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MATHEMATICS - XI | Principle of Mathematical Inducation BSQs

Date: 9/10/2021

Q1. Give an example of a statement P(n) which is true for all n> 4 but P(1), P(2) and P(3) are
not true. Justify your answer.

Q2. Give an example of a statement P(n) which is true for all n. Justify your answer.

Q3. Prove the statement by the Principle of Mathematical Induction:

n—1
Z t(t+1) = n(n - 2(‘” +1) , for all natural numbers n > 2.
t=1
Q4. Prove the statement by the Principle of Mathematical Induction:
1 1 1 1
[1 - Z_J . [1 —3—;_,] [1 = ]= nz;n , for all natural numbers, n> 2.

Q5. Define the sequence a,, a,, a,, ... as follows:

a,=2, a,=5.a,_,, forallnatural numbers n> 2.

(i) Write the first four terms of the sequece.

(ii) Use the Principle of Mathematical Induction to show that the terms of the sequence
satisfy the formula a, = 2.5"~" for all natural numbers.
n-1 . (NP
cosfo+|——+ sin | —-
[“ ( 2 J BJ [ 2 J

o B
Sin —
M s

Q6. Prove that for all n € N:

cos o+ cos (o + p)+cos (a+2B)+..+cos (a+(n-1)B)=

Q7. Asequence d,, d,, d,, ... is defined by letting d, = 2 and d, = d';(” for all natural numbers
k> 2. Show that d, = % for all.n € N.

Q8. A sequence b, b,, b,, ....is\defined by letting b, =.5'and b, = 4 + b, _, for all natural
numbers k. Show that b = 5 + 4n for all natural numbers n using Mathematical Induction.

Q9. Use the principle of Mathematical Induction in.the following question:

A sequence a,, a,; a;, ... is defined by a, =3 and a, = 7a, _, for all natural numbers k > 2.
Show that a, = 3:7"" " for all natural numbers.

Q10. Prove that, cos 0 cos 20 cos 220 ...'cos 2"~ 19 = gf,"s?;g , foralln € N.

Q11. Prove the statement by the Principle of Mathematical Induction: n(n® + 5) is divisible
by 6, for each natural number n.

Q12. Prove the statement by the Principle of Mathematical Induction: n® — n is divisible by 6,
for each natural number n> 2.

Q13. Prove the statement by the Principle of Mathematical Induction: For any natural number n,
7" — 2" is divisible by 5.
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Q14. Prove the statement by the Principle of Mathematical Induction: 32" — 1 is divisible by 8,
for all natural number n.

Q15. Prove the statement by the Principle of Mathematical Induction: n* — 7n + 3 is divisible
by 3, for all natural number n.

Q16. Prove the statement by the Principle of Mathematical Induction: 4" — 1 is divisible by 3,
for each natural number n.

Q17. Prove the statement by the Principle of Mathematical Induction: 22" — 1 is divisible by 3.
Q18. Prove that number of subsets of a set containing n distinct elements is 2", for all n € N.

Q19. Show that %4. ? + :—’57 is a natural number for all n € N.

Q20. Prove that:
sinnd . (n+1)
sin 0

sin 0 +sin 20 +sin 30 + ... + sin nO = 2 2 ,foralln e N.
sin—
2
Q21. Prove that: L+ 1 + ...+i>E for all natural number n > 1.
n+1 n+2 2n 24

Q22. Prove the statement by the Principle of Mathematical Induction:

Jn <— 1 for all natural number n > 2.

R

Q23. Prove the statement by the Principle of Mathematical Induction: 2n < (n + 2)! for all
natural number n.

Q24.2n+ 1 < 2", for all natural numbers n > 3.

Q25. Prove the statement by the Principle of Mathematical Induction: n?* <'2" for all natural
number n > 5.
; [ n-
sin| o +

Q27. Show by the Principle of Mathematical Induction that the sum S of the n term of the
series 12+ 2 x 22 +3%24+2 x 42+ 52 + 2 x 62.... is'given by

Q26. Prove by induction that for all natural. number n:

sin o + sin (o + B) + sin (o + 2B) +... + sin(a + (n—-1)pB) =

2
%i, if n iseven
n= 2
"—w, if n is odd
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MATHEMATICS - XI | Principle of Mathematical Inducation BSQs-Solution

Nurturing Success...

