VERS

Nurturing Success...

MATHEMATICS - Xl | Continuity NCERT

- SMART ACHIEVERS

___________ Nurturing Success...

Q1.

Q2.

Q3.

Q4.

Q5.

Q6.

Q7.

Qs.

Date: 18/10/2021

For what value of k, the following function is continuous at x = 0?

1-cos4x
——— ifx=0
f(x) = 8x?
k ifx=0

Determine the value of constant k for which the function
x*-9

f(x)=< x-3
k ,x=3

is continuous at x = 3.

Discuss the continuity of the function

x’-x-6

3 if x#3
fix)= X" —2x-3 at the point x = 3.
5 .
— ifx=3
8
Find the values of a for which function
sin? ax
—_— , xz=0 .
f(x) = x? is continuous at x = 0.
1 , x=0

Determine the value of k for which function

sin2x X £
fx)={ 6x is continuous atx=0.
k ,x=0

Find all points of discontinuity of f, where fis defined by;
F(x) = 2x+3 ifx-*_~'2
2x -3 if x>2

Discuss the continuity of the function:

Flx) = {5x—1ifx<0 at x = 0.

5x+1if x>0

Discuss.the continuity of this function at the point x=0, 1
=x ifx<0

f(x) = x if0<x<1

2-x if1<x<2
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Q9. Discuss the continuity of the function:

IxI,
F) = | x if x=0

0 ifx=0

at x = 0.

Q10Show that the function f(x) = 5x - |x| is continuous at x = 0.

Q11. Discuss the continuity of the function:

x+5 ifx<1
x-5 ifx>1

ﬂx) = { atx=1.
Q12. Discuss the continuity of function:
x*-3 ifx<2

f(x) = atx = 2.
) {x2+1 if x >2

Q13. Discuss the continuity of the function:
x+1 ifx=>1

fix) = { atx=1.

x2+1 if x <1

Q14. Discuss the continuity of the function:

°_1if x <1
f(x) = {x X atx=1.

x? ifx>1

Q15. Discuss the continuity of the function:

X ifx<0
f(x)=11x| atx = 0.
1 ifx>0

Q16. Discuss the continuity of the function:

2x ifx<0
fix)=<0 if0<sx<1
4x if x>1

Q17. Find all points of discontinuity.of f where

sinx
if x<0
f(x) = X
x+1 ifx=0

Q18. Discuss the continuity of the function:

—2nif x <1
fix) =<2x" if-1<x <1
2 ifx>1

5x—-4,when0< x<1

i ntin x=1.
4x> —3x,when1< x <2 s continuous at

Q19. 5how that fix) = {
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Q20.

Q21.

Q22.

Q23.

Q24.

Q25.

Q26.

Q27.

Q28.

Q29.

Find all points of discontinuity of f, where fis defined as follows:
| X |+ 31 x<-3

f(x)=1 -2x, -3<x<3
6x +2, X3

Show that the function f(x) defined by

sinx
+ cos X,
>0
f(x) =< 2, x =0 iscontinuous at x=0.
4(1- J1-x)
g bs " x<0

Discuss the continuity of the function:
x? sin1 if x-0
fix) = X atx = 0.
0 ifx=0

If the following function f(x) is continuous at x = 0, find the value of k:

1-cos2x
f(x) = 2x2 7 x=#0
k ’ X = 0
Discuss the continuity of the function:
F(x) = sinx-cosx if x #0 tx =0
1 ifx=0 2 X0
kx? if x<2
IFF(x)= 1" I_ X is continuous at x = 2. Then find the value of k:
3 ifx>2
k 1 ifx<5
Ff) = " I_ X is continuous at.x = 5. Then find the value of k.
3x-5 ifx>5

Find the value of k so that the function f defined by

kx +1,if x<n
f(x) = cos x, if X> 7 is continuous at x = r.

For what values of %, is the function

A(x? —2x); ~if x <0
f(x) = { continuous at x = 0?

4x +A4, if x>0

If the function
6ax +3b if x >1
fix)=4< ax-2b if x <1 is continuous at x = 1, find the value of a and b.
15 if x=1
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Q30. If the function“ f ” defined by

2x -1, x<2
f(x)= a, x=2 is continuous at x = 2 find the value of a. Also discuss the
x+1, x>2 continuity of f(x) at x = 3.

Q31. Find the value of k, for which

v’1+kx—~"1—kx,if_15x<o
fix) = x is continuous at x = 0.
2x +1 .
, if0<x <1
x -1

Q32. Find the value of k so that the function f defined by

kcos x . T
—,IfX;tE

fx)={ T <X is continuous at x = x.
. T
3, ifx=—
2

Q33. For what value of k is the following function continuous at x = 2?
2x+1; x<2
f(x) = k ; x=2
3Xx-1, x>2

Q34. Discuss the continuity of function:

(cos x T
- , X#E
——X
f(X)=<2 atx:E.
- 2
1 y X=—
2

Q35. Discuss the continuity of function:
sinx

+cosx , x =0
f(x) = atx =0.

2 , x=0
Q36. Discuss the continuity of function:
)(sin1 , X0
f(x) = X atx = 0.
0 . x=0

Q37. Discuss the continuity of function:

sin3x
— , x=z0
f(x) = x atx = 0.
1 , x=0

Q38. Discuss the continuity of function:

2x-1 , x<0 atx =0
) =1 25 11 , x>0 '
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Q39.

Q40.

Q41.

Q42.

Q43.

Q44.

Q45.

Q46.

Q47.

Discuss the continuity of function:

Fix) = 3x-2 , x<0 At x =0
L , x>0 I

Discuss the continuity of function:

fix) = 1+ x* , x<1 x =1
2-x*, x>1 arx=1.

Discuss the continuity of function:

2-x , x<2
f(x) = at x = 2.
2+x , x2=22

Discuss the continuity of function:
e1..l"x -1
fix)={e"™ +1
0 , x=0

, x=#0
atx=0.

Discuss the continuity of function:

x-|x| x#0

f(x) = 2 ’ atx = 0.

2 , x=0
Discuss the continuity of function:

|x-a|
=2, x=#a

fx) =4 x-a atx =a.

1 , X=a

Discuss the continuity of function:

1-cos x X0
f(x) = x’ ’ atx = 0:
1 , x=0

Discuss the continuity of function:
2| x|+ X

f(x) = X ’

0 , ' x=0

x=0

Discuss the continuity of function:

(1 1
==X, X <=
2 2

1 1

f(x)= 41 =— at = —
1
—= X , X >
2

atx=0.
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Q48.

Q49.

Q50.

Q51.

Q52.

Q53.

Q54.

Q55.

Q56

Discuss the continuity of function:
X , 0< x <1
2
1 1
f(x) = =— at x= —
(x)=<12 ,x > >
1

1-x,—<x <1
2

Discuss continuity of function:
x , x>0
ixx=41 ,x=0 at x=0
-x ,x<0
Discuss the continuity of function:
2
| x” -1 , x#1
fix)=4 x-1 at x=1
2 , x=1

Discuss the continuity of function:

1/ x
f)=.¢  X*0 st x=0
1 , x=0

Find the value of constant A so that function
x?-2x-3 ~
f(x) = x+1 ’ is continuous at x = -1
A , X =—1
Determine the value of constant k so that the function
x? -3x +2
f(x) = x-1 ' is continuous at x = 1.
k , X =1
Discuss the continuity of function:
sin3x x<0
tan2x
f(x)=<% , x=0 at x=0
Iog£1+ 3x) x>0
ex =1
1- coskx
— , X#0
If function f(x) = xs!ln X is continuous at x = 0, find k.
E , X = 0

(x—1)tan% , X #1

" If function f(x)= is continuous at x = 1, find k.

k , x=1
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Q57. Find the value of k for which function
1- cos2kx )
f(x)= x? ’ is continuous at x = 0.
8 , x=0

Q58. If f(x) = 2X *3SINX 4 ¢ontinuous at x = 0, find £(0).
3x +2sinx

Q59. If f(x) = 1-cos7(x —n) is continuous at x = x, find f(xn).

5(x — n)*
Q60. cos® x —sin’ x —1
, X#0 .
If f(x) = Jx*+1-1 , is continuous at x = 0, find k.
k , x=0

Q61. Find the value of constant k so that function
log (1+ ax) —log(1 — bx)
f(x) = X ’ is continuous at x = 0.
k , x=0

Q62. If function
3ax+b, x>1
f(x) = 11 , x=1is continuous at x=1, find a, b.
Sax - b, x <1

Q63find the value of f(%) so that f(x) is continuous in [0, g] . Where
tan[%— x)
T
X)= —=___/f =,
) cot2x orx= 4
Q64. If below function f(x) is continuous at x= 0, find a.
1—c:254x x<0
fix) = - a , Xx=0
Jx
, x>0
\/16 +Jx -4
Q65. Find the value of a so that function
ax+5, x<2 . .
f(x) = X d is continuous at x=.2, find a.
x—-1 ,x>2

Q66. Find the.relationship between a and b so that

flo) = ax +1, x<3 " tx=3
(x) = bx+3 ., x >3 is continuous at x = 3.
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Q67.

Q68.

Q69.

Q70.

Q71.

Q72.

Q73.

If below function f(x) is continuous at x = 4, find a, b.

x4 +a, x<4

| x - 4]
fixy=4 a+b ,x=4

x-4
+b, x >4

I x—4]

Find the value of a and b so that function

1 , X<3
f(x)=-<ax+b ,3<x <5 iscontinuous at x=3 and x = 5.
7 , x5

Find the value of a for which function

asinE(x +1), x<0

f(x) = . is continuous at x = 0.
tan x —sinx
— , x>0

'
x3

If below function f(x) is continuous at x =0, find a, b.

1-sin’ x o
3cos’x '’ 2

T

X)) = < a , - —
f(x) X=7
b(1- sinx) x>f
(m—2x)?¢ ' 2

Determine the value of a, b, ¢ for which function

(sin(a + 1)x + sin x

X , x<0

f(x) = , X =0 is.continuous at x=0

, x>0

3/2

c
x + bx? —Jx
L bx

If below function f(x) is continuous at x = 0, find k.

(1-cos2x
———— , X <0
2Xx
f(x) =/ k x=0
X
— , x>0
|.x1

If below function f(x) is continuous at x = % find k.

[ kcos x

i
, X < —

T —2X 2

8

f(x)= + 3 y X =—
(x) 2
2tan2x >£

| 2x —n ' 2
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Q74. Find the values of a and b such that the function defined as follows is continuous:

X +2; x<2
f(x)={ax+b; 2<x <5
3x-2;, x>5
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Nurturing Success...
MATHEMATICS - XlIl | Continuity NCERT-Solution
Date: 18/10/2021
S1. Here,
1-cos4x .
ifx=#0
f(x) = 8x*

k ifx=0

_ .2 . 2
lim £0) = lim 1 co§4x _jim 28in 22x —iim [stxj (1) =1
x—=0 o X x>0 X x=0

Here f(0) = k

Since f(x) is continuous at x=0
Limf(x) =fl0) = 1=k = k=1.

S2. As f(x)is continuous at x=3
f(3)

}I(lm f(x)

x* -9
x=»3 x—=3
(x=3)(x +3)
X =3 X—3

= Iirr;(x +3)=6
f3)= k=86 hence 'k= 6.
S$3. Here,

x* - x-6
f(X)= X2—2X—3

§ ifx=3
8

ifix 23

2 — —
lim £(x) =-lim "2—"6[9 form}
x—3 x>3x4 -2x-310

. (x=3)(x+2) . X+2 3+2 5
lim~——=2" 7 = |im——= ==
x->3 (X =3)x+1) x>3x+1 3+1 4

But f(3)= =
u ®)=3
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)I(imaf(x) # f(3)

Thus f(x) is not continuous at x = 3

S4. As f(x)is continuous at x=0

f(0) = )I(i[)no f(x)

sin ax
= | >
x>0 X
sinax )’
= lim az[ J
x>0 ax
= a2
But f(0)=1
= a’=1
= a==+1

$§5. As function f(x) is continuous at x=0

f(0) = lim f(x)

. Sin2x
= |im
x—0 b5x
- 2sin2x 1
x—0 2X 5
_ 2
5
2
(00 2k== hence k= 2.
S 5
$6. Here,
F() = 2x +3 ifxs2
2x —3uif x> 2
LHL.= Iin;f(x)z Iin;_(2x +3)
Put x=2-hasx—>2, h->0

lim(7-2h)=7-2x0=7

h—0

lim [2(2 - h) + 3]

RH.L. = lim f(x) = lim(2x —3)
x—2" x—2°
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S7.

S8.

Put x=2+hasx—>2,h—->0

lim [2(2+h)—3] = lim(1+2h)=1+2x0 =1

L.H.L.# RH.L.
So f(x) is discontinuous at x = 2.

Here,

F) = 5x—1!f x <0

5x +1if x>0

At x <0, f(x) = 5x—1, which is a polynomial function.
So f(x) is continuous at all x < 0.
At x>0, f(x) = 5x + 1, which is a polynomial function.
So f(x) is continuous at all x > 0.
At x=0

fO)=5x0+1=0+1=1

LH.L = lim f(x) = Iirg_(5x—1)

x—0

Put x=0—-hasx—0,h—>0

lim(—5h —1) = -5x0— 121

h—0

lim[5(0— h) 1

R.H.L.

Iin{’)ll f(x) = Iirgl(5x+1)

Put x=0+hasx=0,h—->0

im[5(0 + h) +1] = lim(Ghw+ 1) =5x0+1=1

L.H.LE=RH.L.

So f(x) is discontinuous-at x =0

Thus f(x) is centinuous on R — {0}.

Here,
-x ifx<0
f(x) = x if0<x<1
2—-x if1<x<2
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S9.

At x=0

LH.L. = lim f(x) = lim(-x)
x—0 x—0
Put x=0—-hasx—>0,h—->0
im0 =) = lim, (h)=0
R.H.L.= Iirgl_ f(x) = Iin;x
Put x=0+hasx—>0 h—>0
lim(O+h) =limh=0
h—0 h—0
Also f(0)=0

L.H.L.=R.H.L. =f(0)
Thus f(x) is continuous at x =0

At x=1

LHL.= Iirr11 f(x)=|irr11x
Put x=1-hasx—>1,h->0

Ll_rlg(‘l—h)=1—0=1

R.H.L.= Iin11+f(x)= Iin11+(2—x)

Put x=1+hasx—>1,h—0
”m[Z—(Hh)] = H_Qg(1*h)=1—0=1

Also f(1)=1

LH.L=RHL. =f1)
Thus f(x) is continuous.at x = 1.

Here,
x|,
—if x 20
f(x) =% x
0 ifx=0
LH.L. = Ilim f(x)zlimm
x—0~ x—-0" X
Put x=0—-hasx—>0,h—->0
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. |0-h -
I|mI I= |imm=_=_1

-0 0—h 0 —h  —h

R.H.L.= lim f(x) = Iimm
x—0" x—=0" X
Put x=0+hasx—>0,h—>0
IimM = Iimh=1

-0 O+ h .ﬁ—LUE

LHL. # RH.L.
So f(x) is discontinuous at x = 0.
$10. Here f(x) = 5x — | x|.

5x-x ifx=0
(x) = .
5x —(—x) if x<0

Fix) = 4x if x>0
)= 6x if x <0
LH.L.= limf(x) = lim 6x [-
x—0 x—0"
Put x=0-hasx—->0,h->0
lim6(0—-h) = lim(-6h) =—6x0=0
h—0 h—=0
R.H.L.= lim f(x) = lim4x [
x—+0" x—0"
Put x=0+h a x—>0h—->0
= ngg 4(0+ h)
=-limdh=4x0=0.
h—0
and f0)=4x0=0
L.H.L.= R.H.L. = f(0)
Thus f(x) is continuous at x = 0.
S11. Here,
i <
F(x) = X+5 !fx_‘l
x-5 ifx>1
LH.L.= limf(x)=Ilim(x +95)
X1 X1
Put x=1-hasx—>1,h—->0

f(x) = 6x]

f(x) = 4x]
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lim[1-h+5] = im(6-h)=6-0=6

h—0 h—0

R.H.L.

lim f(x) = Iir?l(x -95)

x—=1

Put x=1+hasx—>1,h->0

!:_l]g[(1+h—5) = !}m(h—4)=0—4=—4

L.HL # RH.L.
Thus f(x) is discontinuous at x = 1.
$12. Here,
x*-3 ifx<2
f(x) =
() {x2+1 if x >2
LHL.= Iirr;_f(x)z Iirr21_ (x°-3)
Put x=2-hasx—>2,h—>0
me',[(z_h)a -3] = Lirrg[S—ha —12h+6h* - 3]
= Lirrg)(S—;hv3 ~12h+6h*)=5
RHL.= Iin21+ f(x)= Iin21_(x2 +1)
Put x=2+hasx—>2 h+0

lim[(2+h)* +1] = lim (4 +h° +4h +1)

h—0

={im (5 +h* +4h) =5

f2)s (2°-3=8-3=5

LHL =RHL =f(2)
Thus f(x) is continuous at x = 2. There is no point of discontinuity for this function f(x).

$13. Here,
x41 if x=>1
f(x) =
%) {x2+1 if x <1
LH.L.= lim f(x) = lim(x* +1)
=1 x—=1
Put x=1-hasx—>1,h—>0

" _ 2 = N 2_
lim[(1—-h)? +1] = lim [1+h? - 2h +1]
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Lin3[2+h2—2h]=2+0—0=2

R.H.L.= limf(x)=Ilim(x +1)
x—1" x—T
Put x=1+hasx—>1,h—->0

lim(1+h+1) = im2+h)=2+0=2
h—0 h—0

f(1)=1+1=2

L.H.L.

R.H.L. = f(1)

Thus f(x) is continuous at x = 1. There is no point of discontinuity for this function f(x).

S14. Here,
X" —1if x <1
f(x) =
) { x? ifx>1
LH.L.= lim f(x) = lim(x" =1)
X1 Xx—=1
Put x=1-hasx—>1,h->0
lim[(1-h)"® =1 = (1 -0)%°-1=1-1=0
R.H.L.= lim f(x) = lim{(x?)
x—1" x—1"
Put x=1+hasx—->1",h->0

lim(1+h)? = limd+h> +2h =1
h—0 h—0
LHLE % RHL.

Thus f(x) is not continuous. at'x = 1.

S15. Here,
X %<0
f(x) = <1x]
—1 ifx=>0
. X
LHL. = limf(x)=lm—
x—=0" x—>0'|x|
Put x=0-hasx—>0,h->0
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jim 0"~ iy =0 _=h
"S[0-h1 T PR Al h

|
5
|
|
Il
|

RH.L.= Iingl f(x)=-1
f(0)=-1
LH.L = RH.L. =f(0)

Thus f(x) is continuous at x = 0. There is no point of discontinuity for this function f(x).

S$16. Here,
2x ifx<0
fx)= 40 fO0<x<1
4x if x >1
At x=0
LHL. = limf(x)= lim(2x)
x—0" x—0"
Put x=0-hasx—>0,h—>0
!m [2(0-h)] = Ll_rl’{lJ (-2h)=-2x0=0
R.H.L.= lim f(x)=1m(0)=0
x—0" x—0"
and f(0)=0
L.HL = RHL.=f0)
Thus f(x) is continuous at x=0
At x =1
L:HL = limf(x)=I1lim(0)=0
x—=1 x—=1
R.H.L.= lim f(x) = Iim(4x)
x—1" X
Put x=1+hasx—->1,h->0

lim [4(1+ )] = lim (4+4h)=4+4x0=4+0=4

h—0

L.HL.# RH.L.

Thus f(x) is discontinuous at x = 1.
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S17.

S18.

Here,
sinx .
— ifx<0
f(x) =1 x
x+1 ifx=0
LH.L = lim f(x) = lim 2%
x—»0 x—0 X
Put x=0-hasx—>0,h—->0
. sin(0-h) _ . _-—sinh . sinh
im———~ = |im =lim =1
h-0 (0 -h) h—-0 —h h—0 h
RH.L.= Iirgl_ f(x)= Iirg+(x+1)
Put x=0+hasx—>0,h->0

MO +h+1 =0+1=1
f0)=0+1=1

L.H.L.=R.H.L. =f(0)
Thus f(x) is continuous at x = 0.

Thus, there is no point of discontinuity for this function.f(x).

Here,
-2 ifx<-1
f(x) =492x if —1<x <1
2 ifxs1
At x ==
LHL =.im f(x)= lim(-2)=-2
x——1 X——1
R.H.L. = lim f(x)= lim (2x)
x—-1" X —1F
Put x=—1+hasx—>-1, h—0

im2(=1+h) = lim(-2+2h)=-2+0=-2
h—0 h—0
f(=1)=-2

LHL=RHL =f(-1)
Thus f(x) is continuous at x = — 1
Atx =1
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L.H.L.

x—1

Put X

lim[2(1- h)]

R.H.L.

lim f(x) = lim(2x)

x—1

1-hasx—>1,h->0
Ling[(2—2h)]=2—2><0=2—0:2

lim £(x) = lim (2)=2
x=1" x—1"

f(1)=2x1=2
LHL =R.H.L =f(1)

Thus f(x) is continuous at x = 1.

Thus f(x) is continuous at all points.

$19. Given functionis

F0) = {5)(—4,

when0<x <1
4x3 —-3x, when1<x <2

To show that f(x) is continuous at x = 1, we need to prove

LHL.,_,

Now, L.H.L.

Put X

L. L.

Now, R.H.L.

Put '
When x> 1, h—>0

R.H.L.

RH.L,_, =f(1)

lim f(x) = lim (5x — 4)

x—1" x—1"

1-h,when x =>1,h—0

lim 5(1- h) -4
lim 5(1- A
lim5-5h—-4
h—0

lim1-5h

h—0

1

lim f(x)="lim (4x — 3x)
X1

x—1"

1 +h

lim 41+ h)> = 3(1 + h)

4(1)°-3(1)
4-3=1
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S20.

Also, from function f(1)= value of f(x) at x = 1

f(1)=5(1)-4
=5-4=1
as LHL,_,=RHL, _, =f(1)

= f(x) is continuous at x = 1

The given function is

|x|+3, x<-3
f(x) =9 —2x, -3<x<3
Bx +2, Xx>3

First we verify continuity at x = — 3 and then at x = 3.

Continuity at x=-3

LHL= Ilm f(x)= Ilm |x|+3
x—(-3) x—(-3)"
Put x==—3-h,whenx—>-3,h—>0
= lim|-3-h|+3
h—0
=|-3|+3
=3+3=6
R.H.L. = Im f(x)= lim —2x
x—(-3)" x—>(=8)*
Put x=—3+h whenx-—=-3,h—>0
= |im-2(=3+h
lim (=3+h)
=.lim 6-2h
h—-0
RHL. =6
Also, f(— 3) = value.off(x)atx=-3
=|-3|+3
=3+3=6
LH.L =RH.L. =f(-3)

. f(x) is continuous at x =—3.

Continuity at x=3

L.HL. = lim f(x)= lim -2x

X—3" X—3

[put x=1in f(x) = 5x — 4]

Using eq.(i)

[Puth = 0]
[ |=x=x Vv xeR]

[Put h =0]

[ |=X=x, v XxeR]
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Put x=3-h,whenx—>3, h->0

lim—2(3—h) = lim—6+2h

h—0 h—0
LHL =-6 [put h=0]
Now, RHL.= Iim f(x)= lim 6x +2

x—3" x—3'

Put x=3+h whenx—>3 h—->0
= lim6(3+h)+2
h—0
= lim18+6h+2
h—0
RHL.=20 [Put h =0]
As, L.HL. #RH.L.

f(x) is not continuous at x = 3. So, x = 3 is the point of discontinuity of f(x):

S$21. To show that the given function is continuous at x = 0, we show that
LHL,_,=RH.L.,_,=7(0)

Now, given function is

sin x
— 1+ COS X,
X x>0
f(x) = 1 2, x=0
4(1- - x)
X " x<0
LHL = lim f(x) = lim 2N1=%)

x—0" x=07

Putx=0-h whenx—>0, h 50

_ Al 1-0-h)]
0-h

h—0

= |lim 4[1_— v1+hl
-0 -h

h

i an-1+h] 1+1+h

h—0 ~h 1+V1+h

By rationalising with (1 + /1+ A ), we have

- lim 41-(1+h)]

h=0 —h[1+ 1+ h]
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—-hx4

lim——— =
h-0 —h[1+ 1+ h]

. 4
= lim — Puth=0
h-0 1+ 1+ h] [ )
4 4
LH.L.= =——=2
14401 2
LHL =2
Now, RH.L = lim f(x)= lim 2% 1 cos x
x—0" x—=0" X
Putx=0+h,whenx —>0,h—>0
= [|im th-FCOSh
h—0" h
. sinh .
= lim +lim cosh [put h=0]
h—0 h—0
= 1+ cos 0° [ jim 307 _ 1]
h—»0 h
= 1+1 [ cos 0 =1]
= 2
RHL = 2

Also, giventhatatx =0, f(x) =2

= f(0) =
Since, LHL,.,= RHL, _,=%0)=2
= f(x) is continuous at x = 0.
s22. S
Here fix) = X sm; if x #
0 ifx=0
L.H.L.= lim f(x) =/lim x* sin—-
x—0" x—»0" X
Put x=0-hasx—>0,h—>0

i —h)sj = |i 2'1
!m¥0 h)sm(o_h) mm—h anh_

~lim h? sin% =0 x (finite number between(—1and 1)) = 0

R.H.L. = lim f(x) = lim x* sinl
x—0" x=0" X
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Put x=0+hasx—>0,h—>0

lim(0 + h)? sin lim h* sin1
h—0 h—0 h

O+h

. .1
. 2 . _ 2 !
L|m(0+h) sm0+h = nggh smh

0 x (finite number between (-1 and 1)) =0

and f(0)=0
L.H.L.= RH.L =f(0)
Thus f(x) is continuous at x = 0.
$23. The given function is
1-cos2x
f(x) = 2x?> ' x#0
k y X = 0

As it is given that f(x) is continuous at x = 0.
LHL,_,=RHL, _,=f(0) .. (i)
1-cos2x

Now, LH.L.= lim f(x)= lim
x—0" x—0" 2)(2

Put x=0-h=-h,whenx—->0,h—0

. 1-cos(-2h)
lim ————
h—0 2h%

. 1=Ccos 2h
| - .. —0) = ]
n'_rﬂ) o [ cos (—0) = cos 0]

_ 2sin’h
lim

i [-- 1-cos20=2sin0]
h-0 2Ah

sin? h [sin th

= |lim 7 = |im
h—0 h h—-0\ h
= (1)
= 1 [ lim %ﬂ]
h>0 h

Giventhatat x=0, f(x) =k, i.e., f(0) = k

Now, from Eq. (i), we get
L.H.L.= f(0)
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S24,

§25.

S26.

= 1=kork=1
Here,
FO) = sin X —Ccos X |’fx¢0
-1 ifx=0
LHL.= Iing_f(x)z Iirg_(sinx—cosx)
Put x=0-hasx—>0,h->0

lim (~sinh —cosh) =0 —1=—1
h—0"

!jm[sin (0 —h)—cos(0-h)]

R.H.L.

lim f(x) = lim (sinx —cos x)
x—0" x—0"

Put x=0+hasx—>0,h—->0

Ling[sin(o + h)—cos(0+ h)]= Ling (sinh-cosh)=0-1=-1

and f(0) = —1
LH.L = RH.L =0)

Thus f(x) is continuous at x = 0.

Here,
.
F(x) = kx |.fx52
3 ifx>2
LH.L= lim f(x) = lim kx®
X2 X2
Put x=2-hasx—>2, h—->0
lim k(2 — h)*> =_limk(4 + h* — 4h) = 4k
h—0 h+»0
RHL. =

Iir't2'|+ f(x)= Iin21_(3) =3

f(2) = k x (2)° = 4k

Since f(x) is continuous at x = 2

L.HL = RHL =f(2)
3
= k=3 = k= —.
4
Here,

kx+1 ifx<5
f(x) = .
3x-5 ifx>5
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LH.L.

lim f(x)= Iirrs'l_(kx +1)

X5

Put x=5—hasx—>5 h—->0
Eﬂg[k(5_h)+1] = Lim[Sk—kh+1]=5k+1
RH.L. = JT; f(x)= JLrg+(3x—5)
Put x=5+hasx—>5 h—->0
Liinu[3(5+h)—5] = Lig})(15+3h—5)= Lim(10+3h)=10
and f(5) = 5k +1

Since f(x) is continuous at x = 5

L.H.L.

R.H.L. = f(5)

= 5k + 1

1O:k=g
5

$27. Given function is,

Fix) = {kx +1,‘if X<T
cosx,if x>n

Given that f(x) is continuous at x = =.

LHL,.,=RHL, _ =f(n) (i)
Now, LHL. = lim f(x) = Jlim kx +1
X—=T X0
Put x=n—h whenx—->=, h=0

limk(n —h)+1
=+

=.limkn—-kh+1
h—-0
= kn + 1 [Put h=0]
Now, RH.L.= Iiml f(x)= Iiml CoSs X
X—T X—>T
Put x=n+h whenx > n,h—0
= limcos(n+h) = lim—cosh = —1
h—0 h—0
RHL. = -1
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Now, from Eq. (i), we get

L.H.L.=R.H.L.
= kn+1=-
= kn ==2
or k= _—2.
i

$28. Given function is

F(x) = MX“ —2x), ff x<0
4x +1, if x>0

Given that f(x) is continuous at x = 0.
LHL,,=RHL,,=f(0) ()

Now, L.H.L.

lim f(x)= lim A(x? —2x)

x—0" x—0"

Put x=0-h=-h, when x>0, h->0
= lim »(h? + 2h)
h—0
= M0) [Put.h = 0]
=0
Now, RHL. = lim f(x)=lim4x +1
x—0' x=—>0"
Put x=0+h=h'whenx—>0,h—>0
=~lim4h +1
h—-0
R:HL. =1 [Put h=0]
We get L'HL.=0andRH.L.=1
We get LHL.# RH.L. [From Eq. ()]

Hence, we get a contradiction.

