Mathematics Quadratic Equations & Theory of Equations

Quadratic Equations & Theory of Equations

Single Correct Answer Type

1. Let o and S be the roots of X* —6Xx—2=0with @ > S if a, =a" — " for N>1 then
the value of M:
3a
1 2)2
3)3 4) 4
Key. 2
Sol. & —6a—-2=0 B—68-2=0

=" -6a’-2a%=0.....(1)

subtract (2) from (1)

2. If a,b,c are positive real numbers such that a+b+c=1 then the least value of
(1+a)(1+b)(1+c) <
(1-a)(1-b)(1-c)
1) 16 2)8
3)4 4)5
Key. 2

Sol. a=l-b-c
=1+a=(1-b)+(1-c)>2,/(I~b)(1-c)
~.(1+a)(1+b)(1+c)>8(1~a)(1-b)(1-c)

3. The range of values of '@’ for'which all the roots of the equation

(a—l)(1+ X+ X )2 A (a+1)(1+ X2+ X4) are imaginary is

1) (— o, —2] 2) (2, oc)
3) (-2,2) 4) [2,0)
Key. 3
Sol.  The given equation can be written as (X2 + X+1)(X2 —ax+1) =0
4, If @y are the roots of the equation ax* +bx+c=0and S, =a" + " then
as,,, +bS, +cS ;= (n>2)
1)0 2) a+b+c
3) (a+b+c)n 4) n* abc
Key. 1

Sol. S, =a"+p"

=(a+p)(a"+p")-ap(a" +ﬁ”‘1)

_ b g
a a
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5. A group of students decided to buy a Alarm Clock priced between Rs. 170 to Rs 195. But
at the last moment, two students backed out of the decision so that the remaining
students had to pay 1 Rupee more than they had planned. If the students paid equal
shares, the price of the Alarm Clock is

1) 190 2) 196
3)180 4)171
Key. 3

Sol. Let cost of clock = X
number of students =n

X n*—2n
then =—+1l=>Xx=
n-2
2 —

—170< =2 <195
6. If tan A, tan B are the roots of X* —PXx+Q =0 the value of sin? (A+ B) =

(where P,Q eR)

p? p2
) —— v~
P?+(1-Q) P +Q
2 PZ
S 0"
P?+(1-Q) (P+Q)
Key. 1
: tan’ (A+B
Sol.  tan(A+ B):P— then sin” (A+B)= (2 +B)
1-Q 1+tan’(A+B)

7. The number of solutions of ‘[X]—ZX‘ =4 where [X] is the greatest integer < Xis

1)2 2) 4

31 4) Infinite

Key. 2
Sol. If x=neZ, n=2n=4=n=+4

If X=n+K where 0<K <1 then ‘n—2(n+k)‘:4, it is possible if K :%

=|—n=1=4
Sin=3,-5
8. Let a,b and ¢ be real numbers such that a+2b+C =4 then the maximum value of
ab+bc+ca is
n1 2)2 3)3 4)4
Key. 4

Sol. Let ab+hc+ca=x
=2b*+2(c-2)b—4c+c’+x=0
Since be R,

CP—dc+2x—4<0
Since ce R
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Key.

Sol.

10.

Key.

Sol.
11.

Key.

Sol.

12.

Key.

Sol.

13.

Key.

Sol.

SX<4
For the equation 3%+ pX+3=0, p >0, if one root is the square of the other then value
of P is

1
D3 291
3)3 4) 5
3
a+at=-P
a’=1

If the equations 2X* +kx—5=0 and X* —3Xx—4 =0 have a common root, then the
value of K is

1) -2 2) <3

27 1
3) = 4)==
)7 @
2

If ‘¢’ is the common root then 2a® +ka —5=0, @*=3a—4 =0 solve the equations.

If  and B are the roots of the equation X—X+1=0 then o™ + % =

1)1 2)2
3) -1 4) -2
1
X:1J_ri\/§

2

La=-w, f=-0

If P(Q-r)x? +Q(r—P)x+ r(P—Q) =0 has equal roots then é=

(where P,Q,r eR)

ol S
P r Pr
3). P4r 4) Pr

1
Product of the roots =1

If (1+ K)tan? x—4tan x—1+ K =0 has real roots tanx, and tanx, then

1) k? <5 2) k*>6
3) k=3 4) k>10
1

Discriminate >0
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14.

Key.
Sol.

15.

Key.
Sol.

16.

Key.

Sol.

17.

Key.

Sol.

a,f are the roots of ax’+bx+c=0and y,d are the roots of px*+0x+r=0 and
D,, D, be the respective discriminants of these equations. If &, 3,7 and O are in A.P.
then D, : D, = (where &, 5,7,0 €R & a,b,c, p,q,r eR)

1) a®: p° 2) a*:b’
3)c:r? 4) a:r?
1
p=a+d, y=a+2d, 6=a+3d
D D
42 :a_zlzp_g
If X* +4y? —8x+12=0is satisfied by real values of X and Yy then 'y'e
1) [2,6] 2) [2,5]
3) [-11] 4) [-2,=1]
3

x? —8X+(4y2 +12) =0 is a quadraticin 'X', 'X" is realthen‘discriminate >0

For x>0,0<t<2n,K> g + \/5, K being.afixed real number the minimum

value of x> +I;—z—2{(1+cost)x+@}+3+200st+23int is

a) {Jﬁ —[1+%j}2 b) %{Jﬁ —(H%}F

o 3{@ _£1+%}2 d) Q{JK —(1+%}}2

D

Given expansion= {x —(1+cost)}’ +{§ —(1+sint)}2
N L L SL I

Where a<c<b and f''(x) exists at all points in (a,b). Then, there exists a
real number p,a <pu<b such that

f@) i), i)
@ b)a o (bob-a) (ca)c b
a) fu(M) b) 2f11(“) 0) %fll(u) d) %flll(u)

C
Apply RT’s, twice
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18. If o,B,y are the roots of the equation x3 + px + q = 0, then the value of the

a By
determinant|f y af is
vy o B
(A) 4 (B)2 (C)0 (D) -2
Key. C
Sol.  Since a,B,y are the roots of x>+ px+q=0
a+B+y =0

Applying C; — C1 + C, + C3, then
at+Pp+y B oy (0 B v
oa+B+y v of/=|0 vy a|=0
oa+B+y a Bl [0 a B

19. The number of points (p, g) such that p,q e{L, 2,3,4} and the equation’ pX*+ QX +1=0 has
real roots is

A7 B.8 C.9 D. None of these
Key. A
Sol. PX*> + X +1=0 has real roots if q° —=4p >0 or §° 24P

Since p,qe{l, 2,34}
The required points are(1,2), (1,3),(1, 4), (2,3),(2;4),(3,4),(4,4)
So the required number is 7

20. The value of b and c for which the identity f(x+1)—f(x) =8x+3is satisfied,

where f(x)=bx?+ex+dare

(A) b=2,c=1 B)b=4,c=-1
(C) b=-1,c=4_ D)b=-1,c=1
Key. B

Sol. - f(x+1)—f(x)=8x+3
= {b(x+1)2+c(x+1)+d}—{bx2+cx+d}:8x+3
= b{(x+1)2—x2}+c:8x+3

= b(2X+1)+C=8X+3 on comparing

2b=8andb+c=3
Then, b=4andc=-1

21. Letf(X)zaX2+bX+C, g(x)=ax2+ pX+q wherea, b,c,q,p, € Rand b+ p.If their

discriminants are equal and f(x) = g(x) has a root «, then
1) o will be A.M. of the roots of f(x) =0, g(x) =0

2) a will be G.M of all the roots of f(x) =0, g(x) =0

3) a will be A.M of the roots of f(x) =0 org(x) =0

4) a will be G.M of the roots of f(x) =0 or g(x) =0

[

Key.
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Sol.

22.

Key.

Sol.

23.

Key.

Sol.

aa2+ba+c=aa2+pa+q:>a:8—_;—>(i)
And b® —4ac = p® —4aq
=b’-p’=4a(c-q)
4a(c—q) .

=b+p=——=—daa (from(i))

_b p
a:—(b+p): 8 8 \yhichis A.M of all the roots of f(x) =0 and g(x) =0

4a 4 '

If the equations X° +2AX+A%+1=0, A€ R and ax? +bx+c =0 where a, b, c are
lengths of sides of triangle have a common root, then the possible range of values of A is

1)(0,2) 2) (V3.3 3) (242,32) 4) (0,%0)
1
(X+/"t)2 +1=0 has clearly imaginary roots

So, both roots of the equations are common
a b c

.'.I:ﬂzmzk(say)

Thena=k b= 24K, c= (22+1)k

As a, b, c are sides of triangle

a+h>c = 21+1>2+1= 1*-21<0

=1 6(0,2)

The other conditions also imply ‘'same relation.

The number of real or complex soldtions of X2 —6|X| +8=0is

1)6 2)7 3)8 4)9
1

if xis real, X’ —6|X+8=0 = |x'~6|x+8=0= |[x|=2,4=>x=42,%4
If x is non—real, say X=a+1/, then

(a+iﬂ)2_6 o+ 2 +8=0 (|a+iﬁ|=\/m)
(aZ_IBZ +8—6W)+2iaﬂ=o

Comparing real and imaginary parts,
aff=0 = a=0 (if f=0 thenxisreal.)

&~ +8-6\B =0
B £63-8=0=p=
ie., ﬂ:i<3—x/]7)

Hence i<3—\/17)i are non-real roots.

F6+/68

2
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24, If X, X, (X >X,) are abscissae of points P, Q lyingon y = 2X* —4X -5 such that the
tangents drawn at these points pass through the point (0, -7), then 3X1 - 2X2 equals to

1)4 2)5 3)6 4)7

Key. 2

Sol. Let (a,ﬁ) be point on the curve such that the tangent drawn at (a,ﬁ) passes through (O,
7)

y* :4x—4:>y(1a'ﬂ) =4a—4

Tangent at (a,ﬂ) is y—,b’:(4a—4)(x—a) pass through (0, -
7)=>-7-p=(4a-4)(0-a)

But f=2a’—4a -5 .. It follows that & = 1

=a=%1

So, X, =1 X, =-1

So, 3X, —2X, =5.

2

25. Let f (X) = X% +5X+6, then the number of real roots of ( f (X)) +5f (X)+6—X =0is

1)1 2)2 3)3 4)0
Key. 4
Sol. Use “f(x) = x has non real roots = f(f(x)) = x also has:non-real roots”
26. Sum of the roots of the equation is 4* —3(2X+3)+128 =0

1)5 2)6 3).7 4)8
Key. 3
Sol. Put2" =Y. Equation becomes

y2 —3(8y)+128 =0=> y2 -24y+128=0
=(y-8)(y-16)=0=y=16,8
—2"=16,8=x=4,3
.. Sum of the roots is 7.
27. The number of solutions of v/3X* + X+5=Xx—3 is
1)0 2)1 3)2 4)4
Key. 1
Sol. Note'that we must have 3X* +X+5>0and X—3>0or X>3.
33+ %X+5=x-3... (1)
Squaring both sides of (1), we get
33X +X+5=%x*—6x+9
=2 +7x—-4=0=(2x-1)(x+4)=0
=x=1/2,-4
None of these satisfy the inequality X > 3. Thus, (1) has no solution.

28. The value of afor which one root of the quadratic equation.

(a2 —5a+3) X? +(3a—1)x+2 =0is twice as large as other, is

1) -2/3 2)1/3 3) -1/3 4)2/3
Key. 4

Sol. (a2 —5a+3a)x2 +(3a-1)x+2=0.....(1)
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29.

Key.

Sol.

30.

Key.

Sol.

31.

Key.

Sol.

Let ¢ and 2¢ be the roots of (1), then
(a®-5a+3)a’+(3a-1)a+2=0 ... 2)

and (a”—5a+3)(4a’)+(3a-1)(2z) +2=0 ... (3)

Multiplying (2) by 4 and subtracting it form (3) we get (3a—1)(2a)+6 =0
Clearly a#1/3. Therefore, o =—3/(3a—1)

Putting this value in (2) we get
(a”—5a+3)(9)-(3a-1)"(3)+2(3a-1) =0

= 9a’ —45a+27—(9a’ —6a+1)=0=-3%+26=0

=a=2/3.
For X =2/3, the equation becomes X*+9x+18 =0, whose roots are —3,—6.

If f(x)=x*+2bx+2c*and g(x)=—x*—2cx+b*are such that
min f (x) > max g(x), then relation between b and c, is

a)|o| > V2]

| b
1) no relation 2) O0<c<b/2 3) |C| < ﬁ
4

f(x)=(x+b)* +2¢c? —b?

= min f (x)=2c?—b?

Also g(x)=—x*—2cx+b? =b2+c2—(x+c)2

= max g(x)=b*+c?

As min f (x) > max g(X),we get 2¢’ —b* >b? +¢?
=% > 2b? =|c| > V2[o]

The equation (COS p—l) X2 +(COS p)X+Sin p =0 invariable X has real roots, if P belongs
to the interval

1) (0,27) 2) (—7,0) 3) (—7/2,712) 4) (0,7)

4

(cosp=1)x*+(cos p)x+sin p=0...... (1)

Discriminant of (1) is given by

D =cos* p—4(cos p—1)sin p =cos® p+4(1—cos p)sin p

Note that €0s* p>0,1—cos p>0. Thus, D>0if sinp>0 ie.if pe(0,7).

If Xx?+2ax+10—3a>0foreach X € R, then

1) a<-5 2) b<a<? 3)a>b 4) 2<a<b
2

x> +2ax+10—3a>0vxeR
=(x+a)’ —(a2 +10—3a) >0vxeR

—=a’+3a-10<0
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32.

Key.

Sol.

33.

Key.

Sol.

34,

Key.

Sol.

35.

=(a+5)(a-2)<0

—>-b5<a<2
Sum of all the values of Xsatisfying the equation log,, log,, (\/X+11+ &) =0is
1) 25 2)36 3)171 4)0

Equation (1) is defined if X>0.
We can rewrite (1) as Iogll<\/X+11+\/;) =17°=1
= x+11+/x =11t =11

= Jx+11=11-x

Squaring both sides we get X+11:121—22\/;+ X

= 22\x=110=+/x =50r x=25
This clearly satisfies (1). Thus, sum of all the values satisfying (1) is.25.

The number of solutions of the equations of the equation X +[x] —4x+3=0 is Where []
denotes G.I.F.

1)0 2)1 3)2 4)3

1

Given equation can be written as (X° —3%+3)=f'=0 where f =x—[x] and O< f <1
0<x*-3x+3<1

solving x* —3x+3 =0 roots are Imaginary

X2 =3x+3>0vxeR

solving X* —3x+3<1=1<x<2

if 1<x<2[x]=1.

putting [X] =1 in the.given equation and solving we get X=2.Butl<Xx<2 .". the given
equation has no selution:

The number of values.of *'a' for which the equation (X—1)> = X—a| has exactly three

solutions is

1)1 2)2 3)3 4)4

3

| x=al= (x—1)* Iff a=Xx=*(x—-1)°

No of solutions = no of intersection its between

y=a; f (X) =x* —x+1 and g(X) =—x* +3x—1. clearly the graphs of f(X),g(x) are
tangents to each other at A(1,1). The line Y = a intersects the two graphs at three points

Iff it passes through one of the three pts A,B, C. Here B = (%,Zj vertex of f

andC = §,§ vertex of ‘g’ i.eifac §,§,1
2 4 4 4

If a, b, ¢ are positive numbers such that a>b>c and the equation
(a+b-2c)x*+(b+c—2a)x+(c+a—2b)=0 has aroot in the interval (~1,0), then
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A) b cannot be the G.M. of a, ¢ B) b may be the G.M. of a, ¢
C) b is the G.M. of a, ¢ D) none of these
Key. A

Sol. Let f(x)=(a+b-2c)x*+(b+c—2a)x+(c+a—2b)
According to the given condition, we have
f(0)f(-1)<0
ie.  (c+a-2b)(2a—b-c)<0
ie. (c+a—2b)(a—b+a—-c)<0
ie. c+a—-2b<0 [a>b>c, given =>a—b>0,a—c>0]
a+c

i.e. b>——

2
= b cannot be the G.M. of g, ¢, since G.M < A.M. always.

: ‘ax2 +bx+c‘
36. Let , B (2 < b) be the roots of the equation ax* +bx+c=0."If lim—; =1,
x->m ax“ +bX+C

then
a a
A)|Ta|:—1,m<a B) a>0,a<m<f C)gzl,m>,8 D) a<0,m>gf
Key. C
Sol. According to the given condition, we have
‘am2 +bm+c‘ —am?+bm+c
ie. am’ +bm+c>0

= if a< 0, the m lies in (a, ,6’)

and if >0, then m does notlies in (a, ,B)

Hence, option ( c) is correct, since

H=1:>a>0
a

And in that case m.does not lie in (a, ,3) .

37. Let f (X) be a function such that f (X) = X—[X], where [X] is the greatest integer less

1
than.or equal to x. Then the number of solutions of the equation f (X)+ f (—) =1is (are)

X
A).0 B)1 C)2 D) infinite
Key.. D
Sol.  Given, f(X):X—[X], x € R—{0}
Now f(x)+f(1)=1 x—[x]+5—H=1
X X X

1 1
:>(x+—)—([x]+{—D:1 :>(x+1j:[x]+F}+l

X X X X ..(i)
Clearly ,R.H.S is an integer .. L. H.S.is also an integer
LetX+£:k an integer = x*—kx+1=0

X

10
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:ki\/k2—4
2

For real values of x, k? —4>0—=k >2ork < -2

We also observe that k=2 and -2 does not satisfy equation (i)

.. The equation (i) will have solutions if K >2 or K<—2,where Ke z.
Hence equation (i) has infinite number of solutions.

38. If both the roots of (261—4)9X —(2a—3)3x +1=0 are non-negative, then

SoX

A) O<a<?2 B)2<a<g C)a<% D) a>3

Key. B
Sol.  Putting 3* =Y, we have
(28.—4) y? —(2a—3) y+1=0

This equation must have real solution

= (2a-3)° —4(2a-4)>0
= 4a®> —20a+25>0
= (2a—5)2 >0. This is true.

y =1 satisfies the equation
Since 3" is positive and 3* >3°, y>1
Product of the roots =1xy >1

= ! >1
2a—4
= 2a-4<1 = a<g
Sum of the roots = 2a-3 >1
2a<4
N (2a—8)=(2a-4) -0
2a—4
= >0=a>2
2a—4
= 2<a<§
2
39. If the equation X* +9Yy? —4Xx+3=0 is satisfied for real values of x and y then
-11
A)Xe[L3],ye[L3]B)Xe[1,3],ye{?,§}
-11 -11 -11
o) Xxel—,=|,vyell,3 D) Xe|—,=|,ye| —,=
) {33%[] ) [33%[33}
Key. B
Sol.  Given equationis X*+9y*—4x+3=0 ...(0)

11
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or, X*—4x+9y*+3=0.
Since x is real (—4)2 —4(9y2 +3) >0
o,  16-4(9y°+3)=0 or,  4-9y*-3>0

Or, 9y2 -1<0 or, 9y2 <1 or, y2 S%
1 1 1
N <o -I<y<=
ow 'y 9 3 y 3 (i)
Equation (i) can also be written as
9y? +0y+x*—4x+3=0 ...(iii)

Since y is real .". 0 —4.9(X2 —4X+3) >0

or, X2 —4x+3<0
=xe[13]

40. The equation a8x8+a7x7+aﬁx6+...+aozo has “all.its roots positive and real
(Where a,=la =-4,a,=1/ 28), then

1 1 T 7
A)ai=§ B)aﬁ—? C)az—§ D)az—y
Key. B
Sol. Let the roots be &, 5, ....,
= o+, +..Fog=4
1
oua,. . ag—?
w1 o +a,+...+q
= (ewty) =S =2 8
2 8
= AM=GM=>"all the roots are equal to %
1Y 1
= :—8C — —_——
Cl 715 ot

1Y 7
%:BCB(Ej :—y

NG
a, - cs(zj

41. If every root of a polynomial equation (of degree ‘n’) f (X) =0 with leading coefficient “1”

is real and distinct, then the equation f"(X) f (X)—{ f '(X)}2 =0 has.

12
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(A) at least one real root (B) no real root
(c) at most one real root (D) exactly two real roots

Key. B
sol. Let f(X)=(x—a)(X—a2).cmwwre. (x—an) where a,a7......... ancR take log both
sides and differentiate. Then
f'(x) 1 1 1
= + F e +
f(x) x-a x-ap X—ap
Again diff w.r.t. ‘X’
f ()2 1 1 1
———=- 5+ R
f (x—a1)" (x-ap) (x—an)
<0vxeR

= ff "—(f ')2 =0 has no real root

42. If f(X) isa polynomial of least degree such that f (r).= E, r=123__9then f(10)=___
&

Al B. C. — D.

10

N |~
gl

Key. D
Sol. xf (X) —1=0 has roots 1,2,3 9

xf(X)—1=AX-D(x-2) __ x9

Put x=0 :>A:l
9l

put x=10:>10f(10)—1=1:>f(10)=%

43.  The number of ordered pairs of integers (x, y) satisfying the equation X2 +6X + y2 =4 is

A.2 B.8 C.6 D. 10
Key: B
Sol. (Xx+3)*+y*=13
X+3=22,y=1430r Xx+3=13, y =12

44, The number of non-negative integer solutions of X+Yy+2z2=20is
A.76 B. 84 C.112 D.121
Key. D

Sol.  X+y=20-2Z, Z=0,12,...10

13
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10
The number of solutions (non —ve) is 2(20—22 +1)Cl =121

Z=0

45 f a+b+c=0 for a,b,c R, then the equation 3ax?+2bx+c =0 has

A.  Atleast one root in[0,1] B.  Onerootin [2,3] and another root in
[_2! _1]
C. Imaginary roots D. Atleast one rootin [1,2]
Key. A

Sol. Let f(X)=ax’+bx*+cx. Then f is continuous and differentiable. in_ [0,1],
f(0) = f (1) =0. Hence by Rolle’s theorem there exists k € (0,1) such that 3ak® +2bk +¢=0

46. If a,b,c be the sides of a triangle ABC and if roots_of the equation a(b — c)x2 +

b(c - a)

x + c(a—b) = 0 are equal, then sinz(%j,sinz(gj,sinz(%j are in

(A) AP (B)GP (C).HP (D) AGP
Key. C
Sol. - a(lb—c)+b(c—a)+c(a—b)=0

x =1 is a root of the equation
a(b—-c)x*+b(c—a)x +c(a—b) =0
Then, other root =1 (- roots.are equal)

0D(B:c(a—b)
a(b—c)
= ab—ac=ca—hc
b 22
a+cC
a, b, carein.HP
111 .
Then, = —,—,— arein AP.
ab.c
= E,E,E arein AP
abec
= E—l,i—l,i—l are in AP.
a b ¢
= (S_a),(s_b),(s_ )areinAP
a b
abc
Multiplying i hb
ultiplying in eac y(s—a)(s—b)(s—c)
bc ca a
Then , , are in AP.
(s=b)(s—c)'(s—c)(s-a) (s—a)(s—h)
L (smb)(s=0) (s=c)(s-a) (s=a)(s=b) . o
bc ca a

14
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47.

Key.

Sol.

48.

Key.

Sol.

49.

Key.

Sol.

Or sinz(gj,sinz(g),sinz(%) are in HP

If o,B,y are the roots of the equation x3 + px + q = O, then the value of the

a By
determinant|f vy af is
y a B
(A) 4 (B)2 (€)0 (D) -2
C
Since a,B,y are the roots of xX+px+q=0

a+B+y =0
Applying C; — C1 + C; + G5, then
a+P+y B oy 0 B v
o+B+y v aof=0 v a|=0
a+B+y a Bl 0 o P

The value of b and c for which the identity f(x+1)~f(x)=8x+3is satisfied,
where f(x)=bx?+cx+dare

A) b=2,c=1 (B)b'= 4, ¢ = -1
(C) b=-1,c=4 (D)b=-1,c=1
B

f(x+1)—f(x)=8x+3
= {b(x+1)2 +c(x+1)+d}—{bx2 +cx+d} =8x+3
= b{(x+1)2—x2}+c=8x+3

= b(2x +1)+c =8x+3,0n.comparing

2b=8andb+c=3
Then, b=4andc=-1

If a, b, c are positive numbers such that a>b>c and the equation
(a+b—2c)xt #(b+c—2a)x+(c+a—2b)=0 has aroot in the interval (—~1,0), then

A) b_cannot be the G.M. of a, ¢ B) b may be the G.M. of a, ¢
C).b isithe G.M. of a, ¢ D) none of these
A

tet f(x)=(a+b—2c)x*+(b+c—2a)x+(c+a—2b)
According to the given condition, we have
f(0)f(-1)<0
ie. (c+a-2b)(2a—b-c)<0
ie. (c+a—2b)(a—b+a-c)<0
ie. Cc+a—-2b<0 [a>b>c, given =>a—b>0,a—c>0]

a+c
i.e. b>——

2
= b cannot be the G.M. of g, ¢, since G.M < A.M. always.

15
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50. The values of ‘a’ for which the quadratic expression ax? +(a—2)x—2 is negative for exactly
two integral values of x, belongs to
(A) [-1.1] (8) [1.2)
(C) [3.4] (D) [-2,-1)

Key. B

Sol.  Let f(x)=ax’+(a-2)x-2
f (X) is negative for two integral values of x, so graph should be vertically upward parabola

ie, a>0

B _—(a-2)x(a+2)
Let two roots of f (X) =Q0areaandf then o, = o 71\ /3,,

a B
:>oc:—LB:§:l<B£2:>1<§£2:>ae[],2] \/

51. Let f (X) be a function such that f (X) = X—[X], where [X] is the greatest integer less

1
than or equal to x. Then the number of solutions of the ‘equation- f (X)+ f (—) =1is (are)
X

A)O B) 1 C)2 D) infinite
Key. D

Sol.  Given, f(X)=X—[X], x e R—{0}

Now  (X)+f (Ejzl x—[x]+5—H=1
X X X

1 1
:>[x+—)—([x]+{—D:1 :>(x+1):[x]+F}+l

X X X X ()
Clearly ,R.H.S is an integer .. L. H.S.is also an integer
LetX+£:k an integer = x> —kx+1=0

X
‘o k £k? =4
2

For real values of x, k> —4>0=k >2ork <2
We also observe that k=2 and -2 does not satisfy equation (i)

% The equation (i) will have solutions if K >2 or K <—2,where ke z.
Hence equation (i) has infinite number of solutions.

52. If both the roots of (261—4)9X —(2a—3)3x +1=0 are non-negative, then

A) O<a<?2 B)2<a<g C)a<% D) a>3
Key. B
Sol.  Putting 3" =Y, we have

(2a—4)y*—(2a-3)y+1=0

This equation must have real solution

16
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53.

Key.

Sol.

= (2a-3)° —4(2a-4)>0
= 4a®> —20a+25>0
= (2a—5)2 >0. This is true.

y =1 satisfies the equation
Since 3" is positive and 3* >3°, y>1
Product of the roots =1xy >1

= 1 >1
2a—4
= 2a-4<1 = a<g
Sum of the roots = 2a-3 >1
2a-4
2a-3)—(2a-4
. (2a-3)-(2a-4)
2a-4
= >0=a>2
2a—-4
5
= 2<a<—

If the equation X +9Yy® —4x+3=0 is satisfied for real values of x and y then

A xelL,3]y <[L3]8) Xe[1,3],ye[_—1 1}

3'3
-11 -11 -11
X A 'A|? 113 X A 'A |7 A ' A
© 6{3 3}3'6[ ] ) 6[3 s}yeh 3}
B
Given equationis X*+9y* —4x+3=0 ()

or, X*—4%x+9y*+3=0.
Since x.is-real (—4)2 —4(9y2 +3) >0
Or, \ 16-4(9y°+3)20 or,  4-9y°-320

Or, 9y2 -1<0 or, 9y2 <1 or, y2 S%
1 1 1
N P< o -I<y<= (1
ow Yy 9 = 3 y 3 (ii)

Equation (i) can also be written as
9y? +0y+x*—4x+3=0 ...(iii)
Since y is real .". 0 —4.9(X2 —4X+3) >0

or, X2 —4x+3<0
=x€[L3]

17

Quadratic Equations & Theory of Equations



Mathematics

54,

Key.

Sol.

55.

KEY:C

The equation a8x8+a7x7+a6x6+...+ao=0 has all its roots positive and real
(where a,=la, =—4,a, =1/28), then

1 1 7 7
A)a1=¥ B)aiz—? C)32:§ D) aZ—F

B

Let the roots be o, r,, ..., O

= oo, +...tog=4
1
aa,..... a8_§
1 +a,+..+
= (... 058)]]8 —-=aT% %
2 8
= AM=GM = all the roots are equal to %
7
1 1
8
:> = — C —_— e —
81 7(2j 24

1Y 7
aQ:SCG(Ej :—?

_ e~ (1Y
2, = cs[zj

i=3 3
iff(x) = [ [(x—a;)+D_a; =3X, where ai<ai.s, then f(x) = 0 has
i=1 i=1
(A) only one real root (B) three real roots of which two of them
are equal
(C) three distinct.real roots (D) three equal roots

SOL : f(x)= (X—ag )(x—a, )(x—az)+(a; —x)+(a; —x)+(azg —x)

Now f(x) — — o0 as x - — oo and f(x) —> o0 are x — 0.

