1]

S18. Let f(x) =3x" =8x+ 12x° — 48x + 1.
Then, f(x) = 12x3— 24)° + 24x — 48
Now, f(x).=10
= 12x° — 24x* + 24x— 48 =0
= =2 +2x—-4 =0
= Xx—2)+2(x-2) =0
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Now,

(x—2)(x*+2) =0

X =2

f(2) =3(2)*-8(2)°%+12(2)*-48(2) + 1

=48 -64+48-96+1=-63
f(1) =3-8+12-48+1=-40
f(4) =3(4)*-8(4)°+ 12(4)* - 48(4) + 1

=4(192 — 128 + 48 —48) + 1

= 4(64) + 1
=256 +1 = 257.

[+ x? +2 0]

So, the minimum and maximum values of f(x) on [1, 4] are — 63 and 257 respectively.

S$19. We have,

Now,

f(x) =
f(x) =
F(x) =

Fix) =

COos X =

cos?x + sin x, x € [0, n
—2 sin x cos x + cos X

cos X (1 =2 sin x)

0
0, sinx= 1

2
T ™o
2'6' 6
cos?0° + sin0°
1+0=1,

cos’n +-siftn
-1*t0=1,

cos® X 4 sin™
2 2
0+1=1

cos? X 4 sint
6 6

52
V), 1
2 2
3 1 5
—_t—=—
4 2 4
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and f(ﬁ] = (:a:Js"'S—ﬂ:+sin5—Jt
6 6

|
|
%
—
|_\.

I
Blw
+

Absolute maximum = % at
. i
Absolute minimum =1, at x =0, o T
S$20. We have,
y=f(x)= sinx+%0032x ()]

Differentiating w.r.t. “x”, we get

dy 1, . .
—— = cos X +—(sin2x)(—2)=cos X —sin 2x
™ +2 (6in2X)(-2)

For maxima or minima Q = 0.
ax

cosx—sin2x=0
sin 2x = cos x

2 sin X COS X = COS X

2sinx =1
sinx=1 = x=£5—n
2 6’ 6

But % ¢ [O, g] so g isithe only stationary point.

Putting x =0, %g in Eq. (i), we get

. 1 1
f(0)= sin0+=c0s80=—
0) 5 >
f .E = sin—+—cos——1+1—E
6 6 2 3 2 4 4
FlE] = sin[E)+—cos:w:=1—1=1
2 2 2 2
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1

Thus, the maximum value of f(x) is % which attains at x = g and minimum value of f(x) is 2

which attains at x=0, %
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MATHEMATICS - Xl | Word Problems of Maxima and Minima NCERT

Date: 18/10/2021

Q1. Show that the rectangle of maximum perimeter which can be inscribed in a circle be of
radius a is a square of side v2a.

Q2. Show that of all the rectangles with a given perimeter, the square has the largest area.

Q3. Show that of all rectangles of given area, the square has the smallest perimeter.

Q4. A point on the hypotenuse of a right angle triangle is at distance a and b from the sides
of the triangle. Show that the minimum length of the hypotenuse is (a™ + b** )3’2 i

Q5. If the sum of the lengths of the hypotenuse and a side of a right angled triangle is.given,

show that the area of the triangle is maximum when the angle between them is %

Q6. Prove that the area of a right angle triangled of given hypotenuse is maximum when the
triangle is isosceles.

Q7. Find two positive numbers whose sum is 14 and the sum of whose square is minimum.

Q8. Amongst all pairs of positive numbers with product 256, find-those whose sum is the
least.

Q9. Find two positive numbers x and y such that their sum-is 35 and the product.x? y’ is
maximum.

Q10. Find two positive numbers x and y such that x+ y =60 and xy® is maximum.

Q11. Find the area of the greatest rectangle that-can be inscribed in an-ellipse x_: + g_i =1.

Q12. Find the maximum area of an isosceles triangle inscribed in the ellipse ’2‘_2 T :’ =1, with

it’s vertex at one end of the major axis.

Q13. Let APand BQ be two vertical poles at points A and Brespectively. If AP=16 m, BQ = 22
m and AB = 20 m, then find the distance of a point R.on AB from the point A such that
RP? + RQ? is minimum.

Q14. Show that the triangle of maximum area that ecan be inscribed in a given circle is an
equilateral triangle.

Q15. If the length' of three sides of a trapezium other than the base is 10 cm each, find the
area of the trapezium when it is maximum.

Q16. An open tank with a square base and vertical sides is to be constructed from a metal
sheet so as to hold a given quantity of water. Show that the total surface area is least
when depth of the tank is half of it's width.

Q17. Show that the surface area of a closed cuboid with square base and given volume is
minimum, when it is a cube.
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Q18. An open box with a square base is to be made out of a given quantity of cardboard of
3
area C? square units. Show that the maximum volume of box is < cu units.

63
Q19. A tank with rectangular base and rectangular sides, open at the top is to be constructed

so that its depth is 2 m and volume is 8 m®. If building of tank cost Rs. 70 per sq m for the
base and Rs. 45 per sq. m for sides. What is the cost of least expensive tank?

Q20. A square piece of tin of side 24 cm is to be made into a box without top by cutting a
square from each corner and folding up the flaps to form a box. What should be the side
of the square to be cut off so that the volume of the box is maximum ? Also, find this
maximum volume.

Q21. Show that the semi-vertical angle of a right circular cone of given surface area and

1
maximum volume is sin™’ [EJ .
Q22. Given the sum of the perimeter of a square and a circle is constant, show that the sum of
their areas is least when the side of the square is equal to diameter of the circle.

Q23. A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting
off squares from each corners and folding up the flaps. What should-be the side of the
square to be cut off so that the volume of the box is maximum.

Q24. A square piece of tin of side 18 cm is to be made into a box without top by cutting a
square from each corner and folding up the flaps to form a box. What should be the side
of the square to be cut off so that the volume of the box.is. maximum ? Also, find this
maximum volume.

Q25. A wire of length 36 mis to be cut into two pieces. One of the pieces is to be made into a
square and the other into a circle. What should be the lengths of the two pieces, so that
the combined area of the square and the circle is minimum ?

Q26. A wire of length 28m is to be cut into two pieces. One of the two piecesis to be made into
a square and the other into a circle. What should be the lengths of two pieces so that the
combined area of circle and square-is minimum?

Q27. Show that the height of a closed right circular cylinder of given surface area and
maximum volume is equal to' diameter of the base.

Q28. Of all the closed cylindrical cans (right circular), which enclose a given volume of 100 cm?,
find the dimensions of the cans which has the minimum surface area ?

Q29. A window has the shape of a rectangle surmounted by an equilateral triangle. If the
perimeter of the window is 12 m, find the‘dimensions of the rectangle that will produce
the largest area of the window.

Q30. A window is.in the form of a rectangle surmounted by a semi-circular opening. The total
perimeter_of the window is 10m."Find the dimensions of the rectangle so as to admit
maximum light through the whole opening.

Q31. Show that the right circular cylinder of given volume, open at the top, has minimum total
surface area when, it's height is equal to the radius of the base.

Q32. Show that the right circular cylinder, open at the top and of given surface area and
maximum volume is such that its height is equal to the radius of the base.
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Q33. Show that the height of the closed right circular cylinder, of given volume and minimum
total surface area, is equal to its diameter.

Q34. Show that the height of the cylinder of maximum volume that can be inscribed in a sphere

of radius (R) is E Also, find the maximum volume.

V3

Q35. Find the volume of the largest right circular cylinder that can be inscribed in a sphere of
radius rcm.

Q36. Show that the height of the cylinder of maximum volume that can be inscribed in a cone
of height h is %h .

Q37. Show that the right circular cone of least curved surface area and given volume has an
altitude equal to +/2 times the radius of the base.

Q38. Show that the semi-vertical angle of a right circular cylinder cone of maximum volume

and given slant height is tan™! V2.
Q39. Show that the volume of the largest cone that can be inscribed in a sphere.of radius Ris
8

27 of the volume of the sphere.

Q40. Prove that radius of right circular cylinder of greatest curved-surface area which can be
inscribed in a given cone is half of that of the cone.

Q41. Show that the volume of the greatest cylinder which can be‘inscribed in a cone of height

h and semi-vertical angle 30° is % nh®.

Q42. Show that the volume of the greatest cylinder can be inscribed in a cone of height h and

4
semi-vertical angle a is Enh%anza.

Q43. Find the shortest distance of the point (0, ¢) from the parahola y = x%, where 0<c¢ <5.
Q44. Find the shortest distance between the line y — x =1 and the curve x = y2.
Q45. Find the point on the curve y2 = 2x which is at a minimum distance from the point (1, 4).

Q46. A jet of an enemy is flying along the curve y =x* 2. A soldier is placed at the point (3, 2).
What is the nearest distance between the soldier and the jet?

Q47. Find the point'on the curve y? = 4x which is nearest to the point(2, 1).
Q48. Find the point on the curve y? = 4x which is nearest to the point (2, —8).

Q49. A straight-ine is drawn through a“given point P (1, 4). Determine the least value of the
sum of the intercepts on the coordinate axes.

Q50. A manufacturer can sell x items at a price of Rs. (5 - ﬁ) each. The cost price of x items

is Rs. (% + 500]. Find the number of items he should sell to reach maximum profit.
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Q51. The cost function of a firm is givenby C= 300x —10x? + % x°

where x is output. Find the output at which
(i) the average cost is minimum. (ii) the average cost is equal to the marginal cost

200,25

Q52. The cost function of a firm is given by C= 200x — 3 g X

where x is output. Find the output at which the
(i) average cost is minimum. (ii) marginal costis minimum.
(iii) marginal cost is equal to average cost.

