Mathematics Definite, Indefinite Integration & Areas

Definite, Indefinite Integration & Areas
Single Correct Answer Type

1. If a circle of radius r is touching the lines x? - 4xy + y? = 0 in the first quadrant at points A and
B, then area of triangle OAB (O being the origin) is
3./3r? J3r? 3r?
(A) (B) (C) — (D)r?
4 4 4
Key. A
Sol.
2N4-1
Here tan 20 = :\/§ :6=E
2 6
1
Area of AOAB = E(r cot 0)?2 (sin 20)
1 23
NS RN
2( ) 2
2. ABCD is a quadrilateral with side lengths AB =4, BC=10, CD = 6 and AD = 6, and diagonal BD
= 8 units. If the incircles of triangles ABD,and BCD touch BD at P and Q respectively, then
area of quadrilateral C;PC,Q (where €, and C; are incentres of triangle ABD and BCD
respectively), is
V15 . .
(A) 3+T sg. units . (B) 3 sg. units
15
(Q) T sq. Units (D) 4 sqg. units
Key. A
Sol.

4
In triangle ABD, we have BP = 6+—2+8 -6=3.

In triangle BCD, we have
DQ:éQ%?ig_lozz_
=PQ=8-(3+2)=3

1
= area of trapezium C,PC,Q = E(l’1+|’g)'PQ,

JIx3x5x1 \/E

where r; = = and r, =

9 3
J12x2x6x4

12

=2.
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= area of quadrilateral C,PC,Q = > +T sq. units.

1(2+E}<3=3 \/B
3

3. The area of the region whose boundaries are defined by the curvesy =2 cos x, y = 3 tan x
and the y-axis, is

2
A)1+3In| —
W [Jéj

(C)1+%In3—|n2 (D)In3—1In2

(B)1+gln3—3ln2

Key. B

Sol. Solving 2 cos x = 3 tan x we get, 2 — 2 sin’x = 3 sin x
i

:>sinx=£:>x=—.
2 6

/6
Required area = '[(Zcosx 3tan x)dx =2sinx — 3Insecx|
0

n/6

= 1—3In2+gln3.

4, The area of the region bounded by the curve y = x? and y. = sec! [=sin? x], (where [.] denotes
the greatest integer function), is

(A) m/n (8) %nﬁ (©) %nﬁc‘ (D) %nﬁ

Key. B
Sol. [-sin? x] = 0 or —1 but sec™ (0) is not defined.
= sec![-sin’x] =sec? (-1) ==
3 4
The required area = J. (m=x2)dx = gﬂ?\/; .
=

( -11
5. The range of the function f (X) = _“ t]dt, x e {? , E} is

1

35 53 -3 5 -5 -3
W [@5] (B){s 8} ‘C’ [?5} ) B ﬂ

Key. D

X 2
Sol. IfOSXS%: f(x):jtdt:x =
1

If—%<x<0:>f jtdt—jtdt— {XZH\

11

= f( )>0VXE{? E}

- Range of () |{f[‘?1]f[%ﬂ:[%5—?3}

6. jTanl(l—x+x2)dx:
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Mathematics
T T T
A) In2 B) — C) — D) ——In2
(A) (B) 4 (C) 5 (D) >
Key. A

Sol. jtanl(l—x+x2)dx:j z_ n’l[ X+<1_X)“dx

(
! LZ @ Ll—x(l—x)U

- %—Jl‘(tan1 (1-x)+tan™ x) dx

0

1
:%—Z_Etanl(x)dx: In2

3
7. I(;zx—4x2) In(1+ Tanx) dx =
0
T i ° P
A) — B) —In2 C) — D) —In2
()192 ()192 ()96 ()96
Key. B
% w % /8 T
Sol. Let | :I4x[——len(1+tan x)dx:I4[——xjxln[1+tan[—— D dx
0 4 0 4 4
% VA
=4In2j.x[——xjdx—l
V4
% T
:>I:2In2jx(——x)dx
5 4
3
:Llnz
192
2r
8. len[3+cosxj dx =
0 38— Cos X -
T T T
A)—In3 B) —In3 c) —In3 D)0
Key. D)
2z 2z
E I(Zﬁ—x)ln[3+cosxdxj =21 =2z |n[3+cosx) dx
| 0 3-cosx > \3-CoSs X
Sol.
:>I:Zﬂjln[3+cosxjdx:Zﬂjln[ngcosxjdx:—l —1=0
5 \3—C0SX 5 \3—CO0SX
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9.

Key.

Sol.

10.

Key.

Sol.

11.

Key.

Sol.

If a point P moves such that its distance from line y = x/éx — 7 is same as its distance from

(2x/§, —l) , then area bounded by locus of P and the coordinate axes is (in sq. units)

3 ®) 243 3f

A) — C)6 D) —

(A) > (C) (D)

A

As point lise on the line. Locus of the point is straight line perpendicular to
X

given line passing through (2\/§, —1) ie. —+y=1

V3
\/§><1
>

3 3 3
IFA| ==, <2 ,B| ——, \/EJ,C[——, —\/EJ and D (3 cos 0, 2'sin.0) are four points,
(ﬁ j ( V2 V2

= area of triangle =

3
then the value of 6 for which the area of quadrilateral ABCD'is maximum, (% <0< Zﬂ) is

(in sg. units)

.41 n 3 T
A) 2m—sint = B) — C) 2m—cos ™+ — D) =
(A) 2m 3 (B) 4 (C) 2= \/g ( )4
B

Area of quadrilateral ABCD is.maximum when area of ACD is maximum
= distance of D from AC issmaximum i.e. (COSG—Sin 9) is maximum.

= \/ECOS(O + EJ 1S maximum

:>6=ﬁ.
4

A square ABCD s inscribed'in a circle of radius 4. A point P moves inside the circle such that
d (P, AB) < min(d (P,-BC), d (P, CD), d (P, DA)) where d (P, AB) is the distance of a point P

from line AB. The area of region covered by moving point P is (in sq. units)

(A)4n (B) 8w (C)8n—16 (D) 3n—4
A
Shaded area is the required B
2
region = L 4.

Dvc
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2—-tan2z 2—-tan2z
12.  Let |, = J‘ x f (x(3—x))dx and let I, = j f (x(3—x)) dx
sec?z sec?z

1 [ . . o1 e I
where 'f' is a continuous function and 'z' is any real number, then —* =

2

3 1 2
(A) > (B) > ©)1 (D) 3
Key. A
Sol. Conceptual
13. Iff, g, h are continuous functions on [0, a] such that

fla - x)=1(x),gla —x)=-g(x), 3h(x)-4ha-x)=5 theni f(x)g(x)h(x)dx =

a)0 b) a c)a/2 d) 2a
Key. A
Sol. Conceptual
T sin®x
14.  The value of I ———dx, where [x] is the greatest integer less than or equal
-2 |:X:| + l
| 2
to x, is
a)l b) O c) 4-sin4 d) 4+sin4
Key. B
Sol. Conceptual
4/n 1 1
15. j (3x”.sin— —x.cos —)dx =
% X X
82 24./2 322 322
a) 3 b) 3 C) 3 d)
T T T T
Key. C
Sol. Conceptual

1

Inx
16. The area bounded by the curves f (X)= X, x#1 and y:|x—e| is

e, x=1
e 2 2
(A) o (B) e (C) 2e (D)1
Key. B
ev L. 7
logi _ ;
sol.  f(x)=1%¥ =& x*l ob & 2
e, x=1

17. The area of the region bounded by the point P (X, y) satisfying log, log, x>0 and

E<x<2is
2
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Key.

18.

Key.

3 7
(A) 2 (B)1 (C)2 (D) 3

D
Sol. (i) %<x<l

a) O<y<l = x>yaAx<l1
b) y>1 = x<yax>1
not possible

(i) 1<x<2
a) O<y<1
X>y A X<1
A (22)
gA R
Wnfeis
1 ,j:
(3| A
Z 2|1 2

Not possible
b) y>1
X<y AX>1

1 1111
Area =———.—.—+=
2 2222

it
8 8

Area of the region defined by ||X| —|y|| >1 and X* + y2 <lis

(A) 1 (B) 2 (c) -1 (D) 27 -1
c
sol. 1< x-]y| <1

IX=Ivl[<1 A X[~y > -1

Required area = 7[(1)2 =7




Mathematics Definite, Indefinite Integration & Areas

19. If I, :jtan”xdx,then Lo+ 1, +2(1, +.ceet 1y )+ g + 14, is equal to
9 n 8 n 9 n 10 n
tan” x tan” x tan” x tan” x
1) > 2)1+ ) 3)) 4>
1 N ot N N+l 2 N+l
Key. 1

tan""
n—1 - In—2

Sol.  Wehave |, = [tan" xdx = [tan"? x(sec” x—1)dx =

tan"™* x
2t In = n—1 (nZZ)

Thus, we have

Lo+ 1 +2(1,+.+ 1)+ g+ 1

=(lo+ 1)+ (1 + 1)+ (1L, + 1)+ (L + 1)+ (1, + 1)+ (T + 1)+ (1, + 1)+ (15 + 1)