S1.

S2.

S3.

Date: 9/10/2021

Consider the statement

For

For

For
For

For

3
i i
N

S 3 3
I
LU

P(n) :

For

P(n):2n<n!
2x1<1l = 2<1 (False)
2x2<2l = 4<2 (False)

2x3<3!l = 6<6 (False)
2x4<4! = 8<24 (True)
2x5<8l = 10<120 (True)

1+2+3+._+n=M
2
12100 _ 4 (e,
2
1+2=2CD _ 3 (1140
1+2+3= 3(32“) =6 (True).

Let the given statement be P(n), be given as

n(n-1)(n+1)

3 , for all natural numbers.n = 2.

P(n) : nit(t+‘|) =

We observe that

1
Zt(f+1):1,2=£§
=1 3

P@2): 22_11‘(1'+1)

_2.2-1N@+1
3

Thus, P(n) in true forn = 2.
Assume thatP (n) is true forn=k  N.

iLe.,

_ klk—"1)(k+1)
3

P (k) : E t(t+1)
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To prove that P (k + 1) is true, we have

(k+1-1)

D t(t+1)=it(t+1)

k-1 _
k (k ‘2(k+1)+k
t

DSt(t+)+k(k+1)=

=1

(k +1)

k(k+1)[k—;+3}=k(k+‘g(k+2)

_ (k+D((k+1)-D((k+1)+1)
3

Thus, P(k + 1) is true, whenever P (k) is true.

Hence, by the Principle of Mathematical Induction, P(n) is true for all natural numbers, n>2.

S4. |etthe given statementbe P(n),ie.,

P(n): (1—12 - 1—%]--- 1—i2 =n—+1,forall natural numbers n > 2.
-2 3 n 2n

We observe that P(2) is true, since

Assume that P(n) is true fork € N, i.e.,

o 33 1)
2 3 K 2K

Now, to prove that P(k + 1) is true, we have

(1_i].(1_i]...[1_ij.(1_ 1 J=k+1 1 Jz K +2k _(k+1)+1
2 3 k tk+17 ) 2k | (kK+1?) 2k(k+1)  2(k+1)

Thus, P(k + 1) is true, whenever P (k) is true.

Hence, by the Principle of Mathematical Induction, P (n) is true for all natural numbers, n> 2.

S$5. (i) Wehave a; =2
8o = 562_1 = 561 =52=10
a;=5a;_;=5a,=5.10 =50
ayg = 534_1 = 583 =5.50 = 250

(i) Let P(n)be the statement, i.e.,
P(n): a,=2.5""" for all natural numbers. We observe that P (1) is true.

Assume that P (n) is true for some natural number k, i.e., P (k) : a, = 2.5 ".
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S6.

Now to prove that P(k + 1) is true, we have
Pkk+1):a,,1=5.a,=5.2.5"
=25 =25K" """

Thus, P(k + 1) is true, whenever P (k) is true.

Hence, by the Principle of Mathematical Induction, P(n) is true for all natural numbers, n>2.

Let P(n): cosa+cos(a+PB)+cos(a+2B)+..+cos(a+(n—1)p)

ol

sin —
2

Basic step:
To prove: P(1)is true
Proof: For n=1,

oo {15 (2

RHS. =
sinE
2
cos (o) sinE
=— € =cosa=T
sinE 1
2

Thus, P(1) is true.