= There'doesn’t exist any real value‘of A for which f(x) is continuous at x = 0.

$29. Here,

Bax +3b if x>1
f(x) = yax-2b if x<1
15 if x =1
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L.H.L.

Put X

Ling [a(1- h) - 2b]

lim f(x) = Iirr11 (ax — 2b)

x =1

1-hasx—>1,h—->0

a—-2b

RH.L.= Iin:l_ f(x)= Iin;1+(6ax +3b)
Put x=1+hasx—>1,h->0
’I}imn [6a(1+ h)+3b] = !jng(63+63h+3b)
= 6a+3b
Also f(1)= 15
Since f(x) is continuous at x = 1
L.HL.= RH.L =f(1)
= a-2b=6a+3b=15
a-2b=15
and Ba+3b= 15

Solving (i) and (ii), we have

$30. The given function is

f(x)

a=5andb=-5

2xX —1x <2
a- x=2
X+1x>2

Given that f(x) is continuous at x:= 2:

LHE L,

Now, L.H.L.

Put X
When x ->2h -0

L.H.L.

RH.L,_,=f(2)

lim f(x)= lim (2x —1)

X2 X532

2-h

fLI_I‘I'E}Z(Z—h)—1

lim4-2h-1
h—>0

lim 3-2h
h—0

3

- (i)
. (i)

[ h=0]
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Also, from the given function, at x= 2, f(x) = a
f(2) = LH.L

= a=3

Now, f(x) being a polynomial function, so it is continuous at x = 3.
Note: Every polynomial is continuous in its domain.

S$31. Given function is

\/1+kx—\/1—kx,if_15x<0
f(x) = X is continuous at x=10
2x+1 if 0<x <1
x -1
Now, foy= 20+ 1 _
0-1 -1

LHL.= lim f(q) = lim YR VT-kx

x—0" x—0" X

Putx=0-h,whenx —-0,h—>0

LHL. fI?|_r)rng(O -h)= J}I_ﬁ)‘{l}f(—h)

lim J1—kh -1+ kh
h—0 —-h

= lim V1_kh =1+ kh x (V1= kh +J1%kh)

h—0 _h(J1=kh + 1+ kh)

lim —2kh
h—0 —h(y/1— kh + 1+ kh)

lim 2k
h->01—kh + 1+ kh

- 2k _2k _¢
1+1 2
f(x) is continuous at x = 0
f(0)= LH.L.
= -1=k
= k=-1

. (i)
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S$32. Given functionis

LH.L

X=

n

Py

I

r'-

n

~h

I
NS

—

=

g

NE

k cos x
T—2X

Now, L.H.L.

lim f(x)= lim

x>t X—>

"
2 2

Put X

E—h, when x — E,h—)O
2 2

kcos(E —h)
. 2
=
n —2(3—17)
2
= fjm_Kksinh_ . COS [E - e] — sin®
h->0m—m+2h 2

. ksinh
lim
-0 2h

h
k. sinh__k . sinh
= E||m = wlim——=1

h-0 AR 2 "h>0 h

LHL.= A
2

Also, from the given function, we get
f[fj =3
2

LHL. = f(EJ
2

Now, from Eq. (i), we get

> N X

I
o W

Hence,
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$33. The given function is

2X+1, x<?2
f(x) = k ; x=2
3x-1, x>2

Given that f(x) is continuous at x = 2.

LHL, _,=RHL, _,=1(2) ()]
Now, LHL = lim f(x)= lim 2x +1
x—2 X2
Put x=2-h whenx—>2 h—->0 [for L.H.L. putx= 2-h]

lim2(2-h)+1=lim4-2h+1
h—-0 h—0

= J]l_r;f(l)S—Zh [..- h=0]
LHL.=5
Also, from f(x), we get at
x=2, f(x)=k
f(2) =k
Also, from Eq. (i), we get
LH.L.= f(2)
= 5= kork=5.
S34.
LHL. at x= = RHL at x= =~
2 2
T
Put x=E—h Put Xn="— + h
as x—>£,h—>0 as x—>g,h—>0
LH.L. = lim f(x)zlimf[i—h] RH.L= Ilim f(x)=|imf[£+h]
x_>E- h-0 2 X—)E- h—0 2

[
3
o)
(s}
w
|
|
~
S
[
5
o)
e}
»
r
|a
_|_
>
—

h_)OE_(E_h] h—»OE_(E+hj
2 2 2 2

-sinh
. S'nh:1 | 1
h—0 h h—0 —h
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As lim f(x)= lim f(x):f[g)

X—= x—Z
2 2

f(x) is continuous at x = g .
S35. LHL atx=0 RHL. atx=0
Put x=0-h Put x=0+h
asx—>0,h—>0 asx—>0,h—>0
L.H.L.= lim f(x)=limf(0-h) R.H.L= lim f(x)=lim f(0+h)
x—0 h—0 x 0" h—=0
= lim {snn(—h) + cos(—h)} = lim {sun h cos h}
h—0 - h=o0( h )
-Iim{8|nh+cosh} =1+1
=0l h
=1+1=2 =2
and f(0)=2
As Iin;n_ f(x)= Iin;n_ f(x)=f(0)
f(x) is continuous at x=0
S36. LHL atx=0 RHL. atx=0
Put x=0-h Put x=0+h
L.H.L.= lim f(x)=limf(0— h) RH.L= lim f(x)=Ilim f(O+h)
x—=0 h—0 x 0" h=0
. : 1 : 1
= lim shsin| —— = |lim h sin—
h—0 h h—0 h
= !?mg h sin% = 0 x (finite no between -1 and 1)
= 0 x (finite no. between—1and 1) =0
=0
and f(0)=0
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As JTJ f(x)= xling_ f(x)=1(0)

f(x) is continuous at x = 0

S37. LHL. atx=0 RHL. atx=0
Put x=0-h Put x=0+h
as x—>0,h—>0 as x—>0,h->0
LHL.= JLT- f(X)=!|?I_I‘I'é f(0-h) RHL= xlm f(x) =Aim f(0+h)
sin3(0 - h) . 8in3(0 + h)

= Iim-—— = lim ———=
h>0 (0 - h) h>0 (0 + h)

_ |im =Sin3h 3 _ i SiN30 3
o —h 3 e h 3

=3x1=1 =3x1=3

and f(0)=1
As Iinél_ (x)= Iin; f(x) # f(0)
f(x) is discontinuous at x = 0.
S38. LHL. atx=0 RHL: atx=0
Put x=0-=h Put x=0+h
as x—>0,h->0 as x—>0,h->0
LH.L.= lim f(x)=Ilim f(0O-h) R.H.L= lim f(x)= lim f(O+h)

x—=0" h—0 x—0F h—0

= lim 2(0 - h)-1 =im 20+ h) +1
h—0 h—0

= lim - 2h =1 = lim 2h + 1
h—0 h—=0

=-2x0=1=-1 =2x0+1=1

and f(0)52x0+1=1
As  lim f(x)# lim f(x)=f(0)

f(x) is discontinuous at x = 0.

S$39. LHL. atx=0 RHL. atx=0
Put x=0-h Put x=0+h
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as x»>0,h->0 as x—>0,h>0

LHL. = ILng f(x):Lim f(0—h) RHL= xll_[T} f(X)='!)I_l;r{lJ f(0O+h)
=L|_r23(0—h)—2 =L|Ln(l(0+h)+1
= lim-3h-2 =0+1=1
h-0
=-0-2=-2

and f(0)=3x0-2=-2
As Iing f(x)=f(0) = Iirroll f(x)

f(x) is discontinuous at x = 0.

S40. LHL. atx=1 RHL. atx=1
Put x=1-h Put x=1+h
as x—>1,h—->0 as x—>1,h—>0
LH.L = lim f(x) = limf(1-h) RH.L= lim f(x)=1im f(1+h)
= lim 1+ (1- hy? = lim2-(1+h)’
=:|1i2101+1+h2_2h =Li2102—1—h2—2h
=1+1+0-0=2 =1-0=1

and f(1)=1+(1)%?=2

As lim f(x)=Ff(1) = Iirr11| f(x)

x =1

f(x) is discontinuous/at x = 1.

S41. L.HL. atx=2 RHL. atx=2
Put X=2-h Put xX=2+h
as x—=>2,h—->0 as x—>2,h—>0
LHL. = lerg_ f(x):Li_r‘I'éf(Q—h) RHL= XIT; f(x):;l,'ﬂl f(2+h)
=L'_rfc':2_(2_h) =f|}m2+(2+h)
= limh=0 =4+0=4
h—0
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and f(2)=2+2=4

As  lim f(x)# lim f(x)=f(2)

X2

f(x) is discontinuous at x = 2.

S42. LHL. atx=0 RHL. atx=0
Put x=0-h Put x=0+h
as x—>0,h—>0 asx—>0,h—>0
LHL.= Iing_ f(x)=Lingf(0—h) RHL= Iin} f(x):iirrg f(0+h)
e 1 e 1
- LI_IT{I, e1f—h+1 - LI_TI‘L e1;n+1
1 1 1
—-1 As h—>0, — > 1-—
o eﬂh h 5 e1lh
- L'EE 1 1 - L'E’A 1
e”.h +1 - e1fh — w, elT—)O 1 e”h
0-1 1-0
041 ] EEET
and f(0)=0
As Iirrg_ f(x) # Iirr} f(x) # f(0)
f(x) is discontinuous at x = 0.
S43. LHL. atx=0 R.H.L. atx=.0
Put x=0-h Put x=0+h
as x—>0,h—>0 asx=>0,h—>0
LH.L.= lim f(x)= lim f(Q— h) R.MH.L= lim f(x)=Ilim f(0+h)
X0~ h—0 x—0" h—0
=Iirr|(0—h)—|0—h| =Iirn(O+hr)—|0+h|
h—0 2 h—0 2
= h-h _ .. h-h
= lim —— = lim ——
h—o 2 h—»0 2
= 0 = 0
and f(0)=2

As xlirg_ f(x)= xllng f(x)=7f(0)

f(x) is discontinuous at x = 0.
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S44. LHL atx=a
Put x=a-h
as x—»>a,h-0
LH.L = lim f(x) =Li”!, fla-h)
. |la-h-a]
= lim —
h-0 ga—h-a
= lim =01
h—=0 _—h
. h
= Llﬂ_—h =-1
and f(a)=1
As lim f(x)=# lim f(x)="f(a)
f(x) is discontinuous at x = a.
$45. LHL atx=0
Put x=0-h
as x—>0,h->0
LH.L.= lim f(x)=lim f(0—h)
- Iim 1-cos(-h)
h-0  (=h)?
= i 1-cosh _ . 2sin® b2
= lm———=Ilm ————+—
h—0  h? h-0 4h%[4
3 l[sin h/2] 1
02\ h/2 2
and f(0)=1
As Iirg_ f(x)= Iing_ f(x) # f(0)
f(x) is discontinuous at x = 0.
S46. LHL. atx=0

Put x=0-h

RHL. atx=a

Put x=a+h

as x—>a,h-0

RHL= lim f(x)=lim f(a+h)

x—»a’

. |la+h-a]
lim *————
h>0 g+ h-a

RH.L atx=0

Put x=0+h

asx—>0,h->0

RHL= Iin;|+ f(x) = Lln'g f(O+h)

1-cosh
= | — Ay
h—s0 h
2sin’h/2
= lim—2o—7m—m—
hs0 4h%[4

i 2
1[sm hlz) 1
02\ h/2 2

RH.L atx=0

Put x=0+h
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as x—>0,h—->0 as x—>0,h—>0

LHL.= xlin;n 1‘(x):f|1iinD f(0-h) RHL= lim f(X)=LilelJ f(O+h)
2 2
=Iim2|0_h|+(0_h) =Iim2|0+h|+(0+h)
h-0 0-h h—>0 0+h
. 2|-h|+h . 2|h|+h?
= lim ——MM = lim —M
h—0 —-h h—0 h
2
= lim 20 = lim 2+ h
h—0 _h h—0
= Llﬂ—(2+h) =
==2
and f(0)=0
As Iin; f(x)=# Iin;l f(x) = f(0)
f(x) is discontinuous at x = 0.
S47. 1 1
L.H.L. at X=—= R.H.L. at X = =
2 2
1 1
Put X=—-h Put X=—+h
2 2
1 1
as x—»>—,h—->0 as x> —,h—->0
2 2
LHL. = Ilim f(x) =Iimf[1—h) R.H.L ="im-f(x) =Ilim f[1+h)
o h—0 \ 2 LR h—>0 \ 2
2 2
e 1 1 .3 1
—m E—[Eahj —m E—(EH‘?J
= lim.h=0 =lm1-h=1
h—0 h—0

As lim f(x)# lim f(x)=f[1]
x> ol 2

2

1

f(x) is discontinuous at x = 5
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S48. | Lyl at x=.
2
Put x=1—h
2
as x—>—,h-0

LH.L = lim f(x) =Iimf(1—h)
N h—0 2

h—0 2

N[ =

v -

As Iirr11_ f(x)= Iinl f(x) =f[%)

X _
2 xX—

N =

f(x) is continuous at x = %

S49. L HL. at x=0
Put x=1-h
as x—->0,h—>0

LHL = lim f(x) =l (0 - h)

X =1

= m = (0~ h)
=Jm h=0
h—0

and f(0) = 1
As lim f(x)= Iin; f(x)=f(0)

x=>0"

f(x) is discontinuous at x = 0.

§50. L H.L. at x=1
Put x=1-h

R.H.L. at X = 1
2
1
Put XxX=—+h
2
as x> —,h—->0
RHL = lim f(x) =lim f[1+h]
L h—>0 \ 2
2
= lim l—h
h—0 2
= |lim 1 —h= 1
h—0 2 2
R.H.L. at x=0
Put X =0%h

as x>0, h=0

RHL = lim f(x) = lim f(0 +h)

= lim (0 + h)
h—0

= lim h=0
h—0

R.H.L. at x=1
Put x=1+h
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as x—>1,h—->0

LH.L. = lim f(x) =lim f(1- h)
2
>0 1—h—1

|1+ h?=2n 1]
Im

h—0 —h
=lim-—-|h-2]|

h—0
=—|0-2]|==2

and f(1)=2
As Iin11_ f(x)# Iinl f(x)="Ff(1)
f(x) is discontinuous at x = 1.

S51. LHL atx=0
Put x=0-h

as x—>0,h—>0

as x—>1,h—->0

R.H.L lim £(x) = lim f(1+ h)

2
im LR 1]
=0 1+ h—1

"m|m+#+2h-ﬂ
h—0 h

= lim |h+2]

h—0

=|0+2|=2

RHL atx=0
Put x=0+h

as x—>0,h=-0

LH.L. = lim f(x) =lim f(0O - h) RH.L= lim f(x)=lim (O + h)
x—0 h—0 x—0" h—0
A il
= lime™" = lim e”
h—0 1 h—0
As h—>0, — > ®
_ i ] h _
= lim — ; =
h—0 = =
en e" o, -0
=0
and f(0) =1
As Iin;_ f(x) # Iirr01+ f(x) = f(0)
f(x) is discontinuous at x = 0
§52. As f(x) is continuous at x = -1
f(-1)= 1in]1 f(x)
2
- lim (x* —2x - 3)
x—>-1 X +1
- 1im (x+1(x-3)
X1 X +1
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lim (x—3)

$53. As f(x) is continuous at x = 1

$54. L HL. at x=0

Put

as x—>0,h—>0

and

L.H.L.= lim

x=0

= lim
h—0

= |im
h—0

= lim
h—0

1
N W

fw)=%

X=>-1
=—-1=-3=-4
f-1)=Lr=- hence L = -4
f(1)= Iim1 f(x)
. X?-3x+2
= lim —M—
¥ —1 X—’I
- iim (x—=2)(x-1)
x—1 (x—1
= Iim1 (x=2)
=1-2=-1
f(1)=k=-1 hence k=—1.
R.H.L. at x=0
h Put x=0+h

as x—»>0,h—>0

f(x) =1im £(0 - h)

sin 3(0 — h)
tan 2(0 — h)

-sin3h 2h 3h

—tan2h 3h<2h

sin3p-"2A 3h
3h"tan2h 2h

As Iing_ f(x) = lim f(x)=7£(0)

0+

f(x) is continuous at x = 0.

R:H.L

h—0

h—0

h—0

3

2

xll—';‘;]* f(x) = !}m f(0+h)

log(1+3(0 + h))

g20 ) _4

log(1+3h) 2h 3h

e? -1

i log(1+3h)  2h

3h e
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§55. As function f(x) is continuous at x =0

F(0) = lim —S0SKX
x>0 xsinx
_ 2Sin2k—; sinzk—zx
=lm % = jim X e = K
Xsin x x>0 22 2sinx 2
e
1
But 0)= -
f0)= 7
= Ezz l
2 2

U
>
n
I+
—

§56. As function f(x) is continuous at x = 1

L X
f(1) = lem (x—1)tan?

Put x=1+h

As x—>1,h->0

. T
rI]l_r’n0 1+h-1) tan§(1 + h)

[im htan[E ' n—h]
h—0 2

1l
=T
=3

=

|

Q

o

=
——

1
=
=
>
-
—
U]
> |
‘e:l —
E
L

2
_ thfes 21 ) 2
RN N el
t o
an 5
2
f(1)= k= -=< hence k= —2.
T TT
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§57. As function f(x) is continuous at x =0

f(0) = Iimu f(x)
1-—cos2kx
= |m —
x—=0 X
_ . 2sin®kx
- |IIT'| — %
x—=0 X
. 2
= lim 2(5'”""] K2
x—0 kx
=2-(1)°% =2k
But f(0)=8
= 2kX = 8
= k=1x2.

$58. A function f(x) is continuous at x=0

f(0) = lim f(x)

x—0

. 2x + 3sinx
= lim —————
x=0 3x +2sinx

x-0 . 3x  2sinx
m +

1l
-g

1
-

f(0)

$59. If f(x) is continuous at x =

f(m) =4lim f(x)

X

- 1-cos7(x —m)
xon 5(x —m)?

Put X=n+h
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As XxX—>m,h—>0

i 1-cos7(n+h—mn)
im
x>x  B(n+h-m)?

| 1-cos7h
T h-o0 5h?

23in‘?E
= |lim —=
h—>0 Bk

s 40R2
h—0 5.49!1 4

f(m) = ==

$60. As function f(x) is continuous at x =0

f(0) = lim f(x)

x—0

cos® x —sin*x -1
0 (xP 4129
= im (cos 2x= 1) (\xZ +1+1)

0 (fxZaed —)(Jx2 +1+1)

(cos 2x —1)(yx* +1+1)

= lim

x>0 x?+1-1
I —(1-cos 2x) (X 1+1)
- x—0 Xz
= lim Z2344° Si”2"(\/x2 +1+1)
- x—=0 x2
=-21(/0+1+1) =-4
f(0)=k=-4 hence k=-4.
$61. As f(x) is continuous at x = 0
£(0) = Iimu log(1+ ax) —log(1— bx)
X = X
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- lim [Iog(1x+ ax)_log(1x— bx)}

- [a log(1+ax) —blog(1- bx)]

ax —bx
- alog(1+ ax) _lim -b log(1- bx)
x—0 ax X0 _bx
=a-(-b) I: ||mM:1}
x=0 X
=a+thb
fO)=k=a+hb hence k=a+b.
$62. L HL. at x=1 R.H.L. at x=1
Put x=1=h Put x=1+h
as x—>1,h->0 as x—>1,h—-0
L.H.L. = lim f(x) =!}ing f(1- h) R.H.L = lim f(x)= rlimc‘; f(1+ h)
X =1 =» X1 -
= |lim 5a(1-h)—-b =lim 3a(1+h)+b
h—0 h—0
= lim S5a—-5ah-b = |lim 3a+3ah+b
h—0 h—0
=5a-b =3a+b
and (1) =11

As f(x) is continuous at x =1

lim f(x) = lim f(x)=f(1)

Xx—=1" x—=1

= S5a-b=3a+b=11
= 8a=22 = a=—2=ﬂ
4
and b=‘l1—§=ﬂ
4 4
a=hb= ﬂ
4
$63. As function f(x) is continuous at x = %

fGJ= lim  (x)

X
4
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Put

As

$64. | H.L. at x=0

X =

Put x=0-h

as x>0, h->0

L.HL

x—0

= lim
fr—0Q

= |lim
h—0

= lim

h—0

= lim
h—0

lim f(

X) = m f(0-h)

T
tan(— — xJ
lim ——4 /

xa% cot 2x

T_h
4

h—>0

el (50)

n
2’

"o cot Z(E — h)
4
. tan h
I — Y
cot [E —2!1)
2

h=0 tan2h h 2h

. tanh 2h h

lim —_—

h—-0 K tan2h 2h
2 2

1

5"

RHLat x=0
Put x=0+h

asix—=>0,h—>0

1=cos4(0 - h)

(0 - h)?
1-cos4h
hZ

2sin’2h
——— X

4h? 4

2-(1%-4=8

RH.L= Iin01| f(x) = Llrré f(O+h)

im JO+h

>0 [16+J0+h -4

im Jh (16 +v/h + 4)

=0 (J16 +vh —4)(J16 +h +4)

i Vh(J16 +h +4)
im
>0 16 +/h-16

lim (\16++vh +4)

h—0
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S65.

$66.

As f(x) is continuous at x=0

and f(0)=a
lim f(x)= Iirrgl f(x)=1£(0)

x—0

= a=38.
L.H.L. at X =2 R.H.L. at
Put x=2-h Put

as x—>2,h—>0

L.H.L. = Iin21_ f(x) =,|,i”} f(2-h) R.H.L
= LI_I‘!'(!) a2-h)+5
= lim 2a—ah+5
h—0
=2a+5
and f(2)=2a+5
As f(x) is continuous at x = 2
lim f(x)= lim f(x)="f(2)
X2 X2
= 2a+5=1
= a=-2.
L.H.L. at x=3 R.H.L. at
Put x=3-h Put
as x—>3,h—>0
L.H.L. = lim f(X) =,Irirrg| f(3-h) RH.L
X—3 -
= Ll_rg a3-h)+1
= lim 3a-ah+1
h—0
=3a+1
and f(3)=3a+1

As f(x)is continuous at x =3

lim f(x) = lim f(x)=f(3)

Xx—3 x—37

= J16+0+4=8

X =2
x=2+h

as x—»>2,h->0

XI|_[r21 f(x) = m f(2+h)

=lm2+h-1
h—0
= |lim h+1
h—0
=1
x=3
x=3%h

as ' x—>3,h—>0

lim f(x) = lim f(3 + h)
x—3" h—0

lim b3+ h)+3
h—0

lim 3b+bh +3

h—0

=3b+3
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= 3a+1=3b+3
= 3a—-3b=2.

S67. L H.L.at x=4 RHLat x=4
Put x=4-h Put x=4+h
as x—>4, h—->0 as x—>4,h—->0
L.H.L. = |im f(x) =!}ing f(4-h) RH.L = lim f(x) = fl,'n} f(4+h)
Xx—4 - x—»4" -
- 4-h-4 o 4+h-4
= |lim ——+a = lm ———+
h>0 |4 —-h-4] h>0 |4+h-4]|
= im =" +a =1im b
h—0 |_h| h—0 |h|
=lim-1+a =h+1
h—=0
=a-1
and f(4)=a+b

As f(x) is continuous at x = 4

lim f(x)= Iin;ll f(x)=1(4)

Xx—4

= a—-1=b+1=a+b
= a=1 and =-1.
S$68. L.H.L. at x=3 RH.Lat x=3
Put x=3-h Put x=3+h
as x—>3, h—>0 as x—=>3,h—>0
L.H.L. = Iin31_ f(x) =!}in!l f(3=h) RH.L = Iin; f(x) = ng f(3+h)
= lim 1 = lim a(3+h) +b
h—0 h—0
=1 =3a+b
and f(3) =.1
As f(x) is continuous at x = 3
Iirr;_ f(x)= Iirg_ f(x)="f(3)
= 3a+b=1 - (i)
L.H.L. at x=5 RHLat x=5
Put x=5-h Put x=5+h
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as x—>5 h—->0 as x—=>5 h—-0

LHL.= XILT- f(x) =m f(5-h) RHL = XIT; f(x) = L'T: f(5+h)
= lim ab-h)+b = lim 7
h—0 h—0
= lim Sa+b =7
h—0
=ba+b

and f(5)=7
As f(x)is continuous at x=5
Iin;n f(x) = Iirr;l f(x)=7£(5)
= Sa+b=7 2L (i)
Solving Eq. (i) and (ii),

= Sa+b=7

3a+b=
2a=6
a=3
and b=7-15
b=-8

a=3 and b=-8.

$69. L. H.L. at x=0 RHLat x=0
Put x=0-h Put x=0+h
as x—>0,h—>0 asi'x—=0, h->0
LHL. = lim f(x) =!Tin'(1) f(0O-h) RHL= lim f(x) = LII'T?) f(O+h)
X—»0" - x=0" —
d LT . tan(0 + h) —sin(0 + h)
= [imasin—(0-h+1 = |im
h—0 2( ) h—»0 0+ h)®
¥ . (n mh _ ... tanh-sinh
= lim asin| - - — = lim —————
h—0 2 2 h—0 h
o nh _ ... sinh (1-cosh)
= lim acos— = |lim >
h—0 2 h—»0 cosh h
. o h
~ __ tanh 2sin >
=43 = !}|_rpu b . h2
4.0
4
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1 1
=1.—.(1)%==
2 M 2
and f(0) = asin% =a
As f(x)is continuous at x=0
Iino'n_ f(x) = Iin;[ f(x)=1(0)
1
= a= —.
2
$70. LHL.at x=_ RHLat x=2=
2 2
Put x=2 _h Put x=Z +h
2 2
asx—>£,h—>0 asx—>£,h—>0
2 2
= |i = |i E_ = |i ="j E
LHL. = XILnEﬂ_ f(x) m f[z h] RH.L XILT' f(x) m f(z +h]
1—sin3(£—h] b[1—sin[£+ nD
= i 2 Ny 2
- tim i z
7 3cos? [E—hj [n_g(i_hn
2 2
. 1-cos’h . b(1-cosh)
=1lim ——— = lim —————-
h-0  3sin“h h—0 4h
b 2si 2h
_ . (1-cosh)(1+cos*h + cosh) o sins
= 3(1%.cos’ h) VL h
4 X4'T

. Msﬁl(1+0032h+cosh) b
= S 3 (Teosh)(1+ cosh) =M B

iim 1+1+1 1 b
n-0 3(1+1) 2 8
and f[Ej =
2
As f(x) is continuous at x = %
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Ilm f(x) = I|m f(x)= f[ZJ

X—)— x_)_

2 2
1 _b
= — = — =23
2 8
1
= a=— and b=4.
2
S$71. L H.L at x=0 RHLat x=0
Put x=0-h Put x=0+h
as x—>0,h—>0 as x—>0,h—>0
L.HL. = Ilim f(x) =lim f(O - h) RHL = Ilim f(x) = limf(0O+h)
x>0~ h—=0 x—0" h—0
= i SiN@+1(0-h)+sin(0-h) - im J(O+h)+ b0 +h)? =Jo+h
h—0 0-h h—0 b(0+h)3’r2
. sin(@a+1)h+sinh - Jh+bhr iR
= lim = lim 3/2
h—0 h h—0 bh
= lim (a + )sm(a+1)h+“m sinh - i J1+ bh -1
h—0 (@a+1h 0 h =0 bh
—g+1+1=a+?2 = jim (v1+ bh = 1)(1+ {/T+.bh)
h—0 (\1+ bh+1bh
o 1+ bh~1
= lim
h-0 (J1+bh +1)bh
_ 1
= lim —
hay0 (,/1+bh +1) S 2
and f(0)=c

As f(x) is continuous at x =0

lim £(x) = lim F(x) = £(0)

= a+2=1=c
2

= a—_—e’,c:=1 and beR
2 2

Value of R.H.L. is remain same for all values of b.

S72. LH.L. at x=0 RHLat x=0
Put x=0-h Put x=0+h
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as x—>0,h->0

LHL. = lim f(x) =lim (0~ h)

x—0

= lim

1-cos2(0 - h)

>0 2(0 - hy

R T

2sin’h

= |im
h—0 2h?

1-(1)*=1

and £(0) = k

As f(x) is continuous at x =0

x=0
= k=1.
$73. LHLat x=2
2
Put x=0-=h

as x—>%,h—>0

1-cos2h

lim f(x) = |in3+ f(x)=7(0)

lim £(x) =lim f [g - h)

L.H.L. =
kcos[i—h]
. 2
= lim
h-=0
n—Z(
i k'sinh
T on
-k
2
and f[EJ =3
2

R.H.L

R.H.L. at

Put

as x>0, h->0

X

>
[}

xlm f(x) = m f(0+h)

fim O0+h
h>0 |0+h]|
_ h
lim —
nﬂ0| |

1

T

2

E+h

2

as x—>%,h—>0

RH.L

lim £(x) = Jim f(g + h]

2

3tan2(3+h)
2

Ui
2[% + hj .’

_ 3tan(n+2h)

lim —=

h—0 2h

3tan2h

2h
3
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As f(x) is continuous at x =

N =

lim (x) = lim £(x) = f(0)

= £=3 = k=6.
2

$74. The given function is

X+2 X<2
f(x) = qax+b;, 2<x<5
3x-2, x=5

Given that f(x) is continuous at x =2 and x = 5.