O tan"™t & tan" x
D i) P

n=2 n=1

3 -
i XCOS™ X—SIn X
20. Ies'"x (—] dx , is equal to

cos? X
1) e (tan x+x)+C 2)e"™ (x—secx)+C
3)e™™ (secx+tanx)+C 4)none of these

Key. 2

Sol. We have

3 -
inx [ XC0S° X—sinx
I :jesmx —2 dX
cos” X
= I xe™" cos xdx — I ™" (sec x tan x) dx

= [xeSinx —J.es"‘xdx] — [es"‘x secx —jes"‘xdx]

=e™(x—secx)+C
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21 IfJ. n| YIX +b then
' x\/1 x? V1-x®+1 ’
1
1) b=1,a=1 b=-1 a=—=
3
2
3) b=la= —5 4) None of these
Key. 2
xidx

B dx _
Sol. f_'l-xﬂ"l—f 'I-x}sfl—f

put 1- %" =1 = —3x’dx = 2edt

sin®x
22. n 5 — dx=
(cos”™ x+3cos” x+1)tan " (Sec x + Cos x)
1)tan "t (sec X +cosX) + ¢ 2) Iog‘tan‘l(secx+cosx)‘+c
1
3) >——+C 4) log|secx+cosx|+c
(secx+cos” x)
Key. 2
sol. ut Tam“l[secx+cos xj =j'[x)
fl[xj— sin® x
cost A +3costha+1
1
.'.If—[xj=logf x|+
-4
23, I(Jsinx+Jcosx) dx =
1) 2 L 1 +C
2
(Jtanx+l) 3(\/tanx+l) 2
2 1 1
2) +=|+cC

(Vi +1)’| 3(anx+1) 2
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2 1 1
+=|+cC

(\/MH)Z V3(vanx +1) 2

3)

2 1 1
4) —E +C

(x/taW+1)2 ﬁ(x/taﬁ+1)

Key. 1

= S X cosx_4 x= ax = !
f_“\ll{_-l_ ) ’ I|: cosx[\fﬁx+l):|4 Icosgx(u@x+l)4

sec? xdx

(@x+1)4

FPutftanx+1=y = ! sec” xdr = dv =>sec® xdx = 2Jtan xdv = 2(y—T)dy
Zaftan x

1 1 1 -1 1 211 1
I=|l =52y Ndv=2||—=——|d=2| —+—=|4+t0=—| ———
[ 26-Dar=2f( - Jfo-al bt -1

]H

2 1

(@mf[z(@m)

Lo —

Sol.

24. I Jtan xdx =

) 1 2tan‘(tanx_1j+log tanx —+/2tanx +1 e
2.2 J2tanx tan X ++/2tan x +1 |
) 1 2,[an_l(tanx—leOg tan x —+/2tan x +1 e
2\/5 2tan x tan x++/2tanx +1
190 (tanx+1 [tan?x—2tan x+1 ||
3) —=|2tan +lo +C
242 J2 tan x | tanx+2tan x +1
1| (tanx+1 (tan2x—2tanx—1| |
1) ——| 2tan +lo +C
52 J2tan x | tanx+2tanx+1
Key. 1

lzjzmdx=%j(m+ mtx)m%j(m_m)dx

Sol.
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1)(@}2 —2(X+M); +C
2 (i +2) _2(x+m)?+c
2 (e 2)f ~2x i 2 oe

4) %(X-l—ﬁ) +2(X+M)+C

Key. 2

N | w

N~

x4zl +2=t

Sol. Put

2c0s X—sinx+ A
COSX+SinX—2

26. If j

AB, A is

32
)| 2,2~
2'2

Key. 2

22
2)| 2,2~
2'2

Sol.

—[ﬂfn|cos T+snx— 2|+Bx+C]
dx

COSX— SN X

=4 +8=

dx=Al n|COS X+Sin X — 2| + Bx+ C Then the ordered triplet

3 (1,_1,3)4) 35)
2 2 2 2

Acosar—damn x+Bcosx+ Bsin x— 28

cosxtsinx— 2
2=A+8 -1=<4+8,1=-2E8
A=3/2B=121=-1

X +4
27. —— —dx=
Ix“—2x2+2
5 5
1) X——zi+2x+C X
5 3
5 3 5
3) X—+zi—2x+c X
5 3
Key. 4
Sol.
J.(x +4+4x I x +2 279}
x—2xt +2 (x 2x +2)

_].(x4+2—2x2)(x4+2+2x2:]d x
(x* - 22" +2] 5

cosx+sinx—2

AP
5 3

3

4) —+zi+2x+C
5 3

= +?+2x+C

10
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4 B
cos” x dx 1
28. | 55 =——(L+cot*x) +C
sin® x(sin5 X + cos® x) 2
2
1)5 2) E 3)2 4)1
Key. 3
Sol.
cost xdx

i

] } 75
sm3 x[smj x+ |::c::-sj x:]

cost xdx

sin® :Jr(1+|::<;:-1:j x)yj

4 2
cot” xcosec”x dx
= put 14cot® x=¢ Scot* x cosec’x dr=—dt

(1+ cot’ x)m

29. If f(x)=\&,g(x)=ex‘l,andIfog(x)dx:A fog(x)+Btan‘l(fog(x))+C,then

A+ B isequal to
1)1 2)2 3)3 4)0
Key. 4

Sol.

Jag {x] =" —1
f:_l-\fex—lcix:_l- 2" dt [Wﬁzem«.n‘ex—lz.ﬁ]

441

= 2f—Otanlt+C =2 2”—1—2tan'1(-.|l'ex—1)+C:Efag(x]—Etan'I{fag{x})+C
A+B=24+(=2)=0
30.  If _[ sin ! xcos *xdx = f {%x—xf ’1(X)—2\/1—x2}+%\/1— X* +2x+C , then f(x) is
equalito

1) sin'3x 2) sin 2x 3)sinx 4) sin 4x
Key.«3

Sol:
.o _ . Lo 2
_[sm Y xcos lx.:fx:_l-[—sm lx—(sm lx) :|.:£x
2
i Lo .o 2 .o
= E[xsm Yx4 l—xg)—(x(sm lx) +sin T xl-x° —x)+c By paris
= sin'lx[gx—xsin'lx—E 1—x2:|+g 1-x* +2x+c

FHx)=sin x, f{x) =sinx

11
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- x/6
31, Let F(x)=¢" X(l— jannd F)=1 1 F@1/2)= ky/3e , then k =
T

2

1-x
T T T T
1)— 2)— 3) — 4) —
4 6 2 3
Key. 3
Sol.
L o 1 x
Fixy= [ 1- 2 dr= " " 1-x* — dx
{] I { l—sz I [ 1- % l—sz
F(x]:ém "Nl-xt 4o
F(0)=1+¢ = c=0 [~ F(0)=1)
F(1f2}=g’”._3=@g’”
2 s
. k_ﬂ-
) 2
2. j(x‘lj X otan  T(%C then find f (X).
X+1) 53+ x2 + x
1) x+1+1 2) x+1+2 3) x—1+1 4) x—l—Z
X X X X
Key. 1
Sol.

x+1+l
x

EZJ[:L\/ >

X
{x+1]x\{x+1+l {x+1}[l+l]\{x+l+— [x+l+2]\lx+l+l
X X X X X

Pu£x+l+l:.tg
X

I v S (I_EJ(H?}ﬁl:I

1
(1——2de= 2t dt
X

12
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Mathematics
= I—fj % otanede =2t | frt Lt |4e
[z +1)z x
x+l+1
X Ans.

33. IZCOSZX In (tan x)dx, is equal to
1)sin2xIn(tanx)—2x+C

3)sinxIn(tanx)—x+C
Key. 1

Sol.  We have | ='|.2c032xln(tan x)dx =sin 2xIn(tan x)—fsin 2%

=sin2xIn(tan x)—jde =sin2xIn(tan x)—2x+C

COS X + XSin x
34. I— dx =
x(x+cosx)
1) log|———|+c
X 4+ COS X
X+ COS X
3) log|—————|+¢
2X
Key. 1

dx

X 4 COS X + XSIin X — X
ol I
x(x+cosx)

35. j[1+tan xtan(x+a)]dx,is equal to

sin(x+ )
sin x

1)%an a.ln +C

sin x

——|+C
sin(x+ @)

3)eota In

Key. 4

2)sin2xIn(tan x)+2x+C

4)none of these

2
sect X
dx
tan'x
X
2) —log|———|+c
X+ COS X
X+ COS X
4) —log|————|+cC
sin(Xx+«a
2) cotaln g +C
sin X
COS X
4) cotaln|————|+C
cos(X+ )

tan (x+a)—tan x

Sol.  Wehavetana =tan(x+a—x)=

Then, we have

1+tan xtan(x+«)

j[1+tan xtan(x+a)]dx:jcota[tan(x+a)—tan x]dx

13
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=cota| —Injcos(x+a)|+In[cos x| |+ C