Induction Step: Given, P(k)is true
jie., cosa+cos(a+ P)+cos(a+2B)Fu-t+cos|(a+(k—1)p)]

ol rl(2)

sin —
i

To prove: P(k+ 1) isitrue
ie., coso+cos (a+p)+cos(o+2B)+ .. +cos o+ kp)

e 23]

inP
sin 5
Proof: LHS =cos o+ cos (o + B) + cos (o + 23) + ... + cos (a + kP3)
cos{a +(k;1]|3} sin (?]
= +cos (o + kB)
sinE
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cos [oc, + B] sin % +cos (o + k) sing
sin i
2
sin(oa+kB—E]—sin[a—E]+sin[a+kB+E]—sin(a+kB—EJ
_ 2 2 2 2
2sin B
2
_ sin(a +kB+g]—sin(a—gJ
B
2sin -
M2
20,+ kB _. kB+B)
2 LA b A
_ cos( > ]sm[ 5
B
2 =
sin 5
cos [a + %j sin [(k +1) g]
= B = R.H.S.
S|n§
Thus, P(k + 1) is true.
Hence, P(n)is true.
S7. et P(n) : dn=3|, VneN
n!
Basic step:
To prove: P (2)is true
.l'-.e., dg':ﬁ:E:‘l
2 2
2
Proof: For n=2, d,= o
2
= d, = ol =1
which is true.
Thus, P(2).is'true.
Induction Step: Given, P(k)is true
. 2
lLe., dk = E
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To prove: P(k+ 1)is true

Le.,

Proof:

Thus, P(k+ 1) is true.
Hence, P(n)is true.

S8. Let P(n):

Now,

Basic step:

To prove: P(1)is true
Proof: For n=1,

—

which is true.

Thus, P(1) is true.

Induction Step: Given,
ie.,

To prove: P(k+ 1)is true

ie.,
or

Proof:

Thus, P(k+ 1) is true.
Hence, P(n) is true.

_ 2
Tk + )]
LHS.=d,, = di
k+1
=2 1
(k) (k+1)
-2 _RHS
(k +1)!

b,=5+4neN
b0=5 and bk=4+bk—‘l VkeN

by=4+ by_;
by=4+by=4+5=9

P (k) is true

b, =5+ 4k

Brsq =5+ 4(k+ 1)
bk+1 =g+4k

L'H.S. = bk+1 =4+ bk
=4+5 + 4k
=9+ 4k=R.H:S.

$9. Asequence a,,.a, as, ... is defined by letting'a; = 3 and a, = 7a,_, for all natural numbers k> 2

Let P(n) :

Basic step:
To prove: P(2) is true

Proof: For n=2,
=
As
=
P (1) is true.

a, = 3.7"%\ for all natural numbers ne N

a,=3-7"""
a,=3-77""=3x7=21
a;=3 and a,=7a,_4
a=7xa;=7x3=21
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S10.

S11.

Induction Step: Given, P (k)is true

ie. a,=3.7""

To prove: P(k+ 1)is true

ie., Ay 41 =3‘7k
Proof: LHS.=a,.,=3.-7¢

=3.7"""x7=7a,
which is true.
Thus, P(k + 1) is true.
Hence, P(n) is true.

sin2"0

Let P(n): cos 0 cos 20 cos 2°0 ...cos 2" '0= ——— forallne N
2"sin 0
Basic step:
To prove: P(1)is true
Proof: For n=1,
RHS. = sin2"60 _ Sln‘29
2"sin® 2sin®
_ 23In€f0058= cos 0= T,
2sin0
Thus, P(1) is true.
Induction Step: Given, P(k)is true
s mk
jie., cos0cos20cos 2?0 ..cos2"Tg= SL"? 0
2°sin@
F k+1
To prove: cos 0 cos 20 cos 220 ... cos 20 = %
sin

sin 29

L.H.S. = cos 0 cos 20 cos 2°0 ... cos 240 = = —
2"sin 0

2sin20cos20.~ sin(2“*'0
= l k+1 o - |k+(1 i ) =RHS.
2" 'sin@ 2" "'sind

Thus, P(k + 1) is true.
Hence, P.(n)is true.

Let P(n) “nh(n® + 5) is divisible by 6, forn e N.

Basic step:

To prove: P(1)is true

Proof: Forn=1, nn*+5)=1(1>+5)=6
which is divisible by 6.