Q53. The combined resistance R of two resistors R, and R, (R,, R, > 0) is given by

i_1. 1
R R R,
If R, + R, = C (a constant), show that the maximum resistance R is obtained by choosing

R, =R,

Q54. A beam of length /is supported at one end. If W is the uniform load per unit length, the

bending moment M at a distance x from the end (supporting) is given by
M = 1Ix —1Wx2
2 2

Find the point on the beam at which the bending moment has the maximum value.
Q55. If in a submarine cable the range of signaling varies as x?log, [lJ , where x is the ratio
X

of the radius of the case to that of the cable, find the value of x for which range of
signaling is maximum.

Q56. Assuming that the petrol burnt (per hour) in driving amotor boat varies as the cube of its
velocity. Show that the most economical speed going against a current of C km per hour

is % C km per hour.
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ACHAEVERS

__________ Nurturing Success...

MATHEMATICS - Xl | Word Problems of Maxima and Minima NCERT-Solution

Date: 18/10/2021

S1. Let ABCD be arectangle in a given circle of radius a with centre at O. Let AB =2x and AD =2y
be the sides of the rectangle. Then,

AM? + OM? = OA? [+ A OAM s aright angled triangle]
= X2+ y?= a?
= y= vJa’-x* .. (i)

Let Pbe the perimeter of the rectangle ABCD. Then,

P= 4x + 4y

- P= 4x+ 4+a’ - x* [Using (i)]

dP 4 4x
= — = 4

dx (az_xz
For maximum or minimum, values of P, we have N /\

C
ax /,/‘:y
e I
= 4_4—X =0 A — X —»\/ B
az_xz \_/
_ 4
= 4= a2 _ x°
= a’-x> =x
= a’— xt= x?
= 2x* £ &
a

= X= E

p 4{ a? —x21— x(z‘ ")2}
Now, o a-x

X (\/az — x2 )2

a’—x%+ x° —4a°
= —4 (a% — x?)*'? =(az_x2)3f2
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S2.

Thus, P is maximum when x = a .
2

a a
Putting x = — in (i), we obtain y = — . Therefore, 2x =2y = aJ2 = 2x=2y.

2a
Hence, P is maximum when the rectangle is square of side 2x = ﬁ =2a .

Let x and y be the lengths of two sides of a rectangle. Let P denotes its perimeter, A be the area
of rectangle. Given that

P=2(x+y [~ Perimeter of rectangle = 2.(/+ b)]
P= 2x+2y ()
_ P=2x
= y= 2

Also, we know that area of rectangle is given by

A= Xy
= A= X(P - Zx] [By.usirg Eq. (i)]
2
— A= Px —2x
2
Differentiating w.r.t. x, we get A R
dx 2
dA

Now, for maxima and minima, put a =0

P+<4x - 0
2
= P—-4x= 0
= = 4x
= 2x + 2y = 4x [From Eq. (i)]
= 2y = 2x
= X=y

x = y, sotherectangle is a square.
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S3.

S4.

Also, — = —(

<0 = Ais maximum.

dx?
Hence, area is maximum, when rectangle is a square.

Let xand y be the lengths of sides of arectangle. Let A denotes its area and P be the perimeter.

Now, given that A= xy [ Area of rectangle = I x b]
A .

_ y= A 0
X

Also, P=2(x+y) [ Perimeter of rectangle = 2 (1 + b)]

A A .
P= 2 Z Yy =—Byeq.
- (x+24) | v=2eyea’o)

Differentiating w.r.t. x, we get

Now, for maxima and minima, put c;_P =0
X

' A
2[1-2 =0
[ xa]

A

= 1= ?
or A= x?
= xy = x* [~ Given that A = xy]
= X=y

2 ‘
Also, P>y d 2(1_4] = 2(%] - 4A >0

dx? dx X %3 x3

and x and A being the side and area of rectangle can never be negative. So P is a minimum.
Hence, perimeter of rectangle is minimum when rectangle is a square.

Let AOB be a right triangle with hypotenuse AB such that a point P on AB is at distances aand b
from OA and OB respectively, i.e., PL=aand PM=b

Let Z/OAB = 0. Then,

AP = acosecO0 and BP =bsec0
Let /be the length of the hypotenuse AB. Then,
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I= AP+BP

= 1= acosec O+ bsecO
dl
= %=—acosececot9+bsecetan9
d?1
and, qo - @ cosec® 0 + a cosec 0 cot?0 + b sec® 0 + b sec 0 tan? 0

For maximum or minimum, we must have
dl

do
= =—acosecOcotO+bsecOtanO =0

=0

_acos bsinb _

+ =
- sin®  cos® 0
= tan®0 = a
b
a 13
= tan6 = [EJ
8”3
= Sin e = 624'3 + b2f3
b‘I.-’S
and cos 6 = TR
dzf a 3
Clearly, 402 >0 fortan 6 = [E] (.. cosce 6, cot 6, sec 0, tan 6 all are + ve)

13
a
Thus, /is minimum when tan 0 = [BJ

The minimum value of /is given by

j= ‘atosec+ bsecO = a1+ cot? 0 + by/1+tan? 0

b 2/3 a 213
- /= a\/1+[—J +b\j1+(—]
a b

1_ a a2|"3_1_bZ.|"3 +b ||b2!3 +a2}3

f 1/
a13 b 3

a2’® /82#3+b2#3 + p2'3 [ams_'_bz,fa
(82;3+b2x3) ,‘azfs +b2f3
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S5.

- (62f3+b2f3)

Let ABC be the right angled triangle with BC = x and AC = h. Now given that
h+x= a ()] A
where, a = constant

Let A denotes the area of triangle. Then,

A= %BCXAB

= A= %){-«th—x2 2 x ¢

|-+ In right AABC, AB? = AC? —BC? =h? —x? .. AB=+h? — x* |

A= 1 =X

2
Squaring both sides, we get
2
A2 = XT(h2 —x?)
2
= A2 = %[(a—x)z—xz] [+ h=a—xby.Eq. (i)]
2
= A2 = XT[az+x2—Zax—x2]
2,2 5.3
Let Z= A2= L“Zax_

Differentiating both sides w.r.t. x, we get

dz

1152 2 .
dx 4(28 X —6ax?) .. (i)

Now, for maxima and.minima, put S—f =0

% (2a2x=6ax?) = 0

2a?x = Bax?
= 2a= 6x
or X = a
)
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Also, differentiating Eq. (ii) w.r.t. x, we get

¢z
dx?

) |
d—f at(x=EJ= l[2&2—12:53‘3]
dx 3)° 4 3

= 1(2a2 —-4a%)=- Ta2<o
4 2

1
Z(Za2 - 123x)

= Zis maximum = A is maximum.

Also, in the given right AABC, we have

BC X X
cosf= — = — = . h=a-x
AC h a-x - ]
a
cos O = 3
a
a__
3
a
- 3_a 3 _1
2_6' 3 2a 2
3
cos = —
i
= cose—cosg
or 8=E
3
Hence, area of triangle is maximum, when 6 = g

$6. Letaand b be the sideofright angled triangle.
From AABC, we have

2= g%+ b?
1 c b
Area of AABC(A) = Ea b
1
= —aJc® -a’ [ b=+/c? —az]
2 B c
Differentiating w.r.t. a, we get
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% = %.1.1{02_32 +%alﬂ

da 2 CZ _a2
2
2 o2 — 32
For maxima and minima ﬁ =0
da
1 2 2 az
—|JeP-a —-——| =0
2[ ,’02 _ a2
= c’-a*-a’= 0
= 2a2
= a: i
J2
[ 1 -2a
2 2 2
Je*—-a*)2a-a° - x ——
Also d°A -1 —2a ( : 2" c? - a?
da’  2|2Jc? 22 (c® - a°)
1_ -a  2a(c®-a’)+a’
= 2h\/6‘2—32 (02—32)3;2
1- -a_ 2ac? -a°
= 2_ Cz_az (02_62)3.’2
1[ -a(c? - a*)= a(2¢? - a?)
= 9 (23— a%)*?
1 |:302—232]
= _Ea —3
(c?-a%)2
d’A c 1 ¢ 3c?-¢? o
—atazs—F4=+ = ———_ = <0
da? ﬁ 2\/5 \3/2 S
2
. Area of AMABClis maximum at b = /c2—a? = y2a° - a2 =a.
S7. Letthe numbers be xand y. Then,
xX+y= 14 .. (i)
Let = x2 + y2 Then,
= X2+ (14 — x)2 [Using (i)]
= = xX°+ x>-28x+ 196
= = 2x?—28x + 196
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S8.

S9.

ds d’s
= ol 4x — 28 and a2 =4

For maximum or minimum, values of S, we must have

 _
dx

= 4x-28=0

= x=7
d?s

Now, e =4>0

Thus, S is minimum when x = 7.
Putting x = 7 in (i), we obtain y= 7.

Hence, the required numbers are both equal to 7.

Let the required numbers be x and y. Then,
xy = 256 (given)

Let S=x+y. Then,
256
S=x+ —
X
§_1 256 . d’s 512
= ax 0 x A T

For maximum or minimum values of S, we must have

@
dx
256
= 1- o 0
= x? = 256
= x= 16
dZS] 512 1
N — S——=—>>0
OW, [ dXZ X 163 8

Thus, S is minimum when x = 16.
Putting x = 16 in'(i) we get y = 16.
Hence, the required numbers are both equal to 16.

