Mathematics Ellipse

Ellipse

Single Correct Answer Type

1. Ifavariable tangent of the circle X* + y° = lintersect the ellipse X* +2y* =4 at P and Q then
the locus of the points of intersection of the tangents at P and Q is

A. a circle of radius 2 units B. a parabola with fouc as (2, 3)

D. an ellipse with length of latus rectrum is 2

C. an ellipse with eccentricity T units

Key. D
Sol.  X+y =1;x*+2y*=4

Let R(X;,Y,) is pt of intersection of tangents drawn at P,Q to ellipse
= PQ is chord of contact of R(x,, Y;)

= XX +2yy,-4=0

This touches circle = r?(¢* + m?) =n?

—1¢ +4y?) =16

B3

= X’ +4y* =16 is ellipse e=7; LI'=2

2. Acircle S = 0 touches.a circle X*+ y? —4x+6Yy —23 =0 internally and the circle
X? + y? —4x+8y+19 =0 externally. The locus of centre of the circle S = 0 is conic whose

1
eccentricity/is k then {E} is where [.] denotes G.I.F

A7 B.2 C.0 D.3

Key." “ A
Sok... '¢,(2,-3)r, =6

C,(2,-4)r, =1
Let Cis the center of S=0

cc,=r—r

. —5CC, +CC, =TI +r.
cc2=r1+r} GHCG =R+

.. Locus is an ellipse whose foci are (2, -3) & (2, -4)
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_2ee_ ¢cG,

e= =£:>k:1
.

2a  n+r, 7

2 2
3. If circum centre of an equilateral triangle inscribed in ? +F =1 with vertices having

eccentric angles a, 3, 7 respectively is (X, ;) then ZCOSaCOSﬂ+ZSin asin =

9X12 gylz 3 2 2 212 9X12 9y2 3 9)(12 9y2
A —+—+— B. 9x, -9y, +ah® c L+ = D. —+—++43
> b2 0T 28> 20 2 a? b
Key. C

aY cosa b)) sina
Sol (X1’ yl) :( 23 ) 23 ]

Squarding & adding

4. The ratio of the area enclosed by the locus.of mid-point of PS and area of the ellipse where P is
any point on the ellipse and S is.the'focus of the ellipse, is

1 1 1 1
A — B. — C. = D. —
2 3 5 4
Key. D
2 2
Sol. Ellipse equation'is ?4_? =1, Area = rab
Let P=(acos®,bsind)
S =(ae,0)
M(h,k) mid point of PS
ae+acosé@ , bsing
=h= k=
2 2
ae
h—? k2

7 + D) =1, locus of (h,K) is ellipse
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3)3)-3
Area=7x| = || = |[==rxab
2)N\2) 4

5. How many tangents to the circle X*+Yy?>=3 are there which are normal to the ellipse
2 2
X
_+y_ :1
9 4
A)3 B) 2 01 D)0
Key. D

Sol.  Equation of normal at p(3cos,2sin6) is 3xsecO—2ycosecOd=5
5 A
J9sec? 0+ 4cosec?d

But Min. of 9sec? 0+ 4cosec’0 =25

-1
. nosuch O exists.

2 2

X
6. If the ellipse 3 + y 7 =1 is inscribed in-a square of side length aﬁ then a is
A) 4 B)2 01 D) None of these
Key. D
Sol.  Sides of the square will be perpendicular tangents to the ellipse so, vertices of the square will

lie on director circle. So diameter.of director circle is

2\/(a2 —3) +(a+4)= \J2a%+ 23>

2Ja®+a+l=2a—=a=-1

But forellipse a° >3&a > —4

Sea cannot take the value '-1'

7. Let ‘O’ be the centre of ellipse for which A,B are end points of major axis and C,D are end
points of minor axis, F is focus of the ellipse. If in radius of AOCF is '1' then |AB ><|CD| =
A) 65 B) 52 C) 78 D) 47
Key. A
A

Sol. r=—=A=S
S

l(ae)b _ ae+b++a%?+b?
2 2
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ae=6:>6b=6+b+\/36+b2:>b=g

2a2(1_92)=§:>a2—36=§:>a:%

2 2 2 2
Xy Xy . - .
8. If the ellipse ) +T =1 meet the ellipse 1 +-= =1 in four distinct points and
a

a=b?—10b + 25, then the value b does not satisfy

1. (~o0,4) 2.(4,6) 3. (6,) 4.14,6]
Key. 4
Sol. a>1
9. The perimeter of a triangle is 20 and the points (-2, -3) and (-2,.3) are two of the vertices of

it. Then the locus of third vertex s :

2 2 2
X—2 2 X+2 2 X+2 2
1_u+y_:1 2.u+y_:1 3_u+y_:1 4.
49 40 49 40 40 49
2
X—2 2
40 49
Key. 3
Sol. PA + PB + AB = 20 where A & B are foci
X2 yz
10. Tangents are. drawn from any point on the circle x?+y?=41 to the Ellipse 2—5+E =1 then
the angle between the two tangents is
T T T T
1. % 2. — 3. — 4, —
4 3 6 2
Key. 4
Sol. Director circle
11. The area of the parallelogram formed by the tangents at the points whose eccentric angles
2 2
V4 3 X
are 0,0+—,0+ ,0+— on the ellipse —2+y—2:1 is
2 2 a” b
1.ab 2.4ab 3.3ab 4. 2ab

Key. 2

Sol. put 8=0°




Mathematics Ellipse

12.

Key.

Sol.

13.

Key.

Sol.

2 2
X
A normal to ¥+§ =1 meets the axes in L and M. The perpendiculars to the axes through

L and M intersect at P. Then the equation to the locus of P is

1. a®x* —b%y® = (a2 +b? )2 2. a’x® +b%y? =(a2 +b2)2
3 b —ay? = (a” b7 4. a7 +by? = (a7 b7
4

P =(X1, yl),1+l =1 Apply normal condition
1

The points of intersection of the two ellipse x?+2y?-6x-12y+23=0, 4x>+2y?-20x-12y+35=0

. . 8 1 ]47
1. Lie on a circle centered at | —, 3 |and of radius —,|—
3 3V 2
. . 8 1 |47
2. Lie on a circle centered at | —,—3 |and of radius —, [—
3 3V.3

47

3. Lie on a circle centered at (8,9) and of radius § —

4. Are not concyclic

1

If S;=0and S, = 0 are the equations, Then AS, +S, =0 is a second degree curve passing
through the points of.intersection of S; =0and S; =0
= (A+4)x* #2(A+1)y* —2(34+10)x—12(A+1) y+(232+35) =0

For it tobe a circle, choose A such that the coefficients of x? and y? are equal .. A =2

This givesithe equation of the circle as
6(x*+y?)—32x—36y +81=0{using (1)}

16 27
=X +y - —Xx-6y+—=0
y 3 y 2

8
Its centre is C(§,3j and radius is

64 _ 27 1 [47
= /—+9——:— /—
9 2 3\2
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14. In a model, it is shown that an arc of a bridge is semi elliptical with major axis horizontal. If
the length of the base is 9m and the highest part of the bridge is 3m from the horizontal;
then the height of the arch, 2m from the centre of the base is (in meters)

. 8 , \/65 5 \/56 A 9
'3 -3 -3 '3
Key. 2
2 yz
Sol.  Let the equation of the semi elliptical are be ¥+F =1(y > 0)
Length of the majoraxis=2a=9 = a=9/2
2 yz
So the equation of the arc becomes — +-—=1
81 9
65 1
If x=2, then y* =— =y =—-+/65
9 3
X2 y2
15. If a tangent of slope 2 of the ellipse —2+—2 =1 is normal to the circle
ac b
X2 4 y2 +4X+1=0 then the maximum value of @b is
1.2 2.4 3.6 3. Can n’t be found
Key. 2

Sol.  Atangent of slope2is Y = 2Xi\/4a2 +b? thisis normal to X2 + y2 +4X+1=0 then

0:—4i\/4a2+b2 :>4a2+b2 =16 using Am=>GM

ab<4

2 2
X
16. The distance between the polars of the foci of the Ellipse E +y3 =1 w.r.to itself is

25 25 25 25
1. — 2. — 3. — 4, —
2 9 8 3
Key. 1
2a
Sol. —
€

17. An ellipse passing through origin has its foci at (5, 12) and (24, 7). Then its eccentricity is

\/386 5 \/386 3 \/386 4 \/386

1. —— .
38 39 47 51
Key. 1
Sol. Conceptual
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73
2

18. If e= , its length of latusrectum is
1 . . 1 . :
1. E (length of major axis) 2. 5 (length of major axis)
1 o o
3. Z (length of major axis) 4. Length of major axis
Key. 3
2b?
Sol. LLR=—
a
19. Number of normals that can be drawn from the point (0, 0) to 3x*+2y*=30 are
1.2 2.4 3.1 4.3
Key. 2
Sol. Itis centre

2 2
X
20. A tangent to the ellipse —2+§ =1 cuts the axes intM and.N. Then the least length of MN
a
is
l.a+b 2.a-b 3. a’ + b? 4.a°-b’
Key. 1
Sol. Standard

2 2
X
21. p(@), D(0+%j are two, points‘on the Ellipse ¥+§:l Then the locus of point of

intersection of the two'tangents at P and D to the ellipse is

X2
a2

Yy

2 2 2

2
1. =t L=+ ==2 4,
az b’ 4 a’ b? a’? b? 2

1
+ J—
2

QD
oy

Key. 3

Sol. gcosﬁ+%sin€:1 > leq

Zcos(z+6’j+zsin(z+0j =1 2eq
a 2 b 2

Eliminate @ from 1 and 2
22. The abscissae of the points on the ellipse 9x?+25y?-18x-100y-116=0 lie between
1.3,-5 2.-4,6 3.5,7 4.2,5
Key. 2
Sol. ~—-5>x-1<5
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23. Tangents to the ellipse b>x*+a’y*=a’b? makes angles & and 8, with major axis such that

cotd, +cotd, =K. Then the locus of the point of intersection is

1. xy=2k(y*+b?) 2. 2xy=k(y*b?) 3. 4xy=k(y%*-b?) 4. 8xy=k(y?-b?)
Key. 2
2%
Sol. Apply sum of the slopes = ;yl
2 .2
Xl —a
2 2
24. The equation + =1 represents an ellipse if
10—-a 4-a
l.a<4 2.a>4 3.4<a< 10 4.a>10
Key. 1
Sol. 10-a>0,4-a>0
25. The locus of the feet of the perpendiculars drawn from the foci of the ellipse S=0 to any
tangentto itis
1. acircle 2. an ellipse 3. a hyperbola 4. not a conic
Key. 1
Sol. Standard
26. If the major axis is “n” (n>1) times the minor.axis of the ellipse, then eccentricity is
n-1 n—1 n?-1 n?-1
1. 2. 5 3. 5 4,
n n n n
Key. 4
Sol. 2a =n(2b)
a
=N=—
b
_\/az—bz _\/ b
a’ a’
1 n?-1
1——2 =
n n

2 2

X
27. If (x/g) bx+ay = 2ab is tangent to the ellipse —2+§ =1, then eccentric angle @ is
a

T
1. 2. — 3.
6

NN

/1 /1
— 4, —
4 3

Key. 2
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. X .
Sol.  Equation of tangent at a point (acos 6,bsin 9) is —COS«9+%SIn =1
a

But, it is the same as Z£+X.1=1
a2 b2

B3

.'.COS@Z—,Sinezlzgzz
2 2 6

28.  If PSQis a focal chord of the ellipse 16x2 + 25y2 =400 such that SP = 8 theh the length

of SQ =
1.2 2. E 3.16 4. 25
3
Key. 1
Sol. i + i = E
SP SQ p2
29. A man running round a race course notes that the'sum:of the distances of two flag posts
from him is 8 meters. The area of the path he encloses in square meters if the distance
between flag posts is 4 is
1. 15«/572' 2. 12«/§77 3. 18«/572' 4, 8\/§7z
Key. 4
Sol. Area= rab
30. The locus of point of intersection of the two tangents to the ellipse b?x*+a%y?=a’b? which
makes an angle 60° with ene another is
1. 4(x2 +y%+a? —bz)2 = 3(b2x2 +a’y? —a2b2)
2. 3(x2 +y’—a’ —b2)2 = 4(b2x2 +a?y? —a2b2)
3. 3(x2 +y’-a’ —bz)2 = 2(b2x2 +a’y? —azbz)
4. 3(x2 +y*-a’ —bz)2 = (bzx2 +a’y? —azbz)
Key. 2

2ab,/S
Sol. ~ Tanf=—; a2 e
Xty —a —b
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2 2
X
31. If the equation of the chord joining the points P(é’) and D(9+%j on ¥+§=l is

Xcosa+ ysina = p then a°cos” a+b’sin® a =

p2

1. 4p? 2.p? 3.7 4.2p?
Key. 4

X 0+0+7 y 0+0+7
Sol. Zcos| ——2 |+ Xsin 2

a 2 b 2

0-0-"
= CO0S Tz = leq

Xcosa+Yysina=P > 2eq

(1)=(2)
X2 y2
32. The locus of mid point of chords of the ellipse ?JFF =1 which passes through the foot of

the directrix from focus is

X y' ex A Xy X X y* X
1.—2+—=—2 2.—2+—2:— 3'_2+_2:T 4.—2+—2=—2
a~ b° a a-~ b ae a® b a‘ a- b ae
Key. 2
a
Sol.  S; =S passesthrough (— , Oj
e
2 2

33. «.Consider two points A and B on the ellipse 2—5 +? =1, circles are drawn having

segments of tangents at A and B in between tangents at the two ends of major axis of
ellipse as diameter, then the length of common chord of the circles is

A)8 B) 6 C) 10 D) 42
Key. A
Sol. All such circles pass through foci .. The common chord is of the length 2ae
4
10x—=8
S)

10
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34.

Key.

Sol.

35.

Key.

Sol.

36.

Key.

2 2
If ‘CF’ is the perpendicular from the centre C of the ellipse =z + oZ =1 on the tangent

at any point P and G is the point where the normal at P meets the major axis, then

CF.PG is
2
A) b? B) 2b Q) % D) 3b?
A
CF= ol PG =9\/azsin26+b2 cos? 0
Ja?sin?0+Db?cos? 0 a

The line passing through the extremity A of the major axis and extremity B of the
minor axis

of the ellipse X* +9y* =9, meets its auxiliary circle at the pointM. Then the area of the
triangle with vertices at A, M and the origin ‘O’ is

31 y 2 o2t 02
10 10 10 10
D
2 2
Equation of given ellipse is 9 + T =1
Equation of auxiliary circle is X* + Y%= 9.0 (1)
Equation of line AB is §+% =1I=X= 3(1— y)
¥a
M
5 B(0.1)
L
N o Afz0) X
B I

Putting this in (1), we get 9(1— y)2 +y?=9=10y*-18y=0=y= O,g

Thus, y coordinate of ‘M’ is c

n0am = 3 Jiom)(n)=3 (32 -2

The normal at an end of a latus rectum of the ellipse x?/a% + y2 /b? =1 passes through an
end of the minor axis if

(a) &' +e* =1 (b) € +e* =1 (c) & +e=1 (d) e +e=1

A

11
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Sol.

37.

Key.

Sol.

2 2
Given ellipse equation is — +=5 =1
a

b2

b2
Let P(ae,— be one end of latus rectum.
a

2
1
Slope of normal at P{ae,b_j ==
a e

Equation of normal is

b? 1

=—="(x-ae

y=—=2(x-2e)

It passes through B’ (O, b)then
2

b—b—z—a
a

a’—b*=-ab

a‘e’ =a%?

et +e’=1

From any point P lying in first quadrant on the eIIipse2—5+E=1, PN is drawn

perpendicular to the major axis such that'N lies.on. major axis. Now PN is produced to the

point Q such that NQ equals to PS, where.S is a focus. The point Q lies on which of the

following lines

(A) 2y—3x—-25=0 (B) 3X+5y+25=0
(C) 2x—5y—-25=0 (D) 2x—-5y+25=0
B
Plx,p
(Tl
& S
Olhk
a’=25
b* =16
o 25-16 _ 3
25 5

Let point Q be (h, k), where K< 0
Given that |K|=a-+eh(as x, =h)
—y=a+ex

12
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3
-y =5+-=X
5
3x+5y+25=0
X2 yz
38. A circle of radius r’ is concentric with the Ellipse — +F =1. Then inclination of common
a
tangent with major axis is (b<r<a)
b rb L [r’=b’ s
1. tan™| = 2. tan™| — 3. tan™, [—— 4. =
a a a—r 2
Key. 3
Sol. The tangent of Ellipse is Y = mx++/a’m? +b? , this line touches x>+ y2 =r?
o |Na'm*+p?
Condition is T = r
vm? +1
a’m’ +b* =r’m’ +r?
2 h2
r‘—b
m’(a”—r?)=r’-b’ =>m’ =——
a —r
. /rz —b?
a’—r?
. L [ri-b?
Inclimation is tan 5 3
a —r
39. A circle cuts the X-axis. and Y<axis such that intercept on X-axis is a constant a and intercept
on Y-axis is a constant b. Then eccentricity of locus of centre of circle is
1 1
1.1 2. = 3.42 4. —
2 2
Key. 3
Sol. Locusof-centre of circle is a rectangular hyperbola hence its eccentricity is \/§
2 2
40. Consider two points A and B on the ellipse o5 +? =1, circles are drawn having

segments of tangents at A and B in between tangents at the two ends of major axis of
ellipse as diameter, then the length of common chord of the circles is

A)8 B) 6 C) 10 D) 42
Key. A

13
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Sol. All such circles pass through foci .". The common chord is of the length 2ae

4

10x—=8
S)
2 \2
41. If 'CF is the perpendicular from the centre C of the ellipse =z + oz =1 on the tangent
at any point P and G is the point where the normal at P meets the major axis, then
CE.PGis
b2
A) b? B) 2b Q)= D) 3b*
Key. A
Sol. CF= ab PG :Ex/azsin26+ b cos? O
Ja?sin?0+b?cos? 0 a
42.  The line passing through the extremity A of the major axis.andextremity B of the
minor axis
of the ellipse X* +9y® =9, meets its auxiliary circle atthe point M. Then the area of the
triangle with vertices at A, M and the origin ‘O’ is
31 29 21 27
A) — B) = 0.5 D) —
10 10 10 10
Key. D
2 2
Sol. Equation of given ellipse is r + T° 1
Equation of auxiliary circle’is " X*< y* =9......... (l)

Equation of line AB is §+% =l=>Xx= 3(1— y)

Va
M
: E[0,1)
;_l
M a Afz0) X
BI

Putting this in (1), we get 9(1— y)2 +y?=9=10y*-18y=0=>y= 0,%

Thus, y coordinate of ‘M’ is g

1

ACAM :(%j(OA)(MN):E(B)gzi—g

14
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2 2 _ 2 2
43, If 2X°+y"~24y+80=0 then maximum value of X +y is

A. 20 B. 40
C. 200 D. 400
Key. D

Sol.  Given equationis 2X° +Yy* —24y+80=0

2x2 +(y-12)° =64

F(0,20)

2 2
32 64

If is an ellipse with center (0, 12)

If (x, y) is any point on this distance from origin s W/XZ +Yy 5
(0,0}

X%+ y2 is max If «/XZ +y? s

max

B'(1,0) is at max distance from 0
- max(x® +y?) =400

44.  An ellipse whose-foci (2, 4) (14, 9) touches x —axis then its eccentricity is

13 1
A == B. ——
V313 \313
N 1
c, Wel13 p. V13

Key.