P (1) is true.

x c0s 2 0
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Induction step:
Given: P (k) is true
iie., k(K +5)is divisible by 6.
To prove: P(k+1)is true
iie., (k+1)[(k+ 1)?+ 5]is divisible by 6.

Proof: For (k+ 1)[(k+1)>+5]=(k+1)(K+2k+1+5)
= k(K +5)+ k(2k+ 1) + (K + 2k + 6)
=k(k®+5)+3K +3k+6
=k(P+5) +3(K+k+2)=A+B

Now, A is divisible by 6, and k? + k + 2 is divisible by 2 whether k is odd or even..

Thus, A + Bis divisible by 6.
Thus, P(k+ 1) is true.
Hence, P (n) is true.

S12. Let P(n): n’ - nisdivisible by 6, forn e Nand n > 2.

Basic step:

To prove: P(2)is true

Proof: Forn=2, nP-n=22-2=8-2=6
which is divisible by 6.

P(2) is true.

Induction step:
Given: P (k) is true
i.e., K —kisdivisible by 6.
To prove: P(k+1)is true
ie., (k+1)>—(k+1)is divisibleby 6.

Proof: For P(k+ 1) (k+ 1> (k1) =k+3KkK>+3k+1=k="1
= (k° — k) + 3Kk* +3k
=(k®—k)+3k(k+1)=A+B

Now, A is given to be divisible by 6 and out of kand k + 1 one is.even i.e., divisible by 2.

Therefore, 3k (k + 1) is divisible by 6.
A + Bis divisible by B:

Thus, P(k+ 1) is true.

Hence, P(n) is true.

$13. Let P(n).7"—2"is divisible by 5, for n.e .

Basic step:

To prove: P(1)is true

Proof: Forn=1, 7"-2"=7"-2"=5
which is divisible by 5.

P(1) is true.
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S14.

Induction step:

Given: P (k) is true
Or
7% - 2¥is divisible by 5.
To prove: P(k+1)is true
Or
7571 - 2" is divisible by 5.

Proof: For P(k+ 1) 7k*1-2k+1=7.7k_2kK.2
=7(7" =2k +7.2k-2k.2
=7 (7" -2+ 2K7-2)
= 7(7"-2")+2%.5

A B
Now, A is divisible by 5 and B is also divisible by 5.
Thus, A + Bis divisible by 5.
Thus, P(k + 1) is true.
Hence, P(n) is true.

Let P(n): 3%"—1is divisible by 8 foralln e N.

Basic step:

To prove: P(1)is true

Proof: Forn=1, 3"-1=9-1=8

which is clearly divisible by 8.
P(1) is true.
Induction step:
Given: P (k) is true
Or
3%k~ 1is divisible by 8.
To prove: P(k+1)is true
Or
32 (k+1) _ 1.
Proof: For P(k+)r 32070 _1=3%.3%-1,

=9(3*-1)+9-1
=9(3*-1) + 8
A B
Now, A is given to be divisible by 8 and B is also divisible by 8.
Thus, A + Bis divisible by 8.
Thus, P(k+ 1) is true.
Hence, P(n) is true.
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S15.

S16.

Let P(n):n>—7n+ 3 is divisible by 3 for all natural numbers n.

Basic step:

To prove: P(1)is true

Proof: Forn=1, nP-7n+3=(1°-7x1+3=1-7+3=-3

which is clearly divisible by 3.

Induction step:
Given: P (k) is true
Or
k® — 7k + 3 is divisible by 3.

To prove: P(k+1)istrue
Or
(k+ 1)> =7 (k+ 1) + 3 is divisible by 3.

Proof: For P(k+ 1) (k+1°-7k+1)+3=K+3K2+3k+1-Tk—-7+3
= (k= T7k+3) + 3k + 3k—6

= (K* =Tk +3) +3(K> + k< 2)
A B

A is given to be divisible by 3 and B contains a factor 3.
Thus, A + B is divisible by 3.

Thus, P(k+ 1) is true.