By definition of continuity, we get

LHL,.,=RHL,_,=f(2)
and LHL,..=RHL, _.=f(5)
Firstwe find LH.L.and R H.L.atx=2

LH.L. = lim f(x)= lim (x+2)

X—2 x—2

Put x=2-hwhenx—>2 h=0
= lim2-h+2 = lim4-h
h—0 h—=0
LHL =4
Now, RH.L.= limf(x)= lim ax+b
x—2" x—2"
Put x=2+h whenx—>2 h—->0Q
= lima(2+h)+b
h—-0
= lim2a+ah+b
h—0
RHL.=2a+b
From-Eq. (i), we get
L.HL = RH.L.
2a+b=4

Now, we find LH.L.and RH.L.atx=5
LHL = Ilim f(x)= lim ax+b

x—5 x5

. (i)
... (i)
[Put h =0]
[Put h =0]
... (iii)
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Put x=5-h whenx—=>5 h—->0

= lima(5-h)+b = limbS5a-ah+b
h—0 h—0

LHL.=5%a+b [Put h=0]
Now, RH.L. = lim f(x)= lim 3x-2
x—5' x—5"
Put x=5+h whenx—>5 h—->0
= Iim3(5+h)-2
h—0
= Iim15+3h-2
h—0
R.H.L.= 13 [Put h=0]
By using Eq. (ii), we get
L.H.L.= RH.L.
Sa+ b= 13 e (iv)

Subtracting Eq. (iv) from Eq. (iii), we get

-3a=-9
or a=3
Put a =3 in Eq. (iv), we get
15+b=13
or b=-2
Hence, a=3andb=-2.
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Nurturing Success...

MATHEMATICS - Xl | Continuity and Differentiability NCERT

Q1.

Q2.

Q3.
Q4.
Q5.
Q6.
Q7.
Qs.

Qo.

Q10.

Q11.

Q12.

Q13.

Q14.

Date: 18/10/2021

If {2) =4 and ' (2) = 1, then, find

i XF(2) = 2(x)
x—2 X —2

If f(x) is differentiable at x = a, find
2 a2

lim x“f(a)—a f(x).

x—>a X—-a

For the function f given by f{x) = x> — 6x + 8, prove that f' (5) — 3f' (2) = ' (8).

If fix) = x* + 2x + 7, find f'(3).

Show that the function fix) =| x- 3|, x € R, is continuous but not differentiable at x = 3
Show that f(x) = |x] is not differentiable at x = 0.

Find f/(2) and f’ (5) when fix) = x? + Tx + 4.

What value of a and b is the function

2

<
fix) = Jlx XS6 is differentiable at x = c.
ax+b,x>c

2 <
If f(ix) = X" +3x+a,forx<1 is everywhere differentiable, find the values. of a and b.
bx +2 ,for x >1

Discuss the differentiability of fix) = x |[x].at x = 0.

Discuss the differentiability of
_[1,,1]
fix) = {xe Xl x , X#0 at x =0.
0 ,Xx=0

Show that fix) = x2 is differentiable at x = 1 and find.f'(1).

Show that the function

xzsin(—) , ifx#0 | 4 . ,
f(x) = X is'differentiable at x=0 and f(0) = 0.

0 , ifx=0
Discuss the continuity and differentiability of
1-x , X <1
f(x)= {(1-x)(2-x),1<x<2 atx=1, 2.
3-x s X>2
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Q15. Discuss the differentiability of f{ix) = |[x-1| + |[x - 2|.

Q16. Discuss the continuity and differentiability of

3x—2s 0<x<1
f(x) ={2x%>-x 1<x<2 atx=1, 2.
5x-4, x>2

Q17. If fix) = |xI°, show that f'(x) exists for all real x and find it.
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Nurturing Success...

MATHEMATICS - Xl | Continuity and Differentiability NCERT-Solution

Date: 18/10/2021

S1. We have,

im XF(2)=20(x) _ . XF(2) = 2f(2) + 2f(2) - 2f(x)

X—2 X-2 X—2 X-2

i (X=2)f(2) = 2(F(x) - £(2))

Xx—2 x=-2
— im X =@, T =1(2)
X—=2 X — 2 X—2 X — 2
- , - F1(2) = li X 1(2)
= f(2) — 2 (2) [.f(2)—)lc|_r!} > ]
=4-2x1=2. [ f(2)=44and f (2)=1]
S2. Since f(x) is differentiable at x = a.
Therefore, Iimmz;;(a) exists finitely.
As, lim f-fa _ f'(a) .. (D)
X—a X—a
2 _ a2 2 2 2 2
Now, lim x“f(a)—a’f(x) _ im X f(a) — a‘f(a)+a‘f(a) — a“f(x)
x—a X—a x—a X—a
- (x* za%)f(a) - a*(f(x) - f(a))
X—=a X—a
2 2 ’ ’
. ,im[u -a’)f(a) _ az[f(x) -f(a)]]
x=a X-—a X—a
= lim(x + a)f(a) — a*tim ) =@
Xx—a x—a X—a
= 2af(a) — a*f(a) [Using (i)]
S3. Clearly, fix).being a polynomial function, is everywhere differentiable. The derivative f’(x) is
given by
s _ o F(x+h)—f(x)
0= fim =
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{(x+h)? —6(x+h)+8} — {x* —6x +8}

= r’(x)=’lll_r£10 p
b |:x{+h2+2hx—,6f{—6h+ﬁ—x{+/6{_ﬁ/]
f'(x) = lim
h—0 h
_ 2
= f'(x) = lim 2hx-6h+H lim(2x =6+ h) =2x—6
h—0 h h—0

f'(5)—3f'(2)=(2x5-6)—32x2-6)=4+6=10

and f'8)=2x8-6=10
Hence, f'(5)—3f'(2) = f'(8)
S4. We know that a polynomial function is everywhere differentiable. Therefore, f(x) is differentiable
at x = 3.
.« _ . fa+h)y-f(a)
As f'(a) = Ll_r’rg b
F(3) = lim f(3+h)-1f(3)
h—=0 h
2
_ () = Iim{(3+h) +2B+h)+7}-{9+6%7)
h—0 h
. |9+ h*+6h+6+2h+T7 =22
f'(3) = Im h
2
= F3)= im " = (g + h) = 8.
h—=0 h—0

S§5. Given, f(x)=|x—-3|

Firstly, we check the continuity of the given function f(x) at x =3

LHL = lim |x - 3| [At x = 3]
X3
. w Put x=3-h
- fljl_rg|3—h—3\ [asx—)S,h—)rD]
= lim|-h| =0
h=0
RHL = Iin;+|x—3| [At x = 3]
X >
= iml3eh-3 v Putx=3 + h
nmJl - | asx—>3,h—0
= lim|h|=0
h—0

Since, LHL = RHL
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-- fis continuous at x = 3.

Now we check the differentiability of the given function f(x) at x=3

|
g

-h

RHD = /(3" = lim f(3+hf: —1)

-0

“Rf'(@)= lim

__|3+h-3-|3-3]
lim

h—0
= IimH
h—0 h
= lim—
h—0 h
=1
As LHD # RHD = fis not differentiable.
S6. Wehave, (LHDatx=0)= lim JX)=1(0)
x—0" x =0
putx=0-h,asx—>0,h—>0
AN (0O - h)-1(0)
h=0 0-h-0
= i fEM = £(0)
h—0 —h
= ||mm = ||mﬂ = ||mi = lim-=1=
h—0 =h h—0 —h h—0—h h—0
and (RHD at x = 0) = [im ~X)=1(0)
h—0" x=0

putx=0+h,asx—>0,h—>0

fla+ h)= f(a)}
h

-1
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h—0

_ i [0+ M) = 7(0)
h

_ i () =1(0) _
h—0 h
(LHD at x = 0) # (RHD at x = 0)

So, f(x) is not differentiable at x = 0.

S$7. We know that a polynomial function is everywhere

differentiable. The derivative f'(x) is given by

f(x+h)—1f(x)

f'(x) = lim

i 1h1=10] _

h—0

- h
fim- = lim1=1

differentiable. Therefore, f(x) is everywhere

h—0 h
o AxcenP +7(x+ hy+ 4} = (X2 7x + 4}
— 3'(x)—’lll_r£10 h
F100 = lim X+ h+2hx+ 28 +Th+ A - XX~ 7K A
h—0 h
2
- Fr(x) = fim 2XETh+h = lim(2x + 7 + h) =2x+ 7
h—0 h—0
= fr2)=2x2+7=11
and fi(5)=2x5+7=17,

It is given that f(x) is differentiable at x = ¢ and every differentiable function is continuous. So, f(x)

[Using def. of f(x)]

0

[Using def. of f(x)]

S8.
is continuous at x = c.
lim f(x) = lim f(x) =.f(c)
X—=C X=C
= lim x* = lim'(ax+ b) = c?
Xx=c xe!
= c2=ac+b
Now, f(x) is differentiable at'x = c.
— (LHDiat x.= ¢) = (RHD at x = ¢)
N lith f(x)—f(c) - im f(x)—f(c)
X=c X—C x—=c’ X—C
_ x*=c* _  (ax+b)-c?
= lim = |lim—
Xx—=c X—0C X—C X—-=C
2 2
. x“=c° _ . _ax+b-(ac+b)
= lim = lim
Xx=¢ X —C X—C X=C

[Using (i)]
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a(x-c)

= lim(x+¢) = lim
X—C x=¢c X-—C
— lim(x+c¢) = lima
X—=C X—=C
= 2c=a (i)

From (i) and (ii), we get

c2=2c(c)+ b
c2=2c*+b
= b=-c?
Hence, a=2c and b=-c2
$9. Forx <1, we have f(x) = x>+ 3x+ a i.e., a polynomial
For x > 1, we have f(x) = bx + 2 which is also a polynomial

Since a polynomial function is everywhere differentiable. Therefore, f(x) is differentiable for all
x> 1 and also for all x < 1. Thus, we have to use the differentiability of f(x).atx="1.

Now, f(x) is differentiable at x = 1

= f(x) is continuous at x = 1

= lim f(x) = lim f(x) = f(1)
x—=1 x—=1"
= lim x*+3x+a = limbx+2 =+3+a
X— X—=
= 1+3+a=b+2
= a-b+2=0 ...(0)

Again, f(x) is differentiable at x = 1

= (LHDatx=1)= (RHD at x= 1)

. i fOO<F) | fO ()
Xx—=1 X-—1 x—=T X—'I

2 — —

- Iimx +#3x+a—(4+a) _ Iim(bx+g) (4+a)

x—1 x =1 x—1 X -1

_ x?>+3x—4 _ . bx-2-a

= im——m = lim——
x—=1 X =1 Xx—1 x =1

im(XFA =1 _ . bx—b

- x=1 X —1 Ll—ﬂ X —1 [Using (]
= Iim(x+4) = limb
x—1 X—=1
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=
Putting, b=5n (i), we geta = 3.

Hence,a=3 and b =5.

$10. We have,

x> . x20
f(x) =x|x| = % <0

im f(x)—f(0)
x—0

. =x%2-0
lim
x=0 X = 0

Now, (LHD atx=0)=

x—0"

= lim(-x) =0

x—0

lim f(x)—1f(0)
x-=0

and (RHD atx=0)

x—=0

. xX* =0
= lim

x=0 x =0
=limx =0

x=0

(LHD at x = 0) = (RHD at x = 0)
So, f(x)is differentiable at x = 0.

S$11. We have,

fix) =

i T00=1(0)
x—-0
= imX=0 _
X—)OX—O -

Now, (LHD atx=0) =

x—=0"

1

im f(x)—i£(0)
x—0
=2

. xe*x =0
= |m—
x=0 X

and (RHD at x=0) =

x—=0"

[Using def. of f(x)]

[Using def. of f(x)]

[ fix) = x forx <0 and f(0) = 0]

-2
[ f(x)= xe* for x>0andf(0)=0]
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2 2

. — 2 =2
= limex =0 AsX—=0,——o =8
x—=0 X

(LHD at x = 0) # (RHD at x = 0)
So, f(x)is not differentiable at x = 0.

S12. \vehave, (LHDatx=1)= lim )=

X—=T1 X’—1
putx=1-h,asx—>1,h—->0
- Im f(1—h)—1£(1)
h—0 1-h-1

242 _ 2
||mw = ||mﬂ = |lm2-h=2

h—0 -h h—=0  —=h h—0

and (RHD at x = 1) = Iirq_w

putx=1+hasx—>1,h->0

_ i [+ D) =)
h—=0 1+ h-1

. (1+h)2-1_ . 2h+h?
lim—— = |lim
h—=0 h h—0
(LHDatx=1)=(RHD atx=1) = 2.

So, f(x) is differentiable at x =1 and f'(1) = 2.

=1lim2+h =2
h—0

S13. e have, (LHDatx=0)= lim /X ="©)
x—0 X—O

putx=0-h,asx—>0,h—>0

_ i@ h) - £(0)
h=0 “0-h-0

= i fE M =7(0)

h—0 - h

. (= h)? sin (:15) -0

h—0 R h

lim h sin(l]
h—=0 h

= 0 x (an oscillating number between —1 and 1) =0

(RHD at x= 0) = fim /) =(0)

-0t x-=0
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S14.

putx=0+h,asx—>0, h—>0

f(0 + h)—1(0)

= lim

-0 0+h-0
- lim f(h)—f(0)

h—0 h

h? sin(i)—o

= lim h

h—0 h
. (1
s

= 0 x (an oscillating number between —1and 1) =0

(LHD at x = 0) = (RHD at x = 0)

So, f(x) is differentiable at x =0 and f'(0) = 0.

When x <1, we have, f(x) =1-x

We know that a polynomial function is everywhere continuous and differentiable. So, f(x) is
continuous and differentiable forall x < 1.

Similarly, f(x) is continuous and differentiable for all x € (1, 2) andx>2.

Thus, the possible points where we have to check the continuity and differentiability of f(x) are

Xx=1and x=2.

Continuity at x=1:

We have,

and,

lim f(x) = Iirr11_(1—x)

x—=1

lim f(x) =1-1=0

X—=T

Iiri;l+ f(x) = Iin11+(1 —%)(2 = X)

lim f(x) =0

x—=1

(1) =(1-12-1)=0
im F(x) = im £(x) = (1)

So, f(x) is continuous at x = 1.

Differentiability at x = 1:

We have,

(LHD atx=1) = lim

f(x)—f(1)
x—=1 X —1

[ f).=1 —xforx<1]

[ f)=1-x)(2-x), for1<x<2]
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lim{=X)=0 [Using def. of f(x)]

x—1 X—'I
TS Sl N
Xx=1 X —
(RHD at x = 1) = fim (X =)
x=1 X—1
= fim (1= x))((2—1x) 0 [Using def. of f(x)]
i X=X =2)
x—1 X —1
= limx -2
x—=1
=1-2=-1

(LHDatx=1)=(RHD at x=1)
So, f(x) is differentiable at x= 1.

Continuity at x = 2:

We have, Iing_f(x) = Iin21_(1—x)(2—x) [+ o) =(1T-x) (2—x)for1 <x<2]

= Iin;_f(x) =(1-2)(2-2)=0

= Iin; f(x) = Iirr;(S —X) [+ fix)= 3= x for x > 2]
=3-2=1

XIT;_ f(x) # JEQ f(x)

So, f(x) is not continuous at x =2.
Differentiability at x = 2:

Since f(x) is not continuous.at x = 2. So, it is not differentiable at x = 2.

$15. We have, f(x)=|x=1]+|x-2]
[—(x = 1) = (x = 2)for x <1
= fx) =4 x-1-(x—-2)for1<x<2

| (x=)F(x—-2)forx=2

[—2x +3, x <1
= f(x) =1 1 1<x<2
2x—-3,x22

When x < 1, we have
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f(x) = —2x + 3 which, being a polynomial function is continuous and differentiable
forall x < 1.

When 1 < x< 2, we have

f(x) = 1 which, being a constant function is continuous and differentiable on (1, 2)

When x = 2, we have
f(x) = 2x — 3 which, being a polynomial function is differentiable for all x > 2.

Thus, the possible points on non-differentiability of f(x) are x =1 and x = 2.

Now,  (LHDatx=1)= lim )=T()

x—=T X =1
= fjm E2X+3) -1 [+ F(X) = =2 + 3 for x < 1]
x—1 x =1
im 22X =1
x—=1 X—1
(RHD at x=1) = jim 120 =1()
x—=1" x =1
_1-1
=I|m1x—=0 [« f(x)=1for1<x<2]
(LHDatx=1)#(RHD at x= 1)
So, f(x) is not differentiable at x = 1.
(LHDatx=2) = lim 1X)=1@)
X—2~ X—2
= (LHDatx=2)=Iimz1_(ixi_3) [« f(x)=1for1<sx<2and f(2)=2x2—23]
AN
= (LHDatx=2)= lm—— =0
X2 — 2

(RHD at x = 2= fim 1X)=1(2)
x—=2" Xx—-2

im (2X=3)—(2%2-3)

= (RHD atx = 2) = [+ f(x) = 2x — 3 for x > 2]
X—2 X—2
= (RHD at x = 2) = lim 2X—4
X—2 X—2
262
x=22 X-—2

(LHD at x=2) # (RHD at x = 2)
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So, f(x) is not differentiable at x = 2.

Remarks: It should be noted that the function f(x) given by

f(X) = |x—a|+|x—a,|+|x—as|+...+|x—a,|

is not differentiable at x = a,, a,, a;, ..., a,.

$16. Firstly, we will check the continuity of the given functionat x=1,2 by L.H.L. = R.H.L. = f(x) and
then we will check the differentiability of that function f(x) at these points by LH.D.=R.H.D. If
L.H.D. # R.H.D., then function is not differentiable.
3X - 2! O <X = 1

The given function is f(x) = {2x* —x 1<x<2
5x — 4, xX>2

First we show the continuity of above function at x=1 and x = 2.

Continuity at x=1:

LHL. = lim £(x) = lim (3x —2)

x—1 x—1

Putx=1-h,whenx—>1,h—->0

= lim 3(1-h)-2
= lim3-3h-2
h—0
- 1 [Puth=0]

Now, R.H.L.

lim f(x) = lim (2x? - x)
h—=>1" x=1

Putx=1+h whenx—>1,h—->0

. ‘2__
lim 2(1h)% > (1+ h)
= !I?imo2(1+h2 +2h)=(1+h)

=% lim2+2h% +4h-1-h
h—0

= lim 2h? + 3h +1
h—0

1 [Put h=0]
Also, from the function, we get
f(1)= 3(1)-2=3-2=1

R.H.L.
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Since, LHL. = R.H.L.=f(1)

. f(x) is continuous at x = 1.
Continuity at x = 2:

LHL. = lim f(x)= lim (2x% -x)
x—2

X—2

Putx=2-h,whenx—2 h—>0

: 2
lim 2(2 - h)? (2~ h)

lim 2(4 + h? —4h)—(2- h)

h-0

Airr%8+2n2-8h-2+h

LHL =8-2=6
Now, R.H.L. = lim f(x)= lim (5x —4)

x—2" x—2

Putx=2+h whenx—>2,h—>0
= lim52+h)-4
lim (2+h)

= lim10+5h—-4
h—0

= |im5h+6
h—0

RHL =6
Also, from the given function, at x= 2

f2)= 2(22-2
= 8-2=6
LHL = RH.L =f2)

f(x) is continuous at x = 2

f(x) is continuous at all indicated points.

[Plt.h=0]

[Put h = 0]

[for (2), putx'=2'in f(x) = 2x*> — x]

Now, we verify differentiability of the given function atx=1and x = 2.

We know that a function'f(x) is said to be differentiable at the point x = a, if

LHD= RHD atx=a

where LHD = lim [(@=M=fa)
h—0 —-h

and RHD = [im @+h-f(a)
h—0

LHD = Left hand derivative
RHD = Right hand derivative
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Differentiability at x = 1:

LHD = Iim —f(1 —m-1(1)
h—=0 —-h
= lim [3(1-h)-2]-[3-2]
h—0 -h
jim U =3M =) _ iy =30
h—0 -h h—0 —h
LHD= 3
Now, RHD = fim [d=M =)
h—0
2
= Im [2(1+h) -(1+h)]-[3-2]
h—0 h

”m[2+2h2+4h-1—m—1

h—0 h
- 207430
h—0 h
= lim2h+3 [Puth=0]
h—0
RHD= 3
LHD = RHD

= f(x) is differentiable at x = 1.
Differentiability at x = 2:

i f2=h)-1(2)

LHD =
h—0 —h

2
lim 122 = )*=(2-h)] - [8 2]

= LHD =
h—0 -h

|m1a4+h2—4hy{2—hy—6

h-0 -h

i h2h-7)

h—0 —h

LHD= 7 [Put h=0]

i 2+ —1(2)

h—0

Now, RHD =

im [5(2+h)-4]-[8-2]
h—0 h

im (6 +5h)—(6)

h—0 h
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5h

= lim— [Puth=20]
h->0 h
RHD= 5
LHD# RHD

So, f(x)is not differentiable at x = 2.
Hence, f(x) is continuous at x = 1 and x = 2 but not differentiable x = 2.

S17. We have,
(-x)*=-x%,ifx<0
f(x) = x3=
00 = I x° Lif x>0
forx<0, f(x) =—-x°
LHD. atx=0 Fx) = lim X =M =7(x)
h—=0 x-—-h-x
v M3 3
= lim (x—h) —(=x%)
h—=0 —h
3 L3
= jim X2 =X
h—0 h

= |im
h=0

Xa/—h3—3xh(x—h)—,\f5/
h

_ AA(h? +3x(x —h)
A A

— (0 + 3x (x —0)),= - 3x2

for x>0, f'(x)= x3
RHD. atx=0 Fx) = lim X 1) =F(x)
h—0y/ X +h—Xx
i (x+ h)®-x3
T oo h
- lim XZ + W4 3xh(x + h) 45
- h—0 h
_ im HA [A? + 3x(x + h)]
B h—0 }{
= 0+ 3x(x + 0) = 3x?
, -3x% ,if x<0
Hence, f'(x) = ,
3x° ,ifx=20
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fOFX < 0’ f!(x) - _3x2

L.H.D. of fr(x) = Lln})f ();_ 1!2 —Z(X)

—3(X - h)2 _ (—3}(2)

= lim
h—0 _h
e 2
= 3fim X" X7
h—0
2
= o X —2hx -

for x> 0, £/(x) = 3%

RHD.of  f(x)= lim (X N=T0)
h=0 X+ h=Xx

3(x + h)? — (3x?)

= |lim
h—0 h
2
= 3lim X+ +2xh— x*
h—0 h
A (h+2x)
_ 3 lim 21+ 2Xx) .
o A 3(0 + 2x)=-6x
- if
Hence, f!r(x) = 6X . | X < 0 .
6x ,ifx>0
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- SMART ACHIEVERS

VERS Nurturing Success...

Nurturing Success...

MATHEMATICS - XlIl | Differentiation of Inverse Trigonometic Function NCERT

Date: 18/10/2021

QL If y= cos'1[::' Xz“} find &
1

Q2. Ify= sin"'[

Q3. If y=tan! [1*COS X find ¥
1-cos x dx
Q4. If y=tan' [1=COS X fing ¥
1+ cos x dx

1 cosx+sinx) find d_y

J2 dx

_COS X\ find 9Y
1+ sin x dx

Q5. Ify= cos”

R

Q6. If y= tan™’

Q7. Ify=tan'] [T*sinx!| fing I
1-— dx

T e ~

sin x
Q8. If y= sin™" ;] find 9
1+ x? dx
9. Ify=sin-'(2"") find ¥
e d (1+4"J dx

Q10. If y = sin” +cos'1( 1 ] find .

10__ X
(J1+x2J J1+ x? dx
QIL.If y= sin{z tan'1{ }1—_XH find W
1+ x dx
1

Q12.If y = tan” {,/1+x2 +x} find gy;

Q13.Ify = sin“[ 2x 2J+sec"[1+_x2'] find ¥
1+ x 1- x2 dx

Q14.If y = sin~’ x,/1—x—&\/1—x2} find %

Q15.If y = tan'1(3gzx—-xsj find ;’ﬂ

Q16.Ify = tan"{ 1+ x? —x} find Y-

dx
Q17. Ify = sin~'[ 27" -3* |. Find 9¥.
1+ (36) dx
Q18. If y = sin' [5x+12\/1 — x2 ] find 9V .
13 dx
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JT+sinx - [T-sinx dx

Q19. If y = cot™ [\“’r sinx ++v1-sinx }find dy .

Q20.1f y = cos"(3x+4\‘1—x2 ] find g_y_
5 X

Q21. If y = tan~' (sec x + tan x) find ;ﬂ
IX

Q22.If y= tan"(\f1+ x? *\1- x? J find g_y
V14 x?2 =1 - x? X
X

23.Ify=cos ' [—X__ find A
Q y (r_x2+azJ ind =
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ACHAEVERS

MATHEMATICS - XIl |

Nurturing Success...

Differentiation of Inverse Trigonometic Function NCERT-Solution

S1.

=<
1

Put X"

ax

S2.

dy _
dx

S3.

Date: 18/10/2021

[1-tan?0
Cos | ————
1+ tan 8_

cos™' cos 20

20 =2 tan""x"

2 d .,
1+ x%" dx

2nx" 1

14+ x2"

. 1 1+ x2
sin + sec

4
+cos
1+ x? 1+ x2

_q[ 1= x? ‘1—x2]
sin

A it 1, _T
S 8IN X + CoS X=§

N
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2 2
da _ 1
dx 2
S4. 4, [M1=cos x
y = tan
1+ cos x
2 X
= tan-! f2sm23
2 cos 5
= tan‘{tan EJ
2
- X
2
a1
dx 2
S5, (1 1
Y= C0S | —=COSX+—=sInXx
e o)
-1 T . Sy iy
= COS | COS X COS — + Sin x.Ssin—
[ 4 4]
1 T
= COS | COS| X ——
oo 3]
T
= X _——
4
d
Y- 4
dx
S6. L [ COS X ]
y=tan | ——
1+ sin x
LAl
sin (E + xJ
= tan"
T
1-cos (— + x)
2
Z sin T X cos| T4 X
_ 1 4 2 4 2
= tan
2| T
sin“| —+ —
Zon' (5 +3)
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dy
dx

S7.

<
n

day _
dx

1+cos(£—x)
tan'; 2
1—cos(£—x]
2
20032[%—2)
tan'- S b
2sin? | 22
4 2]
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s8.
y = sin’ L
1+ x2

Put x = tan 6

Il

@,

:|
N
g |

(N}

D
—

I
@
=

—_—
(@)
o
@
(=]

e

1l
23
=I|
——
@,

5
AN
N
[

[aw]
—
[——

=T 9T _tan'x
2
dy _ -1
dx  1+x%°
S9. sin" 2.2%
- | -
Y 1+ (2%)?
Put 2*=tan0
y= sin’ 2tan 6
1+ tan%0
= sin™' (sin.20)

20 =2 tan"" (27)

dy _ 2 d .«
¥ 9,
dXv 14 (2%)? dx

2-2"log2
1+4%

S10. , _1[
y = sin

Put x =tan0

X -1
+ COS
\/1 +X2] (

1

1

+

X

2

|
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S11.

Put

dx

sin [0 ) cost(—1
J1+tan?6 J1+tan?6

sin”’ _tanb +cos " 1
Jsec? o \sec?0

sin~'(tan 0 . cos 0) + cos™" (cos 0)

sin”’ ( SINO o8 (—)] +cos ' (cos 0)
€cos 0

sin~'(sin 0) + cos™' (cos 0)
0+0=20

2 tan"'x

2
14+ x2

sin {2 tan‘1{ 1_XH
1+ X

cos 20

sin| 2tan 1] [17C0820
1+ cos 20

sin|2tan’ 23in229
2 cos“f

sin[ 2 tan "tan 9]

sin 26

J1-c0s?20 = \/1- x2

1 d

21— x2 dx

—2X - X

2fi-x2 i-x®

|

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 5



S12,

S13.

Put X =

Put X =

tan"{ 1+ x2 + x}
cot O

tan™ { 1+ cot? 0 + cot 9}

tan~" {cosec 0 + cot 0}
1| 1 cos 6
tan — + —
sin® sin®
tan-" {1 +cos e}
sin 0
2 cos? ]
tan™" 2
2sin —cos —
tan™' cot —
tan~'{tan (E - 9]
2 2
L
2 2
L cot ' x
2

.4 2tan® +[1-tan?0
sin”'| ————— [+cos™"| ————
1+ tan“ 6

1+tan’0
sin~'(sin 20) + cos™" (cos 2 0)

20+260
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S14.

S15.

Put

40 =4tan"x

@ _ 4
dx  1+x?
y= sin‘1{x\/1—x—\/;1{1—x2}
= sin‘1{x\/1—(\/§ 2 —&«/1—){2}
= sin~' x — sin-'\J/x
@1 1 d g
dx - x2 H_(&)? dx
_ 1 B 1 y 1
Ji-x2 J1-x 2Jx
y= tan! 3a’x — x°
a’> - 3ax?
3_X_[£]3
- -1| @a a
1 —3[_j
| a
X = tan 0
a
- tan 3tan0 ~tan0
1+ 3tan’0
= tan"' (tan 30)
=30 = 3tan‘1[i]
a
d_ 3 i(iJ
dx 1.+fL_ dx \.a
a
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S16.

S17.

Put X

dy

ax

y=sin" 273 )
1+(36)"

= tan"’ {\/1 +x2 - x}

= cotoO
= tan”’ {\/1 +cot? 6 — cot 9}

= tan"' {cosec 0 - cot 6}

_ tan‘1{ 1 _cose}

sin® sin®

= tan"! 1-cos 0
sin®

2 sin? o
2

= tan'{l—=
2sin 9 cos 9
2 2

= tan™' tang
2

= 1E):lcztnt‘1)(
2 2

1
2(1+ x?)