COS X

—|+C
cos(x+a) *

=cotaIn

Zsin(x2 +1)—sin 2(x2 +1

Zsin(x2 +1)+sin 2(x2 +1

36. Let x*#nz—1ne N .Then, the value of J-X\/ ; dx is equal to

1 x* +1
1) log|=sec(x® +1)|+C 2) log|sec +C
) log - sec(x" +1) ) log ( > j
1 2
3) Elog|sec(x +1)|+C 4) None of these

Key. 2

23in(x2 +1)—sin 2(x2 +l)

sol. - We have'IX\/Zsin(x2 +1)+sin 2(x2 +1 dx

A

2sin(x® +1)—2sin(x* +1)cos(x* +1
= d
_IX 23in(x2+1)+25in(x2+1)cos(x2+1) X

1—cos(x2+1)oI
X
)

:IX 1+ cos(x2 +1

2
=jxtan[x +1jdx
2
2 2
:Itan[x +1)d X +1}
2 2

2
sec[X +1J +C
2

=log

dx

. i |
37 Icos(Zx)cos(4x) 's equal to
1 1++/2sin2x| 1
1 lo ——(loglsec2x—tan2x|)+C
275 I vasinax 2\ )

14
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1 1++/2sin2x| 1

2) lo ——(log|sec2x —tan 2x|)+C
277 % 1o vasine| 21" )

1+\/§sin2x 1

3)— log|sec 2x —tan 2x
J_ 1 J_S|n2x ( g| |)

4) None of these

Key. 1

sin(4x—2x)dx

Sol.

° Isin(Zx)cos(Zx)cos(4x)

_I sin 4x dx jsechdx
sin 2x cos 4x

cos2xdx 1
=2 ———————(log|sec2x —tan 2x
I COoS4x 2( 9| |)

1-7cos” x f(x
38. J. — —dx = ( )7 + C, then f(x) is.equal'to
sin’ xcos” X (sin x)
1) Sin x 2) Cos x 3) Tan x 4) Cotx
Key. 3

1—7c0s® X sec”X 7
Sol. IﬁdXZJ‘ Y - dx
sin’ xcos? x sin’ %< sin’ x

2
Sec’ X
:j — dx—f dx=
sin’ x sin

§ec? x

~= =X
sin

Now, |, :J‘

tanx tan x.cos x
=% +7I — dx
SIn° X SIN™ X
_ tan x |
sin”x ?
tan x
|1+|2 :74‘(:
SIn° X

= f (x)=tanx

15
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39. Integral of \/1+ 2cot X(Cot X+ COS ecx) with respect to x is:
X . X
1) 2Incos§+c 2) 2Insin—=+c
3) = In 0052 +C 4) In sin x —In(cosec x — cot x) + ¢
Key. 2
Sol. 1= j\/1+ 2COSEC X COot X + 2 cot? X

= IJcoseczx+ 2cosecx cot X + cot® x dx

= _[ (cosecx + cot x) dx

1 X
40. Let f (X) ==In (—Xj then its primitive with respect to x is
X e

1)lex—lnx+C 2) 1Inx—eX+C
2 2
1., e*

3) =In"x—x+C 4) —+G
2 2X

Key. 3

Sol. Jélneixdx =J‘§(Inx—lnex)dx

=I|nx_xdx = Dilnxdx—jlxdx} (putnx=u; 1dx:du )
X X X X
:J'udu—JldX=1/n2x—x+C ]
2
L. |n(x2+1) X .
41. Primitive of f (X)z X.2 with respect to x is
o) (3¢ +1)2"" (x +1)"™" (¢ +1)"
1) —~—+C 2)———+C 3) ——+C 4) ——+C
2(x: +4) In2+1 2(In2+1) 2(In2+1)
Key. 3
Sol: b= jXZ'"(X2+l)dX let x2+1=t ; xdx=$
In2+1 2 In2+1
HenceI=lJ.2'"tdt =—I t"*dt Lt +C=1-u +C = (Q)
2 2 2 In2+1 2 In2+1

42, Let g(x) be an antiderivative for f(x). Then In (1+( (X)) ) is an antiderivate for

" 2 (x)g(x) ) 2 (x)g(x) 3) 2f (x)

_2f(x)
1+(f(x)) 1+(g(x)) 1+(f(x))

4) none

Key. 2

16
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Sol. Given J f(x)dx=g(x) = g'(x)=f(x)

29(0)9'(x) _ 2f(x)g9(x)
1+9°(x)  1+0°(x)

d
now &(In(1+ 9*(x))= = (8)

cos® X +cos’ x
43. IﬁdXequals
sin® x+sin* x
1) sinx—6tan~*(sinx)+c 2) sinx—2sin"" x+c
3) sinx—2(sin x)fl—6tan’1(sin X)+cC 4)sin x—2(sin x)f1 +5tan~{(sin x)+c
Key. 3
1-t%) (2 t
Sol. sinx=t ; |=J—( 5 )( I(y D (- 2)dy 1+ 2(1 2y)
t (1+t y(d+y) yly+rd
e[ Ao L] (12208 g
3y y+1 t° 1+t
‘ pX p+2g-1 . qxq—l ‘
44, The evaluation of NI +1dX is
p q q p
1) — X +C 2) X +C 3) — X +C 4) X +C
xPr 41 xPr 41 xPH 41 xP 1
Key. 3
p+29-1 q-1 p-1 =q-1
S b S A sl
(xp*q+1) (xp+x’q)

taking x9 as x29 common from Denominator and take it in N

45, I%(X+\/;)dx equals
1) ZeW[x—\/;Jrl}rC 2) eﬂ[x—zﬁﬂ]
3) e&[x+\/ﬂ+c 4) e&[x+\/§+1]+c
Key. 1
N
Sol. Iﬁ (X+\/;) dx ; putx=t2; dx=2tdt

- je‘ (t? +1) dt =et (At2 + Bt +C) (Let)
Diffrentiate both the sides

el (t2 +t) =et (2At+B) + (At2 +Bt+C)et
On comparing coefficient we get

A=1;B=-1;C=1]

17
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tant x 2 2
46. je—z{(secl NIED'G ) +cos™ (i x2 ﬂ dx (x>0)
@+x) + X
an~ x . 2
e e™ . (tan " x)
1) e danx+C 2) +C

2

2 2
3) e™ X.(secl(\/1+ X2 )) +C 4)e™ x.(cos ec’l(\/1+ X2 )) +C

Key. 3
2
Sol. note that sec™1 \/1+x* =tan"1x; cos™1 | =2 tan~1x for x >0
1+x
e tan~' x
I= I - ((tan‘l x)> +2tan" x) dx puttan~lx=t
1+x

= Je‘ (t?+2t)dt = et. 2 = et""”flx(tan’1 x)2 +C

2sin” x—-1  cos x(2sin x+1)
COS X 1+sinx
(where c is the constant of integeration)

1) e tanx+c 2) e*cotx+cC 3) 8 gosec’x +c¢ 4) None of these
Key. 1

47. Let f (X) thenJ.eX (f (X)+ f'(X))dX equals

ol cosx(1+2sinx)  cos® x—sin® x
ol. -

1+sin x COS X
_ cos” X(1+2sin x) — (1+sinx)(cos’ x--sin® x) _ —sinxcos® x+sin® x
) cos x(L+SinX) ~ cosx(L+sinx)
_ sin X €0s” X +sin® x(14sip X) ) sinx(1-sin X) +sin® x o
cos X(1+sin x) COS X

48.  Area bounded by the curves Y =€”, y =l0g, X and thelines X=0,y=0,y=1s

A).€% + 2sq.units B) e +1sq.unit
C) e+ 2sq.units D) e —1sq.unit
Key: D

Hint:

18
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49.

Key:

Hint:

50.

Key:
HINT-:

x=0

el’
/ log, »
0,1) 4 B

O (1,0]4

1
Area = Area of rectangle OABC —I log, X
0

The area of the loop of the curve y2 =x* (X + 2) is [in square units]

N 3242 @) 64+/2 Q 1282 o) 256+/2

( 105 105 105 105

D

0 0 2
Area =Zj ydx = Zj X2 x + 2dx = 4\/51(22 —2)2 22dz(Wherev/X + 2 = 7)
-2 -2 0

N
{27 4z5 423}2
:4 _

7 5 3
0
| 25642
105
The area of the smaller‘portion enclosed by the curves x*+y? =9 and y* =8x is
A)£+9—”—gsin‘l lj B) 2 £+9—”—gsin‘1 1
3 4 2 3 3 4 2 3
)2 £+9—”+gsin‘1 1 D)£+9—ﬂ+gsin‘1 1
3 4 2 3 3 4 2 3
B
0,3)
(3. 0) Q%,O)
0,-3)
X2 +y? =9,
x*+8x-9=0
. —-8+64+36
2

19
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51.

Key:

Hint:

52.

Key:

Hint:

53.

Key:

Hint:

~ —8+10

-9,1

x=1
Area enclosed = 2“:2@dx+ LB\/Q— dex} = Z[Zﬁj:&dx+_[13\/9 - dex}

On simplifying we get
o ¥2,9m 941
3 4 2 3

The area of the region in the xy-plane defined by the inequalities x—2y220,
1-x—|y|=0'is

1 1
A) — B) — C) — D) —
)2 )3 )4 )12
1/2
Area—ZJ d
4 12

Area bounded by curve y? = x and x = 4 is divided into'4 equal parts by the linesx=aandy =
b then.

