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Date: 9/10/2021
Evaluate : (1 + i) + (1 - ).

Find the value of a such that the sum of the squares of the roots of the equation
xX*-(a-2)x—(a+1)=0is least.

Evaluate:

13
> (i"+i"""), where n € N.
i=1

Find the value of P such that the difference of the roots of the equation x> — Px +8=0is 2.
Find the value of 2x* + 5x° + 7x* - x + 41. when x= -2 — /3.

If | 22— 1| = | z|? + 1, then show that z lies on imaginary axis.

Locate the points for which 3 <|z| < 4.

If z= x + iy, then show that zz + 2(z + z) + b =0, where b € R, represents a circle.

If z, and z, are twg complex numbers such that | z, | =| z,| and-arg. (z,) + arg. (2,) = &, then
show thatz, =-2z,.

|f(1+{]3_ [1—:’)’ = x+ iy, find (x, y).
=1

1+i
If (12*_")2 = x + iy, then find the value of x + y.
—
Let z, and z, be two complex numbers such that |z, + z,| = | z, | +.| Z,|. Then show that
arg. (z,) —arg. (z,) = 0.

Let z, and z, be two complex numbers such that z, + iz, = 0-and-arg. (z, z,) = n. Then find
arg (z,).

If zand w are the two complex numbers such that | zw | = 1 and arg. (z) — arg. (w) = %,

then show that zw=—i.

If for complex numbers z, and z,, arg. (z,) —arg.(z,) = 0, then show that |z, - z,| =|z,| —-| z,|.

If z,, z, and z,,'z, are two pairs of conjugate complex numbers, then find:

z1 ZZ
arg. ot |Farg.| .
4 3

Ifarg. (z—1) = arg. (z + 3i), then find (x— 1) : y, where z= x + iy.

Show that the complex number z satisfying the condition arg. (Z_—” = % lies on a
circle. Z+

21 -1
z,+1

If|z,|=1,(z,#-1)and z, = , then show that the real part of z, is zero.
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Q20. If Z__:: is a purely imaginary number (z # — 1), then find the value of | z|.
zZ+

Q21. f (%)m = a + ib, then find (a, b).

Q22. If the imaginary part of 22+
iz

3 is — 2, then show that the locus of the point representing z
in the argand plane is straight line.
Q23. Solve the eqation 2> = Z, where z = x + iy.

Q24.1f (x + iy)} =a+ ib, where x, y, a, b < R, show that —% =_2(a’ + b?).
a

Q25. Find the complex number satisfying the equation: z + J2. [(z+1)|+i=0.
Q26. Solve the system of equations: Re (z%) =0, |z| = 2.

Q27. Show that

Z—z< g’ = 2 represents a circle. Find its centre and radius.

Q28. If a = cos 0 + i sin 0, find the value of 1+ a,
- |

Q29.If|z+1|=2z+ 2(1 + i), then find z.

Q30. Solve the equation : |z|=z+ 1 + 2i.

Q31.If(1+i)z=(1-i)z,then showthat z=-iz.

Q32. If the real part of % is 4, then show that the locus of the point representingz.in the
complex plane is a circle.

Q33. If a complex number z lies in the interior or on the boundary of a circle of radius 3 units
and centre (-4, 0), find the greatest and least values of |z + 1|.

Q34. Find the value of k if for the complex numbers z, and z,,
11— E1zzlz -z, _zzl2 =k(1 _|z1|2)(1 _|22|2)-

Q35. If z, and z, both satisfy z + z = 2|,z - 1| and arg. (z, —z,) = % then find Im(z, + z,).

1-i

Q36. Write the complex number z = — -
cos — + i sin—
3 3

in polar form.

Q37. For a positive intéger n, find the value of: (1—4)" [1 _})n .
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MATHEMATICS - XI | Complex numbers and Quadratic Equations BSQs-Solution

S1.

S2.

S3.

S4.

S5.

S6.

Date: 9/10/2021

Let 1+ =1+ P=(1+i*+2i)’=(1-1+2/{)°=8i=-8i
and (1-iPX=1-i>=3i+3/°=1+i-3i-3=-2-2j
Therefore, 1+)°+(1-i)*=-8i-2-2i=-2-10i.

Let a, B be the roots of the equation

Therefore, at+tpB=a-2 and of=-(a+1)

(o + B?) = (o + B)* — 20

=(@-2%+2@+1)
=(a-1)y°+5

Therefore, o + B will be minimum if (a—1)*=0, i.e.,a=1.