Again f(a1) = (a2 — a1) + (as—a1) >0 [+ a,<a, <a,]
= One root belongs to (—o, a;)

Also, f (a3)=(a; —a3)+(a, —a3)<0

= One root belongs to (3, a3)

So f(x) = 0 has three distinct real roots.

18
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x% +10x —36 _a, b

— = —+——+——= isan
X(x —3)° X Xx-3 (x-3)

56. If a, b and ¢ are numbers for which the equation

identity, then a + b + c equals

(A) 2 (B)3 (C©) 10 (D) 8
Key. A
Sol.

hence x2 + 10x —36 = a(x - 3)2 +b(x — 3)x + cx

put x=0; —36=9a = a=-—

x2 +10x—36 = x2(—4 +b) +x(24 -3b +c) +(-36)

comparing coefficients

also, —-4+b=1 = b=5 24-15+¢c=10 = 9+¢c=10 = ¢=1
a=—4;b=5c=1ie. a+b+c=2

57. If one root of equation x*—4ax+a+ f (a)=0 is three times of the other then minimum
value of f (a) is

-1 -1 -1 -1
A) — B) — C) — D) —
6 10 5 12
Key. D
Sol. Let roots are “and 3¢, then 4 =42 = ¢ =a and

a2—4a2+f{a]:[] = f{a]:Baz—a

J '{ﬂ} =6ta-1, f"[ﬂ} = &4.theh minimum value of J I{ﬂ} =ta-], f"{ﬂ] =6

5 21
58. The number of reakroots of | — | +—=2"is
13 13
(A) Two (B) Infinitely many
(C) only one (D) zero
Key. C
Sol.
y=2
(o, 34/13/ y= é 21

©, 1)

Both graphs cut at only one point
59. For a non zero polynomial P, the equation |P(x)|=¢€* has

(A) At least one solution (B) No solution
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(C) Exactly 2 solution (D) Exactly 1 solution

Key. A
Sol. Lime™|P(x)|=0

and Lt e |P(X)|=
consequently there is an x, € R such that e | P(x,) |=1

60. A continuous function y = f (X) is defined in a closed interval [—7,5].

A(—?,—4), B(—Z, 6), C(0,0), D(l, 6), E(5,—6) are consecutive points on the graph of ' f'

and AB,BC,CD, DE are line segments. The minimum number of real roots of the ‘equation

flf(x)]=6is

A) 6 B) 4 C) 2 D)0
Key. A
s S LIG)] Hx)=2 5 Flx)=1

J [x] =-2 has two roots and J {x}l =1 has fourroots.

61. 3 3

If f (x):—3x+H(x—ai)+ a;, where @; <@, 4, then f (X)zO has

=1 1=1

A)  Only one real root

B) Three real roots of which'two of them are equal

C) Three distinct real roots

D) Three equalroots
Key. C

Sol. Flr)=lr—a){x—ay)(x—as)+{a - x) +{az— x)+{az - x)
Now, ()70 xs-m Fx) ey e
again 7 (@) =@ —a) +{az—a) >0 [+ a <ay <)
= One root belongs to (-2

Also, Flas)={ay— a3} +{a; - a5} <0

= One root belongs to {al’ﬂg}

So, Y [x} =0 has three distinct real roots.
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62. The number of real values of ‘M" from for which the equation

23+(3+i)22 —32—(m+i) =0 has atleast one real root is

A) 1 B) 3 C) Infinite D) 2
Key. D
3 Yy Yy _
Sol. +{3+3]z —32—{m+3]—[]
[23+322—3z—m)+i{22—1): 0
o 3 2_%a = 2 _q_
If £ isarealroot, then z7+3z%-3z-m Ijand z¢-1=0
Cz=x1
z=1 = m=1
z=—1 = m=5
63. Number of all integral values of x, so that x2 +19x + 89 is a perfect square is
a)o b) 1 c)2 d) 3
Key:C

Sol. Let X*+19x+89=2"
= X% +19x +(89—7»2) =0 should have integral roots

*. D should be a perfect square.

= (19)° -4(89-1")=Perfect square

= 9)° —4(89-1 ) =Perfect square

m—-2A=5,m+21=1)
m—2X==~5,m+2\L=-1)

= _(m=2r=-5m+2r=-1)

= m=3 -3 A=1-1

For A =+1 equation becomes X* +19x+88=0
= (x+11)(x+8)=0

= x=-8,-11.

Thus, required values of x are -8, —11.

(2

= (M’ —422)=5=(m=21)(m+21)=5
(

or

64. Let f(x) = x> + bx + ¢, b is negative odd integer, f(x) = 0 has two distinct prime number as
roots, and b + ¢ = 15, then least value of f(x) is

—233 233
A) —— B) —
(A) 7 (B) 7

(C) —— (D) none of these
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Key:

Hint:

65.

Key:

Hint:

66.

Key:

Hint:

67.

Key :

Sol :

68.

C
. 1 . .
f(x) = (sin%0)x® + 3 sin20 x? -2sin%0. x - sin20

f'(x) =(3sin%0)x? + sin20x - 2sin%0
Then D > 0 and product of roots <0
So f(x) has local maxima at some xeR’
and local minima at some xeR*

Let f(X)=x*+AX+ucosX, A beingan integer and 1 a real number. The number of

ordered pairs (A, 1) for which the equations f (x)=0 and f (f (X)) =0 have.the-same
(non empty) set of real roots is

(A) 4 (B)6
(C)8 (D) infinite
A

Let o bearootof f(x)=0,sowehave f(a)=0 and thus f(f (a)):O,
= (0)=0=> x=0.

We then have f(X)=x(Xx+1) and thus o =0,<4.
f(f(x)):x(x+ﬂ,)(x2+/1x+/1)

We want A such that X* +AX+ A has noréal roots besides 0 and —A1 . We can easily find
that 0< A <4.

If ax? + bx + ¢; a,b,ce R has'no.real zeroes, and if c < 0, then
(a)a<o0 (b)a+b+c>0 (c)4a+2b+c>0 (dJa—b+c>0
a

Let f(x) = ax? + bx +.c. Since f(x) has no real zeroes, either f(x) >0 or f(x) <0 forall XeR .
since f(0) = ¢ < 0, we get f(x) < 0 for all X € R . Therefore, a < 0 as the parabola y = f(x) must
open downward. Obviously f(1), f(—1) and f(2) < 0.

The quadratic equation (4 + cos 0) x? — (2sin 0) x + (3 — cos0) = 0 has
(A) Realland distinct roots for all 6
(B)'Real or complex roots for depending upon 0
(€)Equal roots for all 6
(D) Complex roots for all ©
D
Discriminant = 4sin%0 — 4 (4 + cosO) (3 — cosh)
= 4[sin%0 — (12 — cosO — cos?0)]
=4[-11 + cosB] <0 VOeR.
If 1, O, ... an are roots of the equation x" + ax + b = 0, then (o — o) (o1 — a3) (01 — Olg) ...
(o1 — o) is equal to
(A) n (B)noy ™

(C)nas+b (D)noy ™ +a

22



Mathematics Quadratic Equations & Theory of Equations

KEY : D
SOL:x"+ax+b=(x—o1) (x—0t) .... (x—o0tn)
differentiate both sides w.r.t. x

X"+ a=(X— o) ... (X—on) + (X — o) (i (x = 02) ... (x—o0))
dx
put x = o n ()(,f_l +a = (01— o) (01— 03) ... (01— o)

69. The equation |2ax —3| +|ax +1| +|5—ax| 2% possesses

(A) infinite number of real solution for some a € R
(B) finite number of real solutions for some a € R
(Q) no real solution for some a € R
(D) no real solution forall a € R

Key: D

Hint: The equation |2ax—3|+|ax+]4+|5—ax| ......
|2ax —3+[ax +1|+[5—ax| >|2ax—3+(—ax —1)+5-ax|>1
So no solution for 1
2

70. Let P(x) be a polynomial with degree 2009 and leading co-efficient unity such that
P(0)=2008, P(1)=2007, P(2)=2006,....P(2008)=0 then the value of P(2009)= (|n)—a where n

and a are natural number then value of (n +a)

(A) 2010 (B) 2009
(C) 2011 (D) 2008
Key: A

Hint:  P(X)—2008+ X = X(X=1)(x—2)(Xx—3).....(x —2008)
Put x = 2009
P(2009)-+1= (2009)!

71. (L-2)If T (X) =ax? +bx+c =0 has real roots and its coefficients are odd positive integers then

a).f(x) =0 always has irrational roots

o

c) If a.c = 1, then equation must have exactly one root a such that [a] =-1, where [] is

>

1
G

b) where p,q €l

greatest integer function
d) equation has rational roots
Key; a,b

Sol:  Anequation with odd coefficients cannot have rational roots
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- f (x) =0 has irrational roots.

2 2
f (g) _ap bpzq +C > iz (.. a, b, c are odd integers p, g are integers)

a a
72. (L-1)Let a, b, c¢ be real numbers with a#0 and let o,3 be the roots of the equation

ax? +bx+c=0. Then one of the roots of the equation a°x?+abcx+c=0 in terms of

o, are
2
3) % b) o
c) B° d) op?
Key: d

b c
Sol: Wehave a+B=——, af=—
a a

Let v, be the roots of a®x? +abex +¢® =0.

Then y,0 =

—abc+J(abc)’ —4a3c® _ac{—biqb2—4ac}_ c) b, (b)z 4C
~t

2a3 h 233 " 2a

:%(aB){(a+B)i\/(oc+B)2—4aB}

L) (o ~pY - oo’

Thus, roots of a>x*+abcx +¢2 =0 are a’Band ap?

73. (L-2)If ‘B are the roots of X*—3x+A=0(A€R) and o.<1<[, then the true set of values

of A equals
a) XG(Z,Q} b) xe(_@,g}
4 4
C) Ke(Z,oo) d) Ke(—oo,Z)
Key: d

Sol: Let f(Xx)=x*-3x+A

Clearly f(1) <0
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f(x)

=1-3+1<0=>A <2k e(—0,2)

74. (L-1)Let 2¥*(x+y)=1and (x+ y)X_y =2 then ordered pair (X, y) can be

31 1.3
g (a’zj g (‘z'zj

33 11
g (a’zj X (‘za)

Key: a

Sol: Putx=23/2,y =% in given equations.
. 1
75. (L-1)The equation |2ax —3+[ax +1|+|5—ax| = Supossesses

a) infinite number of real solution-for.some a € R
b) finite number of real solutions for some a € R
¢) no real solution for some a.€ R
d) no real solution forall'a e R
Key: d
Sol:  |2ax—3+|ax+1|+[5—ax| > [2ax—3—ax—1+5-ax|
1

=1%"
2

Hence it has no solution

76. (L-)If X% +5=2x —4cos(a+bx) where a,b(0,5), is satisfied for at least one real x, then

the maximum value of (a + b) is

a) 1 b) 21
c) 3n d) none of these
Key: c

Sol:  x*—2x+5=—4 cos(a+bx)
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—4cos(a+hx)>4—cos(a+bx)<-1
~.cos(a+b)=-1
s.a+b=7zor3z
77. (L-2)If the equation X" +a,x" ™ +a,x"?+....+a, =5, with integral co-efficients, has four
distinct integral roots then the number of integral roots of the equation
a)0 b) 1 )2 d)4
KEY: a
Sol: Let ¢;1=12,3,4the4 integral roots of X" +a1x”‘1 +...+a, =5 and let K be aniintegral
rootof X"+ax"*+.+a, =7
= (X—a )(X—a, )(Xx—a;)(X—a, ) =2 has an integral root K.
=(K-a)(K-a,)(K-a)(K-a,)=2
K—e;,i=1,2,3,4are all integers and are distinct which is.impossible
(.- product of 4 district integers cannot be 2).

Hence X" +aX" " +a,X"*+...+a, =7 has no integral-roots.
24. (L-1)The set of values of ‘a’ for which

x2+ax+sin*1<xz—4X+5)+cosfl(x2—4x+5):0 has at least one real solution is

given by

a) (—oo,—\/zn]u[\/ﬁ,oo) b) —7t4—8

c)R d) nT—S
Key: b

Sol: Charly"x* —4X+5:(X—2)2 +1 liesb|w—1,1. = x=2 is the only point of the domain,

. T —7—8
It'must be the solution. ..4+2a+—==0Da=>——

78. (L-1)If ax? + bx + ¢ = 0 and 5x? + 6x + 12 = 0 have a common root where a , b and c are sides of a
triangle ABC, then

a) A ABC is obtuse angled b) A ABC is acute angled
c) A ABC isright angled d) none of these

Key: d

sol:  b5x?+6x+12=0

(has complex roots only)

X +5

79. (L-DIf0<a<5,0<b<5and

=X —2 cos(a+bx) is satisfied for atleast one real x, then

value of a + b may be equal to
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a) 1 b) g ¢) 31 d) 4n
Key: a
)2
sol: cos(a+bx)= —1—% exists only when x = 1

atx=1;a+b=1

2 2
cos (a + bx) = w - _1_ (x :11)

=> x=1
= a+b=5

80. (L-1)Number of integral values of x satisfying 3x? +8x < 2sin tsin4—cos ™ cos4 is

a) one b) two
c) three d) infinite
Key: a

Sol:  3x?+8x <2sinsin4—cos™ cos4
3x* +8x <2(n—4)—(2n-4)
<2n-8-2n+4
<-4

= 3x% +8x+4 <0 has one solution

81. The value of ‘@’ for which-.one root of the quadratic equation
(a®—5a+3)x*+(3a—1)x +2 =0 is twice as large as the other, is
2 2 1 1
(A) - (B) -~ € - (D) —Z
3 3 3 3
Key. A
Sol. Let the.roots are o and 2a
1-3a 2
= OL+20L=2— and 0L.20L=2—
a“—5a+3 a“—b5a+3
1 (1-3a) 2
N 2|2 2( ) 2 |~ L2
9 (" -5a+3) a“—-5a+3
= 9a’-6a+1=9a’-45a+27
= 39a =26
2
3

82. (L-1)If a, b and c are each positive, and a + b + ¢ = 6 then the minimum value of
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1\ 1)? 1)?
(a+—j +(b+—j +(c+—j is
b C a

75 75
-~ b) —
) 2 ) 4
65 65
i d) —
) 2 ) >
Key: b
111
Sol:  Using the AM > HM ofl,l,1 we get, & b C> 3 :gzl
abec 3 a+b+c 6 2
so, 4Ly 1y3
a b c 2
Now,
2 2 2 5 p
1 1 1
(a+bj+{b+j+(c+j a+1+b+1+c+1 6+§ 2
¢ a) > b c a| > 2 :(Ej _ 5
3 B 3 | 3 2 4

2 2 2
.:(a+1} +(b+1j +(c+1) ZZ§
b C a 4
83. (L-2)Given positive real numbers a, b and ¢ such that a + b + ¢ = 1, then maximum value of

a?b°c® +a’bta? +a’bc? is

a)l b) 2 c)3 d 4

Key: a
Sol:  Usingthe.weighted AM — GM in equality we get,

cat+ab+b.c o
§ : > (acbaCb )a+b+c
c+a+b

b b o1
a+C +aC 2(abbcca)a_'_b+c
b+c+a

b.b 1
a.a+ N +C.C Z(aabbcc )a+b+C
a+b+c

Adding these inequalities together we get,
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a +b2+caiﬁga:+bc+ca) ( bbe ) (acbacb)+(abb°ca)[-.-a+b+c:1]

1= M > (aa.bb.cc ) + (ac.b"".cb ) + (abbcca)

a+b+c
X2 —5x+4
84. (L-2)The solution of | ———— <lis
X -4
a) [OE}UF’WJ b) [OE}UF’J@) c) {OE}U{g,oo) d). None
5 2 8 2 8 5
of these
Key:A
Hint: —1< X —2X+4 g

2 -2 5/2
2x% —5x 50 0
X’ -4

X2 —5x+4
x> —4

X(x—1,)(x—2)(x+2)=0

-1<0

x> —5Xx+4-x"44
X*—4

8=5X
x>~ 4

(8-5¢)(x* ~4)<0
(

x+2)(5x—8)(x—2)=0

<0

<0

85. (L-2)Complete solution set of the inequation vX—1>3—X is

a) 2<x<5 b) 2<x<3
c) 1<x<3 d) x<2
Key: B
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Hint:
\\‘ —Jx-1

86. (L-2) The least value of k such that the equation (In x) + k = e has a solution is

a)e b) !
€
c)1 d) none of these
Key: ¢

sol:  f(x)=€*" theninverse of f(x); f1(x)=(Inx)+k
and also both functions are increasing, therefore
f(x)=f"(x) is equivalent to f(x)=£""(x)=x
= InX+Kk =X should have a solution

=k=x-Inx

Now, let g(x) = x—In x
\ 1 .
has least value 1 as °(X)=1—= has aminimum atx = 1
X

and lim g(X),. lim'g(x) both approach to .

x—0" X=>0

87. (L-2)f(x).be'a polynomial of degree n and f(x)=x"f (1) then f(x) = 0
X

a).a reciprocal equation of second type b) not a reciprocal equation
c) a reciprocal equation of first type d) nothing can be say.
Key: c

ol Let f(X)=aoX" +a;x" " +....+a,

1 a a
Then x”f(—j:x” (—0+ 1 +....+anj
X Xn Xﬂ—l

=ag+qX+...+a,X"
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Since, f(x)=x"f (lj
X
ao = an,al = an_l,...,an = ao
. f(x) = 0'is a reciprocal equation of first type.

88. (L-2)Reduced the equation 3x% +x° —27x* +27x? —x—3=0 in standard reciprocal form is

a) 3x*+x3—24x% +x+3=0 b) 3x* + x> +24x% +x+3=0
¢) 3x*=x3+24x% —x+3=0 d) none of these

Key; a

Sol:  ~.3x%+x°—27x*+27x* —x-3=0

This can be written as,
3(x° ~1)+x(x* ~1)-27%* (x* ~1) =0

or, (X2 ~1){3(x* +x7 +1) -+ x(x? +1)-27x?} <0

or, (x? ~1){3x* —24x® + X% + x+3} =0

or, (x* ~1){3x* +x* ~24x* + x £3} =0

So, 3x* +x3—24x? +x+3=0 isa reciprocal equation of even degree (i.e. 4) and first type

Hence it is standard form of reciprocal equation.

89. (L-2)The polynomial-x3 =3x2—9x +C can be written in the form (X—OL)2 (x—P) if value of c
iS
a)5 b) -7 c) 25 d) 27
Key: d

Sol: «. The. polynomial X3 —3x% —9x+C can be written in the form of (X—OL)Z(X—B) if the

equation x3 —3x% —9x+c=0 has two equal roots. Let these be o, o, 3.

We have a+a+B=30r 2o+p=3 e (D)

ao+of+oaf=-9 or 20p+0’ =-9 e (2)

Putting value of B in (2) we get
20.(3-20) +a* =-9

or 6a.—3a° = -9
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=0a’-20-3=0

=(a—3)(a+1)=0=>a=-13

When a.=-1,B=5 and when o.=3,=-3. We also have o’p=—
When oo =-1B3=5,c=-5whena=3=-3c=27

90. (L-1)The smallest positive value of p for which the equation cos (p sin a) = (p cos o) has a
solution Vo €[0,27] is

b) w2 c) nff d) N\

a) N

%l\ﬁ

Key :

Sol: sin (n+ j 1= Pis minimum

=P=
2J§
5Y° 21 .
91. The number of real roots of | — | +—=2"is
13 13
(A) Two (B) ‘Infinitely many
(C) only one (D) zero
Key. C
y=2
©, 34/13/ y= é)
—/
(0,1
Sol.
Both graphscut at only one point
92. For a non zero polynomial P, the equation | P(x) |=e* has
(A) At least one solution (B) No solution
(C) Exactly 2 solution (D) Exactly 1 solution

Key. A
Sal. Lime™ |P(x)|=0
and Lt e™[P(x)|=00

consequently there is an X, € R such that e | P(x,) |=1

93. Number of rational roots of the equation ‘Xz —2X—3‘ +4x=0s

a)o b) 1 c)2 d) 4
Key. B

X2 —2x-3>0=>x*-2x-3=0=>x=-3
x?—2x-3<0=x*-6x—3=0 no rational root

Sol.
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94.

Key.
Sol.
95.

Key.

Sol.

96.

Key.

Sol.

97.

Key.
Sol.

If the equations 2x> —7X+1=0 and ax®+bx+2=0have a common root, then
-7

a) a=2,b=-7 b)a=7,b=1 c)a=4,b=-14d)a=-4,b=1

C

First equation has irrational roots.:. both roots common
If p,a,r I Rand the quadratic equation pX2 +0X+r =0 has no real root, then

a) p(p+q+r)>0 b) p(p+q+r)<0
oq(p+qg+r)>0 d) q(p+q+r)<0
A

p(pX*+0x+r)>0 for xR Take x=1

For x? —(a + 2)[x| + 9 = 0 to have real solutions, the range of ‘a’is

(A) (-, 4] (B) [4,0)
(BC) (o0, 71U [11, ©) (D) {4, =)
0=X*0 5w+ 2

| %] | %]

The number of solution(s) of the equations e* = x? and e* = x3 are respectively

(A)1and 2 (B)1andO
(C)3and2 (D)2and1
A
Let f(x) = e™* x*, f'(x) = e*x 4 (k — x)
Fork=2,f(x): ——4————
0 2
=1
2

f(x) : f(2) = (z) <1

€

o >

So, one solution.
Fork =3, f'(x): i ]
0] 3

3
T f(3) = (gj >1
f(x) : . e
0

So, two solutions.
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c+d
98. If a,b,c,d are four positive numbers in G.P. then the minimum value of T is
11 1
A) 3b3¢3 +a%/® ) 3(bc)s —2a2"3
2/3 2/3
1 11
: 3(bc)s +3a2"3 0] 3b3¢c3 —a?’?
22/3 2/3
Key. D
Sol. Letb=ar,c=ar?,d=ar?
c+d 2
————=r+r
b
11
3b3c3 —a?/3
——m =3r-1
a
11
3.3 /3
2 c+d _ 3b3c3<a?
since (r—1)°>r*-2r+1>0=>r’+r>3r-1= > L
a
99. Three distinct positive real numbers a, b, ¢ are“in_H.P. then for the quadratic equation
X2 —kx +2b%0t — 310t — 01 =0 k € R has
(a) roots of same sign (b).roots of opposite sign
(c) roots of imaginary (d)'roots are real and equal
Key. B

SOL. IF o, p ARE ROOTS
THEN off = 2B - A0l _ C1!

3.101 + ClOl
NOW =—=—> (v/ac)™ >p'™
= 28101 _ AlOl _ ClOl <0
= opf<0

=  roots are opposite in sign.
100. If ¢ and B andy ,  and o are the roots of the equations
ax’ +2bx+c=0,2bx* +cx+a=0 and cx*+ax+2b=0 respectively where a, b, ¢ are

positive real'numbers, then o +a” =

a) -1 b) 1 c)0 d) abc
Key. A

Sol: ag®+2ba+c=0

2 _
2+2be”+ca=0 then (a+2b+c)(l+a+a2)=0

aa+2b+ca’=0
“*ab,ceR then a+a®=-1
101. Ifa, b, c are in geometric progression and the roots of the equations ax’ +2ox+c=0 are &
and S and those of cx* +2bx+a=0 are ¥ and & then

A a=LPry+0 by a=fand y #6
¢) ad=aff=Cy=Co d a=py#06
Key. C
Sol. wb? = ac, the roots of both the equations are equal.
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1 1
sa=f;and y=0.But y=—:0= E as the given equations are reciprocal to each
a

other
}/5:% then cy =af
ag=af=Cy=Cco
102, If f(x)=(x"+3x+2)(x*~7x+a) and g(x)=(x"—x—12)(x*+5x+b) then the
values of aand b, If (x+1)(x—4) is HCF of f(x) and g(x)

a) a=10:b=6 b) a=4:b=12
c)a=12:b=4 d) a=6:b=10

Key. C

Sol.  X?>—7x+a is divisible by X—4&X* +5X+b is divisible by X+1
sa=12b=4

103.  The equation (x2 +3x+4)2 +3(x* +3x+4)+4 =X has
a) all its solutions real but not all positive b) only twoof its solutions real
c) two of its solutions positive and two negative d) none of.solutions real.

Key. D

Sol. f (X) =ax’ +bx+c:If f (X) =X has no real solution.then. f ( f (X)) = X also has no real
solution:

104.  Let A be a square Matrix all of whose entries are integers. Then which of the following is
True?

a) If det A==1, then A™ exists but alkit entries are not necessarily integers.
b) If det A==+1, then A™ exists.and.all it entries are non integers.

c) If det A==1, then A exists ad-all'its entries are integers.

d) If det A=+1, A™ need not exist.
Key. C
Sol.  Conceptual

105. The values of a for which the roots of the equation (a+1) x* —3ax+4a = O(a * —1) are

real and greater than,1

IS EE RIS
7 7 7 7

Key. C
Sol. D=9a’-16a(a+1)>0,x >1x,>1

Where X, + X, =a3—jill,x1x2 =;'—jr11:>x1+x2 -1>0&(x -1)(x,—-1)>0

—=a(7a+16)<0 (1)
a-2

—>0 2
a+1> ()
2a+1

0 3
a+l1 g ()

Solving —? <a<-1.

106.  If the equation x* —4x® +ax® +bx+1=0has four positive roots then (a, b) is given by
(A) (4,6) (B) (6,-4)
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Key.

Sol.

107.

Key.

Sol.

108.

Key.
Sol.

1009.

Key.
Sol.

(C) (-4,-6) (€) (2,3)

B

Let the roots of the equation be X1, X2, X3, Xa then X + X2 + X3+ X4 = 4
and X3 XaXsXa =1

As A.M > G.M and equality sign holds only when numbers are equal.

X+ X, + X5+ X 1

We have 1= > (XX, XX, )2 =1

= X1=X2=X3=Xs=1
= X -4 +ax®+bx+1=(x-1)*=a=6,b=-4.

If roots of the equation ax? + bx + ¢ = 0; a, b, ¢ € R* be non-real numbers, lying inside the
unit circle, centered at origin, then

(A)b>0 (B)b<a
(Cc<a (D) none of these
C

Let z; be one of the root, then the other rootis Z,

c ¢
|z,f=-=-<1=c<a
a a

If both the roots of the equation x? + 2bx + logs (b? —4b +4)=.0 are of opposite sign then ‘b’
belongs to

(A) (1, 3) (B) (=00, 1) L (3, )
(C) [1,3] (DM1,2) v (2,3)
D

Let f(x) = x> + 2bx + logs (b?>— 4b + 4)

For both roots to be of opposite sign

f(0)< 0= logs (b>—4b+4)<0

=b?-4b+4<1

=b’-4b+3<0

= (b-1)(b-3)<0 = 1<b<3

Butb =2

~be(1,2)U(2)3):

Let f(x)=x3+ax2+bx+c and x4, X2 be the roots of f’(x)=0,if X, < X, then

() = 0.will have

a) No.real root if f(x,) <0 or f(x,)>0
b).Only one real rootif f(x,)<0 or f(x,)>0
c) Three real roots if f(x,)<0or f(x,)>0

d) cannot say any thing
B

Since coefficient of x3 is Positive .

.. local maximum is at x; and local minimum is at x, . case (i) : If f (Xl) <0 then

f (x,) < f (%) <0 then the only real root will be in (X,,%0) case (ii) : If f(X,)>0 then

f (X1) > f (Xz) >0 then equation will have only one real root in the interval (—oo, X).
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110.

Key.

Sol.

111.

Key.

Sol.

112.

Key.

SOL.

Let f,(x) and f,(x) be continuous and differentiable functions. If

f0)=£(2)=A(4), L)+ £i(8)=£,(0)=£,(2) = f,(4)=0 andif f,(x)=0 and

f21 (x) =0 do not have common root, then the minimum number of zeros of,

fi(x) fi(x)+ fi(x) f27(x)in [0,4] ,is

a)2 b) 4 c)5 d)3
D
fl(X) =0 has mini two sols in [0, 4]

f, (X) =0 has mini 3 sols in [0,4]

le(x) =0 has mini 2 sol in [0,4]

f,(x) f; (x)=0 has minimum 4 sols in [0,4]

%( f,(X) le(x)) =0 has mini 3 sols in [0.4]

For x> —(a. + 2)|x| + 9 = 0 to have real solutions, the range of ‘o’ is

(A) [0, 4] (B).[4,)
(C) (_OOI 7] U [11r OO) (D) [_41 OO)
B

2
a=2F2 o+ 2o

| x| | X]
= o=>4.