8
a) Area of each part = 5 b)b=0

) a=+/2 d) a=(16)"
D A
4 L
Total area = ZJx/;dX:s—?;z /
° b A | As
Area of each part = 8/3
4
:A4:>J.(\/§—b)dx: 5 >
A, As 4
(X ok =2 :> b=0 ]

\/§dx=§:>a3:16

D ey B Q) C—

Area of the region in which point p(x,y), {X>0} lies; such that ny/lG—X2 and

tan~t (Xj
X

(A) (Enj (B) (%’HSﬁj () (43-7) (o) (V3-7)

3

V2
<—s

B
Required area is the area of shaded region (APOQ)

20
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= area of AOAQ + area of sector (OAP)

= 1 x 4x 43 + M
2 6 [[L[nU
(20
3
54, Area bounded between the curves y = vV4—x° and y* = 3|x| is/are
-1 271 273 273
(A)—= B)——F= (© (D)
V3 3.3 3 3J3
Key: C

1
Hint:  Required area = 2](\/4—X2 —J&)dx
0

32\
:z[gﬁ_xz g[_jﬁz_j

3

2

55. Let T [O,oo) — R be a continuous and strictly increasing function such that
X
f3(x) = jt.f2 (t)dt,vx >0. The area enclosed by y =f (x), the x-axis and the ordinate at
0
X=3, is
3
(A)1 (B) > (€2 (D)3

Key: B

2
Hint: f(x)=%

21
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56.

Key:

Hint:

57.

Key :

Sol :

58.

Key:

3
A_lszdx 3/2

Let f(x) = x + sin x. The area bounded by y = f‘l(x),y =X, Xe [0, Tt] is

(@)1 (b) 2 (c)3
(d) canot be found because f1(x) cannot be determined
B

The curves given by y = x + sin x and y = f"}(x) are images of each other in the line y = x.

Hence required area = j((x +sin X)—X)dx =—[cos X];I =2
0

The area of the region bounded by the curves |x +y| < 2, [x —y| < 2 and 2x2 +6y? >3 is

(A) (8+§n]sq. units (B) (8—§n}q. units
(C) {4—in]sq units (D) [8—¥n}sq.units
B
2x*+6y*>3 e

. B 3
area of ellipse = X =X ——= = ——

2.2 2

[x+y| <2 => 2< (x+y)<2 . . oS0 (2)
[x-y| <2 = 2<(x-y)<2.%. . . . . . (3

n\/3

Required area = (S_Tj sg. units

A A’ B

fA=L" e [ dtthen ot BT —1f=2
1+t t(l+t ) 1 AR
a)'sino b) coseco c)0 d)1

22
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B coseco 1
8=}, t(1+1%)
et Loy o [ U
t 1 1+u

Hint: — _ A4B=0 = A=-B

A A’ -A

. |e° A? -1{=0
1 A*+B* -1
29,3 2 _
59. The value of j 2x 26X +9x 5dx equals
y XT—2X+5
(A) 4 (B) 1
C)-1 (D) None of the above

Key: D
Hint  Make the substitution x — 1=t. It turns into an odd integral and.so reduces to zero.

¢ . n |
60. Let I, ='|.e'x (sinx) dx, ne N, n>1 then 2% equals
0 2006

2007 x 2006 2008 x 2007
(A) — =i B) —cor
2008° +1 2008° +1
2006x 2004 2008 x 2007
©) —fez D) — i
2008° -1 2008° -1
Key: B

Hint  In :J.e‘X (sin x)"dx

0
= [sinn x(—e‘x)]"g + jnsin "1x cos x e *dx
0

—0+n j(sin”*l X COS x)e’xdx
0

= n[(sin”’l X COS x)(—e’x)]: —nT {~sin"x+(n-1)sin"? x cos® x }(—e™)dx

=0+ n_|'e‘X {=sin" x+(n-1) sin"? x (1-sin® x)} dx
0

= nTe‘X {(n—1) sin"? x —nsin" x} dx
0

=n(n-11 _,—n’l

n

23
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we have (1+ n2) l,=n(n-1)I,,

I, n(nh-1)
I, n°+1

then

61. A hyperbola passing through origin has 3x-4y-1=0 and 4x-3y-6=0 as its asymptotes. Then the
equation of its transverse axis is
a) x-y-5=0 b)x+y+1=0 c) x+y-5=0 d)x-y-1=0

Key: C
Hint:  Asymptotes are equally inclined to the axes of hyperbola
Find the bisector of the asymptotes which bisects the angle containing the origin.

1
62. If I t?f(t)dt =1-sinx, Vx e (0%} then the value of f[%) is

sinx

@) % ®) V3 © % (D) 3

Key: D

1
Hint: [ t2f(t)dt=1-sinx
sinx
Differentiating both sides with respect to ‘x’
0—sin®x.f (sinx).cosx = —COSX = COSX [1— sin? x.f (sin x)] =0

But cosx =0

So, f(sinx) =

(3)-

.’f 2x(1+sin X)dx

sin® x

63.

< 1+cos®x
72'2 T
A) = B) 7° )o D) =
(A) 4 (B) (C) (D) 5
Key: B
T (7 —x)sinx
Hint: |_4j xsinx =4j&dx
1+cos’ x 5 1+C0s” X
zl2 .
.21 =4 jﬂdxﬁnJLﬁdx
1+cos® X o 1+cos” x
=27°
| =7°
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64.

Key:

Hint:

65.

Key:

Hint:

66.

Key:

Hint:

Let f :(O,oo) — R and F(x) = '[f (t)dt. If F(x?) = x? (1 + x) then f(4) equals

1
(A)5/4 (B)7 (C) 4 (D)2
C

F'(x)=f(x)
F(x):x(l+\/;):x+x3’2

F'(x)zf(x)=1+g&

. f(4) =
X 3\-1/2 g“(x)
If f (X) = I 1+t dt and g (x) is the inverse of f, then the value of is
2
0 97 (%)
(A) 3/2 (B) 2/3 (C)1/3 (D)1/2
A
X
I(1+t ) 1/2
0
9(x) 1

ie. flg(x)]= { (1+t3)7 2 dt
9(x)

. 3\ 12 .
ie. X= J- (1+t ) dt [Q-gisinverse of f = f[g(x)] =x]
0
Differentiating with respect to x, we have
=(1+g)*".g’
ie. (g y=1+g?
Differentiating again with respect to x, we have
29'g"=3g°g’

- o _3

gives 92 =5

jln(cota+ tan x)dx , where a e (Ogj is
0

a) aln (sin a) b) —aln(sin a) c¢)—aln(cos
a) d) none of these
B

F cos

I d _J‘I COS X dx

0 sin a.cos X smacos a— X)

. F 1 r . .
adding 21 :jln — dx=f—2|nsma dx =—2alnsina

SN~ a

0 0

25



Mathematics Definite, Indefinite Integration & Areas

67.

Key:

Hint:

68.

Key:

Hint:

69.

Key:

Hint:

70.

Key:

(A)f(2)<5 (B) f(2)>=
(c>f(2)=% (D) f(2)>1
A
1
f'(x)=
( ) 2+ x4
f(2)-f(1
By LMVT f '(C)=M for some ce(1,2)
=f(2)= ! 7 as f(1)=0 :1<c<2:>3<2+c4<18:>f(2)<1
2+C 3
/4 14
Let | —”j xzoos(tanx)ZOOde I —”j Xzoog(tanx)zoogdx and
0 0
14
| _ﬂj x2010(tan X)2010 dx Then the correctorder sequence, is
0
(A) I2<I3<I1 (B) I1<I2< I3
© I3<I1<I2 (D) I3<I2<I1

D

Af f(x +y) = f(x) + f(y) + 2xy.- 6 for all x, yeR and f '(0) = 2, then y = f(x) will be
(A) straight line (B) parabola
(C) ellipse (D) circle

B
#(x) = Iirrgf(XJrh);f(ero)

£ 00+ () +2xh —6 - (x) - (0) + 6

n—0 h

f(0+h)—f(0)
h

=2x + lim

n—0
f(x) = x% + 2x + C, but f(0) =
So, f(x) =x? + 2x + 6.

6
The value of j(\/x +/12x—36 + \/x —4/12x —36 )dx is equal to

3

A) 643 (B) 43 (€)124/3 (D) 24/3

A

= 2x +f'(0)
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Hint: :f(\/(x +3)+24/3Vx +\/(x +3)—2\/§\/;)dx

0
3

J ((&+«/§)+(\/§—\/§))dx:?2ﬁdx=6@

0

71. Let f: {0%} — [0,1] be a differentiable function such that f (0) =0, f (%j =1, then

A F(a)=\1-(f(2)) forall a e[o,%)

® f'(a) _2 forall & eto,gj

VA

(C) f(a)f'(a)zi for at least one ae(o,%]

(D) f'(a):8—025 for at least one « E(O,ZJ
. 2
Key: A

Hint: Let: [O,%} —[0,1] bea ...
(A) Consider g(x):sin_lf(x)—x
Since g (0) =0,9 (%j =0
.. There is at least one value of « € [O,%j such that

LA CIRNN T
1-(f(a)).

i.e. f '(a) = 1—(f (0{))2 for atleast one value of & but may not be forall € [0,%)

9'(a)=

.. flase

(8) Consider g(x) =f (x)— 2=
T

Since g(0) = o,g(%j -0

T
.. there is at least one value of € (O, Ej such that

g'(a)zf'(a)—%:o

27
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72.