Given i(i”+f””)=(i+f2+f3+i4+...+i‘3)+(f2+f3+f“+...+f14)
=

=[(i—1—i+1+i—1—i+1+j=4=]+1-1))]
=S+ + i+ D)+ (=D ECT+H )+ (=) + =i+ 1)=1]
=j-1.

Let o, B be the roots of the equation x> — Px + 8 = 0.

Therefore a+pPp=P and o-pB=8

Now, a—B= *(a+p)i=dap

Therefore, 2= im

= P°-32=4, e, P=16.

Let X#2=-3i = x*+4x+7=0

Therefore, 2x* +5x%+ 7x* = x + 41 = (x> + 4x + 7)(2x*- 3x + 5) + 6

=0-(2x*=3x+5)+6=6.

Let z=x+1iy

Then, |1Z2=1]|=|z+1

= X2 —y?—1+i2xy|=|x% iy + 1

= OC=y? =17+ a2 = (P + y? + 1)

= 4x*=0 ie., x=0

Hence, z lies on y-axis.
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S7. |z|<4 = x? + y? < 16, which is the interior of circle with centre at origin and radius 4 units,
and |z| > 3 = x? + y? > 9, which is exterior of circle with centre at origin and radius 3 units.
Hence, 3 < |z| < 4 is the portion between two circles x* + y* = 9 and x* + y* = 16.

S$8. Let zZ=Xx+1iy
Now, zz+2(z+z)+b=0
= X+iY)x=iy)+2(x+iy+x—iy)+b=0
=N X2+ y?+2x+bh=0

which is the equation of a circle.

s9. Let Zy = ry(cos 04 +/sin 0,)
and Z, = r,(COs 0, + j sin 6,)
Now, |zi|=|22] = n=n
Also, arg. (zq) + arg. (zp) ==
= 0,+0,=mn
= 0y =m—0,

zy = ry(cos 64 + i sin 64)
= Z1 = rp[cos (n — 0,) + isin (t — 6,)]

=r,[—cos 0, + isin 0,)

=—r,[cos 0, —isin 0,)

=-7,
Hence, Z,=—2Z,.
S10. i\ B 4 3 (A f
Given., 1+I' _ 1+!-3+3{(1+{)
1-i 1-1° =8 1)
147 +3i -3

141 -3i+3i°

—-2+2i
-2-2i

2-2i
2+2i

1—dig P— i

_— _X_

Toi 1-i
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1+1
_1-1-2i
2
3 2
Similarly, [12] =_ 1.
1+ i
—i—i=x+1iy
= —-2i=x+1y
x‘:(:]T y:_
Hence, (x, y) is (0, —2).
2
S11. Given. (1+!? =x+ iy
2—]
1+1%+2i .
= ——— =Xx+y
2—]
. 1_1+2‘€=x+i
2—1i 4
21 2+ ,
= X - =Xty
2—i 2+i
4j +2/° .
= =x+iy
4+1
~ 4i_2=x+i
5 y
2 4 .
= ——+—y=X + iy
5 5
Comparing real and imaginary parts on both sides, we get
.24
5 5
_ 2 42
Now, X+ty=——+—-=—.
S ir 5
$12. [et Z, =ry(cos 6, + i sin 0,)
and Z, =, (cos 0, + i sin 05)
where, ri=\zy|, arg.(zy) =0,

r,=1z|, arg.(z;) =0,
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We have,

= 91—8‘2=0,

$13. Given,
=
Thus,

Zi+ 2| =z | + | 2|

=|r;(cos 04 +isin0y) +rn(cosb,+isinb)|=r+n

=r2+r2+2rr,c0s (0, —0,) = (r; + 1,)> = cos (0, — 0,) = 1

ie., arg.z;=arg. z,.
Z,+iz,=0
Z1 =12, ie., zZ,=-1z4

arg. (z1z)=arg. z;+arg. (-izy)=n

arg. (—izf)=n

= arg. (—i)+arg. (z)=n
= arg. (—i)+2arg. (zy)=n=n
-7
— 7+Zarg. (zy)=mn
3n
= arg. (z4) = ik
$14. Let Z=r;(cos 6, +isin 6,)
and w=r,(cos 0, + jsin 0,)
Now, lzw|=1 = nrn=1
T T
Also, arg. (z)—arg. (w) = 2 = 0,-0,= >
\w 2
Now, LHS.=zw
= ri(cos 0, — i sin 04) r; (cos O3+ isin 0,)
=rr,[cos (0, —0,) + isin(0s — 0,)]
=T .. Em
=1|cos| — |+isinj—
== () 2hs )|
=0—-j=-1
S15. Let Zy = Xy + iy = ry(cos 04 + jsin 0,)
and Zy = Xp t Iy = I, (CoS 0, + / sin 0,)
arg. (z4) = arg. (z,)
= 91 = 92
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z; =r,(cos 0, + isin 6,)

and Z, =1, (cos 04 + /5sin 0,)

LH.S. |z—2|= /(r,cos8, —r, cos®,)* + (r, sin®, —r, sin,)?