2
Sol.  Equation of aurally circle (X—8) +(y—%) =a’

(2, 0) lieson it

169 , 313

b+—=a"=>—=a f_,__-—?
4 4 TR

15
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But SS’ =2ae

J144 + 25 = 2ae
13=2ae

13 13
e pa— pa—

“2a 313

2 2
45, A circle of radius 2 is concentric with the ellipse 7 +? =1 then inclination of common

tangent with X-axis

A Z B.2
2 4
z z
c.3 D. 6
Key. D
Sol.  tangentis y=mx++7m*+3
2 2
3
X2 +y2 =4

It is also touching X2+ y2 =4

J7m? +3
Jm? +1

7’ +3=4m* +4

=2

m=iom-L
3 3
stanf=

1
N

16
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="
6
X2 y2 N y2
46. The points of intersection of two ellipses ? + F =1 and — +? =1 be at the extremeties
a
. . X y° 1 a’? 2 B
of conjugate diameters of ¥+F =1 then ? +— =
A 1l B.2 C.3 D.4

Key. B

Sol.  clearly P(acosé,bsind) Q(—asind,bcosd) are extremities of conjugate diameters of

2 2

Xy
anellipse —+-—=1
a’ b?
2 2
X
P and Q lies m —2+y—2=1
a” B

a’cos’ . b%sin®0

1
aZ ﬂZ
a’sin’@ b’cos’H
2 T NV
a B
2 2
a“ b
(+) > +—2 =2
a. p
X2 yz
47.  From the focus (-5,0) of the ellipse 4—5 +% =1a ray of light is sent which makes angle

cos™ (Ej with the positive direction of X-axis upon reacting the ellipse the ray is reflected

from it. Slope of the reflected ray is

A) —=3/2 B) —7/3 c) -5/4 D) —2/11

17
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Key. D

Sol. Let @=cos™* (;1} = C0SH = _—1 =tanfd=-2

5 5
Foci are (15,0)
Equation of line through (-5, 0) with slope -2 is Y =—29x+5) =—2x—-10
This line meets the ellipse above X-axis at (-6, 2)
2-0 2

. Slope= ——=——.
e 65 11

48. If f(X) is a decreasing function for all X€ R and f(X) >0 VX &R then the range of K so

2 2
that the equation 5 X + y =1 represents an ellipse whose major axis is
f(K +2K+5) f(K+11)
the X-axis is
A) (-2,3) B) (-3,2)
C) (—o0,-3) U(2,) D) (—00,=2) U (3,0)
Key. B

Sol. Conceptual

2 2
X
49. P,Q are points on the ellipse 2—5+Z—6 =1'such that PQ is a chord through the point
R(3,0). If |PR| =2 then length of chord PQis
A) 8 B) 6 ) 10 D) 4

Key. C
Sol. Conceptual

50. Let Q=(3 \/g), R=(7, 3«/5) . A point P in the XY-plane varies in such a way that perimeter
of APQR is 16. Then.the maximum area of APQR is

A)6 B) 12 C) 18 D)9

Key. B

Sol. Pdiesionthe ellipse for which Q, R are foci and length of major axis is 10 and eccentricity is
3/5.

51. Qs the centre of ellipse for which A, B are end points of major axis and C, D are end points
of minor axis. F is a focus of the ellipse. If |OF| =6 and inradius of AOCF is 1, then
|AB| ><|CD| =
A) 65 B) 52 )78 D) 47

Key. A

Sol. b? =?:>a2—a2e2 =§ = a? =§+36=@:>a 13

18
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2:2 2
|OF|:ae:6: agezlx(ae+b+\2/a e“+b?)

6b=6+b++/b2+36 = (5b—6)? =b? +36 = 24b> =60b =b =5/2

i N
NG

F
2 yZ
52. A triangle is formed by a tangent to the ellipse ? + F =1 and the coordinate axes. The area
of the triangle cannot be less than
a2 +b? _ a’ +ab+b? :
a) s units b) T S units
2 2
a“+2ab+b
C) f s units d) ab sq units
Key. D
: X y .
Sol. Equation of tangentat 0 is — cos O + Bsmezl
a
Area with the axesis — >ab
sin20

53.  Equation of circle of minimum radius which touches both the parabolas Y = X* + 2X + 4 and
X =Yy*+2y+4is
a) 2X° +2y*=11x+11y -13=0
b) 4x°4 4y® —11x —11y -13=0
¢) X2 +3y? —11x-11y -13=0
d) X4 +y* —11x-11y —-13=0
Key.~B

Sol. Circle will be touching both parabolas. Circles centre will be on the common normal
2 2

54, Image of the ellipse — +=— =1in the line x + y=10is:
25 16

(x—10)° .\ (y-10)’ 1

(x—-10)° .\ (y-10)’ 1

a) b)
16 25 25 16
2 2 2 2
oSS L5 (-5
16 25 25 16
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Key. A
Sol. Conceptual

2 2

55.  Length of common tangent to X° + y2 =16 and X + y =1
25 7
) J b) g ) J d) g
a2 4 22 2

Key. B

Sol. Y=—X+ 4\/§ is a common tangent to two curves in the 1st quadrant. Touchingthe

cunves at P(24/2, ZI)&Q( N 4J’j

PQ = length of common tangent.

56. An ellipse having foci S (3,4) & S' (6, 8) passes through the point P(0, 0). The equation of the
tangent at P to the ellipse is

a) 4x+3y =0 b) 3X+4y =0 o X+y=0 d X—-y=0
Key. B
Sol. Normal at a point is bisector of angle SPS'

2 2
X° y° 2X
57. The angle subtended at the origin by a.common'tangent of the ellipses — + F -—=0
a’ C
2 2
X 2X
and—z-i-y +——0,is
b> a* ¢
a) /6 by'rt/ 4 o) /3 d) /2

Key. D
Sol. Conceptual

2 2
X
58. Let a hyperbola passes through the foci of the ellipse 2—5 + y— =1. The transverse and

16

conjugate~axes of this hyperbola coincide with the major and minor axes of the given ellipse,
alsoithe product of eccentricities of given ellipse and hyperbola is 1, then

2 2 2 2
X
a) The equation of hyperbolais — —— =1 b) The equation of hyperbolais — —=——=
16 9 9 25
c) Focus of hyperbolais (5, 0) d) vertex of hyperbola is (5\/§, 0)

Key. C
Sol. Conceptual

59. If the normals at 4 points having eccentric angles O, ﬁ, ’Y,5 on an ellipse be concurrent, then

(D cosa)(D secar) =
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1
a) 4 b) (aByd)s
c) % d) None of these
Key. A

Sol. Conceptual

60. If the length of the major axis intercepted between the tangent & normal at a point
2 2

. X
(acos 6,bsin 9) on the ellipse ¥+§ =1 is equal to the length of semi-majoraxis,then,

eccentricity of the ellipse is,

cosd J1-cos@d

b)

) J1-cos® cosé@
9 J1-cos@d ) sin@
sin@ J1-sin@

Key. B
2 2
a (a b J1-cosé
Sol. —< )coseza:ezcosz0=1—cos€:>e=—
cosé a cosé

61. An ellipse with major and minor axes".of lengths 10\/§ and 10 respectively slides along
the co-ordinate axes and always remains.confined in the first quadrant. The length of
the arc of the locus of the centre of the ellipse is

(A) 107 (B) 5w
5m 5m
C) — D) ==
(C) 2 (D) 3
Key. D
Sol.  Thelocus of «the.centre of the ellipse is director circle ie X% + y2 =100
Y
c
(0] X
C,0C, =6
:>E—2tan‘1(ij=E
2 53) 6
5
.. arclength = 102 -2¢
6 3
2 yz
62. Tangents drawn to the ellipse %jLE =1 from the point P meet the co-ordinate axes at

concyclic points . The locus of the point P is

(A) X2 +y2=7 (B) x> +y?=25
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Key.

Sol.

63.

Key.

Sol. y=
J

m=-—

1 4+m?
Y=MX+ ———==Yy =MX+
m 4
+

=

(€) X2 —y? =7 (D) x? —y?=25
C
Let P=(hk)

Equation of any tangent is y =mx++/16m? +9

=k =mh++16m?+9
:>m2(h2 —16)-2mhk+(k2 —9):0

k-9
Let m,m, are the slope of the tangents mm, :m
For concyclic points mm, =1
=h?-16=k*-9
=h?-k*=7 =x*-y?=7

The line 2px+ yy1- p? =1(| pl<) for different value of p touches.

2
(A) An ellipse of eccentricity — (B) An ellipse of eccentricity

B3

(C) Hyperbola of eccentricity 2 (D)-None
B

S

-2p X 1

1- p? " \/1— p?

2p 2o M
1_p2 4+m2

2

2
1-—
4 m?
y = mx+ ’l+%m2

Xy 3

It touches'—— +-—=1,e=—
1/4

1 2

64. The normal to the curve X* +3y? —4—0 at the point P(%) intersects the curve again at the

Key.

Sol.

point Q(B),@ being the eccentric angle at the point Q then 6=__.

A)O B) % C)n D) 3%

D

G

2

2
iven curve is XT+%:1 point P(ZCOS%,7J§Sin %}:(\E’%j
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Equation of the normal at P is X—y = ﬁ—% it passes through
- 2 i -3
Q(e)_(zcose,/ﬁsme):e_ %

65. If tangents PQ and PR are drawn from a point on the circle X% + y2 =25to the ellipse
2 2
X
6 +§ =1 (b<4) so that the fourth vertex ‘S’ of parallelogram PQSR lies on the circum

circle of triangle PQR, then the eccentricity of the ellipse is
% 4 4 A
A) ! B) 3 Q) 24 D) 3

Key. C

Sol. A cyclic parallelogram will be rectangle or square. .. ZQPR =90° ='P"\lies on director circle

b7 =9.e=V7) (0°=a?(1-¢))

66. If Aand B are foci of ellipse (x—2y+3)2 +(8x+4y+4)2 =20 and P is any point on it, then
PA+PB=__
A) 2 B) 4 0.2 D) 24/2
Key. B
(x—2y+3j (2x—y+1)
5 5 ) AT PB=2a-4

4 " %

67. The ratio of the area enclosed by the locus of the midpoint of PS and area of the ellipse is
____(P-be any point an the ellipse and S, its focus)

A)% B)% C)% D)%
D

Sol.

Key.
- bsin®
Sol. mid point of PSis (h,k) & h =w§+ae:scose= Zha a k= >
2
h-
(2h—ze)’ 4k2 ( j k? ~ nab o
TJr = a/ + /—1|tsarea :>7t// . ..ratlo—%
68. The normal to the curve x? + 3y? -4 = 0 at the point P(n/6) intersects the curve again at the
point Q(0), 6 being the eccentric angle of the point Q, then 6 =
(A)O (B) n/2
©C)n (D) 3n/2
Key. D
2 2
. . y L T 2 . T 1
Sol.  The given curve is —+-—— =1.PointPis | 2C0S—,—=SIn— |= \/§—
g 4 4/3 [ 6'V3 6j ( «/§j
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On differentiating the given equation, w.rt. x, we get x + 3y Q:O =

dx

L

The equation of normal isy - % :l(X—\/g) =>X-y= \/§— \/§ . Normal passes through

2 1
0). Hence 2c0s0 - —=SiN0=+/3———
Y g NG
3n

— 2+/3 00 - 2sin0 = 2 :>\/§cose-sin9=1:>9=7.

69. If the curve x? + 3y? = 9 subtends an obtuse angle at the point (2a., o), then a possible value of
o?is
A1 (B) 2
©3 (D) 4
Key. B
2 y2

Sol.  The given curve is §+?=1, whose directorecircleis x> + y? = 12. For the required

condition (2o, o) should lie inside the circle and outside-the ellipse i.e.,

(20)% + 302 -9 >0 and (20)? + a2 - 12 < O'i.er, %<0c2 <%.

70. If the tangent at Point P to the ellipse 16x? + 11y? = 256 is also the tangent to the circle
X2 +y? - 2x = 15, then the eccentric angle of point P is

TE m
(A) = 5 (B) + 7
o T
©:% O)+ %

Key. C

. : 16 . _
Sol.  The equation-of tangent at point P| 4c0S0,—=sIin0 | to the ellipse

J11

16x>+ 11y? = 256 is

( 16 . j
16X (4cos@) + 11y | —=SInO | = 256
Ji1
4xc0s0 + \/1_1 y sind = 16
This touches the circle
(x+1)2+y>=16
| 4cos0-16| _
" J16c0s?0+11sin%0
= (cos0 - 4)? = 11 + 5c0s%0
4c0s%0 + 8c0s0 -5=0

So
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.. CosO =

N[

0=+ =
3

Xty . .
71.  From the focus (-5,0) of the ellipse 4—5 +2—O =1a ray of light is sent which makes angle

(-1
cos™ (Ej with the positive direction of X-axis upon reacting the ellipse the ray is reflected

from it. Slope of the reflected ray is

A) —3/2 B) —7/3 c) —5/4 D)—2/11
Key. D
4 -1 -1
Sol. Let &=cos (—J: cosf=—=tanf=-2
N3 N3
Foci are (15,0)
Equation of line through (-5, 0) with slope -2 is Y =—29X+5)=—-2x-10
This line meets the ellipse above X-axis at (—6, 2)
2-0 2

. Slope= ——=——.
S T

72. If f(X) is a decreasing function for all X € Riand f(X) >0 VX &R then the range of K so

XZ y2
+
f(K?+2K+5) f(K+11)

=1 represents an ellipse whose major axis is

that the equation

the X-axis is

A) (-2,3) B) (-3,2)

C) (_001 _3) U(Z’ OO) D) (_001 _2) U(31 OO)
Key. B

Sol. Conceptual
X2y
73.  P,Q-are points on the ellipse > +E =1 such that PQ is a chord through the point

R(3,0). If |PR| =2 then length of chord PQ is

A)'8 B) 6 C) 10 D) 4
Key. C
Sol. Conceptual

74. Let Q=(3, \/g), R=(7, 3\/5) . A point P in the XY-plane varies in such a way that perimeter
of APQR is 16. Then the maximum area of APQR is
A) 6 B) 12 )18 D)9

Key. B
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Sol. P lies on the ellipse for which Q, R are foci and length of major axis is 10 and eccentricity is
3/5.

75. If the curve X* +3y? =9 subtends as obtuse angle at the point (2a,a) ((oc € integer) ,thena
possible value of a?is
A) 1 B) 2 )3 D)4
Key. B
2 2
Sol. The generated curve is ) + 3 =1, whose director circle is X* +y2 =12 . For the required
condition (ZOL,OL) should lie inside the circle and out side the ellipse i.e.

(2a)° +302 -9>0&(2a)’ +0? —12<O:g<a2 <%

76. Tangent at any point 'P" of ellipse 9X* +16 y2 —144 =0 is drawn. Eccentric
1. 4(1 .Y Py
angle of 'P"' is OZESIn 1(7) If "N' is the foot of perpendicular from centre 'O’ to this

tangent then ZPON is

A) tant L B) tan~* S oL D) —
12 24 12
Key. B
2 2
—b
tan d = sin ze{“ J
2a b
Sol.
16-9 1 af 1
|tan¢|= K= = p= tan H—
2xdwa Y 24
77. X2 y2
If there are exactly‘two points on the ellipse —2+F =1, whose distance from its centre is
a

: a2 +2b? i o
same.and is'equal to T , then eccentricity of the ellipse is

1 1 1

Key. C

fa2+25:.2
=, l—-
Sol. 2
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78. An ellipse slides between two perpendicular straight lines X =0and y=0 then, locus of its
foci is
(A) aparabola (B) an ellipse
(C) acircle (D) none of these
Key. D
sol.  (h+2aecos@)h=b* ... (1)
(k+2aesinO)k=b*> ... (2

2 _RK2
2aecos0 = b”—h

. b? —k?
2aesing =
2 2
. b®—h? b? ~k?
4a°e”(cos® 0 +sin’ 0) = +
h K

79. If a variable tangent to the circle X2+ y2 =lintersects the ellipse X2 + 2y2 =4 at points P

and Q, then the locus of the point.of intersection of tangents to the ellipse at P and Qis a

conic whose

Y < S
a) eccentricity is — b) eccentricity is —
2 2

c) latus.-rectum is of length 2 units d) foci are (in/g,O)

Key: A,C

Hintz Atangent to the circle X> + Yy =1isxcos@+ ysing=1. R(X,, Y, )is the point of
intersection of the tangents to the ellipse at P and Q <= xcos@+ ysin@=1and
X, X+2Y,Y =4 represent the same line

<X, =4cosdand y, =2sind

2 2 2 2
X
& ﬁ+ﬁ =1. Hence, locus of P is the ellipse —+y— =1
16 4 16 4
80. From a point P, perpendicular tangents PQ and PR are drawn to ellipse x? + 4y? = 4. Locus of

circumcentre of triangle PQR is

(A) X% +y2 = % (x* + 4y?)? (B) x* +y?= % (¢ + 4y?)?
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2 2_16 2 2\2 2 2 _ 5 2 2\2
(C) x +4v—€(x +y’) (D) x +4Y-E(X +y’)
Key: B
Hint
X2 +4y*=4

Pliesonx*+y?=5

Let P( \/g cosO, x/gsine)

Comparing chord of contact with chord with

middle point
xh y4k
+ =1
h? +4k*> h? +4k® B
X 50056+yJ§5|n9 1
4 1
Eliminating ©

= x>+y? = % (x* + 4y?)?

2 2
X
81. Let PQ be a chord of the ellipse ?+§=1, which.subtends an angle of ©t/2 radians at the

centre. If L is the foot of perpendicular from (0,:0) to PQ, then
(A) locus of L is an ellipse

(B) locus of Lis circle concentric with given ellipse

(C) locus of L is a hyperbola concentric'with given ellipse

(D) a square concentric with given-ellipse

Key: B
Hint
PQ: xcosa. + ysina—p =0 .. (A) Q
2 2
Homogenising~— + <= =1 with (A)
a’ b’ P
L L + tant
— =— 5 = constan
p2 a2 b2
82. If'the chords of contact of tangents from two points (xl,yl) and (xz,yz) to the ellipse
2 2
X XX
— + y—2 =1 are at right angles then { L Zj is equal to
a~ b YiY2
w2 ® -2 -2 o -2
b? a’ b* a’
Key: C
Hint:  Chord of contact from (xl,yl) is
XXy, YY: _
Faa
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83.

Key:

Hint:

84.

Key:

Hint:

85.

Key:

Hint:

86.

_ b*x
Whose slope is —— —

1
2

X
Similarly slope of another chord of contact is ——2—2
Y,
b* x b* x X, X a*
We have (——2—1 X|——=2|=-1>F2=——
a’y, a’y, Yy, b
X2 y2

=1 represents an ellipse with major axis as y-axis and f is a.decreasing

f(4a)+f(a2—5)
function positive for all ‘a’ then a belongs to
A) (0,6) B) (-1,1) Q) (-1,5) D) (5,)
C
f(a®-5)>f(4a)>a’~5<4a=ae(-15)

An ellipse whose focii are (2, 4) and (14, 9) and touches X-axis then its eccentricity is

213 J179 J313 13
C
2ae=13
b? =36

An ellipse has the point(1,-1).and (2, -1) as its foci and x + y =5 as one of its tangent then
value of a?2 + b? where'a, b are the length of semimajor and semiminor axis of ellipse
respectively, is

a) ﬂ' b) 10 c) 19 d) ﬂ'
2 4
D
2ae =SSt=1
p: P2 =b?% where p; & p; are the length of perpendicular from S & S* to the tangent

:b2 :>b2 :10$b2 :1O:a2_e2a2 :>a2 :472'

o
SE

2 2
X
If circumcentre of an equilateral triangle inscribed in — +y—2
a- b

eccentric angles «, [3, 7 respectively is (xl,yl) then Y.COS@.COS f+Y.sSina.sin S is

=1 with vertices having

Y
23  2p°

2 2 2 2
9, 9y, 3 X, |
(A) 2t (B) —5+

>
2a° 2b 2
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XXy 5 X yeog
© L+L-= o S+ -=
9a~ 9p° 9 a~ b 2

Key: A
Hint: ~ A(acosa,bsina), B(acos 8,bsin 3), C(acosy,bsiny)
> acosa stina}

Controid = circumcentre = (Xl’ yl) ={

3 ’ 3

3X 3
—1=zcosa,i=28in0!

a b

9x2 9y2 . .
_21+_21—3 =2(Xcosacos B+3sinasin B)
a b

oc oy’ 3

2a2 2b2 2

87. The inclination to the major axis of the diameter of an ellipse the square

of whose length is the harmonic mean between the squares of the major
and minor axes is

T Vd
a) — b) —
) 1 ) 3
2r V4
Cc)— d)—
) 3 ) 2
KEY : A
2 2
HINT:  4(a° cos’ 8 +b*sin*0) =—2(462l )(4b2)
4a” +4b
88. An ellipse slides between two perpendicular straight lines x=0and y=0 then, locus of its
foci is
(A) @ parabola (B) an ellipse
(C)~acircle (D) none of these
Key. D
Sol. w(h+2aecosO)h=b> ... (1)
(k+2aesinO)k=b*> ... (2
2 _R2
23ecos0 = il
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89.

Key.

Sol.

90.

Key.

2,2
2aesinf = b” -k

2 12\
4a2e2(cosz(9+sin2(9):[b hh j +[

b —k?

X
A circle of radius r’ is concentric with the Ellipse — +§ =1. Then inclination of common
a

tangent with major axis is (b<r<a)

1. tan™? (9) 2. tan™ (r_bj
a a

3

The tangent of Ellipse is Y = mx++/a’m? +b? , this line touches X2t y2 =r?

o |Wam®+b?
Condition is |———=|=T1

Jm? +1

a’m?+b? =r’m?+r?

r? —p?
mz(az—rz)zrz—bzzmzz —
a —r
. frz—b2
a¥=r?
L 1 r’ ~b?
Inclimation is tan >
a =r

From any point P<lying in first quadrant on the eIIipse2—5+—:

NN

1, PN is drawn

perpendicular to the major axis such that N lies on major axis. Now PN is produced to the

point @ such that NQ equals to PS, where S is a focus. The point Q lies on which of the

following lines

(A) 2y—3x—25=0
(C) 2x—-5y—-25=0
B

(B) 3x+5y+25=0
(D) 2x—5y+25=0
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Plx,p
(Tl
& §
Olhk
Sol.
a?=25
b* =16
._ [5-16_3
25 5

91.