Key:
Hint:

73.

, 2 T
i.ef (oc) = — for atleast one value of & but may not be forall & € (O,Ej
T

.. false

(C) Consider g(x):(f (X))2

since g(0) = O,Q(%j =0

I
T

.. There is at least one value of o € (0, %j such that
Vs
9'(a)=2f(a)f '(a)—E =0

“H(@)f (@)=

.. True

(D) Consider g (X) =f (X)——
V4

since g(0) =0, g(%j =0

T
.. there is at least one value of € (O, EJ such that

0'(a)=F ()~ 2% =0

2
T
, o
f (a)=—2
T
.. True
2
If x=acost, y="asint, then d—)zl att= r is
dx 4
a a 22 22
(a) (b) ———= (c) V2 (d) _i
242 242 a a

d
Clearly x? + y? = a2 and y(r/4) = alN2 ,x(n/4)=al 2. Differentiating we get,

2x+2yy1=0 = y1=—§,so yl(n/4):—1.
y

Nowx+yy1=0 = 1+y’+yy, =0

1+ (v:(7/4) 22

= Ya(nl4)= y(n/4) — a

100
If z#0, then I [arg|z|]dx is (where [.] denotes the greatest integer function)
x=0

28
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A 0 (B) 10
(C) 100 (D) not defined

Key: A

Sol: Q |Z| = real and positive, imaginary part is zero

74.

Key:

Hint:

75.

Key:

Hint:

76.

. arglz|=0

= [arg|z|]]=0
100 100

J' [ arglz|]dx = J. 0.dx=0
x=0 x=0

sec’ x

[ f(t)dt
lim—2
x—% Xz_l

16
8
—f(2
(61)1T (2)

A

2
b) —f (2
0 21(2)

(d) 4 (2)

2.(1
k3
(C) m (ZJ

0
Required limits is of the form 6, so it is equal to

] Zsecxsecxtanxf(seczx) )
lim = lim

x—>Z 2X X
4 4

sec’ xtanx f (sec2 x) 8
T

f(2)

X

1
Let f (X) = Io |t - X|t dt for allrealx. Then the minimum value of f is

1 1
ot N 1+_j
3[ J2
C
1 %<0
3 2
3
)=t i+ X Xifo<x<1
33 2
X Litxs1
273

f attains its minimum at x =

5l

2
I(1+ tan x)(1+tan” x) dx equal to
2tan x

A) logtan® x++/tan x +¢

1

93(-5)

B) logtan® x + +C

1
2+/tan x
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Key:

Hint:

77.

Key:

Hint

78.

Key:

Hint

79.

Key:

Hint

C) log|tan x| +2+/tan x +c¢ D) log|tan|++/tanx +c¢
A
J' _I tanx
Zsm xcosx sin xcosx
sin® X + cos® x sec’ x
= —I —J = log(tan® X) +vtan x +¢
Sin X cos X
J-(2+secx)secx
(1+ Zsecx)2
1 1
a) +C b)2cosecx+cot x+C  c) +C d) 2'cosec x —
2C0Secx + cot X 2c0secx —cot x
cotx+C
A
2cosx+1 2+cosx cos X +5in% x
= 2o )y, o
(2+cosx 2+cosx)
_I COS X _J- —sin®x . sinx
2+C0oS X 2+cosx  2400SX

dx

‘[(X 3)4/5( )6/5 =

Us 5 X—3 1/5
A) ((x—3)(x+1)) +C B) Z(mj +c

X+1 Vs 6/5 4/5
Q| —= +C )(X 3) ( 1) +C

If the system of linear equations x+Yy+2=6,x+2y+3z=14and

2X+5y+Az=u, (A, £ €R) has no solution, then

a) 1#8 b) 1=8,u+#36 c) A=8,u=36 d) None of
these

1116

1 2 3 14 R,»>R,-R ;R;,—>R,-2R

2 5 1 u
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i1 o1 6

- |01 2 8 |R,>R-3R
0 3 1-2 u-12)

i1 1 6

- o1 2 8
0 0 2-8 u-36]

A-8=0& u—-36=0

80. A man starts from the point P(3,-3) and reaches the point Q(0,2) after
touching the line 2x+y=7 at R. The least value of PR+RQ is

a) 5v2 b)3v/2 ) V2 d) 242
Key: A
Hint P, Q lies on same side of the line find image of P w.r.t. line
dx dx
81. Let S(X)= , R(X)=
(%) Iex +8e7* +4e™ (x) J‘e3x +8e 4 4

M (X) = S(X)—ZR(X). If M (X) :%tanl( f (x))+c where c is an arbitrary

constant then f(|0962 ):

A)§ B)1 C)E D) —
2 2 2
Key: A
e?* -2 dt
Hint: M (x) = I#dx e* —t:>f—> ltan‘l(ﬂj+c
e +8e*+4 t*+8t2+4 2 2

1, (e +2e "
=—tan"| === |+C
2 2

82. If j(Z —3sin? x)\/sec x dx =2f (X)4/g(x) +C and f(x) is non constant function then
(A 200+g°(0=1 ) f*()-g*()=1 (© f(x)g(x)=1 (D)

f(x)=9(x)
Key: A
Hint:
2-3sin% x 2c0s? x—sin? x sin’ X4
- dx= dx = COoS X \/cos xdx —
I \JCos X j \/C0oS X I ( '[ \/cos
=2sinX+/COSX +C
= f(x) =sinx, g(x) =cosx
cotx
83. ——(2Incosecx +sin 2x)dx =

SN~ X
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Key:

Hint:

84.

Key:

Hint:

85.

Key:

a) —2e“In(cosecx)+c

c) e In(cosecx)+c
A

t =cot x = —cosec’xdx = dt = dx =
1+t

b) e Inx+cC

d) e In(sinx)+c

I:—J'e‘(ln(1+t2)+ 2t )dt:—et In(1+t2)+c=—2e°°“Incosecx+c

1+t°

2
sec” x —2010 P(x) (ﬂ'j
If dx = +C, then value of P| = | is
I sin2010 sin2010 3
1
A)0 B) —
(A) (B) 7
© \/é (D) None of these
C
sec? x — 2010
I —ot0 X
sin X
2 i \—2010 1
= | sec” x(sinx) —-2010| ——==dx =111,
I .[ (Sinx)2010
Applying by parts on I;, we get
tan x tan x-cosx tan x dx
W =———7+2010| —— 0X=——"7F-5+2010| ——=
(Sinx)2010 J. (Sinx)2011 (Sinx)2010 J. (sinx)201o
tanx P(x)
=>l=l-ly= =
(sin x)2010 (sin X)2010
V3 T
P| = |=tan—=+/3
(3j 3 3
Ifl :I dx , then | equals

. T
sin| x—= |cos x
( 3)

a) 2 log [sin x+sin(x—%) +C

c) 2log|sin x—sin(x—%} +C

b) 2log +C

. V3
sin| x—= [secx
( 3J

d) None of these
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Key.

87.

Key.

Sol.

88.

Key.
Sol.

89.

. jcos(x(x—z)j .
cos(gj sin(x—gjcosx

toxb—x .
jﬁdx is equal to
o (2x°+1)
1

A) 0 B) ——
(A) (B) 5

1 1
C) —— D) ——
© 12 ©) 36

and proceed

Suppose f, g are continuous and differentiable on [0,b];.f*,g" are non-negative on [0,b] and f

a b
is non constant with f(0) = 0, then the minimum value.of jg(x)f’(x)dx + jg'(x)f (x)dx on

ae(0,b] is

(A) f(a)g(a) (B) f(b).g(b)
(C) f(a)g(b) (D) f(b).g(a)
C

Integratlng by parts the integral
j g()F'(x)dx + j g'()f(x)dx

=g(f = j g'(0)f (x)dx + j g'()f (x)dx
=f(@)9(2)+ [ (x)f (x)dx

2f(a)g(a)+ Ig’(x)f (x)dx =f(a).g(b)
If f(x) be a real valued function, f(X)+f(X+4)=f(X+2)+f(X+6),

g(x) = IXX+8f (t)dt. Then gl(x) is equal to
a) f(x) b) f(Xx+8) c)8 d) 0

D
Conceptual

Value of f(\/x + 24X =1 +,4/x —ZWde is
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a)§ b)E C)§ d)3—4
3 3 3 3
Key. D
Sol. Q\/X+(2 (X—l))Z\/./(X_1)2+12+2 (X—l)
=J(x-1)+1

And \/X_z\/ﬂ:\/(\/@)z+12_2 (x-1)