=it +r =2,

=nh-n
=|z;|-|z|=R.H.S.

$16. Let Z, =r,(cos 64 +isin 0,)
Z, =ry(cos 04 — i sin 0,)
=r,[cos (—04) +isin (—04)]

and Z3 = r,(cos 0, + i sin 6,)
Z4 = I, (cos 6, — i sin 6,)

=r,[cos (—0,) + isin (—0,)]

Now, arg. {j—‘]+arg. [2—2] = arg. (z4) — arg. (z4) + arg. (z,) — arg. (z3)
4 3.
=07 —(=062) + (=64) — (0,)
=0. [Hence Proved]
S17. Let, arg. (z—1) = arg. (z + 3i)
zZ=x+1Iy (Given)
arg. (x+iy—1)=arg. (x + iy +.3))
= arg. (x—1+iy) = arg. [x+i(y+ 3)]
= tan 6, =ﬁ and-fane, = ¥ > (- tan 0, = tan 0,)
AN Ty+3
X"y
=3 Xy =xy—3+3x—-y
= 0=3x-y-3
= y=3x-3
x-1_ x-1 _ x=1 :1
y 3x-3 .3(x-1 3’
$18. Let Z=X+t iy
arg il
\z+1) 4
= arg.(z—1)—arg.(z+1)=%
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= arg. (x+jiy—1)—arg. (x+iy+1)=

Lja A=A

= tan‘{ Y ]—tan‘1 [L =
x =1 X+
Yy _y
N tan”" x-1 x+1 _T
P | |
X=1)\x+1/]
- fan [ XY -y ] o
X =1+y? | 4
= #=tan£
X“+y -1 4
= 2y =x*+y* -1
= xX2+y?-2y—-1=0

which is a circle.

§19. Let

Again,

Now,

zZ,=x+1iy
|| = yx*+y* =1
X2+ y? =1
Z1—1
Z, =
zZy +1

X+ly-1"(x-1)+liy

X+y+1 " (x+1)+iy

< 1=+ iyII(x +1) - iy]

_ -1y Iy (XD -y (x =)

[x +1+iy]l(x +1) —iy]

(x + D2’ y?

_ (X =11y +T(y +y)

Real part of z, =

(X E1) + y°

xZ+y? -1

X+ 1)+ y?

1-1

(X + 1%+ y? -

[Hence Proved.]
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$20. Let Z=x+1iy

z-1_ x+iy-1
z+1 x+iy+1

| X =D +iy || (x+1) =iy
(x+D+iy [[(x+1)—-1iy

=Dy l+ily (x + 1) -y (x = 1)]
(x +1)° = i%y?

_ (XP-1+y5)+i2y)

(x +1)2+ y?
It is imaginary if x>+ y?—1=0
= x>+ y*=1
Now, |z|= x2+y? =1 =1.
s21. 1-i)" .
Given, — =a+ib
1+
. . 100
= b><b =a+ib
1+i 1=
=100
(1-1i)? .
=a+ib
142 -2i ] .
= _ =a+ib
1+1
.—1100
= F:llﬂ =a+ib
2 |
= (=) %=a+ib
= ' =a+ip
= (i2°=a+ib
= (-1 =a+ib
= 1=a+.ib
a=4,"b=0
or (a, b)=(1,0).
S22. | et z=x+1ly
Then 2z +1 _2(x+iy)+1_(2x+1)+i2y

iz+1  i(x+iy)+1  (1-y)+ix
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{2x +1)+i2y} y {1-y)—ix}
{-y)+ix}  {(1-y)-ix}

_ (@x+1-y)+i(2y -2y* -2x* - X)

1+ y? -2y + x*
2 2
Thus, m gz+1 _ 2y—22y - 2X —Qx
iz +1 1+y° -2y + x
But |m[2_z ”] =—2  (Given)
iz+1
So, 2y 22y 2X 2x=_2
1+y° -2y +x
= 2y—2y? —2x* — x=—-2 = 2y% + 4y — 2x*
ie., x+2y-2=0
which is the equation of a line.
$23. Given, =7 = xX*-y*+i2xy=x-iy
Therefore, x?—y*=x
and 2xy = -y
From Eq. (ii), we have
1
=0 or x=-—
Y 2

When y =0, From Eq. (i), we get

x2—-x=0 jes x=0 or x=1.