Key.

Sol.

92.

Let point Q be (h, k), where K< 0
Given that |K|=a+eh(as x, =h)
—y=a+ex
3
-y =5+-X
Y 5
3X+5y+25=0

The normal at an end of a latus rectum of the ellipse X2 /a?+ y2 /b? =1passes through an

end of the minor axis if

(a) &' +e? =1 (b) & +e2 =1 (0 e +e=1 @) € +e—1
A

2 y2
Given ellipse equation is ¥+F =1

b2
Let P[ae,— be one end.of latus rectum.
a

b*) 1
Slope of normal.at P(ae,—] =—
a €

Equation of.normal is

2
y = QN l(x —ae)

a ¢€
lt-passes through B’ (0, b)then

2
b—b— =-a

a
a’—b’ =—ab
a‘e* =a’b’
e*+e° =1

2 2
Area of the greatest rectangle that can be inscribed in the ellipse ? +F =1lis
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1. Jab 2.alb 3. 2ab 4. ab

Key. 3
Sol.  Letthe vertices of the rectangle be (£acos @, tbsin ), then the Area of the rectangle is

4absin 8cos @ = 2absin 26 . The maximum value of which is 2ab asSin 260 <1.
93. The number of values of Csuch that the straight line Y =4X+C touches the curve

X*[4+y?=1is
1.0 2.1 3.2 4. Infinite

Key. 3
2 2

X
Sol. We know that Y =MX+C touches the ellipse ¥+§ =1if ¢ =a’m? +b?

Here M=a’=4,b’=1s0 2 =4x4+1 = C=i\/@

94.  The normal atan end of a latus rectum of the ellipse x*la%+ y2 /b*'=1 passes through an
end of the minor axis if

1. e*+e? =1 2. 8 +e2 =1
3. e’+e=1 4. e+e=1
Key. 1

Sol. Let at end of a latus rectum be (e, \/1—e2), then the equation of the normal at this end is

x—ae _ y—byl-¢’
ae/a’® p1-e?/b?

It will pass through the end (0,=b).if

. _—D*@++1-¢?) A
J1-¢2 a™  14+41-¢?

or (1—e2)[1+ J1-¢? } —1-¢?

Or- n1-e?+1-e’=1or e*+e?=1.

95. The locus of the middle points of the portions of the tangents of the ellipse

x*/a® +y®/b* =1 included between the axes is the curve.
1. x*/a’+y?/b®=4 2. a° I x*+b*/y* =4
3. a’x* +b%y? =4 4. b*x®+a’y? =4

Key. 2
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X .
Sol. Equation of a tangent to the ellipse can be written as —COSH+%SII‘] 6@ =1 which meets the
a

axesat A (a/cos@,0) and B(0,b/sind). If (h,k)is the middle point of AB, then

h=a/2cosd, k=b/2sin@
Eliminating Owe get (a/2h)* +(b/2k)* =1

= locusof P(h,k)is a*/ X’ +b*/ y* =4,
96. The locus of the points of intersection of the tangents at the extremities of the chords of the
ellipse X*+2y? =6 which touch the ellipse X* +4y* =4is

1. x2+y?=4 2. x*+y? =6 3. x*+y*=9 4. None of these

Key. 3
2 2

X
Sol. We can write X’ +4y2 =4 as Z+T =1 i)
Equation of a tangent to the ellipse (i) is

gcoséu ysind=1 (ii)
Equation of the ellipse X2 + 2y2 =6 can be written as
(iii)

Suppose (ii) meets the ellipse . (iii) at-P and Q and the tangents at P and Q to the ellipse (iii)
intersect at (h, k), then((ii) is the.chord of contact of (h, k) with respect to the ellipse (iii) and thus its

ky

hx
equation is — +—= =1 (iv
q 5 73 (iv)

Since (ii) and “(iv)-represent the same line

h/6.> k/3_
(cosd)/2 sind

= h=3cos@,k =3sin@

And the locus of (h,k)is X* +Yy? =9

97.  Atangent at any point to the ellipse 4X* +9y* =36 is cut by the tangent at the extremities of

the major axisat T and T'. Thecircleon T T! as diameter passes through the point.

1. (0.45) 2. (15,0) 3. (20 2.(0,~5)
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Key. 2
Sol.  Any point on the ellipse is P(3cos &, 2sin 6)

X .
Equation of the tangent at P is §C036’ +%sm0:1

Which meets the tangents X =3 and X =—3 at the extremities of the major axis at

- [3, 2(1—. cos@)) and TI[B, 2(1JT cose)j
sin@ sin@

Equation of the circleon TT* as diameter is

(x—3)(x+3)+(y_2(1—0039)j(y_2(1+cos¢9)jzo

sin@ sin@

= X*+V° —% y —5=0,which passes through (+/5,0)
|

98. If y=X and 3y+2x=0are the equations of a‘pair of conjugate diameters of an ellipse,
then the eccentricity of the ellipse is

1.4/2/3 2.1/43 3.1/42 4.1/5
Key. 2
Sol.  Let the equation of the ellipse’be"X*/a® +y* /b* =1

Slope of the given diametersare M, =1, m, = —2\/§.
= mm, =—2/3=-b*/a’
[using the condition of conjugacy of two diameters]
I’ =2a% = 3a°(l-e%)=2a%
1= 22/3 = €°=1/3 = e=1/43

99. On the ellipse 4x? +9y2 =1, the point at which the tangent is parallel to the line 8x =9y is
1. (2/5,1/5) 2. (-2/5,1/5) 3. (-2/5,-1/5) 4. None of these
Key. 2

Sol.  Letthe point be ((1/2)cos @, (1/3)sin 8) ,then the slope of the tangent is —:::'-;—:23 cotd = 8

= tant9:—§ = Sin9=i§ and COSQ:?E
4 ) )
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And the required point can be (—g ><E,§ XE] =(—2,1)

100. The circle X* + y? = c?contains the ellipse X*/a*+y* /b* =1 (a > b) if

1.c<a 2.¢c<b 3.c>a 4.c>b

Key. 3
Sol. Radius of the circle must be greater than the major axis of the ellipse.
101. Inan ellipse, if the lines joining a focus to the extremities of the minor axis make an

equilateral triangle with the minor axis, then the eccentricity of the ellipse is

1.3/4 2. 312 3.1/2 4.2/3

Key. 2
Sol. a’e’+b’=(2b)* = a’e*=3a’(l-e’) = e*=3/4.
102. If (5,12) and (24,7) are foci of an ellipse passing through origin;.then the eccentricity of the

ellipse is
V386 /386 \/386 1
(A) TS (B) T (®)! o5 (D) 72
Key. 2

Sol.  Let S(5,12) S'(24,7) O'is origin

SO=13 S0=25 SS =+/386

o_ 386 _ /386
13+25 38

103. A variable point P on the ellipse of eccentricity e is joined to foci S and S* . The eccentricity of

the locus of the in.centre of triangle PSS' is

2e e l-e e
16 ® \1re © e ® 3re)

Key. 1
Sol.  ‘Letany-point be P(acosé,bsind).

SP=a[l-ecos#] SP=a[l+ecosd| SS'=2ae
(h, k) be in centre of APSS' upon solving we get

—h=aecosd

_bsinége
1+e

k

Eliminating '6"
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104.

Key.

Sol.

105.

Key.

Sol.
106.

Key.

Sol.

h? k2
2 e
(1+e)2
X2 y2
Locus of (h,k) a2e2+W:1
(1+e)2
Leto1- e?b? _ 2
(1+e)2e2a2 1+e
_ |28
& l+e

An ellipse is drawn with major and minor axis of lengths 10 and-8 respectively. Using one
focus as centre, a circle is drawn that is tangent to the ellipse, with no part of circle being
outside the ellipse. The radius of circle is

(A) 4 (B)5 (©2 (D)1

3
The circle must touch the end of major axis

-+ radius =a—ae=a—+a?—b? =5—+/5* —42 =2

If the length of the major axis intercepted between the tangent & normal at a point
2 2

. X . o .
(aCOS @,bsin 6’) on the ellipse ?4_? =1 is equal to the length of semi-major axis, then,

eccentricity of the ellipse is,

cosd J1-coso J1-cos6 g sin@

a) —— b) 2 o) N1—C0s& _sing
N Y ) sing ) fi—sino
B
a’—b? -
a _( )Cosgza:ezcoszezl—coseje:@
cosg a cosd

P, Pg-are the lengths of the perpendicular from the foci on the tangent to the ellipse and Ps,

P4 arewperpendiculars from extremities of major axis and P from the centre of the ellipse on
2

PP, -P
the same tangent, then LZ equals (where e is the eccentricity of the ellipse)

3
(A)e (8) Ve
(C) ¢? (D) none of these
C
Let equation of tangent y = mx + ¢
+aem
o__ Il p, L aem|
1+ m? V1+m?®
—aem +am
PZ:|c aem| P3=|C am|

V1+m?

37



Mathematics Ellipse

C—am
p_lc—an|

v1+m?

PP, —-P? c?-a%’m?-c?

So, =
P,P,—P* c*-a’m®-c?
= g2
X2 y2
107. If =1 represents an ellipse with major axis as y-axis and f is a-decreasing

f (4a) hr (a®-5)
function positive for all ‘a’ then a belongs to
a) (0,5) b)(-1,1) c) (-1,5) d) (5,)
Key. C

sol. f(a2 —5)>f(4a):>a2 —5<4a=>ae(-15)

2 2

X
108.  If a tangent of slope 2 of the ellipse — +t>)/—2 =1 isnormal to the circle x>+y?+4x+1 = 0, then
a

the maximum value of ab is
a)4 b)2 c)l d)o
Key. A

Sol. Equation of tangent with slope

y=2x++/4a% +b? is anormal t6 the circle ..0=—4++/4a’+b? = 4a’+b* =16

Max of ab=4
2 2

X
109. The eccentric angle of.a point p lying in the first quadrant on the ellipse ? +§ =1lis 0.If
OP makes.an angle ¢ with x —axis, then &—¢@ will be maximum when 6 =

h 4 |b T T
tan! {E b) tan™ /— i d) =
a) b ) a c) 2 )3

Key. A

Sol. tan@ = Etan 0
a

B a-b
acot@d+bhtané@

a a
If tan’0=—=tanf=,[—
b \/;

if will be maximum

38



Mathematics Ellipse

Xty . .
110. From the focus (—5,0) of the ellipse 5 +2—0 =1a ray of light is sent which makes angle

af -1
cos™ (Ej with the positive direction of X-axis upon reacting the ellipse the ray is reflected

from it. Slope of the reflected ray is

A) =3/2 B) —7/3 c) -5/4 D) —2/11
Key. D

Sol. Let @=cos™* (ij = c0S0 = -1 —tan@d=-2

V5 \5
Foci are (5,0)
Equation of line through (-5, 0) with slope -2 is Y =—29X+5) =-2X-10
This line meets the ellipse above X-axis at (—6, 2)

2-0 2
.. Slope = ———=——.
-6-5 11
111. If f(X) is a decreasing function for all X€ R and..f (X)>0'WX R then the range of K so
2 2
that the equation 5 X + y = l'represents an ellipse whose major axis is
f(K*+2K+5) f(K+11)
the X-axis is
A) (-2,3) B) (-3,2) C) (-0,-3)U(2,0) D)
(—00,—2) U (3,0)
Key. B
Sol. Conceptual
X2y
112. P,Q are points on theellipse £+E =1 such that PQ is a chord through the point
R(3,0). If |PR| =2 then length of chord PQ s
A) 8 B) 6 C) 10 D) 4

Key. C
Sol. Conceptual

113.. Let Q= (3, \/5), R=(7, 3\/5) . A point P in the XY-plane varies in such a way that perimeter of
APQR is 16. Then the maximum area of APQR is

A) 6 B) 12 C) 18 D)9

Key. B

Sol.  Plies on the ellipse for which Q, R are foci and length of major axis is 10 and eccentricity is
3/5.

114. O'is the centre of ellipse for which A, B are end points of major axis and C, D are end points
of minor axis. F is a focus of the ellipse. If |OF| =6 and inradius of AOCF is 1, then
|AB|><|CD| =
A) 65 B) 52 C)78 D) 47
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Key.

Sol.

115.

Key.

Sol.

116.

Key.

Sol.

117.

Key:

Sol.

118.

Key.

A

=g gt =D 2 B g 10 13
4 4 4 4 2

(ae+b++/a%? +b?)
2

6b=6+b++/b?+36 = (5b—6)" =b*+36 = 24b’ =60b =b =5/2

TN
AN

|OF|=ae=6 = age =1x

P
2 2
The angle of intersection between the curves ? +-—= =1 and
X’ y’ |
R =1(a>k>b>0)is
a) tan‘{gj b) tan‘l(ﬂj <) tan‘l(ij d) None of these
a ka kb
D
Confocal ellipse and hyperbola cut at right angles
2 2
Image of the ellipse — + =— =lin thelinex+y = 10s :
x—-10)° (y-10)’ x-10)" (y-10)’
(x=10 (y-107 _, (x=107 (y-107
16 25 25 16
x5 2 Y X — 2 _E\2
(S) (y-5) RO
16 25 25 16
A
Conceptual
2 y2
Length.of common tangent to X2 + y2 =16 and —+=—=1
25 7
) —9 b) > ) o d) >
a — c —
N 4 22 2
B

y=—X+ 4\/5 is a common tangent to two curves in the 1st quadrant. Touching the

cuwesatp(zﬁ,zﬁ)&Q(ﬁ ! j

42" 42
PQ = length of common tangent.

An ellipse having foci S (3,4) & S' (6, 8) passes through the point P(0, 0). The equation of the
tangent at P to the ellipse is

a) 4X+3y =0 b) 3X+4y=0 o X+y=0 d) X—y=0
B
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Sol. Normal at a point is bisector of angle SPS'

2 2 2
X
119. The angle subtended at the origin by a common tangent of the ellipses — + % ——=0
a C
2 2
X 2X
and —2+y—2+—=0 ,is
b a c
a) ©/6 b) /4 o) /3 d) ©/2

Key. D
Sol. Conceptual

120. If the normals at 4 points having eccentric angles CL, B,y, O on an ellipse be concurrent, then

(D cosa) (D secar)=

1 +B+y+9d
a)4 b) (OLBY5)4 c) % d) None of
these
Key. A

Sol. Conceptual

2 2

21 If =+
f(4a) f(a"-5)
decreasing function, then

=1 represents an ellipse with major axis as y-axis and f is

A) ae(—0,1) B) ae(5,x) C)ae(L4) D) ae(-15)
Key. D
Sol. f(4a)<f(a?-5)=4a>a’—5[fisyfn]

ae(-15)
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Ellipse
Multiple Correct Answer Type

1. An ellipse whose major axis is parallel to x-axis is such that the segments of a focal chord are 1
and 3 units. The lines ax + by + ¢ = 0 are the chords of the ellipse such that a,b,c are in A.P and
bisected by the point at which they are concurrent. The equation of auxiliary circle is

X2+ Y2 +2ax+2By—2a—1=0.Then

A. The locus of perpendicular tangents to the ellipse is X% + y2 =7

B. Length of the double ordinate which is conjugate to directrix is 3
C. Area of an auxillary circle is 277

. 1
D. Eccentricity of the ellipse is —

Key. B,D
Sol. a,b,carein A.P = ax+by+c =0 are concurrent at (1,2)

. centre of auxiliary circle = (—a,—f8) =(1,—2)
Radius of auxiliary circle = 2
Length of major axis =4 = 2a

1 1 2a 1
= =28 b3, hence e ==
P SQ b V3, hence 7

2. If foci of an ellipse be (—1,2) and (—2,3)-and its tangent at a point Ais 2X+3y+9=0

A. Length of the minor axis of the ellipse will be 2+/14
=32 -17
B. Co-ordinate of the point ‘A’ will be (—,7)

C. Distance between the foci is 2+/2
D. Product of the perpendiculars from foci to any tangent is 56

Key. A,B
Sol. 28 t0.29.P(-1,2) and Q(-2,3)

Hence image of point P from lie2x + 3y +9=0

X+1 y-2 _ —2+6+9
2 3 13

X=-5;y=4

Pe(-5-4)

Now length of PQ =+/9+49 =/58=2a =a=

N‘&‘
o
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We know that, 2ae = PQ

2ae=«/§:>ae:i:a2e2:

2

N~

b? =a’(1-e?)
pe=2_1 =E:>b2=57f:>b=\/1_4

b2 =14 length of minor axis = 2+/14 = /56

Equation of line PQ is
4-3
(y-3) =_—3(X+2)

y-9=72+14
xX—-3y+23=0

On solving 7x — 3y + 23 =0and 2x + 3y + 9 = 0 we get

3. Let P(X.,Y;), Q(XzY2). ¥;>0,y, >0 be the end points of the latus rectum of the ellipse

3%’ +4y* =12 Theequations of the parabolas with latus rectum PQ are
A) X*-2y-2=0  B) X*-2y+2=0 C) X*+2y-4=0 D) x*-2y+4=0
Key. B,C

2

Sol. X—+—=1e=—
4 2

Ends of latus rectum = (i], ig)

wr=frg)o-(t-3)

Focus of the parabola S= (O, gj

LLR of parabola = 2, Distance between the focus and vertex = %2
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Key.

Sol.

Key.

Sol.

A=(0,1)&A'=(0,2)

. Equation of parabolas X* =2(y—1), x* =-2(y—2)

If the chord through the points whose eccentric angles are ©and ¢ on the ellipse

2 2
X—+y— =1 passes through a focus then tang.tang is
25 9 2 2
1 1
A) = B) -9 C) —— D)9
) 5 ) ) 9 )
C,D
Equation of the chord icos 9+¢ +Xsin ikl =C0sS
5 2 3 2
o)
If itt passes through (4, 0), == = tan— tani =
(e—¢] 4 2
COS| ——
2
. 0 ¢
If it passes through (—4, 0)then tanE.tanE =9
1 2 y2
If a tangent of slope 3 of the ellipse ¥+F:1 (@ > b) is normal to the circle
X2 +y? +2X+2y+1=0,then
A) maximum value of ab is % B) 4 e( \/Z , ZJ
O ac (%2) D) maximum value of abis1
AB
2
y.=mx+ya’m’ +b? y:%xi‘/%+b2
3y =x++a*+9b’ passes through (-1, -1)
—3=-1++a?+9b* —2=x+a’+9b’ a’+9b* =4
2 2
a +29b >/9a°b’
2 2 2 2 4
2>3ab, ab<=  -ra>b a‘+9a° >4 a‘>—
3 10

a>\/§buta£2
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6. If a quadrilateral formed by four tangents to the ellipse 3Xx° +4y® =12 is a square,
then

A) The vertices of the square lie ony =*X
B) The vertices of the square lie on X* +Yy* =7

C) The area of all such squares is constant

D) Only two such squares are possible

Key. B,C

Sol. Vertices of the squares will lie on the director circle ie, on X% + y2 =4+ 3and have.the
area of the squares is 2(4+3)=14. only one such square is possible (same ‘area for all

squares)
2 2
7. The distance of a point P on the ellipse E+ y? = 1 from centre C is 2, then eccentric
angle of P may be
AR p) 2 o> ) P
4 6 4 4
Key. A,C,D
d*- b*> 4-2 1 1 p 3p 7p
Sol.  cos’Q= = =_-b cosq=+-—p g=2, >
0 q a2 _ b2 6_ 2 2 q \/i q 4 4 4
8. A point on the ellipse x? +3y2 = 37 where thenormal is parallel to the line 6Xx—5y =2 is
(A) (5,-2) (B) (5,2) (€)(-5,2) (D) (-5, -2)
Key. B,D
Sol. Let P(Xl,yl)be any point.onthe.ellipse
e X2+ 3Y2 =37 1)
L = =% (Slope of tan)
dx(%,y,) «3¥%
Slope of normal: % = E
X 5
15y,
N5
=Y, =%2 (from (1) =X =15
2 2
9.  The distance of a point P on the ellipse €+ > =1 from centre C is 2, then eccentric
angle of P may be
L B) 2 o p) 2
4 6 4 4
Key. ACD
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d*- b’ -2 1 1 p 3p 7p
Sol. cos’qQ= = ==Pb cosq=+—=b g=52, &
2w 62 2 VTR Y ey
1 2 y2
10. If a tangent of slope 3 of the ellipse ?JFF::L (@ > b) is normal to the circle
X2 +y? +2X+2y+1=0,then
. .2
A) maximum value of ab is 3 B) 4 e( 2 ZJ
o
C) ae(g,ZJ D) maximum value of abds.1
3

Key. AB
Sol. 'y = mx AT 7D y%Xi@
3y =x++/a2+9b? passes through (-1, -1)
—3=-1++/a2+9b? —2=+a?+90? a2 +9b2 =4
a’ +29b2 > Joa?b?