0<c<b<aand a, B are roots.of equation cx? + bx + a = 0 if a, B are non real then

lo|+[B] 2 1
A =P B) — =——
(A) 5 {a]|B] ()|a| B

1 1 1
C) —+—<?2 D) |a|+—<?2
APTMTY Orlerl+rg)
C

a

2550
of3 C>

o [B]>1
= lof?>1
= o] > 1
= IBl>1
1 1
= —+—<2
la| [B]

113. If two roots of the equation (P —1)(X2 +X +1)2 - (p +l)(X4 + X +1) =0 are real

and distinct and T (X) = 1-_ X then f (f (X)) +f (f (ljj isequalto____

+ X X

a) P by —P ¢ 2P d) —2P
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Key. A

2 2(x*+1
ol p+1 X*+x+1 :@:u:p:)ﬁ_

p—1 x®—x+1 2 2X X
1-x 1 1
As f(x)_1+X :>f(f(x))+f(f(XD_x+ .
:>f(f(x))+f(f(1j]:p
X
114. If o, 0O, .... an are roots of the equation x" + ax + b = 0, then (ou — o2) (o1 — az). (o= a) ...
(o1 — an) is equal to
(A)n (B)noy ™
(C) nas + b (D)noy " +a
Key. D
Sol. X"+ax+b=(x—ou) (x—ay) ... (X — o)

differentiate both sides w.r.t. x
X"+ a=(x— o). (X—on) + (Xx— o) (di (X = 02)een. (x—0ln))
X

put x=ou
nef 4 = (o= a) (o~ as) . (o~ )

115. @ is a non real complex cube root of unity and a,b € R.If @, @° are roots of

L+i =§ then a,b are roots of

a+x b+x X

a) 3X* —6x+2=0 b) 6Xx> —3x+2=0
) 2x* =3x+6=0 d) 6x* —2x+3=0

Key. B

Sol. The given equation simplifies X +2x(a+b)+3ab =0, whose roots are given table @, ®’

Hence a+b=1,ab=1 .So a,b are roots of x? —x 1 +1=O
2 3 2) 3

116.  Ifthe function f(X)=x%+3(a—7)x*+3(a®>—9)X—1 has a point of maximum at positive
values of x then

() ae(—oo,§j (b) ae(—x,7)
29
(c) ae(—OO, —3)u(3,7] (d) ae(3, oo)u(—oo, —3)
Key. C

sol.  f(X)=x*+3(@a-7)x*+3(a*-9)x-1
f'(x)=3x*+6(a—7)x+3(@*-7)
The roots of f'(X) =0 positive and distinct which is possible if
(i) b> —4ac >0=6(a—7)*-4(3)(3)(a* -9) >0
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29
=>a<—
7

(ii) Product of Roots >0 a°>—9>0
(iii) Sum of Roots > 0 a-7<0

a<7
S 29
= From i, ii, iii @ € (—o0,-3) (3, 7)
2 2
+
117. If a, f are the roots of X* — pX+0 =0 then value of 052—'34 =
a“+p
(A) p (B)q (c) p? (D) 9°
Key. D
Sol. a2ﬂ2 = q2
118. For p>0 and 3x% + pX+3=0 one root of above equation-is square of the other
then p is
(A)-6 (B) 10 (c)2 (D)3
Key. D
Sol. a+a’=—:;a°=1
a=1 o,
If a=1
P=-6 as P>0 neglected
fa=w;P=3
119. If one root or the equation X>—2X+K =0 is 1+2i and K € R then the value of k is
(A) -3 (B)<5 (€) 5 (D)3
Key. C
ol b® = 4ac => 4m’ = 4(8m=15)
ol.
m? —8m+15=0;m=+3,45
12x
120. If > <1 then
4x° +9
(A) xeR (B) Xe g
(C)x e {1} (D) X €C where Cis set of complex numbers
Key. A

Sol: 12|x|<4x*+9
(2x-3)">0 ; xeR

121. If «,f areroots of 3x% +2bx+Cc =0 whose descriminant is Aj,a+06,B+0 areroots of

9%? +2Bx+C =0 whose descriminant is A, then ﬁ is
2
1 1
A) — B) 9 C)3 D) —
( )9 (B) (C) (D) 3
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Key. A

&
Sol. —pbh=
o. a-p 3
A

(a+8)—(p+6)= \/9—2

A_A AL

9 81 ’AZ 9
122.  Ifthe sum of the roots of the equation 5X° —4x+2+k(4x2 —2X—1):O is6,then k=

(A) 13/17 (8) 17/13 (c) =17/13 (D) =13/11

Key. D
Sol. sum of the roots =6

2k +4 6>k :—_13

5+4k 11

123. If tane, tan S, tany are the roots of the equation X3 — sz <1 = 0-then the value of
(1+tan’ &r)(1+tan® B)(1+tan’ ) is equal to

a) (p—r)2 b) 1+(p—l’)2 c) 1—(p—r)2 d) none

Key. B
sol. (1+tan” ) (1+tan® B)(1+tan’ y )

=1+(tan’ a+tan’ B+tan’ y ) +(tan’ ortan® B-+tan Btan® y +tan” y tan” )+ tan” artan® Btan” y

=1-(p-r)’ e XPYP Y2+ %X
=(xy+ yz+zx)2—2xyz(x+ y+2)

124.  If the equation X°.+9y%—4x+3=0 is satisfied for real values of x and y then

A xelL3hy.e[L3] 8) x€[1,3],ye[‘_1 1}

3'3
-11 -11 -11
X A YA | 113 X A YA | A VA
© 6{3 3}y€[ ] P 6[3 3}3'6{3 3}
Key. B
Sol.. (B)Given equation is x> +9y® —4x+3=0 ...(0)

or, X*—4x+9y*+3=0.
Since x is real (—4)2 —4(9y2 +3) >0
o, 16-4(9y°+3)20 or,  4-9y’-3>0

Or, 9y*-1<0 or, 9y*<1 or, yr <=

Now Y < @—%Sys

Ol
Wl
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Equation (i) can also be written as
9y? +0y+x*—4x+3=0 ...(iii)
Since y is real .. 0? —4.9(X2 —4X+3) >0

or, x? —4x+3<0
=xe€[L3]

125. The equation a8x8+a7x7+a6x6+...+a0:0 has all its roots positive and real
(where a, =18, =—4,a,=1/2"), then

1 1 7 7
A)31:§ B)aiz—y C)32:§ D) a2—¥
Key. B
Sol. (B) Let the roots be &, @, ..., &
= og+a,+..tag=4
1
oya,....0 =
vs 1 +a,+...+q,
= (...0) —==AT% 8
2 8
= AM=GM = all the roots are equal to %
1Y 1
f— aiz—SCY(Ej :—F

1) 7
azzgcﬁ(zj :—?

1 5
% 53

126.  If a, b, c are positive numbers such that a>b>c and the equation
(a+b—2c)x*+(b+c—2a)x+(c+a—2b)=0 hasaroot in the interval (~1,0), then

A) b cannot be the G.M. of a, ¢ B) b may be the G.M. of a, ¢
C) biis the G:M. of a, ¢ D) none of these
Key. A

sol. et f (x)=(a+b-2c)x*+(b+c—2a)x+(c+a—2b)
According to the given condition, we have
£ (0)f(~1)<0
ie.  (c+a-2b)(2a—b-c)<0
ie. (c+a—2b)(a—b+a-c)<0

i.e. c+a-2b<0 [a>b>c, given =>a-b>0,a-c>0]
a+C
ie. b>——
2
= b cannot be the G.M. of g, ¢, since G.M < A.M. always.
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_ _|ax® +bx+c|
127.  Let a, B (a < b) be the roots of the equation ax’ +bx+c=0. If lim———=
x->m ax® +pbx+c

]

then
A, Al
A) 1 M<a B) a>0,a<m<pfp C) a—,m>,B D) a<0O,m> g
Key. C
Sol. According to the given condition, we have
‘am2+bm+c‘:am2+bm+c
ie. am’ +bm+c>0

= if a< 0, the m lies in (a,ﬂ)

and if >0, then m does not lies in (a,ﬂ)

Hence, option ( c) is correct, since

H:1:>a>0
a

And in that case m does not lie in (a,ﬂ) .

128. Let f (X) be a function such that f (X) = X—[X], where [X] is'the greatest integer less

1
than or equal to x. Then the number of solutions-of the-equation f (X)+ f (—j =1is (are)
X

A)O B) 1 C)2 D) infinite
Key. D
Sol.  Given, f(X)zX—[X], x e R—{0}

Now f(x)+f (ljzl x—[x]+l—F}=l
X X X
:>(x+lj—([x]+FD:1 :{x+i)=[x]+[1}+l
X X X X .(0)

Clearly ,R.H.S is an integer .. L. H.S.is also an integer

LetX+£=k an integer = x*—kx+1=0

X
£ k +/k?~4
2

For realvalues of x, k? —4>0—=k >2ork < -2
We also observe that k=2 and -2 does not satisfy equation (i)

. The equation (i) will have solutions if K >2 or K <—2,where K eZ.
Hence equation (i) has infinite number of solutions.

129.  If both the roots of (2a—4)9x —(2a—3)3x +1=0 are non-negative, then

A) O<a<? B)2<a<g C)a<% D)a>3

Key. B
Sol. Putting 3* =Y, we have
(28.—4) y2 —(2a—3) y+1=0

This equation must have real solution
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= (2a-3)"~4(2a-4)>0
= 4a® —20a+25>0
= (26l—5)2 >0. This is true.

y =1 satisfies the equation
Since 3" is positive and 3* >3°, y >1
Product of the roots =1xy>1
1

= >1
2a—4
= 2a-4<1 > a<g
Sum of the roots =2a—3>1
2a-4
2a-3)—(2a-4
- (2a-3)-(2a-4)
2a-4
= >0=a>?2
2a-4
= 2<a<§
2

130. Let @ and B be the roots of X* —6x—2=0Qwith @ > S if a =a"— " for n>1 then

the value of M =
33,
11 2)2 3)3 4) 4
Key. 2
Sol. & —6a—-2=0 B-68-2=0

:>ﬂ10 —Bﬂg —2ﬂ8 =0...... (2)
subtract (2) from (1)
131. If a,b,C. are positive real numbers such that a+b+c=1 then the least value of

(1+a)(1+b)(1+c)
(=a)-b)(1—c)
1).16 2)8 3) 4 45
Keyi=, 2
Sol. “a=1-b-c
=l1+a=(1-b)+(1-c)>2,/(1-b)(1-c)
~.(1+a)(1+b)(1+c)>8(1-a)(1-b)(1-c)

1S

132. The range of values of '@’ for which all the roots of the equation

(a—l)(1+ X+ X )2 = (a+l)(1+ X2+ X4) are imaginary is
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1) (o, 2] 2) (2,)
3) (-2.2) 4) [2,00)
Key. 3

Sol.  The given equation can be written as (X2 + X+1)(X2 —ax+1) =0

133. If @, B are the roots of the equation ax* +bx+c=0and S, =a" + " then

aS,,, +bS, +cS ;= (n>2)

1)0 2) a+b+c

3) (a+b+c)n 4) n? abc
Key. 1

Sol. S, ,=a"™+p™

=(a +ﬂ)(0¢” + 4" ) —aﬂ(a“fl +ﬁ”*l)
b C
= =8, ——S,
a n a n-1
134. A group of students decided to buy a Alarm Clock priced between Rs. 170 to Rs 195. But
at the last moment, two students backed out of the.decision so that the remaining
students had to pay 1 Rupee more than they had planned. If the students paid equal

shares, the price of the Alarm Clock is

1) 190 2) 196
3) 180 4) 171
Key. 3

Sol. Let cost of clock = X
number of students =n

X n*—2n
=—+1l=Xx=
n-2

n®—2n

then

=170< <195

135. If tan A tan B are the roots of X* —Px+Q =0 the value of sin? (A+ B) =
(where P,Q eR)

P2 P2
N~ 2) 50—
) P2+(1—Q)2 ) P2+Q2
Q° p?
8) 0———= 4) ———
: P?+(1-Q) ) (P+Q)
Key. 1
2
Sol.  tan(A+ B)=P— then sin*(A+B)= tan (2A+ B)
1-Q 1+tan’ (A+B)
136.  The number of solutions of ‘[X]—ZX‘ =4 where [X] is the greatest integer < Xis
1)2 2) 4
3)1 4) Infinite
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Key.

Sol.

137.

Key.

Sol.

138.

Key.

Sol.

139.

Key.

Sol.

140.

Key.

2
If x=neZ, |n-2n=4=n=+4

If X=n+K where 0< K <1 then ‘n—2(n+k)‘=4, it is possible if K :%

=|-n-1=4
..n=3-5

Let a,b and ¢ be real numbers such that a+2b+C =4 then the maximum value of
ab+bc+ca is

1 2)2 3)3 4)4
4

Let ab+bc+ca=Xx

= 2b*+2(c—-2)b—4c+c*+x=0

Since b e R,

o.c—4c+2x—-4<0

Since ceR

SX<4

For the equation 3X* + px+3=0, p > 0;if onexroot is the square of the other then value

of P is

1
1) 3 2).1 3)3 4)

2
3
3
g+l =—2

a®=1

If the equations 2X* +kx—5=0 and x> —3X—4 =0 have a common root, then the
value of K is

1) -2 2) -3

27 1
3) =~ 4) -=
) 4 ) 4
2

If “x” is the common root then 2a” +ka—5=0, o> —3a—4 =0 solve the equations.

If  and f are the roots of the equation X* —X+1=0 then a®® + 5 =

11 2)2
3) -1 4) -2
1
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1+iV3
X =
2
La=-0, f=-0

Sol.

2

141. If P(Q—F)X2 +Q(I‘—P)X+ I‘(P—Q):O has equal roots then é=

(where P,Q,r eR)

pi,t nl 1
P r Pr
3) P+r 4) Pr

Key. 1
Sol. Product of the roots =1

142.  The solution of the differential equation Y, Y, =3V is

Dx=Ay +AYy+A )% AY+A,
3)x=AYy*+Ay 4)none of these
Key. 1
Sol.  y,Y; =3y,
Ys _3Y%2 ) y,=3Iny,+Inc
Yo W%
Y, :Cyl3
Y

= =0y,
1

1
——=cy+¢,
Y1

o
dy \

C 2
x:—%—czerc3

SXEAY +AY+HA

143. “If(1+K)tan® x—4tan x—1+ K =0 has real roots tan X, and tanx, then
1) k<5 2) k*>6
3) k=3 4) k>10

Key. 1

Sol.  Discriminate >0

144. Let f(x) be areal valued function satisfying a.f (x)+b f (—x)=px* +gx+r,vxeR.
Where p,q,reR—{0} and abeR such that |a|=|b|. Then the condition that
f (x)=0 will have real roots is
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2 2 2
A) [a_+bj <4 B) (aLbj S4_pzr
a-b 4pr a—b q
2 2 2
022> L o) (2201 2o
a-b 4pr a-b q
Key. D
. . 20X
Sol. Using hypothesis we get f(x)— f(—x) =
145. The number of solutions of the equations n™™. m—|x” =1(where m,n>1&n>m)is
A)0 B) 1 C)2 D)4
Key. C
F
ol
ﬁm—wn
—m 0 " x
Sol. e =two solutions

146. The values of ‘a’ for which the equation x®+ax41=0.and x*+ax*+1=0 have a
common root
A) 2 B) -2 c)o D) 1
Key. B
Sol. Let o be acommon root
Then o +aa+1=0 --- (1)
And o' =aa? +1=0 --- (2)
ax()-2)=a-1=0=a=1
So, from X’ +ax+1=0=1+a+1=0=a=-2

147. If the roots of the equation.ax? +bx+c =0 are of the form a 1 and a+1’ then
a-— a
value of (a+b+c)2 is
A) 2b* —ac B) b’ -2ac D) b? —4ac D) 4b® —2ac
Key. C
Sol. By hypothesis L+a—+1:—9 and L.O[—JrlzE
a-1 « a a-1 « a
20°-1 b c+a
= — =——and a=——-
a" —a a c—a

= (c+a)* +2b(c+a)+b* =b*—4ac = (a+b+c)* =b*—4ac
148. The value of a, for which one root of the equation (a—5)x* —2ax+(a—4)=0 is
smaller than 1 and the other greater than 2 is

A) ae(5,24) B) ae(z—;,ooj C) ae(5,oo) D) ae(—oo,oo)
Key. A
Sol. (i) D>0

4a* —4(a-5)(a—-4) >0
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9a—20>0:>a>%:>ae(%,ooj --(1)
(i) @-5f@M)<0; (a-5f(2)<0
=(a-5)(a—5-2a+a-4)<0
=a>5=ae(5x) - (2)
and (a—5){(a—5).4—-4a+a—-4}<0
=((@-5(@-24)<0=>5<a<24
—=ae(524) - (3)
Using (1), (2) & (3)

The common condition is a € (5,24)

149. If the equations ax’> —2bx+c =0,bx* —2cx+a =0 and cx? —2ax+b =0 have.only
positive roots then
A)a>b>c B) a<b<c Cc)a=b=c D) a>b;b<c
Key. C
Sol. Roots of equation ax? —2bx+c =0 are +ve then discriminent >0—=b* >ac

b c
Sum of roots =— >0, product of roots =— >0
a a

C a
Similarly for other two equations, we get ¢* >ab :>B > O,B >0 and

azzbc:E>O&9>0
C c

Using above conditions a,b,C are all'+ve (or)all are —ve.
Multiplying we get c?a® >ab’c

= ac(b® —ac) <0 = b’ —=ac<0(..ac > 0)

Also a°—bc<0 & c*~ab<0

And all, we get @ +b”+c2—~ab—bc—ca<0

:%[(a—b)z+(b—c)2+(c—a)2J:O

K +p+3=0030, (or). PP (o) ==
y — — -

—
—

o+ a® ==

wlo

150. I ‘e.is a root of ax? +bx+c=0; B isaroot fo —ax? +bx+c=0 and y is a root of
ax? +2bx+2c=0 then

14

A) y<a<p B) a<fB<y Ca<y<pf D)%<7/<;
Key. C
Sol. Let f(x)=ax’+2bx+2c

Then, we have f (&) =aa’ +2ba +2¢ =-aa’ +2(aa® +ba +¢)

=—ac’ ['~a isa rootof ax’ +bx+c=0...aa’ +ba+c=0]

Also we have, f(f)=ap’+2bpB+2c=3ap" +2(-af*+bp+c)

=3af’ [v B isarootof —ax’ +bx+c=0...a°B-bp-c=0]

48



Mathematics Quadratic Equations & Theory of Equations

151.

Key.

Sol.

Now. f(a)f(B)=-3a’a*B* <0 which implies that f (), f (/3) are of opposite signs and
hence, proves that the curve represented by y = f(X) cuts the X-axis somewhere between
a and .

In other words f(X) =0 has a root lying between & and 3.

2 —
If for any real X, we have —1< XZLXZ < 2 then the value of N is
X°—3x+4
A)ne[—LJZ5—6] B) ne[-1,3) C)ne[—J25—&—{} D)
ne[Lvﬁ5+6}
A
2 p—
é+ﬂx 2_ZSO
X°—3x+4

= x> —(N+6)x=10>0, true VX <R then
D<0=(n+6)*~40<0=—/40-6<n<+/40-6 - (1)
X2 +NX—2

Similarly —————+1>0=>2x* +(X—3)x+220
X —3x+4

=D<0=(n-3)?-16<0=-1<n<7 - (2)
Combined (1) & (2) we get N e[—l,m—G]
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Key.

Sol.

Key.

Sol.

Quadratic Equations & Theory of Equations
Multiple Correct Answer Type

x> —ax? +19x—a—4
x*—(a+1)x*+23x—a—7
a) The value of ‘a’ at which the above fraction admits of reduction is 8
b) The value of ‘a” at which the above fraction admits of reduction is 4

X—4

Consider the fraction

c) The lowest admitted reduction form of the fraction is

x X
w o1

d) The lowest admitted reduction form of the fraction is

x
1SN

AC

subtracting numerator from denominator, we get

X —4x+3ie (x=1(x-3).

Thus it is concluded that numerator and denominator must be completely divisible by (X —1)
or (Xx—23) in other words both must vanish when.X'=%0rwhen X=3, if X=3 we get,
a=38
And fraction becomes

X} —8x* +19x—12 x*—7x+$12 \ x4

X —Ox? +23x—15 %’ —8X+15% X-5

If we put X =1, we get alsorthatra’'s 3.

Two numbers are suchithat their sum multiplied by the sum of their squares is 5500 and
their difference multiplied‘by'the difference of the squares is 352. Then the numbers are

a) Prime numbers only b) odd positive integers
c) prime but not.odd/ d) odd but not prime
B

Let the two number be x,y then

(x+y)(X* +y?) =5500 -—-(i)
and (X—Yy)(X* —y?) =352 —(ii)
After solving these two equations
x=9or 13
y=13o0r 9}

If by eliminating x between the equations X> +ax+b =0 and Xy +1(X+Yy)+m=0,a

guadratic equation in y is formed whose roots are the same as those original quadratic in x,
then

a)a=2 b) b=m cb+m=al d a+b=I
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Key.

Sol.

AB.C

Given equation are

x> +ax+b=0 -(1)
Xy +1(x+y)+m=0 -(2)

From (2), we get, X(y+1) =—(m+1y)

X:_(m+lyj
y+I1

Substituting this value in (1), we have

2
mHly ) g MYy
y+I y+I

or (M+1y)> —am+Iy)(y+D+b(y+1)?>=0

or (Y1 +b—al)+ y(2Im+2bl —al* —am) +m* —alm+bl* =0

Since this equation is equivalent to (1)

P—al+b _2Im-al®*—am+2bl mZ-—alm+bl?
o a , b

From 1% and third fraction

b(1> —al +b) =m* —alm+hbl2
i.e al(b—m)—(b*—m?)=0
or (b—m)(al —-b—-m).=0

.. either b = mrorbb~m=al

From 1% and 'second.fraction, putting b =m

al’ —a’h+-am=4lm—al®* —am

or2al®—a’l —4lm—2am=0

or a’t —2a(l> +m)+4lm=0

or (a—2l)(al—2m)=0
~.a=2loral=2m

Thus either b=mand a=2I
b=m and al =2m

Quadratic Equations & Theory of Equations

If & and [ are the roots of the equation X2 + PX+(Q =0 and 064 and ﬁ4 are the
roots of X2 —IX+S= 0, the roots of X —40x + 2q2 —r =0 are always

a) both real

b) both positive
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c) both negative d) one positive & one negative
Key. AD

Sol.  We have a+,8=—p,a,8=q,a4+,84:r and 054,3425
Therefore, ot +ﬂ2 = (0!+ﬂ)2 —20f3 = p2 — 20, so that
r :a4 +ﬂ4 :(a2+ﬂ2)2 _2a2ﬂ2 :(p2 _2q)2_2q2
ie., (p°)*—4q(p?)+29°-r=0
This shows that p2 is one root of X —4gx+ 2q2 —I =0.Ifits other root is Y , we have
Y+ p2 =4q,ie, y=40— pz. Further the discriminant of this quadratic equationis

(40)° —4(207 - r) =8q? +4[ (p* - 20)* — 207 | =4(p® - 20)* 2Q
So that both roots, p2 and —p2 +4( are real. Since & and 3 aréyeal p2 —-492>0,
ie., —p2 + 40 <0. Thus the roots of X —4gx+ 2q2 — I =0 arepositive and negative

5. Let |a| <|b| and a,b are the roots of the equation X —|a|X—|,B| =0.If |a| <b-1, then

2
X
the equation Iog‘a‘ (Bj —1=0 has at least one

A) root lying between (—OO, a) B) roots lying between (b,oo)
C) negative root D) positive root

Key. AB,CD

Sol. |Ot|: sum of roots =b+a

—|,3| = product'efroot =ab
Because |a| < |b| so g is.négative and b is positive.

Now,

a|<b-F=a+hxb-1=a<-1.
Because a is fiegativelso magnitude of 'a’ is greater than one and magnitude of b is greater

than 1+|0(| or say greater than 2.

2 2
Now,, o, (g] —1=0:>(gj =|a|

= Xzib\/@

Magnitude of x is greater than 'a" as well as greater than 'D’
= oneroot liesin :>(—OO, a) and other root lies in (b,oo).

2
6. The value of 'X' satisfying the equation X* —2 (xsin (% X)) +1=0
A)1l B) -1 c)o D) No value of 'X'
Key. AB

2
Sol. x* —Z(XSin(% XD +1=0
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= x4+1:2x23in2(%x)

X2

Now, LHS > 2 where as RHS < 2
So, equality holds when

x2+i—2 and 25in2(%xj=2:>x=i1

= x2+i—23in2(%xj

x>
7. Ina AABC, tan A and tan B satisfy the inequation \/§X2 —4X+\/§ <0. Then
A) @®+b’—ab<c® B)a’+b®>c? C) a®+b*+ab>c* D) Alof the above
Key. AC

Sol. (x—\/§)(x\/§—1)<0

1
= x lies between ﬁ and \/§:> Both tan A and tan B lie

1
between —= and \/§
W \/5

Both A and B lie between 30° and 60°.

= 60°<C<120°
1 a’+b*-c* 1
= — < <=
2 2ab 2
8. Let f(X)= 3 + 4 + S , then f(X)=0 has
x—-2 x-3_ x4
A) exactly one real robt ih (2,3) B) exactly one real root in (3, 4)
C) at least one real roet in (2, 3) D) None of these
Key. AB,C
3 4 5
sol.  f(X)= + +
X—2 X-3 Xx-—-4
f(27) >

and f(37)—>—o
= f(X) =0 has exactly one root in (2,3)

. f(3"
Again (3)_)00 :>f(X)=0
and f(4)—>—o

Has exactly one root in (3,4)

x—a+x—b_ b 4+ ;(a,b,>0) and

9. If X, > X, >X; and X}, X, X; are roots of = ;
a x—-a Xx-b

X, —X, —=X; =C, thena,c, barein.
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A) A.P. B) G.P. C) H.P. D) None
Key. C
Sol. Given equation can be written as

x-a b +x—b_ a _
b x-a a x-b
:(x—af—b2+(x—m2—a2:

b(x—a) a(x—Db)
— (x—a—b) x—a+b+x—b+a
b(x—a) a(x—b)
:(X_a_b){a[xzbxax+ab+bxb2]+b[x2axbx+ab+axa2]}

0

ab(x—a)(x—b)
:>(x—a—b)(ax2 —a’x+a’h—ab® +bx? —b’x+ab? —azb)
= x(x—a-b}{x(@a+b)—(a*+b?)}=0
a2 +b?
a+b
a2 +b?
a+b

X — Xy — X3 =C (given)

2 2
(a+h)-2 P
a+b

.. roots will be x=0, a + b,

let X, =a+b, x* =

and X3 =0

-0=c

2 2 2
:j(a+b)—{a +b%) C:>2ab

=C
a+b a+b
i.e a,c,b areinH. P

10. If the.equation Whose roots are the squares of the roots of the cubic x° —ax? +bx—1=0 is
identical-withrthe given cubic equation, then

A) a,bare-roots of X>+X+2=0 B)a=b=0
Cla=b=3 D)a=0b=3

Key. “A,B,C
Sol. /If roots of the equation be «, 3, ¥ then

al+ B+t :(a+ﬂ+7/)2 —2(af+Pr+ya)=a>—2b
P+ el = (a,B+,6’;/+7a)2 —2afy (a+B+y)
=b? -2a
a’ oyt =1.
So, the equation whose roots are a?, 5%, y” is

X3 —(a2 —2b)x2 +(b2 —2a)x—1:0
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It is identical to X° —ax? +bx—1=0
- a?—2b=a and b —2a =D, eliminating b, we get

(az—a) _2a=a2_a
4 2
= a{a(a—1)2—8—2(a—1)}=0
= a(a3—2a2—a—6):0
or a(a—3)(a2+a+2)=0

a=0ora=3o0ra’+a+2=0
Which give b=00rb=3orb*+b+2=0
So, a=b=0ora=b=3
Ora, b are roots of X* +X+2=0
11. 4 + e’ +””+ee =0 has
X—€ X—m X—-m—¢

A) One real root in (e, 7Z') and otherin (n—e,e)

B) One real root in(e,ﬂ') and other in(ﬂ', 7T, +e)

C) Two real roots in (ﬂ—e, 7Z'+e) D). No.real roots
Key. B,C
Sol.  Given equation can be expressed as

7t (x—rm)(X—7—e)+e" (x=e) (X7 —e)+ (7" +€e°)

(Xx—e)(x=m)=0

Let f(X)=7°(x-2)(X>—e)+e"(X—e)(x—z—¢€)+ (7" +€°)(x—e)(X—7)

f(e)=r°(e-z)(z7)>0

and f(7)=€"(z-e)(-e)<0

hence given equation has a real root in (€, 77)

againnfi(z +€) = (7" +€°)7-e>0

o LA€> 7T, it concludes it has a real root in (77,77 +€)

Alsov's T —-€<€

hence f(X) has two real rootsin (7 —€,7+€)

x*—ax®+19x—a—4
x*—(a+1)x*+23x—a—7
a) The value of ‘a’ at which the above fraction admits of reduction is 8
b) The value of ‘a’ at which the above fraction admits of reduction is 4

X—4
X—=5

12. Consider the fraction

c) The lowest admitted reduction form of the fraction is
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X—3
X—4

d) The lowest admitted reduction form of the fraction is
Key. AC
Sol.  subtracting numerator from denominator, we get

X* —4x+3ie (Xx=1D(x-3).

Thus it is concluded that numerator and denominator must be completely divisible by (X —1)

or (Xx—23) in other words both must vanish when X =1 or when X =3, if X =3 we get,

a=38

And fraction becomes

X} —8x*+19x—12 x*-7x+12 x-4

X —Ox*+23x—15 x*—8x+15 x5

If we put X =1, we get also that a =8.