Hence, P (n) is true.

Let P(n): 4" -1 is divisible by 3
Basic step:
To prove: P(n)istrue
Proof: Forn=1,
4"-1=4"_-4=3
which is clearly divisible-by 3.

Induction step:
Given: P (k) is true
Or
4% — 1 isdivisible by 3.

To prove: Pi(k+1)is true
Or
4** 1 _ 1 is divisible by-8.

Proof: For 457 1 =4.4 -1,
=4.4"_4+4-1
= 4(4~1) + 3

1 L1

A B
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Clearly A is given to be divisible and B is also divisible by 3.
A + Bis divisible by 3.
Thus, P(k + 1) is true.
Hence, P (n) is true.
S17. Let the statement P (n) given as
P(n) : 2°" — 1 is divisible by 3, for every natural number n.
We observe that P (1) is true, since
22_-1=4-1=3.1is divisible by 3.

Assume that P (n) is true for some natural number k, i.e.,
P(k): 2° -1 is divisible by 3, i.e., 2°—1=q,where g e N
Now, to prove that P(k + 1) is true, we have

Pk+1):22%*D 1 =2%*2_1=2% 221
=2% 4-1=3.2%+ (2%
=3.2%+q
=3(2%+q)=3m,whereme N

Thus, P(k + 1) is true whenever P (k) is true.
Hence, by the Principle of Mathematical Induction P (k) is true for all natural numbers n.

$18. P(n) : Number of subsets of a set containing n distinct elements.is 2" for all n € N.
Basic step:
To prove: P (1) is true

Proof: Forn=1, subsets of a set containing 1 distinct elements is 2" whichiis true.

Induction Step: Given : Number of subsets of a set containing k distinct'elements is 2.
To prove: Number of subsets of a set.containing k + 1 distinct elements is 2¢* .

Proof: We know that with the addition of one element in the set, the number of subsets
become double.

Now number of subsets of @ set containing k + 1 distinct.elements = 2 x 2¥ = 2K* 1,
Thus, P(k+ 1) is true.
Hence, P(n) is true.

5 3
S19. P(n): n + n + L is a natural number foralln e N
5 3w 15
Basic stép.

To prove: P (1) is true
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S20.

Proof:

Thus, P(1) is true.

For n=1,

non’ In (0 (O 7()

+_
5 3 15 5 3 15

_..l:M:LS:—]eN

A
315 15 15

1
5

Induction Step: Given, P (k) is true

Or

To prove:

Or

Proof:

k® k® Kk .
— +—+ — is a natural number.
5 3 15

P(k+ 1)is true

(k +1)° _|_(;f«'+‘l)3 +7(k+‘l)
S 3

is a natural number.

(k+17° | (k+0°  T(k+1)

5 3 15
:(k5+5k4+10k3+10k2+5k+1)+k3+3k2+3k+1+7k+7
5 3 15
5 3
= | LTk +k4+2k3+(2k2+k2)+(k+k)+[1+1+1J
5 3 15 5 3..15
5 3
- K k—+ﬂ + (k* +2k® + 3k*+ 2k + )= A+ B
5 3 15

Now, A is given to be a natural number.and B'is also a natural as.k.is a.rational.

A + Bis a natural number.
Thus, P(k + 1) is true.

Hence, P(n)is true.

Basic step"

To prove:

sin o sin (n+1) 0

Let P(n): sin 6 +sin20 + sin 30 + ... + sin nb'= 2 5 Z
sin —
2
P (1) is true
For n=1,