[ 2203
sin _
1+ 4% .9

1| 266
= 8sn | =7
1#(6* )

Put tan 6 = 6¥ = 0 = tan™'(6%)

y

= y

. _1( 2-tan® ]
='sin” | ————
1+tan“ 6

sin~' (sin 20)

= 20
= 2 tan™' (6)

Differentiating w.r.t. x, we get

d_y_ 2

d
= Sx =
dx 1+ (6%)? dx( )

|

2-6"

1+(36")

}Iogﬁ

[ sin20 = Lﬂg
1+tan“ 9o
d, 4
—tan x=
dx 1+ x?

|

|
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x+1 nx x+1 nax
— i Sin_1 u = u |Ogs
dx 1+ (36) 1+ (36)"

$18. Giventhat,

. sin_1[5x+12 1x2]

13
Put x =sin 0
So that 6 = sin™ x
.. We get
. 1| 5sin6+12 1—sin28]
y = sin
13
. y= sin 5sin0 :;20059} [ J1=sin? 0 =\/cos? 0 = cos0
Now, let i=cos.0tand E=$in0t .+ coS? o + Sin. o= 25 +144 = 169 =1
13 13 169 169 169 |
y = sin"'[sinOcosa +cosOsina]
= y = sin”" sin (0 + o) [s'sin x cos y + cos x sinfy.=sin (x + )
= y=0+a [sin”" sin x = X]
= y =(sin" x)+ a [ 0 =sin" X]

Differentiating w.r.t. x, we get

v 1 +0
dX 1%
Hence, Y, _ ;
dx 1-x?
§19. Given that
y= cot” J1+sinx +4/1-sinx

J1#sinx - /1-sinx

Now, we write
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s8N0 =2 singcos9
_ o X 2 2
1 + sin x = cos? 2+$|n E+2$|n2<:osE 0 0
and 1= cos? >+ sin? —

. X . X X X
and 1 —sinx = cos’ = +sin® = —2sin=cos =~
2 2 2 2

So, the given function becomes

\/cos ~ +sin? +23inicos5 +,Jcos —+sin ——23|nxcr;':si
- -1 2 2 2 2 2 2 2
y = cot
X X > X .2 X . X X
\]cos ~ +sin? —+23|n cos——\/cos ~+sin“ = —-2sin—cos—
2 2 2 2 2
_ > -
X .X X . X
cos—+sin= | +,[| cos= —sin=
y \/[ 2 2J \/( 2 2J
y = cot
2 : 2
cos£+sin£ — (cc:-si—sini
| 2 2 2 2)
coa2l, B2 _ 2
[cos%+sin§]+[cos%—singj v a4 b? +2ab=(a+b)
y = cot™’ - and a® + b? — 2ab =(a - b)?
X . X X . X
COS—+8in>= [—| COS =~ —Sin— X . X
[ 2 2] [ 2 2} and here a = cos—, b=sin—
i 2 2
) 20035
= y = cot”
Zsini
2
= y= cot'cotX { cot9=0989]
2 sin®
X
= y = 2 [+ cot'(cot ) = 0]
Differentiating on both.sides w.r.t. x, we get
[
dx 2.
s20. 2
Given thatyy= COS1|:3X+451 X ]
Put X=snO=0=sin"x
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1| 3sin0+4 1—sin28]
y = cos
5
= y = cos” 3sin 8240088} [ \/1 —sin0 = \/0052 0 =cos0]
= y = cos™' Esin(—l+icose}
5 5
Now, let cos o = 4 and sin o = 3
5 5
aeeas (3] (3]
sinfa+cos?a=|—| +|—=
3/ 5
1 2 .
= i+_6=_5=1 [-sin® 0+ cos? 8 = 1W0 e R)
25 25 25

.. We get, y = cos™" (sin 0 sin o + cos 6 cos o)
= y =cos™' cos (0 —a) [- cosOcosa+sin@sino=cos(6—a)]
= y=0-a
= y=sin"x-a [+ 6=sin"T x]
Differentiating w.r.t. x, we get

y__1 { i(sin‘1 X) = L

dx 1- x2 ax 11— x2

dy 1

Hence, —_— =

dx  1ox2

tan~' (see x + tan x)

£ 1 sin x
= -tan +
COS X COS X

= tan"! 1+sin x
Cos X

S21.

=<
I

1+cos[g—x]
= tan’
sin[E—x]
2
20092(5—5)
= tan ! 4 2
2 sin T_X cos E—i]
2 4 2
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S22,

Put

dx

=

cos 20

tan‘1{‘/1 +0s 20 + /1-cos 29}

J1+c0s 26 - /1-cos 20

\/2 cos? 0 +J2 sin? }

JZcos 0 — JZsm 0

-
1{Cose+sme}
o 55

tan™
cos O -sin®
1+ tan@
1<=tan 0
tan T, tan 6
tan" 4

1—tan£tan9
4 ;

tan”' tan (E + GJ
4
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$23.

Put

dy
dx

1 X
cos )
x? + a®

atano

cos

1 atano
Ja? tan?0 + a’

cos

2

-1 atano
a’sec?0

1 (tané)]
0s
sec O
_1 sin 0
cos | ——
cos0-secO

cos™'sin 0

o ol

m#i[ij
X a
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Nurturing Success...

MATHEMATICS - XIl | Differentiation of Infinite Series NCERT

" SMART ACHIEVERS

Nurturing Success...

Q1.

Q2.

Q3.

Q4.

Q5.

Q6.

Q7.

Qs.

Q9.

Q10.

Qil.

Q12.

Q13.

Q14.

Date: 18/10/2021

If y = \{Iogx+\{|ogx+,} X +...00, prove that (2y — 1)__;

Ify= \/x+\/x+,fx+ , prove thatg_y':ﬁ
y—

If ¥= [tan x +/tan x + Jtan x +... o » prove that d¥ _ sec® x
\/ \/ dx 2y -1

If y = X/smx+\/smx+\/w prove that g}' g;s_);

Ify = \/cos X +,/C0S X +,/COS X +...0 , prove that gy sin x

x  1-2y
If y = (VX)) showthat ¥ ____ ¥*
dx ~ x(2-ylogx)"
If y =e***"""", show that dy _ ¥
dx 1-y
If y - a"axmm , prove that dy _ y’logy
dx x(1-ylogx -logy)

Ify=xx*",ﬁndg_i

_ 1 dy _ ¥
If y=x+ ] , prove that ax "2y —x
X+71
X +
X +
If y - sin x , prove that 9Y'_ 1+ y)cos x +ysinx
14 COSs X dx 1+2y +cosx —sinx
14 sinx
4, COSX
1+...to @
Ify = (sin x)E" 0" srove that Y dy y?cot x
y=( ) P “1-ylogsinx
Ify = (tan x)®@" )7 prove that d_y =2atx =1
dx 4
Ify = (cos x)282)** " prove that A¥+o ' y*tanx

X 1-ylogcos x
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ACHAEVERS

__________ Nurturing Success...

MATHEMATICS - XIl | Differentiation of Infinite Series NCERT-Solutio

n

S1. y= \/Iogx+\/logx+m

= y= logx+y
= y’=logx+y
Diff. w.r.t. x both side
= Zyd_y = 1+d_y
dx x dx
= ey-nY -1 Proved
ax X
S2. y=\/x+ X+ X+.. 0
= y=x+y
= y=x+y
Diff. w.r.t. x both side
dy dy
= 2y — = 14+ —
Y =
= ﬂ(2y—1) =1
dx
= d—y = L P d
dx 2y - rove

S3. y= \/tanx+\/tanx+m
= y= Jtanx +y

= y’=tanx+y
Diff. w.r.t. x beth side
= 2yd—y - sec?x+
ax dx
= (2y—1)ﬂ = sec? x
adx
2
= ﬂ = S€cC X. Proved
ax 2y -1

Date: 18/10/2021
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S4. The given series may be written as

y = {sinx+y

=sinx+y [Squaring both sides]
2y Y . L Y Differentiating both sid t
.de = CoS X o [Differentiating both sides w.r.t. x]
dy
= o (2y—1) = cos x
= ﬂ = cosX Proved
dx 2y -1

S5.
\/COSX +\/COS X +4/CO0S X +...0

-
I

= y = Jcosx+y
= y?’=cosx+y
Diff. w.r.t. x both side
= 2yd—y = —sinx +d_y
ax dx
= (2y—‘l)d—y=—sinx
dx
- ﬂ = sin x . Proved
dx 1-2y
$6. The given function can be written as
y = (\/;)Y
= y = X2
= log y = % log x [On taking log of both sides]
tdy © y 1 1 dy : - :
———'= —.—+—logx—
= . = 5 x5 g ax [Differentiating both sides w.r.t. x]
dy M1 y
—={———logx; = L
= dXJIy 2 9 } 2x
dy |2-ylogx | _
= dx 2y T ox
d 2
= Y Y Proved

dx x(2 - ylog x)

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 2



S7.

S8.

S9.

The given function may be written as

y: ex*}’

logy= (x+y).log e

logy=x+y
1dy dy
yax =1
ay(1_4) .
dx\y 1
dy _ y
dx 1-y
yza“”

log y=x’log a
log (log y) = y log x + log (log a)

1 d dy
———(lo = —
Iogydx( 9Y) dx

1 1dy _dy

logy y dx  dx

ﬂ L -log x -7
dx |ylogy X
dy |1-ylogy-logx| 'y
dx ylogy T X

Y _

[Taking log of both sides]
[ loge =1]

[Differentiating w.r.t. x]

Proved

[Taking log.of both sides]
[Taking log:again of both sides]

d
logx +y- a('ogx) +0  [Differentiating both sides w.r.t. x]

-Iogx+y.1
X

Proved

dx/~ X(1-ylogy-logx)"

y: xY
log y = ylog x
dy _ &
ydx dx
1dy _ &
y dx dx

log x+ —
g X

Since by deleting a single term from an infinite series, it remain same. Therefore, the given
function may be written.as

[-- on taking log of both sides]

d
= ——-logx+y- d—x(log X) [Differentiating both sides w.r.t. x]
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o d_y{l_logx} = i
ax |y X
dy (1-ylogx) _y
= dx y T X
dy 1-ylog x Yy
- & y  x
oy
- dx  x(1-ylogx)
$10. We have,
1
y= X+ 3
X+ 1
X +
X+...
1
= + —
= X Y
= Y= xy + 1
d d
= 2y A y+X Yo [Differentiating both sides w.r.t. x]
dx dx
dy
—(2y —x) =
= dx( y-x)=y
dy __ ¥ Proved
- dx  2y-x
S11. We have,
__sinx
y= Cos X
1+
1+y
_ (1+y)sinx
= " 1+ Y4 cOs X
= y+y?+ycos x= (1.t y)sin x
Differentiating both sides w.r.t. x, we.get
d—y+2yd—y+£cosx—ysinx = ﬂsinx+(1+y)cosx
dx ax dx ax

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 4



&y

dx
=
S12.
y
= y
Taking log both side
= log y
Diff. w.r.t. x both side
- 1ay
y dx
= G’—y{l—logsin X
dx Ly ]
- ﬁr—ylogsinx
dx y ]
. d
dx
S13. y
= y
Taking log both side
= log y

Diff. w.r.t. x both side

= 1% =
y dx
= d—y{l—log tan x}
dx |y
- dy
dx

n
Put x=—inEq. (i
ux4|nq(|)

{1+ 2y + cos x — sin x}

(1+y)cos x + ysinx

d .
ay _ (1+y)cosx+ys,nx | Proved
ax 1+2y +cosx —sinx

- (S|n x)(sm X)(Sil"lx]...ac

= (sin x)¥

y log sin x

1 . dy
=y -CcOos X + log sin x —

sin x dx

= y cot x

= y cot x

y? cot x

" 1-ylogsin x Proved

= (tan X)(tan x tanx)...

= (tan x)¥

y log tan x

-seczx+logtanx-d—y

tan x ax

= y seC X cosecC X

y? sec x cosec'x
1- ylog.tan x

(1)

0]

(i)
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Now, put y= 1

S14.

=

T
and x =— in Eq. (ii
2 q. (ii)

T m
dy i} 1seczcoseczzfx@

& 1-1logtan ™  1-log1
4
2 . 2.
1-0
y = (cos x)°s x)(008X)...o0
y = (cos x)”

Taking log both side

=

log y = y log cos x

Diff. w.r.t. x both side

1dy _ 1 .
= —— =y (—sinx) + log cos x
y dx coSs X
= d—y[l—logcosx] =—ytanx
ax |y
. d_y[1—ylogcosx} - _ytan x
dx y
2
N dy _ -y‘tanx

dx 1-ylogcosx.

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 6



" SMART ACHIEVERS

Nurturing Success...

Nurturing Success...

MATHEMATICS - XlIl | Differentiation of Logarithmic Function NCERT

Q1.

Q2.

Q3.

Q4.
Q5.

Q6.

Q7.

Qs.

Qo.

Q10.

Q11.

Q12.

Q13.

Q14.

Q15.

Q16.

Q17.

Q18.

Q19.

Q20.

Date: 18/10/2021

If y = (), find 9 .
dx
If y* = e~ prove that & _ (1+logy)*
dx logy

Find d_y when x¥ = e¥~ /.
dx

Find the derivative of the function f{x) = (1 + x) (1 + x) (1 + x*) (1 + x®) and hence find f{(1).

If £(x) = [:1’*: X JM"  find F (0)

If y = \/"‘ 3)(xZ +4) | find dy
3x2+4x+5

If y = (x-10(x-2) findd_y
(x —3)(x —4)(x —5) ax

If y =€ -sinx (x +1)° fing I
(2x +1)°x° dx

Differentiate x* sin-'\/x w.r.t. x.

x* . dy
If y= , find =L
y=X in i
Find ay when y* = X',
dx

If e = y* prove that dy _ (log y)?
dx logy-1
d_y= logtan y + y tan x

If (cos x)¥ = (tan y)* prove that
dx “logcos x — xsec ycosecy

gl: log cos y —log siny

If (sin y)* = (cos y)* prove that
(sin y)= yrp adx xcoty + xtany

If ' - y* = 1 prove that, .= _ ¥ (¥ * xlog y)
dx~ x(ylog x + x)

If y = sin(x*) prove that g_y =cos (x*)- x*(1+log x)
X

If y = x*+% %+ a + a° where a> 0 and.ais a fixed number and x> 0. Find ;‘ﬂ
X

= wn find AV
If xmy"= m+n find =L
y'=(x+y) ind -

If (cos x)¥ = (cos y)*find ay
dx

dy _ 1-(x+y)ycotx

If (sin x)y =x + rove that
( ) yPp dx ~ (x+y)logsinx -1

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 1



Q21.

Q22.

Q23.

Q24.

Q25.

Q26.

Q27.

Q28.

Q29.

Q30.

Q31.

Q32.

Q33.

Q34.

Q35.

Q36.

Q37.

Q38.

Q39.

Q40.

Q41.

Q42.

Q43.

If y = xenx-cosx 4 X2 =1 fing 9V .
x%+1 dx
Find & when y = xcotx 4 _2x2-3
dx X2+ x+2

If f(x) = (sin x — cos x)(sin x-cosx) Tex< ﬂ, then find 9 .
4 4 dx

2 d
If y = (log x)c°s* 4+ X“+1 find Y.
y=(0920% s 2 dx

Differentiate x*°** + X : + : with respect to x.
X —

If y = xotx + (sin x)*, find 9 .
dx
If y = (sin x)* + sin' Vx, find g_i’.

Differentiate x* — 25" * with respect to x.

If y = e sin x° + (tan x)*find 9 .
dx

Find % ify = (X)COS X 4 (Sil'l X)tan x

Differentiate the following function with respect to x.
y = (log x)* + x'oo

If y = (X)°* +(cos x)*™*, find
y=(x) ( ) o
Differentiate the following function w.r.t. x. x5"* + (sin.x)°s *,
= . q dy
Ifv=(l X 4 cosx find 9Y .
y = (log X + (x)2=* find %
If y = (x)5"* + (log x)*, find 9V .
dx
If y = (x)* + (sin x)x, find 9V,
dx
Find ;ﬂ, if y = (cos x)* + (sin %)%,
X

Differentiate (x+1-]x + x(”%] with respect to x.
b ¢

Differentiate (x cos x)* + (x sin x)17 with respect to x.

If x* + y* = 1 prove that 9 =_ [ x*(1+log x) + y* log y
dx x.yx‘1

If xt + y*=2, find W
dx

Find &, if yr + xv + x< = ab.
dx

If xv + y* = 4, find I .
adx
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MATHEMATICS - XIl |

Nurturing Success...

Differentiation of Inverse Trigonometic Function NCERT-Solution

S1.

=<
1

Put X"

ax

S2.

dy _
dx

S3.

Date: 18/10/2021

[1-tan?0
Cos | ————
1+ tan 8_

cos™' cos 20

20 =2 tan""x"

2 d .,
1+ x%" dx

2nx" 1

14+ x2"

. 1 1+ x2
sin + sec

4
+cos
1+ x? 1+ x2

_q[ 1= x? ‘1—x2]
sin

A it 1, _T
S 8IN X + CoS X=§

N
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2 2
da _ 1
dx 2
S4. 4, [M1=cos x
y = tan
1+ cos x
2 X
= tan-! f2sm23
2 cos 5
= tan‘{tan EJ
2
- X
2
a1
dx 2
S5, (1 1
Y= C0S | —=COSX+—=sInXx
e o)
-1 T . Sy iy
= COS | COS X COS — + Sin x.Ssin—
[ 4 4]
1 T
= COS | COS| X ——
oo 3]
T
= X _——
4
d
Y- 4
dx
S6. L [ COS X ]
y=tan | ——
1+ sin x
LAl
sin (E + xJ
= tan"
T
1-cos (— + x)
2
Z sin T X cos| T4 X
_ 1 4 2 4 2
= tan
2| T
sin“| —+ —
Zon' (5 +3)
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dy
dx

S7.

<
n

day _
dx

1+cos(£—x)
tan'; 2
1—cos(£—x]
2
20032[%—2)
tan'- S b
2sin? | 22
4 2]
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s8.
y = sin’ L
1+ x2

Put x = tan 6

Il

@,

:|
N
g |

(N}

D
—

I
@
=

—_—
(@)
o
@
(=]

e

1l
23
=I|
——
@,

5
AN
N
[

[aw]
—
[——

=T 9T _tan'x
2
dy _ -1
dx  1+x%°
S9. sin" 2.2%
- | -
Y 1+ (2%)?
Put 2*=tan0
y= sin’ 2tan 6
1+ tan%0
= sin™' (sin.20)

20 =2 tan"" (27)

dy _ 2 d .«
¥ 9,
dXv 14 (2%)? dx

2-2"log2
1+4%

S10. , _1[
y = sin

Put x =tan0

X -1
+ COS
\/1 +X2] (

1

1

+

X

2

|
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S11.

Put

dx

sin [0 ) cost(—1
J1+tan?6 J1+tan?6

sin”’ _tanb +cos " 1
Jsec? o \sec?0

sin~'(tan 0 . cos 0) + cos™" (cos 0)

sin”’ ( SINO o8 (—)] +cos ' (cos 0)
€cos 0

sin~'(sin 0) + cos™' (cos 0)
0+0=20

2 tan"'x

2
14+ x2

sin {2 tan‘1{ 1_XH
1+ X

cos 20

sin| 2tan 1] [17C0820
1+ cos 20

sin|2tan’ 23in229
2 cos“f

sin[ 2 tan "tan 9]

sin 26

J1-c0s?20 = \/1- x2

1 d

21— x2 dx

—2X - X

2fi-x2 i-x®

|
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S12,

S13.

Put X =

Put X =

tan"{ 1+ x2 + x}
cot O

tan™ { 1+ cot? 0 + cot 9}

tan~" {cosec 0 + cot 0}
1| 1 cos 6
tan — + —
sin® sin®
tan-" {1 +cos e}
sin 0
2 cos? ]
tan™" 2
2sin —cos —
tan™' cot —
tan~'{tan (E - 9]
2 2
L
2 2
L cot ' x
2

.4 2tan® +[1-tan?0
sin”'| ————— [+cos™"| ————
1+ tan“ 6

1+tan’0
sin~'(sin 20) + cos™" (cos 2 0)

20+260
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S14.

S15.

Put

40 =4tan"x

@ _ 4
dx  1+x?
y= sin‘1{x\/1—x—\/;1{1—x2}
= sin‘1{x\/1—(\/§ 2 —&«/1—){2}
= sin~' x — sin-'\J/x
@1 1 d g
dx - x2 H_(&)? dx
_ 1 B 1 y 1
Ji-x2 J1-x 2Jx
y= tan! 3a’x — x°
a’> - 3ax?
3_X_[£]3
- -1| @a a
1 —3[_j
| a
X = tan 0
a
- tan 3tan0 ~tan0
1+ 3tan’0
= tan"' (tan 30)
=30 = 3tan‘1[i]
a
d_ 3 i(iJ
dx 1.+fL_ dx \.a
a
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S16.

S17.

Put X

dy

ax

y=sin" 273 )
1+(36)"

= tan"’ {\/1 +x2 - x}

= cotoO
= tan”’ {\/1 +cot? 6 — cot 9}

= tan"' {cosec 0 - cot 6}

_ tan‘1{ 1 _cose}

sin® sin®

= tan"! 1-cos 0
sin®

2 sin? o
2

= tan'{l—=
2sin 9 cos 9
2 2

= tan™' tang
2

= 1E):lcztnt‘1)(
2 2

1
2(1+ x?)

[ 2203
sin _
1+ 4% .9

1| 266
= 8sn | =7
1#(6* )

Put tan 6 = 6¥ = 0 = tan™'(6%)

y

= y

. _1( 2-tan® ]
='sin” | ————
1+tan“ 6

sin~' (sin 20)

= 20
= 2 tan™' (6)

Differentiating w.r.t. x, we get

d_y_ 2

d
= Sx =
dx 1+ (6%)? dx( )

|

2-6"

1+(36")

}Iogﬁ

[ sin20 = Lﬂg
1+tan“ 9o
d, 4
—tan x=
dx 1+ x?

|

|
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x+1 nx x+1 nax
— i Sin_1 u = u |Ogs
dx 1+ (36) 1+ (36)"

$18. Giventhat,

. sin_1[5x+12 1x2]

13
Put x =sin 0
So that 6 = sin™ x
.. We get
. 1| 5sin6+12 1—sin28]
y = sin
13
. y= sin 5sin0 :;20059} [ J1=sin? 0 =\/cos? 0 = cos0
Now, let i=cos.0tand E=$in0t .+ coS? o + Sin. o= 25 +144 = 169 =1
13 13 169 169 169 |
y = sin"'[sinOcosa +cosOsina]
= y = sin”" sin (0 + o) [s'sin x cos y + cos x sinfy.=sin (x + )
= y=0+a [sin”" sin x = X]
= y =(sin" x)+ a [ 0 =sin" X]

Differentiating w.r.t. x, we get

v 1 +0
dX 1%
Hence, Y, _ ;
dx 1-x?
§19. Given that
y= cot” J1+sinx +4/1-sinx

J1#sinx - /1-sinx

Now, we write
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s8N0 =2 singcos9
_ o X 2 2
1 + sin x = cos? 2+$|n E+2$|n2<:osE 0 0
and 1= cos? >+ sin? —

. X . X X X
and 1 —sinx = cos’ = +sin® = —2sin=cos =~
2 2 2 2

So, the given function becomes

\/cos ~ +sin? +23inicos5 +,Jcos —+sin ——23|nxcr;':si
- -1 2 2 2 2 2 2 2
y = cot
X X > X .2 X . X X
\]cos ~ +sin? —+23|n cos——\/cos ~+sin“ = —-2sin—cos—
2 2 2 2 2
_ > -
X .X X . X
cos—+sin= | +,[| cos= —sin=
y \/[ 2 2J \/( 2 2J
y = cot
2 : 2
cos£+sin£ — (cc:-si—sini
| 2 2 2 2)
coa2l, B2 _ 2
[cos%+sin§]+[cos%—singj v a4 b? +2ab=(a+b)
y = cot™’ - and a® + b? — 2ab =(a - b)?
X . X X . X
COS—+8in>= [—| COS =~ —Sin— X . X
[ 2 2] [ 2 2} and here a = cos—, b=sin—
i 2 2
) 20035
= y = cot”
Zsini
2
= y= cot'cotX { cot9=0989]
2 sin®
X
= y = 2 [+ cot'(cot ) = 0]
Differentiating on both.sides w.r.t. x, we get
[
dx 2.
s20. 2
Given thatyy= COS1|:3X+451 X ]
Put X=snO=0=sin"x
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1| 3sin0+4 1—sin28]
y = cos
5
= y = cos” 3sin 8240088} [ \/1 —sin0 = \/0052 0 =cos0]
= y = cos™' Esin(—l+icose}
5 5
Now, let cos o = 4 and sin o = 3
5 5
aeeas (3] (3]
sinfa+cos?a=|—| +|—=
3/ 5
1 2 .
= i+_6=_5=1 [-sin® 0+ cos? 8 = 1W0 e R)
25 25 25

.. We get, y = cos™" (sin 0 sin o + cos 6 cos o)
= y =cos™' cos (0 —a) [- cosOcosa+sin@sino=cos(6—a)]
= y=0-a
= y=sin"x-a [+ 6=sin"T x]
Differentiating w.r.t. x, we get

y__1 { i(sin‘1 X) = L

dx 1- x2 ax 11— x2

dy 1

Hence, —_— =

dx  1ox2

tan~' (see x + tan x)

£ 1 sin x
= -tan +
COS X COS X

= tan"! 1+sin x
Cos X

S21.

=<
I

1+cos[g—x]
= tan’
sin[E—x]
2
20092(5—5)
= tan ! 4 2
2 sin T_X cos E—i]
2 4 2
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S22,

Put

dx

=

cos 20

tan‘1{‘/1 +0s 20 + /1-cos 29}

J1+c0s 26 - /1-cos 20

\/2 cos? 0 +J2 sin? }

JZcos 0 — JZsm 0

-
1{Cose+sme}
o 55

tan™
cos O -sin®
1+ tan@
1<=tan 0
tan T, tan 6
tan" 4

1—tan£tan9
4 ;

tan”' tan (E + GJ
4
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$23.

Put

dy
dx

1 X
cos )
x? + a®

atano

cos

1 atano
Ja? tan?0 + a’

cos

2

-1 atano
a’sec?0

1 (tané)]
0s
sec O
_1 sin 0
cos | ——
cos0-secO

cos™'sin 0

o ol

m#i[ij
X a

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 13



VERS

Nurturing Success...

MATHEMATICS - XIl | Differentiation of Parametic Function NCERT

- SMART ACHIEVERS

___________ Nurturing Success...

Q1.

Q2.

Q3.

Q4.

Q5.

Q6.

Q7.

Qs.

Qo.

Q10.

Q11.

Q12.

Q13.

Q14.

Q15.

Date: 18/10/2021

= 3 = 39. find A at ="
If x=asec’0and y=atan’0, find o at 3

If x=asin 2t (1 + cos 2f) and y = b cos 2t (1 — cos 2f), show that

[ﬂ_y) _b
dx att=% a

If x=_3at_y_3al’ fing Y att-
1+ 1+t dx

Find 9 when x=e"[e+1),y =e“’(9—1)
dx 0 0

1
2

If x=a(1+t2) and y = —2L_, find I .
[1 )Y T e T

If x = ae’(sin 6 — cos 0) and y = ae’ (sin 6 + cos 0), find g_y
Ix

"1 _ andy=sin'—t_ find A

J1+ 82 J1+t dx

Ifx=2cos0-cos20and y=2sin0 —-sin 20, prove that ;ﬂ= tan [%)
IX

If x= cos™

If x = e and y = e*" 2, prove that 9¥ = _ ¥ 109 X

dx xlogy
For a positive constant ‘a’ find
L4 wher: = H; nd x = 1‘+1a
dx’ ere y=a 'a = p

If x=+a"""t,y =\a**"'t,a >0 and -1'< t< 1, show that gx_y=—%

If x = sin“[izj and y =tan™ (Az j,t >1. Prove that 9V = 1,
1+t 1-t dx
If x = a(cost+1logtan2 L) and y = a sin ¢, find dy
2 2 dx

If x = a(6 — sin0) and y = a(1+ cos 0), find Y ato= T,
dx 3

If x= _sin’t ", _ cos’t fing A
Jeos2t Jcos 2t dx
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ACHAEVERS

elfmteslichord : Nurturing Success...
Nurturing Success...
MATHEMATICS - XlIl | Differentiation of Parametic Function NCERT-Solution
Date: 18/10/2021
Ss1. We have,

x = asec’0and y=atan*0
Differentiating w.r.t 6, we get

(AR seczei(sece) and statanzei(tane)
do do do do
dX 3 dy 2 2
= %=Sasec 6tan® and %=3atan 0sec”6
dy _ dy/de 3atan®6sec’6 _tanf —sine
dx dx/d0 3asec’6tan® sec®
= [ﬂ] = Sinizﬁ
adx Jo_. 3 2
S$2. Here, x = a sin 2f (1 + cos 2f)
dx . :
= 3 = a.[2 cos 2t (1 + cos 2f) + sin 2t (—2'sin-2f)]
= 2a|[cos 2t + cos? 2t — sin? 2f]
= 2a]cos 2t + cos 4f]
Also y = b cos 2t (1 — cos 2f)
dy _ . :
= i = b[-2 sin 2t (1—'cos 2{) + cos 2t . 2 sin 2{]
= 2b [-sin2t + 2 sin 2t cos 2]
= 2b[=sin 2t + sin 4{]
dy _\.dy/dt
dx' wdx / dt
_ 2b[-sin 2t + sin 4f]
2a(cos 2t + cos 4t]
_—sinE+sinﬂ:
- ),
/X 8 cos™ 1 cosn
L 2
_ g_—1+ 0] b
al 0-1] a
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S$3. Given,

X =

Differentiating w.r.t. ¢,

3at .

1+ - )
log x = log 3a + log t— log (1 + ) [Taking logarithms]

1 3t dx x 1-2f

-_— : —_———

t (1+t°) dt t (1+1%)

3at? ,

F -

Again

log y
Differentiating w.r.t. ¢,

Hence

At t

S4. We have,

ax
do

and 40

dx

log 3a+ 2log t—log (1 + £°)

2 3" _dy y 2-¢

_—— D — =

t 1+ T dt ot (1+£°)

dy /dx Z /x 1-2t°  y(2-t°)

dt dt £)) t (1) x(1-2t%)

t(2—t%) [ y y }

o ==t from(ii) = (i

(1-2t%) X iy =
1_(2_1J

1dy 21" 8) 150405

2'dx 4 _1 16 '3 4°

Byrn2 3
99(1 i+9+1]:e(9 L )
0 )
N
el 1+—=|-|0-~|(e"
(1+5)-(ozg)®
0/n2 . 4. a3
e‘9[1+iz—9+1]={e 6 +12 0° +0)}
0 0 0
dy [dx _{e(0°+1-6°+0)} 02
do/ de 0? e’[6% —1+0° + 0]
e ?(0*+1-0°+0)
(0> —1+6° +0)
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Here
g
= at
and y
dy
= at
ay
dx
S6. X
Diff. w.r.t. ©
d_x
do
Now, y
Diff. w.rt. 0
dy.
do
dy
dx

a 1+ —a(—1+ 2 ]
1-t? 1-t

1
4at
(1-t2)?
2t
1-t?