13. Two numbers are such that their sum multiplied by, the‘sum of their squares is 5500 and
their difference multiplied by the difference of the squaresiis 352. Then the numbers are

a) Prime numbers only b) odd positive integers

c) prime but notodd  d) odd but not prime

Key. B,D
Sol.  Let the two number be x,y then
(X +Y)(EFy?) =5500 -—-(i)
and (X =y)(X* —y*) =352 (i)
After solving these,two,egquations
x=9or 13
y =13.0r 9}

14. ._ Ifby eliminating x between the equations X° +ax+0b =0 and xy +I(x+y)+m=0, a
guadratic equation in y is formed whose roots are the same as those original quadratic in x,

then

a)a=2I b) b=m cb+m=al d) a+b=I
Key. AB,C
Sol.  Given equation are

x> +ax+b=0 -(1)

xy+I(x+y)+m=0 -(2)

From (2), we get, X(y+1) =—(m+1y)
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X:_[m+lyj
y+1

Substituting this value in (1), we have

2
mAly ) MV g
y+I1 y+I

or (M+1y)> —a(m+Iy)(y+1)+b(y+1)>=0

or (yI> +b—al) + y(2Im+2bl —al* —am) +m* —alm+bl* =0
Since this equation is equivalent to (1)

1P—al+b  2Im-al®—am+2bl m*-—alm+bl®
o a - b

From 1% and third fraction

b(I* —al +b) =m* —alm+bl?
ieal(b—m)—(b*—m?)=0
or (b—m)(al-b—-m)=0

. eitherb=m orb+m=al

From 1% and second fraction, putting b=m

al®* —a’l +am=4lm—al’~am

or 2al’* —a’l —4lm—2am'<=0

or a’l —2a(l* + m)+4im =0

or (a—2I)(al ~2m) =0
~.a=2loral=2m

Thus either b=mand a=2I
b=m and al =2m

15. If & and 3 are the roots of the equation X% + pPX+q=0 and a* and ﬂ4 are the
roots of X2 —IX+S= 0, the roots of X — 49X+ 2q2 —r =0 are always

a) both real b) both positive
c) both negative d) one positive & one negative
Key. AD

Sol.  We have a+,8=—p,aﬂ=q,a4+,6’4=r and 064,B4=S
Therefore, a? +ﬂ2 = (a+ﬂ)2 —20f = p2 — 20, so that
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16.

Key.

Sol.

17.

Key.

Sol.

F=a*+ B = (& + )% — 202 % = (p? — 20)? — 20

ie., (P2 -49(p?) +29°—r=0

This shows that p2 is one root of X —40x+ 2q2 —r =0.fits other rootis ¥, we have
Y+ p2 =4q,ie, y=40—- p2. Further the discriminant of this quadratic equation is

(4)* —4(27 —r) =807 +4[ (p? —20)* — 207 | = 4(p? —24)? >0
So that both roots, p2 and —p2 +4( are real. Since & and f3 are real p2 -49>0,
ie., —p2 + 40 < 0. Thus the roots of X —40x+ 2q2 —I =0 are positive and iegative

Let |a| <|b| and a,b are the roots of the equation X’ —|0(|X—|,B| =0.If |0£| <b-1 then

2
X
the equation |Og‘a‘ (Bj —1=0 has at least one

A) root lying between (—OO, a) B) roots lying-between (b,oo)
C) negative root D) positive reot
AB,C,D

|a| = sum of roots =b+a
—|,3| = product of root =ab

Because |a| < |b| so a is negative and biis positive.

Now, |o| <b-1=a+b<b-1=a<-1.

Because a is negative so magnitudeof ‘@' is greater than one and magnitude of b is greater
than 1+|0(| or say greater than2.

2 2
Now, log, (g) “I<0 (Ej =|a|
= X = J_rb\/H

Magnitude of xds greater than 'a" as well as greater than 'b’
= onevoot lies in :>(—OO, a) and other root lies in (b,oo).

2
. (7
The Vvalue of 'X' satisfying the equation X* —2 (XSIH(E ij +1=0

A) 1 B) -1 Qo D) No value of ‘X'
AB

2
x* —2(xsin(% XD +1=0

= x4+1:2x25in2(%x)

= x2+i=25in2(%xj
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18.

Key.

Sol.

19.

Key.

Sol.

20.

Key.

Sol.

Now, LHS > 2 where as RHS <2
So, equality holds when

x2+i—2 and Zsinz(%x):Z:x:ﬂ

X2
Ina AABC, tan A and tan B satisfy the inequation \/§X2 —4X+\/§ <0. Then

A) a?+b?—ab<c® B)a?+b®>c? C) a2+b%*+ab>c? D) Allof the above
AC

(x—\/§)(x\/§—1) <0

1
=> x lies between —— and \/§:> Both tan A and tanB lie

Ne

1
between ﬁ and \/§
Both A and B lie between 30° and 60°.
= 60°<C<120°
1 a'+bh*-c¢® 1

2 2ab 2

Let f(X)= 32+ 43+ 54,then f(X)zO has
X— X— X—

=

A) exactly one real root in (2,3) B) exactly one real root in (3, 4)

C) at least one real root in (2, 3) D) None of these
AB,C

3 4 5

+ *

X—2 X33\ X-4
f(2" ) o
and f(3)#~—>—0
= f (X) =0 has exactly one root in (2,3)

) f(3)—>ow
Again &) = f(x)=0
and f(4)—>—0
Has exactly one root in (3,4)
If b? > 4ac for the equation ax*+bx?+c =0 then all the roots of the equation will be real

if

f(x)=

(A) b>0,a<0,c>0 (B) b<0,a>0,c>0
(C) b<0,a>0,c<0 (D) b>0,a<0,c<0
B,D

x*=t, 120

at’+bt+c=0, t>0

10
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—9>O e (D
a

LA o ©

a

21. Let X,Y,Z be positive reals. Then

A) 4 2+E>81|fx+y+z =1
X y z

B) X+y+22§
y+Z Z+X X+y 2

Q) If xyz=1, then (1+x)(1+y)(1+2)<8

D) W X+y+z= lthen1+1+1>9
X y z

Key. AB,D

4 % 16 14 % 16
xty+z=1= —++—=| -+ F{{xty+z)

Sol. A L A

:29+[4_y+9_xJ {m_y+9_z]+[4_z+m_x]
x ¥ =z ¥ x z

(y+z)+(z+x)+{x+ ]::_
8) Y 3 Y _Ej(y+z)(z+x}(x+y)

S22 (1)
1 . 1 + 1

_}?+Z Z+x x+.}? [{y+z}{z+ﬂ x+};:|3 ......... {2]
Similarly, 3

0

On multiplication of (1) & (2) and expanding, we get the desired result.

(x+y+z) [l+l+l] > 32
D) x ¥y z

22. Given
|ax® +bx +¢|<] Ax* +Bx+C|, ¥xeR,ab,c AB,CeRandd=b*-4ac>0and

D=B? —4AC > 0. Then which of the following statements are true
a) [a|d Al b) [d[<] D o lal Al
d) if D,d are not necessarily positive then roots of ax> +bx+c=0 and Ax*+Bx+C=0

11
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may not be equal
Sol : ans: a,b,d
Let oo &3 are the roots of

Ax*+Bx+c=0

Jax® +bx+c|<] AX* +Bx+c| VeR

= ax® +bx+c =0 also has a,p as roots

=|ax® +bx+clHa| [x—olx—BlH Allx—allx-B]
=lalg Al

&

b>-4ac B®-4AC
- 2

(0 =B)" =(a+P) ~4op= == ==——={d<D|

23. A continuous function y =T (X) is defined in a closed interval [-7,5}. A(~7,—4),B(-2,6),
C(0,0), D(1,6), E(5,—6) are consecutive points on the graph of fand AB, BC, CD, DE are

line segments. The number of real roots of the equation f [f (X)] =6 is

A)6 B) 4 C)2 D)0
KEY : A
HINT

f[f(x)]=6="F(x)=—20r f(x)=1
f(X) =—2 has two roots and f(X) =1 hasfourroots.

24.  If both the roots of the equation X* % 2ax-+a” +a—3=0 in the variable x are less than 3
then a can be
A)2 B) 5/2 0 3 D) -7

KEY : C,D

HINT: disc >0, a <3 andf(3)>'0 where f(X)=x*—2ax+a’+a—3

25. The equation x%+3x3 + 4x—9 = 0 has
a) noeal root b) all its roots real
) a,Unigue rational root d) a unique irrational root
KEY «D
HINT: tet f (X) =X +3x> +4x -9
f'(x)=7x"+9x*+4>0
.. fisincreasing in R. Hence there exists only one real root.Observe that f(1).f(2) < 0. That is a root

should lie in (1, 2). If that root is a rational number then coefficient of x/ can not be 1. Hence only
one irrational root exists.

26. The coefficient of x30 in the polynomial (x — 1)(x2 - 2)(x3 - 3)(x4 - 4)(x5 - 5)(x6 - 6)(x7 -
7)(x8 - 8) is
a)-1 b)1 c)o0 d) 4

12



Mathematics Quadratic Equations & Theory of Equations

KEY : B

HINT: Coefficient of x30 is (=6) + (=1)(~5) + (=2)(—4) + (-1)(=2)(-3)
=—6+5+8-6
=1
27. If the equation ax? + bx + c = 0 and bx?> + cx + a = 0 (a, b, ¢ are unequal non zero real) have a
common root then f(x) = bx® + cx? + ax =5 always passes through fixed point
(A) (1,-5) (B) (0,-5)
(C) (-1,-5) (D) (0, 5)
KEY: A,B

HINT: and bx?+ cx +a =0 have a common root = a>+b3*+c® —abc=0
%(a+b+c) [(a—b)*+(b—c)*(c—a)l=0 =>a+b+c=0

f(x) = bx3 + cx’+ ax—5

f(0) =5

f(A)=a+b+c—-5=5

= f(x) will always pass through (0, -5) and (1, -5)
Hence (a, b)

28.  Let f(x)=x*+Ax+4C0SX, A being an integer, and x a real number. The number of

ordered pairs (4, ) for which the equatians f (x)=0 and f(f (x))=0 have the same

(non empty) set of real roots is
(A) 4 (B) 6 (©)8 (D) Infinite
KEY : A

HINT: Let @ bearootof f(X)=Q)soWe have f(a)=0 and thus f(f(a))zo,
= f(0)=0= =0,
We then have\ f (X)=X(X+4) and thus @ =0,-A.
f(f(x)):x(x+/1)(x2+ﬂx+ﬁ,)

Wewant A such that X* +AX+A has no real roots besides 0 and —1 . We can easily
findthat 0< A < 4.

29._.Nf “o,B,y are the roots of the equation 9x*—-7x+6=0 then the equation
X%+ Ax? +Bx+C =0 has roots 3o.+2, 38+2, 3y+2, where
(A) A=6 (B) B=-5
(Cc)C=24 (D) A+B+C=23
KEY:C,D
HINT : Let P=3a+2
Sa="_2
3

Since 90 —70.+6=0

13
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3
:M_Z(P_2)+6=O
27 3

:%(P3—8—6P2+12P)—§P+%+6 0
=P°-6P*+12P-8-7P+14+18=0

=P?-6P*+5P+24=0

So, the equation x® —6x*+5x+24 =0 has roots 3o.+2, 3B+2, 3y+2

30. If ¢, f are the roots of the equation x? +ax+1=0 then the equation whosetoots are
1 1
—la+—|, —(—+ﬂj
p a
(A) x*=0 (B) X* +2ax+4=0
(C) X* —2ax+4=0 (D) X* —ax+1=0
KEY:C
31. If 0 < c < b<aand the roots a, B of the equation cx** bx +a = 0 are imaginary, then
IOLI+IB| N
= o|IBl (B~ =
la] |B]
1 1 1 1
(C) —+—<2 (D) —+—>2
lo| | lo| |l
KEY:C,B

HINT : Since roots are imaginary.
So, discriminant < 0

:—b+i\/4ac—b2
2C
—b—i\/4ac—b2 4ac b2
B= o al=lBlE—=

32. Suppose-a, b*> 0 and X1, X2, X3 (X1 > X2 > X3) are roots of X= b x-a_ b + a and
a b x-a x-b
X1— %2 —X3 = C, then
(A)a,c,bareinH.P.andx;=a+b (B)a,c,barein AP.andx,=a+b
(€)a,c,barein AP.and x3=0 (D) a,c,barein H.P.and x3 =0
KEY A, D
HINT - Xx-b b ~a x-a

a x-a x-b b
(X2 —(@+b)x)[(b+a)x—(a®2+b?)]=0

2 2
x=0, a+b, a”+b

a+b

a’ +b?
X3:0,X2:H, X1:a+b

14
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(a+b)—(a+b)+222 _0-c
a+b

2ab
c=——
a+b
A, CB ARE IN H.P.

X} —6x*+11x—6 a

33. The values of a for which ——— +— =0 does not have a real solution is
X*+x°-10x+8 30

1)-10 2) 12 3)5 4).-30

KEY : 2,3,4
x?—6x° +11x—6 _ (x—1)(x—2)(x—3)
SoL: —— =
X +x2-10x+8  (x—1)(x—2)(x+4)
s X#1,2—4 then f(X) _Xx=3
X+
2 1
Rangeof f(X)=R—<1—=,—=
oo 1(x)=R-f1-2 -2}
So Equation does not have a solution if a =—]_,g,l
30 5°6

=a=-30,12,5
34, The Quadratic polynomials defined onsreal coefficients

P(x)=a,x"+2bx+c;Q(%) =a,x2#2b,x+C,; where

a, #0,a, =0 and P(x)-and\Q(X) both take positive values VX €R.

g(x)=a,a,x* +b,X+¢c, then

A) g (X) takes #ve values only B) g (X) takes negative values only

g (X) takes beth=ve and —Ve values D) nothing can be said about ¢ (X)
KEY : A

soL: Dy=4b’=~4ac <0,D, =40 —4a,c, <0
=$a,8,0,C, >b7b? the D, =(hb,)’ —4a,a,c,C, <0

35. Ifa,b, ceR and a+b+c=0, then the quadratic equation 3ax?+2bx+c=0 has

(A) at least one root in [0,1] (B) at least one root in [-1,1]
(C) at least one root in [0,2] (D) none of these

Key: A,B,C

Sol: Letf(x)=ax®+bx*+cx+d

fis continuos and derivable on R. Also, f(0) = d and f(1) = a +b + ¢ +d = d. By the Rolle’s
theorem, there exists at least one oL € (0,1) such that

15
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f’(oc)=0:>3aoc2+2boc+C:O

Thus, 3ax? +2bx +c¢ =0 has at leas one root in [0,1].
Also, [0,1] =[-1,1] and [0,1] < [0,2]

36. COSa is a root of the equation 169x? — 26X —35= 0, —1<x <0, then sin2a is

) 144 py - 144
169 169
o 144 g 120
169 169
Key: ¢, d

Sol:  169x”—26x—35=0=>(13x—7)(13x +5)=0

7 -5
> X=—0rX=—
13 13
.'.COSOLZ_—S =sin2o = 2><£><J_rE :i@
13 13 13 169
X3 —6x% +11X6 \ a
37. The values of a, for which 3 5 +— =0 doesn’t have a real solution, are
X°+X7=10x+8" 30
a) -10 b) 12 c)5 d) -30
Key: b,c,d
a

Sol: Letf —=0
0 e (x)+30

x3=bx? +11x -6 (x-1)(x-2)(x-3) x-3

Where f{X)= = =
(x) XC+x2-10x+8 (x-1)(x-2)(x+4) x+4
X%l 2,4
-2 -1

Range of f(X)=R—<1, —,—

oot £(x)=R-{1. 2.}
.'.i;t—l,g,l

30 56
=a=-30,12,5

38. The value of m , when ever defined never lies between
COS X Sin 3x

a)0and1 b)-land 1

16
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c) 1and3 d) land2
3 2
Key: cd
Sol - _sinxcos3x  tanx
' cosxsin3x  tan3x
Lettanx =t
t(1-3t%) 1_3¢ ,
Sy= = as t#0 (-.- t=0 will make by indeterminate)
SRR
.'.y(3—t2) =1-3t2
2o
o 2oL L. B3 T\ 3
2 2
y- (y-3) (y-3)
i . 1
Above will be +ve if y<5 ory>3
. 1
..y cannot lie between éandS
39. Complete set of real values of a for the equation 9 +a.3* +1=0 has
a) two real solutions, is (—oo, —2) b) no real solution, is (—2,oo)
c) exactly one real solution, 1S+{-2} d) at least one real solution, is (—oo,—2]
Key: a,c,d

—a++a’-4
2
has Zsolutionsa<0anda<-2ora>?2

Sol: t’+at+1=0=3"=

two\solutions ag (—oo,—2)

nosolutions if ag(—2,—o)
exactly one solution if aa = {-2}
at least one real solution if ag(—o0,—2)

40. If X* 42X —A >0 for all real values of ‘x’, then value of A may be:

a)-1 b) 1 c)-3 d-5
Key: C,D
Hint:  b*—4acAD

17
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22. (L-1)The equation (x +1)4 = a(x4 +1) is a reciprocal equation for

a)a=1 by azl
c)a=-2 d) all values of a
Key: Db,c

Sol:  f(x)= (x+1)° —a(x4 +1)

when a = 1, f(0) = 0 and therefore f(x) = 0 is not a reciprocal equation.

41. If a; <a, <az <a, <ag <ag, then the equation

(x—a;)(x—az)(x—a5)+3(x—a,)(x—a,)(x—ag)=0 has

a) three reals roots b) a root in (—0,a,))
c) arootin (ay,a,) d) aroot in (&, )
Key: a,c,d

sol:  Let f(x)=(x—ay)(x—az)(x—as)+3(X—ag)(x—a,)(x—ag)
Note that, f (X) ——o0 as X ——og
f(a;)=3(a;—a,)(a; —a,)(a,~ag)<0
similarly, f (a,)>0,f(ag)>0,f(a;)<0,f(as)<0,f(as)<0

Thus, f(x) = 0 haS a'¥gotiin'each of the following intervals (a,,a, ),(a3,a, ) &(as,ag ). Thus

f(x) = 0 has three,real roots.

42, IfehZ >%ae. for the equation ax*+bx?+c =0 then all the roots of the equation will be real
if
(A)\b>0,a<0,c>0 (B) b<0,a>0,c>0
(Cy b<0,a>0,c<0 (D) b>0,a<0,c<0

Key. /B,D

Sol.  Xx°=t, t>0
at>+bt+c=0, t>0
b

——>0 e (D)
a
C
—>0 e (2
a
43. If 0 < ¢ <b<aand the roots a, B of the equation cx? + bx + a = 0 are imaginary, then

18
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Ia|+|BI 1
= allBl (B) — ==
lo| B
(C)i+—<2 (D)i+i>2
lo| B lo| [P
Key. B,C
Sol.  Since roots are imaginary.

So, discriminant < 0

_ —b+ivdac—b?
2

c
—b—iv4ac—b? b?> 4ac-Db? a
- NoHBE o+ o2 = s
2C 4c 4c c

44, The equation x*—3x+ 1 =0 has

(a) three real roots (b) three irrationalroots

(c) one rational and two irrational roots (d) atleast one negative root
Key. A,B,D
Sol. f(x)=x3-3x+1

f'(x) =3x*-3

f(x)=0 = x=%1
o f(-1).f(1) <0

Hence (a), (b), (d) are correct answer.
AV

45, If a,b,c are positive integérs such.that a>b>c and the quadratic equation ( a+b-2c) x? +(b+c-

2a)x+ (c+a-2b) = 0 has'a,root in the interval (-1,0) then
a) b+c>a b) c+a <2b
¢) both roots'ofithe.given equation are rational

d) the équation\ax?+2bx+c = 0 has both negative real roots.

Key. B,G,D
Sol. Clearly/ is a root of the given equation .Given that 2" root lies in (-1,0) = Product of roots
<0
c+a-2b
s —————<0=>c+a-zb<0(-a+b—-2c>0)
a+b-2c

The roots of the equation are both rational for the equation ax? +zbx+c = 0 we have f(0) = C>0
F(-1) = c+a-2b< 0. hence one root is —ve

Also for an equation with +ve real coefficients all roots are —ve hence 2 nd root is also —ve.
46. Which of the following is/are correct

(A) between any two roots of e* cos x = 1 there exists atleast one root of tanx =1

(B) between any two roots of e* sin x = 1 there exists atleast one root of tan x = -1

(C) between any two roots of e* cos x = 1 there exists atleast one root of e*sinx =1

(D) between any two roots of e* sin x = 1 there exists atleast one root of e* cos x =1

19
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Key. A,B,C,D
Sol. (@) Letf(x)=e*cosx—1

f'(x) =e*(cosx—sinx) =0
= tan x = 1 between two roots of f(x) (Rolle’s theorem)
(b) g(x)=e*sinx—1, g'(x) = e*(sin x + cos x) =0 = tan x =—1 between two roots of g(x).

(c) h(x) =e™—cos x, h'(x) =—e™ + sin x = 0 = e~ = sin x between two roots of h(x).

47. If 0 < c<b<aandthe roots a, B of the equation cx? + bx + a = 0 are imaginary, then
o+ 1 1
oy LBy g ®) ==
2 la] [P
1 1 1 1
() —+—<2 (D) —+—>2
la] [P lo] [B]
Key. A,B,C
Sol. Since roots are imaginary.

So, discriminant < 0

o —b+iv4ac—b?

2C
Be <b<iy/4ac-b?
2C '
b>  dac—b? \/5
alHBlE]—+——=.]->1
o= Bl 4c? 4c? C
X—b Xx-a b a
48. Suppose a, b > 0 and X1, X2, X3 (X1 > X2 > X3) are roots of + = and
b X—a Xx-b
X1— X2 — X3 = C, then
(A)a,c,barein H.P. and xi=a+b (B)a,c,barein AP.andx,=a+b
(C)a,c,barein AP, andx:=0 (D) a,c,barein H.P.and x3 =0
Key. AD
X-b b a X—a
SOL. - = =
a X —a wX=b b
(X2 - (A+B)X)[(B+AX - (A?+B?]=0
2 2
x=0,a+b TP (aip)- 2
a+b
a’ +b?
X, =0, X, = , X, =a+b
3 2 a+b !
2ab
a+b)-(a+b)+——-0=c
(a+b)-(a+b)+ =
2ab
c=——
a+b
a, cbareinH.P.
49. If a, b, c are +Ve and a=2b+3C, then roots of the equation ax*> +bx+c=0 are real for

>2.7

a)

%—1424ﬁ b) ‘2—14>4ﬁ Q)

b_4
C

>2\7 d) ‘5—4
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Key. AC

2
a—-3c
Sol. A20:>( j —4ac>0
ay a a
(—) —22(—j+9zo = ——142 /NI
C C C
50. If (a,0) is a point on a diameter of the circle X*+Y* =4 then x> —4x—a% =0 has
(a) Exactly one real root in (-1, 0] (b) Exactly one real root in [2, 5]
(c) Distinct roots greater than -1 (d) Distinct roots less than ‘5’
Key. A,B,C,D
Sol. Since (a, 0) is a point on the diameter of the circle X2 + y2 =4
Maximum value of a* is 4
Let f(X)=x*—4x—a’ \ 0 2 /
| | | |
N\ —E_ a2 | | | |
f(-)=5-a’>0 1 \,_,/ s
f(0)=-a%<0
f(2)=4-8- a’
=—(a’+4)<0

and f(5)=5-a°>0

51. For y =ax® +bx* +cx+d (a # O)a, b,c,d &R which of the following is true?

a) For b? <3ac y has no critical'points
b) If y has two distinct critical pointsithen they are bisected by their point of inflexion.
c) If y has one critical pointithenit.is the point of inflexion.
d) y has no points of inflexion.
Key. A,B,C

b
Sol. y' =3ax® + 2bx+c, Y =6ax+20=0=>Xx =% If b> <3ac then y' =0 has no real
a
roots hence y has'no real roots hence y has no critical points.

If b%s>3ac\then y' =0 has two distinct roots say X, X, then

b X +X, b
VBN —or 22 =——
WA 2

2 3a
b
If'b® =3ac then y1 =0 only for one value of X = —3—
a
52.  If |X* +2x—8+Xx—2=0 then
(A) Number of roots are 3 (B) Sum of roots is - 6
(C) Product of roots is 30 (D) Number of roots are 4

Key. A,B,C

Sol. ‘x2+2x—8‘+x—2:0
X’ +3x—10=0 if Xxe&(—o0,—4)U(2,0)
(x+5)(x—2)=0
X=-5&2
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X=-bIs one root
—X?—=2X+8+x-2=0
x> +x—6=0
(x+3)(x-2)=0
x=-30r2

x = -3 is other root

.. Xx=2isalso a root
No. of roots is 3

Sum of roots is -6
Product of roots is 30

53. Llet f (X) =Ax?+B.x+C whenAB, CeR Ifxisan integer then f(x) is an‘integer.then

(A) Cis an integer (B) A+B is an integer
(C) Bis an integer (D) 2A is an integer
Key. A,B,D
Sol. f (O) =C
As f (X) is an integer for Xe Z
.CeZ

f(1)=A+B+C
f (—1)= A-B+C
f(1)+ f(-1)=2(A+C)

. 2A is aninteger
A + B is also an integer

54. The roots of the equation a(b—c) X +b(c—a)x+c(a—b) =0 are
c(a—h)
— 7 1
(A) a(b—c) (B)
© c(a—b)’b(c—a) o) a;c(a—b)
a(b—c). a(b-p) a(b-c)
Key. A,B
Sol. Roots ofAX%+BX+C =0 are 1 and C/A
c(a-b)

If.A+B+C=0, .". roots=1,

a(b-c)

55. _lIf the equation whose roots are the squares of the roots of the cubic
x* —ax® +bx—1=0 is identical with the given cubic equation, then

A) a,b are roots of x*+x+2=0 B)a=b=0
Cla=b=3 D)a=0b=3
Key. A,B,C

Sol.  (ABC) If roots of the equation be «, 3,y then

al + [+t =(a+ﬂ+7/)2—2(aﬂ+,37/+;/a)=a2—2b
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P+ B+ yial =(af+ By +ya) —2afy (a+ f+7)
=b’-2a
a2ﬁ27/2 :1.
So, the equation whose roots are o?, 5%,5? is
X* —(a* —2b)x* +(b* —2a) x-1=0
It is identical to x®—ax®+bx—-1=0
-.a’-2b=a and b*-2a=b, eliminating b, we get

2
@_Za — @
4 2
= a{a(a—l)2—8—2(a—1)}:0
= a(a3—2a2—a—6 =0
or a(a-3)(a’+a+2)=0

a=0ora=3o0ra’+a+2=0
Which give b=0orb=3o0rb*+b+2=0
So, a=b=0ora=b=3
Or a, b are roots of x*+x+2=0
56. 7 + e + il =0 has
X—€e X—m X—m—¢€
A) One real root in (e,7).and other in (7—g,e)

B) One real root in(e,7#)\and other in(7, 7, +€)

C) Two real roetsiin (7Z'—e,7Z'+e) D) No real roots
Key. B,C
Sol.  Given equation can be expressed as

(X5 r)x—7—e)+e" (x—e)(X—z—e)+ (7" +€e°)

(x—e)(x—7)=0
Let
F) =72 (x—r)(x—7m—e)+e" (x—e)(X—m—e)+ (7" +e°)(X—e)(X—x)

f(e)=x°(e—n)(~7)>0

and f(rz)=e"(z—e)(-e)<0

hence given equation has a real root in (e, )

again f(z+e)=(7"+e*)r-e>0

- r+e>z, it concludes it has a real root in (z,7+¢€)

Also - 7—-e<e
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hence f(x) has two real roots in (7 —e,z+¢€)

57.

Key.

Sol.

58.

Key.

Sol.

59.

Key.

Sol.

Let |a| <|b| and a,b are the roots of the equation X —|0£|X—|ﬂ| =0. If |a| <b-1 then

2
X
the equation |Og‘a‘ (Bj —1=0 has at least one

A) root lying between (—oo, a) B) roots lying between (b,oo)
C) negative root D) positive root
A,B,C,D

|a| = sum of roots =b+a
—| 8| = product of root =ab
Because |a| < |b| so a is negative and b is positive.

Now,

a|<b-1=a+b<b-1=a<-1
Because a is negative so magnitude of '@’ is greater than one and ‘maghnitude of b is greater
than l+|a| or say greater than 2.

2 2
Now, log, (gj —1:0:(3] =|a|

= X:ib\/@

Magnitude of x is greater than '@’ as well asgreaterthan 'b'
= one root lies in :>(—00, a) and other reot+lies in (b,oo).

2
1 1 . . . - 72.
The value of 'X" satisfying the equation X" —2 (XSIn(EXD +1=0

A)1 B)=1 Qo D) No value of "X’
AB

2
x* —2(xsin(% XD +1=0

= x4+1:2xzsin2(%xj

Y
Now, LHS > 2 where as RHS < 2
So, equality holds when
1 . T
x?+-—= =2 and ZSlnz(Exj:Z:xf_rl

X2

= x2+i—25in2(%x)

Ina AABC, tan A and tan B satisfy the inequation \/§X2 —4X+\/§ <0. Then

A) a’+b*—ab<c? B) a’+b?*>c? C) a>+b*+ab>c® D) Allof the above
A.C

(x—\/§)(x\/§—l) <0
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60.

Key.

Sol.

61.

Key.

Sol.

1
= x lies between —= and \/§3 Both tan A and tan B lie

3
1

between —= and \/§
W \/§

Both A and B lie between 30° and 60°.

