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MATHEMATICS - XI | Section of Cone and Circle ncert

Date: 12/10/2021
Q1. Find the centre and radius of the circle with : X* + y* — 4x— 8y —45 = 0.
Q2. Find the centre and radius of the circle with : (x + 5)% + (y — 3)> = 36.
Q3. Find the equation of the circle with : Centre (1, 1) and radius J2.

Q4. Find the equation of the circle with : Centre [%,%) and radius %

Q5. Find the equation of the circle with : Centre (- 2, 3) and radius 4.
Q6. Find the equation of the circle with : Centre (0, 2) and radius 2.

Q7. Find the centre of the circle whose eq. is given by
(X—X1) (X—Xz) + (y_y1) (y_Yz) =0.

Q8. If the equation. A2+ (L2=561L+4)xy + (3L + 2)y?—8x+ 12y -4 =0,
will represent a circle then find the value of A.

Q9. If the line hx + ky = 1 touches x? + y?2 = a2 then find the locus.of point (h, k).

Q10. Find all real values of a for which the point (a, — a) lies inside the circle.
x?+y?—4x+2y—-8=0.

Q11. If the points (0, 0) (1, 0), (0, 1), and (¢, f) are concyclic then find the real value of t.
Q12. Find the equation of the circle with centre (—a, —b) and radius ,/a* — b?*.

Q13. Find the centre and radius of the circle with-:2x* + 2y? — x = 0.

Q14. Find the centre and radius of the circle with : x* + y* - 8x + 10y~ 12 = 0.

Q15. Find the equation of the circle with,centre (- 3, 2) and radius'4.

Q16. Find the equation of the circle with centre at (0, 0) and radius r.

Q17. If g* + f2 = ¢ then prove that x> + y> + 2gx + 2fy +.¢c =0, will represent a point circle.
Q18. Find the centre and radius of the circle x? + y2+ 8x+ 10y + 12 = 0.

Q19. Find the centré'and radius of the circle given by the equation 2x* + 2y? + 3x + 4y + % =0

Q20. Find the ‘equation of the image of the circle x* + y* + 8x — 16y + 64 = 0 in the line mirror
x=0.

Q21. Find the equation of a circle with centre (2, 2) which passes through the point (4, 5).

Q22. Find centre of the circle which passes through the points A(1, 1) and B(2, 2) and whose
radius is 1.

Q23.If3x?+ 20 xy + 3y2+ (6 — L)x + (2L —6) y — 21 = 0 is the equation of the circle, then find the
radius of the circle.
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Q24. Find the equation of the circle
(a) Centered at (x,, y,) with radius r (b) Centered at (3, — 2) with radius 4

Q25. Find the equation of the circle passing through points (3, 6) and touching the both x and
y axis of rectangular co-ordinate system.

Q26. If the area of the circle 4x2 + 4y2 — 8x + 16y + k = 0 is 9% square units, then find the
value of k.

Q27. If (-1, 3) and (o, B) are the extremities of the Diameters of the circle x? + y?—6x+ 5y -7 =0,
Find the value of o and p.

Q28. If the line y = mx does not intersect the circle (x + 10)> + (y + 10)? = 180 then find the
value of m.

Q29.If a line drawn through a fixed point P(a, B) to cut the circle x2 + y? = a? at A and B, then
find the value of PA. PB.

Q30. Find the locus of the centers of the circles for which one end of diameter is (1, 1), while
other end is on the line x + y = 3.

Q31. Find the equation of the circum circle of a triangle whose vertices are (- 2, 3), (5, 2) and
(6,-1).

Q32. Find the equation of the circle described on the diameter with end points
(@) A(x, y,) and B(x,, y,) (b) A(2,-1)andB(3, 2)

Q33. Find the equation of the circle passing through the points(4, 1) and (6, 5) and whose
centre is on the line 4x + y = 16.

Q34. Find the equation of the circle which passes through the points (3, 7) and (5, 5) and
whose centre lies on the Line x—- 4y =1.

Q35. Find the length of the intercept on the straight line % +% = 1 by the circle x* + y* = /.
Q36. Find the centre and radius of the circle:
4%+ y)+12ax—6ay—-a*=0

Q37. Prove that the point (3, 4) lies'within the circle x* + y* =36, whereas the point (6, 8) is
outside the circle.

Q38. Examine, whether the point P (2, 3) lies outside, orinside the circle
X+ y +2x+ 2y-7=0.,

Q39. Find the equationof a circle of radius 5 whose centre lies on x-axis and passes through
the point (2,.3).

Q40. Find the'centre and the radius of the circle x* + y* + 8x + 10y — 8 = 0.
Q41. Does the point (- 2.5, 3.5) lie inside, outside or on the circle x* + y* = 25?

Q42. Find the equation of the circle which passes through the points (2, — 2) and (3, 4) and
whose centre lies on the line x + y = 2.

Q43. Find the centre and radius of the circle:
4x* +4y* —10x+5y+5=0
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Q44. The straight line g + % =1 cuts the co-ordinate axes at A and B. Find the equation of the

circle passing through O(0, 0) and point A and B.

Q45. If y = 2x is a chord of the circle x? + y? — 10x = 0. Find the equation of the circle with this
chord as diameter.

Q46. Find the equation of the circle, whose centre is (2, — 3) and passing through the
intersection of the Lines 3x— 2y =1 and 4x+ y = 27.

Q47. Find the equation of the circle which passes through the origin and cuts off intercepts
— 2 and 3 for the x axis and y axis respectively.

Q48. Find the equation of circle passing through points (5, 7), (6, 6) and (2, — 2), find its centre
and radius.

Q49. Find the equation of the circle passing through (0, 0) and which make intercepts aand b
on the coordinate axes.

Q50. Find the equation of the circle passing through the points (2, 3) and (-1, 1) and whose
centre is on the line x-3y-11=0.

Q51. Find the equation of the circle concentric with the circle 2x* + 2y? + 8x + 10y~ 39 = 0 and
having its area equal to 16x.

Q52. Find the equation of the circle which passes through the centre of the circle x* + y* + 8x
+ 10y — 7 = 0 and is concentric with the circle 2x* + 2y* - 8x —42y.— 9 = 0.

Q53. Find the equation of the circle concentric with the circlex®+ y? + 4x + 6y + 11 = 0 and
passing through the point (5, 4).

Q54. Determine whether the following equation represents a circle, a point circle-or,no circle.
(i) X+y?+x-y=0 (i) X*+y*+2x+10y+26=0 (iii) xX*+y*-3x+3y+10=0
Q55. Discuss the position of the points (1, 2) and-(6, 0) with respect to the circle:
X+ —4x+2y-11=0

Q56. Find the equation of the circle which passes through (3, - 2), (=2, 0) and has its centre on
the line 2x - y = 3.

Q57. Find the equation of a circle concentric with the circle 2x* + 2y - 2x -6y —13 =0 and
having its radius 6.
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MATHEMATICS - XI | Section of Cone and Circle ncert-Solution

Nurturing Success...

S1.

S2.

S3.

S4.

Date: 12/10/2021

The given equation is
X+ )y —4x—8y—45=0
or (X*—4x)+ (/- 8y) =45

Now completing the squares with in the parenthesis, we get
(= 4x+4)+(/ -8y +16)=4+16+45

or (x—2)*+ (y— 4)* =65,

or h=2, k=4, r=465

Therefore, the given circle has centre at (2, 4) and radius = V65 .

The given equation is
(x+5)°+ (y—3)*=36
or (Xx— (-5)°+ (y-3)*=6°

h=-5 k=3 and r=6
Therefore, the given circle has centre at (—5, 3) and radius 6.
Here, h=1,k=1and r= J2 . Therefore, the required equation of the circle is
(x= 12+ (y=1)7=(J2)
or X=2x+1+ )2 -2y+1=2

or X+ y —2x-2y=0.
Here, h = % k= % and r= % . Therefore, the required equation of the<Circle is
(-3e83) - (%)
2 . 4 12
or )(z—x-Jri+y"’—£+i=i
4 2 16 144
. y 1 1 1
- X -4+ —4——-——=0
or X +y =X 2+4+16 124
or X2+y2_x_£+M=O
2 144
or x2+y2—x—z+ﬁ=0
2 144
or x2+y2—x—£+ﬂ=0
2 36
or 36x° + 36y% — 36x — 18y + 11 = 0.
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S§5. Here, h=-2, k=3 and r= 4. Therefore, the required equation of the circle is
(x=(=2))° + (y = 3)* = (4)°

or (x+2°+ (y-3)> =16

or X+4x+4+y —By+9=16

or X+ +4x—-6y—-3=0
S§6. Here, h=0, k=2 and r=2. Therefore, the required equation of the circle is

(x=0)* + (y—2)* = (2)*

or X+ —dy+4=4

or X+y —4y=0.
§7. Since the given eq. represents a circle having line segment joining (x,, y,) and (x,, y,) as a

Diameter so the co-ordinates of its centre are [%%}

$8. Since the given eq. will represent a circle if coeff. of x? = coeff of y? and coeff. of xy = 0.

= W=31+2 and 22-51L+4=0.
= A=1)(-2)=0 and (A—-1)(L—4)=0
= A=1.

$9. Since hx + ky = 1, touches x* + y? = a2

-1
7=a_
Jh* + k?
h2+k2—1 2+ - 1
- Tw STyt

Hence locus of point (h, k) is a circle'of radius é .

$10. Since the point (a, — a) lies inside the circle
x2+y?—4x+2y—+-8=0

a’+a’-4a~2a-8<0

= a’°-3a-4<0

= -1<a<4

S11. Since the equation of the circle passing through (1, 0), (0, 1), (0, 0) is
X+ y2—x—-y=0,
If it passes through (¢, )
t?2+t2—t—t=0 = t=1.
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S12. The equation of the circle with centre (h, k) and radius a is given by
(x=hpP+(y—kp =&

(x+ af + (y + b2 = &% - b?

Hence required equation of the circle is.
(x +a)y + (y + b)? = (a* - b?)

$13. The given equation is

2% +2-x=0
2 2 X
—— =0
or Xyt
X
or x*-=|+y?=0
[ 2] /
or (x‘?—£+il+y2=i
772776 16
or ()(—1J+2=i
4)7V T

. . 1 1
Therefore, the given circle has centre at (Z, 0) and has radius i

S14. The given equation is
X+ P —8x+10y—12=0

or (X* — 8x) + (V* + 10y) = 12
or (x* - 8x + 16) + (Y2 + 10y + 25) = 12 +16+ 25
or (x—4)*+ (y + 5> =53

Therefore, the given circle has centre at(4, —5) and has radius \/ﬁ

S15. Here, h==3 k=2 and r=4
Therefore, the equation of the required circle is
(x¥ 3%+ (y-2)72=16.

$16. Here, h=k=0
Therefore, the equation of the circle is
x2 + y2 =r2

$17. If the equationof the circle is x? + y? + 2gx+ 2fy + ¢ = 0 then

radius =4/g* +f*> —c¢

centre = (—g, —f).

The eq. represents a circle of radius.

Jg?+fi—c = Jc—c=0.

Hence the given circle is a point circle.
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S18. If the equation of the circle is x? + y? + 2gx + 2fy + ¢ = 0 then
radius = Jg*> +f> —c¢

centre = (—g, —f).

Hence centre of the circle is.
(—4,95)

Radius = /(- 4)? +(5)* +12
= J16+25-12 =429,

$19. If the equation of the circle is x> + y2 + 2gx + 2fy + ¢ = 0 then

radius = \/g° +f* —c

centre = (—g, —f).
2x>+ 2y +3x + 4y + 0

9.
8
_% 0 - ()

Equating eq. (i) with general equation of the circle.
+yP+2gx+2fy+c=0

centre=(-g,-1fH= (-% —1]

Radius = \Jg° +f = ¢"'= —+1——

= 1=1
$20. .. Xx?+ y?+ 8x— 16y + 64 =0 y

= (x+4)° + (v - 8)° =47
= centre of the'circle = (- 4, 8).

radius = 4.
The image of the eircle in the line mirror has-its centre X’ X
C,(4, 8) and radius 4, so its equation is.

(x—4)"+ (y - 8)" =47 ,

or x?+ y? - 8x - 16y + 64 = 0.

S21. Let the equation of the circle be
(x=hy’+(y—k’=a
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Equation of the circle with centre (2, 2)
(x=27%+(y-2)*=4a° - (D)

Since circle (i) passes throught (4, 5), so
(4-2¢+(5-2°=a*> = a°=13

On putting the value of a°in (i), we have
(x=20°+(y-2°%=13 = x*+ )y’ —4x—-4y=5.
S22. Let the centre of circle be C(h, k).
Then ICA|=1, |CB| =1
= (h=1)2+(k-1)?=12and

(h=2)72+(k—2)?=12
After solving these two eq. we get (h, k) ={2, 1} and {1, 2}.
Hence the centers are (2, 1) and (1, 2)

$23. We have,
3x2+2hxy+ 32+ (6-A)x+(2L-6)y—-21=0

This equation will represent a circle if coeff. of xy=0 = A=0
= X2+ y?2+2x-2y—-7=0.
Clearly it represents a circle with radius = 1+ 1+ 7 = 3.unit:

S24. (a) Let p(x, y) be a point on the circle. P(x, y)
Now, AP=r = AR*=r
= X=X+ (y=—y)? =r

(b) The equation of the circle is

(x=3)+ (y+ 2)%=47
= X +y —6x+4y=3'=0.

§25. The equation of the circlestouching the co-ordinate.axesis
(x=ay+(y—a)y=a?

= x?+ y?=2ax—2ay+a’=0

This passes.through (3, 6)
9+36-69-12a+a’°=0" = a=3,15.

Hence, the required circle are

Case 1: Whena=3
x2+y?—-6x—-6y+9=0
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Case 2: Whena=15
x2+ y2—30x-30y+225=0

$26. We have,
4x2 + 4y? - 8x+ 16y + k=0

=0

NS

= X?+y?—2x+4y+

Thus, the radius of the circle is.

144-K = 20—k

4 2

We have, area of the circle = 9 square units

= n[zo_kj=9n = k=-16.

4

S§27. .. Eq. ofthe circle is.
x?+y?—6x+5y—-7=0.

Centre of the circle is (3,_%) , and one end of the diameterABis A(-1, 3)

Let the other end of the diameter be B(c, [3).
Then C is the mid point of AB.
-1+a 3+B .

=3,
2 2

o=7and =~ 8.

=3
>

$28. If the Line y = mx will not intersect the circle.
(x+10)? + (y + 10)> =.180.

If length of the perpendicular from the centre > radius.

- —410m +10 >m
Jm? +1
1 -1
= —2<m<—§ = me(—2, A)

S$29.The equation of any line through P(«, B) is
0

X—=ao -
=Y i Pla, B)

cosd  sind N__B
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The co-ordinates of any point on this line at a distance rform
P are {(a. + rcos 0), (B + rsin 0)}. If it lies on the given circle
then (o + rcos 0)? + (B + rsin 0)? = a2

o + r* cos?0 + 2ar cos 0 + B2 + 2 sin?0 + 2B sin 6 = a2

= o+ 32+ 2+ 2r(o cos 0 + 3 sin 0) = a2

= P+2r(ccosO+Bsin0)+(a*+p?°—-a’=0
This equation gives two values of r, say r, and r, these two values are of length PA and PB
PA.PB=r .r,=o+3?—a

$30. Letthe co-ordinate of the other end of the diameter be (t, 3 — {). Then the equation of the circle be
x=1NE-t)+y-1)(-3+=0

= XX+y —(1+t)x—-@4-t)y+z =0
Let (h, k) be the co-ordinates of the centre.
b= u, K = 4+t
2 2
= 2(h+k)=5

Hence Locus of (h, k) is 2(x + y) = 5.

Ss31. Circle passes through these three points then the equation of'thecircle be
(x=hyP+(y—k?=r? . (i)
Since it passes through the points.

(-2, 3), (5,2),and (6, -1)

(~2-hP2+@3-kR=p ... (ii)
(5-hP2+@-k2="r. ... (i)
(6—h?+ (-1 -kz2=r .. (iv)

On solving eq. (i), (iii) and (iv).we.get,
h=1, k=-1,r=5

Hence, the required equation of the circle is
(x—1)?+ (y+1)>=25.
= x> tw?—2x+2y—-23=0

$32. (a) Let P(x, y) be a point on the circle.
P(x, ¥)

Slope of AP=m, :

AlX, y1) B(xz, y-)
)
X=X,

Slope of BP=m,
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S33.

S34.

Now, we know that AP L BP.

5 m1.m2=_1

Y=YV1i Y=Y __4
X=X, X—X,

=

= X=X) X=X)+¥=-y) (y=)) =0

(b) The diameter form of the circle is

X=x) X=x)+(y=y) (y—-y2)=0

= (x=2)(x=3)+(+1N)(y-2)=0

= x?+y?—Bx—y+4=0

Let the equation of the circle be
x—hy?+(y—-k?="r

Since the circle passes through (4, 1) and (8, 5), we have
@-h?+(1-k?’=r* = h-8h+16+K -2k+1=7
and 6-h°+5B-k*’=r = W -12h+36+Kk —10k+25=r

Centre of the circle lieson4x + y = 16
So, 4h+ k=16
On subtracting (ii) from (i), we get

4h-20+8k—-24=0 = 4h+8k=44
On subtracting (iv) from (iii), we have
-7Tk=-28 = k=4
4h+4=16 = 4h=12 .=, h=3
(4-32+(1-42=/. = =10
Therefore, the equation of the circle is
(x=3)%+ (y-4?=10
= x> + )7 - 6x=8y+ 15=0.

Let the required equation of the circle be

x>+ y2+ 2gx+ 2fy+c=0.
Its centre’is (— g, — f). Which lies on x— 4y = 1.

—-gt+4f=1
Also, it is given that circle passes through points (3, 7) and (5, 5).
32+ 72+6g+14f+c=0.

... (iii)

.. (iv)

[From (iii)]
[From (i)]

- ()

. (i)
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52+52+10g+10f+c¢c=0 ... (iii)
Solving eq. (i), (ii) and (iii) we get.
g=3, f=1, c¢=-90.

Hence required equation of the circle is.
X+ y?+ 6x+2y—-90=0.

$35. Let P and Q be the points of intersection of the line =1 and the circle X* + y* = /.

m|><
o-l*:

Let OM be the perpendicular from O on the line — +% =1.Then,

Q
oM=|2a_b = ___ab
0 0| [0 0 [a2+p? . N

’ 2,2
- - f 2 2 _ 2 a b y’\!‘
pQ_sz- OP —OM —2 r—m.

$36. The given equation is

%]

4 + 42 +12ax—6ay=a* = (¥*+3ax)+ [yz—gay} =

932 9a®
Adding Ve and 16 to make perfect squares; we get

2 2 2 2 2
)<2+?:ax+9i y —gay+gi a9t Sar
4 2 16 4
[ 3a) 3a)’ 49
= X+— | sy =—| =-——<a
_ 2 4 16

Therefore, the given circle has centre at [— 3—; %) and radius ra :

$37. The given circle is
X+ y* =36

Its centre O is (0, 0) and radius ris 6

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 9



(i) LetPbeapoint(3,4)
OFP? = (3-0)*+ (4 - 0)

=9+16=25
= OP=5
Here, r=6
and OP=5 = OP<r

Hence, the point (3, 4) lies inside the circle.
(i) Let Pbe apoint (6, 8)
OFP?= (6 - 0)* + (8 = 0)?

=36+ 64 =100
= OP=10 P
(6, 8)
Here r=6
and OP=10 = OP>r
Hence, the point (6, 8) lies outside the circle.
$38. Here, there is a point P(2, 3) and the circle
X2+ P+ 2x+2y—7=0.
= (E+2)+ () +2y)=7
Adding 1 and 1 to make perfect squares, we get . 3)

OC+2x+ 1)+ (Y +2y+1)=7+1+1
(x+ 1)+ (y+1)*=9

The centre of the given circleis (-1, -1)

radius = \/5 =3

CP= 2+ 1)%+(B3*1)? = J9+16 =5

CP > radius, as 5 > 3.

So, the point (2, 3)lies outside the circle.

$39. Here centre C lies on x-axis, let C be (a, 0);

Y A
Since the.circle passes through P (2, 3).
A CP = radius
= CP=5 0 >
= J@@-272+(0-37 =5
= (a-2)y*+9=25 v
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$40.

S41.

S42,

= (a-2)°=16
= a-2=z=4

= a=6 or a=-2

Thus, the coordinates of the centre are (6, 0) or (— 2, 0).