Proof:

sin no sin (n+1) N

- _ 2 2
R.H.S. —5
sin —
2
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—Smesine
=< =sind=T,

sin —
Thus, P(1) is true.
Induction Step: Given, P (k)is true

sinko . (k+1)
5 sin > 0

sin 9
2

ie., sinO+sin20+sin30+..+sinkO=

To prove: P(k+ 1)is true

sin (k +1)0 sin [k + ZJ o
2 2

ie., sinO+sin20+sin30+...+sin(k+1)0= 0
sin —

LHS.=sinB+sin20+sin30+ ... +sin(k+1)0

sink0 . k+1
sin 0

=2 92 +sin (k +1)0
sin —
2

. ko . (k+A1 : . 0
sin— sin| ——.{0 sin (k + 1) 0 sin —
2 [ 2 ] ( ) 2

. 0
sin
2

cos[%)—cos 2k2+18+cos[k+%]8—cos[k+%}8

2sin—

N | D

cosg—cos[kJrgJB
2 2

23in9
2

k+§—1 1+k+§
2 sin % Osin| 2 2 |g

2

.0
2 sin —
2
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sin(—k +1)83in(
_ 2

k+2

Thus, P(k+ 1) is true.

Hence, P(n) is true.

S21. | et P(n):L+ 1 . torneNand n>1.
n+1 n+2 2n 24
Basic step:
To prove: P(2)is true
Proof: Forn=2,i+ 1 >E:> L + L
n+1 n+2 24 2+1 2+2
1 1 13
= —+—>—
3 4 24
7
=

P(1)is true.

Induction step:

Given:

To prove:

Proof:

P (k) is true

Or,

P(k+ 1) is true

Or,

Given

Now,

Hence,

Thus, P(k + 1) is true.

Hence, P (n) is true.

. 0
sin —
2

12

1
k +1

1
kK+1

L
k+1
1
k+1

13
24

1
k+1

Jo
=R.H.S.

13
-
24

—> E which is true.
24

1 17 13
fot—>—
K+ 2 2k 24
1 1 13
+ - >—
k+2 2(k+1) 24
1 1 13
—— L+ — > —
k+2 2k 24
1 1
h +ot—+
k+2 2k 2(k+1)
1 13
>_
2(k+1) 24
1 1 1
+ +—+
k+2 2k 2(k+1)

13
>—+
24

13
= —_—
24

1
2(k +1)
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+...+i forne N and n>2

S22. et P(n): \/E<i+i
N N AN
Basic step:
To prove: P(2)is true
Proof: Forn=2, J2 < 1.1
NN
which is true.
P (1) is true.
Induction step:
Given: P (k) is true
: 1 1 1
lLe., Vk < —+—+..+—
V1 V2 Jk
To prove: P(k+1)is true
Le., Jk +1 <l i+...+ L
V12 JK +1
Proof: Given Jk < 4.1, L
V12 Jk
1 1 1 1 1
= Jk + < —+=+—F—=thu.H—F—+
k+1 1 2 Jk  Jk+1
. k1ol a1
Jk +1 Vi V2T ko (ke

JEJk+1+1

If, Jk o+ 1
X" S Jk+1

= k+ 1< JkJk+141
= k <k (ki+4)

= \/;<4/k+1

which is true.

From Eq. (i) and (ii), we.get

\/k+1<i+i+...+ 1
V142 K+

7

Thus, P(k+ 1) is true.
Hence, P (n) is true.

. (i)

... (ii)
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$23. Let P(n):2n<(n+2)! forn e N.
Basic step:

To prove: P(1)is true

Proof: Forn=1, 2n<(n+ 2)!
= 2x1<(1+2)!
= 2 < 3!
which is true.
P (1) is true.

Induction step:

Given: P (k) is true
ie., 2k < (k + 2)!
To prove: P(k+1)istrue
ie., 2(k+1)<(k+3)
Proof: For 2k < (k + 2)!
= 2k+2<(k+2)!+2
= 2(k+1)<(k+2)+2 ()
Now, (k+2)!+2<(k+3) .. (i)

From Eq. (i) and (ii), we get

2(k+1) < (k+ 3)!
Thus, P(k + 1) is true.
Hence, P (n) is true.

$24. Let P(n) be the given statement, i.e., P(n). 2n + 1 < 2" for all natural numbers, . We observe that
P(3) is true, since

2.3+1=7<8=2°

Assume that P (n) is true forseme natural number k, i.es, 2k + 1 < 2

To prove P (k + 1) is true, we have to show that 2 (k+:1) + 1 < 2", Now, we have
2(k+1)+1=2k+3
=2k+1#2<2K+2 <2k 2=2K"1

Thus, P(k +-1) is true, whenever P (k) is true.