= 60°<C<120°
1 a*+b*-c* 1
2 2ab 2
3 4
Let f (X): + , then f (X)=0 has
X—2 Xx-3 x-4
A) exactly one real root in (2,3) B) exactly one real root in (3, 4)
C) at least one real root in (2, 3) D) None of these
AB,C
4
f(x)= 3 + + >
X—2 Xx-3 x-4
f(2') >
and f(3)—> -
= f (X) = 0 has exactly one root in (2,3)
f3)>w
Again ®) =f (x)=0
and f(4)—>—o

Has exactly one root in (3,4)

X—a X-b b a
If X, > X, >X; and X, X5, X3.are roots of + = + ;(a,b,>0) and
b a X—a X-b
X, — X, —X; =Cthena, Cb are in.
A) A.P. B) G.P. C) H.P. D) None

C
Given eguation can be written as

Xsa b +x—b_ a _
o) X—a a Xx—b
:(x—a)z—b2+(x—b)2—a2:
b(x—a) a(x—h)
— (x—a—h) x—a+b+x—b+a
b(x—a)  a(x—b)
:(Xab){a[xz—bx—ax+ab+bx—b2]+b[x2—ax—bx+ab+ax—a2]}

0

ab(x—a)(x—b)
:>(x—a—b)(ax2 —a’x+a%—ab® +bx? —b?x+ab’ —azb)
= x(x—a—b){x(a+b)—(a®+b?)}=0
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, a’+b?
.. roots will be x=0, a + b,
a+b
2 2
a“+b
let X, =a+b, x> = and X, =0
a—+
"X — Xy — X3 =C (given)
2 2
a“+b
~(a+b)- -0=c
a+b
(a+b)? —(a®+b?) 2ab
= =C=>——=¢C
a+b a+b
i.e a,c,b areinH. P
62. Two numbers such that their sum is 9 and the sum of their fourthypowersiis 2417. Then the
numbers are
a) even positive integers b) odd positive integers
c) one is even & another is odd d) both.are prime

Key. CD
Sol.  Let the two number be x and y

Then X+Yy =9 and X* +y* =2417

Now (X+Yy)*=9"

or X* +4x%y +6x%y° +4xy® £y =6561
or 4y +6x%y* +4xy® =6561% 2417
(o x*+y* =2417)

or Axy(X* + yZ) R6X3y% = 4144

or 4xy[(X+Y)5=2xy]+6x°y? = 4144
or 4Xy[81%2xy]+6xX°y* = 4144

or 324Xy —8x°y? +6x°y* =4144
or2X°y? —324xy + 4144 =0

or (xy)? —162xy +2072=0

or (xy —148)(xy —14) =0

. Xy =148o0r xy =14

When Xy =14, and X+Yy=9

Then X =7,y =2 the other solution is inadmissible.

Hence the numbers are 7 and 2
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63. The equation |x+1/|x—1]=a* —2a—3 can have real solutions for x, if a belongs x to

A) (=o,-1]U[30)  B) |1-5,1+45|  ©) [1-v5,-1|u|31++5] D) [-13]
Key. A,D
Sol. |x+1|x-1=a’-2a-3=|x"-1=a’-2a-3

-.a®—2a-3>0

=(a+1)(@-3)=0

sae (-0, -1 U[3,:)
64. Let a,b,ceR. If ax’* +bx+c =0 has two real roots A and B where A<—-1and"B>1,

then
Ml B1flilao o< D) [44al-|o
Key. A,B

Sol. a>0,f(-1)<0and f(1)<O0
—a-b+c<0and a+b+c<0

:>1—9+E<Oand1+9+3<0
a a a a
:>11LE+E<O
al a
a<0,f(-)>0and f(1)>0
—atb+c>0

:>1J_rE+E<O (-a<0)
a a

b

a

c
+—<0
a

=1+

65. Let f(x)=ax’#bx4crab,ceR and a=0. Suppose f(x)>0 for all xeR . Let
g(xX)=TF(X) &L '(X)+T"(X). Then

A) g(x)20VXER B) g(x)<0VxeR
C) g(®)=0+has non real complex roots D) g(x)=0 has real roots
Key. A,C

Sol._ Sineey(f(x)>0, VxeR, a>0 and b*—4ac <0
Wehave, f'(x)=2ax+b and f"(x)=a
Thus, g(X) =ax’ +bx+c+2ax+b+2a=ax’+(2a+b)x+(2a+b+c)
We have a>0 and D=(2a+b)’-4a(2a+b+c)

=b? —4ac—4a* <0, since b* —4ac <0
Thus, g(x) >0, ¥xeR. Therefore, g(x) =0 has non real complex roots.

66. If every pair from among the equations X°+ px+qr=0,x>+qgx+rp=0 and

sum of roots is
product of roots

x> +rx+ pg =0 have a common root, then (
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2P 1 2 p.q r

A) == B) Y — C) (p+q+r D) S4d4—

) )X ) (p+a+1) )t
Key. AB.C

Sol. The given equations are
X2+ px+qr=0 - (1)
X2 +Ogx+rp=0 --- (2)
x> +rx+pg=0 - (3)
Let o, f beroots of (1); £,y or (2), y,a of (3)
Since S is a common root of (1), (2)
PP+ pB+ar=0and B2 +qL+rp=0
=(p-9)B+r(q—p)=0=4=r
Now aff=Qr =>ar =qgr =>a =
Similarly from equation (2) and (3), we get y =p
sa+fry=p+q+r
(@B)-(By)-(rer) = (@r).(rp).(pa) = (eBy)* = (par)’ = oy = par
_ sumofroots _a+fB+y _p+q+r_D.Pp B 1
“productofroots By par  pQe4=pg

67. If a+3b+9c=0,ac <0 and one root of the equation ax*+bx+c =0 is square of the
other, then

A) a and b have same sign B) b and ¢ have opposite sign
C) both roots are rationalD) a,b, Crarevirrational

Key. AB

Sol. Let f(X)=ax*+bx+c

f(l _a, b Haamron =0
3)79737°0%

1. ) .
§ is the root.of the given equation.
ac
Also, proeduct,of the roots = — < 0
a
Therefore,'another root must be negative, hence it will be —1/\/§ and required equation is

1 1 2 _
(X—gJ(X+ﬁj=00r 3J3x% +(3—-/3)x—-1=0

68. Tfroots of ax’ +2bx+Cc=0 (a=0) are non real complexand a+c< 2, then

A) ¢c>0 B) c<O0 C) 4a+c<4b D) 4a+c>4b
Key. B,C
Sol. Roots of ax®+2bx+C=0 are non real complex.

s f(X)=ax’ +2bx+c>0o0r <0 forall x

But f(-1)=a—-2b+c<0

. T(0) and f(—2) must be less than zero f(0)<0=c<0

and f(-2)<0=4a+c<4b
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69.

Key.

Sol.

70.

Key.

Sol.

71.

Key.

Sol.

72.

Key.

Sol.

73.

5 +(24/3)> =169 <0 is true in the interval

A) (—0,2) B) (0,2) C) (2,) D) (0,4)
AB

(25)"'% + (144)"'* <169

Equality holds if X=2

- Eq.(i)istrueif X< 2.

If the equation ax’ +bx+C=0(a>0) has two roots & and 8 such that & <—2 and

[ >2,then

A) b*—4ac>0 B) c<0

C) a+|b|+c<0 D) 4a+2b|+c<0
A,B,C,D

Since, the equation has two distinct roots & and [, the discriminant b*-—4ac > 0, we must
have

f(x)=ax® +bx+c<0 for a<x< f

Since, & <0< # we must have f(0)=c<0

Also, as ¢ <-11< 3 weget f(-)=a—b+c<0

And f()=a+b+c<0,ie., a+Jb[+c<0

Since, *<—2,2<f3

f(-2)=4a—2b+c<0and f(2)=4a+2b+Cc<0ie:, 4a+2|b|+c<0

If ¢#0 and the equation P =L+L hasitwo equal roots, then P can be
2X X+C, X%C

A) (JE—JB)Z B) (JE+J5)2 ) a+b D) a—b

AB

P _(a+b)x+c(b—a)

2X x? —¢?

or p(X* —c?) = 2(@%0)x’2c(a—b)x

or (2a+2b—p)xé—2c(a—h)x or (2a+2b— p)x* —2c(a—b)x+ pc* =0
Now, C*(8—hb)*¢ pc®(2a+2b—p) =0 (- equal roots)

= (a%h)* —2p(a+b)+ p*=0 (.-c* #0)

=[p2@+b)]’ =(@+b)*—(a—b)>

Spa+bx2yab=(Vaxh)

If M >0,Xx eR, X #12, then x belongs to
|x|-2
(A) (_OOI _2) (B) [_11 1]
(C) (2, ) (D) (1,2)
A,B,C
Conceptual
2 3 2
If (x=2) (1= X)(x~3) (x~4) <0, then x belongs to
X+1
(A) (-1,1] (B) [3, =)
(€)(1,2) (D) (2,3)
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Key. A,B
Sol. Conceptual
74. x*—9 < 0is valid If x belongs to
(A) (o0, =3) (B) (-3,0)
(€) (0, 3) (D) [3, =)
Key. B,C
Sol. Conceptual
75.  If log, 2x-6 >0 thenx
2X—2
(A) (o0, 0] (B) [1, 2]
(C) (2, ) (D) {0, E]
2
Key. A,D
Sol. Conceptual
30. Let f(x) be a polynomial over real, if 2 + 3i is a root of f(x) = 0 then

(A) 2 =3iisits other root

(B) f(x) is divisible by x> —4x + 13

(C) 2 -3i may not be and its other root

(D) the sum of the roots of f(x) = 0 is certainly a real.number.
Key. A,B,D

Sol. Obviously 2 —i3 is also its root.
f(x) is divisible by {x—(2+i3)}{x—(2—i3)}
i.e. X> —4X+13. Sum of the rootsE 4 = a'real number
.. (a), (b), (d) are correct.

31. If b? >4ac for the equation ax’ #bX?+C =0, then all roots of the equation will be non
zero real if
(A) b>0,a>0,c>0 (8) b<0,a>0,c>0
() b>0,a>0,cx<0 (D) b>0,a<0,c<0

Key. B,D

Sol.  All roots of equatien ax* +bx*+c=0 will be real if both roots of ay” + by +C will be
positive, (replace X2 = V)

b
i.e.'sum,of roots= —— >0
a

C
Product of roots =— >0
a

Hence, a and b are of opposite sign, while a and c of same sign.

32. If ais one root of the equation A% +2x—1= 0, then its other root is given by
(A) 40’ —30 (B) 4o’® + 30
1 1
(€ o—+ (D) —o—+
2 2
Key. A,D
Sol.  Ifotherrootis B=>a+B=-2/4
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:Bz—%—a and 4o +20—1=0

=40’ =1-20
=40’ = oc(4oc2)

=O(.(1—20L) =o—2a?

2
1
=40’ -30=—a-==
2
24, If a, b, c € Qthen which of the following equations has rational roots

(A) ax?+bx+c=0whereifa+b+c=0
(B) (a+c—b)x*+2cx+(b+c—a)=0
(€) abc®x? +3a%cx +b%cx—6a? —4ab—2b* =0
(D) (a+b—c)x*+(a+c—b)x+(b+c-a)=0

Key. A,B,C
Sol. (B) (a+c-b)12 + 2¢(1) + (b#c-a)="0
1 is root of the equation which is rationalf.2" mdstalso be rational
2
(@] X = — satisfies given equation which is rational
C
25. Which of the following statementsiare true

(A) If a%,b* c* arein A.Puthen'b+C,c+a and a+b arein H.P.

(B) If pth,qth,l’th,sth terms of an A.P. are in G.P. then p-q, g-r, r-s are in G.P.

(C) Ifbis HM of a & aithen +L:1+1
b—-a b-c a c
1 11

(D) If bis'HM of\a &C then +—="—=
b-a b-c a c

Key. A,B,C

Sol. If\b+e) c*a, a+b are in H.P

1 1 1 1

—~ = — =b’*-a’=c*-b’
cC+a b+c a+b c+a

(A)

=a?,b?,c? arein AP.
(B) Let A+ (p-1)d,A+(g-1)d,A+r-1)d,A+(s-1)d

p™, g™, rth, st term of A.P. it satisfies the given condition
(Q) a,b,c,arein H.P

1 1 a+c a+c 1 1
2ac _a 2ac _c ac-a’ ac-c° a ¢
a+c a+c
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26.

Key.

Sol.

27.

Key.

Sol.

28.

Key.

Sol.

The real values of A for which the equation X3 —3x*> —9X+A =0 has three distinct real
roots, if A e

(A) (=2,0) () [0,1]
(C) [1,2] (D) (=00, )
A,B,C

f'(X) =3x2-6x-9=0= x=+3,-1
equation has three distinct real rots if f(3) f(-1) < 0
=2 e(—5, 27)

Few identical balls are arranged in a form whose base is an equilateral triangle,and one side
of the base triangle contains n balls then

(A) Number of balls in base triangle are n? + n

1
(B) Number of balls in base triangle are E(n2 + n)

n(n+1)(n+2)

(C) Total number of balls in pyramid are

n(n+1)(n+3)

(D) Total number of balls in pyramid are

B,C

1
Total no. of balls in base triangle = Zn =§(n2 + n)

1 n(n+1)(n+2
total no of balls in pyramid = E(an +Zn} = ( g( )
Which of the following is/are\trde ?
(A) @°%* =X ifa>2ahd x>0 (B) @'°%¢ =¢'%? if 350,b>08&c>0

log

log .b 0g..a
(C) |Ogab=|i if\a>0,b>0&m>0 (D) |Ogab=ﬁ ifa>0,b>08&m>0
og 0

m m

A
Basic properties of log.
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Quadratic Equations & Theory of Equations

Assertion Reasoning Type
1. Statement-l : The greatest integral value of A for which (24 —-1)Xx* —4x+(21-1) =0 has

real roots is 2

Statement-ll : For real root of ax’ +bx+c=0,D>0
Key. D
Sol.  For real roots
= (-4)*-4(22-1)(24-1) >0
= (24-1)°<4
=-2<21-1<2

:>—ES/1£§
2 2

. Integral values of A4 are 0and 1
Hence, the greatest integer value of 4 =1
2. Statement-l : Let f(X) be a quadratic expression such that f(0)+ f(1)=0. If =2 is one of

the roots of f(X)=0.Then the Sum of roots is 3/5

Statement-Il : If & and S are the zeros of f(X)=ax?+bx+C, then the sum of zeros =
—b/a and the product of zeros = C/ a
Key. D
Sol.  Since X=-2 isaroot of f(x)
- F(X)=(x+2)(ax+b)
But f(0)+f()=0

S2b+3a+3b=0= -

o | T
ol w

3.  Consider the equation x3—3x+k =0, keR.
Statement | There is no value of K for which the given equation has two distinct roots in (0,1).

Statement Il Between two consecutive roots of f '(X)ZO, (f (X) is a polynomial).
f (X) =0 must have one root.

Key. C
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Sol. By Rolle’s Theorem between the roots of f '(X)ZO. If there exists a root of f(X):O,
[f (x)is ponnomiaI], then it must be unique.
4.  Statement | All the real roots of the equation X* —3x® —2x? —3x+1=0 lie in the interval
[0.3]
Statement Il The equation reduces to quadratic equation in the variable t, by substituting

x+1:t.
X
Key. D
Sol.  Dividing by X2 , We get
3 1
x> =3x—2-=+==0
X X
1 1
X*+—=-3 x+=|-2=0
X X

=>t*-3t-4=0=>t=-14
1
X+==-1=x*+Xx+1=0
X
S X =, a)z,the complex cube roots of unity

x+£:4:>x=24_r\/§
X

.". one root is outside [0,3]

5. Let a,b,c, p,q be real numbers, suppose «, 3 are the roots of equation X2 +2px+0=0

1
and a,E are roots of equation ax? +2bx+c =0 where ° ¢ {—1, 0,1}

statement | ( p*—q)(b*—ac)=0
Statement Il b= pa or c=qga
Key. B
Sol.  If the roots are imaginary, then 3 = &,i = a = 3% =1, contradiction

B

.". The roots are real
= (p*-q) and (b*—ac) >0
suppose b = pa and c= ga then the second equation becomes identical with the first equation.

1
. f=== % =1, contradiction

B

.. Either D pa or C#0A.

6. Statement-I : The equation —X? +X—1=sin* X has only one solution
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Statement-Il : If the curves y= f(X) and y=g(X) cut at one point, the number of solution
is1

Key. D

Sol. Let f(X)=—x*+x-1

Here a<0 and D= (1)*-4(1) <0, then f(x)<O0

y
sin® x
—x*+x-1=0
Y’

But sin* x>0
S=X24+Xx=1=#sin* X

Hence the number of solutions is 0

7. Consider the equation X°—3X+k=0, k eR.

Statement | There is no value of K for which the given equation has two distinct roots in (0,1).

Statement Il Between two consecutive roots of f '(X)ZO, (f (X) is a polynomial).
f (X) =0 must have one root.

Key. C

Sol. By Rolle’s Theorem between the roots of f '(X) =0. If there exists a root of f (X) =0,

[f (X)iS ponnomiaI], then it must be unique.

8. STATEMENT-I: The differential equation of all circles in a plane must be of order 3.
because
STATEMENT-II: If three points are non collinear, then only one circle always passes through
these points.
Key. A

Sol.  Conceptual

9.  Statement | All the real roots of the equation X* —3x*> —2x? —3x+1=0 lie in the interval
[0.3]
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Statement Il The equation reduces to quadratic equation in the variable t, by substituting
1
X+—=t.
X
Key. D

Sol.  Dividing by X , We get

x2—3x—2—§+i2=0
X X
x2+i2—3(x+1j—2:0
X X

=t?-3t-4=0=>t=-14

Xt i= 1= X2+ x+1=0
X

S X=w, o’ , the complex cube roots of unity

1
X+—=4=>X=2++/3
X
.". one root is outside [0,3]

10. Let a,b,c, p,q be real numbers, suppose «, [ are the roots of equation X2 +2 pX+q=0

1
and a’ﬁ are roots of equation ax® +2bx+c¢ =0 where ﬂz Z {—l, 0,1}

statement | ( p*—q)(b*—ac)=0
Statement Il b pa or c=qa
Key. B

-1 =
Sol.  If the roots are imaginary, then 3 = @, — = o = % =1, contradiction

B

.". The roots are real
= (p?-q) and (b*—ac) >0
suppose b = pa and c= ga then the second equation becomes identical with the first equation.

1
5. === %=1, contradiction

B

.. Either b pa or C#0a.

11. STATEMENT-1: The equation ax? + bx + ¢ = 0 cannot have rational roots, if a, b, ¢ are
odd integers.

STATEMENT-2: If an odd number does not leave remainder 1 when divided by 8, then it
cannot be a perfect square.

Key: A
Hint: The reason R is true since the square of an odd number 2I + 1 is given by
21+ 1)2=412+ 41+ 1=4I(1 + 1) + 1 =8k + 1 (since I(I + 1) is a multiple of 2)
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= Square of odd number leaves remainder 1 when divided by 8.

The assertion A is true, if all the coefficients are odd

Leta=21+1, b=2m+1, c=2n+1

Then b? — 4ac = (2m + 1)? — 4(2l + 1)(2n + 1)
=4m?+4m-16In—-81—-8n -3

_olmm+y | ( m(m+1) .
_8{—2 2ln—1 n} 3=8k-3 L'—Z IS an mtegerJ

= b?—4ac is an odd number which cannot be a perfect square.

~b++b?—4ac _ rational +irrational
2a rational
= Assertion is true.

= roots = = irrational

12. (L-1)Statement-1 : If f(X) = 3(x — 2) (X — 6) + 4(x — 3) (X — 7), then f(x) = 0 has two different and
real roots
Statement-2 : If f(x) =3(x —a) (x—¢) +4(x—-b) (x —d)and0<a<b<c<d, thenf(x) =0
has two different and real roots.

Key: A

sol: f(2)>0,f(3)>0;f(6)<0,f(7)>0
Hence f(x) has two different real roots.

.. statement — 1 is true
Statement — 11 is also true and is correct explanation of |

13. (L-1)Statement-1 : If one of root of X*—4x3 +4x -1 =0is 2+\/§, where A €Q, then the
value of A is 1
Statement-2 : n™ degree polynomial has even number of irrational zeros

Key: C

Sol : 2P root must be 2—\/§ hence X* —4x +1 is a factor of X* —4x® +4x—-d=0=A=1

Statement | is true

Statement — 2 is false because n degree polynomial to have even number of irrational zero of
should

Have rational coefficients.
14. (L-1)Statement-1 : Given a real quadratic, (ax2 +bx+c,a,b,ce R) if the sum and the product

of the roots are both positive, then its roots must be positive real numbers.

Statement-2 : If the product of real roots of a real quadratic is positive the roots must be of

like sign and if their sum is also positive, each of them must be positive.
Key: D

Sol: off>0=a>0,>00ra<0,<0and a+p>0=q, [ are +ve.
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15. (L-1)In a triangle ABC if A =r, then
Statement-1 : @ +b? +¢? +2abc < 2 and
Statement-2 : As s=1=1-a,1-b,1-c>0

Key: B

Sol - (1‘a)+(1;b)+(1‘c) > ((1-a)(1-b)(1-c))

16. Let the equation 4ax® —2bx —4c =0 where a,b,ceR and a =0 does not possess real
roots and ¢ > 4a—b then
Statement | : 2C>2a+b

Statement Il : Graph of y = 4ax? —2bx—4c lies completely below the x-axis.
KEY: A

HINT: 16a—4b-4c<0= f(2)<0 = f(x)<0VvxeR
f(-1)<0=4a+2b-4c<0 = 2c>2a+b

17. STATEMENT-1: All the real roots of the equation X* —3x® —2x*> —3x+1=0 lie the interval
[0, 3] .

STATEMENT-2: The equation X* —3x®>—2x? —3x+1=0 is reciprocal equation.
KEY: D
HINT : The given equation is a reciprocal equation

.'.x+%:t:>t2 —3t—-4=0=(t—4)(t+1)=0

Let x+%:t:>t2—3t—4:0:>(t—4)(t+1):0

X+E=4 or X+£:—1
X X

= Xx=2+43.
18. xeZ and ab,cdeZ(a<b<c<d)
STATEMENT-1: If (x—a)(x—b)(x—c)(x—d ) = 2009 has 4 integer roots of which exactly

two are equal then sum of other two roots is £42
STATEMENT-2: 2009 is a prime number
KEY :C

02 2
19. (L-1)Statement — 1 : tan r 1+Sl—n2X +tan r 1-1—(:&2)( >1 for x,ye[O,Ej
4{1+sin“y 4| 1+cos”y 2

Statement — 2 :
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Key :

Sol :

20.

Key.
Sol.

21.

Key.

Sol.

22.

Key.

Sol.

23.

Key.
Sol.

1+sin? x T T T
If f(x,y)=| ————-1|,then f(Xx,y).f| =—X,——-Vy |<0VX, 0,—
(y) (1+sin2y ] en f(x.y) (2 %3 yj Xye( 2)

C

P02 102 202
Let X >y 1+s!n2x_1:sm x. szln y>0
1+sin“y 1+sin“y

1+sin®x 1+c0s? X
— >1parallely —-

S - 1<0
1+sin®y 1+cos“y

.. Alis false R is true

Assertion: Let (q,%,ag,a ,8;) denote a re-arrangement of (1, —4, 6,7,—10). Then the
equation alx“ +a2x3 +a3X2 +a,X+a;, =0 has at least two real roots
Reason: If ax’ +bx+c=0 and a+b+c=0, then X=1 is root of ax* +bx+c=0

A
2.3 =0
= X=1is aroot of a1X4 +a2x3 +a3x2 +a,X+a = 0 max. root=4. & complex roots are in
pair form. Hence the given equation has at least two real roots.
Statement—1 : 3 is a multiple root of order 2 of the equation x3— 5x? + 3x + 9 = 0.
Statement-2 : If f(x) = x*— 5x? + 3x + 9, then f"(3)=0
C
fx)=(x-3)?(x+1) = 3 is a multiple root of order 2.
f'(x)=3x*-10x +3
f"(x)=6x-10
f'(3)=0, f“(3)¢0
Statement-1 : If f(x)=ax’ —bx+2;a+b+2<0, then exactly one root lies between —1 and .

Statement-2 : ab < 0.
C
f(x) =ax?—bx + 2
f(0)=2
f(-1)=a+b+2<0 (-a+b+c<0)
f(0) f(-1) <0
.. one roots lie between (-1, 0)
Nothing can be said about ab.

Let a,b,ceR

Statement—1 : The equation a°x® —3abx® +3b°x +¢ =0 has only one real root.

Statement—2 : Any cube function f(x) has exactly one real root if the product of the maximum
and minimum values of the function f(x) is positive.
B

Let f(x) = a®x*> —3abx* +3b°x+c=0
f'(x)=3a’x? —6abx +3b* =3(ax — b)2 >0,¥xeR

= f(X) is an increasing function so y = f(x) will cut the x—axis at once or we can say f(x) =0
has only one real root.
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24, Statement — 1 : Let f(x) be a polynomial with real co- efficients such that
f (X) = f'(X) f ”'(X), f (X) =0 is satisfied by x = 1, 2, 3, only then the

value of f'(l)x f’(2)>< f'(3) is 0.

Because

Statement—2: If f (x2 —6x+6)+ f (x2 —4x+4)=2x V XeR then f (—3)+ f (9) is

14.
Key. B
Sol. f (X) is a polynomial of degree so either X=10r X=2 or, X =3 is a repeating root of
f(x)

L £(1).£'(2).£(3)=0

Statement — 1 and (2) not related in any sence but both are correct

25. Statement — 1 : The values of ‘a’ for which the point of local minima of
f(x)=x°-3ax® + 3(a2 —1)x+ 1 is less than 4 and point of local maxima is
greater then—2 belongs to (—1,3).

Because

Statement — 2 : The roots of f'(x)=0 are real and different and lie in the internal (-2, 4)
Key. A

Sol. f’(x):3(x2—2ax+a2—1)
The roots of the equation f'(X) =0 must be real distinct and lie in the interval (-2, 4) .
.D>0=aeR —(i),
f'(-2)>0 = a<-3or a>-1-(ii)
f'(4)>0= a>5or a<3 —(iii)
And —2<—£<4 = —2<a<4—(iv)
2A
From (i),(ii),(iii) and (iV) =-1l<a<3.
26. Statement — 1 : The equation X? +bx+ca=0 and Xx*+cx+ab =0 have a common root,

then their other roots are given by x> +ax+bc=0
Because

Statement—2: If ‘S’ be the sum and ‘ P’ be the product of the roots of a quadratic equation

then X* —Sx+P =0

Sol. = =
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a=—(b+c)

27. STATEMENT-1:
If a, b, c, deR such that a<b<c<d, then the equation
(x—a) (x—c)+2(x—b) (x—d) =0 are real and distinct.
STATEMENT-2:
If f(x) = 0 is a polynomial equation and a, b are two real numbers such that f(a) f(b) < 0 has at
least one real root.
Key. A
Sol. Let f(x) =(x—a) (x—c)+2 (x—=Db) (x—d)
Thenf(a)=2(a—b)(a—d)>0
f(b)=(b—a)(b—c)<0
f(d)=(d—a)(d—b)>0
Hence a root of f(x) = 0 lies between a & b and another root lies between (b & d).
Hence the roots of the given equation are real and distinct.

28.  Assertion (A): If both roots of the equation 4x? —2x+a=0,a€ R, lie in the interval (-1,
1), then —2<a<1/4.
Reason (R): If f(x)=4x*—-2x+a,then D>0, f(-1)>0, f(1) >0=>-2<a<1/4.
Key. A

Sol. Conceptual

29. Statement-1:If ax?+bx+c=0 and X*+2x+3=0 have a common root then other root
is also common

Statement - 2: If a,X° +B,X+C, =0 and a,x*+b,x+C, =0 are having a common root then
a_bh_ g
a b ¢
Key. C
Sol. Roots of X?+2Xx+3=0 are imaginary then both roots are common

30. Statement - 1: The number of solutions of Sine* =5 +57 are zero
1. o .
Statement - 2: X+ = is always greater then or equal to two if x is positive
X

Key. A

Sol. sin e =5"+=—

2

Which is impossible .

3 3
a
31. Statement-1:1f «,f arerootsof ax’+bx+c=0 then (B =0
af+b aa+b
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Statement - 2: If &, [ are roots of ax’ +bx+c =0 then
aa’ +ba+c=0andap’+bp+c=0
Key. D
Sol. aa’+ba+c=0
a(aa+b)=-c

o

aa+b=

OQ|

af+b=-

= |

a o -of
af+b —€ ¢
B
32. Statement-1:If a,b,ceC, a=0 and ax*> +bx+c =0 then the roots of above equation
are always conjugate complex numbers
Statement - 2: If a,b,c €R and a#0 then roots of ax? +bx+c=0 are always conjugate

complex numbers if b* —4ac <0
Key. D

Sol. ab,ceC;a=0

Roots of ax’+bx+c=0
Need not be conjugate complex numbers.

33. Consider the equation X°—3X+k =0, k eR.

Statement | There is no value of K for which the given equation has two distinct roots in (0,1).

Statement |l Between two consecutive roots of f '(X) =0, (f (X) is a polynomial).
f (X) =0 must have one root.

Key. C

Sol. By Rolle’s Theorem between the roots of f '(X)=O. If there exists a root of f(X)zO,

[f (X) IS ponnomiaI], then it must be unique.