(1-17)-2 - 2(-2t)
-y

2(1+ )
(1— £2)?

dy
dt _ 201+87)  (1-¢t?)
g‘m-tz)zx 4at
dt

1+ 12
2at

ae’(sin 6 — cos 0)

ale’(cos 0 + sin 6)+ (sin 6 — cos 0) ]

ae’[cos 0 + sin0 + sin 6 — cos 0]
2ae’ sin 0

ae’ (sin'0 + cos 0)

ale’(cos 0 — sin 6) + (sin 6 + cos 0) e

ae’[cos 0 —sin'0 + sin 0 + cos 0]

2ae’ cos.0

dy/d6 _ 2ae” cos 6
dx/do  2ae’sin 6

cot 0.
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1 . t
S7. X = cos and y=sin’
J1+ 12 J1+ 12
Put t=tan 6 Put t=tan 0

x=cos | —1 y = sin’’ __fanb
J1+tan?0 J1+tan?0

X = cos™| L y = sin’’ tan o
Jsec? o Jsec? o

x = cos™' (cos 0) y = sin~' (sin 6)
x=0=tan"t y=0=tan"t
o _ 1 dy _
dt 1+t dt 1+t

1
d_y=dy/d8_%+t2_1
dx dx/do 1 o

d %+t2

Now,

S8. X =2 cos6 — cos 20 and y =2sin6 - sin20
C)'—x=—25in9+2sin29 d—y=2n:ose—2(:os29
do do

Now dy _ dy/[d® _ 2(cos 6 —cos 20)
’ dx  dx/do  2(sin 20.=sin 0)
. (20409 28—6]
2sin sin| ——
_ 2 2
2cos(ze+ejsin[29—e]
2 2
sm%
= 2 =tanﬁ. Proved
30 2
COS —
2
59. V- QCOS 2t and y - eSin 2t
log x.= cos 2tlog e log y =sin 2tlog e
Diff. w.r.t. t Diff. w.r.t. ¢
1d_x =-2sin 2t 1d—y-Zcr;:-szt‘
x dt y dt
ﬁ =-2xsin 2t d_y =2y cos 2t
dt dt
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Now,

S10. _.
Given

Again,

dt

S$11. We have,

ax

ax
at

dx
—# 0, Thus t= +1,

dx

dx
dt

ax
at

dy/dt _ 2ycos2t
dx/[dt —2xsin2t

_ ylog x
x log y

Proved [+

1
t+—
t

—
QD
[
2
““'—:’.
——
ja)]
i,
:I
o
(@]
L1}
j0)]
e
Q|a
_
@,
3I
iy
f—

log x = cos 2t and log y = sin 2{]
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S12.

and

Alternate method

Differentiating w.r.t x, we get

2xy? +2x?
y ,de

Lett=tan0. Then,

Now,

dx _ 1(39'”'1‘)”2 (log. a) 1 xlog,
dt U 1- 21-¢2
y = acos“r
d_y _ 1 -wzg cos 't
dt 2( ) dt(a )
dy _ 1 cos™ 't cos 't
i E(a ) ( log, )—(cos t)
dy _ 1 cos 't l 1
= - 5@ )(ogea)( '_Hz)
dy Y log, a
dt ~— 21—
dy
dy _ dt
dx  dx
dt
dy —ylogea 2J1 t? _y
dx ~ o21-¢ xloge X
x2y2 — asin-‘r+ms-‘t — xzyz _ ™2
d
Yy
a _ Yy
dx X

t>1=tang >1= g5 =
4

>

£

. 4| 2t
sin
1+t
sin-" { 2 tanze }
1+ tan‘p
= sin™ (sin 26)
=sin~' {(sin (1 —20)}=n—-20=n—-2tan"'t
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dx 2 -2

= dt =0_1+t2=1+t2
2t
= tan™
and, y {1—t2}
- _ tan“{ 2tano }
y 1-tan’0
= y =tan' (tan 2¢)
= y =tan"{-—tan (n—20)}
= =—tan™ {tan (n — 20)}
= y =—(n-20)
= y =—n+2tan't
ay
= g 0t Iip
dy 2
.QZ _ dt _ 1+t - _1
dx dx 2 '
dt 1+ t2
S13. X=a [cos t +1Iog tan? LJ
2 2
Diff. w.r.t. t,
%=a —-sint + t-2tan— se
ot 2 tan® =
2
= al|-sint + L
ot
2 sin — t
t2 cos? =
£o8 — 2
2
. 1
= a|-sint+
Zsinicos t]
2 2
2
= al| - sint+ _1 = (1_7‘5"1 )
sint sint
cos®t
=3 :
sin t
Similarly y=asint
Diff. w.r.t. t,
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dy

— = acost
at
dy _ dy/dt _ acoszt _sint o
dx  dx/dt acos“t cost
sint
$14. Given that x = a(o-sin 0) . ()
and y = a(1+ cos 0) (i)
Tofind . at ==
dx 3
We know that
(an)
dy do
dx L (1)

Differentiating Eq. (i) and Eq. (ii) w.r.t. 6, we get

dx
do

dy
do
By Eq. (iii), we get

and

or

Putting 6 = E, weget

3
@]
dx |,_«
=3
S15. We have, X
= X

a(1 — cos 0)

—asinf

-asino
a(1-cos0)

. . X X
. 0 0 “*sinx =2sin—cos—
—233|n§cos§ 2 2

5 X
and1—cos x = 2sin® =

.50
ax2sin’ —
> 2 2

—cot—

et Al ocot==4/3
cot6- \/5 {006 \/_}

sin’ t
Jcos2t

sin’t (cos 2f)'?
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dx
= ot
dx
= at
dx
= ot
dx
= ot
dx
= ot
dx
= ot
dx
= ot
Smilarly y
-
dy
= at
dy
= at
dy
= at
dy
= at
dy.
= dt
dy
= at
dy
= dt
dy
dx

3sin’tcost

Jcos 2t

3sin’tcost sin®tsin2t

_|_
Jeos 2t (cos2t)*?

. 1 d
sin® t x(—— \(cos 2t) % —(cos 2t
+sin® £ 2)( y o (cos2t)

3sin? tcostcos2t + sin® tsin 2t
(cos 2t)*'?

3sin® tcost(1-2sin’t) + 2sin® tcost
(cos2t)*?

3sintcost—4sin® tcost
(cos2t)*?

sintcost(3sint —4sin’ t)
(cos 2t)*?

sin2tsin3t
2(cos 2t)*?

cos’ t

Jcos 2t

cos®t (cos 2f)7?2

— 2 i
3008 HSINt | cogt (2 Jigos 2) 2 (cos2)
\Jcos2t 2 dt

—3cos’tsint cos>tsin2t

+ _
Jcos 2t (cos 2t)*?

—3cos? tsintcos2t +cos® tsin 2t
(cos 2t)*?

~3cos® tsint(2cos’ t — 1) + 2¢os’ tsint
(cos2t)*?

—4cos* tsint + 3cos?isint
(cos 2t)%?

—sintcost(4cos’ t — 3cost)
(cos 2t)*"?

—sin 2t cos 3t
2(cos 2t)*'?

dy
dt _ —sin2tcos3f _ _cot3t.

dx  sin2tsin3t
dt
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Nurturing Success...

MATHEMATICS - XIl | Differentiation of Function WRT Another Function NCERT

- SMART ACHIEVERS

___________ Nurturing Success...

Q1.
Q2.

Q3.

Q4.
Q5.
Q6.

Q7.

Qs.

Q9.

Q10.

Q11.

Q12.

Q13.

Q14.

Q15.

Q16.

Q17.

Date: 18/10/2021

Differentiate log (1 + x?) w.r.t. tan~" x.

Differentiate sin~'(2x+/1- x2) w.r.t. tan'1[ X ]

J1-x?
Differentiate tan™" (::"'JJ w.rt. J1+a%x?

- ax
Differentiate (log x)* w.r.t. log x.

Differentiate x* with respect to x log x.

Differentiate sin™ ( . 2x zj w.rt. tan' x,-1<x<1.
+X

Differentiate tan™ [\“ +x? — 1]w.r.t. tan”' x, x 20
X

Differentiate tan™’ (X_:” w.r.t. sin”' (3x - 4x°).
X

Differentiate (cos x)*" * w.r.t. (sin x)c°s *,

COs X

Differentiate tan™" [ -
1+sinx

] w.r.t. sec™ x.

Differentiate tan-'(1+2X)w.r.t.\[1+ 4x?
1-2x
Differentiate cos™! (4x° — 3x) w.r.t. tan™"’ (\H = x? J
X

Differentiate x" * w.r.t. (cos x)~.

Differentiate sin™'(2ax\1- a’x%)"w.r.t. 1-a’x?.

Differentiate tan-' /| V1+ x2 <41~ x2 | w.rt. cos' X2,
ViI+x? +41-x2 I

If x e (i, 1), differentiate tan 1[\)1 - x* ) wir.t. cos 1(2)«'\/1— x? ) _

7 - X"

X
Differentiate’ x¥"'* with respect to sin*! x.
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AC

MATHEMATICS - XIl |

Nurturing Success...

Differentiation of Function WRT Another Function NCERT-Solution

S1.

S2.

S3.

Let

and

z=log (1 + x?)
y =tan’'x
dz _ 1

c2X
dx 1+ x?

dy 1
ax 1+ x?

dz _ dzfdx _2x/1+ x?

dy dyjdx  11+x2

z = sin'(2x41- x?) and

Put x=sin 06

Let

z=sin" (2 sin 04/1— sin? 8)

= sin~" (2 sin 0 cos 0)

= sin~'sin 20
=20 =2sin""x

dz _ 2

dx  J1-x?
dz _ dzfdx _2/1=% 5

dy  dy/dx /{1 x2

zZ= tan_1 ﬂ
1-ax

z = tan'1 +tan"' ax

N
Il

T _
~ +tan 'ax
4

g a
dx  1+a°x?

Date: 18/10/2021

y= tan™’ [

X
1-x?

Put x = sin'®

y = tan™!

sin 0
J1-sin?6

- Itan_1 sin O J

cos 0

= tan™' (tan 6)

y =6 =sinz' x

Y _ N

dx . Ja- x2
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and let y = |1+ a’x?
ﬂ = ;i 2X2 = LQX
dx 2.1+ a’x? dx Z 1+ a’x?
dz _ a/(1+a’x®) _ 1
Y ax/\1+a%x®  ax1+ax>
s4. Let = (log x)*
log z= x log log x
1dz 1
—— = X- -—+loglog x -1
Z dx log x x
dz 1
— =z +loglog x
dx log x
%z (log x)* +loglog x
dx | log x
daz _ (log x)" 1+log x -log log x
dx I log x
az (log x)*~"[1 + log x - log log %]
dx
and let, y = log x
@ 1
dx  x
dz _ dz/dx: s (log x)* " (1+log x - log logx)
dy  dyfdx 1/x
=/'x(log)*~' (1 + log x - log logx):
S5. Let u=x*and v = xlog x.
Now, u= x~

log u= xlog x

Differentiate w.r.t. x both side

1du 1
= —— = Xx-—+logx-1
u dx X
du
— = u{(1+logx
= o ( gx)
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and,

Alternate method

S6.

Now

Putting

and

Letu= sin“[ 2x
1+ x

— =x*(1 + log x)

ax
v = xlog x
v = xv1+logx=(1+logx)
dx X
AV = (1 +1ogx)
dx
du

du &zx" (1+Iogx)=xx
dv dv (1+log x)
dx

u= xx

log u= xlog x

logu =v
u=ev
v _
— =e
dv
du
_=u
dv
du _ .
— = X"
dv

2] and v =tan'x, =<1 < x< 1.

u= sin‘1[ 2x2]
T4+ X

X ="tan 0, we have

u= sin” (Zta_n?) =sin"" (sin 20) = 20
1+tan“0
u= 2tan'x
du_ 2
dx 1+ x?
v = tan~'x

1< x<1=>-T<p<
4

—_T <2<
2

TIZ

e
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dv _ 1
i ax 1+ X
du 2
du_a_1+xz_2
av  dv 1
dx 1+x°

X

S7. / 2 _
Let u= tan“{w] and v=tan' x

Putting x = tan 0, we get

Now

Putting x = tan 6, we get

— =
tan®
» ('sece—T
= = tan'| —
tano
_1(1—0059
= = tan | ———
sin
2sin"'(g)
= u =tan’
2sin (ﬂ] €0Ss (9]
2 2
' 0
= = tan"[tan —
[eh )
1
= = —0
2
- = 1tan"x
2
du 1 1
= — = —x
dx 2 1+ x°
and v = tan' x
dv 1
= av =
dx 1+ x?

u= tan™ (—'sz _1}
X

- tan- [«J‘I+tan2 0-1

|
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du

% = d—x=—2X(1+X2)=1.
dv AV 201+ x?) 2
dx
s8. X1
z= tan”[ ) and y = sin~" (3x — 4x°)
1+ X
z= —tan"’ [u] y =3 sin~' x
1+ x
z=—[tan"1 —tan"x] ¥y 3
dx 1-x?

_ T
z=tan 'x-=
4

E 1
dx 1+ x?

dz _ dzldx _

1J(1+x%)  J1-x°

dy  dyfdx

S§9. Let zZ=
log z =

1dz
Z dx

E
ax
E
adx

and y=
log y'=
4oy
y dx

d_y
dx
E
ax

dz
dy

3/ 1-x2 3(1+x3)

(COS X)Siﬂ X

sin x log cos x

sin x -

-(—sin x)+ logcos x - cos x
COS X

z[cos x log €08 x — sin x tan x]

(cosx)s*[cos x log cos x — sin. x tan x]

(Sin x)COS X

cos x log sin x

CoS X - -€0S X + log sin x - (—sin x)

sin x
y[cos x -"eot x — sin x log sin x]

(sin x)c°s* [cos x cot x — sin X log sin x]

dz[dx _ (cos x)*"*[cos x log cos X — sin x tan x)
dy/dx  (sin x)®%*[cos x cot x — sin x logsin x)
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S10.

S

Let

_1[ cosx
z = tan 1[ ] and y =sec'x

1+ sin x
sin (E—x]
z=tan’ 2 dy
1 [n J adx
+ CcoS E_X
T X T X
2 sin [———] cos [Z—E)
z=tan™’

z = tan' tan [E - i]
4

2
T X
Z=___
4 2
az _ 1
ax 2

dz _dzfdx 12 —xyx*-1
dy dyfdx 1[(xx®-1) 2

1. etu=tan (%J and v =v1+4x? . Then,

and

1-2x

u=tan—'1 +tan— 2x

au__2
dx  1+4x°

v = VJ1+4x°
ﬂ = ;XBX
dx’ w2414 4x?
dv _ 4x
dx 1+ 4x°?

du 2

du _ dx _ 1+4x> _ 1

dv dv 4x oy f1i4x?

dx  J1+4x?

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 6



S12. 1_ x2
Let y =cos™ (4x* — 3x) and z=tan"’
X
y =3 cos™'x Put x = sin 6
dy _ -3 S = tan-’ J1-sin?@
ax 1— x2 sin 0
z=tan™’ CC_JSGJ
sin 6
z =tan"'cot 0
z=tan"' {tan (——9}
2
z=2_9="_sin'x
2
@z ____1
dx 1- x?
dy _ dyfdx _—3/[{1-x*
dz  dzfdx _1/J1-x?
$13. |et Z = xsinx and y = (cos x)
log z = sin x log x log y = x log cos x
1dz . 1 1 dy !
—— =sinx-—+log x - cos x —— = X- (—sinx) +logcos x -1
Z dx X y dx COS'X
1dz _ sinx dy _
—-—— = +log x - cos x: — = yl=xtan x + log cos x]
Z dx X dx
dz _ _|sinx+xlogx-cos x dy _
— =2z —— =(cos x)*[- x tan x + log cos x]
dx X dx
g = sinx sin x + x log x - cos x
dx X
g2y ysnx - [sin x + x log x"'e0s x|
dx

Now dz _ dz[dx _ x*"*=1[sin x + x log x cos x]

dy dy/dx (cos x)*[logcos x — x tan x] '
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S14. | et y = sin” ' (2ax4/1- a®x?) and z=1-a’x?

Put ax=sin 0

y = sin""(2sin 84/1-sin?0) 9z _ ;im_a

y =sin™' (2 sin 6 cos 0) =

y =sin' (sin 20) =
y=20=2sin"ax

dy

2 d 2a
= = A=
dx 1}1—azx2 dx J1-a’x?
dy _ dyfdx _ 2a[\1-a°x* -2

dz  dzfdx _ a’x [{1-a°x> ax

Now,

S15. Let

1+ 2 1_ 2
u=tan"{\/ X “/ x}andv=cos“x2.

J1+x2 + 1=

Now, u= tan™ \/1+x2 —\/1-x2
J1+ 5 #1253

Putting x? = cos 0, we get

J = tan_1{\/‘l+cose-\/1—cose}

J1+cos 0 +,/1-cos

\/20082 o _ \]2sin2 4
2 2

= = tan™ S 5
J2cosz — ¥ \/2sin"' —
2 2
0 . 0
cos-— —sin —
= u=tan g
cos — +sin —
2 2
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1-tan 0 0
— u= tan™ 2 {Dividing numerator and denominator by cos E}

1+ tan —
= u= tan™ tan[E - 9]

4 2
= u= E — 1 (3]
4 2
1 1,2 2 = = 1 42
= u_Z_ECOS X [ x*=cos 0 .. 0 =cos™ x7]
du —2X

du _ X
= -~ =
dx 1-x*
and v = cos™! x?
dv —2X
i _— =
ax 1—x*
du
du _ dx
SO, E = ﬂ
dx
X
du _ Ji-x* __1
dv -2X 2
1-x*

S16. Letu= tan‘{ “1;)(2] and V.= cos'1(2x,/1— xz)

X

Now us= tan'{
Put x =sin 6. Then,
V2 J2
_1{,/1—sin29J
= u=tan'| Y¥——

sin 0

U

<sind<14= E<9<E
4 2
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= u = tan' (cot 0)

= u= tan {tan{%-ﬂ)}

= u= g—e {-Ece{E:OqE_ecE]
= u=Z _sinx
2
du 1 1
e — = 0- = _
dx V1-x2 J1=-x2
and v=cos " (2xv1-x?)
= V= g—sin‘1(2x«/1—x2)
= v= g—sin“(ZSine 1-sin?0) [ x = sin 0]
T .
= V= E—sm (sin20)
= v= %—sin"1{sin(n—29)}
= v= L (n-20) Tep<t 0<n-20<T
2 4 2 2
= v=-"4+20
2
= v= —Z+28in”"x
2
dv _ 2
= 2 =

dx {1 x?

-1
du
du _ dy - 1-X* _ 44
dv  dv 2 2
dx 1%
S17. Let u= X" and v=sin"x
Now u = xx

logu = sin~'x - logx
Differentiate w.r.t. x both side
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and, v

dv
ax

du
dv

. 1
= sin"' x-—+log x -
X 1-x°

{sin"x log x }
=u +
X J1-x2

P
_ xsm-I,(Jlsm x+ log x }
X V1= x?

= sin™' x

1
1=x

du Xsm-'xjsin“x+ log x }

dx - l X J1-x?

dv 1

dx 1= x2
V1= x?
X

= x*" *Jlogx + ————sin”"x
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Nurturing Success...

MATHEMATICS - XIl | Higher Order Derivatives NCERT

- SMART ACHIEVERS

___________ Nurturing Success...

Q1.

Q2.

Q3.

Q4.

Q5.

Q6.

Q7.

Qs.

Q9.

Q10.

Q11.

Q12.

Q13.

Q14.

Q15.

Q16.

Q17.

Q1is.

Q19.

Q20.

Date: 18/10/2021

If y = sin log x, prove that dez_Y + xd_y +y=0.
dx? dx

If y = ae* + be™, prove that dz_y _ d_y —2y =0.
dx? dx

If e¥(x + 1) = 1, show that d°Y = (d_yjz.
dx? \dx

d’y __cosx
dx? (1-sinx)?

If y = tan x + sec x, prove that

If y = x*, find d°Y
y d

XZ

y = x*, prove that d°¥ l(d_y)z Yo,

Zy_ _
dx? y \dx X

If y = Ae™ + Be™, show that day _ (m+ n)d_y +mny =0.
dx? dx

If x = tan(llogy), show that (1+ xz)dZy +(2x —a) W 0.
a dx? dx

If y = (tan"" x)2, show that (x? +1) d*y +2x(x%+ 1)d_y
dx? dx

If x=acos 0, y = b sin 0, show that ﬂ=i.
dx 2 azy3

If x=asint—bcostand y = acos t+ b sint, prove that zz“: =—(xz +y? )
X

If x = a(1 — cos 0), y = a(0 + sin 0) Prove that d2¥ = _1 atg =T,
dx? a 2
If x=a(1 - cos?®0), y = asin®0_prove that ﬂ=£at8=z-
dx? 27a 6

If x = cos 0, y=sin®0, provethat y d-Y . (ﬂ)z =3sin’0 (5 cos’0 —1) .
dx? dx

If y = sin(sin x), prove that % + tanxd_y +ycos’x = 0.
Ix

If y = (sin~ x)2,'prove that (1 - x3) &Y %9 _2 _o.
y = (sin™" x)?, prove that ( x)dx“ de

If y = e@_'x prove that (1 + x2 d’y 2x -1 dy =0.
y p ( ) o +( ) i
If y =500e™ + 600e7*, prove that :;21: =49y-
IX

If y = log(1 + cos x), prove that ﬂ + dz_y . dy = 0-
dx®* dx? dx

Ifx=2cost-cos2t, y=2sint-sin2t find d’y att= T,
dx? 2
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Q21.

Q22.

Q23.

Q24.

Q25.

Q26.

Q27.

Q28.

Q29.

Q30.

Q31.

Q32.

Q33.

Q34.

Q35.

Q36.

Q37.

Q38.

Q39.

Q40.

Q41.

If x = asintand y = a(cost + log tan t/2), find %
Ix

If x= a(cos t+ tsin f) and y = a(sin t— tcos 1), find d°Y and d°Y
dx? dt?

If x = a(0 — sin 0), y = a(1+ cos 0), find .,;y
x2

If x = a(cos 0 + 0 sin 0) and y = a(sin 0 — 0 cos 0), find _t;zg.
X

If x=a (0 + sin 0) and y = a(1 - cos 0), find _gzg
X

If x = cos t + log tan f and y = sin t, then find the values of d’y and d*y att==~

dt? dx?

If x = acos®0 and y = a sin® 0, then find the value of 3 Y ato= E
X2

If y = a sin x + b cos x, prove that y? + [g_i)z =a? +b°.

If log (vV1+ x? = x) =y+V1 +x?, show that (1+x2)ﬂ+xy +1 =0.

If y = e (sin x + cos x), then show that :_-;y 23"’ +2y =0.
x 2

If y = e~ sin x, prove that d’y 29y 4oy 0.
y p a5 -2 +2y

Ify = {x+\/x2 +1}m, show that (x? + 1)y, + xy, — m?*y =0.

If y = 3 cos(log x) + 4 sin (log x), show that x? g Yot x gy +y =0.
x2 X

Ify = xlog[—X—), prove that x*92Y = (x9V _ Y
y g[a+bx) P X ax? y

dx

If y = log [x + Vx? + a*], show that (x*+a%)dyY y+xgy =0.
dx? X

If y = e2%°5 "X _1< x <1, then'show that (1 x )d 2y _xgy —a’y =0.
dx? X
If y = cosec™ x, x> 1, then show that x(x 1)“r +(2x 1)%:0_
X
If y = (cot™" x)?, then show that (x> +1)2d_3’2' +2x(x? + 1)3_5’ _2
dx X

Ify=~‘-"in4'1’f_,showthat(1—x)dy Lo, Ay _y =0.

V1-="x2 ax? dx
Ifx=acos0+bsinbandy=asinb-bcos 6, prove that
d’y _ dy
2 + 0
ax?  dx Y

If x = sin £, y = sin pt, prove that (1—x2)ﬂ_xgy + py =0.
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Q42. Find A and B so that y = A sin 3x + B cos 3x satisfies the equation

2
d’y +4Q
dx* dx

+ 3y =10 cos 3x.
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Nurturing Success...

MATHEMATICS - XIl | Higher Order Derivatives NCERT-Solution

Date: 18/10/2021

S1. y = sin log x ()
_ dy _ coslog x (i)
dx X

d2y x(—sin Iogx)-%—cos log x -1

- dx® x?
2
= x2d )2/ = —(sin log x + cos log x)
dx
= —sin log X — x cos log x
X
- yx¥ from (i) and (ii)
dx
2
= x2d—52/ +xd—y +y=0.
dx ax
S2. y = ae2x + be—x
= L 2ae* — be™
dx
2
= d "'2/ = 4ae* + be™
dx
2
Now, d {f _ay 2y = 4ae® + beX— 2ae® + be™ — 2ae* — 2be*
dx dx
=0
$3. We have,
e’ (x +1)="1
= e’ = L
x+1
)
= log &’ = log| —=
X +1
= y=-=log(x+1)

Differentiating w.r.t. x both side
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dy 1

= I —
dx X+1
d’y _ 1

and ol (x+1)
2 2

~ Ay _ (dy
dx? dx.

S4. We have, y = tan x + sec x

Differentiating again w.r.t. x both side

dy 2 1 sinx 1+sinx
— = sec’ x+secxtanx=———+———= 5
dx COsS“ X COS“X COs“X
dy _ 1+sinx 1

= —— = ——
ax 1-sin“x 1-sinx

Differentiating again w.r.t. x both side

d?y d 1 d o
= = — =—/{(1-sinx)"
dx*  dx {1—sinx} dx { )}
d?y ., d .
= = (-N)(1-sinx)"—(1-sinx
I (1) ) dx( )
2
d;; = __1 2(—cosx):L,sx—?.
dx (1-sinx) (1- sinx)
§5. We have, y = x*
log y = x log x
Differentiating w.r.t. x, we get
1dy _ 1-It:rgx+x-1
y dx X
dy _ .
= L =/y(1# log x) . ()
ax

Differentiating both sides of (i) w.r.t. x, we get

2
ZX{ = %(1+Iogx)+y§;(1+logx}
d2 d 1 . .
- %= (i+logx) +y = y(i+logx) + [Using (i)]
d’y _ . 1
= 5 - X {(1+Iogx)2+;}
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S6.

S7.

We have,
y=x
logy = x logx
Differentiating w.r.t. x, we get
1d 1
——— = Xx-—+logx-1
y dx X
dy _ .
= d‘_ = y(1 + log X) .. (i)
Differentiating w.r.t. x, we get
d?y d dy
= —(1+logx) + —x(1+log x
X2 yxdx( gx) dx><( gx)
d’y _ 1 dy
= o —yx;+ax(1+logx)
) . .
= dy _y,dy[1dy From()wehave'1+logx—ld—y
dx*? x dx |y dx y dx
d? ?
dx x y\ldx
d’y _1(d_Y'J2_ Y =0
dx? yldx X '
To show d—2y—(m+.'?)(“'—y+mny—0 (1
2 ™
Given, y = Ae™ + Be™
Differentiating w.r.t. x, we get
Y - pAmem + Bnes 0
dx
Again, differentiating w.rt. x, we get
2
= LY e+ Breen ... (iii)
dx

2
To prove Eg:.(i), we put the value of z—i from Eq. (ii) and that of 3—{ from Eq. (iii) along with
X

value of yin L.H.S. of Eq. (i)

2

dcy dy
LHS. = —-(m+n)—+mn
dx? ( )dx y

Am?e™ + Bn?e™ —(m+ n)-(mAe™ +nBe™ )+ mn(Ae™ +Be™)
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S8.

S9.

= Am?e™ + Bn?e™ — m*Ae™ — mnBe™ — mnAe™ -

=0=R.H.S.
L.H.S.=R.H.S. Hence proved.

Given that \ = tan[llogy]
a
1
= tan”' x = —logy
a
= atan'x =log y
Now, differentiating both sides w.r.t. x, we get
1 1y
1+x2 ¥y dx
= (1+x2)ﬂ = ay
dx
Differentiating again on both sides w.r.t. x, we get
d(dy) dy d 2 d
1+x%) —| L [+ L —(1+x%) = —(a
( ) dx[dx] dxdx( ) dx(y)
d’y dy dy
= 1+ x3)—Z+-2L.(2x) = a-—
( )dx2 dx (2X) dx
2
= (1+x2)—y+2xd—y—ad—y=0
x? dx  dx
2
=N (1 +x2)d—32/+(2x—a)ﬂ = 0. Hence proved.
dx dx
Given that y-= (tan~" x)?
Differentiating both sides w.r.t. x;we get
Y - 2tanx.
dx 1%.x2
dy _ 2tan'x
= — = =,
dx T4 x
(1+x2)d—y = 2tan' x
ax

n?Be™ + mnAe™ + mnBe™

d 1 1
—(tan” x) =
[ dx( ) 1+x2]

[By cross multiplication]

{ i(tan‘1 X) = L 2}

dx 1+ x
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Differentiating again w.r.t. x on both sides, we get

dy

dyd

d -1
—(2tan x
dx( )

y=bsin0O

1+ x2 — (1+x%) =
( A [dx dx dx ( )
d’y dy 2
j —_— -
(1+x%): a i 2x 1+ x?
= (1+X2)2d—y+2x(1+x2)ﬂ= 2
2 dx
or (1+x2)2d_y+2x(1+x2)d_y = 2. Hence proved.
dXz X
S10. x =acos 0 and
d_x =—asin®
do
Now dy _ dy/de _ b cos 0
dx dx/do -—asind
d _
= Y- =D oto
ax a
Again diff. w.r.t. x
2 —
= d—{ = —b(—cosecze)@
dx a dx
2
= dy _b_ 1 | 1_
dx? asin0 -asind
2 —
= dy _zbh 1
dx*  a* sin’g
2 3
= dy . ~XR¥
dx2 62 yS
N d%, . b
dX2 32y3

dy
ax

=—asint+bcost

dy [dt _ bcost—asint

dx/dt acost+bsint

i(tan‘1 X) =
X

[ sinf =
b

1+ x?
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dzy (acost+bsint)(—b sint—acost)g—t—(b cost—-asint)(bcost-asin t)?