Hence, the equations of the required circles are
(x—86)>+(y—0)2=25 and (x+2)%+(y—0)%=25

= X*-12x+36+)*=25 and x°+4x+4+)>=25

= X+ —12x+11=0 and X+ )y +4x-21=0.

The given equation is
(¢ +8x) + (y* +10y) =8
Now, completing the squares within the parenthesis, we get
(xX* +8x+16) + (4 + 10y + 25) =8 + 16 + 25

e, (x +4)° + (y + B) = 49
Le., {X= (4P +{y-(-5) =7

Therefore, the given circle has centre at (-4, —5) and radius 7.

The centre of the circle X2 + y? = 25 is (0, 0).

Let us write it as x> + y* — 25 = 0 and take f(x, y) = X* + y* — 25.For the points lying on the circle,
f(x, y) =0, for the points inside circle, it has sign as the sign‘ebtained by putting the value of the
coordinates of the centre in the expression. If it has oppeosite sign then it lies outsidecircle.

f(0,00=0+0-258=-ve

Given pointis (- 2.5, 3.5)
Hence, f(—2.5, 3.5) =(—=2.5)* + (3.5)° - 25
£6.25+12.25-25

=18.5-25
=-6.5=-ve

Hence, the given point liesinside the circle.

Let the equation of theicircle be (x — h)* + (y — kK> = .
Since, the circle-passes through (2, —2) and (3, 4), we have

2-hy +(-2-k2=r - (D)
and (B-=hy+(4=kY’=r ... (i)

Also, since the centre lies on the line x + y = 2, we have
h+k=2 .. (iii)
Solving the equations (i), (ii) and (iii), we get
h=07, k=13 and r=1258
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S43.

S44.

Hence, the equation of the required circle is
(x=0.7)%+ (y— 1.3 = 12.58.

The given equation is 4x* + 4y” — 10x + 5y + 5= 0.

5 5 5
2 2 —
——Xx+—y+—=0
= X“+y 2x+4y+4
= (xz—éx]+(y2+§y]=_—5
2 4 4
Adding 25 and 25 to make perfect squares.
16 64
(2 5 25] > 5 25\ _ -5 25 25
= X—=X+— |[+|y+=—y+—|=—+ — + —
2 16 4 64 4 16 64
(3] 03] -5
= X——| +|y+=| = —
4 8 64

)

- (=2 (3]

8
Therefore the given circle has centre at [% - g] and radius —Sf :
The straight line X, Y _q
a b

Cut the co-ordinate axes at A (a, 0) and B (0, b).

Let x2+ y2 + 2gx + 2fy + ¢ = 0 be the circle passing through O, A and.B.
Then,

o+c=0

a’+2gat+tc=0
b>?+2fb+c=0

solving these eq. we get.

Hence required eq. of the circle is.
X2+ y?—ax—by=0.

. (i)

..(ii)
... (iii)
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$45.

S46.

S47.

B(2,4)

A
(0,0)

The point of intersection of the given chord and the given circle are obtained by solving these eq.

y =2x and X2+ y2—10x = 0.

= x=0 = y=0 and xX=2 = y=4

The point of intersection of the given chord and the given circle are.
A(0,0) and B(2,4).

Hence the required eq. of the circle with AB as diameteris (x—0) (x—2)+ (y—-0)(y—-4)=0
= X2+ y?2=2x-4y=0.

Let P(x, y) be the point of intersection of the lines.
3x—2y=1
4x + y =27
On solving these two equation, we get
x=5y=7.
P, y)=(517).

Co-ordinates of centre of the circle are (2, —3).
CP = radius.
(5—-2)2+(7+3)32=r

= r="4109 .

Hence equation of required-circleis
(x— 2R+ (y + 32 = (+109)".
= x?+ y?—dx+6y—96=0.

Let the required equation of the circle be
X2+ y?+ 2gx + 2fy + ¢ =0 . (i) B(0, 3)

Clearly the circle pass-through the points 0 (0, 0)

A(-2,0)and B(0, 3)

putting x=0and y=0in eq. (i) we get ¢ = 0. A

Thus (i) becomes,
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x2+ y?+2gx + 2fy = 0. .. (i)
Puttingx=—-2andy=0in (i)weget 4g=4 = g=1.

Putting x=0and y = 3 in (ii) we get. f=

N | W

Hence required equation of circle is
x2+ y2+2x -3y =0.

$48. Let the required equation of the circle be
X2+ y?+2gx+2fy+c=0
Since it passes through the points (5, 7), (6, 6) and (2, — 2).

- 10g+14f+c+74=0 0
12g+ 12f+c+72=0 ... (i)
4g—4f+c+8=0 ... (iii)

After solving these eq. we get
g=-2, f==3, c=-12.

Hence required eq. of circle is

X2+ y?—4x—-6y—12=0.
Centre of the circle = (- g,—f) = (2, 3)

Radius = /g® +f? —¢ £,/4+ 9 + 12 = 5units .

S49. et the equation of the circle be 4
(x—h)?2+ (y—k?="r 0
Since the circle (i) passes through (0, 0),
(0-h?+0-K*= P
= R+ =P ... (i)

The circle makes intercepts-a and b on coordinate.axes. Thus,
the coordinates of A,.B are points of intersection of the circle with

coordinate axes are (a, 0) on x-axis and (0, b).on y-axis. 0 (a 0)
= (@—h?>+0—-k?’=r = @ =2ah+h+K=7 .. (iii)
(0=h2+(b=k>=r Seh+b°=2bk+K=r . (iv)
On subtraeting (iv) from (iii), we get
a’—b*—2ab + 2bk=0 . (V)
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S$50.

On adding (iii) and (iv), we have
2h* + 2k* —2ah—2bk + a°* + b= 2P
= 217 + 2ah — 2bk + a* + b* = 21
= 2ah + 2bk = a* + b?
On adding (v) and (vi), we have

4bk=2b — k=2 and h=2
2 2

2 2
From (ii), % ' % = P

Therefore, the equation of the required circle is

( ajz[ bT a? + b?
X——| +ly——=| =
2 2 4

2 2 2 2
= az—ax+aT+y2—b4+bT=a b

= X+ y*—ax—by=0.

Alternate Method: A

A, B points of intersection are (a, 0) and (0, b) and AB is the
diameter of the circle. Equation of circle if (x,, y,) and (x,, y,) are, (0, b)
the ends of a diameter.

(X_X1)(X_X2) + (y_y1)(y_}"2) =0
= x-a)(x-0)+(y-b)(y-0)=0
= X*—ax+y —by=0

[h* + K = 1]

.. (Vi)

= X+ yP—ax—by=0 o
Let the equation of the circle be

(x=h?+ (y=k?="r
Since the circle (i) passes through (2, 3) and (-1, 1)

we have, 2-h?+@B=<k*=r = h -4h+4+1K -6k+9="
(—1=h?+(1=Kk?=r = h+2h+1+k2-2k+1=7
Centre of the circleison'x—3y—-11=0, so h-3k-11=0
On subtracting (iii)from (ii), we get
~Bh-4k+3+8=0 =" 6h+4k=11

On solving«(iv) and (v), we have

h= kz__s
2

N~

On putting the value of h and k in (ii), we get

| o )
(2—ZJ +(3+§] P 5 p=®
- 2) U 2 2

.. (i)
... (iii)
. (iv)

(V)
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Therefore, the equation of the circle is

(3] 5) - 3
X——| +|y+= =
2 2 2

x> —Tx+ t—9+y2+5y+% 65

2
X+ —Tx+5y—-14=0.
S51. Here, circle is
2x° + 22 +8x+10y—-39=0
. x2+y2+4x+5y_%=o - ()
25\ _ 39 25
x2+4x+4+{ 2 By + 50| = 2444+ 55
( )+ |y +5y 1 > T4t
= (x+2)2+( +§T=E
_y 2 4

Its centre is [—2, - g} .

The required circle is concentric with the circle (i), therefore its'centre is [—2, - g}

Let rbe the radius of the required circle.
Then, its area is nr?
But Area = 16x
nf=16n = r=4

Hence, the equation of the required cirle with centre {—2, - g) and radius 4 is

52
(x+2)2+(y+E] = 47
= x2+4x+4+y2+5y+275=16 =" 4x° + 16x + 16 + 4y° + 20y + 25 = 64

= 4+ 42+ 16x+ 20y —23=0:
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§52,

S§53.

The circles

X+ y?+8x+10y—-7=0 (i)
= (X*+8x+16) + (y*+ 10y + 25) =7 + 16 + 25
= (x +4)* + (y + 5)° = 48

Centre of (i) is A(—4,-5)
2 +2y2-8x-12y-9=0

. X4y = Bx=12y= 0 =0 - G
. oty

Adding 4 and 9 to make prefect squares, we get
(¢ —ax+4)+ (F =By +9)= - +3+9

2_ 3%

= (x=2)*+ (y - 3) 5

Centre of (ii) is B(2, 3).

Clearly, the centre of the required circle is B(2, 3) and it passes through A (—4, —5).

Now, AB=r= (2 +4)*+(3+5)

= /36+64.= J100 =10

Hence, equation of the required circle is
(x—h)?+ (y— k)’ =12

= (x—2)*+ (y - 3)%= (10)°
= X’ +4—-4x+y*+9-6y=100
= X+ y?—4x<By—87=0
Here circle is

X+ +4x+By+11=0
= O +4x) + (y + 6y) = —11
Adding 4 and. 9 tormake prefect squares, we'get
= (C+axt+d)+ (P +By+9)=—11+4+9

= (x+ 2%+ (y + 3)° = (V2)?

Ans.

(i)
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Its centre is (— 2, —3).
The required circle is concentric with circle (i), therefore its centre is (—2, - 3).

Since, the circle passes through the point (5, 4) the radius of it

= (5+272+(4+3)° =,[49149=72.

Hence, the equation of the required circle is

(x+2)* + (y + 3)° = (742
X +4x+4+ )y +6y+9=098
= X+ 4x+ y* +6y=98-13
= X2+ 4x+ y*+6y—-85=0 Ans.
Alternative Method:

The equation of the given circle is

X+ +4x+6y+11=0 . (i)
Now, the equation of any circle concentric with (i) is
X+ +4x+6y+ k=0 ... (ii)

Since (ii) passes through the point (5, 4)
(5)° + (4)* + 4(5) + 6(4) + k=0

= 25+16+20+24+ k=0

= k=-85

Substituting k= -85 n (ii), we get
X+ +4x+6y—-85=0
This is the required equation of the circle. Ans.

Note: Two circles having the same ecentre are called concentric.

S54. (i) We have,
X+ +x—y=0

Adding % and % to make the prefect squares, we get
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(ii)

(i)

J
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>

(48]
+
>
+
Bl=
+
S
<
1%}
|
!<
+
|
—
I
|_\
+
FNEN

(%]
]
~—
ml—‘

It represents a circle.

we have,

X+ +2x+10y+26=0
Adding 1 and 25 to make prefect squares, we get
= (¢ +2x+ 1)+ (P +10y+25)=-26+1+25
- (x+ 17+ (y+5/°=0
= [x= (=D + (y-(-5)*=0°

Thus, it represents the point (-1, —5)
We have,

X+ Yy —3x+3y+10=0
= X+ 2 =3x+3y=-10

Adding % and % to make the prefect squares; we get

= )(2—3)(+g + y2+3y+g _10+§+§
4 4 4 4

3 3N —40+9+9
= X—=| +|ly—p—=| = ———
2 2 4
- 12
3y 3P -22
= X==htly-|-=|| =—
2 2 4

Thus, it represents.no circle. (- r<20).

§55. The given circle is

L 4 U4

X+ P —Ax+ 2y =11

(X* = 4x) + (y* + 2) = 11
(C—dx+4)+ (P +2y+1)=11+4+1
(x=27+(y+1)>=16
(x=2)"+ (y+1)°=4)°

Ans.

Ans.

Ans.
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Therefore, the given circle has centre at C(2, — 1) and radius 4.
(i) LetPbeapoint(1,2)
CPP=(1-2)+(2+1)?

=1+9=10
= cP= 10 =3.16
Here, r=4
and CP=316 = CP<r

Hence, the point (1, 2) lies inside the circle.

(i) Let Pbe apoint (6, 0)
CP*=(6-2)°+(0+1)

=16+1=17
— cP= 17 =4.12
Here, r=4
and CP=412 = CP>r

Hence, the point (6, 0) lies out side the circle.

S§56. Let the equation of circle be
(x=hy+(y—-k?*=r
Circle (i) passess through (3, —2) and (-2, 0)
B-hP+(=2-k?=r" = h*+K=6h+4k+13=r?
and (—2-hP?+0-k?P=r> =" h+K+4h+4=1r>
Centre lies on the line
2x-y-3=0, = 2h-k-3=0

Subtracting (jii) from (i), we get

—-10h+4k+9=0
Multiply equation (iv)' by 5 and add to equation (v), we get
10h—-5k-15=0
—-10h+4k+9=0
-k-6=0_—= k=-6
Substituting the value of k in equation (ii), we get

2h+6-3=0 = 2h=-3 = h=_?3

PATY

. (i)

.. (i)
... (i)

. (1V)

. (V)
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Substituting values of h and k in equation (i), we get

2

2
9 145
[3+g] +(-2+672 =r* = (E] +(@P=r = rf=_——
From Eq. (i)
3\ , 145
X+—| +(y+6) = —
[ 2] (y+6) =~
= Jn(2+3x+9+y2+‘12y+36=E
2 4
= x2+y2+3x+12y=ﬁ—g—36
4 4
=$-6=34-36=-2

Required equation of the circle is
X+ Yy +3x+12y+2=0.

§57. The given circle is
2% + 2y —2x-6y—13=0

= x2+y2—x—3y—§=0
= (¢-0+0P-3)= 2

Adding % and % to make perfect squares.

Its centre is (1 E]
2.2

The required-circle is concentric with cirele (i), therefore its centre is [% %] and radius is 6.

Equation of required circle is

1Y 3V,
(x-2)+[r-3) @

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 21



- x2—x+%+y2—3y+%=36 - x2+y2—x—3y=36—[%+%J=36—g=

= 2x* + 2y - 2x -6y — 67 = 0.
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MATHEMATICS - XI | Parabola NCERT

Date: 12/10/2021

Q1. Find the equation of the parabola that satisfies the given conditions: Focus (6, 0); directrix
=-6.

Q2. Find the coordinates of the focus, axis of the parabola the equation of directrix and
length of latus rectum: x* = —9y.

Q3. Find the coordinates of the focus, axis of the parabola the equation of directrix and
length of latus rectum: y* = 10x.

Q4. Find the coordinates of the focus, axis of the parabola the equation of directrix and
length of latus rectum: x* = 6y.

Q5. If (0, 4) and (0, 2) are respectively the vertex and focus of parabola, then find theeq. of
parabola.

Q6. Find the length of latus rectum of the parabola x> - 4x -8y + 12 = 0.
Q7. Find the axis of parabola 9y? - 16x—- 12y - 57 = 0.
Q8. Find the equation of Parabola whose focus is at (3,0) and whoese directrix is x + 3 = 0.

Q9. Find the equation of the parabola that satisfies the given conditions: Focus (0, —3); directrix
y=3.

Q10. Find the equation of the parabola that satisfies the given conditions: Vertex (0, 0); focus (-2, 0).
Q11. Find the equation of the parabola that satisfies the given conditions: Vertex(0, 0); focus (3, 0).
Q12. It the parabola y? = 4ax passes through (3, 2) then find the length.of its latus rectum.

Q13. Find the equation of the parabola whichis symmetric about the y-axis, and passes through
the point (2, - 3).

Q14. Find the equation of the parabola with vertex at (0, 0) and focus at (0, 2).
Q15. Find the equation of the parabola with focus (2, 0) and directrix x = - 2.

Q16. Find the coordinates of the focus, axis the equation of the directrix and latus rectum of
the parabola y? = 8x.

Q17. Find the equation,of the parabola that satisfies the given conditions: Vertex (0, 0), passing
through (5, 2).and symmetric with respect to y-axis.

Q18. Find the equation of the parabola-that satisfies the given conditions: Vertex (0, 0), passing
through (2, 3) and axis is along x-axis.

Q19. Find the focus of parabola y?—4y—-8x+4=0.
Q20. Give parametric form of the parabola (y — 2)? = 4(x + 1).

Q21. Find the equation of parabola with having vertex at (1, 1) and focus is at (3, 1).
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Q22. Give parametric form of the parabola y? = 4ax.

Q23. Find the coordinates of the focus, equation of the directrix and latus rectum of the parabola

y?=12x.

Q24. Find the equation of the parabola whose focus is at the point (4, 0) and whose directrix is
x = —4. Also, find the length of the latus rectum.

Q25. Give parametric form of the parabola y? = 12x.

Q26. Find the focus, Vertex and directrix in each of the following parabolas:
(@) y*=12x (b) y?=-8x

Q27. Find the focus, Vertex and directrix in each of the following parabolas:
(a) x?=8y (b) x*=-16y

Q28. Find the equation of the parabola whose latusrectum is 4 units, axis is the line 3x+4y—-4=0
and the tangent at the vertex is the line 4x-3y + 7 = 0.

Q29. Find the locus of the middle points of all chords of the parabola y* = 4ax which are drawn
through the vertex.

Q30. Find the equation of directrix of the parabola 25{(x — 2)? + (y + 5)?} =(3x+ 4y — 1)
Q31. Find the parametric form of the parabola (y — 1)2 = 4 (x + 1).
Q32. Find the equation of the parabola whose focus is (3, 0) and the directrix is 3x+ 4y = 1.

Q33. An equilateral triangle is inscribed in the parabola y? = 4axwWhose vertex is at the vertex
of the parabola. Find the length of its side.

Q34. Find the equation of the parabola when its vertexis.at (0, 0) and passes through'(5, 2) and
symmetric with respect to y-axis.

Q35. Find the length of latus rectum of the parabola 169 {(x— 1) + (y — 3)} = (6x— 12y + 7).
Q36. Find the equation of the parabola whose focus is (- 3, 2) and the directrix is x+ y = 4.

Q37. Find the equation of the parabola with vertex at the origin and satisfying the conditions:
(i) Passing through (2, 3) and axis along x-axis
(ii) Passing through (2, — 3) and symmetric with respectto y-axis.

Q38. Find the equation of the parabola when its focus is (0, — 3) and the directrix is y = 3.
Q39. Find the equation of directrix of the parabola, whose vertex and focus are at(—1, 1) and (2, 3).

Q40. Find the coordinates of the focus, equation of the directrix and length of latus rectum of
the parabola:4x’ = -9y.

Q41. An archiis'in the form of a parabola with its axis vertical. The arch is 10 m high and 5m
wide at the base. How wide if it 2 m from the vertex of the parabola.

Q42. Find the area of the triangle formed by the lines joining the vertex of the parabola x* = 12y
to the ends of its latus rectum.
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Q43. The focus of a parabolic mirror as shown in figure is at a distance of 6 cm from its vertex.
If the mirror is 20 cm deep, find the distance LM.

3

y

Q44. The towers of a bridge hung in the form of a parabola, have their tops 30 metres above
the roadway and are 200 metres apart. If the cable is 5 metres above the roadway at the
centre of the bridge, find the length of the vertical supporting cable 30 metres from the
centre.

Q45. A double ordinate of the parabola y* = 4ax is of length 8a. Prove that the lines from the
vertex to its ends are at right angles.

Q46. PQ is a double ordinate of a parabola y? = 4ax. Find the locus of its points of trisection.

Q47. Prove that the equation to the parabola whose vertex and focus are on the x-axis at a
distance a and a’ from the origin respectively is y* = 4(a’ — a) (x — a).

Q48. The focus of a parabolic mirror as shown in the figure is at a distance of 5 cm from its
vertex. If the mirror is 45 cm deep, find the distance AB.

Q49. A beam is supported at its ends by supports which are 12 metres apart. Since the load is
concentrated at its centre, there is a deflection of 3 cm-at‘the centre and the deflected
beam s in the shape of a parabola. How far from the centre is the deflection 1 cm?

Q50. Find the equation of the parabola whose focus is at the point (6, 0) and its directrix is x=—-6.
Q51. If a parabolic reflector is 20 cm in diameter and 5.cm deep, find the focus.
Q52. Find the equation of the parabola whose vertex is (2, — 3) and focus (0, 5).

Q53. Give definition of parabola and derive its standard equation. Also discuss other forms of
parabola.

Q54. Find the equation of the parabola whose focus is (0, 0) and the vertex is at the intersection
of the lines x+ y =1 and x—y = 3.