34. Statement | All the real roots of the equation X* —3x°> —2x% —3x+1=0 lie in the interval
[0.3]
Statement Il The equation reduces to quadratic equation in the variable t, by substituting

x+1:t.
X
Key. D
Sol.  Dividing by G , We get
3 1
X*=3x—2-=+==0
X X
1 1
x2+—2—3(x+—j—2:0
X X

=>t?-3t-4=0=>t=-14

10
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X+ L= 1=+ x41=0
X

S X=o, @’ , the complex cube roots of unity

1
X+==4=x=2%+3
X
.". one root is outside [0,3]

35. Let a,b,c, P, be real numbers, suppose &, 3 are the roots of equation X% +2 px+q=0

1
and a,E are roots of equation ax’ +2bx+C=0 where f* ¢ {—1, 0,1}

Statement | ( p? —q)(b2 —ac) >0
Statement Il b= pa or c=qa
Key. B

-1 -
Sol.  If the roots are imaginary, then ﬂ =0,—=0= ,32 =1, contradiction

S

.". The roots are real
= (p?-q) and (b>—ac)>0
suppose b = pa and c= ga then the second equation becomes identical with the first equation.

1
. f=== % =1, contradiction

P

.. Either b= pa or c#qa.

36. Statement-l : The greatest integral value of A for which (24 —1)X* —4x+(24—1) =0 has

real roots is 2
Statement-Il : For real root of ax’> +bx+c=0,D>0

Key. D
Sol. For real roots

= (=4)? —4(24-1)(24-1) >0
—(24-1)° <4
—-2<21-1<2

:>_lg/1§§
2 2

.. Integral values of A are 0and 1

Hence, the greatest integer value of 4 =1
37. Statement-l : Let f(X) be a quadratic expression such that f(0)+ f(1)=0. If =2 is one of

the roots of f(X)=0. Then the Sum of roots is 3/5

11
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Statement-Il : If o and 3 are the zeros of f(X)=ax’+bx+cC, then the sum of zeros =
—b/a and the product of zeros = ¢/ a

Key. D
Sol.  Since Xx=-2 isaroot of f(x)
- f(X)=(x+2)(ax+b)

But f(0)+ f(1)=0

S.2b+3a+3b=0=-

| T
alw

11. Statement—1:1<x <2, then \/x+2\/x—1 +\/x—2\/x—l =2
Statement—-2: If 1 <x<2,then(x-1)>1

Key. C
Sol. Since1<x<2
S 0<x-1<1

\/x+ x\/ﬁﬂ/x—Zm
S e e}
= 1+/X—1+1—/X-1=2

12.  Statement—1: For all xeR, x? + 3|x| + 2 = 0 has no real root.
Statement — 2 : For all xeR, [x| > 0.
Key. A
Sol. Sincex?>0, |x| >0
Sox2+3|x| +2=0.
13. Statement — 1 : The set of all real numbers 'a' such that a®> + 6a, a®> + 2a + 3 and
3a? + 2a + 11 are the sides of a triangle is (2, 4).
Statement — 2 : In a triangle the sum of any two sides is greater than the third side
and also the sides are always positive.
Key. A
Sol. In a triangle sum of two sides greater than the other.
= a’-6a+a’+2a+3>3a%+2a+11
=a’+6a+8<0
= 2<a<4
.. (for positive 'a', 3a%2 +2a + 11 is the greatest side).
14.  STATEMENT -1: (x—1)*(x+2)°(x—3)* >0 is true for [1,o0) U (—o0,~2]
STATEMENT-2: Statement 1 is evident from wavy Curve method
Key. A
Sol. Conceptual

12
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Comprehension Type
Passage —1:

Let X;, X5, X3, X, be the roots (real or complex) of the equation
x* +ax® +bx? +cx+d =0
If X, +X, =X3+X, and 8,0,C,d €R, then

1. If a=2, then the value of b—C is

A)-1 B) 1 C)-2 D) 2
Key. B
2. If b < 0 then how many different real values of ‘a’ we may have?

A)3 B) 2 0)1 D)0
Key. C
3. If b+c=1and a#—2, then for real values of '@’ the value.of C.€

1

N (_oo, Zj 8) (~o0,3) 0 (~ond) ) (~o0,4)

Key. A
4 3 2

Sol. X" +ax® +bx“+cx+d

Let
= (X—=X) (X=X )(X = X5 )(X—%,)

Let (X=X)(X—X;) = X* + px+(

and (X=Xa)(X—X,) = X% + PX I

S 0= XX g T = XeXe
-oxtraxd +bx® +oxad

=x* + 2P +(p24g+ )X + p(q+r)x+qr
sa=2pb=p’+q+r,c=p(q+r),d=qr
Clearly. a’—4ab+8c=0

1. (B)Ifa=2 '=b-c=1
(C) Investigating the nature of the cubic equation of 'a’.

Let f(a)=a’—-4ab+8c
f'(a)=3a’-4b
If b<0=f'(a)>0

. The equation a® —4ab+8c =0 hence only one real root.
3. (A) Substituting ¢ =1—b in Eq. (i) we have

(a+2)[ (a-1) +3-4b |=0=4p-3>0

3 1
= b>—- = c<=
4 4
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Passage — 2:

If roots of the equation

4, Value of b is
A) -54 B) 54 )27
Key. B
5. Value of cis
A) 108 B) -108 C) 54
Key. B
6. Root of equation 2bX+C=0 is
1 1
A) -5 B) > 01
Key. C
Sol. Let &, f3,7,0 be roots of the given equation
a+pf+y+0=12 (1)
Yaf=Db —(2)
Yafly=—C ~--(3)
offyo =81 ——-(4)
As AM >GM
Latfryto (afyS)
12 V4
;2 (@)
Butas AM = GM
La=F=y=0=3
4. (B) b=2af =6x9=54
5. (B) C=2afy =4x-27=-108
6. (C)2bx+c=0
108x-108=0
—>x=1
Passage — 3:
Consider the equation sin®x + asinx+ b= 0, xi (0,p)
7. The above equation has exactly two roots and both are equal then
(@Ja=1 (b)a=-1
(c)b=1 (d)b=-1
Key. C
8. The above has exactly three distinct solutions then
(a) bI (- 10) (b) b1 (0,2)
(c) bI | 10] (d) b1 [0.1]
Key. B

x* —12x3 +bx? +cx+81=0 are positive, then

D) -27

D) -54
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9. The above equation has four solutons then which of the following are not true
(a) al - 20) (b) b ()]
(c) a%- 4b> 0 (d) bi (- 1,0)
Key. D
Sol. 7.Ans:c
Sol : If the given equation should have two equal roots, both should be equal to %
\ sinx=1 \ productofroots:%:l P b=1
8.Ans:b
Sol : If the given equation should have three solutions, one root should infinitely.be %
\ Sinxl =1
Now, we should get two more roots and thus sinx1 (0,1)
\ product of roots = b = sinx;.sinx =1.sinx = sinx
\ bl (0,9
9.Ans:d
Sol : If the above equation has four roots, sinx1 (0;2)
\ sum=-al (02) =al (- 20)
product = b1 (0,2)
discriminant = a%- 4b> 0
\ bl (- 10) is the wrong option.
Passage —4:
If f : R~{—1} > R and.fis differentiable function that satisfies the equation
f(x + fly) + xf(y))=y+£(x)+y f(x), ¥ x,y € R—{~1}and f(X)#X, then
10. f(x) equals,
X X -1
(A) — (B) —| —— (C) —— (D) none of these
1+X 1+x 1+x
Key. B
I 1
11. j{f(x)+f(—j}dx equals
) X
(A) 2 (B)-2
(€)-1 (D)1
Key. C
12. The number of solutions of the equation f(x) = cis
(A)oneifc=-1 (B)oneifc=-1
(C) more thanone ifc = -1 (D) more than oneifc= -1
Key. A
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SOL. 10TO12.
DIFFERENTIATING BOTH SIDE WITH RESPECT TO X AND THEN W.R.T. TO Y AND THEN
DIVIDING THE RESULT OBTAINED IN BOTH CASES.

WE GET f'(X) :i—(1+f(x))
1+x

1+2(X) — (1+X)i1
NOW, PUTTING X=0, Y =0, WE GET

F(C-1)=(C-1)
= c=0,1

X
fxX)=——
() 1+x

Passage —5:
P(x) be polynomial of degree at most 5 which leaves remainders —=1-and 1 upon division by

(X—l)3 and (X+1)3 respectively.

13. Numbers of real roots of P(x) =0
a)1 b) 3 c)5 d) 2
14.  The maximum value of Y =P" (X) can be obtained at x.=
) L b) 0 ) ! d)1
a) ——F— c) —
5 N
15. The sum of pairwise product of all roots (real'and complex) of P(x) =0 is
5 10
a) —— b) —— c)2 d) -5
3 3
13 -15.(A,C,B)

P(x) + 1 =0 has a thrice repeated root at x = 1 P’(x) ahs a twice repeated root at x = 1
similarly, P’(x) has a twice repeated root at X=—1.

= P'(X) is divisible by (x—1)° (x+1)*
P'(X) = K(X—l)2 (X+l)2 where ‘K’ is any constant
WP (%)= K(X——gx3+x]+c
5 3
Now; P(l):—l and P(—l):l

. K=_—15 ande=0
8

P(x) =—3x5 +§ X3 —Ex
4
Passage — 6:
Let f (x) = x* + ax® + bx2 + ax + 1 be a polynomial where a and b are real numbers, then
16. If f (x) = 0 has two different pairs of equal roots, then the value of a + b is
a)0 b) -4 c)-2 d) 4
Key: d
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Sol: Letx*+axd+bx?+ax+1=(x2+kx+1)?
comparing2k=a; b=k?+2 = a+b=(k+1)>+ litcanbe 4

17. If f (x) = 0 has two different negative roots and two equal positive roots, then the least integral
value of a is
a)l b) 2 c)3 d)4

Key: a

Sol :  The two equal +ve roots must be 1, 1, and let the —ve roots be «, L (1)
o

Now —a=2+0c+1:>a:—oc—l—2>0

a a
*. The least integral value is ‘1’
18. If all the roots are imaginary and b = -1 then number of all possible integral values of a is
a)0 b) 1 )2 d) 4
Key: Db
Sol:  Given equation is t?> + at — 3 = 0 where t =X +1 both roots must lie between -2, 2
X
- 1
=-—<a<-—
2 2
= a=0
Passage—7:

y=ax?+bx+c=0,V a,b, c e Rwitha=0.is a'quadratic equation which has real roots if and only if
b? —4ac > 0. If F(x, y) = 0 is a second degree-equation, then using above fact we can get the range of x
and y by treating it as quadratic equation iny.or.x. Similarly ax> + bx +c>0V x € Rifa> 0 and b? -
4ac <0.
19. If 0 < a, B <2 mr, then the number-of ordered pairs (o, B) satisfying

sin?(a + B) — 2sin a sin(ew#+ B) + sin“a, + cos?B = 0 is

(A)2 (B)O €4 (D)6
Key. C
Sol.  Solving it, we get'sin(c.+B) = sin o+ /—cos? B
n 3n
= cosp=0 =P==, —
p= B=25
m 5n
i Iff=— = tana=1 aei—, —
(i) § 2 1, 6{4 4}
(i) IfB:% = tana=-1 ae 3—n,7—n
2 4 4
20. Let X, y, z be real variables satisfying the equations x + y + z = 6 and xy + yz + zx = 7, then
the range of x is
A) {6 J5 6+?:/_} - [6—2\/1_5,6+é«/1_5}
© {6 \/_6+£/_} D) {6 \/_6+27\/_}
Key. B
Sol. Wehavex+y+z=6 ()
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Xy+yz+zx=7 .aG(10)

From (i), z= 6 — x —y & putting it in (ii),
weget Xy+y(6-x—-y)+x(6-x-y)=7
or Y2+ (X—6)y+ (x2-6x+7)=0
Since yisreal, (x —6)> —4(x2—6x+7) >0
= 3x?-12x-8<0

6—2\/1_5SX£6+2\/1_5
3 3
21. If9**1+(@%-4a-2)3*+1>0V X e R, then

(A)aeR (B)aeR* (Caell, ) (D) a € R {2}
Key. D

Sol. & (9.3X +3ix+(a2 —4a—2)j >0

aeR-{2}
Passage — 8:
Consider the inequation 9* —a.3" —a+3<0.where “a’ is a real parameter. The

given inequation has
22. At least one negative solution if

a) ae(2,3) b) a€(2,) c) ae(-x,2) d) ae(—0,3)
Key. A
23. At least one positive solutions if

3) ae(—oo,Z) b) ae(O,Z) ) ae(—oo,—6) d) ae(2,oo)
Key. D

24. At least one solution in (ZL 2) if

84 84
a) ae(3,0 b) ae| 3,— c)ae| —,o|d aeR
)2 (@) )E(loJ )e(low))e
Key. B
Sol.  22,23,24. let 3I=t=t?’-ta—a+3<0:t>0
Let f(t)=t"-at+3-a
Discriminate of f(t)=0 is @’ —4(3—a)a
ie,a’+4a-12.
D>0=a<-6ora>2.
22. f (t) <0. Has at least one positive solution.

If X<O0 then atleastonetof f (t) =0 liesin.
Case |: exactlyone t € (0,1) then D>0 and f (0) f (1) <0 then a€(2, 3)
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23.

Case II: both rots lines in (0,1) then (l) D>0 (2) f (O) >0 (3) f (l) >0
(4)0< % <1
Then a e ¢
ae(2, 3)
f (t) <0. has at least one positive solution

e, Xx>0=>t>1
Case I: exactly one root is greater than 1

(1)D > 0(2)f (1)< 0 then a>2
Case Il: both roots greater than 1
(1)D>0(2) f (1) >o(3)g >1
Then a e ¢
. ae (2, oo)
24. Similarly X € (1, 2) then te (3,9)

Similar to the above the question

f(q)= (a2 +b? + cz)cos2 q
f*(a)= (a2 + b2+ cz)3 " (- sin2q)

Passage —9:

25.

Key.

26.

Key.

27.

Key.

Sol.

If abc=m and detP.=

[ @2 @ TR <))

The value of a+b+cC is
a) +m b) +1 00
B

The cubic equation whose roots are a‘l, b™ and ¢ can be
a) mt® #t-1=0 b) mt®—t+1=0 c) mt* +m’t® +t+1=0
mt® 4 m’t*+m+1=0

B
The value of a b ?c ™ +a b °c™ +a b *?c™ can be

a)l b) m*2 c)mt
B
0
0
1
1
: {o
0

b
25. PP™ = a

o O -

c b
a cl=
b a

o O @
O T O
o T o

c
a’+b*+c®> ab+bc+ca ab+bc+ca
=|ab+bc+ca a’+b*+c® ab+bc+ca
ab+bc+ca ab+bc+ca a®+b’+c’

o - O
= O O

L 1 © — O

b ¢
a_ b|, where P is an orthogonal matrix.
C a

d)
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26. We know the cubic equation whose roots are ¢, 3, 7
t* —(Oc + [+ 7/)t2 +(aﬁ+ﬂ}/+ 0(7/)+06ﬂ}/ =0, where t is origin. The equation whose

rootsare @ 1,b ¢t is

t3—(1+1+1jt2 +(i+i+ijt+i:0

a b c ab bc ca abc
+
=1t°—(0)t? +(——1jt+1=0:mt3it+1=0
n m

a’+b?+c? a’+b*+c* 1 1
27. a2h2c = (abc)lz = 2 =m
Passage — 10

Q(x) Q(x)-24
Let <a+J5) +(a—J5) = A Where 2 N,AeR anda®>~b=1
1 -1
.-.(a+J5)(a—JB)=1:><a+J5)=(a—J5) and (a—JE)=(a+J5)
+1 +1

ie., (ai\/ﬁ):(a+\/5) or (a—\/B)
28. If «, B are the roots of the equation 1H 2434wt +(X—1)!+ X!1=k*and k11,

Where a < f and If o, Q,,a;,, are the roots of the equation

X2 1+2a+3a? +4a° +5a* x24[-54

<a+\/5) [ ]+(a—\/5) 4 Loa.

Where a° —b=1 and [] denotes G:.F, then the value of |0[l +to,+a;+a, —0!10!2053054| is

a) 216 b) 221 c) 224 d) 209
Key. C

Navay a0 X2 +X—3— X/ XX ©

29. If ( (49+20\/€)) +(5—2\/€) =10 where a=X* -3, then
X is

a) —/2 b) <2 c) -2 d) 2
Key. D
30. If ‘e[ arethe roots of the equation x> —4Xx+1=0, where ¢ > /3, then the number of real

2 2 101
solutions of the equation &’ " + Y 2 = —— are
1045

a)o b) 2 c)4 d)6

Key. B

Sol.  28. For X >4, the last digit of 1H2M+....+ X! is 3
For X <4, the given equation has only solutions

Xx=1LK=+1land x=3, K=%43
a=1p=3

(a++B) " +(a—vb) " =22

X2 —15=H41=>Xx=44,+/14
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al =—4,052 :4;a3 :_\/]]1a4 :\/ﬂ-
Sen+ e, o+ oy — a0, =|0-16x14 = 224

29. az 48 =a

x> —3>0 and x>0
= x>+/3

(5+248)""" 7 (5-248) M Ly
- (5+2J§)X23 +(5—2J§)Xz3 10
X2 =3=1l=x= 2( X > J§)
30. Xx=2+3
y2-2y+ y2-2y+1 101
(2+\/§) +(2—\/§) =m
= (2+4B) 7 +(2-B) -
Passage — 11
Let consider quadratic equation ax? +bx+c=0 (i)

Where a,b,ceRanda=0. If Eq. (i) has roots; «,

b C
o+ f=——,0f =— and Eq. (i) can be written as ax2+bx+c:a(x—a)(x—,8)
a a

Also, if 8,89,83,84, are Nin AP, then &y—& =a3—-a=a—-ag=...#20 and if
by, 0y, 3,0y, .. ... arein
b,
GP, then %:%:g"’: ..... #1 Now, if Cp,Cp,C3,Cq,..... are in  HP, then

3L Let p and q be roots of the equation 2 —2X+A=0 and let r and s be the roots of the

equation X2 —18x+B=0.If p<q<r<sare in arithmetic progression. Then the values of
A and B respectively are.

(A) —5,67 (B) -3,77
(C) 67,5 (D) 77,-3
Key. B

32. Let &q,apbe the roots of X2 — X+ p=0and a3,abe the roots of G —-4x+q=0. If
a1, 9,03, are in GP, then the integral values, of p and q respectively are
(A) —2,-32 (B) 2,3
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(C) -6.3 (D) —6,~32
Key. A
33.  Given that £, 3 be roots of the equation Ax? —4x+1=0 and o, Pathe roots of the
equation Bx% —6x+1=0.
If BL, P2, B3, P4 are in HP; then the integral value of A and B respectively are

(A) -3,8 (B) 3,16
(C) 3,8 (D) 3,16
Key. C
Sol. 31.p+g=2, pg=A and
r+s=18,rs=B

p,q,r,s arein AP.
Then g= p+D, r=p+2D and s= p+3D

32. o+ =lLoga, =pli) and ag+ay =4, 0304 = (ii)
o, 0p a3, 0y are in GP

Qo = alR, o3 = CZ]_RZ, ag = a1R3

3. ,Bﬁ&:%,ﬂlﬂg:% (i)
ﬂ2+ﬂ4=%’ﬁ2ﬂ4=% (ii)
B

Fromeq. (i), —————— =l (iii)

(Bi+ps) 4
And eq. (i) , M =

1
(Ba+Py) "\ 6

Passage — 12
If X,,X, be the roots'of the equation X* —3X+A=0 and X, X, be the roots of

X? —12x+B =0and.X,)X,, X, X, be an increasing G.P, also X* —8X+C =0 where the

product of the roots is half the sum of the roots, on the basis of above information answer the
following

33. The equation of the plane through intersection of the planes X— Ay +3z+C =0 and
AX=3y+Cz—7=0 and the point (1,—1,1) is

(a) Ox—13y+17z=B+7 (b) Ax—By+Cz=7
(c) 2Ax—13y+17z=B (d) 9x-13y+17z=A+B+C-1
Key. A

34, Equation of the plane perpendicular to X+2y+Cz+B =0, AXx+2y—3z2+2009=0 and
passing through (A, B,C) is

(a) 14x+11y+2z-316=0 (b) 14x—11y+2z+316=0
(c) 14x+11y—2z+316=0 (d) 14x-11y+2z-316=0
Key. B

35. The image of the plane 77; = AX—3y +Cz+9=0 in the plane mirror
7,=CX—Ay+z-5=0s

10
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Key.
Sol.

(a) 34x—-3y—-16z-123=0 (b) 3x—34y+162+123=0
(c) 2x—3y+4z+17=0 (d) 4x—11y+17z—-39=0
A

33. Clearly A=2, B=32, C=4

m+Ar,=0

34. dr’s of normal to the required plane is (14, -11, 2)
Equation of reqd plane is 14(x—2)-11(y—32)+2(z—4)=0
14x-11y+2z-316=0

Max {f (x),g(x)} = f(x);g(x) N f(X);g(x)
Min{f(x),g(x)}:f(x);g(x) _‘f(x);g(x)

these
Key. A

Let f(X)Zfl(X)—ZfZ(X). Where fl(x)zmin{xz,\x\} . for —1<x<1

= max{x2 |X|} for ‘X‘ >1

( { ‘X‘} for —1<x <1
= { 2 , for ‘X‘>1
{ ):~3<t<x, -3<x <0}
And g(X
):0st<x,0<x<3}
For —3< X <—1, range of g(x) is
a) [-1,3] b) [-1,—-15] o) [-1,10]

d) None of

11
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36.  For xe(—10), f(x)—g(x)is
a) X> —2x +1 b) X2 +2x—1

o) X2 +2x+1 d) X —2x-1
Key. C
37. The range of a for which the equation f (X) = ‘X‘ + a has 4 solutions is

) el

Key. B

sol. 35. f,(X) =X’
37. f,(X) =|X|
Draw graph.

Passage — 14

The general form of quadratic equation is given by ax?+bx+c =0 where a0 and

a,b,ceC

38.  The number of real solutions of thé equation X —7|X| +12=0is

(A)-7 (B)8 (€)5 (D)4

Key. D
39.  If sum of roots of ax? +bx+€=0"is same as that of their squares then

(A) b* +ab=2ac (B) b* +ac=2ab

(C) ¢ +ab=2hc (D) @* +b”* +c” =ab+bc+ca
Key. A
40. If (l— P) is a root ‘of X° + PX+(1— P)=0 then roots are

(A)0,1 B)-1,1 (©0,-1 (D)-1,2
Key. C

sol. 38, (|x|=3)(]x—4)=0

39. a+pf=a*+pf

a+pf=(a+p) —20p

40. Letotherrootis &
(1-P)a=(1-P)
a=#l
L P=1
X*—x=0;x=0,-1

12
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Passage — 15

If o, areroots of ax’ +bx+c=0 then ax’ +bx+c=a(x—a)(x— )

41.  If the difference of the roots of the equation x> —bx+c=0is equal to the difference of the
roots of the equation X2 —cX+b =0 andb #cC, then b+c=
(A)O (B) 2 (C)4 (D) -4
Key. D
42. If each root of the equation 3x? —7X+4=0 is increased by 2, then the resulting equation is
(A) 3x* —19x+30=0 (B) 3x*+5x+2=0  (C) 3x*—19x+2=0 (D)
3x* —19x+20=0
Key. A
43. If sin@ , cos@ are the roots of the equation ax>+bx+c =0 then
(A) @ —b*+2ac=0 (B) a*+b*+2ac=0 (C) a—b+2ac=0 (D)
a+b+2c=0
Key. A
Sol. 41.
A _a’_ b-dax _
A, p>  c’-4b
b’ —c? =4c—4b;b+c=—4
42.
3(x-2)° -7(x-2)+4=0
3x* —12x+12-7x+14+4=0
3x* -19x+3=0
43. sind+cosf@=-b/a;sinfcosf=c/a
Passage — 16
If the quadratic equation ax? +bx+c =0 is satisfied by more than two values of x then it
must be an identity for which a=b=c=0.
44. If-p,q are the roots of x>+ px+0 =0 then
(A)p=1 (B)p=1orzero(C)p=-2 (D) p=-2orzero
Key. B
. 1 .
45, The solution of |3+—=[=2 is
X
1 1
(A) 0,-1.—= (B)2,-1 (©)o,-1 (D) -1.—=
5 5
Key. D
1+n*+n*
46. If o, B are roots of X —(1+ nz)X+T =0 then o’ + % is

13
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(A) N® +2 (B) —n? (C) n? (D) 2n?
Key. C
Sol. 44. p+g=-p;pg=q
; 1

45. 3+—=2;

46. oa+pf=1+n°

_1+n*+n’
2
2 4
) ) 2 [1+n“+n
a’+p =(1+n") -

R

:n2

Passage — 17

Let X;, X5, X3, X, be the roots (real or complex) of the equation

x* +ax® +bx? +cx+d =0
If X +X, =X3+ X, and a,b,c,d eR, then

47. If a=2, then the value of b—Cis

A)-1 B) 1 C)-2 D) 2
Key. B
48. If b < 0 then how manydifferent real values of ‘a’ we may have?

A)3 B)2 01 D) 0
Key. C
49. If b+C =1and@%—2, then for real values of 'a" the value of C €

1

A) (—oo, Zj B) (—oo, 3) C) (—oo,l) D) (—oo, 4)

Key.@. A

SOk ' x* +ax® +bx? +cx+d
= (X=X) (X=X, )(X—=X3)(X—=X,)
Lot (X=X)(X=%,) =X* + pX+q
and (X=Xg)(X=Xg) = X2 + px-+T1
SO =XX g = XXy
oxt+axd +bx? +cox+d
=x*+2pC +(p?+q+1r)x> + p(q+r)X+qr
sa=2pb=p*+qg+r,c=p(g+r),d=qr

14
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3 _
Clearly, & 4ab+8c=0
47, B)Ifa=2 —=b-c=1
48. (C) Investigating the nature of the cubic equation of 'a’.
Let f(a)=a’—4ab+8c
f'(a)=3a"-4b
If b<0=f'(a)>0
. The equation a®—4ab+8c =0 hence only one real root.
49, (A) Substituting ¢ =1-b in Eq. (i) we have
(a+2)[ (a-1) +3-4b |=0=4p-3>0
3 1
= b>- = c<=
4 4
Passage — 18
4 3 2 _ S
If roots of the equation X* —12%x° +bx* +cx+81=0 are positive, then
50. Value of b is
A) -54 B) 54 C).27 D) -27
Key. B
51. Value of cis
A) 108 B)-108 C) 54 D) -54
Key. B
52. Root of equation 2bX+C =0-is
1 1
A) —— B) = 01 D)-1
) > ) 5 ) )
Key. C
Sol. Let &, 3, 7,0 be roots of the given equation
a+pf+y+o0=12 ----(1)
af=Db —-(2)
Yoy ==C —--(3)
afyo =81 ~-~(4)
As'AM >GM
a+p+y+0 v
% > (afyo)V*
12 V4
—>(81
~2(8)
But as AM = GM
La=p=y=0=3
50. (B)b=Zaf=6x9=54
51. (B) C=Xafly =4x-27=-108

15
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52. (C)2bx+c=0

108x—-108=0
=x=1
Passage — 19

Let consider the quadratic equation (1+m)x?—2(1+3m)x+(1+8m)=0 , where
meRL {—1}
On the basis of above information answer the following:

53. The number of integral values of m such that given quadratic equation has imaginary
roots are
A0 B)1 C)2 D)3

Key. C

54. The set of values of m such that the given quadratic equation:has at least one root is
negative is

A) me(—o0,-1) B) me(—é,oo) C) me(—l,—%) D) meR

Key. C
55. The set of values of m such that the given ‘quadratic equation has both roots are
positive is
A) meR B) me(-13) C) me[3,) D)
(—o0,—1D) U[3,0)
Key. D
Sol. Q.Nos (53 —55)
If a,f are the roots and D.be the‘discriminant of the given quadratic equation, then
2(1+3m) @+8m)

a+ﬂ=miaﬂ=m --- (1)

and D =4(1+3m)*> — 4@+ m)(L+8m) = 4(m* —3m) = 4m(m —3)
If roots are real, then D>0

s.me (=o0,0]U[3,) --- (2)

If roots.are.real, then D>0

53. D<0
=4n(Mm-3)<0=0<m<3

sam=12
54. At least one root is negative ie, one root is negative or both roots are negative, then
{(@B<0)u(a+p<0)}n(D=0)

- {[(1+8m) < OJU[M < Oj}mm € (—o0,0]U[3,2)
(1+m) (+m)

= {m € (—1,—%)}m{m € (—o0,0]U[3,0)}

. 1
ie. me (—L _5)

16
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55. a+p>0and off>0
=(a+>0)n(f>0n(D<0)

:(2(1+3m) > ij(1+8m > ij{4m(m—3) >0}
1+m 1+m

“me {(—oo, ) u(—% , oo}m{(—oo, ) u(—%,ooj}m{m & (=0,0]U[3,00)}

=me (—o0,—1) U[3,0)

Passage — 20
Consider the quadratic equation ax* —bx+c=0, a,b,c e N. If the given€quation ‘has
two real & distinct roots « and S belonging to the interval (1,2) then

56. The value of (¢—1)(L-D(2-a)(2-) e

1 1

A) R B) (o,mj C) {0,16} D) (—,0)
Key. C
57. The minimum value of (a—b+c)(4a—2b+c) is

A)1l B) 2 C) 4 D)5
Key. A
58. The minimum value of ‘a’ is

A) 2 B) 3 C)4 D) 5
Key. D

Sol. Given O<a<2,0<f<2
=0<a-1<1&0<(p-DH<1
similarly 2<-a<-1&0<2-a<1
0<2-p<1
Apply AM >GM for ¢-1&2—-«

Lj‘“z (a2 -a)

:>(0!—1)(2—a)£% similarly (£-D(2—- ) g%

~0<(@-D(B-1)2-a)(2- B) s%

S (a-1(B-D2-a)2-p) < {o, %}

Paragraph for Questions Nos. 18 to 20

For xeR, f(x) is defined as

X+2, 0<x<?2 X, X=0
f(x) = For xeR, | X|=

X —4, X=>2 —X, X<0
18. For 0 <x <1, the solution set of |x]| f(x) > 2 is

(A) & () (0, 1)

17



Mathematics Circles

(C) [%,2} (D) none of these
Key. A
19. The number of real solutions of [x| + |[x—1]| =5 s

(A) 2 (B) 3

(€)1 (D) none of these
Key. A
20. For x > 3, the solution set of (f(x) + |[x—2]) f(x) <0 lies in

(A) (4, ) (B) (=<0, 3)

(C) [3, 4] (D) none of these
Key. C

Sol. 18. For 0<x<1
x| f(x)>2

= x(x+2)>2

= X +x-2>0

= (x+2)(x-1)>0

Xe (—oo,—2)u(1,oo)

-+ there is no solution

19. || +|x-1 =5

Casel: x<0, —x+1-x=5
= -2x=4
= X=-2
Casell: 0<x<1, x+1-x=5 (not possible)
Caselll: x>1, x+x-1=5
= 2Xx=6
=>x=3

.. there'are tworeal solutions

20 (f(x)#|x—2]) f(x) <0

=(x=4+x-2)(x—-4)<0

=2(x-3)(x—-4)<0

= 3<x<4,

Paragraph for Questions Nos. 21 to 23

In a AABC, with vertex A (a, -5), x—coordinates of two points B and C are the roots of
x> — bx + 3 = 0 and their y—coordinates are the roots of the equation x> — x — 6 = 0.
x—coordinate of B is less than the y—coordinate of C and y—coordinate of B is greater than
y—coordinate of C, where a is the least positive integer of the inequality x> — 2x — 3 > 0 and b is the

18
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greatest negative integer of the inequality |[x — 2| > 6. The slope of any line joining two points

A(x1, y1) and B(xy, y2) is = Yo% .
X, =X
21. The value of ab (a + b) is
(A) 12 (B)-12
(C)6 (D) none of these

Key. A

22. The slope of BC is

5 2
(A) _E (B) g
3 4

Key. A

23. The slope of CA is

3 3
A) = B) ——
( )4 (B) 2
(Q) % (D) none of these
Key. B
Sol.  21. xX*-2x-3>0

=(x-3)(x+1)=0

=>x<-1 x>3

X e (—oo, —1] U[S, oo)

s.a=3

|X—2|26:>X—226 and Xx—2<-6
x=8andx<-4

X & (—o0,—4]U[8,0)

. b=-4

x* —bx+3=0

= X" +4x+3=0
=>x==3-1

= x*=x—-6=0
x=3,-2

A(3,-5),B(-3.3), C(-1,-2).
ab(a+b)=-12(—4+3)=12

22. Slope of BC = _2_3=_—5
-1+3 2
23. Slope of CA = —2+5_-3
-1-3 4

Paragraph for Questions Nos. 17 to 19
If f(x)=|x—1|+|x=3|+|5-x|V Xe€R

17) The set of all values of x for which f increases is

a) (1,0) b) (3,) c) (5,) d) (1,3)
Key. B

19
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18) The set of all values of x for which f decreases is
a) (—oo,l) b) (—00,3) c) (—00,5) d) (3,5)
Key. B
19) f(x) is symmetrical about the line X = A, then
a) A=1 b) A=3 c) A=5 d) A=0
Key. B
Sol. 17to 19
T f'(x)>0,x & (3 )
P T +E - \,:5 F(x) <0, x € (~x, 3)
P N T T
E ff + iy + + =+
1—3_ T :3 i
r_1“_itlf'—_+g+ +£++++ j-ﬂ
= N R
9-3x , x<1 0 1 2 3 4 5 &
7=-x , 1£x<3 It is clear from the figure f(x)is symmetrical about the line
Fex)= x+1 35x <5 x=3
3x-9 , x25 L A=3
-3, x<1
. -1, 1sx<3
POy 3<x<s
3 x2z5
P-2
(A) The roots of the quadratic® equation ax’ +bx+c=0 are real, equal and imaginary

(B)

according as A =h?—4ac is. >0,=0,<0

If A is positive and perfect square of a rational number then roots are rational.