Let P = x%y® . Itis given that

x+y= 35
= xX=35-y
Putting x=35-y in P, weget

P=(@5—yry

[Using (i)]

. (0)
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= dy " 2(35 - y)y® + 5(35 — y)?y*
dP

= dy - (35 =y) y {2y + 5(35 -y)}
dP

- dy = Y (@5-y)(175-7y)

=7y @5-y)(25-y)

For maximum or minimum values of P, we must have

= 7y*'@5-y)(25-y)= 0
= y=10,2535
But, y =0 and y = 35 are not possible. So, y =25.

d2P d 4 . d
dy? = (35-y)(25- V)E'r'y +7y @(25 ~y)(35-y)
d*P

Now, dy? = 282 (35-)) 25—y)—7y* (25— y)— 7y* (35— y)

d’p
[ dyf Lzﬁ 28(25)° (35 — 25) (25— 25) —7(25)* (25 — 25) — 7(25)¢ (35 —25)

Thus P has maximum when y = 25,

0—0-7(25)* 10,= =7 (25)* (10) < 0

From (i), when y = 25, we have x=35 - 25 = 10.
Hence, x = 10, and y = 25.

$10. Let P= xy?
Itis given that
x+y=60
= x = 60=y
P =460 - y) y®> = 60y° — y*
dP p
= E = 180y?—-4y*and dy? =360y — 12y?

For maximum or minimum values of P, we must have

dP

dy
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- 180y2—4y* = 0

= 4y? (45-y)= 0
= y=0 or45 [~ ¥ =0is not possible|
d*P
Now, dy? = 360 x45—-12(45)*°=12x45(30-45)=-8100<0
y=45

So, Pis maximum when y = 45,

When y =45, x + y=60 = x = 15.
Hence, the numbers are x =15 and y = 45.

S11. x?

2
Let A (a cos®, b sin 0) be the parametric coordinate of an ellipse — + ‘Z—z =1, where 0 be the
a

eccentric angle.

Here, length of AB= a cos0 + a cos0 , Y _
(—a cos8, b sing) (a cos@, b sing)
= 2a cos0 /B Q
and length of AD = b sinf + b sinB X o) X
= 2b sinb C D
Now (= acosf, —bsing) | (acosh, —bsind)
’ Y’

area of rectangle ABCD (Say (Z)) = (2a cos0) (2b sind)
Z=2ab (2 sinf x cosf)

Z = 2ab sin26
Differentiating (i) w.r.t. 0
ﬂ =2abx2 cos 20
do
_ o dz
for maxima and minima ~— =0
do
4ab cos20=0
cos20=0
20 = n/2
0 =n/4
Differentiating (ii) again w.r.t.6
ﬂ = —8 ab sin 20
402 ab sin

d?z (2n
Fat(9=ﬂf4) —Babsm(T]

5.(i)

... (ii)
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S12,

=-8ab<0

Area of Rectangle is maximum when 6 = /4 and maximum area = Zabsin[ZEJ =

2ab

Hence, area of greatest rectangle is equal to 2ab when eccentric angle of an ellipse is 45°.

2 2

Given equation of ellipse is X Y g
25 16

Here,a=5,b=4

s.a>b

So, major axis is along X-axis.

Let ABTC is the isosceles triangle which is inscribed in the ellipse. Let OD = x, BC = 2y and

TD=5-x.
Let A denotes the area of triangle. Then, we have
1 AY
A = —base x height
2 *helg 4 __Bxy)
- Yecx X' /’ Dltx. 05 5, x
2 -5! T(5,0)
= A= x2y(5-X) -+ Ok
Yy
= A=y (B -X)
Squaring both sides, we get
A? = y¥(5 - x)? ..(1)
2 2 2 2
NOW, X_ y_ = — _y__ =1 — X_
25 16 16 25
16 2
= 2= —(25-x
y 25( )

~. From Eq. (i), we get A2 = %(25— x%) (5 - x)°

Let A2 =7z
z= %(25-%)(5-)02

Differentiating w.r.t. x, we get

dz

ax

g[(ZS = x%)2(5=X) (1) + (5 - x)? (-2x)]
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= %(_2) (5=x)[(5+x)(5=x)+x(5=x)]

= g(—z) (5 - x)*(2x +5)

Now, for maxima and minima, put % =0
X

32 2
-—(5- 2x+95) =0
og (5= X (2x+5)

= X=5 or —§
2

Now, when x =5, then Z = 2(25— 25)(5—5)? = 0 which is not possible. So x = 5 is rejected.

d’z _ d dz)

Now, il
dx? dx\dx

_d[ 32, .
= 25(5 X) (2x+5)]

= - 22[(5-x? 2= x #5265 »)]

32
= —EXZ(S—X)[s—X—ZX—ﬂ

= 226 (-30)

192x
= 5_—
5 (5=x)

[_QJ <0 = zis maximum.
X—_

5
- Area A isimaximum, when x = ) andy=12.

2
Also, the maximum area z=A%= E(25 - E] [5 + E]
25 4 2

=10, 13,225 _45, 905
257 4 4

Hence, the maximum area, A = /3 x 225
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= 15J3 sq. units
& Note If A is maximum/minimum, then A? is maximum/minimum.

S$13. Let R be a point on AB such that AR =xm. Then, RB =(20 - x) m
In A's RAP and RBQ, we have

PR? = x2 +162 ()
RQ? =222 +(20 — x)2 ..(ii)

PR? + RQ? = x2 + 162 + 222 + (20 — x)? = 2x2 — 40x + 1140
Let Z = PR? + RQ? Then,

Q
Z =2x?—40x + 1140.
P

dZ d*Z

— =4x-40 and =4

dx X and 2 22m
For maximum or minimum, we must have 16m

dZ

— =0=24x-40=0=>x=10.

dx A R B

) ¢ X b4 (20 — xX)m —»
Clearly, e =4 > 0 forall x

oo Z is minimum when x = 10.

Thus, the distance of R from pointA =10 m.

S$14. Let ABC be a triangle inscribed in a given circle with centre O and radius r.

The area of the triangle will be maximum if its vertex'A opposite to the base'BC s at a maximum
distance from the base BC. This is possible-onlywhen A lies on the diameter perpendicular to
BC. Thus, AD L BC. So, triangle ABC must be an isosceles triangle.

Let OD = «x.
In right triangle ODB, we have

OB? = OD? + BD?

e r°= x>+ BD?
= BD = r*-x?
= BC = 2BD =2+r*=x* .
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Also,

AD = AO+0OD =r+x.
Let Adenote the area of AABC. Then,

A

A

A
1
- (BC x AD)
1 r
—x24r* = x? x(r + x)
2 0
A= (r+x)rP -x o x

%
dx

%
ax

%
dx

B ) C
77 _ 2x(r + x)
2\r? — x*

rr —x%*—rx - x?
\/!‘2—)(2

r’—rmx-2x°

r? _ x2

For maximum or minimum values of A, we must have

=

Now,

@
dx
r’ —rx—2x?
2 _ x2 =0
r=2x)(r+x)=20
r=2x=20
_r
X= 2
dA r’ —mx—2x? 1
a= " %2 =(r2—rx—2x2)(r2~x2)2
d’A 2 2y d o 2 2 2, d 2\=1/2
= (r -x —(r° =mx —22X5)+(r° = —=2x°)—(r--x
S AT e )2 (=)
dPA  (-r—4x)  (r* zmxs2x%)x
dx2 = \/rz_xz (rz_xz)sm
| r r\2) r
" 2 _,. L _ol L A
d*A "‘4(5] [r "2 [2]]2
dx? - z

J ) r , rz 3/2
r —T (r —T)

[°.°r+x¢0]
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r
Thus, A is maximum when x = E

BD = r2 _ x?
= BD = 16%:
2
In AODB, we have
tano= 22
an 0 = oD
V3r
= tan 0 = %=\/§ = 06=60°
2
/BAC =0 =60°

But, AB = AC. Therefore, #/B=~2C

Thus, we have ZA=/B=/C=60°
Hence, Ais maximum when AABC is equilateral.

S$15. Let ABCD be the trapezium. Such that AD = BC = CD = 10cm.
Let AE = BF = x cm.
Draw DE | ABand CF L AB.

Now, in ADEA and ACFB, using Pythagoras 10 cm
theorem, we get

DE = CF = /100 — x?

D

10 cm

C

10 cm

A E F B
«—x cm—>»<«—10 cn—P»€<—xcm—»

Let A denotes the area of trapezium. Then,

(10 +10 +2%) ({100 = x?)

A=

N =

[Area of trapezium = % (Sum of parallel sides) x (Distance between them)]

N A= %(20+2x)(\/100—x2)
or A= (10 + x) /100 = x*
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Differentiating w.r.t. x, we get
dA 2

o 100 — x

_ 2x(10+x)

2,100 — x?

100 — x? =10x — x?
J100 — x?

1

dA _ 100 -10x — 2x?

dx 100 — X2

Now, for maxima and minima, put 3—A =0
X

100 —=10x — 2x? -0
{100 = x?
= 100 — 10x —2x2=0
= —2(x*+5x-50)=0
= (x+10) (x=5)=0
Either x+10=0
or x-5=0
x==-10 or 5

x>0 = x=-10Is rejected.

x=5
2
Also, % - 4d @)
dx dx \ dx
_ d (400-10x - 2x*
ax{, /100 — x*

J100 = x2 (=10 — 4x) (100 — 10x — 2x e S
[ X W e )[2\/100-;42]]

(100 - x?)