When x = —%, from Eq. (i), we get

1 1 3 - J3
2 = — 4+ — = = 4+ _
y420ry24,:.e.,y_2
Hence, the solutions of the given equation are
0+/0, 1+i0, —1+f£, —1—.5@
2 2 2 2
1
S24. Given, (x +1iy)® ="a+ib
- x + iy = (a + ib)®
ie., X + iy = a° +i°h° + 3iab (a + ib)

. (i)
... (i)
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= a°— ib® + i 3a°b — 3ab?
= a° - 3ab? + i(3a’b - b°)

= x=a—-3ab’ and y=3a°bh-b°
Thus, X 2g2-3p% and 2 =3a%-p?
a b
So g_% = a? —3b%*—3a% + b* = —2a°—2b* = -2 (a* + b).
S$25. Let zZ=x+1Iy
z+1=(x+1)+iy
[+ )= J(x+ 1 +y?
Equation is

X+iy +V2J(x +12+y? +i =0
X+i(y+1)= 2 (x+1?+y?
Xx= 2 J(x+ 02 +y?, y+1=0

x2=2[(x+ 12+ y%,  y=-1
X2 =2[(x+ 1)% + 1]
= X2 =2 +1+2x+1]
x2=2x%+4x + 4

=
=N X¥+4ax+4=0
- (x+2¥%=0
=-2
Hence, X+ jy=-+2-I
S$26. Let Z=x+iy
z% = (x + iy)?
z2=x? + j%y? + 2%y
7% = x% — y24 2xyi
Now, Re (z) =0
= x?—y?=0
= x?=y?
= y=xx
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|1z|=2 = J(x*+y?) =2
= x2+y2=4

= 2x%=4, ¥*=2 = x=12

When x =2, then y=4_r\/§
x+:’y=\/§i\/§f
When x==+2, then y=#2
x+:‘y=—\/§i\/§i.
S27. Let zZ=x+1iy
zZ-2 _5
z-3
X+iy—2 p
X+iy-3
= (x-2)% +y® = 2{(x=-3)° +y*
= X2+ 4 —4x+y?=4[x? + 9 - 6x + y?
- 3+ 3y’ —20x+32=0
= x2+y2—§x+g=0
3 3
Zg=—§‘ 2f=0, C--%
3 3
Centre is (-g,—hH= (% OJ
2
and radius = -10 +(0)2—g
3 3
_ {100-96_\/5_2
9 9. 3
S28. 1+a _1+cosO.+isinbd

1-a 1-cosO=isin®d
20:)329+.¢"2singcos9
_ 2 2 2
25in29—ar'-25ingcos9
2 2 2

0 6 . . 0
2Cc0s —|cos —+1isin—
2 2 2

0] . 6 . 0
2sin—|sin——Jjcos —
2 2 2

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 10



§29. Let

Uyl

[cosg+isin E]
=—f'cotE 2 2 =—icot9,
2 2

. . ©
cos — +isin
[ 2 2]

zZ=x+ iy
z+1=(x+1)+1y

|z+ 1= {(x +1)°+ y?
JX+1)2+y? =x+iy+2 (1 +1)

X+ 1P+ =(x+ 2+ [i(y + 2P +2i(x + 2) (y + 2)

X1 +2x+ P =)0 +4+4x+ (P +4+4y) + 2i(xy + 2y + 2x + 4)

X+ +2x+1=xX+4x+4 -y —4—4y) + 2i(xy + 2y + 2x + 4)
2/ + 2x+ 1 =4x— 4y + 2i(xy + 2y + 2x + 4)

Comparing real and imaginary parts, we get

and

When,

When

Hence,

S$30. Let

U

2y +2x + 1=4x—4y
2y —2x+4y+1=0
2(x+2)(y+2)=0

X=-2, y=-2
y=—-2, 8+2x+1=4x+38
2x +1 =4x
1
2x=1 = x= —
2

zZ=Xx+iy= %—-2f

xX==2
2y —2x+4y+1=0
2y +4 + 4y + 1,=0
2y* + 4y+ 5=0. Notpossible.
Y
2

z=x+ly xeR yeR)

AR SEN'S

|z|=z+1+2]
WXe+y? =x+iy+1+2i

X2 y2 = (x+ )2+ [(i(y + 2)F° + 2i(x + 1) (y + 2)

X2+ y?=x2 41+ 2x+i2(Y2+ 4+ 4)) + 2ix+ 1) (y + 2)