Now, - = X — X
dx (acost +bsint)
_ __(acost+bsin t)> +(bcost—asin t)z_ﬂ
| (acost+bsint) Jdx
_ [(acost+bsint)* +(bcost-asint)’ | 1
I (acost+bsint)’ | (acost+bsint)
_ [(acost+bsint)’ +(asint - bcost)’ |
| (acost+bsint)®
[y ex?
= __ 7
Ly (yex
dX2 y3
S12. x=a(1-cos0) and y=a(0 +sin0)
ax , dy _
40 =asin 6 a0 =a(1+ cos 0)
dy _ dy[de _ a(1+cosb)
dx  dx/de asind
2
- 2cos’(8/2)  _ Y
2sin(0/2).cos(06/2) 2
Again diff. w.r.t. x
2
P | et 040
dx 2+2.dx
- —1 . 1
d -1
a(1-cos0)sin 0
%y - _ 1 _ 1
dx’le=T [ n] T a
a|1-cos— [sin—
2 2)7 2
S13. x =a(1 - cos®0) and y =asin®0
dy _ .
= x 3a cos20 sin 0 a0 3a sin?6 cos 0

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 6



dy _ dy/do 3asin0cos0

= =tano.
dx dx/dd 3acos?0sinb

Again diff. w.r.t. x

2
d_y = sec?0. @
dx? X
2
1
= seg 0 - = —sec*0 cosec 0
3acos’fsin® 3a
2
d_g r = 1 sec ™. cosec ™
dxc o= = 3a 6 6
6 4
= L[i 2
3al/3
_ 32
T 27a’

S14. X =cos 0 and y =sin®0
ﬁ=—sine ﬂ=33in26cose
do do

dy _ dy/d6 _ 3sin"6cosb
dx dx/do —-sin®
= —-3sinbcos o
= —EsinZB
2
2 —
Now, d_,;r = —a(cos 28)2-@
dx 2 ax

-3€0s.20 _ 3 cos 20
=sin o sin 0

I

2 2
ydy+[dy] sin® 0

3 cos 20 -3 ?
dx? Adx . *

—5in 20
sin 0 2

3 sin? 0 cos 20 +9 sin20 cos? 0

= 3 sin? 0 (ces 20 + 3 cos? 0)
= 3sin? 0(2cos?0 — 1 + 3 cos? 0)
= 3sin?0(5cos?20-1).
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S15.

y =sin (sin x)

= g—y = cos (sin x) - cos x
X
dzy _ . . S
= v cos (sin x) - (—sin x) + cos x - (— sin (sin X)) - cos x
X
d’y _ . .
v i [sin x cos (sin x) + cos? x sin (sin X)]
and tan xd—y = S X -cos(sin x) cos x
dx  cos x
= sin x - cos (sin x)
and y cos? x = sin (sin X) cos? X
d’y dy s _ . o o i
Now e » + Yy COS“ X =-—sin X cos (sin x) — cos? x sin (sin x)
+ sin x - cos (sin x) + sin (sin x) cos? x
=0. Hence proved.
S16. = (sin™" x)?
= ¥ 2sin7 x - L
dx 1-x?
1
v1- —8in X - —— (- 2x)
- acy _, J —x* 2\1-x*
dx? i (- x?)
=9 \}1 x*epx sin™ x
( X )3f2
2
Now, (1—x2)d{ (7 \/ —x* + xsin”"' x
dx | \/1 —x? |
and dy _ 2xsin”'x
dx 1-x?
2
Again now, (1-x3) g% —x% ~2

2x sin” x 2xsin”' x

\/1 J1-x2

-2=0.
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S17.

S18.

S19.

y
dy

= —_—

dx

dy
1+ x2) L
( X)dx

Diff. w.r.t. x both side

2
dy+2x—

1 2
= (+X)o‘x2 dx

2
A1+ xi’)z—{uxd—y =
X

dx

2
A1+ x2)%+(2x—1)d—y =

adx

= etan' X

= etan_1x. 1
14 x?

- etan"‘x

— elan'1><, 1
1+ x?

=&y

dx
=0

500 e™ + 600 e

500.7 e - 600.7 e

700 (5 €™ — 6 &)

700 (35e™ + 427

4900 (5e™ + 6e™)

= 49 (500e"™ + 600e7%)
=49y

= 49y.

log(1 +.cos x)

1
1+ cos x

- (=sin x)

n
|
—
o
=1
|

from eq. (i)
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Q
Iy
=
-
™

= = ——sec’—
dx? 2 2
3
= dy . —1-236‘(:—(sec—talniJ1
dx® 2 2 2 2)2
= —L;eczitan5
2 2 2
3 2
Now, d { d { A —lseczitani—lseczi(—taniJ
dx* dx® dx 2 2 2 2 2\ 2
= —JseczXtanX + sec? X tanX
2 2 2 2 2 2
= Q.
S20. X =2 cos t— cos 2t and y =2sint—sin 2t
ﬁ=—28in1‘+25in2t and %‘20051‘—20082!‘
dy _ dy/dt _ 2cost—2cos2t
dx dx/dt  2sin2t-2sint
26i 3t .t
_ cost-cos2t  <SIN,-siny tanst
sin 2t —sin t ZCOSE-Sin— 2
2 2
2
dy = 239022 £=§ Czﬂ- - 1 -
dx? 2 2 dx 42 2 2(sin2t-sint)
2
3}({ . - gseczs_n. 1 =
=2 2[sin:n:—sin —]

S21. Given that, y = a[cost+ log tan %) X =asint

Differentiating'both equations w.r.t. f, we get

v a E(c;c:-sst‘)+E Iog’[an£
dt dt dt 2
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d
= F}t/ = al|-sint + 11‘ x%(tan%}
mn[—]
i 2
dy

— = a|-sint+ L
dt (f)
tan| —
cos[ij
2 1
)4
sin[il cosz(iJ
2 2

1

x sec? i)xl
2)"2

N

= g| -sinf+—x

= al|-sint+
. t
2sin—-cos—
2 2

= a —sim‘+_i sim‘=23ini-cosi
i sint 2 2
_ H—sinﬂ
= al—-
i sint
cos? t
= a— [ sin?t+rcos? t= 1]
sint
dx d .
— = —(asint)=acost
and p dt( )
2
dy [acos t}
o sinf
AR = cott
dx  dx4 " acost
dt
2
d_‘}; = i[ﬂ}:i(cotf)
dx dx | dx dx
= i(-::otf)x(—dij
dt ax
= (—cosec%)[ﬁj
dx
= —(cosec?t)-
acost
_ ~ cosec’t
acost
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§22. Consider
x = a(cost+tsin i)
Differentiating w.r.t. t, we have

ax
dt

a(-sint+1.sint+tcosf

at cost
Again, considering

y=a(sint—tcost)

Differentiating w.r.t. t, we get

dy = a(cost—cost-1+(tsini)
dt
= atsint - ()
dy

dy _ dt _ atsint - tan ¢

dx  dx atcost
dt

Now,

Again, differentiating w.r.t., x, we get

) .
d y = i[d_yJ = i[d_yjﬂ = Seczt _l
dx?  dx\dx dx\ dt ) dx dx

dt
2
atcost at
We need to find
d?y d [dy} d , dy ‘
— = —.| = (atsint ay _
dt?  dt dt dt( ) from (i), p atsint

a(sint+ tcos ).

$23. Here, we use chain rule,i.e:, if

y = £(0)" and x = £(0).
then _qy_ = d_y@
dx do dx

Given that x= a(@-sin0d) and" y=a(1+ cos0)

First, we find g—y

X
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Now, x =a(0—sin0)and y=a(1 + cos 0)

Differentiating both equation w.r.t. 6, we have

x = a(1-cos 9), ﬂ:—asine
do
'd_y'
dy _ \dp) -asin® _ —sind
dx [d_x] a(1-cosf) 1-cosO
do
—23ingcas9
or v =—cc:-t9
ax 2sin2 Y 2
2
» o .
NOW, d_}; = i d_y :i _CotQJ = i —COtE
dx dx\dx ) dx 2 do 2
= Jeosec2 8y 1
2 2 a(1-coso)
= 1 cosec? 1
24 2 pgin2 Y
2
1 40
= —cosec” —.
4a 2
S24. Given that x = a(cos 0 + 0 sin 0)
and y = a(sin 6 — 0 cos 0)
. . dy
First, we find dx using the formula

dy
ax

Differentiating Eq. (i) an
dx
do
dx
do

dy

&)

(e
do

d Eq. (i) w.r.t. 6, we. get

a(;ain/8+ecose+;iﬂ’§)

ab cos 0

@_
dx |

d
™ (f0)

[ &4 cot0 = —cosec? 0
ae

d
= (0
g o)

+1-cos@=2sin’ 9; L = cosec 0
2 sin®

. (i)
.. (i)

.. (i)
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and

3
1l

a(cos® +0sin0— cosD)

adsin 0

By using Eq. (iii), we get

Now,

S$25. Given that

and

First, we find

dy _ afsin®

= —— =tano
dx a0 cos0
2
d_'}z/ = i[d_y]zi(tane)
dx dx \ dx dx

= i(taln 8).@
do dx

= sec?0x
ab cos0
d’y _ sec®0
dx? ab

x = a0+ sin o)

y= a(1-cos0)

d using the formula
X

Differentiating Eq. (i) and Eq. (ii) wir.t. x, we get

d_x = a(1+ cos 0), d—y:asine
do do
dy asin®

ax a(1+coso0)

23in9wsE
- 2 2

0
2cos?
2

d d do |

v —[f0)]=—f —
[ dX[(@)] prm (G)ded
{:—1—=sec8

coso |

. (i)
... (ii)

... (iii)

[ isin(’r) =cos0, icosE} =—sin 8]
do do

[By Eq. (iii)]

) . X X
. sinx =2sin—cos—

X
and 1+ cos x =20032§
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2 = tan—
dx
2
Now, d_y = i d_y]
dx? dx \ dx
=4 tanE] '.'if(e)=if(6)-@
dx 2 dx dx dx
d 0y do
= —|tan— [x—
do 2/ dx
dx
X _a(1+cosb
,0 d(0) do gg _ A1cos0)
= Sec —_ e — | —_—
2 do\2) dx Lo 1
T dx  a(1+.60s0)
= 1eec2?, 1 [ — secand 1+.608X = 2cos2 >
2 2 ax2cos?? cos o 2
4a 2

$26. Consider
t
x = cos t + log tan (E}
Differentiating w.r.t. , we have

d
X = _sint+— 2t 1

ot tan[1

I

|
i
=
—~
+

_ , 1
sint +
2 sin [chos[ij
2 2
_ . 1 —sin’t+1 cos?t
= —sint +—— = - =—
sint sint sint

Again, consider
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S27.

y =sint
Differentiating w.r.t. t, we get
d

ay _
ot cost

Again differentiating w.r.t. f, we get

2
d’y _ il(d_y)zi(cost) =—sint
dat?  dt'\dt) dt

We need to find

dy
dy _ dt _ cost _sint _

= = =tant
dx  dXx cos?t cost
dt  sint
Again, differentiating w.r.t. x, we get
2 :
—}2/ = 5902t-£=seczt-Ln;=sec4tsint
dx ax cos“t
at f= E ﬂ—_ i E—_i
4’ gt? 4 2
at f= E,ﬂ:sec“E-sinE:(\/E)“-i:i:Z\/E_
4 dx2 4 4 '\/E ‘\/E

Given that x=acos®0and y=asin®0

Differentiating w.r.t. 0, we get

= x 3acos?0 i(cose)
do do
dx y .
40 = 3acos?0- (—sin0)=-3acos?0 -sin 0
and & = 3asin? o i (sin 0)
do do
dy . _ 4
= ) =13asin’0 - (cos 0) = 3asin?0 - cos 0
dy
dy _ | 4o | 3asin’0-cos6
—_ = = 5} N = —tane
dx dx | —3aco0s?0-sinod
do
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Again differentiating w.r.t. x, we get

2
4y - —i(tane)@ = _sec?0. %
dx? do dx dx

=—secze'[ ;1 : J
3acos“0-sind

dzy 1
dx? 3acos*0-sind

o
dx® (ato-2] 3a(cosgf[sing] 3&{é

2
$28. Given that y = asin x + b cos x B ()]
dv 2
To prove y? + [_y] = a2+ p? ... (ii)
dx
Differentiating Eq. (i) w.r.t. x on both sides, we get
d_y = acos x—bsinx
dx

Now, we take L.H.S. of Eq. (ii), we get
2

L.H.S.= y? +(d_y]
dx

Putting value of y and g—i’ we get

L.H.S.

(a sin x +'bcos x)? + (a cos x — b,sin x)?
[ (a+h)® =a° +b? + 2ab]
a%sin?.x + b?2 cos? x + 2ab sin'x ¢os x
+ &% cos? x + b? sin? x — 2ab sin x cos x

a’ sin? x + b? cos? x +. a%.cos? x + b? sin? x

Taking a? and b? common, we get

L:H.S. = a%(sin? x + cos? x)«+ b?(sin® x + cos? X)

a2+ b?

$29. Given, log (V1+ X% — x) = yv1+ x?

To prove (1+x2)%+xy+1=0
X

Differentiating Eq. (i) w.r.t. x on both sides, we get

R.H.S« Hence proved.

[+ sin? x + cos? x = 1]

(i)
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S$30.

1 dar. > = ,9 1+ x2 +1 2 dy
r71+x2—xd"[ 1+x° —x ydx\/ +x2 + 1+ x ™

1 1 d o y d dy
— (X)) -1 = —2——(+x®)+V1+x%2 ==
\/1+x2—x[2\/1+x2 dx 21+ x? dX dx

dx

1 2x | 2x dy
= 1| = yx—=2—+\V1+x% =L
\/1+x2—x[2\/1+x2 | 21+ x? dx

1 [x—\/1+x2 _ Xy +/—1+x2'd_y

j— =
Viex2 x| J1+x2 | 1+x® dx
dy
1+ x%)=L
_ 1 Xy +(1+x )dx
Y1+ x2 J1+x2
= 1= xy+(1+x2)d—y
ax
2, dy
= (1+ x )d—+xy+1 = 0. Hence proved.
IX
Given that y = €e‘(sin x + cos Xx)

=0

5
o
>
o
3

|
_l_
N
<
|

= P _ e* ‘i(sinx+cosx)+(sinx+cosx)‘i(e")
dx dx dx
AN _si i &

= ol e" (cos x —sinx) +(sinx+Ccos x)-e

= d—y=e"(2cosx)=28"cosx
ax
Y _ 2e* cosiX
dx

Differentiating Eq. (iii) w.r.t. x on both sides, we get

d?y

dx?

(2e™) g (Cos X) + cos X .i(2e")
dx dx

2e* (- sin x) + cos x . 2¢e*

d dv
w—(uv)=u—=+
dx

du}
v_
dx

. (1)

.. (i)

... (iii)
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= = 2ecos x — 2e* sin x ... (iv)

2
Now, we put value of d—g and vy from Egs. (iv) and (iii) along with value of y in L.H.S. of
. dx ax
the Eq. (ii).
2
LHS.= 9V L& 5
dx? dx
= (2e* cos x — 2e* sin x) — 2(2e* cos x) + 2e*(sin x + cos X)
= 2e*cos X — 2e* sin X — 4e* cos X + 2e* sin x + 2e* cos X
= 4e* cos x — 4e* cos x
= 0=R.H.S.
L.H.S.= R.H.S. Hence proved.
§31. Given that y = e*sin x .. ()
d
First, we find 2 and —g
ax ax

Differentiating Eq. (i) w.r.t. x on both sides, we get

= v e” ‘i(sinx)+sinx‘i(e")
dx dx dx
{ Using product rule, i(u V)= uﬂ[’_ + vd—u
ax dx adx
= Y e’ cosx +sinx-e” ‘-‘i(SiHX)zcosx;i(e")ze"
dx dx dx i
Now, Yy e*(cos x + sinx) .. (i)
dx
Again, differentiating Eq. (ii) on both'sides w.r.t. x, we get
d?y , W ! . : d ,
—2 =8 +—(cos x + sin x) + (Cos X+ sinx)- — (e
2 - )+ ( ) ()
d2y L . . ;
= —2—e"(—smx+cosx)+(cosx+smx)-e
dx
= e[- sin x + coS x + cos x + sin x]
d%y
— =2cosxe* ... (i)
dx?
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Now, we have to show that

2
d_y_ dy 2y = O
dx? dx
Putting the values of d_y from Eq. (|||) — from Eq. (ii) and that of y from Eq. (i) on L.H.S., we
get dx?
2
LHs = 3Y & 5
dx?  dx
= 2e* cos x — 2e* (cos x + sin x) + 2e* sin x
= 2€eCos X — 2e¥ cos X — 2e* sin x + 2e* sin x
= 0 = R.H.S. Hence proved.
$32. We have,
y= {x +Vx? +1}
Differentiating w.r.t. x both side
Y m-{x+v‘x2+1}m_ xi{x+\jx2+1}
dx adx
dy 2 m-1 2x
= L = mix+x*+1 X M+ —
dx { } { 24 x? +1}
{x+\/x2+1} 1+ X2 + x
= m X
X4 X2 +1 \/xz +1
S 1+ x)
N Pt m,{ } __my
dx VX2 +1 X +1
= y, = my
x? +1
= yNx2+1 = my
Differentiating again w.r.t. x both side
— +\/x + 14y, = my
2\fx +1 ’ 1
= Xy, + (X + 1)y, = m1+x%y,
- my
=3 Y1 +3x3) + xy, = mi1+ x?
’ 1 V1+ x?
= y,02 + 1) + xy, =-m?y =0.
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3. ,d’y dy
Toshow x* —+x—+y=0 and
dx? dx Y

S3

Given that y = 3 cos (log x) + 4 sin (log x)

Differentiating on both sides w.r.t. x, we get

¥ -3sin(log x) d (log x) + 4 cos (log x) d (log x)
dx dx dx
- dy _ -3 sin(log x) N 4 cos(log x)
dx X X
dy _ :
= xa = — 3 sin (log x) + 4 cos(log x)

Differentiating again on both sides w.r.t. x by using product rule, we get

x,%[g_i]+g_3;.;_x(x) = j—x[—Ssin(Iogx)+4COS(|09X)]

2
xﬂ + U4 1 = -3cos(log x)i(log x)—4sin(log x)i(log X)
dx? dx dx dx
_ x-ﬂ ,dy 4 _ —3cos(logx) _4sin(logx)
dx?  dx X X
_ .4y dy _ —[3cos(logx) +4sin(log x)]
dx?  dx X
2
= x> d_y+ Y —[3 cos (log x) + 4 sin(log x)]
dx?  dx
2 dzy dy . .
= X“—Z+X—= -y [-- 3 cos (log X).+4 sin (log x) = y(given)]
dx dx
2
Hence, x? d_y+ xd—y+y =.0."Hence proved.
x?  dx
S34. e have, y =.xlog [ ]
a+ bx
= y = x{log x — log(a + bx):}
= Y = log x —log(a+bx)
X
Differentiating w.r.t. x, we get
dy
X——=Y
= e~ = 1T @)
X X a+bxdx
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—_— - = X —_—
= xdx y {x a+ bx
a+ bx — bx
= xd—y—y = X
dx - X(a+ bx)
dy _ax .
= Loy = ok - ()
Differentiating both sides of (i) w.r.t. x, we get
2 —
- Xd);+d_y_d_y=(a+bx)xa a:((0+b)
ax dx dx (a + bx)
- 9 _a
dx>  (a+bx)
d’y a’x? L ]
= 3 = Multiplying both sides by x?
dx®>  (a+bx)? (Multiplying v
2 2
- Xad_}: =[ ax J .. (i)
dx a+bx

From (i) and (ii), we have

d’y dy 2
XL = | x2X_y|.
dx? [x dx y]

S35.

y= I4:Jg[x+\1x2 +32]

Differentiating both sides w.r.t. x, we get

d ;i(x+\/x2+az)
aX . xx2 + g2 dX

d 1d
{- a(logx)—;a(x)]

= v L {1+ 2X J
-2

dx  x4x348? Vx? +a?
_ 1 ‘[x+\/x2+az]

x+Vx2+a? | Jx?+a?
) = 1 Vx? +a% +x
"ox+dx® a2l Ix?+a?
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S3

ya(yx? +a?) =

Differentiating again w.r.t. x, we get

2 .2 d d 2 .2 d
N a’ — —( a’) = —(1
X°+ dx(Y1)+V1dx( X+ dx()

1.2
yz(\/x ra?)+ XN = g [-_-i(u.v)zu.d_"_,_v._
2/x2 4 g2 dx dx dx |

2
yv,(x*+a) +xy, =0 {where, V1= g—yand Yo =—J£
X
W
(x +a ) d’y + xd—y =0
dx? dx
" To show (1-x )——xd—y—a y=0
dx
Given that y= e ¥ q<x<1,
Differentiating the given equation w.r.t. x on both sides, we get
. gacosx -i(acos‘1x)\
dx dx
d_y = gdcos X ~a
dx 1=x?
.9 o =e", ——lcos ' x = il
dy .
— 1-x2 2= © ,A8C08 ' x
dx ae
- \/1_x2%=_ay ()

Again, differentiating above.equation w.r.t. x on both sides, we get

1—x2xd(dx) 2 d\J‘I x? -—a—

dx dx dx

1— x? @ d_y;i( —x?) = _a.ﬂ
dx?  dx pq_x2 dx dx

— 1— x2 dy dy 2x _ __, %
dx?  dx o f1_y2 dx
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S37.

7d’y  x dy

dx? J1-x2 dx

1-x

Multiplying on both sides by /1 - x2, we get

e

1—x
( )dx dx

But from Eqg. (i), we have

=

or
ax

(1Y
dx

Yy

—a1-x2%.

Y

dx

dy

ax

V1-x?

Putting value of 3—J; from Eq. (iii) in Eq. (ii), we get

d’y _dy
1-x?)—L - x—=~
( )dx2 dx
d’y dy
1-x%) =L —x=L
= ( )dx2 dx
d’y _dy

Hence, 1-x? —-X—-a
( )d 2 dx Y

To show

—aV1-x? x

1- x?

a’y

0. Hence proved.

2
2 d‘y 2 dy
X(x°=-1)—+2x " -1)—=0
( )dx2 ( )dx

Given that y = cosec™ x; x> 1

Differentiating w.r.t. x, we get

Differentiating again w.r.t. x both side

(X /xz_n_%(d_y] dy d( [ 1 ) d

dx

dys v 1
dXv xa/x? -1

xVx2—1d—y = —1

ax

1l
—_—
|
—
"

. ‘ dv
" dx Cdx

du

|

v.
dx

. (i)

.. (iii)
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2
= x\,‘xz—1-d—y+§—y{xX;iX\/x2—1+\/x —'1x—X)} 0

2
= X x2-1d—y2+d—y ;—(x —)+dx2-1x1t = 0
dx* dx |2 _1dx
2
= x\/x2—1—}2/ dy{ X 2X } 0
dx dx | 9./ x2
2 2
= X x2 ‘“2’ dy{ X +\/x2—1}—0
ax dx | x2 -1

2
= xv‘xz—1z}2/+ x° \/x—dy=0
X

x—1

Multiplying on both sides by vx? —1, we get

2
x(x2 —1)0'—5"+x2ﬂ+(x2 —1)d—y =0
dx? dx dx

= x(x? —1) +(x +x% - 1)d—y= 0
2

= x(x? —1)d—+(2x 1)2}i = 0.
dx?

Hence proved.
$38. Given, y = (cot™ x)?

2
To show (x? +1)? d—i+2x(xz2 +1)
dx

dy _,
Now, y = (cot™" x)?

Differentiating both sides w.r.t.’x, we get

o 2-001_1)(‘&(00'('1 X)
dx dx
Y . 2 (cot™" x)- _12 ['.'icoﬁx: _12}
ax 1+ x dx 1+ x
= (1+x2)d—y = _£2'cot" x
Differentiating w.r.t. x again on both sides, we get
d(dy dy d d dv  du
1+ X 1+ x? v—(WU-v)=suU—+v—
= (1) dx [dx] ax g X [ ax = dx]
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= = i(—zc:ot‘1 X)
ax

' d[dy) d’y
? ~2)x (— —7
— (1+X)2.d_;’+d_y.gx = ( Z)X(21) Tdxldx ) dx
dx* dx 1+ x d Py 1
—(cot™ " x) =
dx 1+ x?

Multiplying on both sides by (1 + x?), we get

2
(1+ x?)? +2x(1+x ) j; = 2. Hence proved.
X

$39. Giventhat

y= sin” x
J1-x?

Differentiating both sides w.r.t. x by using quotient rule in differentiation, we get

d V1= x? ><i(sin‘1 Xx) - (sin”’ x):-<-d—\/‘1—x2
ay dx dx
dx ( /1—x2)2

1—x2x4—sin‘1x-4 —(1-x?)

dy _ 1- X2 2J1-x2 X
dx (1-x2)

1—X2 .4_(sin_1x i}

)
dy _ | 11— x? 294 x?

- ax 1-x?
1_'_xsin‘1x
- dy o N1-x*
dx (1-x?)
N dy _ 1+X_12/ [ sin”! x y(Gwen)]
dx 1-Xx ‘]_x
= (1—x2)ﬂ= 1+ xy
dx

Differentiating above equation w.r.t. xon both sides by using product rule, we get

dy dy d d
(- X) [de dx dx(1 X ) - &(ny)

d’y d d
(1—x2)K§ +d—£(—2x) . xd—i:+y-1
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d’y ., dy  dy
= 1-x? —2x—L - x2L - 0
( )dxz ax ax ¥
= (1—x2)d—}2/—3xﬂ—y = 0. Hence proved.
dx
$40. We have,
x>+ y?>= (acos 0+ bsin 0)?+ (asin®—b cos 0)?
x>+ y? = a?cos? 0 + b?sin? 0 + 2ab sin 6 cos 0
+ a? sin?0 + b?cos?0 — 2ab sin O cos 0
= x? + y? = a%(cos? 0 + sin? 0) + b?(sin? 6 + cos? 0)
= X2+ y2 = a’+ b?
Differentiating w.r.t. x, we get
2X + 2y x Y 0
ax
. Yo _x 0
dx y
Differentiating w.r.t. x, we get
dy X
1—x— y—Xx|—-—
d’y yx dx [ YJ A
= = =- | —== Using (i
e )2 Y [Using (i)]
2 2 2
N dy . _*y) (i)
ax y
Now,
Ay Ay e XN _ x(—iJw [Using (i) and (ii)]
dx? dx y? y
21,2 2 2
yzd_};_xd_y+y: X y rx'ty =0
dx dx y
d’y _, dy
222 _xL+y =0 Hence proved.
Yo s, P
S41. X =sint and y =sinpt
dy
— =cost and —— = p cos pt
o P p
dy _ dy/dt _ pcos pt
dx  dx/dt cos t
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. dt . dt

cost-—psinpt-p— — pcos pt-(—sint)—

2 psinpt-p— = pcosp ( )dx
dx

o<

cos’ t

—p’sin pt cos t + pcos pt sin t _ dt

cos’ t dx

—p*sinptcost +pcos ptsint 1
cos® t cos t

—p?sin pt cos t + pcos pt sin t
cos’ ¢

Now, (1 - x?)

_h?al .
(1 = sin? B { p°sin pt cost+ pcos pt smt}

dx? cos’ t

— p?sin pt+ pcos pttant

cos pt
xd—y sinl‘-'O p

and =pcos pt-tant

dx cost
and p%y = p?sin pt
. d?y dy
Again now, (1-x - X—— +p?
gain now, ( X)dx2 o Py
= — p?sin pt+ p cos pttan t— p ces'pttan t + p? sin pt
= 0. Hence Proved.
S42. y = A sin 3x + B cos 3x
= d—y=3A0053x—3Bsin3x
ax
2
= d—{ = — 9A sin 3x — 9B cos 3x
dx
d?y dy : .
Now, e + 40'_ + 3y =(— 9A sin 3x — 9B cos 3x)+ 4(3A cos 3x — 3B sin 3x)
X X
+ 3 (A sin 3x + B cos-3X)
= —B6A sin 3x— 12B sin,3x — 6B cos 3x + 12A cos 3x
= (-6A —12B)sin 3x + (12A — 6B) cos 3x
2
But a’y +4$ + 3y = 10 cos 3x

dx? dx

= (—-6A-12B)sin 3x+ (12A - 6B) cos 3x = 10 cos 3x
Comparing the coff. of sin 3x and cos 3x both side
-6A-12B=0 and 12A-6B=10
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-12B-3B=5
-5 -1 2
B= — = — d A= —
15 3 o 3
-1 2
Hence B=— and A==
3 2" 3
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- SMART ACHIEVERS

Y__E!:_B_g Nurturing Success...

Nurturing Success...

MATHEMATICS - Xl | Rolle's men Value Theorem NCERT

Date: 18/10/2021

Q1. Examine if Rolle’s theorem is applicable on the function f(x) = [x] for x € [5, 9]. Can you
say something about the converse of Rolle’s theorem from the function?

Q2. Discuss the applicability of Rolle’s theorem for the function f(x)=3+ (x - 2)% on the
interval [1, 3].

Q3. Verify Rolle’s Theorem for fix) = x2— x— 6 on [- 2, 3].

Q4. Verify Rolle’s Theorem for f(x) = 2(x +1) (x—2) on [- 1, 2].

Q5. Verify Rolle’s Theorem for f(x) = x>-6x+ 5 on [1, 5].

Q6. Verify Rolle’s Theorem for f(x) = x2—8x + 12 on [2, 6]:

Q7. Verify Rolle’s Theorem for the function f(x) = x2 + 2x - 8, x ¢ [- 4, 2].