[(100 2 %7)(~10 - 4x) + (100x —10x2 - 2:°) ]
3
(100 - x2)2

d*A _ 2x*—-300x —1000

2 3
o (100 - x2)2

Putting x =5, we get
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[dz_A] _ 2(5)° —300(5) — 1000

dx? 3
X (100 — 25)2

_ 250 -1500-1000

(7575

2250 30

T T (75W75 15

<0

2
% <0 = Ais maximum.
dx

.. Area of trapezium is maximum, when x = 5.

Also, maximum area of trapezium is given by

A= (10 + x) /100 — x?
Put x =5, we get

A= (10 +5)x J100 - 25
= 15 x 75

= 1525 x3 = 753 cm?

Hence, maximum area of trapezium = 75J§ cm?

S16. Let the length, breadth and depth of the open tank be x, x and y respectively. LLength and breadth
are same because given that the tank has a square base. Let V denotes its volume and S be it's
surface area. Now, given that

V=x2y .. (i)

Also, we know that the total surface area of the open tank is given by
S=x2+ 4xy .. (i)
[~ S = area'of square base + area of the four walls]

v
Putting y = — from Eq: (i) in Eq. (ii), we get
X

S =% +4x.£2
X
or S=x*+ v Y
X
Differentiating w.r.t. x, we get 3—5 = 2x — % X
X
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Now, for maxima and minima, put % =0

4V

2X—? =0

4V
= 2z 2X
= 4V = 2x3
= 4x%y = 2x3 ['- V= x2 From Eq. (i)]
= 2y=x or y= 1

2

. Depth of tank is half of its width.

2
AlSO 2 = i(E) = £(2x —%)

dx dx \ dx ax X

. x2 8
=2+% 2.8 XY 2,2 [From Eq. (i)]
X X X
d3s X
2 aty=2= - x1_ _
(dxz] y 5 2+8.2.x_2+4_6>0
2
E > 0_
dx?

S is minimum.
Hence, total surface area of the tank is least, when depth is half of its width.

$17. Let V be the fixed volume of a closed cuboid with length x, breadth x and height y. Let S be the
surface area of the cuboid. Then,

V= x? .. (D)
and, S= 2 (x3%xy + xy) = 2x2 + 4xy . (i)
Now, S = 2x°+ 4xy T
%
= 8w, 2X2 + 4xi2 [-'.y=—2] y
X | X AN\
N 1
= S=2x°+ 7 —X—p
ds 4V
— = 4x-——=
o " ...(iii)

For maximum or minimum, we must have
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as

a0

4V

X
. V= x* = x2y = x3 [- V=x*Yy]
= X=y.

Differentiating (iii) w.r.t. x, we get

2 2
d? = 4+%:4+8x3y:4+8_y
dx X X X

ax?lyx

Hence, S is minimum when length = x, breadth = x and height = x i.e., when it is a.cube:

4+8=12>0.

S$18. Let the dimensions of the box be x and y. Let V denotes its volume and S beiits total surface

area.
Now, S =x%+ 4xy

[-- S=Area of square base + Area of the four walls]
Given that X2 + 4xy = C?

C% - x?

or = ()

4x T
Also, volume of the box is given as 1

V'=xty “—X—>
~2 2

- V= X?[ ¢ 4X" ] [From Eq. ()]

2 3
or V= xC*—x

4
Differentiating w.r.t. x, we get
av _ C? - 3x?
dx 4
For maxima and minima, put v . 0
ax
C*-3x" _
4

= C? = 3x?

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 19



= x=£
V3
Also dZ_V = i(icz _3X2)
' dx?  dx 4
_—6x _ =3x
4 2
dv ( CJ -3C
—5 |at| x=—F| = —=<0
{dx;z} V3] T 23
= Vis Maximum
2 _ 3
Vmax=xc4x =%[sz «]
1| ¢ c\ c
= — —-Cz—(—] [Putx:—]
413 J3 ] J3
_1’0_3_0_3]
4|3 343
=1'3C3—C‘°’]
4| 33
_1.2¢ ¢
433 643

. . C? .
Hence, maximum volume is cu. units,
6+/3

S$19. Let xm be the length, y m be the hreadth and h = 2 m be the depth of the tank. Let Rs. Hbe the
total expensive for building the tank. Now, given that h = 2m and volume of tank = 8m?3

Also, Area of the base ‘of the tank = length x breadth.= x y m?

and the area of the four sides = 2 (length+breadth) x height
=2(x+¥yY) x2=4 (x + y) m?
.. Total cost, H=70x xy+ 45 x 4(x + y)
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or H=70xy+ 180 (x + y) )
Volume of tank = 8m?3

Ixbxh=8
= Xxyx2=8
= 2xy =8 T
2m
4 o l ,
= y=— Xz .. (i)
X S xm >
Putting value of y from eq. (ii) in eq. (i), we get
H= 70x.i+180[x+i) = 280+180(x+1] ... (i)
X X X
Differentiating w.r.t. x, we get aH = 180[1—1]
ax x2
For maxima and minima, put aH _ 0
ax
180[1 —iz) =0
X
4
= 1-— =0
2
4
= — =1
X2
= x2=4
— X=2
) _
Also, g = i(ﬁ} -9 180[1——45] = %x180
dx dx \ dx dx X X

2
[ﬂ] =2ES><180=180>0
X

dX2 =2
d’H
dx?
= Hisleastat x= 2.
Also, the least cost = 280 + 180 (2 + %J

[Put x =2 in Eq. (iii) to get least cost H]

=280+ 180 x4 =280 + 720 = Rs. 1000

Hence, the cost of least expensive tank is Rs. 1000.
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S$20.

S21.

Let x cm be the length of a side of the square which is cut-off from each corner of the plate.
Then, sides of the box as shown in figure are 24 — 2x, 24 — 2x and x.

Let VV be the volume of the box. Then,

V = (24 — 2x)2x = (576 — 96 X + 4x?) X
= 43— 962 + 576x

= ﬂ = 12x? - 192x + 576
ax
2

and oV =24x—-192
dx?

For maximum or minimum values of V., we must have

Q
2|2
Il
——
| |
N
A
|
N

12x2-192x+ 576 =0
x?—16x+48 =0
(x-12)(x—4) =0

x =12, 4

U v Ul

But, x =12 is not possible.

—Y— — Yo—

Therefore, x = 4.

d*v
Now, 2 =24 x4-192 =96 -192<0.
x=4

Thus, Vis maximum when x = 4.

Hence, the volume of the box is maximum-when the side of the square is 4 cm.
The maximum volume is, V= (24 —8)2.x 4 = 256 x 4 = 1024 cm*.

Let rbe radius, /be the slant heightand h be the height of the cone of given surface area S. Then,

S=nr+ rnl
, %
N I= S —nr )
7ok, o
Let V be the volume of the cone. Then,
!
h
V=1nr2h
3
_1242_1242 2 e j2 _ R 2 A B
= Vz-gnrh_gnr(j—r) [.i—h +r:| ~—_r_ o~
2 2 2
= ve=T e HS il } —r2] [Using Eq. (i)]
9 nr
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Ve = n’r* [ (S —nr?)? —n’r?
= 9 nr?
- Ve = %S(Srz _2nrt)

Let Z = V2 Then, Vis maximum or minimum according as Z is maximum or minimum.

= %S(Sr2 —2nr*)

% - Zs(2sr-8xr) . (i)

For maximum or minimum, we must have

%:0
dr

= 2S8r-8nr*=0

= S=4rp ... (iii)

Differentiating (ii) w.r.t. r, we get

2
92 _ S 25 24nr%
ar? 9
2
- dZ §[23 _24n£] _S2s-65) {Putting r2 = Yom (ii
dr 9 4n| 9 4n
d?Z 48?
= = — <0
dr? 9

So, Z is the maximum when S = 4nr?

Hence, V is maximum when S = 4xar°

Now, S =4nr
= nrl + 2 = 4nr?
= wrl = 3nr?
= 1 =3r.

. r r 1

sina = —=—&=—=

1 3.3

1
Hence, Vis maximum when o = sin™ [g}

S22, Let rbe the radius of circle and x be the side of a square. We are given that
Perimeter of square + Circumference of circle = k
ie., 4x + 2nr= k
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k—=2nr

= X = N (
2 (1)

Let A denotes the sum of their areas.
A= X2 + it -.(i)

[ Area of a square = (side)? and area of circle = nr? |

Putting value of x from Eq. (i) in Eq. (ii), we get

2
A= (k—2mr] + mur?
4

dA -
Differentiating w.r.t. r, we get — = 2(ﬂ) (—z—m) +2nr = —E(k —27r) + 2nr
o/g 4 4 4

Now, for maxima and minima, put c;—'i =0

—%(k—2rcr)+2nr =0
T
= ——(k=2rr) = 2nr
4
= k—2nr= 8r
= 2nr+ 8r= k
k
or r= .. (i
21+ 8 (a
d’A _ d (dA)
Now, — = —| =
dr dr\ dr
d n 21?
= —|2nr——(k=2nr)| = 2n+— >0
dr[ " 4( : )] W 4
2
' d;q >0 = Ais maximum.
dr
Now, from Eq. (iii), we get r= K
| a1l We Sgd 2n+8
= 2rn +8r= k
= 2rn + 8r= 4x ¥ 2nr [ k=4x+ 2nr]
8r="4x or x=2r
ie., Side of square= Diameter of the circle
Hence, sum of area of a circle and a square is least, when side of square is equal to diameter of
circle.