2>3ab, abs% -ra>b a*+9a’*>4 a’l>—

a>\/§buta32

11. If a quadrilateral formed by four tangents to the ellipse 3x° +4y® =12 is a square,
then
A) The vertices of the square lie ony =*X

B) The vertices of the square lie on X* +Yy* =7

C) The area of all such squares is constant

D) Only two such squares are possible

Key.. B,C
Sol. Vertices of the squares will lie on the director circle ie, on X* +Y* =4+3and have the

area of the squares is 2(4+3)=14. only one such square is possible (same area for all
squares)

12. The focal chord to y2 =16X is tangent to (x—6)2 + y2 =2, then slope of focal chord is
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Key. AD

Sol.  (X—6)*+y*=2 — tangentis y=m(X—6)++2m*+2

It is passing through (4, 0) focus of parabola

0=—2M++/2m° +2 = 2m* + 2 = 4m?

m’=1=m=+1

13. A point on the ellipse X* +3y2 = 37 where the normal is parallel to the line 6x-5y=2

A (5-2) B.(5,2)
C. (-5,2) D. (-5, -2)
Key. BD
X2 yZ_
Sol. §+§_1
3
2 2
Normal at((X, Y,) is ax_by =a’ b’
X 1
3% _37y g, 37
X3y 3
X_¥y_2
X 3y, 3
It is parallelto 6X—5y =2 %:9 ﬁ:g
X, 9 X, O

But X +3y7 =37

2

xf+3(4—"1]=37

25

12
2(142% =37
Xl( 25)
X =25=>x =15
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14.

Key.

Sol.

sy, =12 . (5, 2) and (-5, -2) are two points
X2 y2
P and Q are two points on the ellipse —2+F =1 whose eccentric angles are differ by 90°
a
then
X2 y2
A. Locus of point of intersection of tangets at P and Q is — + of =2
a
2 2
o . X 1
B. Locus of Mid point (P, Q) is —2+§ =3
a

2

C. Product of slopes of OP and OQ where O is the centre is

A®OPQ

1
D. Max area of is 5 ab

AB,C.D
P=(acosé,bsingd) Q= (-asind,bcosb)

Xcosé ysind
—+ =

Tangent at P 1->@@)
a b
—Xsiné N ycosé —1-5(2)
a b
X2 y2
Elimination § (1) +(2)%= ?4_? =2 . (A)is correct

Now mfffRy = (a(cos@—sm 6) Db(sin&+cos 6’)) _(xy)
2 2
Cos@—sin 9:% —(3)

cose+sin¢9:%y—>(4)

X2 yz X2 yz 1 '
(3)2 +(4)2 =2 =4[¥+Fj :>¥+F :E . (B) is correct
Slope of OP = bsin & =
acosé
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Mathematics
-bcosé
Slope of OQ = - =m,
asin@
—p?
.. (C) is correct

Now mlmz = —
a

acosd bsiné
—-asin@ bcosd

1

2

Now are of triangle OPQ

%ab(cos2 0 +sin26) :%ab . (D) is correct

The equations of the common tangents of the curves X2 +4y2 =8 and y2 =4X are

15.
A) X+2y+4=0 B) x—2y+4=0 C) 2x+y=4 D) 2x-y+4=0
Key. AB
2 2
sol. 24 g, y? = 4x
8 2
Any tangent to parabola is y = mX +E
If this line is tangent to ellipse then % =8m*+2=8m"+2m*-1=0
0244432 _2+6
16 16
metomosd
4 2
y:5+2 or y:—E—Z
2
X—2y+4=0o0r x+2y+4=0
16.  df latus.rectum of the ellipse X” tan” a.+y”sec® a.=1 is %, then a.(0 <o <) is equal to
(A) /12 (B) n/6
(€) 5m/12 (D) none of these
Key: A, C
Sol:  Xx*tan’a+y’sec’a =1

2 2

X

>—+ y2 =1
cot“o.  COS” o

-+ c0s? oL = cot? a(l—ez)
:>Sin20c:(l—e2)
e’ =cos’ au( o 90°)
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e=Ccosa
** Latustrectum = 1/2 = 2b?%/a

= a=4b?
= coto=4c0s o

1
= ——=4cosa
sina

:>sin20c:l
2

sin 20c=l
2

17. An ellipse passes through the point (4,.- 1).and it’s axes are along the axes of coordinates. If the
line X + 4y — 10 = 0 is a tangent to it'then.it’s equation can be

y2 X2 y2 2 y2
Q) —+—=1 by —+—=1 c) —+—=1 d) none of these
100 5 80 5/4 20 5
Key. B,C
52 y2
Sol. Let the _ellipseibe —2+F=l, Using the point (4,-1) and the tangent x+4y -10 = 0 ;
a
16, 1. 2 2 : .
— +F =I:a“ +16b° =100 solving we get options (b),(c)
a
X2 y2
18. The normal at an end of latusrectum of the ellipse — +F =1 pass through an end of minor
a
axis if
4 2 \/g_l H o )
a) e"+e" =1 b) e= 5 c)e=2sinl8 d) e =2 cos36
Key. AB

b? a’x  b?
Sol. L| a&— | normalis ——Ty =a%? passes through ( 0,-b)
a ae b-a




Mathematics Ellipse

J5-1

e4 +62 =1 solving € =

2
19. The eccentric angle of a point on the ellipse X2 +3y2 =6 at a distance 2 unit from the
origin is
T 3r
A) — B) ==
(A) 1 (B) 2
51
(Q) 7 (D) None of these
Key. A,B,C
2 \2

Sol. A point on the ellipse %+y7:1 is (Jécose,\/ﬁsine)

6cos®0+2sin’0=4

= 4cos’0=2
coszezl
2
cos’0=0

29:(2x+1)g, 9=(2n+1)%,nel .

20. If Xx+y=2 isatangent to the ellipse foci are (2,3) & (3,5) is

A) length of minor axis is 6 B) length of minor axis is 3
C) length of major axis is E D) eccentricity of ellipse is £
2 Ja1
Key. AD
- N2 2+3-23+5-2 Ja1
Sol. (a,d) b? =(semi minor axis)’ = . =9:b=3;2ae =5 =e=,[Y,, &a=""—
( ) J2 2 A’l 2
X2 y2
21. If the ellipse Z+y2 =1 meets the ellipse X° +¥ =1in four points and a=b? -5b+7 then
be \
A).(-—20,0) B) [4,5] 0)[2.3] D) [0,]
Key. A,B

Sol. (a,b) Both the ellipse have their centre at (0,0). The major axis of first is along x-axis and in
case the two ellipse meet in 4 distinct points, then the major axis of second ellipse should be

along the y-axis. =a* >1&b* -5b+7>1;=b<2or b>3

2 2
22. ABand CD are two equal and parallel chords of their ellipse XAZ +Y , =1. Tangents to the

b
ellipse at A and B intersect at P and at C and D at Q,then line PQ

A) passes through the origin B) is bisected at origin
C) cannot pass through the origin D) is not bisected at the origin

10
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Key. A,B

Sol. (ab) let P(a.p),Q(oy.p;). Equations of AB and Cd are §a+%[3=1 & 20‘1 +%[31 =1

2 2 2 2

a B _o” B a_B . .
o/ = =k=>— 4+ =L 41 - = T —_1;‘PQ passes through origin and is
%’“1 41 a® b* a’ B P gnone

bisected at origin.

23. Let P (X1, y1) and Q(Xz, ¥2), ¥1 < 0, y2 < 0, be the end points of the latus rectum of the ellipse
x% + 4y? = 4, The equations of parabolas with latus rectum PQ are

(A)x*+2\By=3+.3 (B)x2—23y=3+ .3
(C)x2+23y=3-3 (D)x*-23y=3-3
Key. B,C

2 2
Sol.  Given ellipse is XY _15e= ‘/1—1:
4 1 4

(0] | /(aQ )
(BT (E-2)

2 2

o=

P = (ae, -b%a) = (\/5—%) , Q= (-ae, b¥a)= (-3, - %)

length of PQ = 24/3

\ }
AV E YAy

, 1+\/§
T v o)
vsegvis PQ - B
4 2
. Equations of parabolas

are

xzzzﬁ(y—ﬁT_lJ =>x2+2By=3-3

and x2 =243 (y+1+2\/§j =x2-28y=3+ .3

24, X + y? =lintersects the ellipse X* +2Y® = 4 at points P and Q, then the locus of the point
of intersection of tangents to the ellipse at P and Q is a conic whose

11
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a) eccentricity is

~[ &
|G

b) eccentricity is

c) latus -rectum is of length 2 units d) foci are (iZ\/g, O)
Key. A,C

Sol.  Atangentto the circle X* +Yy? =1isxcos@+ysind=1. R(XO, yo)is the point of
intersection of the tangents to the ellipse at P and Q <= xc0s&+ ysin@=21and
X, X+2Y,Y =4 represent the same line

< X, =4cosfand y, =2sind

2 2 2 2
X
= _])_(23 +—)::: =1. Hence, locus of P is the ellipse —+—y =1

2

25. Consider the ellipse X2 + y2 =1 where o € (O,;r/2) which of the following
tan o sec «o
quantities would vary as « varies ?

(A) eccentricity (B).. ordinate of the vertex
(C) ordinates of the foci (D). length of the latus rectum
Key: AB,CD

Hint:  a’=b? (1—e2)

(se02 0()62 =1

e=COos
2a°
= —
b
X2 yz
26. If P(a, B), the.point/of intersection of the ellipse —2+m=1 and the hyperbola
NG yz
— ~T3,— .~ = is equidistant from the foci of the two curves (all lying in the right of
at. a‘(Ec-1) 4
y-axis) then
(A) 20 = a (2e +E) (B)a—ea=Ea—a/2
2 2
\e?+24 -3 Vet +12 -3¢
OE=——1—— D)E=—=—"" =
2 2
Key: B,C
a ae+§E
Hint: SiP=S,P > a—-ea=Ea- (E) Also, o = TZ

\Je?+24-3e

Eliminating o we get E* +3eE +(26°-6)=0 = E= >

12
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27.

Key:

Hint:

28.

Key.
Sol.

29.

Key.

Sol.

2 2

y

1
If a tangent of slope §Of the ellipse —2+—:1 (@ > b) is normal to the circle
a

b2
X2+ y? +2X+2y+1=0 then

. 2 2
a) maximum value of ab is 5 b) ae g, 2

c) ae(%,Z) d) maximum value of abis 1

A B

1 faz
Equation of tangent Y = 5 Xx 3 +Db? , it passes through (-1, -1)

—-3=-1++/a* +9b?

a’+9b°> =4
4 2
AM >GM E2a.3b :>ab§§

, 10a>—4
9a®

a2+9a2(1—e2)=4:>e

O<e2<1:>ae[\/§,2j

A point on the ellipse X* +3y® =37 where the normal is parallel to the line 6x—5y =2 is

(A) (5,-2) (B) (5,2) (€)(-5,2) (D) (-5, -2)
B,D
Let P(Xl, yl) be any pointon the ellipse
e, X2 43y7 =37 (1)

dy =
———— =——/(Slope of tan)
dx(x,y;) 3y
Slopeof normal : % = 9

X
15y,

AN 6

=Y, =%2 (from (1) =X =15

The number of values of c such that the straight line Y =4X+Ctouches the curve

X? 14+ y? =lisKthen K= oo

2
X2y

If Y=mX+Cistangent to _2+F =1then
a

C*=a’m’ +b?

13
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y =4x+c, X—+y—=1
4 1
C =+4/65

30. Tangentis drawn to ellipse X* /27 +y* =1at (3\/§COS 6,sin «9) (where @ e (O, 7wl 2) ). Then

the value of € such that sum of intercepts on coordinate axes made by this tangent is least is

1thenK=
K
Key. 6
X2 y2 \/_
Sol. —+2-=1 P(3+3co0s8,sin@
o 7' ( )
3\/§c050+sm0y:1
27 1
A 3\/5005010 s-(o _1
27 sin@

f (6) =3\3secH+cosecd
_3\/3sind  cosd o

f1(6)= - =
(9) cos’d  sin*é
3
1 1
Stan’f=——= =
33 (ﬁ]
9="
6
NG yz
31. If P(a, B), the point of ‘intersection of the ellipse —2+ﬁ=1 and the hyperbola
a® a“(l1-e9)
X y’ IR . . .
— 57— = is equidistant from the foci of the two curves (all lying in the right of
a® ai(E°-1}) 4
y-axis) then
(A)20.=a(2e +E) (B) a—ea=Ea—a/2
2 2
Ve’ +24 — Vel +12 —
(C) E:e—ge (D) E:e—g’e
2 2
Key. B,C
a ae+EE
Sol. SiP=S,P = a-ea=Ea—- (Ej Also, o = 22

\Jer+24 -3¢

2

32. The equations of the common tangents of the curves X2+ 4y2 =8 and y2 =4X are
A) X+2y+4=0 B) Xx—2y+4=0 C) 2x+y=4 D) 2x—y+4=0
Key. A,B

Eliminating o we get E* +3eE+(26° -6)=0 = E=

14
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2 2
sol. X4 ¥ g, y? =4x
8 2

1
Any tangent to parabolais Yy =MX+—
m

1
If this line is tangent to ellipse then — =8m?+2=8m*+2m*-1=0
m

o _—2:\4+32 26
16 16
, 1 1

>MmM=—=m=*—
4 2

y:§+2 or y:—g—Z

X—2y+4=0or x+2y+4=0

16 .
33.  If the tangent at the point (4cos 8, ——sin 0) to the ellipse 16X° +11y* = 256 is also a

Ji1
tangent to the circle X* +Yy* —2X =15, then @ is
A) /3 B) 27/3 C)—~xl3 D) 57/3
Key. A,C,D
Sol. Equation at [4C086’,1T618in 6’) to 16X% +11y> =256 is 4cos @ ++/11sin Oy =16
|4cos&—-16| 4

J16c0s? 0 +11sin 0 -

:>C036’=E or —§ (not.possible)
2 2

ng=+Z %
3 3
2 2
34, For the ellipse ? +F =1 which of the following are correct?

(a) The point ofiintersection of tangents drawn at the points
(ae,b—zj and (ae,_—sz is (E,Oj.
a a €
(b)The foot of the perpendicular drawn from focus onto a tangent lies on X2+ y2 =a’
(c) equation of the directrix corresponds to the focus (ae,0) is X —% =0
(d) If F,F, are the two foci and B is one end of the minor axis such that ABFF, is equilateral

1
then the eccentricity of the ellipse is E

Key. A,B,C,D

Sol. b) y=mx++a’m?+b’ isatangent

15
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d)

35.

Key.

Sol.

36.

Key:

Sal.

29.

Key.

-1
Line perpendicular to this line and passing through the focus (ae,0) is Y = — (X —ae)
m

S (y—mx)’ +(x+my)’ =a’m? +b? +a%e? =a’m? +a?
X ry?=a’

BF, =BF, =FF, and FF, =2ae

BF, +BF, =2(FF, )

2a=2(2ae)

Le==
2
Equation of the locus at point of intersection of perpendicular tangents to
2 2
(X+y-2) (X=¥)" ;i
9 16

A) (X=1)%+(y-1)? =§ B) (x-1)*+(y=D*=50
C) (Xx-1)%+(y-1)°=25 D) (x+y=2)°+(x—y)*=25
AD
5 ()
\/95 + \/g =1 (which is in standard form)
2
2 2
= (X-1)%+(y-1? =g+8 or (X+y_2)2+(x_y) =%+8 is required locus.

An ellipse whose major axisds parallel'to x-axis is such that the segments of a focal
chord are 1 and 3 units. The lines ax+by+c =0 are the chords of the ellipse such that

a, b, c are in A.P and bisected. by the point at which they are concurrent. The equation
of auxiliary circle is " X*+ y°4 2ax + 24y — 20 —1=0. Then make all the correct
alternative

A) The equation of the auxiliary circle is X* +y? —2x+4y+1=0

B) Eccentricity of the ellipse is 1/2

C) Lengths of major and minor axes are 4,+/3

D) Eccentricity of the ellipse is v/3/2

AB,C

a,b,C arein AP=ax+by+c=0 are concurrent at (1, —2)

. centre of auxiliary circle =(—a,—f) =(1,—2)

Radius of aux. circle = 2; Length of major axis =4 = 2A

'.‘i+i=2—€\:>B=\/§,hence e:E
SP'SQ B 2
The equations of the common tangents of the curves x> +4y® =8 and y® =4x are
A) x+2y+4=0 B) x—2y+4=0 C) 2x+y=4 D)
2X—-y+4=0
AB

16
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Mathematics
2 2

sol. X 4¥ —1 y2oax
8 2

Any tangent to parabolais y =mx+—
m

If this line is tangent to ellipse then iz =8m* +2=8m*+2m*-1=0
m

o _—2:\4+32 _2+6

16 16
= m? :1:>m:irl
4 2

X2

X
=—+20ry=—
y 2 y 2
X—2y+4=0 or x+2y+4=0

17
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Ellipse
Assertion Reasoning Type
a) Both A and R are true and R is correct explanation of A.
b) Both A and R are true but R is not correct explanation of A.

c) Aiis true, R is false. d) A is false, R is true.
1. Statement - 1: Product of the lengths of the perpendicular drawn from the points (4, 2)

(=47 (y+2)

and (4,—6) to any tangent of o =1lis9.

Statement - 2: Product of the lengths of the perpendicular drawn from the fociof an
ellipse to any tangent of the ellipse is square on the semi minor.axis.of the
ellipse.

Key. A

Sol. Conceptual

2. Statement - 1: The equation x? cos® @+ y? cot® @ =1 represents.a family of confocal
ellipses.

Statement - 2: The equation x?sec? @ — y?cosec*d =1 represents a family of confocal

hyperbolas.
Key. B
Sol. Conceptual
X2 yz
3. Assertion (A): The distance of a:focus,of the hyperbola —Z—F =1 to an asymptote of
a
the hyperbolais b.
X2 yz
Reason (R): The‘product of distances of any point on the hyperbola ¥_F =1 from
212
the asymptotes of the hyperbolais ——— .
a“+b
Key. B
Sol. Conceptual
4. Assertion (A): Maximum area of the triangle whose vertices lie on the ellipse
2 2
X 3V/3ab
—2+y—2=1(a>b>0) is 3 :
a- b 4
Reason (R): The area of a triangle inscribed in a circle of given radius is maximum when
the triangle is equilateral.
Key. A
Sol. Conceptual
5. Statement I: The radius of the largest circle with center (1, 0) that can be inscribed in the

ellipse X*+4y* =16 is \/%
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Key.

Sol.

Key.

Sol.

Key.

Sol.

2 2
Statement 11: The normal to the ellipse — +F =1 at a point ‘0’ is
a

ax by o e
cos@ sin@
A

2 2

X
Equation of any normal to E—i—y? =1is (4sec 0 )x-(2cosec 0)y=12

Putting (1,0) we have 4sec 0 =12 :COSGz%,SiﬂBz%
4 42 ]

3

SIER CIE [45] 3

Statement | is true

Hence the point of contact is [

Statement Il is also true but not a correct explanation of statement —I

Statement — 1 : The sum of eccentric angles of four co-normal points of an ellipse
2 2

X

—+ v =1 is an odd multiple of 70( 7t radian = 180°)

a

Statement — 2 : The sum of the eccentric.angles of the points in which a circle cuts an ellipse
is an even multiple of 7¢ (7T radius =.180)

B
Conceptual

2 2
Statement I: The angle.of intersection between the ellipse ? +F =1& thecircle

b-a
x2+y?=ab i tanl(—,_}.
y IS ab
2 2

X
Statement Il : The point of intersection of the ellipse —2+§ =1&Xx*+y*=abis
a

(PPJ

C

POl is, , With
a+b a+h
B m, _tan-d b—a
m = " \/74m \/7:6’ tan™ (—1+mlmJ tan (@j
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Ellipse

Key.

Sol.

Key.

Sol.

10.

Key.

Sol.

STATEMENT-1 : The condition on a & b for which two distinct chords of the ellipse

2 2
X
F+2y?=1 passing through (a,—b) are bisected by x+y=bis a’+6ab—7b%>0.
a
STATEMENT-2 : Equation of the chord of _+E)/_2_1 whose mid point (X,Y;) is of the
a
2
X W X N
form T=S,. ie =+ _1="L 1 1
3 a> b? a? b2
A

_ 2 _
Let the mid point (t,b_t) 2tX2 + (betz)y = 2t >t (t;bzt)
a a

It passes through (a,—b) 2t:2 B b(zbbzt) = Ztaz + (bzbZ)

tz(a2 +b2)—ab(3a+b)t+2a2b2 =0 For realt, a’h?(3a+b)’ —4(a2 +b%)2a%h* >0

9a® +6ab+b? —8a® —8h% >0
a’+6ab—7b%>>0

y?