N
then X+ 2(x—1) +4/x—2(x ~1)dx
= [ (o= 1)+ [ |J(x-1) -1
S e S
= (VX + 1)+ [ (1= )% (VX 1) dx

4 1 4
_ g(xs/z)_'_x + X_sz/z 4 me_x
3 0 3, L3 )
:(E+4j+(1—g]+(g—4)+(z—1):g
3 3 3 3 3

Inm e*.sec’ xdx

90. i eZX 1 is equal to
a)o b) 2 c)e d) 2e
Key. A
n/4-e* sec? Xdx
SO| Let I J- 2—
n/d @ X -1
eXsec? x
If f( ) 2X
e” -1
F(=x) = e*sec’ x
e -1
_e*sec’x
- 1_e2X
_e'sec’x
e -1
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(9

| =0 (f(x)is odd function)

91. Let f(x)=%a0 +Zn:ai COS(iX)+Zn:bjSin(jX),then _[_ﬁnf(x)coskxdx is equal to
=1

i1
a) a, b) b, c) T, d) b,

Key. C
Sol. Conceptual

x( btcos4t —asin 4t asin4x _
92. et I 5 dt = , then a and b are given by
t X

a)1/4,1 b) 2,2 ) -1,4 d) 2,4
Key. A

_ x( btcos4t —asin4t asinax
Sol. Since, I z dt =

X

Differentiating both sides w.r.t. x

. bxcos4x —asin4x a{4xcos4x —sin 4x}

x? NG

On comparing b=4a
a=1/4 and bh=1

' a N X3 . a'
93. If f (x)=Kk in[0,a], then J‘Of(x)dx—{xf(x)—af (x)+§f (x)}0 is
a) —ka‘/412 b) ka* / 24 ) —ka*/24 d) ka* /12
Key. C
Sol. Conceptual

94. If. f(X) is a differentiable function and J-tz f(t)dt= % X +5 then f (%j =
0

A) 8/ 27 B) 16 / 27 C)16/81 D)8/ 9
Key. C
Sol. Diff. w.rt. x = f(x*)=x*

o sin® x

5. | —; _ —dx=
5, (sin” x+cos’ x)(1+e™)
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A) 27 B) C) /2 D) 4n
Key. B
Sol. jf(x)dx:j(f(x)+ f (—x))dx

-a 0

96. Let f(X),g(x),h(x) be continousin [0,2a] and satisfies
f(2a—x) = f(x),g(2a—x) =g(x),h(x)+h(2a—x) =3, f(2a—x)g(2a—x) = f(x)g(x)

2a

then | f(x)g(x)h(x)dx =

0

A) ff(x)g(x)dx B) 3} f (x)g(x)dx C) Zi f (x)g(x)dx D) jl F(x)g(x)dx

Key. B
2a 2a 2a
sol. 1= [ f()g()h(x)dx= [ f(2a—x)g(2a—x)h(2a-x)dx={-f (x)g(x)[3—-h(x)]dx
0 0 0
32& a
| :EI f(x)g(x)dx:SIf(x)g(x)dx
0 0
3/y2 6
97. —J;+&dx:
x(1+§/§)
6 -6 24
A) Lt XX +C B) X——Iog(1+ x*)+tan*(x*)+C
2 2 2
Q) gxlz +6tan"(x*) +C D) 6tan~*(x°®) +3x** —6log, v1+x? +C
Key. D
Sol. x=t°
X2 (1+ x*)®
1 1
1 1 \ 1 1 2o
A)—I§(1+;%) +C B)Ei(l—;ﬁj +C
19 1
1 1 \eo 1 1 )20
C) —|1-—| +C D) ——|1+—| +C
) -5(15%)

Key. A
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o [P

sin (Z— xj dx
99. j— = Atan™

- (f(x))+B, where A,B are constants then the range of Af (x)
2+sin2x

is
A [-11] B) [v2,/2] c) [0,1] D) [-1.0]
Key. A

d(sin x + cos x)

1
Sol. ——
° ﬁj-(sin X +cosX)? +1

100. The area bounded by the curves y=2—|x—]4, y=sinx;x=0.and X=2 is

A) 1+2co0s?1 B) 2+sin1 C) g D) 1+log2
Key. A
3 3
:—+|[|::osl—1}+3——+[|::052—|:051]:2+|:052
Sol.  Area 2
/2 .
n
101. | SNX gy~
0 l+cosx+sinx
Y T T T
A) = B) — +log~/2 c) ——log~/2 D) ——log2
)4 )4 g )4 g )4 g
Key. «C
;2 sinE njd sin x
f:J—E .:fxzzl—_ dx
sin S dcos snx+tcosx
Sol. 2 2
Let sinx = A{sin x+cosx )+ F(cosx—sin x) 4—B=1land _,-1+_.9:|j’_,q:l, 3:__1‘
2 2

i= EX%XE— EX% [log {sinx+cosx}:|;f4 = l—I—log\E
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102. D k34+6k2+11k+5
lim =

n—wi—= (k+3)|

2
A) — B) 1 C) — D) —
) 3 ) ) )
Key. C
] 2
sol. AT HEET+11k+5=(k+1)(k+2)(k+3)-1
e HIk+S 1
' (&+3) Skl (k3
103. m/2
I, = I cos" xcos(nx)dx, ne N then y/lyg0; : Iyg0, can be the.eccentricity of
0
A) Parabola B) Ellipse C) Circle D) Hyperbola
Key. D
mid
L= f cos”ﬂxcos[m+l}xdx
Sol. 0
i
= _[ cos™ [cosnxcosx—sinmxsinx]dx
]
i T
= _[ cos”xcosmx(l—sinzx)dx— f cos™ x sin » x sin xdx
1]
N I?‘H'l =Arn_fn_|_1 = 2fn+1 =iirn
Ll =2
104. B
If Xdx -2 (1— f (X))Za + Kk then which is true

201\2/(1+ 2 )1012 (2 2 )3012 B

-

A) @=503; B=500, f(+2)= 8) o0=503; =250, f(2)=

1
B—a

=

a_

‘ -

) a=503; =500, f(1)= p) @=503; B=225, f(\/3)=

1
oa—p

Q

=)

Key. C
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x
J 012 dx
(1+X2) ( 32]2012
Sol. 1+7°
2+ x4 1 1 1
st )= S ==
Let 1+x° thenf{ ) 24 x* () 3oa—-p
Where ©=2503:p=>500
105. 1
I Ix tan~' xdx. If a,1,,,+b,1,=c, VneN,n>1then
0
A) ay,8y,85....... are in A.P. B) b, b,,b,.. ... are.in G.P.
Q) C;,Cy,Cainnnn are in H.P. D) ay,a5,83....... are in H.P.
Key. A
nH 1 1 a4
fn=(x tan_li —][x—.%cfx
Sol. n+1 ] a+l 1+x

&

A )L+ B = g -

{?2+3 =

-E-|:l

nta
L a,=fn+3) = aaq.as. are in AP.
< (i) = by by arein A.P.

1

#+ 2 not in any progression.

7
o= =
"

2

x® —x3

1
106. !mdx is equal to

1

(A) 0 (B) B
1 1

©) T (D) T
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Key. D

Sol. j@d

3
°(2x+12j
X

and proceed

X

107.  Suppose f, g are continuous and differentiable on [0,b], f',g" are non-negative on [0,b] and f

a b
is non constant with f(0) = 0, then the minimum value of jg(x)f’(x)dx + jg'(x)f (X)dx on
0 0

ae(0,b]is
(A) f(a)g(a) B) f(b).g(b)
(€) f(a).9(b) (D) f(b)g(a)
Key. C
Sol.  Integrating by parts the integral

ig(x)f "(X)dx + j'g’(x)f (x)dx
=g(F Oy — [ g'OF ()dx +[ g ()T (x)dx
=f(2)g(@)+ [ (x)f (x)dx

>(a)g(a) + [ 9'(x)F (dx =¥ (2).g(b)

108. 2—-tan2z 2—-tan2z
Let I, = I xf (x(3-x))dx andlet I, = I f (x(3-x)) dx
sec?z sec?z

1 1 I
where ' f'.is a continuous function and 'z" is any real number, then -1

I

A) b B) : a1 D) z
2 2 3
Key. A
I-tans
L= _[ xf{x{B—x]}cfx
SOI SECEZ
J-tan?e
L= | r{x(3-x))dx
SECEZ
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2-tan z
2= | (3-x)s{(3-x)x)ax
SECEE
I—tan 4z
2= [ 37(x(3-x))dx
SECEZ
I—tan‘z
=3 [ ((x)3-n)ax
SECEZ
21?].:3;2
L3
= 1=
A

109. 2y _
Ifjsec X-2010 . _ P(x)

SinZOZI.O X SinZOlO

+C, then value of P(Ej is
X 3

1
A) 0 B) ﬁ Q) J§ D) None of these
Key. C
sec? x— 2010 i
_[ 2010 A
Sol. sin“ - x
:J-secle[sinx} —EDIDJ-W&'J{:II—IQ
s1nx
Applying, by parts on Il’we get
tah X tan xcosx tat x
i) =—=t 2010_[ T 4% = +2010[W
{smx nx {sm x]l sm x}
F
:;’f:fl_fz: tan x _ I[x]