§23. Let the length of the each side of the square which is cut from each corner of the tin sheet be x.
By folding up the flaps, a cuboidal box is formed whose length, breadth and height are 45 — 2x,
24 — 2x and x respectively. Then its volume Vis given by
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V = (45 — 2X) (24 — 2x) X
= (1080 — 138x + 4x?)x

= 1080 x —138x2 + 4x°

/
N 9V = 1080 — 276x + 122 F___'ff:z_x_:f-
ax :
I

|
I
2 x
and d\2/=-276+24x N ;
ox 5! |
For maximum value of V, we must have : :
|
dx — —
= 1080-276x+12x*= 0
= x2=23x+90=0
— x = 518.

But x = 18 is not possible. Therefore, x =5

When x=5

2
dg = —-276+120=-156<0
dx

So, Vis maximum when x = 5 j.e. the length of each side of-the rectangular sheet'to be cut
is 5cm.

Maximum volume = (45 — 10) (24 — 10) 5 = 2450 ¢cm®.
S24. |et the length of the each side of the square which is cut from each corner.of the tin sheet be x.
By folding up the flaps, a cuboidal box“is formed whose length, breadth and height are
18 — 2x, 18 — 2x and x respectively. Then.its volume V is given by
V= (18 =2x) (18 — 2x) x = (324 — 72x +4x?)x
324 X =T72x> + 4x°

= Ve 304 — 144x + 1252
dx .
dZV )1{ 18 — 2x
and > = — 144 + 24x CTTTTITT |
dx ‘! i
For maximum value of V, we must have cT: : :
0 | |
— |
ﬂ =0 : |
ax L ,
= 324-144x+12x*= 0 i‘_.w_zx
= X2=12x+27=0 X< —>X
= x=309.
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But x = 9 is not possible. Therefore, x =3
When x=3

d*v

7 = ~144+72=-72<0
X

So, Vis maximum when x = 3 i.e. the length of each side of the square to be cut is 3 cm.

Maximum volume = (18 — 6)% x 3 = 432 cm?®.

S§25. Let x metres be the length of a side of the square and y metres be the radius of the circle. Then,

we have
4x + 2y = 36 I
- 2x +my = 18 e (D) Il
Let A be the combined area of the square and the circle. Then, x>
A= X2+ iy (i)
2
N A= e ﬂ(18‘2xj [Using (i)
T
= A= X2+1('18—2X)2
"
dA 2 4
= — = 2x+ — (18-2x) (-2) = 2x — = (18~ 2X)
dx T T
2
and, df=2-i(-2)=2+§
dx T T

For maximum or minimum A, we must have

dA

— =0
dx
4
= 2x— — (18 —2x) =0
T
= 2x = i(18—2)()
i
= 2nx + 8x = 72
= x(n+4)= 36
36
= X =
n+4
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S26.

5
As, {d AJ =2+ § >0
(x=36/n+4)

dx? T
. 36
Thus, A is minimum when x =
T+4

Putting the value of x in (i), we obtain

2x 36
T +4

ny = 18 -

18+ 72 — 77

= Ty =

T+ 4
18n _ 18
= Ty = T+4 = y T+ 4
So, Length of square part= 4x = 4 x 36 _ 144 m

T+4 - n+4

18 36mn
= m
n+4 n+4

and Length of circular part = 21y = 2m x

Let x, be the side of the square and r be the radius of circular part. Then;

Length of square part = Perimeter of square

=4 x Side = 4x
and length of circular part = circumference of circle = 2nr
. Given that, 4x + 2nr= 28
or 2x + nr=14
14+~ 7wr .
or = N (
5 (i)
Let A denotes the combined area of circle and square.
Then, A=nrt + x?
2
- A=rcr2+(14_2-nrJ |:"'x:14;nr byeq.(i)]

Differentiating wir.t. r, we get

dA - '
a7 2m+2(u](_£]
dr 2 2

2
_ 2m_(14n—n r]
2

dA
Now, for maxima and minima, put ar =0
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znr_(m—nr] =0
2
_ 14n-7x*r
= 2nr = ——
2
= 4nr + n°r = 14n
= nr(4 + n) = 14n
14
= r=
T+ 4
, d’A _ d dAJ
Again, — ==
dr dr\ dr
=i—2 _(147:—11:%]}
ar| _ 2
d’A 2
= ? = 2‘1’[—1—7 >0
~d*A

‘. F >0 = Ais minimum.
r

Now, putting r= 144 in Eq. (i), we get

14
14 — p=—
_ (rc+4)

X_
2
=14rc+56—147c= 28
2(m+ 4) n+4
.. We get, X = 28
n+4
and r= 14
TA+4
14 287

Length of circular part="2nr = 2x x =
n+4 Tw+4

28 _ 112
T+4 T+4

and Length of square part = 4x = 4 x
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S27. Let Sbe the surface area, V be the volume, h be the height and rbe the radius of base of the right

circular cylinder. We know that

S=2nr% + 2nrh
2
— h= S_i
2nr

Also, volume of right circular cylinder is given by

V =nrth
2
V=nﬁ(§_§EJ
2nr
_ 3
or V= m
2
Differentiating w.r.t. r, we get
dv _ S- 6rr?
dr 2

For maxima and minima, put % =0

S—6nr?

=0
2
— S =6nr?
From Eq. (i), 2nr? + 2nrh = 6nr?
= 4nr? = 2nrh
= h="2r

Height = Diameter of the base

d’v._ d(dVv
Also — = —| =
dr dri dr
_ d(8s6nr*
dr 2
= 6rr<0.

=V is maximum.

Hence, Vis maximum at h = 2r.

- (D)

.. (i)

[By Eq. (ii)]

$28. Let rbe the radius and h be the height of the closed cylindrical can of volume 100 cm?. Then,

_ 100

nh=100 = h=—
mr

. (i)
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$29.

Let S be the surface area of the can. Then,

A N
S = 2nrh + 20 \ST
= S = @ + 2nr? h
r
Now for maxima and minima ﬁ =0 l
— —pi
= —£+ 4nr= 0
r
= 4nre = 200
13
. (@]
T
2
_df = 4;.30+4Tt
dr r
() [, (89)7) < 400,
g =~ @ T
T

= 8n+4n=12n>0

50 13
Hence, S is minimum when r= [—J .
T

Putting value of r in eq. (i), we get

1/3
h=2 [@J c.m

T

Let ABCD be the rectangle which is surmounted by an equilateral AEDC.
Now, given that

E
Perimeter of window = 12 m / \
y y

= 2X+ 3y +y=12

= 2x + 4y =12 / \

= X+2y=6 ? $

= X =6 -2y .. (i) l i

Let A denotes the combined area of thewwindow. Then, A e y. » 5
A= xy+?y2

[~ Combined area = Area of rectangle + Area of equilateral triangle]
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V3 .
= A=y(6—2y)+Ty2 [- x=6—2yby eq. (i)]
= A=6y—2y2+§y2
dA
Differentiating w.r.t. y, we get d_y = 6—4y+¥y
) o dA
Now, for maxima and minima, put E =0
6—4y+&y =0
4
= 6—4y+§y =0
= y(£—4)=—6
2
= y(\/g_a] =-6
2
= y:i
8-3
2
NOW, d?:ﬂ% :i(6_4y+£y]
dy dy\ dy dy\ 4
=_4+&=_4+£=_8+\/§<0
4 2 2
- Ais maximum.
Now putting value of __12_ .o (i), we get
putling y PN q. (), Wwe g
~ 120\ _ 48-63-24 24 -643
xX=6-2 = or x= ————
8§=+3 83 8-3

Hence, the area of the window is largestand the dimensions of the window are

X=24—6J§ g 12

——andy= ——.
8-+/3 N
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$30. Let the dimensions of the window are 2x and 2y i.e., AB = 2x and BC = 2y. Let P denotes the
perimeter of the window and A denotes its area.

Given that P = 10m /_\
C

To find dimensions of the window so that maximum light pass D
through the whole opening.

From the figure, we can see that perimeter of the window is

r—L
m “_J&J

given by
P=2x+2y+2y+nx < 2 >
[ In a semi-circle 2x is the diameter, so radius is x]
or P=2x + 4y + nx
= 2x + 4y + nx =10 [*- P=10m]
_ 10 —-7x —2x .
N - . (i)

Also, area of the whole window is given by

A= (2x) (2y) + %

[Area of window = Area of rectangle + Area of semi-circle]

X2

or A= 4xy + T (||)

Putting value of y from Eq. (i) in Eq. (ii), we get

A= 4X(10—nx-2x)+nx2
_ 2
2
= A=1Ox—1tx2—2x2+%
, X
or A=10x — 2x° — —
2
Differentiating w.r.t-x, we get
dA 27X
— =10-4x~—
dx 2
=10 —4x— nx

For maxima and minima, put g—i =0

10-4x—nx=0
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= 4x + nx =10

10
T+ 4

X:

Putting value of x in Eq. (i), we get

- 10 — x — 2x
4
10—1:( 10 )_2( 10 ]
- _ n+4 T+ 4
4 4
10— 10n 20
- y = n+4 w+4
4
10n+40-10n - 20 20 5
— = = =
4(n+4) 4(n+4) n+4
10
We get x = and y =
g n+4 Y T+ 4
d’A _ d(dA']
Now, — = —| =0
dx dx \ dx
d
= —(10-4x-mx)=—4=n<0
dx

d*A

o <0, .. Ais maximum.
X

So, maximum light passes throughthe window.

and 2y = '} .
T+ 4 T+4

Also, dimensions of window-are 2x =

S31. Let r be the radius, h:be the height, V be the volume and S be the total surface area of right
circular cylinder which is open at the top. Now, given that

V = nr?h
v :
= — (1)
nr

Also, we know that total surface area S is given by

S =2nrh + nr?