Statement-1:  The angle of intersection, of the elllpse — +F =1 and the circle
a’

b—a
X2 +y?=abi tan‘l(—j.
y is m
2 y2

Statement-2:  The point of intersection, of the ellipse :—2 +F
&
a+b'Na+b
C
point of intersection:is [\/Tb \/7} with m; ——2 b,m2 \/Z
a+b Va+b

=0=tan" (E]

Statement-1:  If the point (x, y) lies on the curve 2x° +y? —24y+80=0 then the

=1and X’ +y*=abis

maximum value of X*+Y? is 400.

Statement-2:  The point (x, y) is at a distance of a/xz + y2 from origin.

A

(y-12)°
64
distance between (0, 0) & (0, 20).

given equation represents ellipse —+

=1; The maximum value of \/XZ + y2 is the
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2 2

11.  Consider 2=+ =1and x2 +y* =9
25 9

Statement - 1: There can be some points on the ellipse, from which normals drawn are
tangents to the given circle.

Statement - 2:  If the radius of the circle is greater than the difference of length of semi
major axis and semi minor axis of the ellipse which can be tangent to the
circle.

Key. C

Sol. Conceptual

12. Statement-1: Product of the lengths of the perpendicular drawn from thepoints (4, 2)
(x-4)° _ (y+2)

and (4,-6) to any tangent of o5 =Liso.

Statement - 2: Product of the lengths of the perpendicular drawn from the foci of an
ellipse to any tangent of the ellipse is square on the semi minor axis of the
ellipse.

Key. A
Sol. Conceptual
13.  Assertion (A): Maximum area of the triangle ' whose vertices lie on the ellipse
2 2
X 3/3ab
—2+y—2:1(a>b>0) is i :
a- b 4
Reason (R): The area of a triangle inscribed in a circle of given radius is maximum when

the triangle is equilateral.
Key. A
Sol. Conceptual

14. Statement-1:  Ifthe point'(x,y) lies on the curve 2x° +y* —24y+80=0 then the

maximum value of X*+Yy? is 400.

Statement+~2: .The point (x,y) is at a distance of \fxz + y2 from origin.

Key. A

. . o (y-12)
Sol. “given equation represents ellipse — +-———
32 64

=1; The maximum value of \/XZ +y2 is the
distance between (0, 0) & (0, 20).

, Xty 2, \2
15. Consider —+=—=1and X" +y° =9
25 9

Statement - 1: There can be some points on the ellipse, from which normals drawn are
tangents to the given circle.

Statement - 2: If the radius of the circle is greater than the difference of length of semi
major axis and semi minor axis of the ellipse which can be tangent to the
circle.

Key. D
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Sol. conceptual

16. STATEMENT — 1 : In ellipse the sum of the distances between the foci is always less than the
sum of the focal distances of any point on it.

STATEMENT — 2 : The eccentricity of any ellipse is less than 1.

Key. A
Sol. distance between foci is 2a e. Sum of the focal distance is 2a.
ae<a,e<l.

17. Statement 1: If the length of the latus rectum of an ellipse is 1/3 of the major axis; then the
eccentricity of the ellipse is \/2/3.
Statement 2: If a focus of an ellipse is at the origin, directrix is the line X=4 and the

eccentricity is +/2/ 3, then the length of the semi major axis is 4.\/5

A)Statement | is True, Statement |l is True and Statement ll4s correct explanation of
Statement |

B)Statement | is True, Statement Il is True but Statement.ll.is'not correct explanation of
Statement |

C)Statement | is True, Statement Il is False

D)Statement | is False, Statement Il is True

Key. B
X2 y2
Sol. In statement-1, if the equation ofthe ellipse is ¥+F =1, then
2b? 1 <23 b 1
—_— 3 _—
a a® '3

= 1-e?>=1/8 = €®>=2/3. So the statement -1 true.

In statement -2, Equation of the ellipse is
X24.y2'=(2/3)(4+X)* (by definition of ellipse)

= 3(x* +y*) =2(16-8x+x%)

—  X*+16x+3y* =32

= (x+8)* +3y* =96

2 2
(x+8) A
96 32




Mathematics Ellipse

Length of the semi-major axis =+/96 = 46.
So the statement-2 is also true but does not lead to statement-1

2 2
X

18. Statement 1: If the normal at an end of a latus-rectum of the ellipse — +—g2 =1 meets the
a

major axis at G, O is the centre of the ellipse, then OG = ae®, e being the eccentricity of the

ellipse
2 2

. X
Statement 2: Equation of the normal at a point (acosé’, bsin 9) on the ellipse —2+;/—2 =1is
a

ax b
ALY gy
cosd sing
Key. C
. . X by o 2
Sol. Statement -2 is false , equation of the normal is ——2==a“-h

cosé sing
In statement-1, L(ae,b®/a) = (acosé,bsiné)
= Ccosfd=e

by 2.2

Sonormal at L,— — =a‘e

e 1-¢?

Which meets the major axis ¥ = 0 at X=ae® and the statement -1 is True.
2 2

X
19. Statement I: The angle of intersection between the ellipse _2+E)/_2 =1& thecircle
a
b—aj
2 2 . -1
X“+y =abistan™| ——|.
(\/ab
y’

Statementll : The point of intersection of the ellipse _+F =1&Xx*+ y2 =ab is
a

JFQT‘J?ﬁ_
)
Key., C
Sol. POI is a—Zb\/a—? with
' \/a+b’ a+b |
_ b’ B m, 4(b-a
\/7m \/7:>6’ tan” [erlmj tan (Ej

20. Consider the curve 4x? + 9y? = 36. A tangent is drawn at any arbitrary point P of the above
curve and meets the line passing through the point Q(\/g,O) and perpendicular to the

above tangent at R.
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STATEMENT-1

Point R lies on the curve x> +y?=9

because

STATEMENT-2

Tangents drawn from the point (2, 3) to the curve 4x? + 9y? =36 are perpendicular to each

other.
Key. B

. . XZ y2

Sol. (x/g,O) is the focus of the ellipse ?4_?:

= lines PR and QR meets at the auxillary circle of the given ellipse i.e. on the curve x* + y? =
9.

Also x? +y? =13 is the director circle of the curve 4x? + 9y? = 36.
2 2

21. Statement — 1 : If any tangent to the ellipse —2+F =1 intercepts equal length ‘}’ on the
a

axes,

then | =+/a% +b?

Because

2 2
X
statement —2: IX+my =n is a tangent to the ellipse < +§ =1if a’1* +b’m* =n’
a

Key. A
Sol. @212 +b’m? =n?

—=a21+b%1=1?> =l =+a’+b?

22. Statement-1: Product of -the lengths of the perpendicular drawn from the points (4, 2)
X —4)? +2)?
( 9)+(y ) =1is9.

and (4,—6) to any tangent of

25
Statement - 2: Product of the lengths of the perpendicular drawn from the foci of an
ellipse to any tangent of the ellipse is square on the semi minor axis of the
ellipse.
Key.o-A

Sol. Conceptual

23. Statement-1: The equation X* C0s” @+ y® cot® @ =1 represents a family of confocal
ellipses.
Statement - 2: The equation x?sec? 0 — yZCOSeCZQ =1 represents a family of confocal

hyperbolas.
Key. B
Sol. Conceptual
24.  Statement — 1 : The sum of eccentric angles of four co-normal points of an ellipse
2 2
X—2 +2_ =1 is an odd multiple of 7t( 7 radian = 180°)
a® b’
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Statement — 2 : The sum of the eccentric angles of the points in which a circle cuts an ellipse
is an even multiple of 7 (7t radius = 180)

Key. B
Sol. Conceptual
25. Statement-l:  Ina AABC, if base BC is fixed and perimeter of the triangle is also fixed,
Then vertex A moves on an ellipse, because
Statement-ll:  Locus of a moving point is an ellipse if sum of its distances from two fixed
points is a positive constant (where all the points are coplanar)
Key. C

Sol. Conceptual

26. Statement - |: The angle between the tangents drawn from the point (2,3)to the ellipse
9x? +16y° =144 is 900
Statement - Il : Locus of the point of intersection of perpendicular tangents to the ellipse
2 2
X+ Y 1 is the circle x? +y? =a +b?
a° b

Key. D

Sol. Tangentis Y =mX-++/a’m?®+b?

This passes through (2, 3) =
3=2m++/16m?+9
(3—2m)* =16m°* +9

12m? +12m=0
m=0,-1

. Angle between the tan gents is.not 90°
2 2
27. Statement - | :P is a\point.on:the ellipse %4—%21 whose eccentricity is e and foci FandF,.

If The angle PR F, =6, 'and, ‘angle PF,F, =6,, then tanﬁ tané _e-t
2 2) 1+e

Statement-ll : In AABC, tan%: /% where s is the semiperimeter of AABC

Key. A
Sol. . F=(ae,0), F, =(-ae,0)
Equation of a chord joining o, and 3 is

5cos (OL—JFB) +X sin (a—ﬂ)’j =CO0S (G—_BJ
a 2 b 2 2

This passes through (ae,0)

.ecos (OL—JFBJ = cosoc—_B
2 2
cos (OL_B)
_ 2

) COS(OH_BJ
2
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Use componendo and divedendo

28. Statement - | : The eccentricity of the ellipse 3x?+4y? +6x—-8y—5=0 is %

Statement - Il : The eccentricity e of the ellipse (a>b) is given by b* =a*(1-¢?)
Key. D

Sol. The given ellipse is 3(X +1)2 +4(y—1)2 =12
2 2
(x+1) .\ (y-1) _
4 3
3=4(1-¢’)=e’ =1-

1

Slw
NP

29. Statement - | :If P(x,y) is a point on the ellipse 16x* +25y* =400 and.F'=(3,0) and F, =(-3,0),

Then PF, +PF, is 10
Statement - Il : In an ellipse, the sum of the distances of a point on the ellipise from the foci is
always constant
Key. A
X2 Y?
Sol. —+—=1
25 16

PF, +PF, =2a =10
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Ellipse
Comprehension Type
Paragraph - 1
A sequence of ellipse E,E,.......... E, are constructed as follows: Ellipse E_ is drawn so as

Key.

Sol.

Key.

Sol.

to touch ellipse E_ , as the extremities of the major axis of E__, and to have its foci at the

extremities of the minor axis of E, ;

If E, isindependent of n then eccentricity of the ellipse E, ,

3-5 J5-1 2-3

A) —— B) —— C) ——

2 2 2
B

X2 y2

¥+F=l(an>bn)’ bﬁ:aﬁ(l—eﬁ) ....... (1)

For B, aﬁ—l = bﬁ—l (1_eﬁ—1)’ b, =b, €., a,,=2
bﬁ—leﬁ—l = aﬁ (1_ eﬁ ) = aﬁ—l (1_ eﬁ )
bﬁ—leﬁ—l = bﬁ—l (1_e§—1)(l_e§ )

Let all the eccentricities are ‘e’

J5-1

e’ =(1—e2)(1—e2):>e“—3e2+1=0:>e=T

If eccentricity of ellipse \EiS independent of 'n" then the locus of the mid point of chords of

slope '—1' of Ej, (If the axis of E, is along Y-axis)

A) (\/5—1)X=2y B) (\/§+1)x=2y

C) (3—J§)x:2y D) (3+J§)x=2y
B
T=S :>&+&:X—12+y—12

P al bEoal b

_bﬁxl
2
anyl

X1 =% (1_¥] = 2X, = (\/g_l)yl

=-1=b’x, =aly, = X, (1—e2) =y,




Mathematics Ellipse

2y, :(«/§+1)x1

Paragraph - 2

Key.

Key.

Key.

Sol.

2 2
X
C: x?+y*=r?and C, ZE+% = lintersect at four distinct points A, B, C, D and D. Their
common tangents form a parallelogram ABC D .
If ABCD is a square then r is equal to

(a) %\/E (b) % (c) % (d) Nofie of thesé
A

If A'B'C'D'isasquare thenris equal to

(a) \/% (b) \/ﬁ (c) \/E (d)"None of these
D

If ABC D isasquare, then the ratio of area of the circle,Cy.tosthe area of the circumcircle
of AABC is

(a) % (b) % (c) % (d) None of these
C
2 2
3. X2+ y?=r?, XY 4
16 9
2 2 2
r=y .y 4
16 9
or’ —-9y* +16y* =144
. 144-9r?
7

2_
=7 =y 10T 7144:)(2

If ABCD is'square X* = y2
16r*=144 144-9r?
f— =

! 7
25r¢ =288
5
X2y
4. Yy =mx++/16m*+9 is equation to EJFE:]-

y =Mx+ry1+m? is equation to X° +y* =r?
r2 (1+ m2) =25

2r’ =25
25 5
r’==—" r=+—
2 V2
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5. A'B'C'D'is square then common tangent is Yy =+X+5
Yy=X+5Yy=X-5Yy=—X+5y=—Xx-5

y=X+5

y=—X+5=y=5

A(05)  C'(0,-5)

AC'=10

Radius of circum circle of AA'B'C =5

25
Area of circle C, = Tﬂ

. 1
Ratio = —
2

Paragraph - 3
Consider the circles X* +Yy* =a” and X + Yy =0’ where b>a% 0, letyA(—a,0); B(a,0).

A parabola passes through the points A, B and its directrix is a tangent'to X2 + y2 =b? . If the
locus of focus of the parabola is a conic then

6. The eccentricity of the conic is

A) 2alb B) b/a e)alb D)1
Key. C
7. The foci of the conic are

A) (£2a,0) B) (0,£a) C) (+a,2a) D) (+a,0)
Key. D
8. Area of triangle formed by, avatusrectum and the lines joining the end points of the

latusrectum and the centre of the conicis

a
A) B(b2 —ah) B) 2ab c) ab/2 D) 4ab/3

Key. A
Sol. 6-8:

X*hy =a’; xX*+y’=b’; b>a>0, A=(-a,0); B=(a,0)

ket (h,k) be a point on the locus. Any tangent to circle X2 +y? =b* is xcosO+ ysind=b

.. Equation of parabola is \/(X—h)2 +(y-K)? =|XCOSH+ ysin 9—b|
i.e., (Xx—h)?+(y—K)*=(xcos@+ ysind—b)’

The points (a,0) satisfy this equation

~.(a=h)?+K? =(acos@-b)* (1)

(a+h)*+K?=(acosd+hb)* —(2)

(2)-(1)=h=Dbcosé8




Mathematics Ellipse

2
. Required locus is (a+X)* +y? = (% +bj

2 2

y =1 which is an ellipse.

e, —+ =
b> b?-a?

Paragraph - 4
X2 y2
If «, B, y,0 areeccentric angles of 4 — points on the ellipse ?JFF =1 the normals at which
are concurrent then
9 atp+A+o.

a 2NNz B. (2n+1)%,nez

c.(2n+1)z,nez D. (2n+l)%,nez

Key. C
L0 CoS(a + f8)+cos(ar+A)+cos(a+35)+cos(S+7)FCoS(B+5)+cos(A+5) =
A.6 B.3 C.0 D.1
Key. C
" sin(a+ B)+sin(S+A4)+sin(A+5)=
A.O B. 1 cC. -1 D. 2
Key. A
Sol.
. 1 ..
Let Z=cis 0 Ezcose—lsme
2
20050:Z+1, cos(9:Z +1
Z 27
2
sing=2 1
2i1Z
Equation of normal is i =a’-b?

cos@ _sine

It is drawn from (Xl, yl) .

B e
cos@ sin@
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axl _ l:;ij :aZ_bZ
Z°+1) Z°-1
2t 2iZ

(@ —b*)Z* —2(ax, —iby,)Z° +2(ax, +iby,)Z —(a* —b*) =0 > (1)

9.Rootsare Z,,2,,2,,Z,
2,72,72,7,=-1 cisa.cispcisy.ciso =—1
cis(a+pB+y+0)=-1
cos(a+fB+y+0)=-1, sin(a+pL+y+06)=0
a+p+y+o=02n+)x

10. »'7,Z,=0
> cisa.cisp=0
D cis(a+B) =0

cos(a+ f)+cos(a + ) +cos(a+0) +cos(S+ y) +cos(f+ ) +cos(y +0) =0

11. ly, §in(c+9B) +sin(a + ) +sin(a +8) +sin(B+7) +Sin(B+5) +sin(y +3) =0
sin(a + ) =sin(y +9)
Sin(B+7) =sin(c+5)
Sin(y + ) =sin(#+9)
2(sin(a+ B)+sin(S+y) +sin(y +6)) =0

sin(a+ p) +sin(S+y)+sin(y+0) =0

Paragraph - 5
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X2 2
Let P, Q, R be three points on the ellipse ¥+§ =1 and let P’,Q’, R be their

corresponding points on it’s auxiliary circle, then
12. The maximum area of the triangle PQR is

a) ﬁab b) %ab

) ab d) mab

J3

4

Key. A

Sol. LetP=(a cosa,bsin ou)Pt=(acos a,asin )
P=(acosP,bsin ) Q'=(acosf,asinf)

R=(acos y,bsin y)R'=(acosy,asin y).

Area of APQR is 2ab sin OL;ﬁSin B_YSin y;oc its max value is 2ab

2 |varz)(r)- 2

2 4

Areaof APQR _

13. =
Areaof AP'Q'R’
a b
a) — B)—
) b ) a
1 .
C) E d) depends on points taken
Key. B
1 ah cosa<Ccosy Sina—siny
Sol Areaof APQR 2 {|cosey—CosB sina—sinf| b
" Areaof APQIR! _ 1. %Jc0so—cosy sina-siny| a

~a
2

Cosa.—Cosf sina—sinf

14.  When thearea of triangle PQR is maximum, the centroid of triangle P'Q'R’ lies at

a) one, focus b) one vertex C) centre d) on one directrix
Key. C

Sol, “Aréa'ef* APQR is max when o.—p=p—y=y—d =120 is AP'Q'R is equilateral hence

itsicentroid is (0,0) centre of the ellipse

Paragraph - 6
X2y
If *P” is any point on the ellipse — + Y =1. S andS, are foci of the ellipse
a

15.  Locus of incentre of triangle PS; S, will be

a) a straight line b) acircle C) aparabola d an

ellipse
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Key. D

1 o
16. Ife= Eand|ESlS2 =a,[PS,S, =B,[SPS, =7, then cotE,cot%and cotg are in

a) AP b) G.P
c) H.P d) None
Key. A

17.  Maximum area of the triangle PSS, is equal to

a) b%e sg.units b) a’e sq.Units
c) ab sg.units d)~abe sq.units
Key. D

PS, PS, PS,+PS _ 2a

Sol. 15. = = = :l
S;G GS, S,G+GS, 2ae e
so Pl:1IG=1:e
16. tangtanﬁzl_—e:1
2 2 l+e 3

17. Base S;S, fixed and PS5+ PS,isfixed, Hence area will be maximum if PS, =PS,

Paragraph - 7
Consider the conic defined hy'the equation :

S-S =2 —(x=5) +(y-5)|=3
18. The équation of an axis of the conic is
a)\oXx +8y =45 b) 3X—4y—-5=0
¢) 8X + 6y =45 d) 3X+4y+5=0
Key. C

Sol. Given equation represents a hyperbola having foci S(l, 2)andS'(5, 5)&23. =3
transverse axis : line SS': 3X—4y+5=0
Conjugate axis : perpendicular bisector of SS':8x + 6y =45

19. The distance between the directrices of the conic is

a) 9/5 b) 3/5
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c) 5/3 d) 5/9
Key. A
2a 3 9
Sol. Distance between diretrices= =—=——=—
5/3 5
20. The eccentricity of the conic conjugate to the given one, is
a) 5/3 b) 5/4 c) 5/2 d) 5
Key. B
1 o 25
Sol. let e’ be the ecc. of conjugate hyperbola then — + — =]l =e"= E
€ e

Paragraph - 8
An ellipse E has its centre C (1,3), focus at S (6, 3) and passes through.the point P (4, 7). Then

21. The product of the perpendicular distances of foci from tangentrat P to the ellipse, is

a) 20 b) 45 ¢)“40 d) 60
Key. A
22. The point of intersection of the lines joining each™focus tarthe foot of the perpendicular from

the other focus upon the tangent at P, is

3 3
d) (ESJ
3
Key. D

23. If the normal at a variable point on the ellipse (E) meets its axes in Q and R, then the locus of
the midpoint of/@QR"is"a eonic with eccentricity =

a) 3//10 b) /5/3
o 3/5 d) ~10/3

Key. B
sol. CS=ae=5
S'=1(24,5)

PS+PS'=2a=6+/5

NG

—e=—
3

23. Product = b2

Paragraph - 9
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The equation ax” + 2hxy +by® =1,h* # ab represents ellipse or a hyperbola accordingly as
h? < ab(or)h2 > ab. The length of the axis of the conic are related with the roots of the

quadratic (ab—hz)t2 —(a+b)t+l:0. If {,,t, are positive, then, lengths of the axes are
2\/'[:&2\/5. If t, >0 & t, <0, then, lengths of the transverse and conjugtate axes are
2\/t:&2ﬁ . The equation to the axes of the conic are
(at,—1)x+ht,y =0&(at, —1)x+ht,y =0.