Q55. The cable of uniformly;loaded suspension hangs in the form of a parabola. The roadway
which is horizontaland 100 m long is supported by vertical wires attached to the cable,
the longest, wire:being 30 m and the shortest being 6 m. Find the length of a supporting
wire attached to the roadway 18 m from the middle.

Q56. Find the equation of the parabola whese focus is (0, — 3) and the vertex is (-1, —3).

Q57. If the distribution of weight is uniform, then the rope of the suspended bridge takes the
form of a parabola. The height of the supporting towers is 20 metres, the distance between
the tower is 150 metres, and the height of the lowest point of the rope from the road is
3 metres. Find the equation of the parabolic shape of the rope considering the floor of the
bridge as x-axis and the axis of the parabola as y-axis. Find the height of that tower which
supports the rope and is at a distance of 30 metres from the centre of the road.
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Q58. Find the equation of the parabola whose focus is (1, — 1) and whose vertex is (2, 1). Also
find its axis and latusrectum.

Q59. FInd the vertex, focus and directrix of the parabola 4y? + 12x — 12y + 39 = 0.
Q60. Find the vertex, focus, directrix, axis and latusrectum of the parabola y? = 4x + 4y.

Q61. A water jet from a fountain reaches its maximum height of 4 metres at a distance of
0.5 metres from the vertical passing through the point O of the water outlet. Find the
height of the jet above the horizontal OX at a distance 0.75 metre from the point O.

Q62. Find the vertex, axis, focus, directrix, latus rectum of the parabola.
4y* +12x- 20y +67 =0

Q63. If y,, ¥,, ¥, be the ordinates of a vertices of the triangle inscribed in a parabola y? = 4ax,

the show that the area of the triangle is é 2 AL ALASA]P

Q64. Find the equation of the parabola whose focus is (1, 1) and tangent at the vertexis x+y=1.
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Nurturing Success...

MATHEMATICS - XI | Parabola NCERT-Solution

Date: 12/10/2021

S$1. Since, the focus (6, 0) lies on the x-axis, the x-axis itself is the axis of the parabola. Hence, the
equation ofthe parabola is of the form of either y?= 4ax or y? = —4ax. Since, the directrix is x=—6
and the focus is (6, 0) the parabola is to be of the form ofy2 =4ax with a =6. Hence, the required
equation is y* = 4 (6) x = 24x.

S2. The given equation is X =-9y

The given equation involves x2, so the axis of symmetry is y-axis.
9
X = —4(2]3/ = —4ay

where, as= g > 0.
4

The coefficient of y is negative. The parabola opens downwards.

Focus = [0, %J , equation of directrix is y = % , the length of latus rectumiis 4a = 4 x 9. 9 and

the equation of axis is x = 0.

$3. The given equation involves y?, so the axis of symmetry is x-axis.

The coefficient of x is positive, so the parabola opens to the right.

Focus = E 0 |, equation of directrix isix = _?5 and length of latus rectum is 4a = 4 xg =10

and the equation of axis is y = 0.

S4. The given equation involves X2 so.the axis of symmetry is y-axis.
The coefficient of y is positive;so the parabola opens upward.
comparing it with the given equation x* = 4ay, we find.that a = g

Thus the focus of parabola is [0, %J and the equation of the X'

A

Directrix

directrix of.the'parabola is y = _73
Y(

Eq. of axis is x = 0.

Length of the latus rectum LL' is

4a = 4><é =6.
2
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S5.

S6.

S7.

S8.

S9.

S10.

Clearly vertex (0, 4) and focus (0, 2) lie ony axis.
So axis of parabola downward.
The distance between vertex and focus it 2 units.

Latus rectum=4 x 2 =8
(x— 07 =—8(y—4)
= X2+ 8y = 32.

The eq. of parabola is
x?2—4x-8y+12=0.

= (x=2)2=8(y-1)

Hence length of Latus rectum is 8 unit.

We have,
9y?—-16x—12y - 57 =0.

[ 2)2 16( 61J
= y—-= —| X +—=
3 9l” 16

Axis of y2=4axis y=0.

Hence then axis of this parabola is

2
y—§=0 = 3y=2

Let P(x, y) any point on parabola then

Jx -3 +(y—op = X3 (Using SP = PM)
JI+0
= (x=3)2+ y2=(x+ 3)
= ¥ =12x

Since, the focus (0, —3) lies-on the y-axis, the y-axis.itself is the axis o the parabola. Hence, the
equation of the parabola is of the form, either x> ==4ay or x* = 4ay. As the directrix is y = 3, the
equation of the parabola is

X =—4 x3y=-12y
or =-12y.
Since, the vertex is at (0, 0) and the focus is at (—2, 0) which lies on x-axis, the x-axis is the axis
of the parabola. Therefore, equation of the parabola is of the form
y? = —4ax
- Y’ =—4(2)x = —8x.
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S11. Since, the vertex is at (0, 0) and the focus is at (3, 0) which lies on x-axis, the x-axis is the axis
of the parabola. Therefore, equation of the parabola is of the form

¥’ = dax
= Y2 =4(3)x = 12x.
S12. ltis given that the parabola y? = 4ax passes through (3, 2)
4=12a = a=13

Hence length of its latus rectum = 4a = 4/3.

$13. Since the parabola is symmetric about y-axis and has its vertex at the origin, the equation is of
the form x* = 4ay or X == 4ay, where the sign depends on whether the parabola opens upwards
ordownwards. But the parabola passes through (2, — 3) which lies in the fourth quadrant, it must
open downwards. Thus, the equation is of the form x* = —4ay.

Since, the parabola passes through (2, —3), we have

2°=-4a(-3), e, a= 1
3
Therefore, the equation of the parabola is

= -4 [%Jy ie., 3xX=-4y.

S14. Since, the vertex is at (0, 0) and the focus is at (0, 2) which_ lies on y-axis, the y-axis is_the axis
of the parabola. Therefore, equation of the parabola is of theform x* = 4ay. Thus, we have

x?=4Q2)y, ie., xX*=8y.
S15. Since, the focus (2, 0) lies on the x-axis itself is the'axis of the parabola. Hence, the equation of
the parabola is of the form either y? = 4ax or y*.= —4ax.
Since, the directrix is x =—2 and the focus.is(2;0) the parabola is to'be'of the form y2 = 4ax with
a = 2. Hence, the required equation isy%= 4 (2) x = 8x.

S16. The given equation involves y?, so the axis of symmetry is along A Y
the x-axis.

The coefficient of x is positive se the parabola opens tathe right. X X
Comparing with the given equation y? = 4ax, we find/thata = 2. < 5

Thus, the focus of the.parabola is (2, 0) and the equation of the I
directrix of the parabola is x = — 2 (see figure) x

Length of the latusrectumis 4a=4 x 2 = 8.

S§17. Since, the parabola is symmetric about y-axis and has its vertex at the origin, the equation is of
the form x°= 4ay or x* = —4ay, wherethe sign depends on whether the parabola opens through
upwards or downwards. But the parabola passes throuh (5, 2) which lies in the first quadrant, it
must open upwards. Thus, the equations is of the form x* = 4ay.
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Since, the parabola passes through (5, 2).

=4xax2 = a=%5

Therefore, the eq. of the parabola is x* = % y = 8x° = 25y.

$18. Since, the parabola is symmetric about x-axis and has its vertex at the origin, the equation is of
the form y?= 4ax or y* = —4ax, where the sign depends on whether the parabola opens to the
right or left. But the parabola passes through (2, 3) which lies in the first quadrant, it must open
to the rght. Thus, the equation is of for y* = 4ax.

Since, the parabola passes through (2, 3), we have

3’=4a(2) = 9=8a = a=§

Therefore, the equation of the parabola is
9 9
=4|Z|x=Zx, = 2y =9x
SR UL
S$19. We have y?—4y—-8x+4=0 = (y—2)?=8(x-0)
We know that the co-ordinate of the focus of the parabola

y2=4ax is (a, 0)

Hence focus is (2,0)

$20. (y—2)2 =4(x + 1)

= Y2 =4X: where Y=y—2, X =%+ 1
Here a=1.Now X = at® = £

and Y = 2at =2t = x =11
and y=2t+2

which are the required parametric equations.

§21. Since the vertex and focusefparabola are (1, 1) and (3, 1) respectively.
Clearly axis is parallelto x axis and latus rectum= 4 (Distance between vertex and focus).

Latus rectum =4 x2=8

Also the veriex'is on the left hand side ofthe focus, so the parabola opens in the positive direction
of x axis:

Hence the equation of parabola is
(y=1)=8(x~1).

§22,
y? =4ax = QL _2x_ t(say)
a

= y=2at and 2x=yt=(2af)t= x= at?
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The parametric equations are x = at?,
y = 2at
$23. The given equation involves y?, so the axis of symmetry is along the x-axis. The coefficient of x
is positive so the parabola opens to the right.
Comparing with the given equation y? = 4ax, we have
4a=12 = a=3

Focus of the parabolais (a, 0) i.e., (3, 0)

Equation of the directrix is x=—a, i.e., x=-3
Length of latus rectumis 4ai.e., 12. Ans.
S24. Here, focus is (4, 0) and directrixis x + 4 = 0.

Let P(x, y) be any moving point on the parabola. Draw ZZ’' 1 PM from P of the directris.

E =1 ‘Ir M P
PM " (x, y)
— _ 2
FP=PM = FP*=(PM) Z Fa0)
X+4 2
X —4)% + —02=[ ] Z
(x-4)y+(y-0) NG
= X*—8x+ 16+ y°=x>+8x+ 16
- y* = 16x
Length of latus rectum = coefficient of x = 16. Ans.
S25. y? = 12x

This equation is in the form y? = 4ax with a =3

= X ="at? = 3t?, y = 2at = 6t
= The parametric equationsare x = 3t?and y = 6¢
§26. (a) y?=12xis of the form y? = 4ax with a = 3. Foeus.is (3, 0), vertex is (0, 0) and directrix
Is x ==3.
(b) y?=-8xis ofthe form y? =—4ax with a = 2. Focus is (— 2, 0) vertex is (0, 0) and directrix
is x = 2.
§27. (a) x? = 8y.is of the form x? = 4ay with a = 2. Focus is (0, 2), vertex is (0, 0) and directrix
i yi==2.
(b) x?=-16yis of the form x2 = —4ay with a = 4. Focus is (0, —4) vertex is (0, 0) and directrix
isy=4.

S$28. Let P(x, y) be any point on the parabola and let PM and PN be perpendiculars from P on the axis
and tangent at the vertex respectively. Then,
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S$29.

S30.

S31.

PM? = (Latusrectum) (PN) E“ Y
+
2 N
- - P
- 3x+4y -4 -4 4x-3y +7 ;L (x. y)
3%+ 42 4% + (-3)°

Xr:Vertex M 3x+4y—-4=0
- (3x + 4y —4)% = 20 (4x — 3y + 7). k

This is the equation of the required parabola. \ B4

=

Let OA be a chord, drawn through the vertex and P(h, k) be its mid-point. Let the coordinates of

Abe (x,, y,). Then,

x1+0=h1 yi+0_ 4y
2 2 AXy, ¥1)
= X,=2h and y,=2k P(h, k)

So, the coordinates of A are (2h, 2k). 0 &
Since, A lies on y* = 4ax.

(k?=4a(2h) = K =2ah \L4
Hence, the locus of (h, k) is y? = 2ax.

We have 25{(x—2)*+ (y+ 5)%} =(3x+ 4y — 1)

; ; _ [3x+4y -1
= VX =27 +(y +5F =" 3o 2
= SP = PM,

where S(2, - 5), P(x, y) and PMis the length of perpendicular from P on the line 3x+4y—1=0.

Hence 3x + 4y — 1 = O is the directrix and-S(2, = 5) is the focus of the given parabola.

Given equation is (y—1)? =4 (x+ 1)
Let y=T=Y¥Y and x+1=X
Eq. (i) can be written as~ ¥°= 4X
We know that parametrie.coordinates of any point on.the parabola are

(at’,2af) or X=at?, Y=2at
From Eq. (ii) 4a=4 = a=1
Putting a="1 in Eq. (iii), we get

X=t, Y=2t
or x+1=1% y—-1=2t or x=£-1, y=2t+1

So the parametric form of the given parabola is
x=t-1, y=2t+1.

(D)

.. (iii)
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S32.

S§33.

S$34.

Let any point on the parabola be P(x, y).
Distance of P(x, y) from (3, 0) = J(x -3)2+(y - 0)?

3x+4y=1
=

Sx+4y -1 F(3,0)

J32 + 42

Distance of P(x, y) from the line 3x +4y=1is

Equating the two distances, we get

_ 3x+4y -1

X —3)2+y?
( Y +y s

On squaring both the sides, we get

250 —6x+ 9+ y)> = 9x° + 16)° + 1 + 24xy — 6x — 8y

16x% + 9y — 24xy — 144x + 8y + 224 = 0. Ans.
Let AB=1.Then
AM = ] cos 30° = % t &
and, BM = /sin 30° = % X< o v > X
So, the coordinates of B are (1\/512, 112). Vy C

Since, B lies on y? = 4ax.
2
= 46[%] — ]='8ay/3,

Since, the parabola is symmetric about y-axis and has its vertex at the origin; the equation is of
the form

X*=4ay = X —4ay=0
But the parabola passes through (5, 2) which lies in the first quadrant. It must open upward.
Thus, the equation is of the form
X*= 4ay ()
Since, the parabola passes.through (5, 2), we get
(5 = 4(a)(2)

= 25=8a = a-= %
Putting the value of ain (i), we get
25
X’ =4 (—
e )
2= 2 v. Ans.

2

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 7



$35. The equation of parabola is

_ ‘5x—12y+7|
5% + (- 12|

JOxX =12 +(y - 3)

Clearly its focus is (1, 3) and equation of directrix is
5x—12y+7=0

Length of latus rectum = 2 x length of perpendicular form the focus (1, 3) on the directrix.

5x1-12x3+7|
J57 + (- 12)7 |

= length of latus rectum = 2

= length of latus rectum = %

S$36. Let P(x, y) be a point on the parabola.
Distance of the point P(x, y) from focus F(- 3, 2) is

PF= \J(x +3%2+(y - 2)?

=Jx2+y2+6x—4y+13 .. (i)
Distance of P(x, y) from the directrixx+ y—-4=0

X+y—-4 x+y-4

PM = (i
S+ N (i1
Equating (i) and (i),
PF? = PM?
x+y—42
= X+ PP+ 6y —4y+13= | i
y'+6y—4y ( % j
= x2+y2+6y—4y+13=X2+y2+15+2xy-8><-8y

2
= 2+ 22 + 12x —8y+26=x*+ y* + 2xy — 8X =8y + 16
= X+ y*—2xy+ 20x + 10 = 0.

§37. (i) The vertex.of the parabola is at origin.and axis along x-axis and passing through (2, 3).
Therefore it is a parabola of the form

y? =.4ax .. (i) y A
Since it passes through (2, 3), therefore puttingx=2and y=3

in (i), we get //-; x
g (0.0
@F=4@@R) = 8a=9 = a= K

Hence, the required equation of the parabola is

(2. 3)
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y2=4(§]x=gx = 2y/=9x

2
(i) Since the vertex of the parabola is at the origin and axis along y-axis and passes through
the point (2, — 3) (which lies in the fourth quadrant), therefore, it is a case of downward
parabola whose equation is
x> = —4ay . (i) v
It passes through the point (2, —3). < ; . X

On putting x=2 and y = - 3, we get

1

(2’ =-4(a)-3) = 4=12a = a=—
3 Yy

Hence, the required equation of the parabola is
= -4 [%]y = 3x¥=-4y Ans.
$38. Let P(x, y) be a point on the parabola.

Here, focus is at (0, —3).
Distance of the point form the focus

= J(x =0 +(y +3)°

=\/x2+y2+6y+9 0
Here directrix is y = 3.

Distance from the point (x, y) to the directrix =y~ 3. .. (i)

On equating (i) and (ii), we get

\fx2+y2+6y+9 =(y=3)
Squaring both the sides, we get
X+ yP+By+9=y —6y+9 = K¥=—-12y. Ans.

$39. Vertex (-1, 1) is the mid-point of the focus and the point of intersection of directrix. Let (x,, y,) be
the point of intersection of the directrix and its‘axis; then

Xi +2 =-1"= x,=-4
2

X;+3

1T=1 — y1=_'1

So, the directrix passes through (- 4, — 1) and directrix is perpendicular to its axis.

3-1. 2
ie., =

Slope of the axis is
2+1 3
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= Slope of the directrix is — % .

So the equation of the directrix is

3
+1=——-(x+4
y 2( )
= 2y+2=-3x—-12 = 3x+2y+14=0.

$40. The given equation involves X%, so the axis of symmetry is along y-axis.
The coefficient of y is negative, so the parabola opens downward.

Comparing with the given equation x* = —4ay, we get

9

a=_
4

Thus, the focus is (0, — a) i.e., [O, — %]

Equation of the directrix, y=aie., y= % :
Length of the latus rectum =4aie., y=9. Ans.

S41. Let the vertex of the parabola be at the origin and axis be along.OY. Then, the equation of the

parabola is
X° = day 0 Y A (2.5, 10)
The coordinates of end A of the arc are (2.5, 10) and itlies on the 10cm
parabola (i).
(2.5)2 = 4a x 10 X Mzsemlo L
_ 6257 5 . y'y
= = = ... (i)
400 32
Putting the value of a from (ii) in.(i); we get
5
X= 4| — .. (iii
27 (iii)
Sustituting y = 2 in (iii), we get
X2 = E X 2 - X = ﬁ m
8 2
. : : J5
Hence, the width of the arc at a height of 2m from vertex is 2 x - m=+J5m. Ans.
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S42. The given parabolais  x° = 12y A

The coordinates of point A are (6, y) C 3 2A®, )

A lies on the parabola y

36
62=12 = _" = X' X
6) W = y= 0

Required area = Area of AOAC
= 2-Area of AOAB
_ 1 .
=2 {E x Base x Helght]
=6 x y=6x3=18Sq. units.

S$43. From figure, equation of parabola is L

y T
y* = 4ax / i
Fip
6 i H

a = distance between vertex and focus = 6 cm r
4a=24cm 20_'%..

Let LP =y, then coordinates of L are (20, y) l‘w{

L lies on the parabola y* = 4ax
Y =24(20)=480 = y= 430
LM=2LP=2y= 8/30 cm.

$44. The towers of a bridge are hung in the form of a parabola as shown in figure:/The parabola is
opening upwards and the axis is y-axis, therefore, equation of parabola is

X = 4a
. ’ Y Gt 200M T A(100, 25)
The point A(100, 25) lies on the parabola 4
(100)2£ 4a(25) = 4a=100 ¢ £
=3 C N
— Equation of parabolais . %2 =400y .. (i) o -5
Also, C (30, - 5) lies on the parabola (i) 5m[*30 m= ;
— 100m —

(30)2=400(/—5) = 900 =400(/-5) = %=1—5

9 1
4 4 "4

$45. Let PQ be the double ordinate of length 8a of the parabola y* = 4ax. Then PR = QR = 4a. Let
AR = x. Then the coordinates of Pand Q are (x,, 4a) and (x,, —4a) respectively.
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Since, P lies on y* = 4ax.

%
(4a)° = 4ax, = x,=4a. ¥ = 4ax
So, coordinates of P and Q are (4a, 4a) and (4a, — 4a) P(4a. 4a)
respectively. Also, the coordinates of the vertex A are (0, 0). (0. 0) A 4a
X' -— > X
_ R
m, = slope of AP = 4a 0=1, 4a
Q(da. ~4a)
-4a-0
and m,, = slope of AQ = =-1.
2 P 4a-0 2
Clearly, m, m,=—1.Hence, AP LAQ.

S46. Let Rand S be the points of trisection of the double ordinates PQ. Let (h, k) be the coordinates
of R. THen L=hand RL = k.

L RS=RL+LS=k+ k=2k. Y P
= PR=RS=SQ=2k / -
= LP=ILR+ RP=k+ 2k=3k X < -y
Thus, the coordinates of P are (h, 3k). f \L S
Since, (h, 3k) lies on y? = 4ax. -

\ry' Q
= OK? = 4ah.

Hence, the locus of (h, k) is 9)” = 4ax.

S47. Let O, A and S be the origin, vertex and focus of theparabola respectively. Then;, OA = a,
OS = a'. Therefore, the coordinates of S are (a’, 0). Let KK’ be the directrix of the required
parabola.