[ Cylinder is open at the top, therefore curved surface area of cylinder + area of base]
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= S= 2nr(L2] +mur? [Putting h= Lz from eq. (i)]
nr

nr
2V 2
= = —+ar
r
Differentiating w.r.t. r, we get (;—f = — % + 2nr
r

Now, for maxima and minima, put % =0

- —2,+ 2nr =0
r
= - % ==27r
e
= V=nrd
= nrth = nrd [« V.= nr’h, Given]
= h=
2
Also, as i(ﬁ) = i(_zv + 2nr)
dr? dr\.dr dr\ r?
d’s  4v
= —2 = —3+2TE
dr r
2
Putting r= h, we get [g] = %+21c >0ash>0
dr r=h h
2
. d '23 >0 = S is minimum.
dr

Hence, S is minimum, when h =.r, i.e., when height of cylinder is equal to radius of the base.

S$32. Let V be the volume, S be the total surface area of a right circular cylinder which is open at the
top. Let rbe the radius of base, h be the height. Now, given that

S =2nrh # nr* [+ Cylinderis open at top]
e 2
- T S—mnr (i)
2nr
Also, volume of cylinder is given by
V =nrih
2
= V= nrz(s il ] [Using Eq. (i)]
2nr
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S33.

rS —nr®

= V=
2
2
Differentiating w.r.t. r, we get dav = S = 3nr
dr 2
For maxima and minima, put % =0
S-3nr? _ 0
2
= S =3nr?
= 2nrh + 72 = 3nr? [From Eq. (i)]
= 2nrh = 2nr?
— h=r
Height of cylinder = Radius of the base
d®v. _ d(dV) _ d(S-3nr?
Also, — === —
dr dr\ dr dr 2
L. -3nr<0,as r>0
2
2
% <0 = Vis maximum.
dr

Hence, volume of cylinder is maximum, when its height is equal to radius of the base.

Hence proved.

Let rbe the radius of base, h be the height, V the volume and S be the total surface area of the
closed right circular cylinder. Then, given that

V= nr?h
"4 :
= h=— ()
nr

Now, we know that-totalsurface area of cylinder is given by

S =2n +2nrh
%
= SE\27r? + 2nr(—2] [ h =L2 by eq. (i)]
nr Tr
= S=2nr+ %
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Differentiating w.r.t. r, we get E = 4mr — %
dr r
For maxima and minima, put % =0
4nr - % =0
r
= 4rr = %
r
= 4nrd =2V
or V=2nr’
= nr*h = 2nr’ [ V= nrh]
= h=2r
ie., Height = Diameter of the base
d’S _ d (ds)
Also, —s = —| —
dr? dr\ dr
d 2V
= —|4nr — —
dr( S )
= 4n+% >0,asr>0and V>0
r
d*s

—— >0 =/ Sisaminimum.
dr?

Hence, S is minimum, when height is equal to the diameter of the base.

S$34. Let the cylinder inscribed in the given sphere of radius(R) having height(h) and base radius(a).

From AABC, AB? + AC?= BC?
2
= att (E] = R2
2
= 62 = Rz —E ‘.'ICI \
4
Volume of eylinder, V = nah R\
2
= nh[R2 —”—} = Z(4R?h - 1) B
4 a
Differentiating w.r.t. h, we get
dVv _ R 2 2 .
o - Z(4R - 3h”) 0
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av

For maxima or minima — =0
Xi ini ah
= ~(4rR? =317} = 0
4
4 2
= h2= —R*> = h=-—2-R
3 NE]
Differentiating (i) w.r.t. h, again
2
and % = —(—Gh) = _3mh
dh 2
d*v 2 _3n
—— |lat|h=—=R =_._ = —
[dhz] ( NS ] 73R = TVanR<0
= Volume of cylinder is maximumat h= 2 R
J3
2
Maximum volume of cylinder = xth R2 Ly (RZ
Y BN

_2tR(3R*-R*) _ 4nR®

B 3 ENE)

S$35.
right circular cylinder.

Now, from right AOEF in the figure, we have by"Pythagoras

theorem
OE? + EF? = OF?
2
= (E) + R? = 2
2

2
or R? +h— =r2 . (i)

4

Also, we know thatwvolume of cylinder is given by

V = nR2h
2
= V=rn rz—h—]-h [
4
3
= V=rn rzh—h—J
4

Differentiating w.r.t. h, we get

14

_Rz]

43

CuU units.

Let rbe the radius of sphere. Let h be the height, R the radius of base and V be the volume of the

A \_______________/ 8 r
1 hi2
o] h
hi2 r
L — | A\
D E F

2

R?=r%- h? By using eq. (i)]
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ﬂ = n(r2 _ﬁ]
dh 4

Now for maxima and minima, put v . 0

dh
) 3h2]
re—=——1[=0
“( 4
2
= r= ﬂ
4
= 4r? = 3h?
2
or h? = ar
3
2r
or h=—
NE)
Putting h = 2= in Eq. (i), we get
\/5 . L]
R? ﬁ =r?
12
= Rz = r2 _ﬁ = E
3 3
= R = & = gr
3 3
2 : 2
Also @ aff ]
dh dh 4
( Gh] 3nh
-— T[ e — - —_——_——
4 2
2
= Vs maximum-as % <0.
dh
. 2 2r
Now, putting.R'= \/:r and h= — in'V.= nR?h,
putting 3 7
2 2r
We get V= [—rgj[—)r:
g 3 NG
4nrd 3
or V= cm
3J3

[as h> 0]
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Hence, the maximum volume of the right circular cylinder which is inscribed in a sphere of radius

r3

343

cma.

rcmiis

$36. Let VAB be the given cone of height h and a semi-vertical angle a. Let V denotes the volume of
cylinder. From the figure, we get H = Height of cylinder= OO’ = h- VO’

Now, in right angled AVO'C, we get

tanaz O‘C = L
VO' VO'
r
or VO = = rcot a
tango

Height of cylinder= H=h—-VO' =h-rcota

Also, radius of base of cylinder= O'C=r
-.Volume of cylinder is given by, V= nrPH

V= nr? (h—rcota)

[ H=h-rcotq]

- V= nrth — nrd cot a
. . dv v
Differentiating w.r.t. r, we get - = 2nrh — 3nr? cot o A
oL
. .. dv —p
Now, for maxima and minima, put — =0 D
dr C\\-
2nrh=3nrP cota = 0
= 2nrh = 3nr? cot o
= 2h= 3rcot o —— \
A
2h '\___//B
= r= —tanw
3
2
Now, % = j"_(ﬂ) = i(2Jtnh' —3nr’eoto) = 2nh — 6nr cot o
dr dr\ dr ar
2
[%] = Znh—encota-g{ltana
df' r=ﬂtana 3
3
= 2nh — 4nhtan.a cot o
= 2nh - 4nh [-- tan o cot o = 1]
= -2xzh<0ash>0
2
‘;—Z < 0 = Volume is maximum.
r
Also, height of cylinder, H= h — rcot a

= h—%tanacota

_p2h_h
33

oo Gene]
v r=—rtano
3

[-- tana x cota = 1]
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.. Height of cylinder of maximum volume that can be inscribed in a cone of height his %h.

$37. Let C denotes the curved surface area, r be the radius of base, h be the height and V be the
volume of right circular cone.

To show, h = J2r

We know that volume of cone is given by

1 5
V=—nr<h
3
- h=3—V2 ... (i)
Tr

Also, the curved surface area of cone is given by C = nrl, where /= vr? + h? is the slant'height

of cone.
= nrr’ + h*
Squaring both sides, we get C? = n2r2 (2 + h?)
or C? = nr* + n?r’h?
Let C?2=z2
z = er*t + n2r’h? (i)
2.4 2. 2{.3V. ‘ .
zZ= 1T+ S5 [From Eq. (i)]
mre.
2
= = 7érfFnlr? x %
Tr
2
= 7= n°r* + %
r

Differentiating both sides w.r.t. r, we get

dz _ . 2 3, 18V°
dr r3
. . dz
For maxima-and minima, put ™ =0
2
4m?r? —% =0
r
2
, PR
r
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S38.

1 2 1
= 4n2f8 = 18(—7cr2h) [‘.*Vz—rcrzh]
" 3 3
= = 18><%1t2r4h2 = 2n2r*h?
= 2r2 = h?
or h= \/§r
Hence, height = V2 [radius of base]
2 2
Also, gz . E(g) = i(4::%3 1Y )
dr dr\dr dr r
2
= 12n°r? + 543
r
2 2
92 _2rzr2 4 2 5
dr r

= Z IS minimum

= C is minimum.

Hence, curved surface area is least, when h = \/Z".
Hence proved.

Let h be the height, /be the slant height, r be the radius of base of the right circular cone. Let a
be the semi-vertical angle of the cone.

Using Pythagoras theorem is AVAC, A
B=r+ h? o
= r=FP-h? () I A
Let V be the volume of cone whieh'is given by
V= lrrh v
3 A‘\_‘C’_/’B
«—Fr—>
= V=§(12—h2)-h
or v=ZX(Ph-n)
3
Differentiating w.r.t. h, we get % = %(12 —3h?)
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S$39.

Now, for maxima and minima, put av 0

dh
’ﬂ'«( 2 2
—\r-3h°) =0
3 )
= P =3h?
= r? + h? = 3h? [« =P+ h?
= 2h?=1r?
or r=/2h .. (ii)
Now, in right angle ACVA in the figure, we have
tan o = A—C
VvC
tana = % [-- AC=rand VC = h]
= tana = % [ F=~/2h By Eq. (ii)]
= tano. = 2
or o = tan"'V2
2
Also, % = i[ﬁ(ﬁ —3h2)]
dh dh[3

= %(—an) = _21nh<0 [v H30]

s Vis maximum.