Answer the following.

24, The eccentricity of the conic X2 + Xy+y+ y2 =1is

a) L b) 3 c) Q d) 2
V3 5 3 V6

Key. D
Sol. Conceptual
25.  Areaenclosed by the ellipse 5X* —6Xy +5y° =8 is,

a) ﬂ\/i b) 27 c) 7[\/5 d) 4?7[
Key. B
Sol. Conceptual

.o Xy . N

26. If the line E+E =1 is the transverse axis of the hyperbola

(x+1)2 +4(x+1)(y—1)+(y—1)2 =4, then, a+b=

a)0 b)-1 c)2 d) -3.
Key. A
Sol. Conceptual

Paragraph = 10
A sequence of ellipse E,E,,.....E, is constructed as follows : Ellipse E, is drawn so as to
toueh® ellipse E,_; asthe extremities of the major axis of E,; and to haveits foci at

the extremities of the minor axis of E, ;.

27. If E, is independent of n then the eccentricity of the ellipse E,_,.
3-5 J5-1
(A) —— (B) ——
2 2
2-\3 J3-1
(C) (D) ——
2 2
Key. B
2 2
Sol. X—2+y—2:1, a, >b,
an bn
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Ellipse

28.

Key.

Sol.

29.

Key.

Sol:

b? = a3 (1-b7) i)
b,=b. .. (i), a,4 =ayb, ...(iii)
For Ey 8,4 =b4 (1—9571)
From (i) & (ii) b7, =an?(1-e7 )

a’b? =a’ (1—e§)(1—e§,1)
Let all the eccentricities are e

e? =(1—e2)2 =e*-3? +1=0

+ _
e? 3_2«/§:e:_«/§2 !

If eccentricity of ellipse E, is €, then locus of (eﬁ,eﬁ_l) is a

(A) parabola (B) An ellipse
(C) Circle (D) A«ectangular hyperbola
D

el = (1—e§ )(l—eﬁ,l)

= h=(1-h)(1-k) h=e?
=  x=l-x-y+xy k=e,
= Xy—2x-y+1=0

A rectangular hyperbola.

If eccentricity of "Eq is independent of n then the locus of the mid point of chords of

slope -1 of E, (If axisvof E| is along y-axis)

(A) («/5—1)x=2y (B) (J§+1)x:2y
(G (3—\/§)x=2y (D) (3+\/§)x=2y
B

If eccentricity of E, isindependent of n

e:\/§_1:>e2 :%
2 2
br$X1=arZIY1
3-5

10
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=2x (V5 +1) =4y,
2y = x(\/§+l)

Paragraph - 11
Suppose than an ellipse and a circle are respectively given by the equation
2 2

%Jrg—zzl (1) and
X2 +y?+2gx+2fy+c=0 -(2)

2 2
The equation, [%+§ —1j+ AP +y? +2gx+2fy+¢)=0 ..(3)

Represents a curve which passes through the common points of theellipse

(1) and the circle (2).

We can choose 4 so that the equation (3) represents a pair'of straight lines. In general we
get three values of 1, indicating three pair of straight lines.can*be drawn through the points.

Also when (3) represents a pair of straight lines they‘arevparallel to the lines
2 2
X . < . T
—+ y—z + /1(X2 + y2) =0 ,which represents a pair of lines equally inclined to axes (the term
containing Xy is absent). Hence two straight linesithrough the points of intersection of an

ellipse and any circle make equal angleswith the’axes. Above description can be applied
identically for a hyperbola and a cincle.

2 2
30. The radius of the circle passing throughrthe point of intersection of — +§ =18&
a
x2—y?>=0is
P B 22
VaZ +b? Va? +b?
©) a? —b? D) a? +b?
Va? b’ Ja? +b?
Key. B
212
a‘b
Sol. X2+ Y=
ANV 102
“Nradius of the circle
2a’h>  J2ab
a’+b*  [a? +b?
2 2
31. Suppose two lines are drawn through the common points of intersection of — —b—2 =1&
a

x> +y?+2gx+2fy+c=0. If these lines are inclined at an angle «, 8 to X — axis then

(A) a=p ®) a+f="

11
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C a+p=x (D) a+,8=2tanl(gj

Key. C
Sol. As the lines joining common point of intersection must be equally inclined to the axis
tana=—tanf=a+ =T,

32. The no. of pair of St. lines through the points of intersection of X2 — y2 =1 and
X2 +y?—4x-5=0.
(A)O (B)1
(C) 2 (D)3

Key. C

Sol. Any curve through their point of intersection

X2+ Y2 —4x =5+ A(X* -y 1) = A+ )x* +(1- ) y* —4x-5-2=0
A+ A)A-A)(-5-2)+0—-(1+2).0-(1-2).4+(5+1).0=0
(A-D(A+3)*=0=>1=1,-3

.. Two pair of St.lines can be drawn.

Paragraph - 12

2 2

X
The points P,Q,R are taken on the ellipse % +—z2 =1with eccentricities 0, 0+a, 0+ 20 then
a

33.  Area of the triangle PQR is independent of
A) 6 B) o C)6 & a both D) none
Key. A

34. If the area of triangle PQR is,maximum, then

A)ocz% B)ocz% C)azz% D) none
Key. C

35. If Ajbe the area of triangle PQR and A, be the area of the triangle formed by corresponding

\ - ) A .
points.on the auxiliary circle then =X is
2

A)1l B) % (@) % D) none
Key. C

Sol. 33,34 & 35- P-lll.
(28)a;29)c;30)c)
acoso bsin6
A1=A=1 acos(6+a) bsin(6+a) 1=ab(l-cosa)sina
acos(0+2a) bsin(6+2a)

Aismax:>oc=2%;

12
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1 acosa bsina 1 acoso bsina
A =3 acosp bsinf 1=A, =3 acosp bsinf %2 =%
acosy bsiny acosy bsiny
Paragraph - 13
X2 y2
P is any point of an ellipse ¥+F:1. S and S’ are foci and e is the eccentricity of ellipse.

/PSS'=aand £PS'S=
p

36. tan gtan— is equal to
2 2

2e l+e
(A) e (B) e
l-e 2e
©) 1re (D) Tre
Key. C
PS PS 2ae
sinp sina. sin(n—(a.+p)
2a 2ae

" sin a+sinB:sin(a+B)

.cosOL_B
2 2

Sol.

or

=

37. Locus of incentre of triangle PSS is
(A) an ellipse (B) hyperbola
(C) parabola (D) circle
Key. A

Sol. y-O=tan %(x+ae) ()

y-0=-tan % (x - ae) ... (i)

13
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l+e

or, (1—_er2 +y? =(1_—eja2e2
l+e l+e

2

NG y
+ =1
a’e’ (1_9) 202
1+e

which is clearly an ellipse.

or,y?= _(1—_ej [x? - a%?]

or,

38. Eccentricity of conic, which is locus of incentre of triangle PSS’

e 2e
A) [J— B) .[—
) 1+e ®) 1+e
2e ]
C)|— D) .[——
(© 1o (D) 1o
Key. B
1-e
Sol. e=,1-—
1+e
_ / 2e
1+e
Paragraph - 14
Consider the conic defined by, X + Y5 =(3x + 4y +10)°.
39. If (@, ) is the centre of the'eonic then 4o +3f =
A)-8 B)=10 C)-6 D)9
Key. B
40. If (p,Q) is a vertex.of the conic then 2p—Q =
A) -1 B) 1 C)-3 D)2
Key. A
41. The'numberof points through which a pair of real perpendicular tangents can be drawn to the
conic is
A)infinite B) 1 c)o D) 4
Key.  C
Sol. (39-41)
3x+4y+10
The given equation can be expressed as /x> +Y* = 5%

Hence it is Hyperbola with eccentricity 5.
Focus is (0, 0)
Directrix is 3X+4y+10=0

And hence the axis is 4X—3y =0

14
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Paragraph - 15

42.

Key.

43,

Key.

44,

Key.

Sol.

2 2

X

The points P,Q,R are taken on the ellipse —2+§ =1with eccentricities 0, 0+a, 0+ 2a then
a

Area of the triangle PQR is independent of

A) 6 B) o C)6 & a both D) none
A

If the area of triangle PQR is maximum, then

A)a:% B)oc:% C)oczz% D) none
C

If A, be the area of triangle PQR and A, be the area of the triangle formed by‘corresponding

. - . A .
points on the auxiliary circle then — is
2

A)1l B) % Q) % D) none
C
42,43 & 44
acoso bsin®

A, =A=% acos(6+a) bsin(6+a) 1=ab(l-cosa)sina
acos(0+2a) bsin(6+20a)
i _2n/ .
AlsSmax =o = A
1 acoso. bsina 1 acoSa bsina
_ . B p . A _b
A, = acosp bs!nB = Af5[acosp bs!nB - %\2 =b/
acosy bsiny acosy bsiny

Paragraph - 16

45.

46.

47.

Sol.

2 2
X
Considerithe ellipse ¥+§ =1 with centre “O” where a >b>0. Tangent at any point P on

the ellipse . meets the co-ordinate axis at X and Y and N is the root of the perpendicular from
theloriginon the tangent at P. Minimum length of XY is 24 and maximum length of PN is 8.

The.eccentricity of the ellipse is

NG

a) 2/5 b) 3/5 c) 7 d) %

maximum area of an isosceles triangle inscribed in the ellipse of one of its vertex coincides
with one end of the major axis of the ellipse is

a) 19643 b) 96+/3 c) 96 d) 396
Maximum area of the triangle OPN is
a) 96 b) 9643 c) 19643 d) 48

45.(c) a+b=24, a-b=8

15
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33

46. (b) —3ab
4

a?—b?
4

47.(d)

Paragraph - 17
To find out the lengths and positions of the axes of the conic whose equation is

ax2+2hxy+by2 =1--(1), where the axes of co-ordinates being rectangular,“consider a
X4y’
r2

—1-.

circle of radius ‘r’ with its’ centre at the centre of the conic, whose equation is

(2). Subtracting (2) from (1), we obtain (a_r_lzsz +2hxy+(b—r—12j y2 =0. ---(3), which

represents a pair of straight lines through origin and the ‘intersection of (1) and (2). Theses

straight lines will be coincident when and only when they lie along the axes of the conic, the

1 1
condition for which is (a——zj(b——zjzhz -%(4). K.r,” and I be the root and both be
r r

+ve, then the conic is an ellipse with 2r;«and'2r, as the length of its axes.

Given a conic 5X* —6Xy +5Y* + 22X =26y + 29 =0, the axes being rectangular. Now answer
the following questions.
48. Length of major axis is
a)4 b)6 ¢)3 d),2
49. Lengths of miner axis is
a)3 b) 4 c)2 d)1

50. Equationofumajor and minor axes respectively are

a)2X+y—-1=0,x-2y+3=0 b) 2X—y+3=0,x+2y+4=0
¢) X—y+5=0,x+y+3=0 d) Xx—y+3=0,x+y-1=0
Sol. 48-50. (A) (C) (D) The centre is given by
5x—3y+11=0,
-3x+5y-13=0,

from which we find x=-1,y = 2.
On transeferring the origin to this point we find that the equation of the conic becomes

5x* —6xy +5y*-8=0,

16
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5, (3 5,

thatis = X" —2| — +— :1,
at Is 8 (8jxy 8y
sothata=§,h:_§,b:§
8 8 8

the lengths of the semi-axes are then given by

5-1)3-2)-2
8 r’\8 r?) 64
~rP=4orL

these re of course the equations of the axes of the ellipse referred to the new axes of
coordinates. The equation of the major axis referred to the original axes will be

(x+1)—(y—2)=0, thatis X—Y+3=0, and of the minor axis.
(x+1)+(y—2)=0, Thatis

X+Y—1=0, and of the minor axis.

Paragraph - 18

51.

52.

53.

Sol.

A conic “c” satisfies the differential equation, (l+ yz)dx— xydy =0and passes through the

2
point (1,0) An ellipse “E” which is confocal with ”¢” having its eccentricity equal to \/;

Length of the latus rectum of the conic “C*is

a)l b)2 c)3 d)4

Equation of the ellipse “E” is

a)X—2+y—2:1 b) X—2+y—2:1 C)x_2+y_2:1 d)X—2+y—2:1
9 4 4 9 1 3 3 1

Locus of the point of.intersection of the perpendicular tangents to the ellipse E is

X +y’ =4 b)X* +Yy° =8 ox*+y*=10 d) x> +y* =12

51—53.(B) (D)A)
(1+ yz)dx = xydy

2logx=log(1+y*)+1

X=1Ly=0=c=0
egn”of 'c'is x* +y?
e=+/2

51. 2a=2

52. b* =a? (1—e2):1

17
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X2 2
ellipse —+—=1
3 1
53. X +y* =4

Paragraph - 19
X2 yz
Consider the ellipse ?4—? =1 with centre “O” where a >b>0. Tangent at any point P on
the ellipse meets the co-ordinate axis at X and Y and N is the root of the perpendicular from
the origin on the tangent at P. Minimum length of XY is 24 and maximum length of PN is 8.

54, The eccentricity of the ellipse is

a) 2/5 b) 3/5 c) ? d) %
55. maximum area of an isosceles triangle inscribed in the ellipse of one,ofiits vertex coincides
with one end of the major axis of the ellipse is
a) 19643 b) 96v/3 c) 96 d) 3/96
56. Maximum area of the triangle OPN is
a) 96 b) 9643 )d964/3 d) 48

Sol. 54.(C)a+b=24,a-b=8

33

3
55.(B) ——ab
(B) 4a

a’—b?

Paragraph - 20

An ellipse whose major axis is-parallel to x —axis such that the segments of the focal chords are 1 and
3 units. The lines ax+by+c:0 are the chords of the ellipse such that @, b,C arein A.P. and
bisected by the point'atwhieh they intersect. The equation of its auxiliary circle is

X2+ Y2+ 20 X8 2By<200—1=0 then

57. Thecentrewof the ellipse is

INNEND B) (L2) 0 (1L-2) p)(-21)
Key™C
Sol. Conceptual

58. Equation of the auxiliary circle is
A) X2 +y?—2x+4y+1=0B) x> +y?+2x+2y-3=0
C) X2+ Y2 +2x+4y+1=0D) x*+y?—4x+2y—-3=0

Key. A
Sol.  Conceptual

18
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59. Length of major and minor axis are

A) 4,243 B) 4,4/3 Q) 2,43 D) 3,243

Key. A
Sol.  Conceptual

Paragraph - 21
A, B, C, D are consecutive vertices of a rectangle whose area is 2006. An ellipse with area
20067 passes through A and C and has foci at B and D.

60. The perimeter of the rectangle is

A) 842006 B) 811003 C) 651003 D) 64/2006

61. The eccentricity of the ellipse is

A f2006 8) f3009 g 3 D) 2006
4009 4012 11 2009

62. The radius of director circle of the ellipse is
A) V5015 B) /4014 C)-+/3003 D) +/2009
Key: B-B-A

Hint: Question nos: 60 — 62

Let 2a, 2b respectively be the lengths of major axis and minor axis of the ellipse. Let the
dimensions of the rectangle be x, y thenmby hypothesis ab = 2006 = xy and

X2 +y? =4(a’ -b?).
Paragraph - 22
An ellipse whose distance between foeii S & S* is 4 units is inscribed in the A ABC, touching the

sides AB, AC and BC at P, Q and'R. If ecentre of ellipse is at origin ‘O’ and major axis along x-axis and
SP+S'P =6 then

63. If L\BACGS90° then locus of vertex A is

A Ko Y8 =12 B. X’ +Yy*=16 C. X*+y*=14 D. X*+y*=25
Key. @ C
Sol. 23=6, 2ae=4

2
Le==
3

2 y2

Ellipse equation is — +—=1
pse eq 9 5

/BAC =90° = A lies on director circle X* +Yy* =14

19
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ZPOQ =90° = Let A(h, k)

Equation of PQis S; =0

Q.FQ:]_

9 5
Homoginising

2 2 2
X_+y_:(mﬁj
9 5 9 5

coefficient of x* +coefficient of y*>=1

25h* +81k* =630

AB=BC,/B=90° = Z/A=45

tan45° = 2ah,JS,,
Tryi-al b

(¢ +y2 —a? —b?)? = (2abyb’x’ +ay? ~a’h’)?
(x* +y* —14)* = 20x* + 36y> —180
64. |f ZPOQ =90° then locus.of Vertex A is

A. 25x° +81y? £330.B.'81x* + 25y* =630 C. 25x” +81y* =630 D. 25x* +81y’ = 230

Key. C
Sol. 2a=6,2ae=4

2
ce=3
3

2 y2
Ellipse’equation is — +-—=1
9 5

Z/BAC =90° = A lies on director circle X*+Yy* =14
/POQ=90° = Let A(h, k)

Equation of PQis S, =0

20
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coefficient of x* +coefficient of y*=1
25h* +81k* =630

AB=BC,/B=90° = Z/A=45

tan45° = 2ah,JS,,
Tryi-al

(%% + y2 —a® —b?)? = (2ab\/b*x? +ay? —a’h?)’

(x* +y? —14)* = 20x* + 36y —180

65. If AB=BCand /B =90"then locus of vertex Avs

A. (X2 +y?—14)* = 20x* +36y° %180 B. (X* +y?+14)* = 20x* +36Yy* -180
c. (X* +y?—14) = 20x* -36y"<180 D. (X* +y? —14)* = 20x* —36Yy* —180

Key. A
Sol. 2a=6, 2ae=4

2
Le==
3

X2 2
Ellipse equation,.js — +y— =1
9 5

Z/BAC=90° = A lies on director circle X*+Yy* =14
ZP0OQ =90° = Let A(h, k)

Equation of PQis S, =0

Q.FQ =1
9 5
Homoginising

21



Mathematics Ellipse

2 2 2
X_+y_:(ﬁ+ﬁj
9 5 9 5

coefficient of x* +coefficient of y*>=1
25h* +-81k* =630

AB=BC,/B=90° = Z/A=45

tan45° = 2ab,[S,,
Toy-a b

(%% +y2 —a? —b%)? = (2ab\/b*x? +ay? —a’h?)’
(x* +y* —14)* = 20x* + 36y —180

Paragraph - 23
X2 y2
C: X% + y2 =r?and C,: E-l_? = lintersect'at four.distinct points A, B, C, D and D. Their

common tangents form a parallelogram AB'CD .

66. If ABCD is a square then r is equal to
12 12 12
a) —+/2 b) — ) —F— d) None of these
@) 2 V2 (b) 05 (d)
Key. A
67. If A'B'C'D'is a squafe then.ais equal to
(a) \/% (b) \/E (c) \/E (d) None of these
Key. D
68. If A'BICID' is;asquare, then the ratio of area of the circle C; to the area of the circumcircle
of AABC is
(a) % (b) % (c) % (d) None of these
Key... C
X2 yz
Sol=66. X +y>=r?, —+21-=1
16 9
2,2 2
16 9
or’ —9y* +16y* =144
y2 _ 144 —9r?
7
2 p—
x2=r2oy? = 100 144

7
If ABCD is square x* = y2
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16r’ —144 144-9r°
7 7
25r* =288

5
2 2

67. Y =MXx++/16m*+9 is equation to ;.(_6+y321

2

y =MX +r1+m? is equation to X> +y* =T
r(1+m?) =25

2r’=25
25 5
r’==—" r=+—
2 V2

68. A'B'C'D'is square then common tangent is Y =+X+5
Yy=X+5Yy=X-5Yy=—X+5y=—X-5
y=X+5
y=-X+5=y=5
A'(0,5) C*(0,-5)
AC' =10
Radius of circum circle of AA'B'C =5
251

Area of circle C, = >

1
Ratio = —
2

Paragraph - 24

Let the equation ax”42hxy+by? =1 represent an ellipse, then h® —ab < 0. If the equation of

X2

2
ellipse can be»changed to 2+%=1, by putting X=X cos#-Ysingd and

]

y = Xsing+Y cos o then,
A\
69. . —5t;; must be equal to

L (B) 1+1 (C) a+b

1
A) — 4+ —
()a2+b2 a b

Key. 3

1
70. —— equals
a2 2 q

(A) h* —ab B) vh>—ab (C) h?+ab
Key. 4

71.  If eis eccentricity, then e’ =

(D) a-b

(D) ab—h?
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a—b)’ +4h’ 2./(a—b)’ +4h?
i AT o A
at a+b+,/(a—b)" +4h?
bV +4h? 2./(a=b)’ +4h?
© (a—b)" +4h ©) (a—b)"+
a+b+,/(a—b)’ +4h? a+b
Key. 2

XZ y2
Sol.  69-71: Equation can be changed to — +-= =1

ﬁZ
X=Xcosf#-Ysing y=Xsind+Y cosd
We get a(X cos@—Ysind)’ +2h(X cos@—Y sind)(X sin@+Y cosd)+b(Xsin+Y cos@)’

Coeff. X2 =acos’ 6+ 2hsin@cosd+bsin? o

= a[%}+2hsin 90039+b[1_02080}

:%[(a+b)+(a—b)cosza+ 2hsin 249]

Similarly we get coeff. of y? :%[(a+b)—(a—b)0052¢9—2hsin 20 ]
Xy =—2asin #cos &+ 2h[cos 26] +2bsin&cos &
=(b—a)sin26+2hcos @

= or  —2hces20=(b—a)sin26

iz+%:%[(a+b)+(a—b)cosze+2hsin 20+(a+b)—(a—b)cos26 - 2hsin 20]
o

=a+b

1 1 .
Also -~ = Z[(a+b)2 ~{(a=b)cos 26+ 2hsin 20}2}

gl(am)z _{thosz 20+ 2hsin zaﬂ
4

sin 26
:%[(a+ )2 —4h? cosec® 20]

a—h)’ +4h?
Also tan 20:2—h we get coseczzez%
a-b 4h

:%[(a+b)2—(a—b)2—4h2]
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=ab-h’
2 2
Also eccentricity X—2 +y—2 =1
a B
2 p2
ez_a Zﬁ
a
b 1
2, g2 ath 2p2 _ L
R
2
. _2fa-by+an’
a+b+ab-h’
Paragraph - 25
Consider a conic of the form ax’ + 2hxy +by? :1————(1) and acirele
N
F‘i‘r—zzl ————— (2)
: 1.2 1),
(1) —(2) gives a_F X+ 2hxy b—F Yo L0 (3)

(3) represents a pair of lines passing through,the origin and the intersection of the circle and

the conic. If these lines coincide they are with'either major axis or minor axis.