If Ais positive but not perfect square of a rational number then roots are irrational.
If a < b, then (x-a).(x-b)is positive if x<a or x> b i.e., x does not lie between a and b.
Itis—iveifa<x<b,i.e., lies betweenaandb.

Answer the following questions based upon above passage

36.

Key:
37.

Key.
38.

Key.

If the ‘equation ax2+bx+c=0(a>0) has two roots o and B such that o <—2 and
B> 2.then

(A) \b*—=4ac <0 (B) 4a—2b—c<0
(6) “a+|b|+c<0 (D)c>0
¢

The range of values of m for which the equation (m—5) x? + 2(m—10)x +m+10=0 has

real roots of the same sign, is given by

(A) m>10 (B)-5<m<5
(C) m<-10,5<m<6 (D)-10<m< 10
C

If o and B (o< ), are the roots of the equation X +bX+Cc=0 where c<0<b, then

(A) O<a <P (B) a<0<P<|af
(€) a<B<0 (D) a<0<|of<P
B

20
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Sol.

37.

38.

36. Ans. (c)
f(x)= a (x—a) (x—B) where
f(X) =0 at both o and B which are real

b’ —4ac>0

for any number lying between o and B say £2,£1 and 0 we know that f(X) will be —ive

(a>0)
f(iZ),f(il) and f(O) all are —ive
4a+2b+c<0
or 4a+2|b|+c<0
atb+c<0
a+|b/+c<0
f(0)<0=c<0

Ans (c)
A>0=-25m+150>0 .. m<6
~ m+10

= =+ive, as roots are of same sign.

m->5

(m-+10)(m-5)

(m-5)
~m<-10and5<m<6
Ans (b)
Given a.<[3,C is—iveand b = + ive,
oa+B=-b=-ve,af =c=—ive
oy =—ive = one is +ive and other =ive.

>0 .. m<—-10orm>5

or

Since a <[}, we must have o is—ive and B+IiVe.

Again 0 +B<0=B<~a=P<|o.

21



Mathematics Quadratic Equations & Theory of Equations

Key.

Sol.

Key.
Sol.

Key.
Sol.

4,
Key.

Sol.

Quadratic Equations & Theory of Equations

Integer Answer Type
If A is the minimum value of the expression | X— p|+| X—15]|+| X— p—15]| for x in the

A
range P<X<15 where 0<p<15.Then g=

3

| Xx—plEx—p (Sincex>p)

| x—15]=15-x (Since x <15)

| Xx—=(p+15)|=(p+15)—x (as15+ p > X)
.expression reduces to
E=X-p+15—x+p+15—-x

E=30—-x

. E,;, occurswhen x =15

~A=15

Let P(X) = X’ +bX+C, where b and c are integer. If P(X) is a factor of both X* +6X? +25

and 3X* +4x* +28x+5, find the value)of P(1).
4

Since P(X) divides into.both*ef.them

Hence P(x) also divides

(3x* +4x% +.28X +5)~3(x* +6X* +25)

= —14x% 28X+ 70 = —14(X* — 2X +5)

Which is a'quadratic, Hence P(X) = X* —2X+5

“R(1) =4

Largest integral value of m for which the quadratic expression
y =X +(2m+6)X+4m+12 is always positive, ¥X € R, is
0

D<0=-3<m<l=m=0

The number of solution of the equation e +ef+e ¥ rer = 3(672)( +e") is
1

x=1n2
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5.

Key.

Sol.

Key.

Sol.

Key.

Sol:

Let @,b,C be the three roots of the equation X° + x> —333x—1002=0.1fp=a®+b® +¢°

then the value of

2006 —
1
Let & be the root of the given cubic where & can take values a, b, ¢
Hence o +a® —333x—1002=0 or o =1002+333x—*

- Za’ =31002+333Z - T =3006+333Za | (Za)’ - 2ay, |
But 2o =-1Xaa, =-333

-.a’+b* +¢® = 3006 —333-[1+666] = 3006 — 333667 = 3006 —100 = 2006 = P

The number of the distinct real roots of the equation (X+1)5 = Z(X5 +1) is

3
(x+1)° =2(x°+1)
et f(x)= Ei:ji) (x=-1)
()= 5(XZX15)+(11)2_X4)
= X=1 is maximum
As, f(O):l and f(l):16

And lim (X) =l f (X) =2 has two solutions but given equation has three

X—>too
solutions.
because x = -Inincluded.

1
The equation 2(Iog3 X)2 —||Og3 X| +a =0 has exactly four real solutions if & € (O, R) ,

then the value of Kis __

8
oh putting log, x =t, we get
2t2—|t|+a:0 (i)
ft>0, then 2t°-t+a=0 (i)
ft<O,then 2t°+t+a=0 (i)

If Eqg. (i) has four roots then Eqg. (ii) must have both roots positive and Eq. (iii) has

both roots negative. Now, Eq. (ii) has both roots positive, if D>0

al2>0
= 1-8a>0,a>0
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= ae(O,%j on taking intersection.
Again, Eq. (i) has both roots negative, if D>0,a/2>0.
We again get & € (0%] =>K=38
8. Let a, [ be the roots of X2 — X+ p=0 and 4,0 be the roots of X —4X+0 =0 such that

a,B,y,0 areinG.Pand p>2. Ifa,b,ce {1, 2,3,4, 5}, let the number of equation of the

form ax® +bx+c =0 which have real roots be r, then the minimum value of 122; =
Key. 1
Sol. (a@+p)=Laf=p,y+o0=4,70=(
Since a,ﬂ,y,é' arein G.P
B_S_pra_s+y_  (Bra) _ A5W)
a y  B-a -y  (Bra)—daf _\OL) 45y
1 16 4
- = =
1-4p 16-49 4-q
=4-q=4-16p
Now, Pp=>2 ..q>32
For the given equation ax2 +bX +.¢ =0, to'Have real roots b2 —4ac>0
b2
J.acs—
4
9 Possible values ofac _ Value of Possible pairs
b b_ b2 No. of pzosmgle ac (a,c)
<o airs (4,C
4 such that a€ < 7 pal 1 (1.1)
2 1 1 1 2 (1,2),(2,1)
3 2.25 1,2 3 3 (1,3).(3,1)
4 4 1,2,3,4 8 4 (1,4),(4,1),(2,3)
5 6.:25 1,2,3,4,5,6 12 5 (1,5),(5,1)
Total 24 6 (2,3),(3,2)
Hence number of quadratic equation with real roots, r = 24
Now from (i) and (ii) the minimum value of PQr = 2.32.24 =1536
9. Let a, 8 and ¥ be the roots of equation f (X) =0, where f (X) = x> +X* =5X—1. Then
the value of ‘[a]-l-[ﬂ]-i-[]/]‘, where [] denotes the greatest integer function, is equal to
Key. 3

Sol.  Given f(X)=Xx>+x*-5x-1




Mathematics

- F'(X) =3%? +2x—5. The roots of f'(X) =0 are —2 and 1

Writing the sign scheme for f'(X),

max min
—00 = ® ® > 00
tVe g3 -ve 1 +ve

Also, f (—0) =—00<0, f(0) =c0>0
Fl)=—a, f[-2]=1%8

3) 27
Now, graph of Y = f (X) is as follows

Y
tOO

f(-3)=-27+9+15-1=-4<0
f(-2)=-8+4+10-1>0
f(-)=4>0,1(0)=-1<0
f(2)=1>0

So3<a<2,-1< f<0,k<y <2
|[e]+[B1+[r]H -3-1+1[=3

Quadratic Equations & Theory of Equations

10. The set of real parameters.d’ for which the equation X* —2ax® +Xx+a* —a=0has all real

m
solutions, is given by {—,ooj where m and n are relatively prime positive integers, then the
n

value'of (m+ n) is

Key. ¥
Solr W fave a® —(2x? +Da+x* +x=0
o (2x2+D+ \/(2x2 +1)% —4(x* +x)
- 2
2a=(2x* +1) £ (2x-1)

On solving +ve & -ve sign we got
a>>
4

Sm+n=7
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11. Number of positive integer n for which n* +96 is a perfect square is
Key. 4
Sol. Suppose m is positive integer such that n2 +96 = m2 then
(m—n)(m+n)=96
As M—N<M+N and M—N,M+N both must be even
So, the only possibilities are
m-n=2m+n=48m-n=4,m+n=24
m-n=6,m+n=16:m-n=8m+n=12
So, the solutions of (M, N) are (25,23),(14,10),(11,5), (10, 2)
12.  If @, 3 betheroots of X> + PX—0 =0 and 7,0 are the roots of X> + pX -+ =0,

g-+r#0,then (@—y)a=0J) is equal to

(B=7)(B-05)

Key. 1
Sol.  Here, a+f=—pP=y+0

(a—p)(a-38)=a®—a(y+8)+ 75 =a® —aaB)Fr

=—off+r=q+r
Similarly (B—y)(f—90)=q+Tr
So, ratiois 1

13. Number of real roots of 2X99 +3X98 + 2X97 +3X96 Forinns +2X+3=0is
Key. 1

98, 9 (x* -1
Sol.  Given equation can be written as, (2X +3)(X™ + X7 +...... +1) =(2x +3)2—1
X

So, the real roots are X = i1,7, out of which 1 are not roots of given equation.

14.  If A is the minimum value of the expression | X— p|+| X—15|+| Xx— p—15] for x in the

range P'<X<15 where 0 < p < 15. Then £=
Key@&a3
Sol™\|X—p|=x—p (Sincex> p)
| x—15]=15-x (Since x <15)
| X—=(p+15)|=(p+15)—x (as 15+ p > X)
.expression reduces to
E=X-p+15—x+p+15-x
E=30—-x
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. E,;, occurswhen x =15
S A=15

15.  Let P(X)=X*+bX+C, where b and c are integer. If P(X) is a factor of both X* +6X? +25

and 3x* +4x° +28x+5, find the value of P(1).
Key. 4
Sol.  Since P(X) divides into both of them
Hence P(x) also divides
(3x* +4x* + 28X +5) —3(x* +6X* +25)
=—14x* +28x—70 = —14(x* — 2X +5)
Which is a quadratic, Hence P(X) = X* —2X+5
PO =4

16. Largest integral value of m for which the quadratic expression
y =X +(2m+6)X+4m+12 is always positive, YX e R, is

Key. 0
Sol. D<0=>-3<m<l=>m=0

17.  For a twice differentiable function f (X), g (X) is defined as

g(x)=F )’ +f"(x)f(x) on [ae] . If for a<b<c<d<e , f(a)=0 ,
f(b)=2 , f(C)z—l, f(d):Z, f(e)zothen find the minimum number of
zeros of g(x).

Key. 6

g x [ f'XZDf"XfXDifo'X
Sol. dx

Lethfoxf'x

Then, Fx 0o has four roots namely aL,Le

where bDDDCand CDDDd.

And Fx 0o at three points ki, Ky Ky where
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alk 00,00k, 00,00k, De

.. x 00
[ Between any two roots of a polynomial function there lies
atleast one root of frx 0o
There are atleast 7 roots of fx.t'x 00
d :
— f x f'x OO0 < 00
N There are atleast 6 roots of dx i.e. of 9

18. f(X) is a polynomial of 6% degree and f(X):f(Z—X)‘v’XeR. If f(X)zO has

4 distinct real roots and two real and equal roots then sum of roots of f (X) =0

Key.

Sol.

19.

Key.

Sol.

20.

Key.

Sol.

21.

Key.

Sol.

22.

6
# (@)= F(2-a)=0

When &# 2—

sum of roots =4

Where %=2=%je  &=1lgym of roots = 2

" Total sum = P

A+X) L+ X+ X)L+ X+ X2+ X)) AKX+ X+ A X

When written in the ascending power of X then (the highest exponent of x) — 5045 is
5

100(101)

Highest exponent of x <1 +2:k3 + ..... + 100 = 5050

If the roots of the.8quation, x® —ax? +14x —8 =0 are all real and positive, then the minimum
value of [a] (where [a]\is the greatest integer of a) is

6
f(x) =X*—ax’+14x-8=0

o +3[3 T S (OC-B'Y)lB

d

320

a=6

The remainder when 2 + [1! +2(21) +3(3) +. .. .. +10(101)] is divided by 11! is
1

n(n)=(n+1)!-n!

and proceed

The quadratic expression ax? + |2a — 3|x — 6 is positive for exactly two integral values of x
then 2 + [a] (where [.] denotes the greatest integer function) is
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Key. 1
Sol.  Conceptual

23. If the roots of the equation x*+px*+qgx+r=0, are in G.P. such that geometric mean among
the three roots satisfy the equation px+k,q=0and other two roots satisfy the equation
pax’ —K,(q—p*)gx +p’r =0 then the value of k; +k, is

Key. 5

Sol.  We have X, +X,+X;=—p (1)
X, Xy + X X5 +X, X5 =0 (2)
XX, Xg =—T e 3
X2 =X,X, 4
from (2)

XX, + X X5 + X2 =(

Xl(xl +X, +X3) =q

=1
= px,+0=0 =>K =1 (5)
from (1)
2
x2+x3:ﬂ ....v (6)
P

r

xzxgzap ceeee (D)

HengenxX, X, satisfy the equation pgx® —(q—p?)gx+p*r=0
—Ky=1 (8

From (5) and (8)

K, +K,=2

24. The least integral value of ‘@’ such that (a—3) x? +12x+(a+6) >0vxeR is
Key: 7

Hint:
ax’ +bx+c>0vxeR=a>0,D<0
= (i)a—3>0(ii)(a+9)(a—6),a>6

Least integral value of a =7
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5 2 2
25. Let p(X)zX +X +1 have rootsX 2 3,X and X5,g( ) X~ —2, then the value of

| g(xl)g(xz)g(x3)g(x4)g(x5)—30g(x1x2x3x4x5)

Hint: G“’e”g(xl)g(xz)g(xs)g(x4):A
=(xf—2)(x2—2)(x2—2)(x§—2)
{2 ) o- )(“5)

5 3 o2
=2 —(Zx jZ +Zx -X..2 Zx
2.2.2.2 2.2.2.2 2
+le.x2.x3.x4.2—x1.x2.x3.x4.x3]

5
p(X) X +X +1=0 has roots Xl’XZ’ ...... X5

square of the roots of p(X) is q(X):(\/y)5+(\/§)2 +1=0; =X and y:a2

:>(y+1)2 :(—ﬁ)sxz

:>y2+2y+1=y5 :>q(x):y5—y2—2y—1=0

, then thatequation q(x) whose roots are

2
Then ZXl =Zy1 =

2 2
21X X, =2 Yy Yy=0

2 202
X XX =2 V1Y, Yy =1
22,2 2
LX) Xy 3x4—2y1y2y3y4— —2
2,222
Xy Xy Xog Xy, =Zy1.y2.y3.y4.y5:1,then

A=—[2 -0+0-2 —2.2—1}=—[32—4—4—1]=—[32—9]

=-23

X X XX X = 1:>g( x3):—1

:>g( )g(xz) ...... g(xS)—3Og( ...... x3):7
Alternative

. 2
Let us form that equation having roots Y =0 (Xi )I.e., y=Xx" -2

y+2
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= (Jy+2) +(Jy+2) +1=0

—y°+20y" +40y° + 79y + 74y +23=0

26. (L-2)If x, y, >0 and x(1-y) >%, y(l-z)> % .z(1-x) >%, then the number’of ordered

triplets (X, y, ) satisfying the above inequalities is/are

Key: 0
Hint: Multiplying we get
1
xyz(l—x)(l—y)(l—z)>& ............. (1)

2
Now t(1-t)=t— tzzl—(l—tj <
4 \2

so x(1-x)y(L-y)z(1- 2)36—14 ...... )

(1) and (2) are contradictory

27. (L-3)Find the least integral‘value~of a such that \/9—a2 +2ax—x2 > \/16—X2 for at least one
positive X.

Key: 6

Sol:  y=+9%a2 1 2ax —x2

(x=a)54y? =9
'~.I'|1 (:J_:_ «._,I'IIU -- J "ot Dax - S
: i
/]
z | VI TS
4 (a-3) u (a3

For given inequality to hold for positive x.

10
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a-3<4
=a<7T=>a=6

28. (L-3)Let f(X):SO—ZX—X3, then find the number of positive integral values of x which

satisfies f (f(f(x)))>f(f(—x)).

Key: 2

Sol : f'(x)=—2—3x2 <0=f(x) is decreasing
~F(F(x))<F(x)=F(x)>—x
=30-x-x3>0
=x>+x-30<0
:>(x+3)<x2+3x+16)<0

=>X<3

.". No. of values = 2

29. (L-3)Let p(X)=Xx>+x"+1 have roots X{iXp, X4 %4 andxs, g(Xx)=x>-2, then find the

value of g(%)9(X5)9(X3)9(X4)9(Xs5)=80g (XX, X3X4Xs5 )
Key: 7

Sol: Given g(x;)9(x2)9(X:)9(X4)9(xs) = A
- (-2 2832 -2)8 -2
=—(2-x¢)(2=x5)(2-%5 ) (2- %5 ) (2- x5 oo ()
_ _[25 S22+ X522 =Y X x5aG20 + Y XXX 2 —xf.x%.x%.xﬁ.xé}
P(X)=x°+x*+1=0 has roots Xy, Xy,....,Xs, then that equation g(x) whose roots are
square of the roots of p(x) is q(x)z(\/y)5+(\/§)2 +1=0; a=x and y = o2
= (1) =(~y)”

=y +2y+1l=y’ =q(x)=y’-y*-2y-1=0,

then ZXlz =Zy1 =0

11
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D XIX5=D Y1y, =0

D XTX5X5 =D V1Yo Y5 =1

D XTXGXEXG = D V1Yo Ya Y =2

D XEXEXEXEXE = D V1Yo YaYaYs =1, then
A=-[2°-0+0-2"-22-1|=-[32-4-4-1]=-[32-9]=-23
X XoX3X4X5 = —1=>g(XyXp...X5 ) =—1

=0(X)9(Xz)..-9(X5) =309 (X X;.....X5 ) =7

Alternative :

Let us form that equation having roots Y =0 (Xi ) e, y= x?=2

X=\Yy+2

:>(4/y+2)5 +(w/y+2)2 +1=0

= y° +20y” +40y® + 79y? + 74y +23=0
2. 9(Xy)-...9(xs5 ) = Product ofreots=-23
X XoXgX4X5 = —1=> g (X X5, X5 ) = —1

=09(X1)9(X3)-..8(Xg )=309 (X X5...X5) =7

30. (L-3)A polynomial equatiaen is said to be a reciprocal equation if the reciprocal of each of its roots
is also a root of it
Therefore a\necessary condition for f(x) = 0 to be a reciprocal equation is that O is not a root

of itie. £ (0) 0.

leet f(x) = O be a reciprocal equation of degree n having roots o4, Q,,.....,0,, none of these

Zero.

Let y (x) = O be the equation whose roots are i,i,....,i. Then the equations f(x) = 0
o A An

and y (x) =0 are identical.

Let agx" +a,x" " +...+a, =0, a, # 0 be a reciprocal equation. Then it is identical with

the equation.

12
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a, X" +a, X"+ +ay=0

Let ap#0

(89,8, ) =K(ay, 84,89 ) for some K#0
~ag=Ka,, 3 =Ka,,...a, =Ka,

This implies K =+1

If K=1then 8y =a,,a; =ap_g,....,a, =dg

This equation is said to be a reciprocal equation of the First type.
If K=-1then ag =—a,,3; =—ap_q,....,a, =—dg

This equation is said to be a reciprocal equation of the second type:

A reciprocal equation is said to be of the standard form if it"is of the first type and of even

degree. Then

31. If the roots of the equation x® —ax? +14x —8 =0 are'alleal and positive, then the minimum
value of [a] (where [a] is the greatest integer of a)y~is
Key. 6
Sol. f(x)=x*-ax*+14x-8=0
a +3B +v > (OL.BY)US
ay 8)"
3
a>6
32. If the roots of the equation x> +px® +qgx+r=0, are in G.P. such that geometric mean among

the three roots ,satisfy the equation px+k,q=0and other two roots satisfy the equation
pax’ —K, (q=p™)gx +p°r =0 then the value of k; +k, is

Key. 2

Sol.  We have X, +X)+X; =—p 1
XX, BXXg +X,X5 =0 (2)
X, XyXg= =T . (3
X§ =X,X, 4)
from (2)

X, X, + X, X5 + X =(
X (X +X, +X;) =q

=1
= px,+q=0 =K =1 (5)
from (1)

2
x2+x3=q_p (6)

p

13
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33.

Key.

Sol.

34.

Key.

Sol.

35.

Key.

p
X, X . @)
Hence, X,,X, satisfy the equation pgx* —(q—p?)gx+p°r=0
=K, =1 o (8)
From (5) and (8)
K +K,=2

If product of two roots of the equation x* — 18x3® + kx? + 200x — 1984 = 0 is —32 then the
value of 90—Kis

4
Let o, B, v, & be four roots
off =-32

oPyd = —1984 = 5 = 62
x* —18x3 + kx? + 200x — 1984 = (X — o) (X = B) (X —7) (X — 8)
= (¥ = (@ + B)x —32)(x* — (v + B)x + 62)

o+ =p=(X*>—px —32) (x* - gx + 62)

y+3d=q

equaling co-eff. of X3, x2, x
p+q=18 ()
—62p + 32q = 200 ...(iD)
k=62+pq— 32 .....(GiD)

from (i)and (ii)p=4,q=14

from (iii) k = 86.

If the equation x* + px3 + gx? + rx + 5 < 0,has four positive real roots, then the minimum
value of pr/10 is
8
Let a, B, v, & be four positive real reots of given equation.
Then oa+pB+y+d=—p
Zap=q
Zafy=-r
offyd =5
using A.M. > G,M:
+B+y+0
u 2 (aBy8)1/4
ZO;B'Y > ( 0c3[33y383)1’4
(Za).(ZaBy)
16
pr >80

> (apyd)

The set of real parameter 'a' for which the equation x* —2ax® + x+a® —a=0has all real

m
solutions, is given by [—,oo) where m and n are relatively prime positive integers, then the
n

value of (m+ n) is

7

14
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Sol.  We have a° —(2X2 +Da+ x*+x=0
L _(2¢+]) +(2x2 +1)% —4(x* +X)
- 2
2a=(2x* +1D)+(2x-1)

On solving +ve & -ve sign we got

a>3
4
som+n=7
36. Number of positive integer n for which n’>+96 isa perfect square is

Key. 4
Sol.  Suppose m is positive integer such that N% +96 =m? then
(m—n)(m+n) =96
As M—N<M+N and M—N, M4 N both must be even
So, the only possibilities are
m-n=2,m+n=48m-n=4,m+n=24
m-n=6,m+n=16m-n=8 m+n=12
So, the solutions of (M, N) are (25,23),(14,10),(11,5), (10,2)
37. If &, B be the roots of X2 + PX —q = Q%nd\ ;0" are the roots of X2 + px+r=0,

g+r =0, then (a—y)a-9) is equaldo

(B=7)(B -6)

Key. 1
Sol. Here, d+ f=—p =y +0.

(a—y)(a—5):a2—a(y+5)+75:a2—a(a+,8)+r

=—off+r=q+r
Similarly (%)L~ 0)=q+Tr
So, ratiofis 1

38. Number.ofreal roots of 2X99 +3X98 + 2X97 +3X96 B aPTTTT +2X+3=0s
Keyq, 1

100

X -1
Sol. Given equation can be written as (2X +3)(X98 +x® +1) = (2X +3)(2—1)

X

So, the real roots are X = il,?, out of which %1 are not roots of given equation.

39. The number of the distinct real roots of the equation (X+1)5 = 2(X5 +l) is

Key.
sol.  (x+1) =2(x°+1)

15
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40.

Key.

Sol.

41.

Key.

Sol.

Let fUF% (x=-1)
o 5(x+1)"(1-x)
=N f'(x)= .
(x5+1)
= X=1is maximum
As, f(O):l and f(l):]-G

And lim f (X) =1=f (X) =2 has two solutions but given equation hassthree

X—>1oo
solutions.
because x = -1 included.

1
The equation 2(log, X)2 —|log; X|+a=0 has exactly four real solutiohs if a (O, E) )

then the value of Kis

8
on putting 109 X=1, we get
2t2—|t|+a:0 (i)
ift>0, then 2t°—t+a=0 (i)
ft<0,then 2t°+t+a=0 . (iii)

If Eq. (i) has four roots then Eqe,(ii) mustthave both roots positive and Eg. (iii) has

both roots negative. Now, Eq. (ii) has’both roots positive, if D>0

al2>0
= 1-8a>0,a>0
1
= aG(O, gj on taking intersection.