Hence, the volume is maximum, when o =

tan"'\2 .

Let R be the radius of sphere. Let rbe the radius of baseof cone and h be the height of cone.

Then, from the figure h =R + x

. ()

Let V denotes the.volume of cone. Now, in right' AOCA in the

figure, we get

OA? = OC? + AC? [By.Pythagoras theorem]

= R2=x2+r
= r2=R? - x?
Also, we know that volume of cone is given
1_2
V=—nr<h
3
- V=%n(R2—x2)(R+

.. (i)
by

X)
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[--h=R+xByeq. (i) and r? = R? — x? By eq. (ii) ]

= V==2(RP+R* - x*R-x})

wla

Differentiating w.r.t. x, we get

Y - T(R? _2xR-3x?)
dx 3
= LA E[Rz —3xR+xR—-3x%] = E[R’(R’—?:x)+ X(R - 3x)]
adx 3 3
dv _ =
Y =T R+x)(R-3
i 3( +X) ( X)

Now, for maxima and minima, put o =0
X
T
§(R+x)(R—3x) =0

Either R+ x=00rR-3x=0
Now, R + x = h which is height of cone. As h can never be zero. So, R+x = 0 is rejected.

R-3x=0
X=R
or x=E
3
dQV d (dVJ d I:TE 2 2 :|
Also, = —| —| = —|=tR°"=2xR -3
dx?  dx\ dx dx 3( X x?)
2
Y - I (2R—6x)
dx
2
s [d V} = E[—ZR—%] = E(_4R) = _ﬂﬁd)
dx? J,-R .3 3 3 3
3
2
:'g <0 =._Vis maximum.
X

Now, we have to show that

Volume of largest cone = % [Volume of sphere]

Now, volume of cone is
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V= %(R2 ~x2)(R + x)

Putting x = g we get

2 2 3
V= EI:Rz_R_:II:R+E] = E(BR }(4R] = 32rR = i(inR:sJ
3 9 3 3\ 9 /L3 81 27\3 .

nR® ]

W

8 [volume of sphere] “* Volume of sphere =
27

Hence,volume of largest cone = % [volume of sphere]
Hence proved.

$40. Let VAB be the cone of radius of base rand height h. Let radius of base of the inscribed eylinder
be x.

Now, we observe that AVOB ~ AB'DB

v
F

VO OB “\
= _— =

B'D DB
. h _r A'\h_o B'

B'D r—x H
= gp = Mr=x |

r A = x—E:v :2 B

Let C be the curved surface area of cylinder. Then,

C = 2n (OC) (B:D)

_ C= 2n xh(r=X) _ 2nh(m_xg)
r r

Differentiating w.r.t. x, we get

dC = 2rh

A = -2

ax r (r=2%
For maxima and minima, put % =0

2nh (r—-2x)=0
e

= r—-2x=0
= r=2x or x= r

Hence, radius of cylinder is half of that of cone.
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Also d’c _ d [2nh(r—2x)]
' dx?  dx r
2nh
= —(-2
—2)
= —4mh <Qash, r>0
r
d’C . .
" v <0, = Cis maximum or greatest.
X

Hence, Cis greatest at x =

N~

S41. We have given h is the height of cone.
Let rbe the radius of cylinder

A -]
Then, in AADE cot 30° = E 30
R c
cot 30°
InAAOC cot 30° = @
' K5 L’
D

AO = rcot30° = r\3

Height of cylinder= H= h - r3
Volume of cylinder= V = nr2H = wmr3(h=3r)=nr’h - rrJ3:

Differentiating w.r.t. “r”, we get

dv

— = 2mrh—3y3nr? 0]
dr
For maxima or minima,
av
— 0 = O
ar
= rr(2h—-3J3r)= 0 = 4 2h-33r=0 = r= 2
343

Now, again differentiating (i), we get

axv 2
= 2rh—-6~3nr>0 at r=—=h
Hence forthe r= 2 h and height= h —ih 3 = 1 h the cylinder has maximum volume
33 343 3 '

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 45



2 Y1, 4
Volume of cylinder = n[— h] —h=—nh’.
3W3 )3 81

cylinder. From the figure, we get

S42. Let VAB be the given cone of height h and semi-vertical angle a. Let V denotes the volume of the

H = Height of cylinder= OO’ = h — VO v
Now, in right angled AVO'C, we get o
O'C r—»
tanoa = —— c 0 D

VO' N~ |

r
= . O’C =

Vo' L L

r

— T —Pp

= Vo= =
tano

or VO =rcot a
.. Height of cylinder, H=00=h-VO =h-rcota

Let radius of base of cylinder=O'C=r

.. Volume of cylinder is given by

V = nr2H [ H=h—-rcotd]
or V =nr (h—rcot o) (i)
or V = nr*h — nr® cot a

Differentiating w.r.t. r, we get

ﬂ = 2nrh — 3mr2 cot o
ar

Now, for maxima and minima, put %% =0

2nrh = 3n2 cot =0

= 2arh = 3nr? cot a
= 2h=3rcot o
= r= &tanoﬁ
3
d?v  d (dv)
Also, —_— = —| —
dr?  dr\ ar
d 2
= —\2nrh — 3nr< coto
dr( T g )
d?v

prE: 2nh — 6nr cot o
r
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, . .
[g] = 2nh—-6n cota(ﬁtana]
dr r:%tana 3

= 2nh — 4nh tan o cot o

= 2nh — 4nh
=-2nh<0ash=>0

2
% <0 = Vis maximum.
dr

Now, we find the maximum value. From Eq. (i), we get
V=nr? (h-rcota)

Putting r= 2:3—htan o, we get

2
V= nx%tanza [h—%tana cota}

, | |
e LI a[h—&]
9 3

) L
= V= 4zh (EJtanza
9 3
3
= V= 4nh tan? o
27

3

Hence, the volume of largest cylinder = tan? o.

Hence proved.

$43. Let P(x, y) be any point on the.parabola and Q (0, ¢) be thegiven point. Then,
PQ? = x*% (y - of

= PQZ= x>+ (x2—c)? =x*+ x* <= 2¢x° + ¢*
= PQ? = x*—x?(2c—1) +¢?
Clearly, PQ will be'minimum when PQ? is'minimum. Let Z = PQ? Then,
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Z=x=-x2(2c-1)+c

Y
F 3
= L2 4x° —2x (2c— 1) Q0,0 y=x
dx
) Px. ¥)
d°Z _
and — = 12x* -2 (2c-1)
dx
For maximum or minimum value of Z, we must have X' < S > X
g =0
dx
v Y'
= 4x°-2x(2c-1)= 0
= 2x{2x* - (2c-1)}= 0
= x=0x=% 2c-1
2
= Xx= 0, x=*a, where a= %

d’z 2¢-1
2
Now, [ dx? }Ha 12x° — 4[ > )

1202 =402 =802 >0
So, Zis minimum at x = + .

Hence, PQ is minimum at x = + «.

The minimum value of PQ is given by
PQ? =a? + (02 — C)2

2
N PQ? = 20—1+ 2(:—‘1_C =2c—1+1=4c—1
2 2 2 4
- pQ = N4c-1
2
Véac -1

Hence, the minimum distance is

2

S44. | et P (f?, t)be any point on the curve x = J2. The distance S of P from the given line is

t—t? 44

V2

t’~t+1>0forallte R

5= |
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S45.

2 —t+1
= S=
.
?—t+1
= S=
J2
f(t)
= S= —, whenf(f)y=£—t+1
72 ()
Clearly, S will be maximum or minimum according as f (f) is maximum or minimum.
Now, f(t)= t2—t+1
= f/(H)= 2t—1 and f"(f)=2

For maximum or minimum, we must have

f7f()= 0
= 2t-1=10
= t= 1

2
1
Fort= E,we have
f”(t) > 0

Hence f(f) is minimum when t = 2

So, Sis the minimum when = %

The minimum value of S is given by

g 2
(%] —%+‘I 5 1
S= _4 2

6 32

V2

T2 82y 8

The given equation of curve is y? = 2x and the given point is Q(1, 4). Let P(x, y) be the point,
which is at a minimum distance from point Q(1, 4). Now, distance between points P and Q is

given by
PQ = \J(1-x? +(4—y)’
[By using distance formula S = \/(xz —x)? + (¥, — y1)2]
= PQ= 1+ x* —2x+16+y? -8y = \|x2+y? —2x -8y +17

Squaring both sides, we get
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PQ? =x?+ y2 - 2x -8y + 17

s

Pl y y?
= PQ2=(?] +y2—2(?]—8y+17 - y? =2xis given = x=?]

4
PQ? = yT+y2—y2—8y+17

4 (1, 4)
y
or PQ?=<- -8y +17

Let PQR2=27 P(x, y)

y4
Z=—-8y+17
2 y

/

Differentiating w.r.t. y, we get

dZ  4y3
— == __8 = -8
dy 4 v
. - d
For maxima and minima, put - =0
dy
y*—8=0
= y’=8
= y=2
d*z d
Also, — = =~ (y®-8) =32

Putting y = 2, we get

2
[d f] =3(2)2=12>0
dy” |, _,

d’z

dy?
-, Zis minimum and therefore, PQ is also minimum on Z = PQ?2.
Putting y = 2 in the given equation i.e., y? =2Xx, we get

>0

(2)2 =2x
= 4=2x
= x=2

Hence, the point which is at a minimum distance from point (1, 4) is P (2, 2).
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$46. Let P(x, y) be the position of jet and the soldier is placed at A (3, 2). Then, the distance between
the soldier and jet is given by

AP = \[(x =37 +(y - 2)* =/(x —3)* + x*

Let Z = AP Then,
Z = (x—3)2+ x*

Clearly AP is maximum or minimum according as Z is maximum or minimum.