1 1
(3) represent coincident lines(if (a__z)(b__zj =h? . This is a quadratic equation
r r

interms of I’ whose rogts be I’l2 and I’z2 :f I’l2 and I’22 are both positive then the conic is

an ellipse and lefigths ofiits axes are 2r; and 2r, . If I’l2 is positive and I’22 is negative then

the conicis a hyperbola and lengths of its axes are 21 and 2 —r22 .

Giveh.conic s, 5X° —6Xy +5Yy° + 22X — 26y + 29 =0 . The axes being rectangular . Now

answer the following questions.
72 Given conic is
a) parabola b) Ellipse
c¢) Hyperbola whose axes are coordinate axis

d) Hyperbola whose axis are not the coordinate axes.

Key. B
73. .Lenghts of major and minor axes are
a) g4 b) 16,4 c)4,2 d) 16,8
Key. C
74. Equations of the major and minor axes are respectively
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a) 2Xx+y-1=0, x-2y+3=0 b) 2X—y+3=1=0, Xx+2y+4=0
c) X—=y+5=0, x+y+3=0 d) Xx—y+3=0, x+y-1=0
Key. D

Sol. (72-74)
Let S =5X* —6Xy +5y* +22x—26y+29=0
Removing 1°t degree terms by shifting the origin to (-1, 2) the equation S=0is

5,6 5,
20 Dy +2y2 =1
g 89 "gY
a=>,  2m="0 p=>
8 8 8

(ii)(?_ij_i
8 r’)\8 r?) 64

= r?=4 or 1 both are +qge

Given conic is an ellipse.
Length of major axis =4,
Length of minor axis =2

5 1 3 )
Equati f maj isis | ——— [ X—=y=01isXx=y=0
quation of major axis is (8 4) 8y y

Equation of minor axis is (g—ljx—g y=01sx+y=0

The equations in original system are x =y +1'=0 and x +y -1=0

Paragraph - 26

2 2

If P(Hl) and D(@Z) be the end pointof two semi-conjugate diameters of an ellipse X—2+§ =1
a
whose centre is C, then@nswer the following questions
75. 6 -6, =
a) 45° b) 90° c) 135° d) None
Key. B
76. @ CR°4CD’ =
a’+b’ 2, w2 b* +a* a' +b°
a) b) (a“+b c)
4 ( ) b? +a? 2(b2+a2)
Key. C
77. Locus of midpoint of PD is
XZ yZ 1 X2 y2 X2 y2 1
a) ¥+F:§ b) ¥+F:2 C)¥+F:Z d)None
Key. A
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Sol.75. mym, =
T
cos(6,—6,)=0=6,-6, =3

76. Letpbeﬁ&Dbe%JrG

Cp®+CD? =a*+b?
77.  2h=a(cosfd—sino)
2k —b(sin@+cos6)

4a® 4k? 1
—2+—2:2>—
a b 2

Paragraph - 27
2

X
Consider an ellipse Z+y2 =, (O is parameters>"0)\and a parabola y2 =8X If a

common tangent to the ellipse and the parabola:meets the coordinate axes at A and B
respectively, then

78. Locus of mid point of AB is

X
a) Y2 =-2X b) Y2 E—X gy =—2= d — =1

4

N

Key. B

y
2
21
79. If the eccentric angle ‘ef a,peint on the ellipse where the common tangent meets it is ?
,then Qlis equal to
a) 4 b) 5 c) 26 d) 36
Key. D
80. If twolofythe, three normals drawn from the point (h, 0) on the ellipse to the parabola

y2 =8Xare perpendicular, then

a)\hn=2 b) h=3 c) h=4 d) h=6
Key. D
Sol. 78-80. Equation of tangent to y2 =8Xis yt —X — 2t =0 —> (l)

Equation of tangent to ellipse is

X C0s0 ysm@ (2)

o Ao
Jo _ o o

i = ——2t—> 3
comparing cos0 'sin® ( )

If the tangent meets the coordinate axes at A and B then
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2o o) of o 2

Ais ) -
cosO sSin0

Let mid point of AB is (h,k)

pe Yo Yo

T cos®’ 2sin@
h=-t*;K=t=K*-hory*=—x
From (3)

6

— J— 1 2
-Otz _ 4\/53\/62 4sin®6 _
sin“® coso cosO

Any normal is Y = MX —4m — 2m’

i.e., 2m3+(4—h)m=0 i.e., h=6

Paragraph - 28
Consider an ellipse as shown in the adjacent figure, such that OS = 6 units and the in-radius
of the triangle OCS is 1 unit, Now answer,

D
81. The equation of the director circle of the director circle of the ellipse, is
97
a) x2+y2:7 b) X*+Yy? =97
97

o X25y2 =97 d) X +y*= >
Key. C
82. The semi-perimeter of the triangle OCS is

a)\10 b) 5 c) 7.5 d) 12.5 unit
Key==C
83. The area of the ellipse is

65n 647
a) — b) —— c) 64n d) 651
4 9)

Key. A

Sol. Q.81,82,83
Given,0S=ae=6
LetOB=a,0C=b
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In radius of AOCS, r = OS+0C-CS

:>l:6+—b_a:>a_b:4 .
As we know

b? =a% —a%?

2
=(a—4) =a’-36
—=a=13/2=b=5/2
. . . . . 2 2 2 2
Hence, director circle of the given ellipse .. X" + Y~ =a" + b
. . . . 2 2 2 2
= the required directorcircleis : X" +Y =2(a +Db )

= x> +y* =97

> %+ 3 +6
also, semi-perimeter of AOCS = OC+ (;S +05 L2 ; = %

65
and, area of the ellipse = nab=mn I

Paragraph - 29
Consider the circles X* +¥° =a% and Xx* +y*> =b® where b>a>0. Let A(—a,0);B(a,0).
A parabola passes through the points A, B and its directrix is a tangent to X% + y2 =Db? . If the
locus of focus of the parabola is a conic then

84. The eccentricity,ofithe"conic is

A) 2alb B) b/a C) a/b D)1
Key. C
85. The'foci of the conic are

A)(£24,0) B) (0,%a) ) (+a,2a) D) (#a,0)
Key. D

86."“"Area of triangle formed by a latusrectum and the lines joining the end points of the
latusrectum and the centre of the conic is

A) %(bz—az) B) 2ab C) ab/2 D) 4ab/3

Key. A
Sol. 84 -86:

X’ +y*=a% x*+y*=b* b>a>0, A=(-a,0); B=(a,0)
Let (h,k) be a point on the locus. Any tangent to circle X* +Yy* =hb? is XCos@+ysind=b

.. Equation of parabola is \/(X—h)2 +(y—K)? =|xcos@+ysin—b|
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i.e., (Xx—h)?+(y—K)?=(xcos@+ysind—hb)*
The points (a,0) satisfy this equation
~.(a=h)*+K? =(acosfd—b)* (1)
(a+h)*+K?=(acos@+b)* —(2)
(2)=(1)=h=Dbcosé

2
. Required locus is (a+ X)* + y? :(%Hg]

2 y2
ie., F-'- Va2 =1 which is an ellipse.

Paragraph - 30

87.

Key.

88.

Key.

89.

Key.

Sol.

88.

89.

2 2
X

If P is any point on the ellipse — + % =1. S andS,are faci'of the ellipse
a

Locus of incentre of triangle PS; S, will be

a) astraight line b) acircle
C) aparabola d) an ellipse
D

1 o
If e= EandlESls2 =a,[PS,S, =B,|SRS, =7, then cotE,cot%and cotg are in

a) AP b)\G.P
c) HP d). None
A

Maximum area of the'trianglé’ PSS, is equal to

a) b%e sq.units b) a’e sq.units
c) ab sg.units d) abe sqg.units
D
o \PS, _PS _PS,+PS _2a 1
") S,G GS, S,G+GS, 2ae e
So Pl 1IG=1:e
tanEtanP -17¢ _1
2 2 1l+e 3

Base 8182 fixed and PSZ + P52 is fixed, Hence area will be maximum if PSl = P82

Paragraph - 31

An ellipse E has its centre C (1,3), focus at S (6, 3) and passes through the point P (4, 7). Then
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90. The product of the perpendicular distances of foci from tangent at P to the ellipse, is

a) 20 b) 45 c) 40 d) 60
Key. A
91. The point of intersection of the lines joining each focus to the foot of the perpendicular from

the other focus upon the tangent at P, is

(39 (5]
(59 (39

Key. D
92. If the normal at a variable point on the ellipse (E) meets its axes in Q and R, then the locus of
the midpoint of QR is a conic with eccentricity =

a) 3/410 b) \/5/3
<) 3//5 d) +10/3

Key. B
Sol. 90-92. CS=ae=5
S'= (—4,5)

PS+PS'=2a=6+/5

N3

—e=—
3

Product = b2

Paragraph - 32

A rod AB of 20 units Jength with'its ends ‘A’ on x-axis and B on the y-axis is sliding between
the axes. P is a marked point on AB such that AP = 8 Answer the questions 18, 19, 20
93. The locus of P is:

2 2 2 2 2 2 2 2
(@) X +¥ 1 b) X+ 1 () X4Y 1 d X +Y
144 64 64 144 25 96 169 144
Key. A
94, The eccentricity of the conic is :
4 9 2 5
Q b) = = d
O (b) © (d) 5
Key. D
95. The locus of the point of inter section of perpendicular tangents is :
(a) x*+y*=200 (b) x*+y*=208 (c) x*+y*=313 (d) x*+y*=41
Key. B
Sol. P =(xy,Y;)=x,=12cos6,
y, =8sin®
2 2
XN
144 64
2 2
Locus is —+y—:1
144 64
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Paragraph - 33

In an ellipse (x—1)" +(y—2)’ :(

96.

Key.

97.

Key.

98.

Key.

Sol.

97.

98.

BX+4y — 20)2
7
The eccentricity is

)
(A) 7 (B)

D
Equation of major axis is

~N| B

.
(©) T

(A) 4x-5y+8=0 (B) 3x+4y—6=0 (C)"4x=5y+6=0

5x+4y-10=0
C
Length of latus rectum is
(A) 1 (B) 2 € 3
B
6. = e @
49 7

Major axis is perpendicular to directrix and passing through focus (1, 2),

4(x-1)-5(y=2)=0,=4x-5y+6=0.
2
The distance from focus to directrix = E

| +8< 20| jb_zzixezl
a8 Al | 4L a <41
2
LLR. = £:2.1:2
a

Paragraph - 34
In an ellipse 25(3x—4y+7)” +16(4x+3y—6)" =10000.

99.

Key.

100.

Key.

The length of major axis is

(A) 50 (B) 8 (C) 16
D

The length of minor axis is

(A) 5 (B) 8 (C) 40
B

(D) @

(D)

(D) 4

(D) 10

(D) 50

i.e.,
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101.  Equation of minor axis of ellipse
(A) x+7y-13=0 (B) 7x—-y+1=0 (C) 3x—4y+7=0 (D)
4x+3y—-6=0

Key. D

Sol. 99. Length of major axis=2b=2x5=10

100. Length of minimum axis=2a=2x4=8.

101. Equation of minor axis = 4x + 3y — 6 = 0.
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Ellipse

Integer Answer Type
X2 y2
1. Any ordinate MP of the ellipse — +—2 =1 meets the auxiliary circle of Q; then locus of
ac b
the point of intersection of normals of P and Q to the respective curves is a circle of radius

Key. 8

Sol.  The locus is X2 + y2 =64

. . . . 2 2 2.
2. The distance between the directrices of the ellipse (4x —8)" +16y =(x+\/§y+10) is K

then E is
2
Key. 8
2
2 x+\/§ +10
Sol. (x—2)2+y2=(%j ( Z )

(h,k)=(z,0),e=%

Perpendicular distance from (2, O) to x+\/§y+10=0 is %—ae
2a-2-6=a=4
2

. . : 2a
Distance betweendiréctrics= — =16=K

€
4x*  4y° 17
3. A circle eoncentric to an ellipse ﬁ+k_{ =1(x < Ej passes through foci FandF, cuts
thetellipseat ‘P’ such that area of triangle P F, F, is 30 sq.units. If FF, =13K where K e Z
then'K =
Key. 1

Sol.  ISince K &F, are the ends of the diameter

Area of APFF, :%(FlP)(FZP) Z%X(].?—X):?»O —x=50r12 = FF, =13

4. If F, F, are the feeet of the perpndiculars from foci S,,S, of the ellipse

16x* +25y* =400 on the tangent at any point P on the ellipse then minimum value of
S;F +S,F, is
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Key. 8

Sol. The minimum perpendiculars from two foci upon any tangent is b?

S,F.S,F, =16

AM >GM :SlFLZSZFzzﬂ/lelxsZFZ —S,F+S,F,>8

5. The equation of an ellipse is given by 5x° +5y* —6xy —8=0. If I;, T, are distances ofpoints
on the ellipse which are at maximum & minimum distance from origin then I +¥,'=
Key. 3

Sol.  Any point on ellipse at a distance r from origin is (r cos &, r sin &)

2

>rr=———
5-3sin20

is maximum if 5—3sin 28 is minimum =r? =4
r’m inif (5—3sin 26) is maximum =8 =r* =1
n+r,=2+1=3

X —4)? -3)?
6. The equation of the curve on reflection of the ellipse ( 16 ) + (y=3) =1 about the line x-

y=2=0is 16X° +9y* +ax—36Yy €B'=0 then the value of a+b—-125=

Key. 7
Sol. Let P(4, 0) & Q(0, 3) areftwo"points on given ellipse E;

P, and Q, are images of*P,Qwir.tox —y—-2=0

~B(2,2) Q(5-2)ieson E,

-.a=-160, b=292
2 2
7. Number of points on the ellipse %+32/—0 =1 from which pair of perpendicular tangents are
2 y2
drawn to the ellipse —+-=—=1is
16 9
Key. 4

2 2

Sol.  Director circle of == +2— =1 is x? +y*=25
16 9

2 2
The director circle will cut the ellipse — +y— =1at 4 points.
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8.

Key.

Sol.

Key.

Sol.

10.

Key.

Sol.

11.

Key.

2 2
If L be the length of common tangent to the ellipse %+y7 =1and the circle X’ +y* =16

intercepted by the coordinate axis then % is
7
The equation of the tangent at (5008 6,2sin 9) is %cose + %Sin 0=1

1

If it is a tangent to the circle then =4
\/cosz 0, sin’ @
25 4
= C0S0=—= 10 ,SinB=—— 3
NG 247

Let A and B be the points where the tangent meets ‘the coordinate axis then

A(i’ oj’ B(O i]
cos0 sin

25 4 14
cos?® sin’0 43

An ellipse is sliding along the coordinate“axes. If the foci of the ellipse are (1, 1) and (3,3)
then the area of the director circlg’of the'ellipse is K7z. ThenK=__
7

Since axes are tangents; b2 =3 and ae= \/5 = a2 - b2 =2 .. a2 =5
Tangents are drawn from,péints on the line X —y+2=0 to the ellipse X*+2y* =2, then

all the chordsaf eontact pass through the point whose distance from (2, %j is
3

Considér any point (t;,t+2), teR ontheline x—y+2=0

The.chord of contact of ellipse with respect to this point is X(t)+2y(t+2)—-2=0
= (4y-2)+t(x+2y)=0, yzé,x:—l

Hence, the point is (—1, %) Where distance from (2, %) is 3.

If P and Q are the ends of a pair of conjugate diameters and C is the centre of the ellipse
4x* +9y* =36 then the area of ACPQin square units.
3




Mathematics Ellipse

x>y : T (m
Sol. E+Z=1,so P =(3cos6, 2sin6) and Q =| 3cos E+9 , 2sin E+e
. 0 0
Areaof ACPQ = ==|3c0os6 2sin® 1=3.
—3sin6 2cos6

12.  The maximum distance from the origin to any normal chord drawn to the ellipse

2 2
X .
_+y_:]_1s

25
Key. 3
& 20
Sol. The other end of the normal drawn at P(t) in Qé— t- ?i
g

If A is the vertex, slope of AP slope AQ =-1

L2
p 2.C )..=- 1P t2+ 2= 4P\ t?< 2
t&, 20

i
to
13.  The area of the quadrilateral formed by the tangents-at the end point of latus rectum to

2 2
X
the ellipse ry + yg =1is 3K. Then K is equal\to

Key. 9
Sol. e=2/3

Equation of tangent at L i$ 2—; +% =1 it meets x-axis at A(% , O) & y axis at B(0, 3).

. area = 4|:£.9.3j|=27
22

2,2
14. If a tangent\ of ‘Slope 2 of the ellipse =z + bz =1 is normal to the circle
X%+ y2 +$4X%1=0, then the maximum value of ab is

Key. 4
Sol %A tangent of slope 2 is ¥ =2x++/4a’ +b* —(1)

This is normal to the circle X* +Yy* +4x+1=0
i.e., (1) passes through (—2,0)4a* +b* =16

2 2
Using AM > GM = 22 ;b > J4a?b? ab<4
2 2

X
15.  If a line through P(a, 2) meets the ellipse ry + y? = 1 at A and D and meets the axes at

B and C, so that PA, PB, PC, PD are in G.P., then the minimum value of |a Js....

Key. 6
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Sol. X—_a:y_—_zzr (a+rcos€,2+rsin6?) lies on ellipse for A and D.
cos@ sind
a+rcosd) (2+rsing)
( ) +( ) =1=rnr, =PAPD

9 4
PA, PB, PC, PD are in G.P PA.PD =PB.PC. etc.....

16. The number of values of ¢ such that the straight line y =4X+Ctouches the curve

X? [ 4+y? =lisKthenK = ccoooreveeee

Key. 2
Xy
Sol.  If y=mMmX+Cistangentto ¥+F=1then
C* =a’m’ +b?
2y
y=4x+c¢, —+-—=1
4 1
C =+65

17. Tangent is drawn to ellipse X* /27 +y* =1at (3\/§COS 6,sin 6’) (where @ € (0, zl 2) ). Then

the value of @ such that sum of intercepts on coordinate axes made by this tangent is least is

1thenK=
K
Key. 6
X2 y2 \/_
Sol. —+2-=1 P(3vV3cosf;siné
o 7' ( )
3J§cos€+5|n9y=1
27 1
A 3\/§cos¢9’0 ,B:KO, _1 J
27 sin@

f (Q)=3V3secH+cosecd
f1(0)=3x/§32|n¢9_c{0329 o
cos“d sin“ @

3
1 1
Stan*f=——=| —
33 (ﬁ]

==
6

18. The maximum distance from the origin to any normal chord drawn to the ellipse
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& 20
Sol. The other end of the normal drawn at P(t) in Qé— t- TE
g

If A is the vertex, slope of AP slope AQ = -1

-2
b 3( )=-1p t?+2=4p t’=2

te 20
i o
to
19. The area of the quadrilateral formed by the tangents at the end point of latus rectum to

2 2
X
the ellipse r + yg =1is 3K. Then K is equal to

Key. 9
Sol. e=2/3

Equation of tangent at L is 2—9X +% =1 it meets x-axis at A(% , Oj & y axis at B(0, 3).