Suppose SA produced meets the directrix at.Z. Let the coordinates of Zbe'(x,, y,). Then,

x1;-a = a ‘and L;—O =0 [-.+A is the mid-point of SZ]

= Xy =2a-a and y,=0 Khyh A

So, the equation of the directrix KK’ is

_ M P(X, )
X=X, lLe., x=2a—a'
, Z A{(a, a) _

Let P(x, y) be anypoint on the parabola. Then, X

S(a’, 0)
SP=PM [By def.] \

Jix—a)2+(y =07 = X-2a-&

= m Kyyy v
= (x—a)’+y*=(x-2a+a)’

= x—a)+y =lx-a)-2(-a)

= x—a)Y+y=(x-a)yY+4(a-a)y-4x-a)(a-a)
- y=4(a-a)la-a)-(x-a)

N Y =4(a - a)(x-a).
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$48. Since, the distance from the focus to the vertex is 5cm. We have, a = 5. If the origin is taken at
the vertex and the axis of the mirror lies along the positive x-axis, the equation of the parabolic
section is

Yy =4(5)x=20x Yhe 452 A

Note that x = 45 /m
Thus, ¥? =900 X' > X

Therefore, y =30 w

B

Hence, AB=2y=2x 30=60cm. Y'Yy

$49. Let the vertex be at the lowest point and the axis vertical. Let the coordinate axis be chosen as
shown in the figure.

AY
L 12m A:

A 1om} A

kB
3cm
Beam cm v
» X
(0]

The equation of the parabola takes the form x* = 4ay. Since, it passes through [6, %) we have
3
6)% = 4a| — |,
©) [100]

36 x100
a=-—
12

ie., =300 m

Let AB be the deflection of the beam which is % m. Coordinates of B are [x, i] .

Therefore, X = 4 x300% 2 . 24
100
ie. X.='+/24 =2./6 metres

S50. Let P(x, y) be a point on the parabola.
Here, focus is at (6, 0).

Distance betweenfocus and the point

= J(x =6)"+ (y - 07

= \/x2—12x+36+y2 . (i)
Here directrix is x = —6.

The distance between the point and directrix is = x + 6. ()]
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By the definition of the parabola
Equation of the parabola is obtained by equating distances (i) and (ii).

Thus, \/)(2—‘12x+38+y2 =x+6

Squaring both the sides, we get
X2—12x+36+ > = x>+ 12x + 36
y? = 24x. Ans.

S51. Let MAN be the parabolic reflector such that MN is its diameter and AB is its depth. It is given
that AB=5cmand MN =20cm

MB = BN =10cm. Y
Let the equation of the reflector beam 10cm
y? = dax () AP B > X
Coordinates of point M are (5, 10) and lies on (i). Therefore, 10cm
(10°=4(a)(5) = a=5 N

Thus, the equation of the reflector is
y? = 20x

Its focus is at (5, 0) i.e., at point B.
Hence, the focus is at the mid-point of the given diameter.

$52. Let (x,, y,) be the coordinates of the point of intersection,of axis and directrix. Then(2, —3) is the
mid-point of the line segment joining (0, 5) and (X, y;)-

= 3= X7 0 = x,=4 N P
2 Txy)
+5 A F
and -3 y1T = y,=-1 (X1 ¥4) (2%
So, the point (4, — 11) is the.point-of intersection of axis and directrix.

Now, the slope of the line segment joining vertex and focus is

(&)

+3 8

3
I

o
|
N
|
N

Slope of directrix =

Bl
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The equation of directrix passing through (4, — 11) and slope % is

y+1‘1—%(x—4) = dy+44=x-4 = x—4y-48=0

Let P(x, y) be any point on the required parabola and let PN be the length of perpendicular from
P(x, y) on the directrix and FP be the distance between focus F and the point P.

FP=PN = FP’=PN

2
-4y — 48
= x—072+ (y—5p2= X2V %
(x=0)"+(y-19) { 1+16}
=N X+ Y2 —10y + 25 = % (x* + 16y° + 2304 — 8xy — 96x + 384y)

= 17x% + 17y — 170y + 425 = x* + 16)7 + 2304 — 8xy — 96x + 384y
=N 16x% + y* + 8xy + 96x — 554y — 1879 = 0.

§53. Parabola: It is locus of a point which moves in such a way that its distance from a fixed point
(known as focus) is equal to its distance from a fixed line (known as directrix).

It is a conic section with e = 1.
Standard equation of parabola.

Let F(a, 0) be the focus and the line D,D,, i.e. x=— a be the directrix of the parabola. Let P (x, y)
be any point on the parabola. Now, according to the definition,

we get, PF=PD y P
D I 3
= \/(X_a)E_'_(y_O)E :(x+ a) Dz /_'
= x2—2ax+ a’+ y?=x2+ g% +2ax 5 OQX
)
= y? = 4dax
which is the required equation of the parabola. y

Other forms

(a) y?=-4ax
Focus (- a, 0), Directrix x = a, Vertex (0, 0);Axis y=0

(b) x?=4ay Directrix
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Focus (0, a), Directrix y = — a Vertex (0, 0), Axis is x =0

(c) x2=-4ay
Focus (0, — a), Directrix y = a, Vertex (0, 0), Axis x=0

y

1 Directrix
0 X
< >

11
o
T

S54. Given lines are x+y—-1=0

and x-y=-3=0

Vertex is at the intersection of (i) and (ii)
Solving (i) and (ii), we get

x=2, y=-1 Vertex is (2, —1)

Directrix

Let (x,, y,) be the coordinates of the point of intersection of axis and directrix: Then (2, — 1) is the

mid-point of the line segment joining (0, 0) and (x,, y,).

= 2=X17+0 = X1=4
2
and —1=”1T+0 = y,=-2

So, the point (4, — 2) is the point of intersection of axis'and directrix.

Now, the slope of the line segment joining vertex.and focus is

Slope of directrix.= 2

(X1,y1}

The equation of directrix passing through the point (4, —2)with slope 2 is

y+2=2(x-4) =

2x—-y-=10=0.

Let P(x, y) be any pointon the required parabola‘and let PN be the length of perpendicular from
P(x, y) on the directrix and FP be the distance between focus F and the point P.

FP=RPN = FP*=PN
2
2x -y -10
_02 _02= P A—
= (x-0)"+(y-0) [WJ
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= x2+y2=%(4x2+y2+100—4xy—40x+20y)
= 5x* + 5 = 4x° + y* — 4xy — 40x + 20y + 100
= X' +4y° +4xy +40x-20y-100=0 = (x+ 2y)*+40x—20y—100 = 0.

$55. The cable is in the form of a parabola x* = 4ay. Focus is at the middle of the cable and shortest
and longest vertical supports are 6 m and 30 m and roadway is 100 m long.

by A(kSO, 24)
24m
B
-6 y
A v X
O 16 [ 6m
- 18m—>

<« 50m ——

Point A (80, 24) lies on the parabola.

(50°=4a(24) = 4a= %
Equation of parabola is = % y

Let the support at 18 m from middle be Im, then B(18, /— 8) lies on the parabola.

(18)°= % (1-6)

=18x18x6
625
Hence, the length of supporting wire is 9.11' m (approx).

1 =3.11+6=9.11 [Approx.]

$56. Let (x,, y,) be the coordinates ofithe point of intersection of axis.and directrix. Then (-1, —3) is
the mid-point of the line segment joining (0, —3) and (x,, y;)-

X;+0
2

and -3=”12_3 = y,=-3 Xy, y2) (—L@)

So, the point (-2, — 3) is the point of intersection of axis and directrix.

= XMeF2

Now, the slope of the line segment joining vertex and focus is

-3+3 0
m: = —
o+1 1
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Slope of directrix = —%

Equation of directrix is y+3-—%(x+2) = x+2=0

Let P(x, y) be any point on the required parabola and let PN be the length of perpendicular from
P(x, y) on the directrix and FP be the distance between focus F and the point P.

FP=PN = FP*=PN

2
2
- x_02+ +32=£X+J
x=0y+(+3) A
— X2+y2+6y+9=x2+4x+4 = y2+6y—4x+5=0.

S§57. The rope of the suspended bridge taken the form of a parabola as shown in the figure. The
parabola is opening upwards and axis of parabola is y-axis, therefore equation of parabola is of

the form y
X2 = day <«—— 150m——> A (75, 20)

Vertex 0’ is (0, 3)
Equation of parabola is
(x — 0)%2=4a(y-23)
= X* = 4a(y-3) .. (i) 0l m— X
The point A (75, 20) lies on parabola (i)

- 20m —»
(9]

2
(75)°=4a(20-3) = 4a= (79 _ 5625
17 17
Equation (i) becomes x? = %é (y=3) ... (i)

Which is the required equation of the parabolic shape of the rope.

Also point C (30, /) lies on parabela, substituting coordinates of C in (ii), we get

,_ 5625
(30) =7 (1-3)

900 x 17 15300
———— =1-3 =4l=
5625 5625

= =3+ 2.72 =5.72 metres.

S58. Let (x,, y,)be.the coordinates of the pointof intersection of the axis and the directrix. Then, the
vertex is:the mid-point of the line segment joining (x,, y,) and the focus (1, —1).
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x1+1=

2 and J/1+T(—1)=1 = x,=3, y, =3

Thus, the directrix meets the axis at (3, 3).
Let m, be the slope of the directrix. Then,
m, = slope of the line joining the focus and the vertex

1+1
= _1=2 0)

N

slope of the directrix = — 2 [ Directrix is perpendicular to the axis]
Thus, the directrix passes through (3, 3) and has slope — 1/2. So its equation is

y-3=-—-(x-3) = x+2y-9=0

N[ =

Let P(x, y) be a point on the parabola. Then,

Distance of P from the focus = Distance of P from the directrix

= \/(X_1)2+(y+1)2 = w
J1?+ 22
2
= (x=1)2+ (y+1)%= %
= 5x% + 5)% — 10x + 10y + 10 = X% + 4y* — 81 + 4xy — 18x — 36y
= 4 + y* —4xy+8x+ 46y —71=0

This is the equation of the required parabola.
Now, slope of the axis=m, = 2 [From (i)]
Axis passes through the focus (1, — 1), therefore equation of the axisiis

y+1=22(x-1) = 2x-y-3=0

Latusrecturm= 2 (length of the perpendicular from the focus on the directrix)

= [length of the L from {1, —1) on x + 2y — 9 = 0]

1-2-9 10
=2|— = -2x—=45.
J+4 J5
§59. The given-eguation is
4y% + 12x — 12y + 39 =0
- o
= 4|y —3y+z =-12x-39+9
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2
3
4|y -2
- [y 2}

-y

g
_3(x+g]

()

Shifting the origin to the point (- 5/2, 3/2) without rotating the axes and denoting the new

coordinates w.r.t. these axes by X and Y we have

X = X+(—2J, y=‘r’+E

Using these relations equation (i), reduces to

.. (i)

y?=-_3X ... (iii)
This is of the form Y? = —4aX. On comparing, we get a = % :
Vertex The coordinates of the vertex w.r.t. new axes are (X=0, Y=10)
So, coordinates of the vertex w.r.t. old axes are
(—i QJ [Putting X =0, Y=0n (ii)]
2 2
Focus The coordinates of the focus of the parabola w.r.tinew'axes are
(X =— 3 Y = OJ
4
So, coordinates of the focus w.r.t. old axes are
-E,E PuttingX=—§,Y=0in (ii)
4 2 4
Directrix Equation of the directrix of the parabola w.r.t. new axes'is
O E
4
So, equation of the directrix of the parabola w.r.t. old axes is
X = -% [Putting X = 3/4, in (ii)]
$60. The given equation’is Y2 = 4x + 4y
= Y2 — 4y = 4x
= V—4y+4=4x+4
= (y-2y=4(x+1) - (1)

Shifting the origin to the point (— 1, 2) without rotating the axes and denoting the new coordinates

with respect to these axes by X and Y, we have

X=X+(=1), y=Y+2

.. (i)
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Using these relations equation (i), reduces to

Y2 =4X ... (iii)
This is of the form Y? = 4aX, On comparing, we get4a=4 = a=1.
Vertex The coordinates of the vertex w.r.t. new axes are (X=0, Y=0)
So, coordinates of the vertex w.r.t. old axes are
-1,2) [Putting X =0, Y =0 in (ii)]
Focus The coordinates of the focus w.r.t new axes are (X=1, Y=0)
So, coordinates of the vertex w.r.t. old axes are
(0, 2) [Putting X =1, Y =0 in (ii)]
Directrix Equation of the directrix of the parabola w.r.t. new axes is
X=-1
So, equation of the directrix of the parabola w.r.t. old axes is
xX=-2 [Putting X =~1, in (ii)]
Axis Equation of the axes of the parabola w.r.t. new axes is Y = 0:
So, equation of axis w.r.t. old axes is
y=2 [Putting Y'=0, in (ii)]
Letusrectum The length of the latusrectum = 4.
S61. Let the equation of the water shape OABCDO be (0.5:4)
y=ax’+bx+c .. (i) A\B
Eq. () Passesthrough (0O, 0), so
0=0+0+c (=, c=0 4
Putting ¢ = 0 in Eq. (i), we get -5
y = ax’ '+ bx ... (ii) %,0) Dm,‘é)
Since Eq. (ii) passes through A (05, 4), then
o3 off
16=a+2b .... (iii)
Eq. (ii), also passes through (1, 0), so
O=a+b = b=-a e (Iv)
Putting b=—a in Eq. (iii), we get
16=a-2a = a=-16 . b=16
On putting a=-16 and b = 16 in Eq. (ii), we get
y=—16x* + 16x (V)
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Putting x = % in Eqg. (v), we get

Required height = 3m.

S$62. The given equation is
4y° + 12x— 20y + 67 =0

y* + 3x— 5y + % =0 = )y'—-5y=-3x-

f—5y+[

|

N

w

N

;
T

-} el

=—9+12=3m

67
4
2
= _3x_6_7+[§]
4 2
= —3x—2=—3[x+zj
2 2

On putting y —§=Y and x +£= X in Eq. (i), we get

This is of the form Y? = — 4aX. On comparing, we get

-43=-3 = a—g.

. (i)

2
Y2=-3X ( ~§J =—3[X+Z]
2 2
5
Vertex (0,0) y—-—=0, y:E
X+—==0, x:—z
2 2
38
N
5 5
Axis Y=0 -—=0 = y=—
Y 2 4 2
x+l-_3 __17
Focus {——,0]5(-310) 2 4 4 [_ﬂg
y-9_0 = y-3 4'2
2 2
Directrix X=a = X=E X+Z=§ — xz_ﬂ
4 2 4 4
Latusrectum 4a=3 4a3=3
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$63. Let A(x,, y,), B(x,, ¥,) and C(x;, y,) be the vertices of AABC. Since (x,, ¥,), (X,, ¥,) and (x;, ;)
lie on the parabola, therefore

y2 y2 y2
yZ =4ax, ys=4ax,, and y3 =4ax, = X, =4—1a, X, =4—2 and X, =ﬁ
1
Now, Area of AABC = > X, (Vo = ¥3) + Xo(Y5 = ¥1) + X3(¥y = Vo)l
|y y3 Y3
= E{é(}’z - Y3) "‘4—;(3/3 = Y1) "‘ﬁ(}ﬁ - Y>3)

1

= g[}ﬁz(h —y3) +(V3Ys = ¥a¥3) - yi(y3 + y3)]
= L2y = )+ VoY Vs - ¥s) = V1(3 + ¥2)]
= a YiWYo=Y3)tYa¥alYo = V3)— VilY2 + V3

1
= Q(J@ _Y3)[J/12 —Ya2¥3 —Yi(V2 + ¥3)]

- 8_13(},2 —Y)IVF = y1¥2) +(VaYs =¥4Y3)]

1
= 55 V2 =Y - y2) - y5ly = )]

1

= g (V2 = ¥3) (V4 — Yo )¥q= ¥a)
1

= g (y1 _yz)(yz_ya)(y3_y1)

1
Hence, Area of AABC = rw [ = ¥2) (Vo — ¥3) (Vs — Yol

$64. | et S be the focus and A be the vertex of the parabola. Let Kbe the point of intersection of the
axis and directrix.

Since axis is a line passing:through S(1, 1) and perpendicular to \ Ay
x+y=1.So, let the equation of the axis be Ely
= 8 Pix.y)
X—y+1=0 E(Xmﬁ
This will pass.through (1, 1), if X' A -y
K S(1,1)
1-1+A=04=" A=0 -
"
So, the equation of the axis is n
>
x-y=0 .. (i) J vy'
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The vertex A is the point of intersection of x— y=0 and x + y= 1. Solving these two equations,
we getx=1/2, y=1/2.

So, the coordinates of the vertex A are (1/2, 1/2).

Let (x,, y,) be the coordinates of K. Then,

So, the coordinates of K are (0, 0).
Since directrix is a line passing through K (0, 0) and parallel to x + y = 1. Therefore, equation of
the directrix is
y—-0=-1(x-0) = x+y=0. ... (i)
Let P(x, y) be any point on the parabola. Then,
Distance of P from the focus = Distance of P from the directrix

= Jox =12 +(y-1? = | 2L

J12 412
- 2 + 22 —Ax—4y+ 4= X2+ P + 2xy
= X+ Y —2xy—4x—4y+4=0

This is the equation of the required parabola.
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- SMART ACHIEVERS

Y__E!:B_g Nurturing Success...

Nurturing Success...

MATHEMATICS - XI | Ellipse NCERT

Date: 12/10/2021
Q1. Find the equation of the ellipse if the length of minor axis 16; foci (0, £6)

Q2. Find the equation of the ellipse that satisfies the given conditions: Vertices (x 6, 0), foci
(x4, 0).

Q3. Find the equation of the ellipse that satisfies the given conditions: Foci (* 3, 0), a = 4.

Q4. Find the equation of the ellipse that satisfies the given conditions: Vertices (0, * 13), foci
(0, £ 5).

Q5. Find the eccentricity of the ellipse if its latus rectum is equal to one half of its minor axis.

Q6. Find the equation of the ellipse if the ends of the major axis are (x3, 0) and ends of minor
axis are (0, £2).

Q7. Find the equation of the ellipse whose eccentricity is 1/2, focus is at (1, —1).and directrix
isx-y-3=0.

Q8. Find the equation of the ellipse whose vertices are (13, 0) and foci (+ 5, 0).

Q9. Find the equation of the ellipse if the vertices are (x5, 0) and foci (* 4, 0).

Q10. Find the equation of the ellipse if length of major axis 26 foci (5, 0).

Q11. Find the equation of the ellipse satisfying the given conditions: Foci (0, +5); Vertices (0, £13).
Q12. Find the equation of the ellipse satisfying the given conditions: Foci (4, 0); Vertices (6, 0).

Q13. Find the equation of the ellipse satisfying the given conditions: Foci(*2,0); e = %

Q14. Find the equation of the ellipse satisfying the given conditions: b =3, ¢ = 4, centre at the
origin, foci on x-axis.

Q15. Find the equation of the ellipse satisfying the given conditions: Ends of major axis (0,%/5 ),
Ends of minor axis (1, 0).

Q16. Prove that the length of the latus rectum of the/ellipse

Q17. A point moves so that the sum of its distances from two fixed points is constant. Prove
that the_point lies on ellipse.

Q18. Show that the sum of the focal distance of a point on the ellipse is constant and equal to
the major axis (i.e., 2a).

Q19. Find the lengths of major and minor axes, vertices, eccentricity, foci, directrices and
latus rectum of ellipse. 3x2+ 2y2=6

Q20. Find the lengths of major and minor axes, vertices, eccentricity, foci, directrices and
latus rectum of ellipse. 16x2+ 25y2 =400
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Q21. Discuss vertical form of an ellipse.

Q22. Give parametric representation (with the help of eccentric angle) of the ellipse
2 2
X Y 1.
a® b?
Q23. Find the coordinates of the foci, the vertices, the Ienzgth ozf major axis, the minor axis,

the eccentricity and the latus rectum of the ellipse )2(—5 + ‘% =1.

Q24. Find the equation of the ellipse whose centre is at (0, 0), major axis on the y-axis and
passes through the points (3, 2) and (1, 6).

Q25. Find the coordinates of the foci, the vertices, the length of major axis, the minor axis,
the eccentricity and the length of the latus rectum of the ellipse

162 + y? = 16.

Q26. Find the coordinates of the foci, the vertices, the length of major axis, the minor axis,
the eccentricity and the length of the latus rectum of the ellipse
2 2

x+y =1

100 400

Q27. Find the coordinates of the foci, the vertices, the length of major axis, the minor axis,

the eccentricity and the length of the latus rectum of the ellipse
2 2

X Y o,
49 36

Q28. Find the equation of the ellipse with centre at the origin, the length of the major axis 12
and one focus at (4, 0).