Hence, by the Principle of Mathematical Induction P (n) is true for all natural numbers, n > 3.

$25. Let P(n): n*<2"forne Nand n>5.
Basic step:
To prove: P(5)is true
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Proof: Forn =5, n*<2"
= 52 < 2°
= 25< 32

P (1) is true.

Induction step:

Given: P (k) is true
ie., K2 < 2k
To prove: P(k+1)is true
ie., (k+ 1) < 2k*1
Proof: For K < 2K
= K+ 2k +1 <25+ 2k + 1
= (k+1)2 <2+ 2k + 1
Now, 2k + 1 < 2k
= 2K+ 2k + 1 < 2K+ 2K
= 2K+ 2k+1<2.2K
= 2K+ 2K+ 1 < 2K+

From Eq. (i) and (ii), we get

(K"' 1)2 < 2k+1
Thus, P (k) is true.
Hence, P (n) is true.

$26. Consider P(n) : sin o + sin (a + B) + sin (o + 2B) + ... +'8in(o + (n— 1) B)
sin (or, - n-1 BJ sin [”_Bj
_ 2 2
(B ’
en(?)

We observe that P(1) is true, since

for all natural number n.

sin (&0 +.0) sin

p

sin —
2

N ™=

P(1): sina=

Assume that P (n)is true for some natural numbers k, i.e.,
P(k) :sintt+sin (o + B)+sin (a+2B)+...+sin(a+ (k—1)p)

sinfas )]
sin( 3

()

... (i)
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S27.

Now, to prove that P(k + 1) is true, we have

P(k+1):sino+sin(a+ p)+sin(a+2B)+ ..+sin(a+ (k—1)B) + sin (o + kB)

2]—cos[a+kﬁ+

sin (a + k-1 Bj sin (@]
2 2 .
+sin (o + k)
sin(Ej
2
Sin[a+ﬁl3]sin%+sin(a+kﬁ)sin%
in B
sm2
cos[a—%)—cos[a-rkﬁ—g]+cos[a+k|3—
29,inE
2
cos(a—g]—cos(u+kﬁ+%)
inP
23|n2
oo s KB i [ KB+B
5|n(la+2)sm( > )
. B
sma
- kB . B
Sln[(x+?Jsm(k+‘l)(§J
sinE
2

Thus, P(k + 1) is true, whenever P(k) is true.

Hence, by the Principle of Mathematical Induction, P (n)is true for all natural numbers, n.

Here,

2
w, ifi n._is even

Sn = n“(n+1
%, if n isodd

Also, note that any term T, of the series is given by

_ n?*, if n isodd
2n?, if n iseven
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We observe that P (1) is true, since

_ 12 P-(1+1)
2 2
Assume that P (k) is true for some natural number k, i.e.,

P(1): S =1=1

Case 1: When kis odd, then k + 1 is even. We have
Pk+1):Ss1=12+2x2%+ . + K +2x (k+ 1)

2
= wwx(mnz

@[k"‘w(mm (askisodd,12+2x22 +...+k2=k"‘ﬂ(—;1)J

= %[k2+4k+4]

- k+1(k+2)2=(k+‘l) [(k +1)+ 1

2 2
So, P(k + 1) is true, whenever P (k) is true in the case when ks odd.

Case 2: When kis even, then k + 1 is odd. Now,
Pk+1):12+2x 22+ ... +2. K+ (k+ 1)

2
k(k +1) N
2

2
(k +1)? {alfskisewemz+2><22 4 42—k (k;1) ]
_ (kD2 (k+2) (ke 1Pk + 1) +1)
2 2
Therefore, P(k + 1) is true, whenever P (k) is true for the case when k is even.

Thus, P(k + 1) is true, whenever P (k) is true for any naturalnumbers k. Hence P (n)
is true for all natural numbers.
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