. area = 4‘:£.9.3}:27
22

2 o\
20. If a tangent of slope 2 of the ellipse = + s =1"is normal to the circle
X* +y? +4x+1=0, then the maximum value of ab is

Key. 4

Sol. A tangent of slope 2 is Y = 2X £+/4a” +b” (1)
This is normal to the circle X*= y?=#4x+1=0
i.e., (1) passes through (<2,0)4a*+b’ =16

2 2
Using'AM > GM = % >\/4a2b? ab<4

22
X
21.  If a line through P(a,2) meets the ellipse ry + yI = 1 at A and D and meets the axes at

B and C, so thatPA, PB, PC, PD are in G.P., then the minimum value of |a

Key. 6
Sol. D y_—2 =r (a +rcosd,2+rsin 9) lies on ellipse for A and D.
ces@t sind

(a+rcosd)’ . (2+rsing)’

9 4
PA, PB, PC, PD are in G.P PA.PD =PB.PC. etc.....

Js....

—1=r1r, =PAPD

22. Let E: and E; be two ellipses. The area of the ellipse E, is one-third the area of the
quadrilateral formed by the tangents at the ends of the latus rectum of the ellipse E; (Es; 5x% +
9y? = 45). The eccentricities of E1, E; and Es are equal. E; is inscribed in Ez in such a way
that both E; and E; touch each other at one end of their common major-axis. If the length of
the major axis of E; is equal to the length of the minor axis of E; then find the area of the
ellipse E; outside the ellipse E..
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Key. 4
Sol. 5x%+9y?=45

a=3,b=45 e :% , one end of latus rectum in first quadrant (2%)

LY
AE"

:% )
0. b)

1
N
(. Oj%fb. 0)
a0 a, 0)
. o9 -

Equation of tangent 2x + 3y =9

ey
N
p=

\

It meets axes at (%0) and (0, 3)

Area of the quadrilateral

=4 .3=27

N~
N | ©

Let the equation of the ellipses E; and E; be

2 2 XZ XZ

X—2+§:1 and FJFC_Z:l
Figure (1) and figure (1) give the same«areadwhieh is required.
Area of E; = mab and Area of E; = xtbc

Required Area = rtb (a—¢)

Now, b? = a? (1 —e?) and ¢ ='a? (1 ~ e?)?
=c=a(l-¢e*) = a-c~ae’

Required Area = nabe?

= 9xil =4 Q. unit
9
(because srab = %x Area of quadratilateral)

2 2
X

23. PPz 6 .  Pi o P, are the points on the ellipse E+y3=1 and Q, Q2, ...Q;, . . ..

Qmare the corresponding points on the auxiliary circle of the ellipse. If the line joining C to Qi

n
meets the normal at P; w.r.t. the given ellipse at K and Z(CKi) = 175, then find the value
i=1

of n/5.

Key. 5

Sol.  Locus of intersection of normal at Pi and Qi is n? + y? = (4 + 3)?
CKi =7

5 D 7=175 = 7n=175 = n=25

i=1

24. Coordinates of the vertices B & C are (2,0) and (8,0) respectively. The vertex 'A' is




Mathematics Ellipse

B, C
varying in such a way that 4tanEtanE =1. If the locus of 'A’" is an ellipse then the length of

its semi major axis is

Key. 5
4tan§tan—:1
Sol. 2
- ’[s—c}{s—a}[s—a][s—b] 1
‘V s{s—b}s[s—c] 4
5T 1l 2me 0 2x6=10
s 4 a
[ a=BC=6
" Locus of is
= R
[x—5) 7y
25 14

25. A parabola is drawn through two given points A(l, 0) and B(—l, 0) such that its directrix

always touches the circle X2 + y2 =4. If thesmaximum possible length of semi latus—rectum is

'k' then [k] is (where [.] denotes greatestinteger.function)

Key. 3

2, .24 '
Sol. Any point on circle x+yied is (EEOS o 2sin 05)

.- Equation of directfix is X[COS Cﬂ} +;u‘{sin Cﬂ} —2=0

{ x21) A(1,0), B{-1,0)

Let focus be “Then as
[z — 1]2 +y12 (oot - 2}2

[z +1]2 +y12 ={cos i+ 2}2

lie on parabola we must have

= ox=2oosd, ¥y =230

_ ¥
.. Lepgth of semi latus—rectum of parabola ~ = distance from focus to directrix

|23 |sin” o
Hence, maximum possible length = 2"‘"-4@

2 2
X
26. Let P, Q be two points on the ellipse £+?L/_6 =1 whose eccentric angles differ by a right

angle. Tangents are drawn at P and Q to meet at R. If the chord PQ divides the joint of C
and R in the ratio m : n (C being centre of ellipse), then find m+n(m:n is in simplified form).
Key: 2
Hint:  Let P be (5c0s6,4sin6); Q be (-5sin,4cos0)
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Equation of tangent at chos¢9+%sin6:1 ...... (i)
. X . y ..
Equation of tangent at Q—gsm 6?+Zc05¢9:1 ....... (ii)

Solving (i) and (i) = R = (5(0056‘—sin 6),4(sin6+cos 49))
“m:nisl:1

> m+n=2

Alternate :

Let P(5,0), Q(0,4)

= R(5,4)

5
Intersection of CR and PQ is (E , 2), which is mid poi8nt of CR

=m:n=1l:1=>m+n=2

27.  Atangent to the ellipse X*+4y* =4 meets the ellipse X5+ AY2=6 at P and Q. If tangents at

P and Q of ellipse X*+Ay® =6 are at right angles, then™A'=

Key. 2
2 2 2 2

Ay

Sol.  Smaller ellipse is — +-—— =1 larger is —#——=1.
4 1 6

Any tangent to smaller is gcos 6+Hysingd=1 ----------- (1)

Let it meet larger at P and Q. [iet tangent at P,Q intersect at ‘A’ (h, k)

PQ is chord of contactwrtA .. PQ = % + /%/k =1 -(2)
. in
Comparing (1)\andy(2) h=3cos@ k= 68/1 o
6+6 6° . 6
(hk)ex’ +y? =——=9cos* @+—5sin’ 6 =6+—
A A A
SA=2
28.  If the locus of middle points of portions of tangents intercepted between the axes of the ellipse
X2 y2 2 2
— +=5=1is —+— =4, then the numerical value of 4 is
a® b X
Key. 4
. X y .
Sol.  Tangentat ‘«’is —COSa+ESIna=1
a

Let A (aseca,0) B(0,bcoseca)
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(h,k) is mid point
hzlaseCa k=9cose0a
2 2

a> b

+—=
Ax*  4y?

2 2

29. If PSP is a focal chord of >2<_5+y? =1 and SP=3 then 61(S'P')-56 =

Where S,S" are foci of ellipse.

Key. 7
Sol. +SP+SP=2a=10=SP=7
L1 12 2 1 101 61
"SpOSP | (bj‘z SP* 9 7 63
a

-.61(S'PY)-56=7
X2 y2
30. Tangents are drawn to the ellipse ry +€ =1datendsof latusrectum. If the area of an

quadrilateral be A sg.units, then the value of\4/ 9=
Key. 3

Sol. One end of latusrectum (2,%)

Equation of tangent at 2,§j is % +X =1
3 9 3
/ﬁ%\\
RWP
=
Area of guadrilateral =4x(ACPQ) = 4x%x%x3 =27 =1 (Given)
:>i =3
9

2 2
31. LetP be apointon ellipse %+y7 =1 whose parametric angle is 7z /4, then abscissa

of the incentre of triangle SPS' is

Key. 1
Sol. Incentre of ASPS' is (aecose, besin ej
1+e
1
= its abscissa =ae€0s@ =97 x——=1
V2

10
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Ellipse
Matrix-Match Type
1. COLUMN-I COLUMN -1I
A) The eccentricity of the conic represented by p)7

X2 —y? —4x+4y+16=0is

XZ 2
B) The foci of the ellipse 7+ % ~1and Q0

X2 y2 1 L. 2 .
the hyperbola — —<— = — coincide ,then b is
144 81 25

C) The product of lengths of perpendiculars from any r) J2

point t of the hyperbola X* —y* =8 to its asymptotes is

2 2

X
D) The number of points out side the hyperbeéla 25 35 =1 s) 4

from where two perpendicular tangents can\be:drawn to the
hyperbola is /are
Key. A—R;/B—>P;C—>5;D—>Q
Sol. (a) h*=0,ab=-1=>h*>absand'@+bB=1-1=0 rectangular hyperbola eccentricity

3

2
(b) For ellipse a*<16"€ = \/1—% = \/

16-b’
16

Foci of ellipsey(Fag, 0) = (+4/16—b*, =0)
2 2 >
For‘hyperbola, a’= (Ej b? = (gj —=e=_ |1+ b_z — §
5 5 V a- 4

2
5, 16—b2=(%xgj _9p?=7

() X*—y*=8, a®=8,b*=8

a’h® 8x8
ductof L'=—2 =20 _
proqueto a’+b*> 16
2 2
(d) 25 —% =1. Equation of direction circle is X* +y* =a’—b* = x* +y* =-9

Which in not possible number of points =0
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Key.

Sol.

Column | Column Il

(A) | The coordinates of the point on the parabola | (p) | (2,1)
y:x2 +7X+ 2, which is nearest to the straight
liney =3x—3are

(B) | y =x + 2 is a tangent to the parabola y* =8x. The | (@) | (-2,0)

point on this line, the other tangent from which is
perpendicular to this tangent is

(C) | The point on the ellipse X*+2y?=6 whose | () , 2
distance from the line x + y = 7 is least is ' J§

(D) _ Xy ©) | (-2-8)
The foci of the ellipse 2_5+3 =lare Sand S'.

P is a point on the ellipse whose eccentric angle is
7t/ 3. The incentre of the triangle SPS' is

() | (22)

A-s;B—-q;C—p;D-r
(A) Any point on the parabola is (X, X2 +TX + 2) Its distance:from the line

y = 3x — 3 is given by

3X—(X*+7x+2)-3
P=
V9+1
| X*+4x+5
J10
X? +4X+5 )
=————(as x5%+4x+5>0forall xeR
70 ( )
dpP _ .
Y 0= X '=22.'S0, the required point is (—2,—8)

(B) 'et*(X,y,) beapointony=x+2
Therefore, y, =X, +2
Equation of the line perpendicular to the given line through (X,,Y,) is

y—(X,+2)=—(X—X,)ie,y=—Xx+2(x,+1)

Co a .
If this line is a tangent to y2 =8X,c=— gives
m

2(x,+1) :%i.e.,x1+1: —1=x,=-2
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Hence, y, =0

Therefore, the required point is (-2, 0)

2 2

(C) Given equation of ellipse % +y? =1. Slope of the tangent at any point
x>y dy
P(x.,y,)t0 — +=—=1 isgiven by 2Xx+4y—==0
(X1, Y1) 6 3 g y de
= X=2y
LY X
T dx 2y

Putting x = 2y in the equation of the ellipse we have y = 1. Evidently, the point lies in the
first quadrant
Therefore, y=1andx=2

Hence, required point is (2, 1)

(D) The coordinates of the point P are (g%} . Since e= /1—% =g , S0, the coordinates of

the foci are S(4, 0) and S'(—4,0) and SS'=8,.

Also, SP=a-ex, =5—£><§=3
5 2

And SP=a+ex, =7
Therefore, the coordinatesof the incentre (x,,y,) are

7x4+3x—4+8xg

X, = =2
7+3+8

7x0+3x0+8x3*2/§

2
WSS 7438 B

3. Match the following
Column —1 Column 11
A. An ellipse passing through the origin has the foci p. 8
(3,4) (6, 8) then length of minor axis is
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2 2
B. If PQ is focal chord of ellipse ;—5+i/—6 =1 which passes q. 1072

Through S = (3, 0) and PS =2 then length of chord (PQ) is

C. Ifthe liney = x+ k touches the ellipse 9X* +16y? =144 then r. 10

The difference of values of k is
2 y2
D. Sum of the distances of a point on the ellipse 9 +E =1 s. 12
from the foci.
Key. A-q,B-r,C-r,D-p
Sol.  Conceptual
4.  Pisapointon the ellipse 9X* +25y® = 225 The tangent at P meetthe X-axis, Y-axis at T ,t

respectively and the normal at P meet the X-axis, Y-axis at G, g~ respéctively. Cis the centre of
the ellipse and F is the foot of the perpendicular from C to normal‘at P.

Column —1 Column= I
a) |PF[x|PG[ = p).25
b) |PF[x|Pg|= 4)-16
c) |CG|><|CT|: r)9
d) [Ct|x|Cg|= s) 24

Key. .a)r;b)p;c)q;d)qg
Sol. Conceptual

5. Column —1 Column—1I
2 2 4

a) A tangent to theellipse — +-=— =1 has slope —— and the

27 48 3

tangent cuts the axes of the ellipse at A, B. Area of AOAB s

(Onisthevorigin) p) 36
b) Preduct of perpendiculars drawn from the points (+3,0)
to the line Y = MX—+/25m? +16 is q) 1042

c) An ellipse passing through (0, 0) has its foci at (3, 4) and
(6, 8). Length of its minor axis is r) 24
d) If e is the eccentricity of the conic

X+ y? +/(x+3)2 +(y—4)* =10, then 72e = ) 16

Key. a)p;b)s;c)aq;d)p
Sol. Conceptual

6.  Match the following
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Column —1 Column 11
A. An ellipse passing through the origin has the foci p. 8

Key.

Sol.

Key.

(3,4) (6, 8) then length of minor axis is

2 2

X
B. If PQ is focal chord of ellipse 2—5+i/—6 =1 which passes

Through S = (3, 0) and PS =2 then length of chord (PQ) is

q. 1072

C. If the line y = x+ k touches the ellipse 9X* +16Yy* =144 then r.10
The difference of values of k is
X2 yz
D. Sum of the distances of a point on the ellipse 3+E =1 S. 12
from the foci.
A-q, B-r, C-r, D-p
Conceptual
Match the following:-
Column | Column Il
The locus of the midpoints of chords of an'ellipse which are .
. N\, . circle
(A) | drawn through an end of minor axisyis (P)
The locus of an end of\latus-recturm of all ellipses having a
. . . parabola
(B) | given major axis, is (Q)
The locus,ef the feot of perpendicular from a focus of an
(C) | ellipse on‘any tangent to it (R) | ellipse
The'locus of the midpoints of the portions of lines (drawn
(D) |‘through a given point) between the co-ordinate axes (S) | hyperbola

AR, B-Q,C-P;D-S
2 2

X
Sol. <a) Let BC be achord of — t % =1let B = (0,b) and midpoint be M= (OL,B)then
a

a
a=ae=>e=

C —(ZOL, ZB - b) will lie on the ellipse

b2
b) L| ae,— | given 2a = constant
a

a
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b? )
B:g:a(l—e )

aZ
=B= a(1—¥]

=o’=a’-aP

c) Auxilary circle

d) g + % =1 let midpoint of (a,0) & (o, b), be (OL, B) then 200=a,23 = b letaiNines

pass through a given point (h, k), then — + E =1
d

8. Consider the ellipse (3X—6)2 +(3y—9)2 = %(5X +12y+6)2.

Column I contains the distances associated with'this ellipse and Column II
gives their value.

Match the expressions/statements in column\ with those in column II.

Column -1 Column - II
The length of major axis P 7_2
5
The length of minopaxis 16
(B) Q) N
The length of latus rectum R) E
3
The distancevbetween the directrices 48
5

KEY : AsS, B-Q,C-R, D-P

2
Sol: "\ Rewrite the equation as (X — 2)2 +(y—3)2 _4 {W}

9

5x+13y+6=f}‘ o Focus

L (2.3)

divectrix

~52+123+6 52

B2 13

d
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Key.

Sol.

Also e :E
3

2 ,_22/3 , 48

_2 __ Xa4=T
1-e 1-4/9 5

Length of major axis =

1
Length of minor axis = (Length of major axis) v1—€° =—6
5
. . ,\ 16
Length of latusrectum = (Length of major axis) (1—e ) = 3

Distance between the directrices = (Length of major axis) x 1/e =72/5

Match the following:-

Column | Column 11

(A) | The coordinates of the point on the parabola | (p) | (2,1)
y:X2 +7X+ 2, which is nearest to the straight
liney =3x—3are

(B) | y =x + 2 is a tangent to the parabola y? =8x. The |{®), (2,0)

point on this line, the other tangent from which is
perpendicular to this tangent is

(©) | The point on the ellipse X°+2y? =67 whose(") 5 2
distance from the line x + y = 7 is least i$ ' \/§

(D) _ X2y ©) | (-2-8)
The foci of the ellipse 2—5+? =1 are,Ssand S'.

P is a point on the ellipse whese*eccentric angle is
7t/ 3. The incentre of thetriangle, SPS' is

(© |22

(A-s), (B-q), (C-p), (D7)
(A) Any point on the parakola is (X, X2+ TX+ 2) lIts distance from the line
y = 3x — 3 is given by

X — (X +TxX+2)-3
P=
NCEE
[ XEPAxX 5
NI
X2% 4X +5 5
=-——(asx“+4x+5>0forall xeR
N ( )
dP . .
Fvi 0= X =-2.S0, the required point is (—2,—8)

(B) Let (X,Y,) beapointony=x+2

Therefore, y, =X, +2

Equation of the line perpendicular to the given line through (X,,Y,) is
y—(X,+2)=—(X—X,)ie,y=—Xx+2(x,+1)

Co a .
If this line is a tangent to y2 =8X,c=— gives
m
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10.

2(x,+1) =£1i.e.,x1+1= —1=x,=-2

Hence, y, =0
Therefore, the required point is (-2, 0)
2 2
(C) Given equation of ellipse % +y? =1. Slope of the tangent at any point
x>y dy
P(x;,y,)to —+=—=1 isgiven by 2x+4y—=0
(X1, Y1) 6 3 g y de
= X=2y
LY X
T dx 2y

Putting x = 2y in the equation of the ellipse we have y = 1. Evidently, the pointilies in the
first quadrant

Therefore, y=1andx =2

Hence, required point is (2, 1)

(D) The coordinates of the point P are [g?} . Since e= ’1—235 =g , 50, the coordinates of

the foci are S(4, 0) and S'(-4,0) and SS'=8.
Also, SP=a—ex1=5—f><§=3
5 2
And SP=a+ex, =7

Therefore, the coordinates of the incentre“(x,sy,). are

7><4+3><—4+8><g

X, = =2
7+3+8

cNE]

Tx0+3x0+8x ——
! 7+3+8 3

2 2

y

X
Match the following'laci'forthe ellipse = +<>=1 (a>b)

b2

Column | Column Il

(@)

Locus'of point of intersection of two (P 2

2
_ _ (x*+y?) =a’x* +b%y
pergendicular tangents, is

(b)

Locus of foot of perpendicular from (o) 4 (Xz +y? )2 _ ( a2x? + bzyz)
foci upon any tangent, is

(©)

Locus of foot of perpendicular from N0 | x¥*+y*=a?
centre on any tangent, is

(d)

Locus of midpoint of segment OM ©) | X¥*+y*=a’+b?

where M is the foot of the perpendicular

from O to any tangent (O is centre) , is

Key.

Sol.

A-s,B-r,C-p,D—q
() Locus must be director circle

(b)Foot of perpendicular lie on auxiliary circle
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11.

Key.

Sols

. . X .
(c)Any tangent to ellipse is —COS&x +%S|n a=1
a

. . a
any lie perpendicular =y = (B fan a] X

tana:EX
ax
ésina—L COSa—L
a2X2+b2y2 ,a2X2+b2y2
X ax y by

=— += =1
a [azxz_’_bzyz b a2X2+b2y2

X2+y2: a2X2+b2y2

(X2 n yz)z — 22x2 +b2y2
(d) Similar proof take point as (2x,2y)

2 2

Consider an ellipse >2<_5+y§ =1 with centre € andwpoint P on it with eccentric angle

714 . Normal drawn at P intersects thesmajerand minor axes in A and B respectively
N, and N, are the feet of the perpendiculars from the foci S, and S, respectively on

the tangent at P and N is the feot.of.the'perpendicular from the centre of the ellipse on
the normal at P. tangent at “P™iritersect the axis of x at T.

Match the column using'the above information.

Column - | Column —11
a) (CA)(CT) is equal‘to p) 9
b) (PN)(PB) is-egqual to q) 16
c) (S;NYES,N,)isequal to r 17
d) (SP)(S,P). is equal to s) 25
t) 30

ajg;b)s;c)p;d)r
CA)(CT) = (e?acosg)| —2
a)\(CA)(CT) =(e’acos )(ac

2

j =a’-b*=16
0s &

b) (PN)(PB) =a® =25

c) (SlNl)(SZNZ) =b*=9

d) (S,P)(S,P) =[a+e(acosd)][a—e(acos)]=a’sin*&+b’cos* § =17