Q8. Verify Rolle’s Theorem for the function f(x) = x* — x—12 in [- 3, 4].

Q9. Verify Rolle’s Theorem for f(x) = x? - 2x - 3 on [-1, 3].

Q10. Verify Rolle’s Theorem for f{ix) = x? + 5x + 6 on [- 3, — 2].

Q11. Verify Rolle’s theorem for the function f(x) = x2 — 5x + 6. on the interval [2, 3].

Q12. Verify Roll’s Theorem for the function f(x) = x* — 6x? #11x — 6 in the interval [1,3].
Q13. Verify Rolle’s Theorem for the following function: f(x) = (x — 1) (x - 2)3, [1, 2].
Q14. Verify Rolle’s theorem for the function f{x) =x? — 4x + 3 on the interval [1, 3].

Q15. Verify Rolle’s theorem for the function f(x) = x (x — 3)%, 0 < x.< 3.

Q16. Verify Rolle’s Theorem for f(x) =(x*=1) (x—2) on [- 1, 2].

Q17. Verify Rolle’s Theorem for the function f(x) = x* + 3x*> - 24x — 80 in the interval [- 4, 5].

Q18. Discuss the applicability of Rolle’s theorem for the function f(x) = | x| on the interval
[-1,1].

Q19. Verify Rolle’s theorem for the function f(x)= /4 - x> on [~ 2, 2].

Q20. Discuss the applicability of Rolle’s theorem on the function

x?>+1, when0< x<1
f(x)= ;
3=x, when1<x<2

Q21. Verify Rolle’s theorem for the function f(x) = (x — @)™ (x — b)" on the interval [a, b], where
m, n are positive integers.

Q22. Verify Rolle’s theorem for the function f{x) = sin?x on the interval 0 < x < «.

Q23. Verify Rolle’s theorem for the function f(x) = sin x + cos x— 1 on the interval [0, g]
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Q24. Verify Rolle’s Theorem for the function f(x) = cos 2x in the interval [0, «].
Q25. Verify Rolle’s Theorem for f(x) = e* sin x on [0, =].

Q26. Verify Rolle’s Theorem for f(x) = sin x + cos x on [O,g .
Q27. Verify Rolle’s Theorem for f(x) = sin* x + cos*x on [0, g] .

Q28. Verify Rolle’s Theorem for f(x) = e'~~ on[-1, 1].

Q29. Verify Rolle’s Theorem for f(x) = &"'eﬂ on [0, ].

Q30. Verify Rolle’s theorem for the function f{x) = e*(sin x — cos x) on the interval [%, 5—“] .

4
Q31. Verify Rolle’s theorem for the function f(x) = x(x +3)e-"§' on the interval [- 3, 0].

Q32. Verify Rolle’s theorem for the function f(x)=1log iﬁ} on [a, b], where 0 < a<'b.

Q33. Verify Rolle’s theorem for the function f(x) = sin x — sin 2x on the interval [0, «].
Q34. Verify Rolle’s Theorem for f(x) =log(x2+ 2)-log(3) on[-1,1],

Q35. At what point is the tangent to the curve y = log x parallel to the chord joining the points
A(1,0) and B(e, 1)?

Q36. Using Rolle’s theorem, find points on the curve y = 16 —x?%,x € [-1, 1], where tangent is
parallel to x-axis.

Q37. It is given that for the function f given by f(x) = x® + bx? + ax, x € [1, 3] Rolle’s theorem

holds withc= 2 + i. Find the values of a and b.

J3
Q38. It is given that for the function f(x) = x3 = 6x2+ ax + b on [1, 3], Rolle’s theorem holds with

c=2+ i Find the values of a and b, if f(1) = f3) = 0.

NG
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S1.

S2.

S3.

Date: 18/10/2021

f(x) = [x] is discontinuous at x=5, 6, 7, 8, 9in [5, 9]. So, Rolle’s theorem is not applicable.

The converse of Rolle’s theorem does not hold good, because f'(x) = 0 forall x € (5, 6) U (6, 7)

v (7, 8)U(8, 9). But f(x) is neither continuous nor differentiable on [5, 9].

We have,
f(x) = 3+(x—2)§, xel1,3]
., F () = (g)(x 25
= f'(x) = gﬁ
Clearly, )I(iTzf'(x) =

So, f(x) is not differentiable at x =2 € (1, 3).

2
Hence, Rolle’s theorem is not applicable to f(x) = 3 + (x — 2)3 on the interval [1, 3.

We have
Here observe that

(i) f(x) being polynomial function, is continuous on [-2, 3]

(i) f'(x)=2x-1, which clearly exists for all values of x € (- 2,:3)
(iii) Also, f(-2)=4+2-6=0
f(3)=9=-3-6=0

= f(-2)=1(3)
Thus, all the conditions of Rolle’s theorem are satisfied.

Now, we have to show that there exists some'c € (-2, 3), such that f(c)=0

we have fi(x) = 2x — 1= 0= x:%
Thus c= %e (—2,3)such thatf'(c)=0

Hence, Rolle’s Theorem is verified.
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S$4. We have f(x) =2(x+ 1)(x—2)
=(2x+2)(x—2)=2x>—-4x+2x—4=2x>—-2x—-40on[-1, 2]
Here we observe that

(i) f(x) being polynomial function is continuous on [—- 1, 2]

(i) f'(x) = 4x— 2, which clearly exists for all values of x € (-1, 2)

(i) Also, f(1)=2(=1)2-2(-1)-4=2+2-4=0
And f(2) =2(22-2(2)-4=8-4-4=0
- f(=1) = £(2)

Thus all the conditions of Rolle’s theorem are satisfied.

Now, we have to show there exists, some ¢ € (-1, 2), such that f’(c) = 0

We have ffix)=4x-2=0 = x=%
Thus c= %e (—=1,2)such thatf'(c) =0

Hence, Rolle’'s Theorem is verified.

$5. We have
Here we observe that
(i) f(x) being polynomial function, is continuous on [1,'5]
(i) f(x) = 2x — 6, which clearly exists for all values of x € (1, 5), so f(x) is difféerentiable on
interval (1, 5).
(iii) Also, f1)=1-6+5=0,

f(6)=25-30+5=0
= f(1) =f(5)
Thus all the conditions of Relle’s theorem are satisfied.

Now, we have to show'that there exists some ¢ € (1, 5), such that f'(c) =0
We have, fxX)=x*-6x+5 = f'(x)=2x—6

ff(xX)=2x—-6=0 ="x=3
Thus;e= 3 € (1, 5) such that f' (¢)=0

Here, Rolle’s theorem is verified:

$6. We have,
Here we observe that

(i) f(x) being polynomial function, is continuous on [2, 6]
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(i)

(iif)

f'(x) = 2x — 8, which clearly exists for all values of x € (2, 6).
So, f(x) is differentiable on interval (2, 6).
Also, f2)=4-16+12=0,

f(6) =36-48+12=0
= £(2) = f(B)

Thus, all the conditions of Rolle’s theorem are satisfied

Now, we have to show that there exists some ¢ € (2, 6), such that f(¢) =0
We have, fxX)=x>-8x+12 = Ff(x)=2x-8
ffix)=2x-8=0 = x=4

Thus, ¢c=4 ¢ (2 6)suchthat f'(c)=0
Here, Rolle’s theorem is verified.

S7. Wehave, f(x)=x2+2x—-8
Here, we observe that

S8.

(i)
(ii)

(iif)

f(x) being polynomial function, is continuous on [- 4, 2]

f'(x) = 2x + 2, which clearly exists for all value of x € (— 4, 2)

So, f(x) is differentiable on the interval (-4, 2)

Also, f(—4)=(—4)2+2(-4)-8=16-8—-8=0
and f(2) = (2 + (2)(2)—8=4+4-8=0
= f(-4) = £(2)

Thus, all the conditions of Rolle’s theoremrare satisfied.

Now, we have to show that there.exists some ¢ € (-4, 2), such.that f(¢) =0
We have, fX) =x*+2x=8 = fKx)=2x+2

ffix)=2x+2=0 = x =-1
Thus, ¢ =-1 € (—4, 2) such that f'(¢c) = 0.
Hence, Rolle’s theorem is verified.

Here, f(xX) =x2—x—-12in [=3,4].

(i)
(ii)

Being a pelynomial, f(x) is continuous'in [ 3, 4]
f(x)disdifferentiable in (- 3, 4).

(i) Also f(—3)=(-=3)2—(=3)—12=9+3-12=0

and

—

f4)=42-4-12=16-4-12=0
f(—3)=f(4)=0
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All the conditions of Rolle’s theorem are satisfied.

= cc(-3,4) suchthat f(c)=0

1

Now, fx)=0 = 2x-1=0 = x=E

Clearly, c= %e (-3,4)

Rolle’'s theorem is verified.

S9. We have,
Here we observe that
(i) f(x) being polynomial function, is continuous on [-1, 3]
(i) F(x) =2x— 2, which clearly exists for all values of x € (—1, 3), so f(x) is differentiable on
interval (-1, 3).

(iii) Also, f-1)=1+2-3=0,

f3)=9-6-3=0
- f(=1) = £(3)

Thus all the conditions of Rolle’s theorem are satisfied.

Now, we have to show that there exists some ¢ € (—1,.3);such that f'(¢) =0
We have fX)=x*-2x-3 = f(x)=2x—=2
ffix)=2x-2=0 = x=41

Thus, c=1 € (- 1, 3) such that f'(c) =0
Hence, Rolle's theorem is verified.

$10. We have
Here we observe that

(i) f(x) being polynomialfunction, is continuous on [—3,+ 2]

(i) f'(x)=2x + 5, which clearly exists for all valuesiof x € (- 3, — 2)
(i) Also, f(~3)=9-15+6=0,
f-2)=4-10+6=0

= f(-3)=f(-2)
Thus all the conditions of Rolle’s Theorem are satisfied.

Now, we have to show that there exists some ¢ € (- 3, — 2), such that f'(c) =0
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We have ffx)=2x+5=0 = x=_g

Thus = —%e(— 3,—2)such that f(c) =0
Hence, Rolle’s Theorem is verified.
S11. Since a polynomial function is every where differentiable and so continuous also. Therefore,
(i) f(x) is continuous on [2, 3] and (ii) f(x) is differentiable on (2, 3)

Also, f(2)=2?2-5x2+6=0andf(3)=3°-5x3+6=0
f(2) =f(3)
Thus all the conditions of Rolle’s theorem are satisfied. Now we have to show that there exists
some ¢ € (2, 3) such that f'(c) = 0.
We have, fX) =x*-5x+6=Ff(x)=2x-5

ffix) =2x—-5=0 =>x=25
Thus, c=2.5¢e (2, 3)such thatf'(c)=0.

Hence, Rolle’s theorem is verified.

S$12. We have,
f(x) =x*-6x2+11x—-6 (polynomial)
We know that a polynomial function is everywhere continuous and differentiable: Therefore

(i) Iltis continuous on [1, 3]

(iiy Itis differentiable on (1, 3)

(iii) Also, f(1)=1°"-6x 12441 x1-6=1-6+1126=12-12=0
and f(3)=3°-6x3?+11x3-6=27-54+33-6=60-60=0
= f(1) =1(3)

Thus, all the conditions of Rolle’s Theorem are satisfied.So, there must exist some ¢ < (1, 3),
such that f'(c) =0

Now, file) =3c?—12c+11=0
- o= 12 + /144 —132
6
= C=(2+L]
3

Clearly, both the value of ¢ lie. in the interval (1, 3).

Hence, Rolle’s Theorem is verified.
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S$13. We have,

f(x) =(x—1Kx-2)2%xe[1, 2] (1)

= f(xX) =(x—=1)(x*—4x+4),x e[1, 2]
= fX)=x*—4x>+4x—x>+4x—-4,x e [1, 2]
= f(x) =x*-5x>+8x—-4,xe[1, 2]

(iy f(x) being a polynomial of x, is continuous in [1, 2]

(ii) f'(x) = 3x* — 10x + 8 which exists on (1, 2)
= f(x) is differentiable on (1, 2)

(i) f(1)=(1-1(1-2)2=0

and f(2)=(2-1)(2-2)?=0
= f(1) = f(2)

Thus, all the conditions of Rolle’s theorem are satisfied. So there must exist at least one value of
cin (1, 2) such that f'(c) =0

= 3¢2—10c+8=0
_ - 10+J100-96 _ __104v4_10+2_, 4
6 6 6 3
Neglecting c=2as2¢(1,2)
SO, c=ie(1,2)
3

Hence, Rolle’s theorem is verified.
$14. We have, f(x) =x>—4x+ 3, x €[4, 3]

Clearly, f(x) being a polynomial function, is.continuous on [1, 3] and differentiable on (1, 3).

Also f(N=(12-4x1+3=1-4+3=0
and f(3)=82-4x3+3=9-12+3=0
f(1).= F(3)

Thus, f(x) satisfies.all the conditions of Rolle’s theorem.

Now, f(xX) =x2—4x+3
= f'(x) =2x—-4
ffx) =0 = x=2

Clearly, c=2 (1, 3) such that f’(c¢) = 0.

Hence, Rolle’s theorem is verified.
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$15. We have, f(x) =x3 —6x% + 9x
We know that a polynomial function is everywhere differentiable and so continuous also. So, f(x)
being a polynomial function is continuous on [0, 3] and differentiable on (0, 3). Also
f(0)=0(0-3)2=0and f(3)=3(3-3)?=3(0)2=0
f(0)=f3)=0
Thus, all the conditions of Rolle’s theorem are satisfied. Now we have to show that there exists
¢ € (0, 3) such that f'(c) = 0.

We have, f(x) = x3 —6x% + 9x

= fl(x) =3x2-12x+9
fxX)=0=>3x*-12x+9=0

= xX—-4x+3=0=>x=1,3
Thus, c=1¢€ (0, 3)suchthatf'(c)=0

Hence, Rolle’s theorem is verified.

S16. f(x)=(x*-1)(x-2)on[-1, 2]
As f(x) is a polynomial, f(x) is continuous on [-1, 2] and differentiable on (-1, 2). Further
f1)=(=12-1)(1-2)=0x(-3)%0

and f2)=(22-1)(2-2)=3x0=0
f(=1)=1(2)

So that all hypothesis of Rolle’s theorem are fulfilled.

There must be some ¢ € (-1, 2). Suchthat f'(c)=0
We have fl(x) =(x®=1)y+ (x—2)2x = 3x>—4x -1
f'(c)=0

=

ac_ 4o N — o= 4¢,/166+12=2i3ﬁ

The value of ¢ in Rolle’s theorem is

c= 2iﬁe(—mz)
3
s.t f'(c) = 0.
$17. Here, F(x) = X% + 32 — 24x— 80 in [- 4, 5].

We know that a polynomial function is everywhere continuous and differentiable. Therefore:
(i) f(x)being a polynomial, is continuous in [- 4, 5].

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 7



(i) f(x) being a polynomial is derivable in (-4, 5).
(i) Also, f(—4)=(—4)*+3(-4)>-24(-4)-80 = f(—4)=—-64+48+96-80=0.
and f(5) = (5)°+ 3(5)?-24(5)-80 = f(5)=125+75-120-80=0

= f(—4)=1(5)
All the conditions of the Rolle’s Theorem are satisfied.

= Cce[-4,5]suchthat f'(c) = 0.

Now, f'(x) = 3x? + 6x — 24.

= fx)=0 = 3(x*+2x-8)=0

= x+4)x-2)=0

= X==42.

Clearly, c =2 e (-4, 5)such that f'(c)=0

Hence, Rolle’s Theorem is verified.

S$18. We have,

—X,when-1<x <0
x,when 0<x<1

f(X)=IXI={

Since a polynomial function is everywhere continuous andedifferentiable. Therefore f(x) is
continuous and differentiable for all x < 0 and for all x > 0 except possibly at x = 0.

So, consider the point x = 0.

We have, lim f(x) = lim=x =0and lim f(x)= limx =0
x—=0" x—=0 x=0" x=0
lim f(x) = lim f(x) = f(0)
x—0" x—=0"

Thus f(x) is continuous at x = 0

Hence, f(x) is continuous on [ 1,.1].

Now, (LHD at x=0) = jimy LX) = 1(0)
x50 x—-0

= (LHD atx = 0) = |imo_"x_0 [ f(x)=—xforx<0 and f(0) = 0]
X —

= (LHD at x = 0) = lim —* = Tim—1 = -1
x—=0 X x—=0

and (RHDatx=0) = fim (X =10 _ j, x=0 [+ f(x) = x for x > 0]
x =0 X—O x—=0 X

- (RHD at x=0) = lim = = lim1 =1
x—=0X x—0

(LHD at x=0) # (RHD at x = 0)
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This shows that f(x) is not differentiable at x=0 € (-1, 1). Thus, the condition of derivability at
each point of (-1, 1) is not satisfied.

Hence, Rolle’s theorem is not applicable to f(x) = | x| on [-1, 1].

$19. Clearly, f(x) is defined for all x € [-2, 2] and has a unique value foreach x € [-2, 2]. So, at each
point of [-2, 2], the limit of f(x) is equal to the value of the function. Therefore, f(x) is continuous

on[-2, 2]

Also,

4 - x?

f'(x) = exists for all x € (-2, 2)

So, f(x) s differentiable on (-2, 2).

Also,

f~2)=f(2)=0

Thus, all the three conditions of Rolle’s theorem are satisfied.

Now, we have to show that three exists ¢ € (—2, 2) such that f’(c) = 0.

We have,

f)=va4-x*> = f(x=
4 — x?

—X
4— x*

ffx)=0= =0 = x=0

Sincec=0 e (-2, 2) such that f'(c) = 0.

Hence, Rolle’s theorem is verified.

$20. Since a polynomial function is everywhere continuous and differentiable. Therefore, f(x) is
continuous and differentiable at all points except possibly at x = 1.

Now, we consider the differentiability of f(x) atx.= 1.

We have, (LHDatx=1)= Ilim

and,

f(x) = (1)
x—=1 x—1

2 —
(LHDatx=‘I)=Iim1(x +1) 1(”1) [+ f(x)=x2+ 1 for 0 <x<1]
X5 X —
2—
(LHD at x4 152 timX==" = Jim (x +1). %2

x=1 ¥ —1 x—1

(RHD@tx = 1) = fim (X =iy, G=x)=(+1)

x—=T1" x -1 x—=1 x =1

(RHD at x = 1) = lim — =1
x—1 X—'I

(LHD at x = 1) # (RHD at x = 1)

=1

So, f(x) is not differentiable at x = 1.

Since the condition of differentiability at each point of the given interval is not satisfied, hence
Roll’s theorem is not applicable to the given function on [0,2].
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S21.

S22,

We have, f(x) =(x—=a)" (x—-b)y"wherem,ne N

On expanding (x —a)™ and (x— b)" by binomial theorem and then taking the product, we find that
f(x) is a polynomial of degree (m + n). Since a polynomial function is everywhere differentiable
and so continuous also. Therefore,

(i) f(x) is continuous on [a, b] and (ii) f(x) is derivable on (a, b)

Also, f(a)=(a—a)"(a—b)"=0
f(b) =(b—a)"(b—-b)"=0

f(a)=fb)=0
Thus, all the three conditions of Rolle’s theorem are satisfied.

Now, we have to show that there exists ¢ € (a, b) such that f'(c) = 0.

We have, f(x) =(x—-a)"(x-b)"
= ffx)y=mx—a)™ " (x—=b)"+ (x—a)"n (x— b)"
= f(x)=(x=a)" 1" (x=b)"""{m (x-b) + n (x — a)}
= fi(x) =(x—=a)"1"(x=b)"-1{x(m+ n)—(m b + na)}
ff(x) =0
= x=a)"T"(x=b)""1"{x(im+n —(mb+na}=0
= (x—a)=0or(x—b)=0orx(m+n)—(mb+ na)="0
mb + na
= XxX=aorx=borx= ——
m+n
) _mb+na . ) . mb + na
Since x = “man divides (a, b) into the ratio m.z.n. Therefore, “m+n € (a,b)
_ mb + na .
Thus, ¢ = “ma+n € (a, b) such that f (¢).=0

Hence, Rolle’s theorem is verified.

Since sin x is everywhere continuous and differentiablerand the product of two continuous
(differentiable) functions is-continuous (differentiable)./Therefore, f(x) = sin?x = sin x.sin x is
continuous on [0, ©] and differentiable on (0, «).
Also, f(0) =sin?0 =0 and f(n) =sin*n = 0

f(0) =f(n)
Thus, f(x).satisfies all the three conditions'of Rolle’s theorem.

Now, we have to show that there exists ¢ € (0, =) such that f'(¢) = 0.

We have, f(x) =sin°x = f'(x) =2 sin x cos x = sin 2x

f'(x) =0 = sin2x=0 = 2x=1n = x:%

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 10



Thus c=— € (0, n) such that f'(c) = 0

N[A

Hence, Rolle’s theorem is verified.

$23. Since sin x and cos x are everywhere continuous and differentiable.

Therefore, f(x) = sin x + cos x —1 is continuous on [O, g] and differentiable on (0, g]

Also, f(0)=sin0+cos0-1=0+1-1=0
T . T T
fl =| =sin-+cos—-1=1+0-1=0
(2] 2 2
e
f(0)=f|=
=1(3)

Thus, f(x) satisfies conditions of Rolle’'s theorem on [0, g] . Therefore, there exists ¢ e (0, %)
such that f'(¢) = 0.

Now, f(x)=sinx+cosx—1 = f'(x)=cos x—sinx
ffX) =0 = cosx—-sinx=0=sinx=cosx=tanx=1=x= %
s T ,
Thusc= — ¢ (O,—) such that f'(¢c) =0
4 2
Hence, Rolle’s theorem is verified.

S$24. We have,
f(x) = cos 2x, x e [0y ]
Since, cos x is continuous and differentiable everywhere, therefore.

(i) f(x)is continuous in [0, ©]

(i) f(x) is differentiable on+(0; r)
(i) Also, f(0)=cos 0 =1and f(x) =cos 2n =1
= f(0)=f(n)
Thus, all thereonditions of Rolle’s Theorem are satisfied. So, there must exist at least one

real value.of ¢ in (0, «t), such that f'(e)=0

ffx)=-2sin2x=0 = 2x=n = x=%.

= c= 26(0, m), such that f'(¢c) =0

Hence Rolle’s Theorem is verified.
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S25. f(x) = e*sin xon [0, n]

f(x) is continuous on [0, =] and differentiable on (0, =). Further.
f(0)=€e’sin0=1x0=0
f(n)=e*sinn=e"x0=0
f(0) =f (=)

Thus, f(x) satisfies all the conditions of Rolle’s theorem. Therefore there must exist ¢ € (0, «)

Such that fl(c)=0
f'(x) =eXcos x + e*sin x = e*(cos x + sin X).

= f'(c) = e°(cos ¢ + sin ¢)
ffc)=0 = e°(cosc+sinc)=0

= cosc+sinc=0

= tanc=-1 = c¢=3(n/4)

Thus, there exists ¢ =3(nf4)e (0, n) s.t. f(c)=0.

Hence Rolle’s Theorem is verified.

$26. f(x) =sin x + cos x
Clearly, f(x) is continuous on [0, n/2] and differentiable on (0, n/2). Further
f(0) = sin (0) + cos (0) = 1 and f(n/2) = sin (n/2) + cos(n/2).= 1
f(0) = £ (n/2)

Thus, all the hypothesis of Rolle’s theorem are satisfied.

Thus there must exist ¢ € (0, ©/2)

such that f'ic)=0
f'(c) = cosc—.sine
f'(c)=0

= cosc—-sinc=0

= cose¢=sinc = tanc=1

= c=mn/4 € (0, nf2)

Thus value ofc in Rolle’s theorem is ¢ ='z/4 such that f'(c) = 0.

Hence Rolle’s Theorem is verified.

S27. f(x) = sin*x + cos*x
= (sin?x + cos? x)’— 2 sin? X.cos? X
=1- %(sin 2x)? on [0, ©/2]
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S$28.

$29.

Function is continuous on [0, n/2] and differentiable on (0, /2). Further

f(0)=1- %(sin 0) =1
f(nf2) =1 - %(sin )2 = 1

- f(0) = f(n/2)
All the conditions of Rolle’s theorem are satisfied thus there must exist arealno.c [O, g]
such that f'lic) =0

f'(x) = 4 sin® x. cos x — 4 cos® x sin x
f'(c) =4 sin®c. cos ¢ — 4 cos® c.sin ¢
ffle)=0 = 4sin*c.cosc—4cos’csinc=0

= 4sinc.cosc=4cos®c.sinc or tanc=tanc or tanc(tan’c- 1)=0
= tanc=0 or tanc=1 = ¢=0 or c=n/4
0 ¢ (0, n/2) but n/4 < (0, =/2).

Thus value of ¢in (0, ©/2) is ¢ = n/4 such that f(¢) = 0.

Hence Rolle’s Theorem is verified.
We have,

f(X) - e1—x2

Since, the exponential function is continuous for all real x, therefore,
(i) f(x)is continuous in[-1, 1]

@iy f(x) = —2xe""* which exists for allix e 1,1

(i) Also, f(-1)=e"=e°=1 and “f(1)= e =e°= 1

f(=1) =1(1)
Thus, all the conditions of Rolle’'s Theorem are satisfied: So there must exist a real value in

(=1, 1) such that f'(c) =0
- 266" =0 = c=0e(=, 1) [ 61_czi0,VCER]
Hence, Rolle’s Theorem is verified.

We have,

sin x
ex

f(x) =

Since, sin x and e* are continuous everywhere, and e* # 0 for any real value of x.
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(iy f(x) is continuous in the closed interval [0, «]

e’ cosx —sinxe* e"(cos x —sin x) cosx —sinx

(@) e ) - which exists for all x.
e e e

(i) Fi)=

f(x) is derivable in the open interval (0, n)

iy 10)=310_% ¢ ang fm=NT_0 g
e 1 e e

Thus, all the conditions of Rolle’s theorem are satisfied. So, there must exist a real number ¢
such that f'(¢) =0, c € (0, n)

cosc —sinc . .
Now, fc)=0 = —————=0 = cosc-sinc=0 [From (ii)]
e
. ¥
= cosc=sinc = tanc=1 = c= 2 €(0, )
Hence, Rolle’s Theorem is verified.
$30. Since an exponential function and sine and cosine functions are everywhere-continuous and

differentiable. Therefore, f(x) is continuous on [; 54—E:| and differentiable on (% %n) .

Also, f (

4

5x) _ 2(  5r 5n) _~2(Y 1 n
f =e*|sin—-cos— | =.e4 |'—sin—+cos—
4 4 4

Thus, f(x) satisfies all the three conditions of Rolle’s theerem on [% %]

Consequently, there-exists ¢ (E %J suchthat?'(c) = 0.

Now, f(x) = e (sin x — ces X)

= f'(x) = e*(sin x—"cos x) + e¥(cos x + sin x) = 2e* sin x
f'ix) =0

= 2e¥sinx=0
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S31.

= sinx=0 [--e* 20]
= X=T

T 51 , . "
Thus,c=n e (ZT] such that f’(¢) = 0. Hence, Rolle’s theorem is verified.

Since a polynomial function and an exponential function are everywhere continuous and
differentiable. Therefore, f(x) being product of these two, is continuous on [- 3, 0] and differentiable
on (-3, 0).

3
Also, f(-3)==3(-3+3)e2 =0
f(0)=0(0+3)e°=0
f(-3) = £(0)

Thus, f(x) satisfies all the three conditions of Rolle’s theorem on [- 3, 0].

Consequently, there exists ¢ € (— 3, 0) such that f'(c) = 0.

=X

Now, f(x) = x(x+3)e2
= f'(x) = 2x+3)e 2 +(x2 + SX)(—%]e?
_ _7"{4x+6—x2—3x} %{—x2+x+6}
= e - - - -
2 2
F(x) =0
X [_,2
_ ez{w}m
2
= X2+ x+6=0
= XX-x-6=0
= (x=3) (x+2) %0
= xX=-2,3

Thus, ¢ = -2 e.(— 3,0) such that f'(c) = 0.

Hence, Rolle’s'theorem is verified.

$32. We have

x* +ab
x(a+b)

f(x) = Iog{ } =log (x* + ab) —log x — log (a + b)
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Since logarithmic function is differentiable and so continuous on its domain. Therefore, f(x) is
continuous on [a, b] and differentiable on (a, b).

a’+ab a(a+b)
Al f(a) = | = log =log 1=
SO, (@) = log a(a+b) a(@+b)) - '°9 0
b® +ab b(a+b)
= | = IOg = =
and f(b) = log b(@+b) b(a+b) log1=0
f(a) = f(b)

Thus, all the three conditions of Rolle’s theorem are satisfied.

Now, we have to show that there exists ¢ € (a, b) such that f'(c) = 0.

We have, f(x) = log (x2 + ab) — logx — log (a + b)
2X 1
= f'(x) = -—
%) x*+ab x

2x? - x?> —ab

x(x? + ab)
_ x*-ab
x(x? + ab)
2
) =0= X =8 g
x(x? +ab)
= x2=ab = x=Jab

Since a < vJab < b. Therefore, ¢ = Jab e'(a,.b) is such that f'(c) = 0.
Hence, Rolle’s theorem is verified.
$33. Since sine function is everywhere continuous and differentiable; Consequently, f(x) = sin x —sin 2x
is continuous on [0, =] and differentiable on (0, ).
Also, f(0) #sin0—-sin0=0and f(rn) =sint —sin2n=0
f(0)=.1(r)
Thus, f(x) satisfies all the three conditions of Rolle’s theorem on [0, n]. Consequently there
exists ¢ € (0, n) such that f’(¢) = 0.

Now, f(x) =sinx—-sin2x = f'(x) =cos x—2 cos2x

ffx) =0 = cosx—2cos2x=0=cosx—2(2cos’x—-1)=0
= 4cos?x—cosx—2=0

1+./33
8

= cos x = =0.8431 or -0.5931
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= x =cos1(0.8431) or cos™' (- 0.5931)
= x =cos™'(0.8431) or 180°—cos™' (0.5931)

[--cos™(-x)=m—cos™" x]

- x =32°32' or x=126°23'
Thus, ¢ =32°32, 126°23' < (0, =) such that f'(c) = 0

Hence, Rolle’s theorem is verified.