Again, Eg. (i) hadboth roots negative, if D>0,a/2>0.
1
We again get ae(o,gj =>K=8
Let o8 be the'roots of X° —X+ P =0 and A, be the roots of X* —4X+0q =0 such that

a,\Bry,6 areinG.Pand p22. If a,b,ce {l, 2,34, 5}, let the number of equation of the

par

form ax’ +bx+c =0 which have real roots be r, then the minimum value of =

1536

1
(a+p)=Lof=py+5=4y5=q
Since a,ﬂ,y,é' arein G.P

B_S_ Bra_bS+y (B+a)> (5 +y)
Ya y B-a -y  (B+a)’—daB (5+7y) -4y
1 16 4

o = =
1-4p 16-4q 4-—q

16
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=4-q=4-16p
Now, p=>2 ..(0>32
For the given equation <’:1X2 +bX+¢€ =0 to have real roots b2 —4ac>0

2
Jac<s—
4
) Possible values of ac _ Value of Possible pairs
b b_ b2 No.‘of ;anjlsscl:gle ac (a,c)
<— pairs (4,
4 such that aC < 4 1 (1)
2 1 1 1 2 (1;2), (24)
3 2.25 1,2 3 3 (1,3). (3,1)
4 4 1,2,3,4 8 4 (154),(4,1),(2,3)
5 6.25 1,2,3,4,5,6 12 5 (1,5),(5,1)
Total 24 6 (2,3),(3,2)

Hence number of quadratic equation with real roots, =24
Now from (i) and (ii) the minimum value of PQr = 2:32.24=1536

42. Let @, and ¥ be the roots of equation f (X) =0,"where f (X) =X® +X* —5X—1. Then

the value of ‘[a] +[,B]+[7/]‘, where [] denotes the greatest integer function, is equal to

Key. 3
sol.  Given f(X)=Xx>+Xx*—-5x=1

- F(X) =3x% 4+ 2X <5, The roots of f'(X)=0 are —2 and 1

Writing the sign schene for '(X) ,

max min
—00 = ® ® > 00
Ve g3 -ve 1 +ve

Also, f(—0) =—00 <0, f(0) =0 >0

fyelg, £ 22148

3) 27
Now, graph of Y = f (X) is as follows
\Y
! '2 o0

17
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f(-3)=—27+9+15-1=-4<0
f(-2)=-8+4+10-1>0
f(-)=4>0,f(0)=-1<0
f(2)=1>0

S3<a<-2,-1< p<01l<y<?2
[[a]+[p1+[r]H-3-1+1|=3

43.  The number of integral values of k for which X* —2(4k —1)x+15k* —2k —7 >0 hold for all
X is
Key. 3

So. D<0=k?*-6k+8<0=2<k<4
=k =2,3,4=3 values

1 1 1
44. Ifroots X, and X, of X° +1=X/a satisfy ‘xf—x§‘>—,then ae(——,oju(o,— the
a 2 JK

numerical quantity K must be equal to

Key. 5
1
Vo

1
The inequation (*) has meaning if —2—4 >0
a

1

1
Sol. X, +X,|[X = X,| > =

>1.(*)
a a

If ae (—%,Oj then (*) is automatically satisfied

If ae (O,%j then (*) becomes equivalent to ,/§—4 >1 (on canceling §> 0)

1 1
=>-——=<a<—=

5

but ae (O,%) wasassumed = a € (O, 1

\/5j
o . 1 1
Thus alkthe values of a lie in the interval | ——,0 |U| 0,—= | =k =5
2 NE)

45. ¢ The'integral part of positive value of a for which, the least value of 4x? —4ax+a®—2a+2
on'[0,2] is 3, is

Key. 8

Sol. Conceptual Question

46. The least positive integer X such that the three distinct numbers @,b,C are in GP and
a+b+c=xb is

Key. 4

Sol. b?=ac

If a=0, then b=0 a contradiction (*.-a = 0 similarly b=0)
2

If a#0,then C=—
a

18
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47.

Key.

Sol.

48.

Key.

Sol.

49.

Key.

Sol.

o . . b? a b
On putting in the given relation a+b+—=xb= X = B+_+1
a a

Now %+§220r <-2=>x>30r <-3

But as X has to be positive, X must be >3
But x=3 when a=Db(a=b is given)

=> X should be integer greater than 3.
=x=4

The sum of all the real roots of the equations |X—2|2 +|X—2| —2=0is....

4

x—2 +|x—2|-2=0

=(|x=2+2)(]x-2-1)=0=|x-2 =-21

~|x=2/=1or x=31

= sum of the roots =4

The number of real solutions of the system of equations X+Y +Z =1 2xy—z°=1is
1

“*X+Yy+z=1and 2xy-2° =1

- AM >GM

:%z«/(xy :{122]2 (1+222j:>(1—z)222(1+22)

=7°+27+1<0=(z+1)*<0
S Z2+1=0=z=-1

Then X+Yy=2 and Xy =1
Hence X=y =1

nradical signs

3

Rewrite thegiven equation \/X+2\/X+2\/X+ ............. + 24X+ 24X+ 2X =X --- (1)

Onreplacing the last letter x on the LHS of eq.(1) by the value of x expressed by Eq.(1) we
obtain

X=\/X+2\/X+2\/X+ ............. + 24/ X+2X (2n radicals)

further, let us replace the last letter x by the same expression

we can write X=\/X+2\/X+2 X+

:Iim\/x+2\/x+2\/x+ ........ + 24X+ 2X

N—

It follows that x=\/x+2\/x+2 X+

Hence X =+/X+2X =X =3x=X(x—3)=0

19
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50.

Key.
Sol.

32.

Key.

Sol.

31.

Key.

Sol.

32.

Key.
Sol.

x=0 (or) x=3

.. Sum of roots =3

If the roots of 10x% —cx? —54x—27 =0 are in harmonic progression, then the value of C
must be equal to

9
- Roots of 10x> —cx? —54x—27 =0 are in HP
1 10 ¢ 54
Replacing X by —, then we get —3——2———27 =0
X X X X

or 27xh3+54x? +cx—10=0 --- (i)

Now, roots of Eq (i) are in AP

Let roots a— [, ¢, + [3, then a—ﬂ+a+a+ﬂ=—%=—2 or az—g

3 2
'.'az—g is a root of Eq.(i) then 27 —g +54(—2J +C —g -10=0
3 3 3 3

or —8+24—%—10:0

..c=9

If the equation ax? — bx + 12 = 0 wherea andhb ‘are +ve integers not exceeding 10, has
roots both greater than 2 then the number of'ordered pair (a, b) is

1

Imposing the conditions; 2—2 > 2, b%> 48a and f(2) i.e., 2a— b + 12 > 0 there is only
one solution for (a, b) =(1,7)

If o, are the roots,ofithe equation 7»(X2 —X)+X+5:O and if A, &, are two values of

A for which theroots\a, B are related by g+E zﬂ,then the value of £+ﬁ =
B a 5 7‘2 7‘1
(25542 ) thén [K is
1
2
+B) -2
2+E:((XB)—GB=£ :>}\,2_16}\’+1:0
By o of
2,42
Now £+£:M:254
Ay A Ay

The sum of squares of all integral values of @ >—b5 for which the inequality
x? —ax+6a <0 is satisfied for all X € (—1,1) must be equal to 6k then k is

5
f(x)=x*—ax+6a

D>0, f(1)<0, f(-1)<0

20
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value of aare —4,-3,-2,—-1
(—4)2 +(—3)2 +(—2)2 +(—1)2 =30

1](xz —%xﬂ

| (™ . 1 10
33. The solution set of the inequality 3 <1 iswrittenas Xe|0,= |U| a,—

a a
then find a.
Key. 3

Sol.  0<x? —1%)(+131

1 10
—>X E[O,E)U(&E]

34. If o,B,y are the roots of the equation X2 +3x+C=0 thed “ind the value of
1 2 2
— o— -v) .
=3 (a-B) (B-1)

Key. 3

Sol. Let Glz(a—B)(B—y)
0, =(B=v)(r-a)
0, =(y-o)(a-p)
02 +05+0;
27
0,0, +0,0,+0,0, =0 & 0, # 05+0;=9
02 +05+05 :st

required part is

27 27
35. Ifa, beR and.equations.ax® +30X+b =0 and X* +3x+4=0 have a common root,
then
4a-bis
Key. O
Sol. X2%3X+24=0 has imaginary roots so both roots are common
ANy, 30 b
N1 3 4
a+b=50
36. If f (X) = ?:2(-’_1 gives all real values, then find sum of square of all integral values of a given
that 2<a<-1

Key. 4
Sol.  yX’-y=ax+l=yx’—-ax-y-1=0
=a’+4(y)(y+1)=0

=4y’ +4y+a*>0

21
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—=16-4x4a’<0

=1-a°<0

=a’-1>0

a e (—oo,—1]U[1,0) but —1>a>-5
so a=-5-4-3-2,-1

22
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Key.

Sol.

Key:

Sok

Quadratic Equations & Theory of Equations
Matrix-Match Type

The function f(x) = \/ax3 +bx? +cx+d has its non—zero local minimum and maximum values
at
x ==2 and x = 2 respectively if ‘a’is root of x> —x—6=0 then

Column — | Column -1l
(A) The value(s) of "a’ is (are) (p) |0
(B) Value(s) of ‘b’ is (are) (a) | 24
(Q) Value(s) of ‘c’ is (are) () [>32
(D) Value(s) of ‘d’ is (are) (s) | -2

A-s;B-p;C-q;D-r
a<0=a=-2,theng(x)= -2x°* +6x* +cx+d; g'(x) = —6(x+2)(x—2)
= b =0, c = 24, also d > 32 which can be evaluated:by, (—2)=+-8a+4b—2c+d

For the following questions, match the items in‘column-I'to one or more items in column-ii
Column |

Column Il
A If °C,,, +2°C,,,+° C,,, >*° C, then the P) 1
Quadratic equations whose roots aréwes,5
and o, S have m common 6otsthenrm=
B) If the number of solutions‘ofithe equation Q) 2
‘ZX2 —5x+3{ +(x—1)=0is(@re) n, then n=
C) If the constant term,ofithe’quadratic expression R) 0
é(x—%ﬂj(x—%) asn —oo is p, then p= S) -1
D) Thequation x* +4a? =1—4ax and T) 2

X* +4p? =1 4bx have only one root in
commen;then the value of [a—b] is
A:0iB-p;C-p;D-p
Given °C, ,, +2°C, ,+°C,., > "°C,

= ( 8Ck+2 + 8Ck+3 ) +(BCk+3 + 8Ck+4) > l0C4

=°Ces+°Cu>C,

=C, ., >"C, only °C. > C, P K+4=5p K=1

L ad=aand =7

Hence quadratic equation having roots ¢ and £ and a* and ﬂk are identical and have

both roots common.
T m=2
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(B) For 1< x<gorg£ X<o0,X—1>0
Therefore no solution is possible
For X <1, given equation is (2X2 —5X+3)+X—1=0

s 2% —Ax4+2=0=> x> -2x+1=0=>x=L1.
.. The equation has only one solution

. n=1.

1 1
(C) Constantterm C=—+—+............ +
12 23

_ 1 11
" n(n+l) n n+l

1 1
=3t =1-— . p=1
¢ Xzzllt” n+1 P
(x+2a) =1
(x+2b)’ =1
Xx=11-2a,x=+1-2b
1-2a=-1-2b=b-a=-1
-1-2a=1-2b=b-a=1
= la—b|=1
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3.

Key.

Sol.

Match the statements of Column | with values of Column II.

Column |

A) The least positive integral values of A for

which (1—2)x* +8x+(A+4)>0, forall real x is
B) The equation

X2 + Z(a2 +1) X+(a2 —l4a+ 48) =0 possesses
roots of opposite signs then x value of 'a’ can be

C) If the equation ax® +2bx+4c =16 has

no real roots and a+c >b+4, then integral

value of ¢ can be equal to

D) If N be the number of solution of the equation

‘xz- X- 6‘:x+2 then the value of N is

A-q;B-r;C-grst;D-p
A A>2
64—4(1—2)(2,+4)<0
= (ﬂ,+6)(ﬂ,—4)>0
A<—Hor A1>4
The least positive integral¥alue ofpA is 5
(B) Roots are of opposite sighs
=  a’-14a+48<0
(a—6)(a—8) 20%soacanbe 7
The equation is x4+100x—-1=0
“. discriminant’= D = 100 +4 >0
Roets areireal
Q)
Let f(x)=ax’ +2bx+4c-16
Clearly ( 2) 4a—4b+4c-16
=4(a—b+c—-4)>0
=f ( )> 0,vxeR
= f(0)>0 = 4c-16>0
= c>4
2
o) [}F-x—6/=x+2

= |(x=3)(x+2) =x+2

Column Il
P) 3
Q) S
R) 7
S) 12
T) 20
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4.

Hence,

[x—3|x+2=x+2
(x=3)(x+2)=x+2, X< —2
—(x=3)(x+2)=x+2, -2<x<3
(x=3)(x+2)=x+2, X>3

X=4, X<=2
X=-2,2 -2<x<3
X=4, X<3
X=-2,2,4
N =3

Consider the function f (x) = x? + bx + ¢, where D = b? - 4¢ >0

(A)
(B)
(©)
(D)

Column —1 Column- 11
Conditionon b and ¢ Number of points of non-differentiability of
g = fr (1)
b<0,c>0 P |1
c=0,b<0 () |2
c=0,b>0 (N 3
b=0,c<0 (s) 5

Key. (A—s), (B—r), (C— p), (D—q)

Sol.
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g(x) =X+ bx + ¢ g(x=x*+bx| +c f(x) = [ (x| =| "+ b x| + ¢|
b<0,c>0 y
y /I\ 3
X \ f:x \/\l/\/
'0 ' \/’v ’ o
y y d
c=0,b<0 y 4
t ]y V\W
x’O X X o) > X X" o > X
y
y' Y
C:O,b>0 y Yy y
x’ X
X' 0 X X- 0 N
y Y g
b=0,c<0
Y 1 1
X’ X X’ A
X X
y ¥y d
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5. Match the following:-

Column — |

Column — 11

A) f(X)=x*+2x+8

p) positive integral roots

B) f(x)=x*+4x-1

a) Min(f(x))=7

C) X2 +6x+5=0

r Max(f (X)) =3

D) x> —6x% +11x—6=0

S) negative integral roots

Key: A-q;B-rc—s;d-p

Sol:  (a) coefficient x? is + ve min (f (x))

(b) coefficient x2 is + ve max ( f (x))

(c)rootsareale -5, -1

_dac-b®

_dac-bi

7
4a

3
4a

(d) The roots ale 1,2,3, only +ve into roots.

If X* —6x°+8x°+4ax—4a’ =0 , &€ R , then match the following

Column —|

Column —11

A) Equation will have 4 realhand distinct roots

forae

p) (0, 1)

B) Equation will,_have,2 distinct real roots for
ae

q) (3. 4)

C) Equationiwill have at least one negative root
for a e

n (-2,-1)

D) Equation will have 2 equal and 2 distinct real

roots for a €

s) {2}

Key: A-p;B-q,r;C-p,q,r,s;D-5s

Sol : (XZ —2x—2a)(x2—4x+2a)=0

now D; =4(1+2a)
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7. Match the statements/expressions in Column | with the open intervals in Column |1
Column | Column 11
(A) | Ifa,b>0andab=2a+3b (9]

minimum value of ab -1

(B) | Number of real roots of equation x? — 4x + 6 = 2sin | (q)

(ﬂ—xj is/are 0
4

(C) | the equation x3 —6x>+9x+ 1 =0

have exactly one root in (1, 3) then [A + 3] is, where [ | (r) 1
]is GIF
(D) [fx2+3x+2=0&(b-c)x*+(c—a)x+(a—-h)=0] (s 3
have both roots common then [A + 1] is
(1) 24

Key. (A-t),(B-r),(C—pgrs), (D-aq)
Sol. (A) AM.>G.M.

2a+3b > J2a3b

2

Or @2 6ab
2

(B) L.H.S Max = R.H.S. Min when x =2
(C) fF(X)=x>—6Xx*+9x + A
f'(X) =3x* —12x+9 =3(X—1)(x—3)
f'(x)<0 xin (1,3)
For f(x) = 0 to have exactly*one root in (1, 3)
f(1) f(3) <0
AMA+4)<0 .. —4<Ak0
[A+3]=-10,1,2
(D) (b—c)x* +(c—a)x*a=b=0 have 1 as a both root.
Thereforegy™ 143X+ 2=0
Therefare, \A =1

8. Match'thefollowing: -
COLUMN —I COLUMN -1l
A_LTa’ —4a —3=0, then the value of P 13
3N .2
as=a“+a-1
LS
a-—1

B | The number of value (s) of x satisfying the Q |2
equation (‘/|X —3|X+1 = §/|X —3|X_2 is
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C

The number of value (s) of x satisfying the R |4
equation 3 +1—‘3X —1‘ =2logs|6—X| is

If the sum of the first 2n terms of the A.P S 11
2,5,8,........., is equal to the sum of the first n
terms of the A.P., 57,59,61,..., then n equals

Key.

Sol.

(B)

Key.

Sol.

A-R;B-R;C-Q;D-S
(A)  Given a’—da+1l=4=a’+1=4(1+a)
@) s oy,
a?-1  a+l a+l
1 -2 , X+1 X—2
{‘/|x—3|X+ =§/|x—3|x taking IogTIog|x—3|=Tlog|x—3|

y:

= log|x—3/=0 or X+l _x-2_,
4 3

= log|x—3/=0 or X+l _x-2_,
4 3

=>x=4,2orx=11andx=3

critical pts Xx=0,6
Case — I: X26 3 +1-(3* ~1) =2logs(6 %) = x =11

Case — II: 0<x <6 3*+1-(8 ;1)< 2logs(6-x) =X =1
Case — llIl: X <0=3* ++3*21=2logs (6—x) =3 =logs(6—x) = no solution

2—2”(4+(2n —1)3):%(114+(n ~1)2)

=n=11

Let f4R R, f(X) = 2x3 =3 (k + 2) x> + 12 kx — 7, — 4 < k < 6, kel then the exhaustive set of

valueswofk for f(x)

Column.—l Column-—1I

(AN, “to have only one real root (p) {1}

(B)y to have two equal roots () {0,1,2,3,4,5}

(C) tobeinvertible (r) {-4,-3,-2,6}
(D) to have three real and distinct roots (s) {2}

(A—q); (B-p); (C—s); (D-r)

f(x)=2x3=3 (k+2)x*+12kx—7

f'(x) =6 [x>—(k +2) x + 2a] = 6(x — k) (x = 2)

(A) For f(x) to have only one real root k =2 or f(k) f(2) >0 = k=0, 1, 2,3,4,5
(B) For f(x) to have two equal roots, k # 2 and f(k) f(2) =0 = k =—-1.

(C) for f(x) to be invertible f'(x) >0V xeR= k=2

(D) for f(x) to have three real and distinct roots, k # 2 and f(k) f(2) <0
(2k3=3(k+2)k*+12k*-7) (16 —-12 (k+2) +24k-7) <0

= (k¥-6k?*+7)(4k—-5)>0= (k+1) (K*=7k + 7) (4k—5) > 0.
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ettt
-4 1 7_J21 54 74421 6
2 2

=>k=-4, -3,-2,6

10. Match the following: -

Column —1 Column—1I
a) If B be aroot of the equation X —1=0,
then S° + B +...+ % is p) 4

b) |f2f(x2)+3f(i2j=x2—1 then f()is q)1
X

c¢) The no.of solutions of |X+Zq = |X—]4 is r)3

d) The least positive integer for which

X g(x—2) ><—§
4*+8%  —72—4 ? isnon-negative s)0
Key. a)g b)s c)q d)p

Sol. Conceptual

11. For the following questions, match the items in*column-I to one or more items in column-ii
Column |
Column Il
8 8 8 10
A)If °C,, +2°C, ;+ C,, >.Cythen the P) 1

Quadratic equations whose roots are“e, 8
and o*, £ have m common roots,then m=

B) If the number of solUtions ofithe equation Q) 2
‘ZX2 —5X+3{ +(Xx—1)=0"s(are) n, then n=
C) If the constant term,of‘the quadratic expression R) 0
n 1 1 i
X—=— | X=— | asn —oo isp, then p= S -1
kz_l( k +1)( kj P P )
D) The gquation x* +4a’ =1—4ax and 1)) -2

x> % 4b>=1—4bx have only one root in
comimon, then the value of [a—b| is

Keye=, A-q;B-p;C-p;D-p
Sol. “Given °C,_, +2°C_,+°C_, >"C,
8 8 8 8 10
:>( Ck+2+ Ck+3)+( Ck+3+ Ck+4)> C4
9 9 10
= Ck+3+ Ck-¢-4 > C4
=C,,,>C, only °C,>° C,p K+4=5p K=1
L d=aand f=p
Hence quadratic equation having roots & and £ and a* and ﬂk are identical and have

both roots common.
. m=2
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(B) For 1< x<gorg£ X<o0,X—1>0
Therefore no solution is possible
For X <1, given equation is (2X2 —5X+3)+X—1=0

s 2% —Ax4+2=0=> x> -2x+1=0=>x=L1.
.. The equation has only one solution

. n=1.

1 1
(C) Constantterm C=—+—+............ +
12 23

_ 1 11
" n(n+l) n n+l

. 1
C=>t =1-— ..p=1
XZ:; " n+1 P

(x+2a) =1

(x+2b)’ =1

Xx=+1-2a,x=+1-2b
1-2a=-1-2b=b-a=-1
-1-2a=1-2b=b-a=1
= la—b|=1

10
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12.

Key.

Sol.

Match the statements of Column | with values of Column II.

Column |

A) The least positive integral values of A for

which (1—2)x* +8x+(A+4)>0, forall real x is
B) The equation

X2 + Z(a2 +1) X+(a2 —l4a+ 48) =0 possesses
roots of opposite signs then x value of 'a’ can be

C) If the equation ax® +2bx+4c =16 has

no real roots and a+c >b+4, then integral

value of ¢ can be equal to

D) If N be the number of solution of the equation

‘XZ—X—6‘:x+2 then the value of N is

A-q;B-r;C-grst;D-p
A A>2
64—4(1—2)(2,+4)<0
= (ﬂ,+6)(ﬂ,—4)>0
A<—Hor A1>4
The least positive integral¥alue ofpA is 5
(B) Roots are of opposite sighs
=  a’-14a+48<0
(a—6)(a—8) 20%soacanbe 7
The equation is x4+100x—-1=0
“. discriminant’= D = 100 +4 >0
Roets areireal
Q)
Let f(x)=ax’ +2bx+4c-16
Clearly ( 2) 4a—4b+4c-16
=4(a—b+c—-4)>0
=f ( )> 0,vxeR
= f(0)>0 = 4c-16>0
= c>4
2
o) [}F-x—6/=x+2

= |(x=3)(x+2) =x+2

Column Il
P) 3
Q) S
R) 7
S) 12
T) 20

11
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= [x—3|x+2=x+2
(x=3)(x+2)=x+2, X< —2
= —(x=3)(x+2)=x+2, -2<x<3
(x=3)(x+2)=x+2, X>3
X =4, X< —2
= X=-2,2 -2<x<3
X =4, x<3
Hence, X=-2,2,4
N =3

x? —=12x+100
—— — XxeR

13. Let y=— :
X“ +12x+100
Match the following
Column —1 Column 1l
a) Greatest value of y p) —10
b) Least value of y q) 10
c) Greatest value of y is attained at Nel/4
d) Least value of y is attained at s)4
)4
Key. A >s;B—>r,C—>p;D—>q
Sol. (x*+12x+100)y = x* —12x+100
= (y-Dx* +12(y +1)x +100(y=1)=0
As x is real 36(y+1)* —100(y.—1)%>0
=(y-1/4)(y-4)<0=1/4<yL4
For y=4, we get x=-10
For y=—4, we get, x=10
14. The number of rational roots of
Columny | Column — 11
a) X px*+1=0,p>2 p) 3
b)\X2<—x’-2=0 q) 2
e) (X +D)(x+2)(x+3)(x+4)=24 Nl
d) (log, X)> +log., (3/x) =1 $) 0

Key. A > qrs;B—>r;,C—>q;D—op

Sol. (a) Any rational root of x*— px*+1=0 must be an integer. But for ac1,a’(p—-a) =1
is not possible if p>2
(b) As in (i) any root of x*°* —x® —2=0 must be an integer. Clearly x =—1 satisfies the
given equation. For, x#—1,xeI,x*(x—1) =2 is not possible
(c) The given equation can be written as (X* +5x +4)(x* +5x+6) = 24
Put x*+5x =t to obtain t?+10t =0=t=0,t =-10
For t=0,x*+5x=0=>x=0,x=-5

12
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For t =-10, x*> +5x =—10 does not have rational roots
(d) Put log, x =t to obtain t? +F =1=t3+t?-2t=0

+t
=>tt+2)(t-)=0=t=0,1,-2
This gives x=1,31/9
15. Let a, B be roots of ax’ +bx+c=0.
Match the equation on the left with its roots on the right

Column - | Column -1l
a) (x—=b)*> +b(x—b)+ac=0 p) 20,2/
b) ax’ +2bx+4c=0 q) —ala, —pla
c) 4a’x* —b* +4ac =0 r) aa+b, af+b
d) a®x? —abx+c=0 5) 0!+£ ,5’+£
2a’ 2a

Key. A—>nrB—o>p;C—>sD—>q

Sol. (a) Write equation as a(x—_bj b( X~ " bj+C =0= X;b =a, [

(b) a( j+b( j+c O:>§= a,p

4ac
“ oo
(d) a(—ax)? +b(—ax)+c:0:>—ax:a,,8:>x:—a/a,—,8/a

16. Match the following for the equation X2 +a|x| +1=0 where a is a parameter

Column - | Column —1I
a) No real root p) a<—2
b) Two real roots q)a=-2
c) Three real roots r) ¢
d) Four real roets s)a=>0
t)a<-5
Key. A—>5s;B—=>q9;,C—>rD—>pt
—at+a’-4
Sol. If X >0 then x2+ax+1=0:>x=# — (A)
ata’-4
IFWX'< 0, then x2+ax+1=0:>x:T -~ (B)

We must have a? —4 >0 for real roots
Now both roots in (A) are negative if a>0
= Original equation does not have roots.
Again both rotos in (B) are positive if a >0
= Original equation does not have roots.

If @a=—2 then equation is X2—2|X|+l=0 or (|X|—1)2 =0=x=1or -1

= Two real roots.
Now equation has four real roots if 8 <—2, since both roots given by (A) or (B) will satisfy the
respective assumptions.

13
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Finally the equation cannot have three real roots for any a.

40. Match the positive value of x on the left with the value on the right
Column-I Column i
A 55'5°. 5% =(0.04) * (p) 3 logs5
B e (0 2)Iog*’5(4+8+16 """ ) () 4
C 1,11, r 2
( ) X :(0.:LG)IOQZLS(?-?’—Z4—3—3 ...... ) ( )
D) 343243 ... (s) 7

(t) eveninteger

Sol. pA) GEr4Eh2xs ( 25)28
— 50 5%

=x2+X-56=0=x=7as x>0
1/4

B) 2logs x =log ¢ (mj log; (0.2)

2}
%

~ log, V5

=X=2

1/
Q) log x = log:.
25(1 1

33) log'(0.16)

=logs/2(1/2)log(2/5)

=log 4

= x=4

WS 2(5)
151/3 1-1/5
T/, 1

=5(3)=5(5)

= x=3log, 5

=log. 4

29. Column | Column 11

(A) The number of integral solution of (p) 2

x+2 1.

> s
X“+1 2

(B) If X € Z (the set of integers) such (q) 4
that X?> —3X <4, then the number

of possible values x is

14
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(C)  The number of integral values of x () 5
satisfying || X —1| -1|<1
(D) The number of solutions of (s) 3

|[X] = 2x | =4, where [x] is the
greatest integer < x, is
Key. A—s; B—(; C—r; D—q
x+2 1

Sol.  (A) 17

=2X+4>%x"+1
=-X*+2X+3>0 --x*+1>0
= -1<x<3
(by sign scheme)
But x is an integer .. x=0, 1, 2
.. there are 3 values of x
SO A-s

(B) X*—3x<4
=x°-3x-4<0
=(x—4)(x+1)<0
= x—-4<0,x+1>0
or x—4<0,x+1>0
=> x>4,x<-1 (not possible)
orx<4,x>-1 = —-1<x<4
But xis an integer ... x=0, 1,2, 3.
". number of values of x =4
S.B-q

© 1<t
:>1—lS|X—]1£1+1
= 0<|x=1 <2
125X 1+2
=>-1<x<3
=X e[-13]...C-p

(D

~

If Xx=neZ|n-2n|=4 ..n=14.
lfx=n+k neZ0<k<1 then ‘n—2(n+k)‘ =4
.'.|—n—2k| =4, Itis possible if k = %

then |—n—1|=4i.e.n+1= + 4
*n=3,-5

there are 4 values of x.

15
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30. Column | Column 11

(A)  The number real solutions of the (p) O
equation x>— x| =2=0is

(B) For the equation (q) 1
3x* +px+3=0,p >0, if one of the
root is square of the other, then p is

(C) The number of real values of k for () 2
which the system of equations
(k+1)x+8y =4k
kx+8k+3)y:3k—1
has infinitely many solution is

(D)  Number of roots of the equation (s) 3

x-1 x-1

Key. A> 1nB—> s;C—» q;D—> p
sol. A X —[X|-2=0 =(jx|+1)(]x|+2) =0 |x|=2 =%=32

is

B Let 0(,0(2 be toots

w

product of root ool==

w

=oa=100o0
If oo=1 then p =—6 not acceptable as p> 0
if o =m,0° =@ thenp=3
K+1 8 4K
= = -
K K+3 3K-1
2 2

2
D. X———=1-"—_=X=1butatx=1, —— is not defined.
x-1 X=1 x-1

K=1

16