[sin x] 210 [sin x} 2010

et

110. If ¢ >0 and the area of the region enclosed by the parabolas y = x? —c? and y= c? —x%is
576, thenc =
a)6 b) 4 c)3 d) 8

Key: A

c 8c®
Hint:  Area between the two parabolas = 4_[0 (C2 - XZ)dX = 3 =576
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onlyifc=6

111.  Let f(X) =x*+6X+1 and let R denote the set of points (X, Y) in the XY-plane such that
f(x)+f(y)<0 and f(xX)—f(y) <0. Then the area of the region R is
A) 67 B) 3t +2 C) 2n+8 D) 8w

Key: D

Hint:  f(X)+f(y) <0= (x+3)* +(y+3)* <16
f(X)-f(y)<0=(X-y)(x+y+6)<0

112.  The quadrilateral formed by the lines y =ax+cC,y =ax+d,y =bx+c and y =bX+d has
area 18. The quadrilateral formed by the lines y =ax+c,y =ax—d,y =bx +C and
y=bx—d hasarea72.If a,b,C,d are positive integers then the least possible value of the
sum a+b+c+dis
A) 13 B) 14 ) 15 D) 16

Key: D

Hint: ﬂzlS and (c+d)’ =

la—b| la—b|

a=3b=1d=3,c=9 is a solution for which the minimum is attained.

72.

113.  Area of a square ABCD is 36 and side AB is parallel to the X-axis. Vertices A, B and C lie on the
graphs of y=log, X,y =2log, X and y=3l0g, X respectively. Then a =

A) 31/6 B) \/é C) 61/3 D) \/6
Key: A
Hint: Let A=(p,log, p);B=(q,210g, q), p,q>0&a>0,a=1,then C=(q,3log, q)
ABP X —axis =p =q*|AB|=6 = |p—q| =6 also |log, q|=6.
114.  The area bounded by the curve (y—Sin‘lx)2 =x-X"s
T T
b) = d) =
a) 4 ) > om ) 3
Key: .. A

Hint: ~ The given curves on y=Sin‘1x—(\/x—x2)& y=Sin‘1x+(\/x—x2)

1
Requred area = IZ\/X —x2dx
0

X X
115. Let F(x) = sin xfcostdt+2jtdt+coszx—x2 . Then area bounded by xF(x) and ordinate
0 0

x =0 and x = 5 with x-axis is
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25 35
A) 16 B) — C) — D) 25
(A) ()2 ()2 (D)

Key: B
. . X X 2 2
Hint: F(x):smx.[0 cos,tdt+2.|'0 tdt — X° + cos” X
(Y,
=sinx(sint); + 2| — | — X" +c0s° X
2 0
=sin>x +x2—x?+cos’x =1

5 e xT 25
A= [ xFO)dx = [ () @dx = {7} =22

0

116.  Area bounded by the curves y =€*, y =10g, X and the lines X=0,.y.=0, y =1 is

A) €% + 2sq.units B) e +1sq.unit
C) e+ 2sg.units D) €=15q.unit
Key: D
Hint:
x=0 er
/ log, »
(o1 4 ¥ -1
i}
_f"f’
»=0
o (1,014

1
Area = Area of rectangle OABC —I Ioge X
0

117. (Thearea of the loop of the curve y2 =x* (X + 2) is [in square units]

N 322 @) 642 Q 1282 - 256+/2

( 105 105 105 105

Key: D

0 0 2
Hint: Area :Zj ydx = Zj X2 x + 2dx = 4\/§I(22 —2)2 22dz(wherev/X + 2 = 7)
-2 -2 0

N

z7 4z5 4z3 ’
=4 —— 4 —
7 5 3

0
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25642
105
118. The area of the smaller portion enclosed by the curves x?+y? =9 and y? =8x is

A)£+9—”—93in‘1(1j B)2[£+9—ﬂ—gsin‘l(1n
3 4 2 3 3 4 2 3

)2 £+9—”+gsin‘1(% D)£+9—ﬁ+gsin‘l(1)
3 4 2 3 3 4 2 3
Key: B

HINT :
(0,3)

(3. 0) Q%’O)

0,-3)

X2 +y? =9,
x> +8x-9=0
,_ —8+/64+36
2
-8+10
X =
2
x=1

Area enclosed = 2“012\/5)zdx+ 113\/9— dex} = Z[Zﬁj:&dx+_[13\/9 —x? dx}

On simplifying we get

-91

119. The, area of the region in the xy-plane defined by the inequalities x—2y220,

I-x=|y|>0is
1 1
A) ~ B) C) — D) —
2 3 4 12
Key: D
1/2
X 1 7
Hint: Area = ZJ- \/:dXJr— =—
5 V2 4 12
120.  Area bounded by curve y? = x and x = 4 is divided into 4 equal parts by the linesx =aandy =
b then.

8
a) Area of each part = 5 b)b=0
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) a=+/2 d) a=(16)"
Key: D A
4 -
32
Hint: Total area = ZJ.\/;dX:? /
° b A | As
Area of each part =8/3
4
A3:A4:>J.(\/;—b)dx: 0 4'
a Az A4
(b+x)dx=2 :> b=0 —~—_

121.

Key:

Hint:

122.

Key:

Hint:

D C— A D C—

&dx=§:>a3:16

Area of the region in which point p(x,y), {X>0} lies; such that yS\/16—X2 and

tan* (%j <Zis
(A) [15 j (B)[ +843 j (©(433-7) () (V3-7)
B

Required area is the area of shaded region (APOQ)
= area of AOAQ + area of sector (OAP)

><4 43+ (4><4)

(50

Area bolinded between the curves y =v4—x° and y° = 3|x| isfare
-1 27 -1 273 273
(A)—= B)—= © (D)
3 33 3 33
C

1
Required area = 2](\/4—X2 —\/&)dx
3/2
=2£)2(\/4 X +23| (—) 32 ]
0

2 3

_272—\/5
3
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143

123.  Letf: [O,oo) — R be a continuous and strictly increasing function.such that

X
f3(x) = jt.f2 (t)dt,vx >0. The area enclosed by y = f (X, the'x-axis and the ordinate at
0

X=3, IS
(A1 ® ©)2 ©)3
Key: B
Hint: f(x)=X—2
6

3
A:%szdx:3/2

124.  Let f(x) = x + sin x. The area bounded by y = f’l(x),y =X, X€e [0, n] is

(@)1 (b) 2 (c)3
(d) canot be found because f1(x) cannot be determined
Key: B

Hint:  The curves given by y = x + sin x and y = f}(x) are images of each other in the line y = x.

Heénce required area = j((x +sin X)—X)dx = —[cos X];t =2
0

125. " ~The area of the region bounded by the curves [x +y| < 2, [x —y| < 2 and 2x?+ 6y? > 3 is

(A) (8+§n] sg. units (B) (8—?n}sq. units

(€) [4_injsq units (D) (8—¥n}q.units

Key: B
Sol :
2x*+6y*>3 e e ()
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: V31 w3
area of ellipse = X ——= X ——e = ——
2 2 2
[x+y]| <2 = 2< (x+y)<2 .(2)
[x—-y|<£2 = 2L (x—y)<L2 (3)
Required area = (8—75—\2/5} sg. units
126. The curve y:(|X|—1)Sgn(X—1) divides %+iy2 = — in two parts having area. A; and
64 25 T
A, (where A; <A,), then
gAT o A3
A, 13 Ay
7 13
c) A== d) Ay=—
) Aq 3 ) A, 7
Key: A
10 10 A 7
Sol: A =—-1A,=—+1 1
3 3 , 13
NG yz
127.  Area bounded by the circle which.is.concentric with the ellipse —+=—=1 and which
passes through (4,—%), the vertical chord common to both circle and ellipse on the
positive side of x-axis is
a) ﬁltanl[ij—§ b) 2tan1(ij
25 20 5 20
481
) it n+ ij d) none of these
25 20
Key: “a
. . 4
Sol:  As eccentricity of ellipse = —

Co-ordinate of foci = (4, 0), (-4, 0)

9
= (4, —g) is one of the end point of latus — rectum
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Q(4, 9/5)

P(4, -9/5)

= required area is

1 , 97 (9
—x7nx| 4°+— |[x2tan""| — |- area of APOQ
2 52 20

T

481, 4(9) 1 18) 481, _4( 9 ) .36
=—1tan | — |-=x4dx| — |=—tan 7| — |——
25 20) 2 5 25 20 5

128. Area of the region in which point p(x, y), {x > 0} lies; such that yS\/16—X2 and

tan (X) <Tis

X 3
a) (%,nj b) (%’H&/ﬁj
c) (4\/§—n) d) none of these

Key: b
Sol: Required area isithe area of shaded region (APOQ)

= area of AOAQ + area of sector (OAP)

1;
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129.

Key:

Hint:

130.

Key:

Hint:

131.

Key:

Hint:

132.

Key:

Hint:

133.