X2+ P =xP 42X+ 1=y —4—4y + 2i(x+ 1) (y + 2)
2y =2x—4y -3+ 2i(x + 1) (y + 2)
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Comparing real and imaginary parts, we get
2y’ =2x—4y—3

and 2(x+1)(y+2)=0
N x+1=0, y+2=0
— X=_1! y=_2
When, x=-1, 2y* =2x-4y-3
2 =-2-4y-3
2y +4y+5=0
-4+ ./16 -40
y= JiER
4
Now, let y=-2
2y =2x—4y—3
- 8=2x+8-3
= 0=2x-3 = X=§
2
Now, Z=XxX+1y
_3 -
= 5—21 is the solution.
S31. Let (1+hz=(1-hz
1—i _
= z=_-—Z
1+
1—!X1~.fE
= 2 1w
(1-1)? =
= zZ
1-j°
1402 =2i _
= 7
2
=1—1—2.*‘_
2
— 2
=52
2
=—jz=RH.S
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$32. Let zZ=x+iy

X—1Iy—1

Now. z_+2 _X—iy+2
Z-1

_ (x+2)—1iy
(x-N-ly
- [(x+2) - iy]l(x = 1)+ iy]
[(x =1 = iyIl(x = 1) +iy]
_ (X +2(x =N -y +iy(x+2) -y (x =)

(x =1 +y?
Now real part (x+2)(x - 1) +y* =4
(x =10*+y*
2 _ _ 2
N X+ 2x >2( 22+y _4
(x-=1)"+y
2 2 _
N x2+y2+x 2 —4
X+ y +1-2x
= X*+y?+ x—2=4x"+4y* + 4 - 8x
= 3x2+3y2-9x+6=0
which represents, a circle.
Hence, z=x+1iy lieson acircle.

§33. Distance of the point representing z from the centre of the.circle is
|z=(-4+i0)|= |z +4]
According to given condition |z + 4| < 3.
Now, |z+1|=|z+4-3|

<|z+4}+1-3]
<3+83=6
Therefore, greatest value of |z + 141s/6.
Since, least value of the modulus.ofa complex numberis zefo, hence, the least value of |z+ 1| = 0.

S34. LH.S.= [1-Z2z - |z, -Zf

= (1_2122)(1_2122)_(21 —22)(21 _22)

=(1-z,z;)(1-2,2,)-(z, - 2,)(Z, - Z,)

1+2,2,2,z,-2,2, - 2,2,

|2

2 2
1+|Z1| —|22 |

(1=1z,)- (1=12,")

—|Z1|2—|22
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S35.

S36.

RH.S.= k(1-1z))(1-|2,[)
= k=1
Hence, equating L.H.S. and R.H.S.,we get k= 1.

Let Z=x+1y, z;=X;+iy; and 2z, =Xx, + iy,
Since, z+z=2|z-1|

= x+iy)+(x=iy)=2|x=1+liy|

= 2x =1+ y?

Since, z; and z, both satisfy Eq. (i), we have

= 2(Xy = X9) =(y1 + ¥2) (V1 — Y2)
= 2=(y; + ) (u]
X, — X,

Again, Z1— 2= Xy — Xo) + i (Y1 = Y2)
Therefore tano=Y1"Y2  \where 0 = arg. (z, - z,)

Xy — X3
= tan T = Y1 =Y2 [since(%:E]

S 4

ie. 1=Y1"Y2

X1 - xz

From Eq. (ii), we get
2=y, + Y, re., Im(zy+ z,) = 2.

Let z= -1

T . o T
cos — + 1/ sin—
3 3

=(=1%1)

COSTE+I'Sinn
3 3

I
—JE{—+;—]
22

' . ey TR
COS — +1/1SIN.—
3 S

] @[C[Zj[zﬂ

T . . T
cos — +isin
3 3

.. (i)

... (ii)
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S37. . .
Given expression

(1—1')”(

—\E[cos%ﬂsin?’—ﬂ]

4

-3)
I

—ﬁ-cos(%—glnsin[%—iﬂ

—\/E cos?—gﬂsins—n]

cosn+.f'sinTt
3 3

12
(1-iy [ﬂ)
/

1 n M\ i\
;.—n(—1) (1-0N"(1-1)
1 n =\ 29N
F('” [(1-1)]
= [1+i%-2i]"

g

—('f:)n [1-1-2i]"

[’—] < (=21
]

= ()" (1)"(27) (i")
= (’n) (,'2):1 on  in

- UZ)n (iZ)n 20

- (’-2)2n2n

= (-1)2".2"=2"
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