Q29. Find the equation of the ellipse whose foci are (2, 3), (- 2, 3) and whose semi-minor axis is J5.

Q30. Find the equation of the ellipse which passes through the point (- 3, 1) and-has eccentricity
2

E -
Q31. Arod of length 12cm moves with'its ends always touching the.coordinate axes. Determine

the equation of the locus of a point P on the rod, which is 3 cm from the end in contact
with the x-axis.

Q32. Find the coordinates of thefoci, the vertices, the lengths of major and minor axes and
the eccentricity of the ellipse 9x* + 4y* = 36.

Q33. Find the equation of the ellipse, whose length:of the major axis is 20 and foci are (0, +5).

Q34. Draw the shape of the given ellipses‘and find their major axis, minor axis, value of c,

vertices,.directrices, foci, eccentricity and length of latus rectum.
2 2 2 2 2 2

X° -y o X y x Y
X Y g X Y XY
M 2 +% (M 25300 =" p? T 22

Q35. Define an ellipse and derive its equation in standard form.

Q36. Draw the shape of the given ellipse and find their major axis, minor axis, value of c,

vertices, directrices, foci, eccentricity and length of latus rectum.
2 2 2 2

Xty ; y
2 Y 4 —+—=1
T T LTI
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Q37. An arch is in the form of a semi-ellipse. It is 8 m wide and 2 m high at the centre. Find the
height of the arch at a point 1.5 m from one end.

Q38. Find the equation of the ellipse whose axes are the axes of coordinates and which passes
through the points (- 3, 1) and (2, - 2).

Q39. Find the Eq. of ellipse whose e = % , foci on y-axis, centre at origin, and passing through (6, 4).

Q40. Find the Eq. of ellipse whose foci (+ 3, 0) and passing through (4, 1).

Q41. Find the Eq. of ellipse whose major axis on the x-axis and passes through the points (4, 3)
and (6, 2).

Q42. Find the Eq. of ellipse whose axes along the coordinates axes, passing through (4, 3) and
(-1, 4).

Q43. Find the lengths of major and minor axes, vertices, eccentricity, foci, directrices and
latus rectum of each of the ellipses given below.
4x2+ y?—-8x+2y+1=0

Q44. Draw the shape of the given ellipses and find their major axis, minor axis, value of c,
vertices, directrices, foci, eccentricity and length of latus rectum.

(i) 36x2+4y?=144 (ii) 4x2+9y2 = 36.

Q45. Arod AB of length 30 cm rests in between two coordinate axes in such a way that the end
point A lies on x-axis and end point B lies on y-axis. A point P (x, y) is taken on the rod in
such a way that AP = 12cm. Show that the locus of P is an.ellipse.

Q46. Arod AB of length 15 cm rests in between two coordinate axes in such a way thatthe end
point A lies on x-axis and end point B lies on y-axis. A point P (x, y) is taken.on the rod in
such a way that AP = 6 cm. Show that the locus of P is an ellipse.

Q47. Aman running a race-course notes that the'sum of the distances from the two flag posts
from him is always 10 metres and the distance between the flag posts is 8 metres. Find
the equation of the path traced by the ' man.

Q48. Arod of length 12 m moves with its'ends always touching he coordinate axes. Determine
the equation of the locus of a point P on the rod, which is 3 ¢m from the end in contact
with the x-axis

Q49. Arod AB of length 15 cmrests in between two coordinate axes in such a way that the end
point A lies on x-axis and end point B lies on y-axis.’A point is taken on the rod in such a
way that AP = 6 cm."Show that the locus of P is an ellipse. Also, find its eccentricity.

Q50. Find the eccentricity, foci and the length of the latusrectum of the ellipse
X+ 4y +8y—2x+1=0.

Q51. Find the equation of the ellipse whose axes are parallel to the coordinate axes having its
centre at'the point (2, — 3) one focus at (3, —3) and one vertex at (4, — 3).

Q52. Find the eccentricity, centre, vertices, foci, minor axis, major axis, directrices and
latusrectum of the ellipse 25x* + 9y — 150x — 90y + 225 = 0.

Q53. Find the lengths of major and minor axes, coordinates of foci and vertices, and the
eccentricity for the following ellipse: x* + 4y? — 2x = 0.
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Q54. Show that x* + 4y? + 2x + 16y + 13 = 0 is the equation of an ellipse. Find its eccentricity,
vertices, foci, directrices, the length of the latusrectum and the equation of the latusrectum.
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Nurturing Success...

MATHEMATICS - XI | Ellipse NCERT-Solution

S1.

S2.

S3.

Date: 12/10/2021

Since foci are on y-axis, the major axis along y-axis. So the equation of ellipse is of the form

X2 y2

— Tt = 1 giventhat b= 8, and ¢ = 6.
b a

Also, ¢?=a-b

a’=c*+h*=36+64=100 = a=10

Hence, the equation of the ellipse is

2 2
x—-i-y— =1 Ans.
64 100

Since, the vertices are on x-axis the equation will be of the form
2 2
X—2 + y—2 =1
a b
Where a is the semi-major axis.
Given that a=6, c=+4
Therefore, from the relation

c® = a’—b?, we get

16 = 36 — b
or b? =20 “or b= 25
Hence, the equation of the ellipse is
2 2
X LA
36 .20

X
a—2+? _1

Given, c=%3, a-4

Therefore; ¢? = g%~ b?

= 9 =16 — b7

or p’=7 = b=47

Hence, the equation of the ellipse is
2 2

X Y o=

16 7
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S4.

S5.

S6.

S7.

Since, the vertices are on y-axis the equation will be of the form

2 2
X_ + y_ = 1
b* &
Where a is the semi-major axis.
Given that a=13, c=%x5
Therefore, from the relation

c? =a’-h% we get

25 =169 — b?
or b>=144 or b=12
Hence, the equation of the ellipse is
2 2
X + y_ = 1
144 169

Latus rectum = %(minoraxis)

2 2
= 2 Yoy = b=2
a 2 2
Now, we know that
b? = a*(1 - €%
2
= 2 -1-6) = 1_g?= N4 2.3
4 4 4
5 o= 13
2

2 2
%—+Zz— =1
a b

Here, a=3 and b=2

Hence, the equation of the ellipse is

Let P(x, y) be any point on the ellipse. Let F(1, — 1) be the focus. Let PD be the perpendicular

distance of the directrix from the point P.

Now, according to the definition of the ellipse, we get
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PF = e(PD)

TIx-y-3]
= x=12+(y+17 = - —Z—"
V=17 +(y +17 = Fiet
= Bl(x—1)2+(y +1)7]=(x—y-3)
= 7x2+ 7y?+ 2xy—10x+ 10y + 7 = 0.

S8. Verticesare (x a,0)ie., (x13,0)=>a=%213

Fociare (xae, 0),ie., (£5,0) >ae=5=¢e= ° =%
a
5 2
Also b?=a?(1-e?=(13)? !1 —[—J ]
13

= b’=144 = b=12
The equation of the ellipse is,

x2 y2 X2 y2

—+=— =1 —_—t+t =1,

a? b =~ 169 144

s9. X2y
Since the vertices are on x-axis, the equation will be of the form A+ ? =1.
a
Here, given that a=5 and c=4
We know that, c®=a’-b?
- b?= a? — *< 25< 16 { a:ﬂ
c=4
= b’=9 = b=3
Hence, the equation of the ellipse’is
2 2
> + Y= 1 Ans.
25 9
$10. We have, 2a=26 = a=13

and c=5

2= g2 — b2

b= a?-c? = [169-25

= 144 =12
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S11.

S12.

S13.

Hence, the equation of the ellipse is

2 2
y_=“| X_+y_—‘|

x?
—_— :>
2’  p? 169 144
Given foci of the ellipse = (0, £ 5) and vertices = (0, = 13)

So, foci lies on the y-axis,
Foci=(0,+£c)=(0,t5) = c=4%5
Vertices=(0,+ta)=(0,+13) = a=%13
c’=a’-b* = 25=169-b°
= b’=144 = b=12

So, the standard equation of the ellipse is given by

X y_1
02

Hence, the required equation of the ellipse is given by

2 2
Xy
144 169
Given foci of the ellipse = (4, 0)

Foci=(xc,0) = c=4

Vertices= (£6,0)=(xa,0) = a=6

Ans.

.. (i)
.. (ii)
.. (iii)
. (iv)

’=a’-b =" b’=a’-c*=36-16=20

Since, vertices and foci are (£ 6, 0) and (x4, 0), so foci lies on the x-axis.

So, the standard equation of the ellipse is given by

2 2
X—2+y—2=1
a b

X

Hence, the required gquation of the ellipse is given by

2 2
X_+y_ =1.

36 20
Given foci of.the ellipse is (£ 2, 0)

Foci=(xc,0) = c¢c=2

So foci lies on x-axis.

So the standard equation of the ellipse is given by

D

il } } I 1 X
a 0)\ y(s, 0)

. (i)
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2
X_+y_=1

2
a’  b?

Now we find a by using, e = :, e=

2 2
Hence, the required equation of the ellipse is :—6 + Y

12

= b’=a’-c*=16-4=12

S14. Given foci lies on x-axis and centre at the origin. Therefore the standard equation of the ellipse

is given by

a>b>0

. (1)

Where Major axis = 2a and Minor axis = 2b given
b=3 = b’=9, *=a’-b
16=a°"-9 = a°=16+9 = a’=25

Hence the required equation of the ellipse is given by

... (i)

2 2
Xy
9

=1.

S$15. The equation of this type of ellipse is of the form

X2
I +
Given ends of the Major axis are (0, +a) =0, iJg). Thus,
a=+5 =".4=5
Ends of the Minor axis are (b, 0)= (1, 0)

b=1.= b*=1

yz
—2=1 Where a> b >0
a

- ()

=

2 2

Equation of the ellipse'is, XT LY =1,

5

(0,3)

X’ - 1 1 = X
(=5, 0K (- ¢, 0) y (5,0)
(0,-3)| B
r Y

i

A
%
B

$16. Let the coordinates of point L, be (ae,/)-As L, lies on the ellipse, we get

a’e> P

&

[...

Y
X
(0, 0)f (1, 0)

A
Y

b? = a*(1 — e?)]
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2b?

Now, Latus rectum =LL,=2LF=2I=
a

S$17. Let the points be A (a, 0) and B (—a, 0). Let P(x, y) be the moving point. Now according_to the
given condition,

= J(x—a)?+(y —07 +(x+a)} +(y-0)° =2k

= J(x+a)Y+y® = 2k—(x—a) +y?

= (X+a)2+y?=4k?+ (x—a)’+ y?— 4k \/(x —a)* +y*

= (x—a)y +y? =k- =&
k
2,2
= (x—a)y+y*=k*+ ak); —2ax
82
N X2[1_P}+y2=k2—az
XZ
= (kz—a2)F+y2=y2=k2_az
XZ y2
= eV

Which is the.required equation of locus -and being in the form x?/a*> + y?/b? = 1. Hence, it
represents.an ellipse.
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$18. Let P(x, y) be any point on the ellipse

2 2
X Y _y L,
a’ b?

M, / |

Now by the definition of the ellipse we get
PF. =e(PL,) = e(QM.,)

=—al
= 6(OM, —OQ):e(g— x] xmoae
=a-ex
Also PF,=e(PL,) = e(QM,) = e(OM, + OQ)
of5+
=el—+x
e
=a+ex
Adding (i) and (ii) we get
PF, + PF,=(a—ex) + (a+ ex) = 2a
S$19. 2 2
3x2+ 2y?2=6 = X—+y—:1
2 3

F,(-ae,009 F,(ae, 0)

)
D _-><
./ =

As the denominator of y? is greater. Hence, it is vertical form of ellipse.

Comparing with the equation

£i+hZi =1
b?>  a?

We get b = V2, a= 3, Major axis = 2a-= 23
minor axis = 2b = 2+/2, vertices are (0, +a),ie. (0, £ 3 )

Y b? 2 1
eccentricty = e=,/1-—=_[1-=h="—
v=es\= '3 &

Foci are (0,+ae) i.e. (0,=1)

a 2 2
Directrices are y= *— = y=+ 3 Latusrectum = 26" _ 2(v2)
$20. 16x2 + 25y = 400
x2 J/2 X2 yz
—+= = —+—==1
- BT T By

Here, a =5, b = 4, Major axis = 2a = 10,

4
N

X =ale

.. (i)
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S21.

S22.

Minor axis = 2b = 8; Vertices are (*a,0), i.e (£5,0).

% 16 3
1-2 = f-—2=2
a 25 5

Eccentricity is e=
Foci are (+ae, 0), i.e., (£3, 0),

. . a
Directrices are x = + —
e

25

=+ —

= X 3

2b? _ 2(4)° _32

Latus rectum = — .
a 5 5

We consider the ellipse x?/b? + y?/a? =1,

where a > b.

. . N y=ale
Its particulars are given below. A0
,a
Major axis is A,A, = 2a, minor axis is B,B, = 2b, centre is O(0, 0), L 1 L
Fociare F,(0, ae) and F (0, —ae), vertices are A, (0, a) and A,(0, — a) y F,(0) é)
b2
Eccentricity is e= 1= 7 B,(-b, 0) o B,(b, 0)
F,(0/=c)
. . a Ly 4
Directrices are y=— and y=-—and
e A2(01 _a)
2 y=-ale
Length of latus rectum=L.L, = 2b”
a

Let P(x, y) be a point on the ellipse.

We draw a circle with diameter A1A2. Now We draw a circle with'diameter A1A2. Now MP is
extended to meet the circle at Q..Let Z/MOQ = 0 (0 is eccentric ‘angle) in AOMQ),

O—M = cosb
oQ
= OM = OQ cos 6 = a.cos 0

Now x = OM =a.cos0

We put x =.a cos'0 in the equation of the éellipse to get the value of y.

2

[- OQ = a]

Xyt
= ?4‘?—1
2 2
N acgse+y_2=1
a b
= y2=b*(1—-cos?0) = y=+bsinbd

Ay
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— The parametric equations of ellipse are x = acos 0, y= b sin 0.

Hence the coordinates of point P are (a cos 6, * b sin 6).

x2

2
S23. Since, denominator of 25 is larger than the denominator of % the major axis is along the
2 2
x-axis. Camparing the given equation with x_2 + g—z =
a
a=5 and b=3.

Also, c=.a’-b*=25-9=4

Therefore, the coordinates of the foci are (-4, 0) and (4, 0), vertices are (-5, 0) and (5, 0). Length
of the major axis is 10 units, length of the minor axis 2b is 6 units and the eccentricity is 3 and
2b? _18

a 5

1, we get

latus rectum is

$24. Since, the major axis is on the y-axis. the equation will be of the form

2 2
x_+y_2=1

b a

Given that the points (3, 2) and (1, 6) lie on the ellipse, we have

9 4 1 36
? b ? =1 and F + a—z =1
or 9a’ + 4b? = a’h?
and a’ + 36b% = a’b?
or 9a® + 4b° = a°b?
and 9a° + 324b% = 9a°b?
On subtracting, we get
or 9a% +  4b® = a’b?
and 9a° + 324bh% =.98%b?
320p%. = - 8a’b?
or a’ =40

Hence, the required equation is of form

X Y -
b*> 40
. 9y . 2 . 9 4
To find b we subsitutute a* =40 in = +— =1
b a
9 4
or —+-— =1
b= 40
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or — = 1-—
b 10
9 9

or — -
b 10

or b*> =10

$25. The given equation of the ellipse can be written in standard form as

2 2 2 2
16x +y_=E or X__|_y_=1
16 16 16 1 16

Since, the denominator of x* < denominator of #, the major axis is along the y-axis. Comparing
the given equation with the Standard equation

2

X Yy _
b—2+?—1
We have b=1and a=4.
Also, c=.al-b*=16-1=4/15
o= C_Y15
a 4

Hence, the foci, (0, ¢) and (0, —c) are (0, J15 yand (0, J15 ); the vertices, (0, a)and (0, —a) are
(0, 4) and (0, —4); the length of the major axis, 2a.is 8 units, the length of the'minor axis, 2b is

J15 L9 2 1

2 units and eccentricity of the ellipse, e is L The length of latus rectum’is = "2 2 units.

2 2

LY
100 400

Hence, denominator of x* < denominator of y*
The foci of the ellipse are onthe y-axis.

S26.

The given equation is =N

Let b>=100 and a’=400
= b=10 and a=20
Also, ¢ = Ja?— b>*=4/400 - 100 = /300 =103
and e= E 10\/_ ‘/_
a. 20 2

Hence, the foci (0, ¢) and (0, —c¢) are (0, 10/13 ) and (0, —10+/13 ), the vertices (0, a) and (0, —a)
are (0, 20) and (0, —20), the length of the major axis 2a is 40 units, the length of the m2|nor axis gb
2b _ 2(10%)
a 20

is 20 units and eccentricity of the ellipse is ¢ = +/3/2. The length of latus rectum is
=10 units.
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2 2

S27. The given equation is X + PA 1
49 36
Here, denominator of x? > denominator of )2
The foci of the ellipse are on the x-axis.
Comparing the given equation with the standard equation
Xyt
We have a=7and b=6.
Also, = /a’ J49-36 =13
\/7
e [—
Hence, the foci, (¢, 0) and (—c, 0) are (+/13 , 0) and (—~/13 , 0); the vertices, (a, 0) and (- &, 0) are
(7,0)and (-7, 0); the length of the major axis, 2a is 14 units, the length of the miner axis, 2b is
2 2
12 units and eccentricity of the ellipse, eis @ The length of latus rectum is 29— F 2(76) = 7—;2
a
units.
§28. Since focus of the ellipse is (4, 0). So foci of the ellipse lies on x-axis. Ly

Equation of the ellipse in standard form is given by
2 2
x° yc /‘\
—+=—= =1. o F F
7 ot E | £,
Length of the majoraxis=2a=12 = a=6 (-6.0N(4.0] (4.0
Focus=(+¢ 0)=(4,0) > ¢c=4

“=a’-b* = 16=36-b*> = b*°=36-16=20 v
= b= 25
Putting the values of a and b in (i), we get
2 i 2
6% (2/5)° 36 20

Hence, the required equation of the ellipse is

X Y =9
36 20
§29. Let S and.S’ be two foci of the required ellipse. Then the coordinates of Sand S’ are (2, 3) and
(-2, 3) respectively.
SS'=4
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S30.

S31.

Let 2a and 2b be the lengths of the axies of the ellipse and e be its eccentricity
Then SS'=2ae = 2ae=4 = ae=2.
Now, b*’=a*1-¢e°) = 5=a°-4 = a=3.

Let P(x, y) be any point on the ellipse. Then
SP+SP=2a
= J(x =22 +(y =32 +(x +22+(y - 3)> =6
= [(x=2)+ (y=3)] - [(x + 2)* + (y— 3)] = 36—12[\/(X +2)%+(y - 3)°]

= —8x= 36 - 12[{/(x + 2)° + (y - 3)]
= (2x—9)° = 9[(x + 2)* + (y - 3)’]
= 5x* + 9y + 72x — 54y + 36 = 0.

This is the required equation of the ellipse.

Let the equation of the ellipse be

2 2 .
x_2+%=1 ................ (I)

o

As it passes through the point (- 3, 1) we get

°o . 1_. i
St T (i)
2
Also b2=a¥1-e?) = b’z 32[1 - EJ
= b= 32
5
Solving (ii) and (iii)
we get 32=£,b2:2
3 5
2 2
From (i), we get A ¥ =1
(832/3) (32/5)
= 3x? + 5y% = 32.

Let AB he the rod and P (x, y) the point on it such that AP =3 cm.
Since AB =12cm, we have PB=9cm.

From P draw PQ and PR perpendicular on y-axis and x-axis respectively.

Let AR=pand BQ=q.
Since, ABQP and APRA are similar, we have

... (ii)
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S32.

S33.

q_9% _ _ 9 _
- = — Iven = —— =3
y 3 g q 3 y
p_3 . _3x X
and —=— given p= —=—
x 9 g “ 9 3
x 4x
Therefore, OA= x+=2="2
3 3
and OB=y+3y=4y
2 4x2_ 2
So, (4y)” + = = (12)
2
or 16y2+16x = 144
y:z x2 )
or 144 T9x14a
16 16
2 2
or S A
81 9

Thus, the locus of Pis an ellipse.