Now, Z=x—-3)2+x*
2
= 9z =2(x—3)+4x3andd§=12x2+2
dx dx A
For maximum or minimum, we have
a _ Rx, y)
dx
= 2x-3)+4x=0 A3, 2)
= 23+x-3=0
= x=1)(2x*+2x+3)=0
x=1 [ 2x2 + 2x + 3 = O-gives imaginary values of x]
2
Clearly, df =12+2=14>0
dx x=1

Thus, Z is minimum when x = 1. Putting x = 1 in y = x¥+2, we obtain y = 3.

Hence, AP is minimum when jet is at the point (1, 3) on the curve.

The nearest distance is given by AP =4/(1=3)? + 1* = /4 +1=1/5..

S$47. Let P(x, y) be a point on y? = 4xand A(2, 1) be the given point..Then,
- y
AP2 = (X =2)*+(y —1) =[YT —2] ¥ (y 1) [-.'yzz 4x, ~.x= y2!4]

Let Z = AP?. Then, Z is maximum or minimum according as AP is maximum or minimum.

y© Y
Now, Z= [T_ } +(y 1)y
2
2
= % = 2 [%—2]%”(}’—1)

o _ Y
2 0+ 22 2
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S$48.

d’z 3y?
and dyg = T
For maximum or minimum, we have
az
dy ~
3
f—r y__2 =0
4
= Yy =
= y=
2 2
o [22) 2%
dy Jy=2 4

Thus, Z is minimum when y = 2.

Putting y = 2 in y? = 4x.
4=4x = x=1

Hence the point (1, 2) on y? = 4x is nearest to the point (2, 1).

Let any point on the parabola y? = 4x be P (&, 2f).
Let Qbe(2,-8)

Now PQ will be smallest if PQ? is so.

Let Z=PQ=(£—-2)+ (2t + 8)2

YA

)

A2, 1)

YN

= (t*— 48+ 4) + (4+ 32t + 64) = t* + 32f +68

dz
— =43+ 32
- dt
. - dz
For maxima or minima, o =0 4(t+8)=0
= 5*2°=0 = t=-2

(The other two values.of t are imaginary)
Differentiating Eq. (i) w.r.t. “t’, we get

2
z
92 _ jop
df
2
For t= -2, drzz =12 x4=48>0

Z is minimum when = -2.
= The point P nearest to Q is P (4, —4).

y

2= &%

\' 4

(here a=1)

‘r><
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$49. The equation of a line passing through P(1, 4) is
y—4=m(x-1), . (i)
where m < 0.

Intercept on x axis is OA,

put y=0
0—-4 =mx-m
N y= mM-4 Y
m
_ B
oa= M—4
m

For Intercept on y axis (OB)put x = 0in Eq. (i)
y—-4=m(@0-1)

Let S be the sum of the intercepts. Then, v A
S= 0OA+ OB Y’
S = m_—4 —(m-4)
m
= 1—i—m+4
m
= _m+5_i
m
as _ 4
= — = 1+ —
am m
d?*S 8
and > = T3
dm m
For S to be maximum or minimum, we must have
ﬁ =0
dm
= m?= 4
— m= -2 ["'m{O]
Form=-2 d’s - 8 =1>0
dm? (-2

So, Sis minimum when m=-=2

For m = — 2. The sum of intercepts is given by
S=2+5+2=09.
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S$50.

S51.

Given that the manufacturer sells x items at price of Rs. (5 - %) each.

B 2
Total revenue obtained = Rs. x(S—L)] = Rs.[Sx—X—)

100 100
Also, cost price of x items = Rs. %Jr 500]
Now, we know that Profit = Revenue — Cost

Let P(x) be the profit function. Then, we have

Sy
p= (Sx—x—]—(iwoo)
100) \5

2
or = =X 28X 500
100 5
Differentiating w.r.t. x, we get
aP _ —2x 24
ax 100 5
For maxima and minima, put f =0
dx
-2x 24
—+—=0
100 5
—2X 24
—_ - =
100 5
— 10x = 2400
= X=240
d’P°_ d (dP d({ 2x. 24
Also, s = |0 = | e+ —
dx ax \ dx dx\ 100 5
2 1
" “700 “s0 <
2
df <0 "= Pis maximum.
dx

. Number-of items sold to have maximum profit is 240.

We have,

C= 300)(—10)(2+%x"3
i) Average cost A=E=300—10x+1x2
(i) g ” 3

.. (i)
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(ii)

Differentiating Eq. (i) w.r.t “x”, we get

- 9 A= -10+2x
dx 3

For maxima or minima
d 2
—((A) =0 -10+—=x =0
ax - 3

= X =15.

Differentiating Eq. (ii) w.r.t “x”, we get

2
;?(A) = §>O when x = 15.

A is minima when output is 15.

Marginal cost M= £=300—20x+x2 [Marginalcost:ﬁ]
dx dx
Now A=M
= 300—10:»(+%x2 =300 -20x + x?
= 10,‘(—3)(2 =0
3
= x(10—3x] =0
3
= x=154 (as x = 0).

= Outputis 15, when A= M.

S§52. Here,

)

s 200)(—@)(2#3)(3
3 9
C 20 2 ,
Average cost A= —=200= —X+—Xx
verag X 3 X"9

Differentiating Eq. (i) w.r.t. “x”, we get

= — = ——+—X

For A to be minimum or maximum

()
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d 2

2
w|N
+
©|
=
ll
o

Differentiating Eq. (ii) w.r.t. “x”, we get

d*(A) _ 4

—>0
dx? 9>

= A is minima when output is 15.

. . dC 40 2 , . dC
Marginal cost M= —=200—-— x+—x Marginal cost = —

(W) Margi dx 3 *73 [ g dx]
- %(M) = —%O+%x 2 (i)

For M to be minima or maxima.

d -40 4 40
—(M) =0 —+—X X =
ax M - T3 73 7
Differentiating Eq. (iii) w.r.t. “x”, we get
d? 4
pr (M) = 3 >0

M is minimum when output is 10.
(i) M=A.

200—ﬂx+gx2 = 200—2x+gx2
3 3 3 9

= 42 ~60x=0
= 4x(x—15)=0
= x=15 (v x#0)

M = A, when output is 15.

S$53. We have;
1. i+l andR. +R,=C
R 1 2
— l = R1+R2= C = C ['.' R2:C_R1]
R R,R, RR, R(C-R))
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RC - R? R? ®
= R = 1T1=R1_E1 .vi';:}—‘

dR 2R, d’R 2
= 1-—and —=-—
dR, C dR; C

For maximum or minimum, we must have

=

dR _ 0 = 1—2R‘=0 = R1=9
dR, C 2
d’R 2
Now, dRZ = "G < 0 for all values of R,
Thus, R is maximum when R, = C/2
: C . B
Putting R1=§ in R, + R, = C, we get
R2 = C-— 9 = 9
2 2
Hence, R is maximum when R, = R, = C/2
$54. We have,
2
M = ”_X — Wx 4 1 b
2 2 & . =
o ﬂ = i—WX i
ax 2 i —>

For maximum or minimum, we have

ﬂ =0
dx
- Lo €0
2
1
= X= —
2w
2
Now, ?;n:" = — W < O‘for all values of x
X

Thus, M is maximum when x = L
2w

. o . 1 .
Hence, the required point is at a distance of W from the supporting end.
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. (D)

0=-1-2log, x

1
e—1a’2 —

Je

()]

S55. Range «« x° Ioge%
) 1
Range = kx“log, — or = —kx?log, x
X
Differentiating w.r.t. “x”, we get
drR 1
— = —kx?|—|-k(2x)log, x
I (X) (2x)log,
= —kx—2kx log, x
: dR
For maximum range, — =
ax
= 0= —kx—2kxlog, x =
_ 1 _
= log, x = ) = X =
Differentiating Eq. (i) w.r.t. “x”, we get
) o
d '? = -k —2410((1]—2.&'(1)Ic~ge X
dx X
= —3k—-2klog, x
1 d’R ( 1)
At x= —, = -3k -2k|-—
Je dx’ 2
= -3k+ k=-2k=-ve
Hence, Range of signaling is maximum at'’x = —1—
Je
§56. Petrol burnt per hour o« V3,

Petrol burntin t hour o« V3. ¢ o ()
Let the petrol burnt in t hour be Q.

= Qo V3 -t = Q= kV3t
Let the distance travelled in t hours be S.
Actual'speed= V-C

. _ Distance _ S
Time = ———— = t=
Velocity

Putting the value of fin Eq. (i), we get

S
= kv3_
= Q V_C

Differentiating Eq. (ii) w.r.t. “V”, we get
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@= (V-C)3V?-Vv®.1
4V kS V_C) ... (i)

For Q to be minimum, E = 0.
dv

(V-C)3v2z-v?

kS =0
- (V -Cy
= 3(V=C)V2-V3= 0 = 3(V-0)=-V=0
= 3v-V= 3C = 2V = 3C
= V= E
2

Differentiating Eq. (iii)) w.r.t. “VV”, we get

d’Q

Since vz

at V= % is +ve.

Hence, the most economical speed going against a current of C km/h is g Ckm/h.
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