$34. (i) Since, logarithmic function is continuous for x > 0O;

f(x) is continuous in closed interval [-1, 1]

o 2X : L

@iy f(x)= 12 which exists in (— 1, 1).

s f(x) is differentiable on (-1, 1).

(i) f(-1)=log(1+2)—log3=0 and f(1)=log(1+2)-log3=0
f(=1)=1£(1)

Thus, all the conditions of Rolle’s Theorem are satisfied.

Now, we have to show that there exists some ¢ € (-1, 1) such.that f'(c) = 0.

We have, f(x) =log (x*+ 2)—log 3
2x
r — :0 - p—
= f'(x) 712 = 2x=0_= "x=0

Thus, ¢c=0¢€ (-1, 1). such thatf(c)=0

Hence, Rolle’s Theorem is verified.

S$35. From mean value theorem. We have

f(b)—f(a)
. =f'(c) forc e [a, b]
y =log x
oy = W21 oy = ]
f(x)—dx—x or f(c)—E
Hence loge —log1 _ 1
e—1 c
1 1
or —= —— or c=e-1
c e—1
Corresponding values of y=log(e—1)

Thus at (e — 1, log (e — 1)) tangent to the curve y = log x is parallel to chord joining the points
A(1,0)and B(e, 1).
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$36. The equation of the curve is y= 16 — x. Let P (x;, y,) be a point on it where tangent is parallel to

x-axis. Then,

'dy']

—_— :0

(_dx P

2 -one()
= — 2 —_— = - e = —

Now, y=16-x = 2X = dx ). 2X,

(d_y] =0 2x, =0 =0

pr_ = —=2x,= = X, =

Since P(x,, y,) lies on y = 16 — x2. Therefore, y, = 16 — x¢

Whenx, =0,y,=16-0=y, =16
Hence (0, 16) is the required point.

S37. 1tis given that the Rolle’s theorem holds for f(x) defined on [1, 3] with ¢ = 2 + %
- f(1) = £(3) and f(c)=0
= 1+b+a=27+9b+3a and 3c2+2bc+a=0
1Y o1
= 2a+8b+26=0 and 3(2+E) +2b(_2+ﬁ]+a=0
= at4b+13=0 .. (i)
= a+4b+13=0 and 3(4+%+%]+4b+—\2—%+a=0 (1)
= a+4b+13=0
— Solving eq. (i) and (i), we get
= a=M and b=-6

$38. We are given that f(1) =.f(3)= 0.
19—-6x1+a+b=3"-6x32+3a+b=0
= a+b=5and 3a+ b=27

Solving these two equations for aand b, we geta=11and b =-6.
We nowverify whether for these values of a and b, f'(c) is zero or not.

We have, f(x) =x®=6x2+ax+b

= f(x) =x*—6x2+11x—6 [-a=11b=—-6]
= f'(x) = 3x>—12x + 11

Now, f'(c) =3c?2-12c+ 11

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 18



5 ( 1]
= fle)=3|12+—=]| =12|2+—=|+11
© [ JE) 5
12 12
= fllc) =12+ —=+1-24—-——+11=0
©=125 Ng

Hence, a=11and b=-6.
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Q1.

Q2.

Q3.

Q4.

Q5.

Q6.
Q7.

Qs.

Q9.

Q10.

Qil.

Q12.

Q13.

Q14.

Q15.

Date: 18/10/2021

Verify Lagrange’s mean value theorem for the function f(x) = x(x — 2) on the interval
[1, 3]. Also, find a point ¢ in the indicated interval.

Verify Lagrange’s Mean value Theorem for the function:
f(x)=x*-2x+4o0on][1,5].

Verify Lagrange’s Mean Value Theorem for the function f(x) = x> + x — 1 in the interval
[0, 4].
Verify mean value Theorem, if f(x) = x> — 4x — 3 in the interval [a, b], where a=1 and b=4.

State the Mean value theorem in the equation f(b) — f(a) = (b — a) f(c), determine ¢ lying
between a and b, if

f(x) =(x-1)(x-2)(x-3)anda=0,b=4.
Verify Lagrange’s Mean value Theorem for f(x) = \/x* — 4 in the interval [2, 4].

Verify Lagrange’s Mean value Theorem for f(x) = x +% on [1,.3].

Verify Mean Value Theorem for the following function:
f(x) = x> — 6x in the range 1 < x < 3.

Test, whether the Lagrange’s Mean Value Theorem of differential calculus holds for the
function: f(x) = x — x® on the interval [- 2, 1] and find appropriate value of ¢.

Using Lagrange’s mean value theorem, find-a point on the curve y =+,/x~ 2 defined on

the interval [2, 3], where the tangent is parallel to the chord joining:the end points of the
curve,

Verify Lagrange’s mean value theorem for the function fix) = (x - 3) (x - 6) (x — 9) on the
interval [3, 5].

Verify Lagrange’s mean value theorem for the function f(x) = x* — 5x? — 3x on the interval
[1, 3]. Find a point ‘¢’ in the indicated interval as.stated by the Lagrange’s mean value
theorem.

Verify Lagrange’s mean value theorem for the function f(x) = x(x — 1) (x — 2) on the

interval [0, %] Also, find a point c in the indicated interval.

Verify Lagrange’s mean value theorem for the function f(x) = x — 2 sin x on the interval
[- =, n].

Verify Lagrange’s mean value theorem for the function

3 H <
f(x)={2+x if x<1

on the interval [-1, 2].
3x if x>1

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 1



Q16. Verify Lagrange’s mean value theorem for the function f(x) = 2 sin x + sin 2x on the
interval [0, x].

Q17. Verify Lagrange’s mean value theorem for the function f(x) = log x on the interval [1, 2].

Q18. Verify Mean Value Theorem for the following function:
f(x) = e on [0, 1]

Q19. If f(x + h) = f(x) + hf(x + 6h); find 6 for f(x) = ax? + bx + c in the interval (0, 1).
Q20. Apply Mean-Value Theorem on f(x) = Jx to prove 4 < \/16.4 <4.05.

Q21. Using mean value theorem, prove that tan x > x for all x (0, %)

Q22. Using Lagrange’s Mean Value Theorem, prove that:

b_a<log(g]<b_a, where 0 < a<b.
b a a

Q23. Applying Mean-value Theorem, show that

x> log, (1+x)> x—%x2 for x> 0.

Q24.Using Lagrange’s Mean Value Theorem, prove that:

xx<log(1+x)<x for all x> 0.

Q25. Using Lagrange’s mean value theorem, show that sin x'< xfor x > 0.

Q26. Find a point on the parabola y = (x + 3)?; where the tangent is parallel to the chord joining
(-3,0)and (- 4,1).

Q27. Find the coordinates ofthe point, at which the tangent to the curve given by f(x) = x*—6x+ 1
is parallel to the chord joining the points (1, = 4), and (3, — 8).

Q28. Let f and g be differentiable on [0, 1] such that f(0) = 2, g (0) =0, f(1) =6 and g(1) = 2,
show that there exists a point ¢ « (0, 1), such that f'(c) = 2¢'(¢).
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S1.

S2.

Date: 18/10/2021

We have, f(xX) =x(x—2)=x%-2x

We know that polynomial function is everywhere continuous and differentiable. So, f(x) being a
polynomial, is continuous on [1, 3] and differentiable on (1, 3).

Thus, f(x) satisfies both the conditions of Lagrange’s mean value theorem on [1, 3].

So, there must exist at least one real number ¢ € (1, 3) such that

F(c) = f(3)=f(1)
3-1
Now, f(x) = x2 — 2x
= fl(x) =2x-2,
f3)=9-6=3 and f(1)=1-2=—1
o = 1(3)=f(1)
0= =55
= ox—2=3=-C"
3-1
= 2x—-2=2
= x=2
Thus,c=ze(1,3)suchthatf’(c)=w

Hence, Lagrange’s mean value theorem is verified for f(x) on [1,3]

We have, fxX)=x2=2x+4 = f'(x)=2x—-2

Since f(x) is polynomial, therefore continuous and differentiable everywhere. Hence :
(a) f(x)is continuous on.closed interval [1, 5]

(b) f(x)is differentiable on open interval (1, 5).

Thus, both the conditions of Lagrange’s Mean Value Theorem are satisfied, now there must
exist.

f(b) —f(a)

¢ € (1, 5) such that f(c) = b_a

, f'(c)y=2c-2 .. (1)
f(1)=12-2(1)+4=1-2+4=3
f(5) =52-2(5)+4=25-10+4=19

£(5) - F(1) 19-3

=2c-2 i
5_1 = =3 [from (i)]

= f'(c) =
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16

= 2c-2= 2 = 2c—-2=4

= 2c=4+2 = 2¢=6 = c¢=3€(1,9)
f(5)—f(1

Thus, ¢ € (1, 5) such thatf’(c)=%

Hence, Lagrange’s Mean Value Theorem is verified.

$3. We have, f)=x2+x-1 = fx)=2x+1
Since f(x) is polynomial, therefore continuous and differentiable everywhere. Hence,

(a) f(x)is continuous in [0, 4].

(b) f(x)is differentiable in (0, 4)
All the conditions of Lagrange’s Mean value Theorem are satisfied.

= dce (0, 4) such that

¢ = [b)—f(a) _1(4)-1(0)

- ' b_a 4-0
2 — — —
N 2C+1=(4 +4-1)—( 1)=19+1:5
4 4
= 2c=5-1=4 = c=2and2<(0,4).
Hence, Lagrange’s Mean Value Theorem is verified.
$4. We have, fX)=x*-4x-3v = f(x)=2x-4

Since f(x) is polynomial, therefore continuous and differentiable everywhere. Hence,

(a) f(x)is continuous on closed interval[1,4].

(b) f(x)isdifferentiable on open-interval (1, 4).

Thus, both the conditions of Lagrange’s Mean value Theorem are satisfied. Now there must

exist.

c e (1, 4) such that f’(c)=w, f(c)=2c—4
f(1)=12-4(1)-3=1-4-3=-6
f(4)= 42 —4(4)—3=16—-16—-3=—3

. e (=)  =3-¢8)

4-1 3
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= 2c—4=% = 2c-4=1 = C=ge(1,4)

f(4)-f(1
Thus, c¢ e (1, 4) such that f'(c) = %

Hence, Lagrange’s Mean value Theorem is verified.

S5, FO) = (x=1) (x=2) (x—3)
f(0)=(0-1)(0-2)(0-3)=-6
fA)=(4—-1)(4-2)(4-3)=6

f'(x) = (x=2)(x=3) + (x=1)(x=3) + (x = 1)(x - 2)
=(X*=5x+6)+ (xX*—4x+3)+ (x¥*=3x + 2)
=3x2—-12x + 11

f'(c)=3c2-12c+ 11 ()
By Mean value Theorem, we have
f(b) - f(a) = (b-a)f(c)
f(4)-1(0)=(4-0)f(c)

6 — (~ 6) = 4f'(c)
3=1(c)

Putting the value of f'(¢) in (i), we get

3=3c2—12¢+ 11
3c2—12c+8=0

o= 12+[144 - 96

6

12i6m=12164£:2i§\/§

c =

2 i%x@ lies between 0rand 4.

§6. We have,
f(x) = x> -4

(a) Since, f(x)= \/xz — 4 has a definite and unique value in [2, 4].

f(x) is continuous on the closed interval [2, 4]

2X X
(b) f'(x) = 2Jx‘°- 4 = sz — 4 which exists for all x € (2, 4).

f(x) is differentiable on the open interval (2, 4).
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Thus, both the conditions of Lagrange’s Mean value Theorem are satisfied.

So, there must exist some ¢ (2, 4), such that

_fa)-f@)_iz-0_Jiz-0_

4-2 4-2 2

7(c)

fo)=v3 = c -8

2

c -4
N =3(c2-4) = c=++6 e (2 4)
f(4) - (2
Thus, ¢ € (2, 4) such that f(c) = %

Hence, Lagrange’s Mean value Theorem is verified.

S7. We have,

S8.

f(x) = x+1 on[1, 3].
X
Since, f(x) is polynomial, therefore it is continuous and differentiable every where. Thus,

(a) f(x)is continuous on closed interval [1, 3].
(b) f(x)isdifferentiable on open interval (1, 3).

Thus, both the conditions of Lagrange’s Mean value Theorem are satisfied. So, there. must exist
¢ € [1, 3] such that

_ f(b)—f(a) _(3)= (1)

fc)

b-a 3 =1
1 [3+%)—@+}] 344-2 1
; . 2 - ror-2]
c 2 2 X
- 1(14_1]:3
2 3) 3
1 1 5
= c—2=§ = =3+ C:\/§=1732€(1,3)

Thus, Lagrange’s Mean Value Theoremis applicable.

We have f(x) = x*-6x = f(xX)=3x*-6
Since f(x) is polynomial, therefore continuous and differentiable every where, Hence
(a) f(x)is continuous on closed interval [1, 3]

(b) f(x)isdifferentiable on open interval (1, 3)
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S9.

S§10.

Thus both the conditions of Lagrange’s mean value.

Theorem are satisfied, now there must exist

f(b)-f(a
¢ e (1, 3) such that f'(c) = %. f(c)=3c* -6 .. (i)
f(1)=12-6(1)=1-6=-5

f(3)=3°—6(3)=27-18=9

= f'(c) = _f(3:; — :(1) 3c? -6 =%
= 302—6=% = 3¢*-6=7 = 3¢°=13 = c=i\]§
= 0=E=2.08e(1,3)

f(3)—f(1)

Thus ¢ € (1, 3) such that f'(c) = 31

Hence Lagrange’s Mean value Theorem is verified.

fx)=x=-x3xe[-2,1]

f'(x) =1-23x?

f'(c) =1-3¢?
By Mean value Theorem,

f(b) —f(a)
f'(c) =
(©) b-a
0-6 . —6
—_ = = = - 2

= 1-3¢? -2 3
= 1-3¢*°5-2- = 3¢°=3 = c¢*F1 > c==+1
Thus, c=—1e(-2,1).
Let f(x) = \/x — 2 .'Since for each x € [2, 3], the function f(x) attains a unique definite value. So

f(x) is continuouson [2, 3].

Also f'(x) = exists for all x €.(2, 3). So, f(x) is differentiable on (2, 3).

1
2Jx -2

Thus, both the conditions of Lagrange’s mean value theorem are satisfied. Consequently, there
must exist some ¢ € (2, 3) such that

F(3)—f(2)

re) = =35
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Now, f(x) = Jx-2

1
= f'(x) = ,
) 2. x -2

f3)=y3-2=1 and f(2)=y2-2 =0

f(3) - f(2)
f = -7 A/
9] 32
1 1-0
= 2/x-2 3-2
LIS
= 2/x-2
= 4(x=2)=1
ol 0
= x=2=, = x=
9 _
Thus, ¢ = < (2 3)such thatf‘(c)=%

Now, flc) = J%- 2 =

Thus, (c, f(c)) i.e., (% : %) is a point on the curve y="\x =2 such that the tangentatit is parallel

N| =

to the chord joining the end points of the curve.

S11. We have, f(x) =(x—=3)(x—6)(x=9) = x3—18x? + 99x = 162
Since a polynomial function is everywhere continuous and differentiable.

Therefore f(x) is continuous on [3,5}and differentiable on (3,.5).

Thus, both the conditions of.Lagrange’s mean value theorem are satisfied.

So, there must exists at leastone real number ¢ € (3,'6)such that

ey = [(8)—f(3)

re) 5-3
Now, f(x) =x3—18x% +.99x — 162
= f'(x) = 3x% - 36X+ 99,

f6)=5-3)(5-6)(6—-9)=8
and f3)=(83-3)(3-6)(3-9)=0
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_ fB)-f@3)

f'(x) =3
= 3x2—36x+99=%
= 3x”—36x + 99 = 4
. 3% 36x+ 9520 — x= 36tﬁ/1226—1140 _ 36 i;2.49 =88 48
f(5) - f(3)

Thus, ¢ = 4.8 € (3, 5) such that f’(c) = 53

S12. Clearly, f(x) being a polynomial function, is continuous on [1, 3] and differentiable on (1, 3).
Now, f(x) =x3—5x2 - 3x
= f'(x) = 3x*= 10x — 3,
f(1)=(1)2*-5(1)2-3=-7

and f(3) =27-45-9=-27
F(x) = f(3)-f(1)
3-1
- 3x2-10x—3= 21
= 3x2—-10x+7=0
7
= Bx-7(x—-1)=0 = x=1,§
7 b
Clearly, ¢ = 3 € (1, 3) such that f'(c) = w

Hence, Lagrange’s mean value theerem is verified.

$13. We have, fO)=xx—1) (x=2) = x® - 3x2 #¥12x
Since f(x) is a polynomial function and a polynomial function is everywhere continuous and

differentiable. Therefore, f(x) is continuous on [0, %] and differentiable on (0, %) .

Thus, both the.conditions of Lagrange’s mean value theorem are satisfied.
So, there'must exist at least one real number ¢ e (0, %) such that
f (%] - f(0)
f'(c) = _~&e;
—=0
2
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Now,

Since ¢ = 1_TE(0' %) such that f'(c) =

f(x) =x3—3x%+ 2x

fr(x) = 3x°—Bx + 2,

f0)=0 and f(1)=1-§+1=§
2) 8 4 8
f(%]—f(O)
Fx) = —25—
(3)-0
2
(5)-°
3x*~6x+2 = 20
3)-o
2
3)(2—6x+2=E
4
12x2 —24x + 5 =0
24 + /336 J21
X = =1+ ¥
24 6
f(i)—f(O)
V21 2

Hence, Lagrange’s mean value theorem is verified.

$14. Since x and sin x are everywhere continuous and differentiable, therefare f(x) is continuous on
[- =, n] and differentiable on (- =, ). Thus;both the conditions of Lagrange’s mean value theorem

are satisfied. So, there must exist at'least one ¢ € (- «, ©) such.that

Now,

and

_ f(n)s A7)
—=(— T)

f'(c)

f(X)=Xx—2sin x
f'(x) =1-2 cos x,

f(n)=n—-2sinn=n=0=nx

f(=n)=—n-2sin(-n)=—n—-0=-nx

i = [0 =)
n—(-m)
1-2cos x = L(_E)
T —(—m)

1—2cos x=1
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S15.

= cosx=0 = x=+

NE

f(r) — f(-mx)
n—(—m)

Thus, c i(ﬁ] e (=x, 7) such that 7/(c) =

2

Hence, Lagrange’s mean value theorem is verified.

Since 2 + x® and 3x are polynomial functions. Therefore f(x) is continuous and differentiable for
all values of x except possibly at x = 1.

Continuity at x=1:

We have,

xli_r}q_f(x) = )(Iiz'|12+x3 =2+13=3
and xli_rn_f(x) = Xli[)n13x =3x1=3
Also, f(1)=2+13=3

lim f(x) = lim f(x) = (1)

So, f(x) is continuous at x = 1

Differentiability at x = 1:

We have
_ 3 3 _
(LHD atx=1) = lim (X = _ j 28X7=3 _ X2 =1
X1 x =1 x=1 X —1 x—=1x —1
—1N(x? 1
= (LHD atx = 1) = limf" ) = ) im x4 x+1° 424 14123
i p X —
= (RHDatx=1)= ||mM=hmM=|lm3(x_1)=3
X S X —1 x—=1 x—1 x—=1 x—1

(LHD atx=1)% (RHD at x = 1)

So, f(x) is differentiable atx = 1

Thus f(x) is continugus and differentiable on [-1, 2]. So, both the conditions of Lagrange’s mean
value theorem are.satisfied. Consequently, there must exist some ¢ € (-1, 2) such that

f(2) - f(=1)
flc) = ——
(c) 2~ )
3 2
Now, f(x)={2+x X <1 - f'(x)={3x ,x <1
3x X >1 3 ,x>1

f—1)=2+(=1°*=1 and f(2)=3(2)=6
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S16.

fog = [RZFED 61
2-(-10) 2-(-1)

Since f'(x) = 3 for x > 1, the value of x must be less than 1

=2
3

f'(x) = g = 3x2= % [ x <1and for x <1, f(x) =3x? |
5
= X2 = 5 = X = i%
— f(~1

Hence, Lagrange’s mean value theorem is verified.

Since sin x and sin 2x are everywhere continuous and differentiable, therefore f(x) is continuous
on [0, ] and differentiable on (0, ). Thus, f(x) satisfies both the conditions of Lagrange’s mean

value theorem. Consequently, there exist at least one ¢ € (0, =) such that

(o) = (M =FO)
n—-0
Now, f(x) =2 sin x + sin 2x
= f'(x) = 2cos x +2 cos 2x,

f(0)=2xsin0°+sin0°=0

and f(n) = 2sint+ sin 22 =0
f'(X) = f(TC)—f(O)
n—0
=  2C0S X+ 2CoS 2x = 0-0
t—-0

= 2cosx+2cos2x=0

= cos x+cos2x=0
= COS 2X = — COS X
= cos2x =cos (n — x)
T
= 2X=n1—-X = 3X=m = x=§

T (07 such that F/(c) = ™ =f(0)
3 rt-0

Hence, Lagrange’s mean value theorem is verified.

Thus, c=
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$17. Since f(x) = log x is differentiable and so continuous for all x> 0. So, f(x) is continuous on [1, 2]
and differentiable on (1, 2). Thus, both the conditions of Lagrange’s mean value theorem are
satisfied. Consequently, there must exist some ¢ € (1, 2) such that

vy = 1(2)=F(1)
f'(c) > 1
Now, f(x) = logx
= fr(x) = 1
X

f(2)=log,2 and f(1)=log,1=0

f(2) - f(1)
f' = f A7
W=
_ 1 _log,2-0
X 2-1
1 _
= i log 2
= X = L = log.e +log, a= 1
0g,2 92 S0 a0 b
Now, 2<e<4=log,2<log,e<log,4 = 1<log,e<2
Thus, ¢ =log, e € (1, 2) such that f'(c) = w
Hence, Lagrange’s mean value theorem is verified.
$18. We have, fx)=e = f(x) =¢
fis continuous and differentiable for allx.
Therefore, fis continuous in [0, 1] and derivable in (0, 1).
f(b) —f(a)
b-a 'O
f(1) =#(0)
= “4Zo =°
= e—1=¢e°
= log (e — 1) =log e°
= logle=1)=c [ loge=1]
Since2<e<3 .. 1<e-1<2sothatlog(e—1)liesin (0, 1)
$19. We have, f(x)=ax?+ bx +c
= f'(x) =2ax+b . ()
h=1-0=1
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fy=a(12+b(1)+c=a+b+c

f(0)=c
Given, f(x+ h)=f(x) + hf'(x + 0h)
f(x +h)—f(x) = F(x + Oh)
h
f(M -0 _
120 =f(0+06.1)
(@+b+c)—c _
3 f'(6)
a+b=r(0)

From (i), we have f'(6)=2ab6+b

From (ii) and (iii) we get

2a0+b=a+b
1
2ab=aorf= —.
2
1
520 \ve have F(x) = x2
oy o 11
= (x) = Ix
Now, 4 < \16.4 <4.05
= 16 < 16.4 <16.4025
By Mean value theorem
Let f(by—f(a)=(b-a)ffe), a<c<bhb
1
f(16.4) - f(16) = (16.4— 16) —
(16.4) - (16) = ( )2\/5
1
J16.4 — 16 = (0.4)——
( )2JE
J16.4 —\[16 = (EJ
Je
J16.4 - 16 =+ve quantity ; 16 <c<16.4
J16.4 >4
Again f(b) — f(a) = (b — a)f'(c)
Let a=16.4, b=16.4025, 16.4<c<16.4025

f(16.4025) - f(16.4) = (16.4025 — 16.4) f'(c)

... (i)
... (iii)

- (i)
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J(16.4025) — ,/(16.4) = (0.0025) A

2\/c
0.00125

Je

J(16.4025) — \/(16.4) =+ ve quantity

J(16.4025) - [(16.4) =

\4.05 - ,/(16.4) =+ ve

4.05> \[(16.4) ... (i)

From (i) and (ii), we have

4 < \/(16.4) <4.05.

S21. Let x be any point in the interval (0, g) . Consider the function fgiven by

f(x) =tanx—x, where xe|[0, x] c (og)

Clearly, f(x) is continuous on [0, x] and differentiable on (0, x). So, there exists ¢ € (0, x) such

that
f'(C) = f(X)—f(O)
x-0
Now f(x) =tan x—x
f'(c) = sec?c — 1.
f(0)=tan0°-0=0
N sec?c — 1 = (tanx — x) -0
x-0
= fanx=x .9 ’: sec’c>1c¢(0, x)c(O,E]]
X 2
= tan x —x.>0 [ x>0]
= tan x > x fOI'a”XE(O,‘TzE).

$22. | et the funetionfis given by,
f(x) =log,x, " xe[a b], O0<a<bh.

Clearly, it is continuous on [a, b] and differentiable on (a, b). So, by Lagrange’s Mean Value
Theorem there exist ¢ € (a, b) such that :
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o) = T0)=f@

b-a
logb -1
N 1 _lgb-loga [ f(x)=logx = l"(x)=1 = f’(C)=1}
c b-a X c
Now, ce(a,b) = a<c<b.
_ 1.1 1 [ O0<a<b]
b ¢ a
logh —loga 1 - -
= 1<u<— = b a<logb—loga<b 4
b b-a a
b-a [b} b-a
= <log|—|< .
b a a
$23. Let, f(x) =x—log, (1+ x)
f'(x) = 1—L
- - 1+ x
f(x)>0 for x>0
f(x) is increasing for x > 0.
f(x) > 1(0)
= x—=log, (1+x)>0
x >log (1 + x) ()
X2
Let F(x) = Ioge(1+x)—x+?
F(x) = A tex
RS
F(x) >0 for x>0
F'(x) is increasing for x> 0.
F(x)>F(0)
X2
= Ioge(‘1+x)—x+7>0
XZ
ie., log, (1 +x) > x—? ... (i)

From (i) and (ii), we have

XZ
x> log, (1 +x)>x—?
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S$24. Let fix) =x=1log (1 + x)

T _ X

fo)=1- 1+ x _ 1+x
f(x) is increasing for x> 0

f(x) > £(0)

x—log(1+x)>0
x >log (1 + x) . (i)
Again F(x) =log(1+ x) 1
g 9 1+ x
1
F'(x) =

1+x  (1+x)

F(x)>0 for x>0

F'(x) is increasing for x> 0

F(x) >F(0)
log (1+x)—- 7., >0 .. (i)
log (1 +x) > T x

From (i) and (ii), we have

X

m<log(1+x)<x

S$25. Consider the function f(x) = x — sin x:defined on the interval [0, x], where x> 0.

Clearly, f(x) is everywhere continuous and differentiable, So;.it is continuous on [0, x] and
differentiable on (0, x). Consequently, there exists ¢ € (0, x) such that

fic)= w [By Lagrange’s mean value theorem]
= 1= cosc = Lﬂ:‘)_o [+ f(xX)=x=sinx, f'(xX)=1-=cos x]
X [—
= gﬂJ [+1-cosc > 0]
= x—sinx>0 [ x>0]
= X > sin x
= sin x < x for all x.
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$26. Let y=f(x)=(x+ 3)?
The function being polynomial,

(a) f(x)is continuous on closed interval [- 4, — 3].

(b) Since f'(x) = 2(x + 3), which exists for all x € (— 4, — 3). So f(x) is derivable in (- 4, — 3).
Thus, both the conditions of Lagrange’s Mean value Theorem are satisfied.

Hence, there must exist at least one ¢ € (— 4, — 3), such that

f(b)-f(a)
b—a

f'(x)=2(x+3)

f'l(c)=2(c+3)

=f'(c),wherea=-4,b=-3 ... (i)

f(b)=f(-3)=(-3+3)2=0
and f(@)=f(-4)=(-4+3)2=(-1)2=1
From (i), we have

0-1 -1
—=2(¢c+3) = —=2(c+3
T3oca S 2ctd ~=2c+3)
= -1=2¢c+6 = 20=-7
= c=—ze(—4,—3)
2
7 7 2 1 2 1
When X=—-— then = | ——33| =| =L 2=
2 Y (2+} [ 2} 4
Thus, the tangent at the point [—% %J on the given curve is parallel. to chord joining the point

(-3,0)and (- 4, 1).

S$27. We have,

fix) ¥ x* =6x + 1 1 2 3
Being polynomial, ' |
(@) f(x)is continuous on closed interval [1, 3].
(b) Since f'(x)'=.2x— 6, which exists for all.x € (1, 3).
= f(x) issderivable in the interval (1, 3).

Thus both'the conditions of Lagrange’s Mean Value Theorem
are satisfied.

Hence, there exists at least one ¢ € (1,3).

Suchthat  f(b)—f(a)

= f'(c), wh =1,b=3
b_a (c), where a (i)
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S$28.

Now, fl(x) =2x—-6
= f'(c) =2c—-6

f(b)y=f(3)=(3)>’-6(3)+1=9-18+1=-8
fla)=f(1)=(1)>-6(1)+1=1-6+1=-4

From (i), we get

—8-(-4) _

31 2c—6
=4 et
= > = c-
= —-2=2¢-6 = =-1=¢-3
= c=—-1+3=2¢e(1,3)

When x=2,theny=(2)-6(2)+1=4-12+1=-7

Thus, the tangent at (2,—7), on the curve y = x> —6x + 1 is parallel to the chord joining the points

(1,—4)and (3, - 8).

If f(x) is a function defined on [a, b] such that :
(a) f(x)is continuous on closed interval [a, b],
(b) f(x)is derivable on open interval (a, b).

Then, there exists a real number ¢ € (a, b), such that

f(b) —f(a)
Fl)="p "%
f(1)—f(0)
= f'(c) = T 1-0 where.c € (0, 1)
= fi(c) = ?: g =4
H-9(0
and g'(c) = %where ce(01)
2-0
= g'(c)=7-¢9 ~2
From (i) and(ii), we get
f'(c) =2.g'(c).

[Lagrange’s Mean'Value Theorem]

. ()

.. (i)
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