The given equation of the ellipse can be written in standard form.as
2 2
X_ + y_ =1
4 9

2 2
Since, the denominator of ry is larger than the denominator of xj , the major axis is along the

y-axis. Comparing the given equation with the standard equation

we have b=2 and a=3.

Also, c=Ja?-b? =\J9-4 =45

and e= —=

Hence, the fociare (0, J5 )and (0, -5 ), vertices are (0, 3) and (0, — 3), length of the major axis
is 6 units, the length of the minor axis is4 units and the eccentricity of the ellipse is ?5 .

Since the foci are on y-axis, the major axis is along th y-axis. So, equation of the ellipse is of the

2 2
form %+Z—2=1

Given that a = semi-major axis = % =10
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and the relation

? = a’- b
52=10°-b%* e,

gives

2 2

75

. . X
Therefore, the equation of the ellipse is — + Y = 1
75 100
- o X y i X y
1. E n —+—==1 —+—=1
quatio 04 +2 M 25 * 700
y? y’
2. Shape Since the denominator of 25 is Since the denominator of 100 is largeer
x? x?
larger than the denominator of 1 then the denominator of 25" so the
so the major axis lies along y-axis. major axis lies along y-axis.
ya Ya
DIREC DIREC
0 1o
DIREC DIREC
y'v Yy
Major axis 2a=2x5=10 2a=2x10=20
Minor axis 2b=2x2=10 2b=2x5=10
5. Value of ¢ a’=25hb*=4
c= a2 - b? = \[25 — 4)/2t ¢ =+ja? —b* EXf100 - 25 =75 =53
6. Vertices (0, — a), (0, a) (0, —15),(0, 5) (0, - a), (0, @) (0,-10), (0, 10)
. . a’ 25 at 100 20
7. Directrices =+ i A 4+ - _
T NT NN N
8. | Foci (0, %¢),10, ¢) (0,—c¢) and (0, ¢) (0, —5+/3 ), (0, 5v/3)
9. Eccentricity et o @ e=S- ﬂ = é
a 8 a 10 2
10. Length/of
2 2
Latus,rectum 2I=&:2X4:E 2!—&:%{25:5
a 5 5 a 10

S§35. Ellipse: Itis the locus of a point which moves in such a way that the ratio of its distance from a
fixed point (focus) to its distance from a fixed line (directrix) is a constant (e < 1).

Alternative definition: An ellipse is the locus of a point that moves in such a way that the sum

of its distances from two fixed points (foci) is constant.
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Standard equation of ellipse

Let F, (c, 0) and F,(-c, 0) be two fixed points, Let P (x, y) be a point such that PF, + PF, =

constant = 2a (say).

= \/(x—c)2+(y—0)2 +\/(x+c:)‘?+(y—0)2 =2a

= Jx+cP +y’=—(x—-c)Y +y*+2a

=X

B1(Or b)
P(x. y)

Af-a, OW

WM& 0)

B,(0, —b)

= x2+c?+2cx+ y?=4a+x2+c?-2cx +y?—4a m

= 4cx—4a?=-4a J(x —c) + y?

2
= [a—%] =(x=-c)*+y?

c’x?
— |a+ —2cx =x* +¢c* = 2¢cx + y?

aQ

2
c

= x-S x*+y*+c?-a*=0
a

CZ
2 2 .2 2
= 1—6—2Jx +y =a"-c¢

Which is the required of the ellipse.

Some definitions related to ellipse.

Eccentricity: ltisdefinedas e = g

= c’'= a%e?
= as= b? = e%a?

Major axis is A, A, =2a,

Minor axis is B,B;=2b

Vertices are4, (a, 0) and A,(-a, 0)
Centre is O(0, 0)

Foci: These are F, (ae, 0), i.e., F, (- ae, 0)

Directrices: These are the lines given by

a
X=—
e

= | a’—c’=>b?

b? = a*(1- e?)

a

X= ——

e
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Latus rectum: Itis a chord perpendicular to the major axis and passing through the focus. It is

of length 2b%a.

S$36. 2 yz x?2 yz
1. Equation (i) —+=—=1 (ii) —+—=1
36 16 16 9
x* x?
2. Shape Since the denominator of % Since the denominator of 6
yZ
greater than the denominator greater than the denominator of 9
y2
of Y so major axis lies along so the major axis lies along x-axis.
X-axis.
Y y
N N
o o x a
T\ T~k
X'€ > X X'€ > X
© e x 14
@) v 0 =) v @)
Y y
Major axis 2a= 2x6=12 2a=2x4=8
Minor axis 2b=2x4=8 2b=2x3=6
5 Value of ¢ a’=236,b*’=16 a‘=186,b°="9
c= Ja* - b* =36 - 16 cEyah = b = 16 -9 =7
Ja? - b =36-16 = 25
6. Vertices (- a,0),(a, 0)(-6,0),(6,0) (—a, 0)and (a, 0) (—4,/0), (4, 0)
. . a’ 36 18 a’ 16
7. Directrices e x=+2 —+ 2
c 25 5 c V7
8. | Foci (-¢,0) (c, 0) (-25,0). (2V5,0) (=6, 0L(6x0) (-7.0), (¥7.0)
9. Eccentricity - _2_\/5 - ﬁ LN ﬂ
6 3 a 4
10. Length of
2 2
latus rectum 23=&=2X16=E 2J=£=2xg=g
a 6 3 a 4 2
S$37. Let ABA' be the given arc such that Ly
AA'=8m and OB=2m B
. 2.5 PM
Let the arc be a part of the ellipse. M (2.5, PM)
2 2 - -
LN A'!yf-\ X
a b
B!
Then, AA'=8m = 2a=8 = a=4 B 8m .
and OB=2m = b=2 |
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S38.

So, the equation of the ellipse is

2 2
X_+y_ =1
16 4

We have to find the height of the arc at point P such that AP = 1.5m. In other words,

find the y-coordinate at M.
OA=4m and AP=15m
OP=25m

Thus, the coordinates of M are [g PMJ

Since, M lies on the ellipse (i). Therefore,

25 PM* _ . _ PM?_,_ 25 _ PM®_39
4x16 4 4 64 4 64
= PM = J%m=@m=‘l.56m (apporx.)

Hence, the height of the arc at a point 1.5m from one end is 1.56m.

Let us suppose that the major axis be along x-axis.

Then the equation of the required ellipse be

2 2
X—2 + y_2 =1

a b

It passes through the point (- 3, 1),

By putting x = -3, y = 1 in equation (i) we get,
9 1

—+ =1

a> b?
Also point (2, —2) is on the ellipse.
Putting x =2, y =-2in (i), we get

4 4

otz =1

a b

Multiply (ii) by4, we get

we have to

Ans.

.. (i)

... (ii)
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Subtracting (iii) from (iv), we get

Putting,

36 4 .
— 3 — =4 "
22 5 (iv)
%=3 o 2= 2
a 3

— in (ii), wegeti+;—2=‘l

32
3
A 2032227 5 reash .32 32
b? 32 32 32 375
So one choice of Major axis on x-axis is justified. The equation of the required ellipse is
3x% + 5y% = 32.
§39. The foci of the ellipse lies on y-axis. Let the equation of the ellipse be
2 2
X .
ot 2—2 =1 .. ()

On putting x =6 and y = 4 in (i), we get

Also,

But

36 16 }
PEa - i)
" 9
e=— = c=a8ge — Cc=al|-—
a 4
3a )’ 92> 16'-9 7
= [ =a%-pA > b= = —EF - 3° ... (iii)
4 16 .16 16

Putting the value of b? in equation (ii),'we get

£26—+l§—=1 = 7576+2112=1 ~ 7a%=688 = a?= 008
7a“.. a 7a 7

Putting the value of a%in equation (jii), we get

b2= TXGSB = bzz @
16 x 7 16
Putting the values of a% and b? in equation (i), we get
2 2
X LY - 16x*  7y® _ =
688+688 1 = ses “egs - = 16x° + 7y* = 688.
16 7

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 18



$40. Given foci of the ellipse is (£ 3, 0)

So, foci of the ellipse lies on x-axis.

Equation of the ellipse is given by

2 2
X<y .
—+—= =1 o (
22 0)
Also this ellipse passes through the point (4, 1)

Putting x =4, y = 1in (i), we get

@+(1)2=1 _, 16 1

A — 4+ — =1
82 b2 a2 b2
1 16 1 _ (a®*-16) 2 a? )
= —=1-— = — =2 = p’= .. (ii
b? a® b? a’ a’-16 ®
Also foci= (¢, 0)=(£3,0)
2 2 2 6‘2
= c=3, c¢’=a"-b° = 9=a’-| [Using (ii)]
a‘-16
= 9(a®*—-16)=a%(a’-16)—a°> = 9a’-144=2a"'—- 16a°- a*
= a*-26a’+144=0 = (a°-18)(a’-8)=0
— Eigher a’=18 or a’=8
We take a’=8, b’=a’-c*=8=-9=-1 = b*(-ve)rejécted
We take a’=18, b?’=a’-¢’=18-9=9

Since foci on x-axis so the equation the ellipse is

2 2

X Y 21 S22 =18
18 9
S41. Given major axis on the x-axis so.the standard equation ofthe ellipse is
2 2
X y .
—+ =1 e
2 (i)

This ellipse passes through the points (4, 3), (6, 2)

By putting x = 4,»= 3 in (i), we get
4% 3% L i-"16 9
2 B el @B
Now this ellipse (i) passes through (6, 2) so by putting x =6, y =2, we get

= 1 .. (i)

_—t—=1 = —3+—=1 (lll)

Multiply (ii) by 9 and (iii) by 4, we get
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144 81
—+

— =9 ... (iv
pealire (iv)
144 16
—— 4 — =4 Vv
7zt (V)
Subtracting (v) from (iv), we get
1 1 5 1
—=(81-16) =5 —_—=—=—
o\ ) ~ b2 65 13
Putting 1.1 in (ii), we get
p2 13 ’
16 9 _ 16 9
—t—=1 = —=1-—
a® 13 a’ 13
16 13-9 4 1 4 1
f— _—= = — ) —_— = —
a2 13 13 a® 13x16 52
= -1 = a’=52
a2 52
Now we have a’=52, b?=13

So putting these values in Eq. (i), we get

2 2
X_ + y_ =1
52 13
X2 2
Hence, the required equation of the ellipse is =2 +% =1.

S42. Let the standard equation of the ellipse is given by

x? y? .
po ;;—2 =1 .. (i)
The ellipse (i) passes through the point (4, 3) and (-1, 4) so by.putting

(D x=4, y=3in (i), we get

47032 16 9.0 y
?+?—1 = a_2+?-1 .. (i)

Also by putting x=—~4-and y = 4 in (i), we get

1% (42 _ 1 16 _
g +b_2_1 = ?+?—1 ... (iii)
By multiplying (iii) by 16, we get

16 256

— 4+ 16

2 2

a b %(256-9):15 - iz=—15 = p2 =24 - (iv)

J8,.9 b b?> 247 15

Ta? b?
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1

Putting the balue of b? from (iv) in (iii), we get —+ 1
a> 247
1 240 1 247 - 240 1 7 , 247
a? 247 a’ 247 a® 247 7

We get the equation of the ellipse as

2

X Y - =
247t 247 = 7xX*+15y° = 247.
7 15
$43. 4x2+ y?2—-8x+2y+1=0
= (A —8x+4)+ (P +2y+1)=4
= 4x—1)72+(y+1)7°=4
—_ 2 2
- (x=1" W+ _,
1 4
X? Y
= 1—2+?=1
where X=x-1,Y=y+1
x2 y2
This ellipse is of the form — + =~ =1
b a

Here, a=2, b =1, major axis =2a =4, minor axis =2b =2, ‘eccentricity =e= ,/1— e

Referred to new axes vertices (0, + 2)

(0, £ 2) vertices

foci
(0, + ae)

ie. (0, +/3)

Directrices

Y

+

Do

Bl 1_

4

Referred to old axes
= X=0andY=+12

= x-1=0andy+1=+2
x=1andys1,-3
the vertices are (1, 1) and (1, - 3)

X=0andY== .3

=

=

X=0and Y= i\/§

=
= x—1=0andy+1=+J3, y=—1%3
— The fociare (1,+/3 —1)and (1, —1—+/3)
4
= y+1=+ =
y N
4
= =-1+ —=
g NG

. (V)

J3
2
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4
Y=+ 7 = J3y+J/3=+4
2b* 1
Latus rectum= —=2.—=1.
a 2
S44.
1. Equation 36x2+ 4y* + 144 4x%+ 9y? = 36
2 2 2 2
y Xy
Z =1 =+ 2 =1
~ 4 "3 ~ 9 a
yz XQ
2. Shape Since the denominator of % is Since the denominator of ) is greater
x? x*
larger than the denominator of R then the denominator of i so the
so the major axis lies along y-axis. major axis lies along y-axis.
DIRECTRIX
Y
y
.
< X
’ o o
X X = /_ \ =
(0] X5 Q_// o >X
L L
o -
& 0
\fr
Vv Y
DIRECTRIX
3. Major axis 2a=2x6=12 2a=2x3=6
Minor axis 2b=2x2=4 2b=2x2=4
Value of ¢ a’=136,b°=4 a’=2x2=4
c=4a’ —b* = [36 =4 =42 c=adsb’r o-4-5
6. Vertices (0, — a), (0, a).and (0, — 6), (0, 6) (—a;0)and (a, 0) (a, 0), (- 3,0) and (3, 0)
. . a’ 36 9 a’ a’ ]
7. Directrices = LAYy x=+2 _+9 _ 4+ ¥
4 c a2 T \2 c c J5
8. Foci (0,—¢), (0, €) (0, - 4+/2), (0, 4v/2) (0, - ¢) and (0, ¢) (5, 0), (+/5,0)
9. Eccentricity e= Ezﬂzg e= 3:ﬁ
a 6 3 a 3
10. Length of
2 2
Latus rectum 2}—-@—:2)(4:i 2;’==§3—:2)<4:§
a 5 3 a 3 3

$45. Let AB = 30cm be the rod and a point P(x, y) is the point on the rod such that PA =12cm and

PB=18cm.
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Draw PQ L OB and PR L OA.
LetBQ=band AR=a

Then from similar As BQP and PRA we have, 18cm
BP PA 12 3
y 12cm
and BR_PR g 2_.Y _ bzgy X Ra A~
BP PA 18 12 2 Y'
CA=0R+RA= x+gx=5—x,
3 3
3 5
OB=0Q+QB= y+—y=—y
2 2
In right angles AOAB, we have
2 2
OA2+ OB = AB? — [S_XJ +(5—yJ = 30
3 2
2 2 2 2
25x +25y _ XY _ag
9 9 4
X V_ -
324 144
S$46. Let AB=15¢cm VA
and a point P(x, y) is on the rod AB such that AP=6cmand PB=9cm B
Draw PQ 1 OB and PR L OA.
9cm
LetBQ=band AR=a b
Then from similar As BQP and PRA we have, ol—X OAP(x, y)
6cm
Yo v X
B PR >
_Q=_ and E:X = b:gy @] X RaA
BP PA 9 6 2
and ﬁ:% and E:i — a:gx
PA PB 6 9 3
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S47.

OA=x+a= x+gx=§x,
3 3

3 5
OB=y+b=y+-y==
y y+sy=2y

In right angles AOAB, we have

OA“+ 0B =AB°, |—-x| +|=-y| =(15)
3

25x% 25y?

= + =1=225
9 4
2 2
= X_+y_=1
81 36

Which is the locus of P.
Alternative Method:

From APRA sino= R _Y
PA 6
From ABPQ, we get cos 0= %
Squaring & adding (ii) & (iii), we get
2 2
= — +=— =1 which is the equation of the.ellipse.
81 36

Thus the locus of Pis an elllpse — Z—z =1.
a*

.. (ii)

.. (ii)

Clearly, the path traced by theman is an ellipse having its foci at two flag posts. Let the equation

of the ellipse be

X y_=1

a’ b

It is given that the sum of the distances-of the man from the two flag
posts is 10.metres. This means that the sum of the focal distances of
a point on'the ellipse is 10m.

- PS+PS'=2a=10 = a=5 .. (i)

where . b’ = a%(1 — &)

It is also given that the distance between the flag posts is 8 metres.
2ae=8 = ae=4
Now, b’=a’(1-e*)=a’-a%e*=25-16

Xl

LY

% X

Q

Su

Y
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$48.

S$49.

= b’=9 = b=3 [Using (i) and (ii)]

Hence, the equation of the path is

2 2
x_+y_ =1 Ans.
25 9
Let AB=12cm is the rod and P(x, y) is point on the rod such that
PA=3cm
PB=9cm
Draw PQ 1. OB and PR L OA
Let BQ=b and AR=a
Then from similar As BQP and PRA, we have VA
BQ _ PR ?
BP PA
b 9em
and R—j=g—£ = gzg = b=3y
q P(x, y)
- a _ x 1 y AT x
Similarly, 3°9 = a—gx ST R A
OA=x+a=x=1x=ix (1)
3 3
OB=y+b=y+3y=4y ... (i)
In right angled AAOB, we have
OA? + OB? = AB?
2
= 10x” | 16y2 = 144
9
2 2
X— Yo 2
= — p—=1
81 9
Which is the locus of P. Ans.
Let the cooridnates.of A and B be (a, 0) and (O, b) respectively. Let the coordiaates of Pbe (h, k).
We have, AP=6cm and AB=15cm y A
BP=9.cm. B(0, b)
Since, P(h, k) divides AB in the ratio 6 : 9. Therefore, 9m
P(h, k)
= % and k= % Bm
15 X X
) A(a, 0)
15h 15k
= a=—— and b= — vy
9 6
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= a and b= —

In AOAB, we have
OA? + OB? = AB?

= a’+ b? = 15°
2 2
- 25h +25k _ 452
9
= 4h® + 9k = 324

Henc, the locus of P(h, k) is 4x* + 9y” = 324

Clearly, it represents an ellipse.

Now, 4x° + 9y* = 324
2 2
= XY .
81 36

y?

Comparing this equation W|th —+ e

a
a°=81 and b°=36 = a=9 and b=6
Let e be the eccentricity of the ellipse. Then,

=1, we get

2
e= 1—b—2_ 1—§=£.
a 813
$50. The given equation of the ellipse is
X +4yf+8y—2x+1=0
= X2 —2x + 4y* + 8y =—1
= (C=2x+1)+4( +2y+1)==21+1+4
= (x—172+4(y+172 =4
2 2

. (=% et 1) .. (i)

22 12
Shifting the origin.to (1, — 1) without rotating. the axes and denoting the new coordinates with
respect to these axes by X'and Y, we get
x=X+1 y=Y-1 .. (i)
Using these relations equation (i) reduces to
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S51.

2 2
This is of the form x_2 +=— =1, where a > b.

2
a
On comparing, we get
a’=2? p’=1 = a=2, b=1.

Let e be the eccentricity of the ellipse. Then,

p’=a’1-€* = 1=4(1-¢°) =

o= V3
2

The coordinates of foci w.r.t. new axes are
(X=tae, y=0) ie, (X=x+/3,Y=0)

So, coordinates of foci w.r.t. old axes are (1 +3 - 1)

2 2
Length of the latusrectum = 2 b~ = 2(;) =1.
a

Let 2a and 2b be the major and minor axes of the ellipse. Then its equation'is

(x=2* (y+3)? _ .
+ =1 L Ly

7 x; (i)
(0, 3)| B

We have, CA = a (= semi-Major axis)
X' (3’3_ %) X
= J2-472+(-3+3) =a . A,QJA -
. -4,-3) 4,-3)

= a=2 (1))

Since the distance between the focus.and ecentre of an
ellipse is equal to ae. Therefore,  y'

CS=ae =. Y327 +(-3+37 =ae

> lae=1 ...l

From (ii) and (iii), we get . e = % .

Now, b= a*(1=e® = b2=4[1——J=3.

Substituting the values of a and b in (i), we obtain

(x—42)2+(y+33)2 -1

as the equation of the required ellipse.
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§52. Wehave 25x%+ 9)y° — 150x — 90y +225=0

= 25 (x* —6x) + 9(y* — 10y) = —225
= 25 (x> — 6x + 9) + 9(y*— 10y + 25) = 225
= 25(x—3)2+9(y—5)2=225

(x-3)° , (y=-5" _,
9 25

Shifting the origin at (3, 5) without rotating the coordinate axes and denoting the new coordinates
with respect to the new axes by X'and Y, we have

x=X+3 and y=Y+5 . (i)
Using these relations, equation (i), reduces to

=

(D)

X? y?
3—2+5—2 = .« (iii)
X2 y?
This is of the form =+ re 1, where a® = 3% and b® = 5%,
a

Clearly, a < b. So, equation (iii) represents an ellipse whose major and miner-axes are along Y
and X axes respectiely.

Eccentricity The eccentricity e is given by

2
e= 1-— 3_2 = 1- i — i
b V' 255
Centre The coordinates of the centre with respect‘to new axes are (X = 0, ¥-= 0). So, the
coordinates of the centre with respect to old axes are (3, 5).

Vertices The vertices of the ellipse with respect tothe new axes are given by
(X=0,Y=zxb) iei (X=0,Y=15).

So, the vertices with respect to the old axes are
(3,5+58)ue., (3,0) and (3, 10) [Putting X=0, Y= %5n (ii)]
Foci The coordinates of the'foci.with respect to the newaxes are given by
(X=0,Y=%b) ie, (X=0;¥=%5)
So, the coordinates of the foci with respect to the-old.axes are
(3,4 +5) ie., (3,1) and (3,9) [Putting X =0, Y =4 in (ii)]
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Directrices The equations of the directrices with respect to the new axes are

y=+2 je, vy=:22
e 4
So, the equations of the directrices with respect to the old axes are
25 5 45 25
=+—+5 je,y=—-— and y= — PuttingY =+ —in(ii
y=+7 y=-2 Y= [ g 2 N )}

Axes Length of the major and minor axes are:

Major axis = 2b =10, Minor axis = 2a = 6.
Equation of the major axis with respect to the axes is X = 0. So, the equation of the major axis
with respect to the old axes is
x=3 [Putting X =0 in (ii)]
The equation of the minor axis with respect to the new axes is Y = 0. So, the equation of the
minor axis with respect to the old axes is

y=5 [Putting Y'=.0'in (ii)]

2
Latusrectum The length of the latusrectum = 2% = 2 ; 9 = % = 3.6.

The equations of the latusrectum with respect to the new axes is
Y=+ge je., Y=%4
So, the equations of the latusrectum with respect to the old axes are
y=%4+5 je, y=1.and y=9 [Putting ¥ = 4.in (ii)]

$53. We have, X +4y -2x=0
= (x=1)P2+4(y—0)7°=1

-1, y-0% _,

1 (1/2)? -0

Shifting the origin at (1, 0) without'rotating the coordinate axes, we have,
x=X+1 and y=Y+0 ()
Using these relations in (i), it reduces to

%y Y2
—t—— =1 .. (ili
#  (1/2)? )
2 2
Clearly, this equation is of the form -+ 7 1, wherea’=1and b*’=1/4ie.,a=1and b=1/2.
a

We find that a> b. So, the major and minor axes of the axes of the ellipse (iii) are along Xand Y
axes respectively.

Length of the major axis = 2a = 2;

Length of the minoraxis=2b=1.
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2
The eccentricity e is given by e = 1—b—2 = 1’ 1 =£.
a 4 2

The coordinates of the vertices with respect to the new axes are (X=1, Y=0)and (X=-1. Y=0).
So, the coordinates of the vertices with respect to the old axes are (2, 0) and (0, 0)
[Putting X=1, Y=0and X=-1, Y =0 separately in (ii)]

The coordinates of the foci with respect to the new axes are

(X =%, Y =0} and {X = —%, Y =0} [Coordinates of foci are (+ ae, 0)]

So, the coordinates of the foci with respect to the old axes are
{gm,o} and {1—?,0}.

$54. Wehave  x2+4y°+2x+16y+13=0

= OC+2x+ 1)+ 4(V + 4y +4) =4
= (x+ 1) +4(y+2)7°=4
2 2
- (x2+21) L :22) - 1 )

Shifting the origin at (— 1, —2) without rotating the coordinate axes and denoting the new
coordinates with respect to the new axes by X and Y, we have

x=X-1 and ysY-2 . (i)

Using these relations, equation (i), reduces to

X% y?
2—2+1—2= ...(|||)
2 2
This is of the form —2+—2=1,wherea=2andb=1.
a b

Thus, the given equation represents an ellipse.

Clearly, a > b. So, the given equation represents an-ellipse whose major and minor axes are

along X and Y axes respeectiely.
’ 2
e= (1= b_2 = 1- 1 = é
a 4 2

Vertices The vertices of the ellipse with respect to the new axes are (X =xa, Y =0) i.e,
(X=x2,.Y=0). So, the vertices with‘respect to the old axes are given by

(t2-1,-2) ie., (=3,2) and (1,-2) [Using (ii)]

Foci The coordinates of the foci with respect to the new axes are given by (X=zxae, Y=0) i.e.,
(X=+3,Y=0)

So, the equations of the foci with respect to the old axes are given by
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V3 —1,0) [Putting X = /3, Y = 0) in (ii)]

Directrices The equations of the directrices with respect to the new axes are X = +2 ie.,

4 e
X=+—=.
J3
So, the equations of the directrices with respect to the old axes are
4 ) 4 4 . 4 . .
x=+t—-1ie,x=—-1and x=-—-1 Putting Xzi—ln(ll)]
J3 J3 J3 [ 3
_2b% 2 _
Length of the latusrectum The length of the latusrectum = = "2 1.

Equation of Latusrectum The equations of the latusrectum with respect to the new axes are
X=taeie, K X=+3.

So, the equations of the latusrecta with respect to the old axes are
X=+3 — 1 [Putting X = +4/3-in (ii)]
le., x=\/§—1 and x=—\/§—1.
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MATHEMATICS - XI | Hyperbola NCERT

Date: 12/10/2021

Q1. Find equation of the hyperbola whose directrix is x cos o + y sin o = p focus is at (0, 0)
and eccentricity is 5/4.

Q2. Explain the vertical form of hyperbola.
Q3. Explain the rectangular form of hyperbola.
Q4. Find the length of the latus rectum of hyperbola.

Q5. Prove that the difference of the focal distance of any point on the hyperbola is constant
and is equal to the length of the transverse axis (i.e. 2a).

Q6. Find the equation of the hyperbola whose eccentricity is 2, focus is at (2, 0) and directrix
isx—y=0.

Q7. Find the equation of the hyperbola with vertices at (x4, 0) and foci at (£'6,0).
Q8. Find the equation of the hyperbola with vertices (0, + 6) and eccentricity 3/2.

Q9. Find the equation of the hyperbola with eccentricityﬁ and. distance between whose
fociis 16.

Q10. Find the equation of hyperbola where vertices are (0, £5) and foci (0, £8).
Q11. Find the equation of the hyperbola where, vertices are (0, * 3) and foci (0, £5).
Q12. Find the equation of hyperbola when foci are at(£ 5, 0) and the transverse axis.is of length 8.

Q13. Find the equation of the hyperbola satisfying the given condition: foci|0, * 4), transverse
axis is of length 6.

Q14. Find the equation of hyperbola when the foci are at (0, * 13).and the conjugate axis is of
length 24.

Q15. Find the equation of the hyperbola satisfying the given condition: foci (* 7, 0), vertices (5, 0).

Q16. Find equation of the hyperbola, the length of whose latus rectum is 8 and the eccentricity
is 3//5 .
Q17. Find the equation of the hyperbola whose foci are (4, 2), (8, 2) and eccentricity is 2.

Q18. Find the coordinates of the foci and.the vertices, the eccentricity and the length of the

y2 X2
latus rectum of the hyperbola: iy =1.

Q19. Find the coordinates of the foci and the vertices, the eccentricity and the length of the
latus rectum of the hyperbola: 16x* — 9y* = 144.

Q20. Find the equation of the hyperbola satisfying the given condition: foci (0, +/13 ) and it
passes through (2, 3v2).
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Q21. Find the equation of the hyperbola satisfying the given condition: foci (0, £ 12), length of
latus rectum is 36.

Q22. Find the coordinates of the foci and the vertices, the eccentricity and the length of the

y2 x2
latus rectum of the hyperbola: 5 18 =1.

Q23. Find the equation of hyperbola, where foci are (* 3, 0) and vertices (+2, 0).
Q24. Find the equation of the hyperbola satisfying the given condition: foci (0, * 3),

)

vertices (O,i —
2

Q25. Find the equation of the hyperbola satisfying the given conditions: Foci (* 4, 0), the latus
rectum is of length 12.

Q26. Find the equation of the hyperbola satisfying the given condition: vertices (7, 0), e= % .
Q27. Find the equation of the hyperbola whose conjugate axis is 5 and the distance between

the fociis 13.
Q28. Find the equation of hyperbola when foci at (+3+/5, 0), the latus rectunris of length 8.

Q29. Find the equation of the hyperbola satisfying the given condition:foci (/85 , 0) and it
passes through (7+/2 , 6)

Q30. Find the equation of the hyperbola having distance between the directrices is a/\3
passing through the point (2, 1).

Q31. Define hyperbola and derive its equation in standard form. Also explain necessary terms
related to hyperbola.

Q32. The foci of a hyperbola coincide with the foci of the ellipse g_; + %2 =1.Find equation of
the hyperbola if its eccentricity is 2.

Q33. Give the parametric representation of hyperbola.

Q34. Draw the shape of the following hyperbolas and find their centre, transverse axis conjugate

axis, value of c, vertices, directrices, foci, eccentricity'and latus rectum.

2 x2

"y ..
i) ———=1 i) 9y?=4x*=36
(i) o " 27 (i) 9y?
Q35. Draw the shape of the following hyperbolas and find their centre, transverse axis conjugate

axis, value of ¢, vertices, directrices, foci; eccentricity and latus rectum.

2 2
(i) ;‘—6-%:1 (i) 16x2—9y2=576

Q36. Draw the shape of the following hyperbolas and find their centre, transverse axis conjugate
axis, value of ¢, vertices, directrices, foci, eccentricity and latus rectum.

(i) 49y*—16x2=784 (i) 5y?-9x*=36

Q37. If e and €’ be the eccentricities of a hyperbola and its conjugate, prove that iz + iz =1.
e e

Q38. The foci of a hyperbola coincide with the foci of the ellipse % - -‘2’_; = 1. Find the equation
of the hyperbola, if its eccentricity is 2.
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Q39. For the following hyperbolas find the lengths of transverse and conjugate axes, eccentricity
and coordinates of foci and vertices; length of the latusrectum, equations of the directrices:

(i) 16x2—9y2=144 (i) 3x2—6y?=-18

Q40. Show that the equation x* — 2y” — 2x + 8y — 1 = 0 represents a hyperbola. Find the
coordinates of the centre, lengths of the axes, eccentricity, latusrectum, coordinates of
foci and vetrices and equations of directrices of the hyperbola.

Q41. Find the equation of a hyperbola when foci are at (0, J10 ), and passing through (2, 3).

Q42. Find the coordinates of the foci and the vertices, the eccentricity and the length of the
latus rectum of the hyperbola: 4x* — 25y* = 100.

Q43. Find the coordinates of the foci and the vertices, the eccentricity, the length of the latus

2 2
rectum of the hyperbolas: (i) % - ’1’—6 = 1, (i) y* — 16x% = 16.
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MATHEMATICS - XI | Hyperbola NCERT-Solution

S1.

S2.

S3.

Date: 12/10/2021

Let P(x, y) be any point on the hyperbola. Its focus is (0, 0). According to the definition of the
hyperbola.

PF = e (PD), where PD is the perpendicular distance of the directrix from point.

= \/(x—0)2+(y_0)2 = §|X-COSa+y.S|n0L—p|
4 Jsichx +cos’a

Vertical hyperbola: If we take foci as F,(0, ¢) and F, (0, — ¢). The hyperbola is of the foerm,

[ ]

F,(0, ¢

A
. ©a
B, o B,
b A0, -a), D2

TF,(0,XC)

Transverse axis: Itis A A, = 2a,Conjugate axis. Itis B,B;= 2b
Centre: ltis origin, Foci F (0, ae) and F,(0, — ae).

Directrices: These arelines (DD, and DD,) givenby y = a and y= —E.
e

e

Rectangular hyperbola: A hyperbola.is'said to be rectangular when its axes are equal
= 2a=2b. = a=b>b

Its equation becomes x? — y? = a? and vertical form of rectangular hyperbola is y? — x? = a2.

The eccentricity of rectangular hyperbola is given by e? = 1 + b?/a?

=1+ b’
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=1+1 (- b=a)
=2 = e=2
S4. Letthe coordinates of point L, be (ae, )
X2 y.? B a"Eefl_‘ BZ B
~ T E
y
A
\L\ L,
> X
FZ(_aesO Az o A1 F1(ae, U}
1, b
b2
N B2 = b(e? - 1) = b2 2 [ b= a(e* = 1)]
a
b2
Now, latus rectum
2b*
=L L,=2L.F =2@= .

S$5. By the definition of hyperbola.
PF, = e (PM,)and PF, = e(PM,)

Now, the difference of the focal distances

= PF, - PF, = e(PM,) — e(PM,)
e[PM, — PM,] = e(MyM))

2a
e
M
M2 1*.....--- m-— ! P(X'I ' y1)
------.-.-...
Fy(-ae,0) /A, O | A\ Filee)

x=—ale x=ale
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the length of the transverse axes.

S$6. Let P(x, y) be any point on the hyperbola.
F(2, 0) is its focus.

Let PD be the perpendicular distance of the directrix x — y = 0 from the point P. Now, according

to the definition of the hyperbola, we get

PF=ePD = (x—2)+(y—0y =2.X=Yl

1+1
= (x =22+ y2=2(x - yy
= X>+y?—4xy+4x-4=0
S7. Wehavea=4andae=6 —= e= E = E
4 2
9
Now b?2=a%e?-1)=16 (2—1]=20
Therefore, the equation of the hyperbola,
2 2
il
a b
XZ yZ
—_—— = 2 2 =
= 16 201:5x 4y2 = 80.
$8. As the vertices lie on the y-axis it will be a vertical hyperbola
3 9
— =—,2= 2(g2 L 1) = ——11=4
a=6,e 2b a‘(e ) 36[4 ] 5
Therefore, the equation of the hyperbola is,
VX
a> b’
2 2
Y _ _Xﬂ_ - 2 _ Ay2 =
= 36~ 75 = 5y?-4x?=180.
$9. 2ae=16ande= fp
= ae=8 = aml2=8 = a= 42
b? = a%(e?=1)=32(2-1)=32
The equation of the hyperbolais,
X2 y2 X2 y2
_—— = —_— = 1 2 _ = .
a2b1:>3232 = X*—-y?=32
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S10.

S11.

S12.

S13.

We have, vertices (0, ta)=(0,25) = a=5
foci(0,+¢c)=(0,25) = ¢=8

But, we know that c?=a’+b’ = 64=25+pb?

= b®= 64 - 25=39

Here, the foci and vertices lie on y-axis, therefore the equation of
hyperbola is of the form

I_-—=1 je.,
a b

VX g e VX

a’ b 725 39
Which is required equation of hyperbola. Ans.
We have, vertices (0, +3)=(0,ta) = a=3 0

foci (0, +¢)= (0, #5) = ¢=5 QW

But, we know that c?=a’+b’> = 25=9+pb? 0:3)
= b*=25-9=16 .
Here, the foci and vertices lie on y-axis, therefore the equation of 0, -3)
hyperbola is of the form ﬁ [0,

Y2 X2

2

X . y_2_£=1 y
9 16

Which is required equation of hyperbola.

Here foci are at (5, 0) Conjugate axis

N °=5 NP
and length of transverse axis=2a=8 (—5,:y | KS:‘O)
= a=4

Also, we know that

c? = a’ + b’
— 25=.16 + b?
= b2=25-16=9
= b=3

Here, the foci lie on x-axis, therefore the equation of hyperbola is of the form

2 2 2 2
=L =1 e L=
a b 16 9

Which is-required equation of hyperbola. Ans.

The foci are at (0, +4). These are on the y-axis. Let the equation of the hyperbola be

2 2
X
2

—_ =1

mm|*~:
G-

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 4



The foci of this hyperbola are at (0, £4)=(0,+t¢c) = c¢=4
Given length of the transverse axis = 6 unit
= 2a=6 = a=3
c“=a’+bh® = 16=9+p* = p*=16-9=7

The equation of the hyperbola is given by

y

a

x_2=1 = y__x_z‘]
9 7

S14. Here, fociare at (0, £ 13). '

= c=13 ‘

Conjugate axis is of length 24.
= 2b=24 = b=12 —

2 2 2 2
2

c-

Also, we know
P=al+bh? = 169=a%+ 144 ﬁ

= a°=169—144 =25 \

(0, 13)

Since, the foci lie on y-axis, therefore the equation of hyperbola is of the form

y_z - ﬁ =1
a’> b?
v X2
ie. Z_ -~ =1 = 144y*-25x2=3600
25 144
Which is required equation of hyperbola. Ans.
S§15. Vertices = (xa,0)=(£5,0) = a=5,
Foci= (¢, 0)=(£7,0) = c¢=7,
c=a’+b® = 49=25+b° = b°=24
So, the equation of hyperbolaiis,
2 2 2 2

X_2 _ y_2 =1 = X_ — L |

a b 25 (24
Hence, the required equation of the hyperbola'is 24x* — 25y = 600.

S$16. Latus rectum.is,
2 2 2 2 2 _
i =8 = b_ =4 = M =4
a a a
e o]

N 5 v
= a=5
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S17.

S18.

S§19.

Now b? = 4a=4.5=20.

X2 y2
The equation of the hyperbolais — — = =1
a
X2 y2
—_— = 2 — s
= 25~ 20 1 = 4x2-5y2=100
Foci are F,(4, 2) and F,(8, 2)
N FF,=B8-47+(2-27 =4

Let C be the centre of the hyperbola, C being the mid point of F,F,, will have coordinates (6, 2).

172

and CF, = L =i=2, But CF, =ae
! 2 2
= ae=2, = a.2=2 [ e=2]
= a=1 Now, b2=a%(e?-1)=1(4-1)=3
Therefore, the equation of the hyperbola is,
(x=6)" (-2 _,
1 3

= 3x?2—y?—-36x+4y+101=0

. ..y x? ,
The given equation is 5 8 = .. (i)

2 2
Comparing (i) with the standard equation of the hyperbola y_2 - ;—2 =1, we get
a

a°=6 = a=3/6, b’=8 = bz +V8=+2\2
X¥=a’+b’=6+8=14 = c= 14 E

F
(i) Foci of the hyperbola = (0, £ c¢) = (0, i\/ﬁ). \/
(iiy Vertices of the hyperbola = (0;+ )= (0, +/6). X 5> X
. c x/ﬁ 7
i) Eccentricity = — = —=/—=.
(i) V= J; //i:\
. 2b> 2x8~16 .
iv) Length of thelatus.rectun= /= ——=——"=——units.
(iv) g N A

The given equation is 16x° — 9y = 144 \
Divide (i)-by. 144 on both sides we get F
16x> 9, _ 144 22 /

10x7 9 o144 XY oy L
144 1447 " 144 ~ 9 16 U

Here, a°=9, b*=16
c*=a’+b*=9+16=25 = c=5
@ Foci of the hyperbola = (¢, 0) = (5, 0).
(b) Vertices of the hyperbola = (xa, 0) = (£ 3, 0).

i
AOA\

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in

Page 6



S20.

S21.

(c) Eccentricity = ¢ =§.
a 3
2
(d) Length of the latus rectum = ;:& = 2x16 = 32 units .
a 3 3
Foci (0, £¢) = (0, +4/13)
= c=V13 = *=13 = a+b*=13 = b*=13-48° . (i)
Let the equation of the hyperbola be
2 2
-5 . (i)
a“ b
As (i) passes through (2, 3v/2),
2 2
(3‘/25) -(22 =1 = @—iz =1 = 18b°—4a’=a’b’
a b a b
18 (13 — a%) — 4a* = a*(13 - &) [Using Eq. (i)

234 -18a’—-4a°=133a°-a* = a*-353°+234=0
(@°-9)(a°-26)=0 = a°-9=0 or a°-26=0
a’=9 or a°=26

uu Ul

But a° = 26 is not possible as ¢? = 13 which is less than 26.
Putting a2 = 9 in Eq. (i), we get
b’=13-9=4
2 2

Equation of hyperbola is % - XT =1

Given foci of the hyperbola = (0, £¢)=(0,+12) = c=12.
2b%
Length of the latus rectum /= "o 4
. 2b% _ > _ 2_
Given, — " 36 = 2b°=36a = b°=18a.

Foci of the hyperbola lies on y-axis
= ?=a%+ph*> = 144=3°+18a = a’°+18a—-144=0 = a°+24a-6a-144=0

= a(@a+24)-6(a+24)=0 =+ (a+24)(a—-6)=0 = a=6, a=-24

If a=6 = b*’=18x6 = b*>=108,

2 2
Using the equation of the hyperbola y—z = ;—2 =1, we get
a
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Y X -1 = 32-x¥=108
36 108
522 _ N
The given equationis ——-— =1
5 16
2 2
This is of the form y_z_x_ =1
a b

Comparing (i) and (ii), we get

a’=5 = a==%5, b’=16 = b=+4

The foci of the hyperbola are on y-axis.

F=a’+h’=5+16=21 = c¢=+/21

(i) Fociof the hyperbola = (0, £ ¢).
Foci = (0, +/21).
(i) Vertices of the hyperbola (0, +a) = (0, i«.@)

9]

.. V21 21
iy Eccentricity of the hyperbola= —=——=,/—.
(iii) ty yp a &5 ,I 5

26 2x16 32

iv) Length of the latus recturm= /= —— = ———=—units.
(iv) g . NN
$23. We have foci=(xc,0)= (3, 0)

= c=3
and vertices (xa, 0)=(x2,0)

a=2
But P=a’+b>: = 9=4+b°
= ’=9=4=5 = bp*=5

- (i)

0

ﬁw}
30 760

>
'
>

Here, the foci and vertices lie.on x=axis, therefore the equation of hyperbola is of the form

e AR N )= 1

X% y? X Iy
2 b2

o)

Which is required equation of hyperbola.

S$24. The fociareat (0, +3). These are on the y-axis.
Let the equation of the hyperbola having foci on y-axis is
2 2
y X _
praneiall

a b
Foci=(0,+2¢)=(0,23) = ¢=3

Ans.

Add.: 855, Nitikhand-I, Indirapuram, Gzb. | Ph.: 7292077839, 7292047839 | www.smartachievers.in | info@smartachievers.in Page 8



Vertices = (0, xa) = {0, ig}

11

cc=a’+p = 9=I+b2 = b2=9-

So, required equation of the hyperbola is

y_z_ﬁz‘]

2

4 4

2 X2

I =1 = 100y -44x"=
11 25

= a:@

2
11_36-11_25
4 4 4
275.

§25. Since, the foci are on x-axis, the equation of the hyperbola is of the form

S26.

2 2

X Y

- _ =1

a’> b?

Given, foci are (x4, 0), ¢ = 4 and length of latus rectum =

¢ =a’+ b
or 16 = a° + 6a
or a’+6a-16=0
or a’+8a-2a-16=0
or a(@+8)-2(a+8)=0
or (@a+8)(a—-2)=0
or a=-8 or a=2

Since a cannot be negative, we take.a =2 and so b?=12.

Therefore, the equation of therequired hyperbola is

2
— =12
a

Given vertices of the hyperbola=(+a,0)=(7,0) = a=7

Given eccentricity of the hyperbola is

4

e=—- =
3

o |o
Il
WA
~o
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2 g 2
F=g+h = (?] =49+ b = b2=[?] —49:?-49:%3’

The standard equation of hyperbola is given by

2 _ =1

a“ b
2 2 2 2 Coas
X y- Xy -

- =1 = -2 _=1 = 7x¥-9y°=343 747
7)? \2 49 343 b=——
(7) {7;5 3

Hence, the required equation of the hyperbola is 7x* — 9y* = 343.

S§27. Let 2a and 2b be the length of transverse and conjugate axes and e be the eccentricity. Let the
centre be the origin and the transverse and the conjugate axes the coordinate axes.

Then the equation of the hyperbola is

2 2
X .
L=y - (i)
a b
We have, 2b=5 and Z2ae=13.
Now, b’=a%e’-1) = b?’=a%*-a°
25 169 5
= 2= 4
4 4
=N 2= 144 a=6
4

Substituting the values of a and b in (i), the equation of the hyperbolais

X2 y2
3% 25 = 25x% — 144y* =900

$28. Here foci are at (13\/5, 0)= c¢= NG
2

‘&l M
&b/
RN

The latus rectum = — - 8 (_Z
= b®= 4a ()
We know that c® = a’ +b?
(34/5)% = a4+ 4a
45= g’ +4a
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S§29.

S30.

a’+4a-45=0
(@+9)(@-5-=0
a=-9, a=5
Putting a =5 in Eq. (i), we get
b*’=5x4=20 = b*=20
Since, foci lie on x-axis, therefore the equation of hyperbola is of the form

2 2 2 2
XX =1 e, X _Y =4
a~ b 25 20
- 20X -25)2=500 =  4x*-5°=100
Which is required equation of hyperbola. Ans.

Foci(+c,0)=(xv/85,0) = c=+/85

= =85 = a’+b’°=85 = b’°=85-a° .. (i)

Let the standard equation of the hyperbola be

2 2
. .. (ii)
a b
2 2
As (i) passes through (742, 6), (7‘/25) _ i_z -1
a

= 08b% - 36a’°= a’h* = 98(85-a°)- 363 =a°(85-a)
= 8330 -98a°=85a°-a' = a'=219a"+8330=0
= (a® - 49)(a®*-170)=0
=N Either a°=49 or a’=170
But a®=170, b*=c*—a’=85-170= -85 notpossible.

Putting a° = 49 in Eq. (i), we get
b® = 85« 49.= 36
Putting the values of a? and b? in Eq. (i), we get

X2 yz
49. 36
Let the hyperbola be
x> y? .
— - =1
22 b (1)
Distance-between the directrices is,
e 3 2
3a°
Now, b2 = a? (e?—- 1) = a2 7—1
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S31.

= b2 = %2(332 —4) (ii)

As the hyperbola passes through the point (2, 1), we get

4 1
P
Solving (ii) and (iii) we get

10

a2= —andb’ =5
3
From (i), we get
x2 2
(10/3)—? =1 = 3x?-2y?=10.

Hyperbola: ltis the locus of a point that moves in such a way that the ratio of its distance from
a fixed point (focus) to its distance from a fixed line (directrix) is a constant (e > 1).

Alternative definition: It is locus of a point that moves in such a way that the difference of its
distances from two fixed points remain constant.
Standard equation of a hyperbola: Let F.(c, 0) and F,(-c, 0) be two fixed points.

Let P(x, y) be a point on the curve.

P
i’-/}T./
| Fa-c. 0YA,
; ,-"/-'.'"
------ I,
D5 b;
Now, |PF, — PF,| = constant'= 2a (say)
PF, - PF,=2a
= Jx—cP+(y =02 - (x+c)* +(y—0) =2a

Jix—c)2Ty? = 2a +(x +c) +y°

f—
= X2+ C%=20cx + y2 =4a2+ x2+ c2 + 20x + Y2 + 4a /(x + ¢)? + y?
= —4ox = 4@ + 4a \(x +¢)° +y?
= —(ex + @) = a\J(x +C)* + y?
ex Y
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S32.

c?x?
- 7 +a’+20x = x2+20cx + y? + 2
2
c
= [—2—1}x2—y2= c? — a?
a
2 2
X
= a2 zy 7 =1
a® c*-a
2 2
X _Y
= Z -4 =, b= — &
a b’

which is the required equation of the hyperbola.

2 2 2
Eccentricity e = ° =\/a—+b = \j1 + b—2 and b?=a%(e? - 1).
a a a

Foci F,(ae, 0) and F,(- ae, 0)
Transverse axis: [tis the line passing through the foci F, and F,. Its length is A A, = 2a.
Conjugate axis: Itis the perpendicular bisector of the segment F.F,. Its length is B.B,. = 2b.

Centre: ltis the Point ‘O’ where the axes of the hyperbola meet.

Vertices: These are the points (A, and A,) where the hyperbola‘meets the transverse axis.

Directrices: These are the lines (DD, and DD,) given by x'= ~ and x= — E.
e e

Latus Rectum: lItisthe chord (L,L,) perpendicular to transverse axis and passing through focus.

The given ellipse is

2

y2
+3 =1 = @a°=25and b?=9

B

Let e be the eccentricity of the ellipse:

= b*=a(1-¢e°) = 9=25(1-¢?%
) L[4
= e == 25 = e- 5
4
=—-5=4
= ae 5

Foci of the ellipse are (x ae, 0), i.e.,(+4, 0)

= The foci of the hyperbola are (+4, 0).

Let the eccentricity of the hyperbola be e..

= ae, =4 = a-2=4 [ e =2]

= a=2
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Now, b?=a%e’-1)=4(4-1)=12
= The required equation of the hyperbola is,

2 2
=1 =S a-y=12

S§33. Let P(x, y) be a point on the hyperbola,

()

We draw the auxiliary circle centred at O with radius a. From point Pwe draw perpendicular PM
and from M we draw the tangent to the circle (MT).

ZMOT =6

Now in the AOTM, ﬂ =co0s0
oM

= % = cos 0 [+ OT= OA, = a]
= X =aseco

Form (i) 828:72029_;_2 =1

= y%=bh¥sec’0-1) = y=btano

Thus the parametric equations'of the hyperbola are x = asecb, y = b tan 6 and any point P on the
hyperbola can be represented by (a sec 0, b tan 0).
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S$34. 2 2
1.| Equation % - "—7 -1 Equation 9% — 4x% = 36
2 2
Y X _q
4 9
2.|Shape Shape
3.|Centre (0,0) Centre (0, 0)
4. |Transverse axis [2a=2x3=6 Transverse axis |[2a=2x2=4
5.|Conjugate axis [2b=2x 3 J3 =643 Conjugate axis |2b=2x3=6
6.|Value of ¢ c=ya’+b?=9+27 Value of ¢ c=4a’+b?=Ja+9=13
= \/36=6
7.|Vertices (0, xa)=(0, £3) Vertices (0,£a)=(0,x2)
o a® 9 .3 N a’ 4
8. | Directrices y=t—=t—=+— Directrices y=t—=+t—
c 6 2 c 13
9.|Foci (0, +¢) = (0, +6) Foci 0, +c) = (0, + J/13)
10. | Eccentricity e= c._ 6 =2 Eccentricity -C_ @
a 3 a 2
2 2
11. | Latus rectum 2b° = 2 ><32? =18 Latus rectum 2K = 2 ; J =9
a a
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S35. 2 2
1.|Equation :— - % ~1 Equation 16x% — 9y? = 576
2 2
XY
36 64
x Y x
, 9§|<-e.o» &
2. Shape Shape (—)ﬁ 0,0)/= Ol (6,0)|_g ('1[)?(0)
[m] y (]
3.[Centre (0, 0) Centre (0, 0)
4 |Transverse axis |2a=2x4=8 Transverse axis [2a=2 x6=12
5.[|Conjugate axis |2b=2x3=6 Conjugate axis |2b=2x8=16
6. | Value of ¢ c=ya’+b*=,16+9=5 |Valueof ¢ c=+a*+b* =/36+64=10
7. | Vertices (xa,0)=(x4,0) Vertices (xa,0)=(x6,0)
2 2
8. | Directrices x=ia—=i4X4 =iE Directrices x=ia—=16xs=iE
c 5 5 o] 10 5
9. |Foci (xc, 0)=(£5,0) Foci (xc, 0)= (10, 0)
10. | Eccentricity e= c. > Eccentricity O o 10 = >
a 4 a 6 3
2 2
11. | Latus rectum & = 2x9 = 9 Latus rectum & = 2x64 = ﬁ
a 4 2 a 6 73
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$36. | 1_|Equation 49y — 16x° = 784 Equation 5y2 — 9x° = 36
2 2 2 2
Y X -y X
16 49 ( 6 ]2 4
J5
2.|Shape QM@ Shape (O%fy
0.4) 5
“Directrix “Direkctrix
X’-(—O—h-x X’-i—o—l-x
_Diretrix_ Diregtrix_
0,—4) )
0—
(o OF
3. |Centre (0, 0) Centre (0, 0)
4. |Transverse axis [2a=2x4=8 Transverse axis |2a = 2x£=£
' V5 5
5.[Conjugate axis |2b=2x7=14 Conjugate axis |2b=2 x 24

6 3

6. |Value of ¢ c=ya?+b?=[16+49 |Valueofc c=va+ b2 =J3—56+4
= /65
o8 2/
5 5
7.|Vertices (0, xa)= (0, £4) Vertices (0, xa)= [O,iij
NG
2 2
8. | Directrices yzia—zii Directrices y=ia—=i 365 =+ 18
c 65 ¢ 5x2/14 70
9.|Foci (0, +¢) = (0;+£/65) Foci 0, £c) = o,iz‘/ﬁ
J5
10. | Eccentricity e= g = @ Eccentricity e= g =[2 %}[ﬁJ = E

11. | Latus rectum

Latus rectum

20 2x4 45
a 6 3

J5

S37. Let the equation of the hyperbola be

X2
2

o))

. (i)
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Then the equation of the hyperbola conjugate to (i) is

2 2
S - ... (ii
a b
_ . . ‘Conjugate axis \?
We have, e = Eccentricity of (i) = ,[1+ -
transverse axis
2 2 2 2
= e= 1422 SN T A L ... (iii)
23 a2 a2
L - o Conjugate axis ?
and, e’ = Eccentricity of (ii)) = ,[1+ -
transverse axis
2 2 2 2
= o= |14]22 ~ e?2-1+ 8 o g2 8 th .. (iv)
2b bz b2
From (iii) and (iv), we have
i L— 32 + bz —82+b2 = i+i—1
e e? a’+b® a’+b®> a’+b? e’ e?
S38. _ o x* y? 2 2
The equation of the ellipse is of the form — —? =1,where @ =25and b*=9.
a

Let e be the eccentricity of the ellipse. Then.

So, the coordinates of foci are (ae, 0) i.e., (£4, 0).
It is given that the foci of the hyperbola‘coincide with the foci of the ellipse. So, the coordinates
of foci of the hyperbola are (+4,.0).
Let e’ be the eccentricity of the required hyperbola and its equation be
2 2
Sy =1 - 0)
a< b
The coordinates-of foci are (xa'e’, 0)

S ae=4"= 2a=4 = a=2 [ e=2]
Also, b2="a%e?-1) = b2=4(4-1)=12.

X2 )P
Substituting the values of a’ and b’ in (i), we get VERET = 1 as the equation of the required

hyperbola.
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$39. (i)

(ii)

The equation 16x* — 9y* = 144 can be written as

x_z_y_z =_1
9 16
x2 y2
This is of the form = 7 =—1, where a° =9 and b? = 16. So, we have:
a

Length of the transverse axis The length of the transverse axis = 2a = 6.
Length of the conjugate axis The length of the conjugate axis = 2b = 8.

Eccentricity The eccentricity e is given by

_ a’ 16 5
e= J1+—=[1+—==
b 9 3

Foci The coordinates of the fociare (xae, 0) i.e., (5, 0)
Vertices The coordinates of the vertices are (x a, 0) i.e., (£3, 0)

2”32

Latusrectum The length of the latusrectum = 3
a

Equations of the directrices The equations of the directrices are'x = a e, x=%

e
The equation 3x* — 6y = — 18 can be written as
2 2

X_ _ y_ =—1

6 3

X2 2
This is of the form = —% = -1, where a’> =6 and b’ = 3. So, we have:

a

Length of the transverse axis The length.of the transverse axis = 2b.=2 J3.

Length of the conjugate axis The length of the conjugate axis=2a =2 J6.

Eccentricity The eccentricity eiis'given by

2
a 6
e= |1+—=,/1+- =43
\’ b? 3

Foci The coordinates of the foci are (0, £ be) i.e., (0, £3)

Vertices The coordinates of the vertices are (0, £b) i.e., (0, +/3 )

2
Latusrectum The length of the' latusrectum = 2% = B =443 .

V3

Equations of the directrices The equations of the directrices are
y=tble ie, y=z=1.
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S40. X =2y =2x+8y—-1=0
= (P=2x)—2(F —4y)=1

= (xX*=2x+1)-2(f—-4y+4)=-6
= (x=1P2=2(y-2)?°=-6
2 2
- x-0" (-2 _, . (i)

62  (V3)?

Shifting the origin (1, 2) without rotating the coordinate axes and denoting the new coordinates
with respect to these axes by X'and Y, we gave

x=X+1 and y=Y+2 .. (i)

Using these relations, equation (i) reduces to

X2 y?
- =—1 ... (iii
(V6y  (J3y "
X% y?
This equation is of the form = - 7z 1, where & = (\/6 )? and b? = (/3 )2. S6,we have:
a

Centre Thecoordinates of the centre with respect to the new axes are (X =0, ¥=0).
So, the coordinates of the centre with respect to the old axes are
(1, 2) [RPutting X =0, Y =0in (ii)]
Lengths of the axes Since the transverse axis of the hyperbolais-along new Y-axis.
Transverse axis = 2b = 2+/3 , Conjugate axis =2a=2 NCE

Eccentricity The eccentricity e is a given by

a’ 6
e= 1-Z= 152 3.
b? 3 V3

AT 12
Latusrectum Length of the latusrectum’= —=—== 43 .

V3
Foci The coordinates of foci with-respect to the new axes are
(X=0,Y=+be) ie., (X=0,Y=%3).
So, the coordinates of foci with.respect to the old axes are
(1,2+3)_t1e., (1,5 and (1,-1) [Putting X=0, Y=13in (ii)]
Vertices The coordinates of the vertices with respect to the new axes are
(X=0,Y=1%h) ie, AX=0,Y=1+3).

So, the coordinates of the vertices w.r.t. the old axes are

(1,23) ie, (1,2+%/3) and (1,2—+3) [Putting X=0, Y= £3 in (ii)]
Directrices The equations of the directrices with respect to the new axes are
Y=tble ie., Y==%1.
So, the equations of the directrices with respect to the old axes are
y=2+1 je, y=1 and y=3 [Putting Y = £ 2 in (ii)]
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S41. Here, foci are at (0, i\/‘ﬁ)

= c= 410

Here foci lie at y-axis.

So, the equation of hyperbola is fo the form

y X .
Z__ =1 N (
7 (i)
Point (2, 3) lies on (i),
9 4 _ 9 4
So ?—b—z =1 = ?=1+b—2
22 9b?
b + 4
We know that, c?=a?+ b?
2 2 4 2
= 10= 22 +p? = o= 2 *D +4b
b+ 4 b +4
= 9b” + b* +4b*=10b*+40 = b*+3b*°-40=0
= (b*+8)(b*°-5)=0 = b*+8=0, b*-5=0
= b?=-8, b?’=5  (b*=-8notpossible)
Putting b = 5 in Eq. (ii), we get
2=3x5 _ 2.5 p_4
5+4 9
Again, putting a° = 5 and b® =5 in Eq. (i), we get
2 2
yo X _ -
pracl tes Y -X¥=5
Which is required equation of hyperbola.
$42. The given equation is 4x* = 25y* = 100
o 4x*\ 25y* _ 100
o 1000 100 100
Divided by 100 on'both sides
2 2
= X__y_ =1
25 4
2 2
This is of the form = - =1,
a b
where, a’=25 = a=5 b’=4 = b=2

P=a?+b2=25+4=29 — c=.29

.. (ii)

Ans.
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The foci of the hyperbola are on x-axis.

For this hyperbola:
(i) Centre=(0,0). (i) Vertices=(+xa, 0)=(x5,0).
(i) Foci= (tc, 0) = (£ +/29, 0). (iv) Eccentricity= <= @
a
(v) Directrices x = J_riz + 5 x5 =i£. (vi) Transverse axis = 2a =2 x 5= 10 units.
e 29 V29
(vii) Conjugate axis =2b =2 x2 =4 units. (viii) Equation of the transverse axis: y = 0.
2
(ix) Equation of the conjugate axis: x = 0. (x) Latusrectum= 1= i = 2 24 = % units .
a
(xi) Itis symmetric about both axes i.e., x & y axes.
s43. . , X2y , o oxty?
(i) Comparing the equation T = 1 with the standard equation —- e =1.
a

Here,a=3,b=4andc= ,/a’+b’> =,/9+16 =5.

Therefore, the coordinates of the foci are (5, 0) and that of vertices areat(+ 3, 0). Also, the

2
eccentricity e = °_ S . The latus rectum = 2b" _32 .
a 3 a 3

2 2
(i) Dividing the equation by 16 on both sides, we have % a XT =1,

2 2
Comparing the equation with the standard equation y—z - % =1,wefindthata=4,b=1
a

and ¢ = \Ja’+ b* =/16 + =17

Therefore, the coordinates of the foci are (0, ++/17 ) and that.of the vertices are (0, + 4).

c WMz 2b% "

Also, the eccentricity e = — ==—" The latus rectum = — =—.
a 4 a " 2
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