Key:

(o9

If ¢ >0 and the area of the region enclosed by the parabolas y = x> —c? and y= c? —x%is
576, thenc =

a)6 b) 4 c)3 d) 8

A

c 8c?
Area between the two parabolas = 4-[0 (C2 - XZ)dX = ? =576

onlyifc=6

Let f(X) = X*+6X +1 and let R denote the set of points (X, Y) in the XY-plane'such that
f(X)+f(y) <0 and f(X)—f(y) <0. Then the area of the region R is

A) 61 B) 3n+2 C) 2n+8 D) 8n

D

f(x)+f(y)<0=(x+3)°+(y+3)*<16

f(X)-f(y)<0= (X-y)(x+y+6)<0

The quadrilateral formed by the lines Y =ax=C,y.=ax+d,y =bx+¢ and y=bX+d has
area 18. The quadrilateral formed by the lines y=ax+c,y =ax—d,y =bx +¢ and
y=bx—d hasarea72.If a,b,C,d arepositive integers then the least possible value of the
sum a+b+c+dis

A) 13 B) 14 C) 15 D) 16
D
2 2
(©=0d)" _18 ang &9 _75.
|a—b| |a—b|

a=3,b=1d=3,¢c=9 is a solution for which the minimum is attained.

Area ofasquare ABCD is 36 and side AB is parallel to the X-axis. Vertices A, B and C lie on the
graphsof'y =log, X,y =2log, X and y=3l0g, X respectively. Then a =

A) qu6 B) \/g Q) 6!/ D) \/6
A
Let A=(p,log, p);B=(q,2l0g, q), p,g>0&a>0,a=1,then C=(q,3log, q)
ABP X —axis= p=0°.|AB|=6 =|p—q|=6 also |log, q|=6.
The area bounded by the curve (y—Sinflx)Z =X—X"s

T T
a) 4 ) > cm ) 3
A
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Hint:

134.

Key:

Hint:

135.

Key.

Sol.

136.

Key.

Sol.

137.

The given curveson Yy = Sin‘lx—(\/x—x2 ) &y= Sin‘lx+(\/x—x2 )

1
Requred area = IZ\/X —x%dx
0

Let F(x) = sin XJ.COSth2'|.td'[+COS2 X —X? . Then area bounded by xF(x) and ordinate
0 0

x =0 and x = 5 with x-axis is

(A) 16 (B) % (C) 3—25 (D)25

B
Y X X 2 2
F(x)_smx'[O costdt+2_[0 tdt — x° + cos” X
(Y,
=sinx(sint), + 2 0 — X“4€0s° X
0
=sin’x +x2—x?+cos’x =1

5 5 x2T 25
A= [ xFO)dx = [ () @)dx = {?} =2

0

B
2o +K then which is true

it | xde ~% (1= £(%))

201\2/(1+ 2 )1012 (2 2 )3012 B

a) o0 =508; B =500, f(ﬁ)=Bi b) o= 503; B = 250, f(ﬁ)ziB
¢) o =503; B =500, f(1)=iB d) o =503; p = 225, f(ﬁ)ziB
a/_ a_
C
2+X%°
A\t
1+X

The, area of the region in the xy-plane defined by the inequalities x—2y220,

1-x—|y|=0is
1 1 7
= b) = = d) —
A5 )3 9% ' 12
1/2
Area —2_[ d
4 12

The area bounded by Y = sin™ x, y= COS™" X and the x-axis is

1)2+/2 2)2-/2 3) V2 +1 4) V2 1
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Key.

Sol.

138.

Key.

Sol.

139.

Key.

Sol.

140.

Key.

Sol.

141.

Key.

Sol.

142.

Key.

Sol.

4
By the graph

N2 1
Required area = I sin~! xdx + I cos *xdx

0 U2
. o X fﬂ+@
Let f be a real valued function satisfying f = f(x)- f(y) and Lt =3. The area
y
bounded by the curve y=f(x), the y-axis and the line y=3 is
1) 9e 2) 2e 3) 3e 4) none
3
h
f (1+j

frg = L XM =F0 L x) 3

h0 h hso N X

—.X
X
g2
Area enclosed by the curve y = f(x) defined parametrically as X = 5 Y= 5 is equal
1+t +t
to
. . 3z K 3z ]

1) 7 sq.units 2) 7 /2 sq.unit 3) qu.umts 4) 7 sg.units
1
Clearly t can be any real number
Lett=tan @

The maximum area of a rectangle whose two vertices lie on the x-axis and two on the curve
y=3-|x|, =3<x<3is

1)9 2)9/4 3)3 4)9/2
4
Take 2a and 3-a are the'length of the sides of the rectangle
_ {—xz +2 x<1 _
The area of the(closed figure bounded by x=-1, x=2 and Yy = and the x-axis
2x-1 x>1
is
1) 16+/3 sg. units 2) 10/3 sqg. units 3) 13/3 sq. units 4) 7/3 sq. units
1
By the graph

A= Jl-(—x2 + 2)+j'(2x—1)dx

The value of the parameter ‘a’ such that the area bounded by y = a’x? +ax+1, positive

coordinate axes and the line x=1 attains its least value, is equal to
1 1 3

1) —— 2) —— 3) —— 4) -1
4 2 4

3

A= j(a X +ax+1)d
0

51



Mathematics Definite, Indefinite Integration & Areas

a2

a
= €+§+1 which is minimum for a =-3/4

X

242

143.  The area enclosed by the curves y=+/4—x?, y = \/5 sin[ j and x-axis is divided by the

y-axis in the ratio

7*-8 7’ -4 -4 27’

1 2 3) ——
) s ) )

2 4) 2
T°+4 T+4 2r+7n°—-8
Key. 4
Sol. By the graph

Area of the left of y-axis is 7z ,Area of the right of y-axis =

/A
22

o'—.ﬁ

e

144.  The area enclosed by the curves, Xy’ =a*(a—x) and (a—x)y* =a’x"is

2
1) (r—2)a’squnits  2)(4-r)a’squnits 3) za’/3squnits’ 4) % 5q. units

Key. 1
Sol. By the graph, required area
f a’ a’ . . \
= 2_[ a——————— |dy (integrating along y-axis)
g a‘+y° a‘+y

145.  The area of the region bounded by the parabola (y — 2)2 = X—1, the tangent to it at the

point with the ordinate 3 and the x-axis is
1) 7 sq. units 2) 6 sqg. units 3) 9 sq. units 4) 8 sq. units
Key. 3

Sol. Given parabola is (y—2)2 =Xx—-1
Tangent at (2,3)is y—3=%(x—2) = Xx-2y+4=0

By the graph
3

I((Y—2)2+1)dy—i(2y—4)dy

0
146. Consider the region formed by the linesx =0,y =0, x =2, y = 2. Area enclosed by the curves
V= € and y = 1n x, within this region, is being removed. Then, the area of the remaining
region is
1) 2(In2-1) sq. units 2) 2(1n2+1) sq. units
3) 2(21n2-1) sq. units  4) 2(2In2+1)sqg. units
Key. 3

Sol. By the graph
In2

2 j (2 —e")dx

147.  The area bounded by the curve f(x)=x+sinx and its inverse function between the ordinates
x=0and x=27 is
1) 4 r sq. units 2) 8 7 sg. units 3) 4 sq. units 4) 8 sq. units
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Key. 4
Sol. By the graph, required Area = 4A, where

A:j(x+sin x)dx—]r'xdx
0 0

7’ 7’ .
= 7—COS7Z+COSO—7 =2 square units

- . . R 2
148.  The area bounded by the curves y=sin™"|sin x| and y:(sm l|S|nX|) , where

0<x<2rm,is
7’ 7
1) —+— sq.units 2) —+— sq. units
3 4 6 8
2 n*(z-3) _ 4 7*(m-3) \
3) —+———=5q .units 4) —+ ———24s5q .units
3 6 3
Key. 4
T
X, 0<x<—
2
T —X, —<X<rz
Sol.  y=sin|sinx|=
X—r, TEIX<—
3z
2T —X, —SX<L21
2
By the graph

72

4j(x—x2)dx+4j (X2 — X)dx

149.  Area bounded by the'curve Xy> =a’(a—X) and its asymptote is

1) a’ [ 2 sq:units 2) za’ sg. units 3) 3 7a’ sq. units  4) 4 zra’ sg. units
Key. 2
0 a3
Sol. By the graph, required area = 2_[ — dy
0 y +a

150.% Consider two curves C, : y* = 4[&} X and C,:X* = 4[&} y , where[.] denotes the

greatest integer function. Then the area of the region enclosed by these two curves within
the square formed by the lines x=1, y=1 ,x=4,y=4 is
1) 8/3 sq. units 2) 10/3 sq. units 3) 11/3 sq. units 4) 11/4 sq. units

Key. 2

Sol. By the graph
The required area

A= j(2&—1)dx+i2\/_—§jdx
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Key.

Sol.

Key.

Definite, Indefinite Integration & Areas
Multiple Correct Answer Type
The area bounded by the function f(x)=cosx| and g(x)=sinx between the ordinates

x=0and X=nm, N e N, isequal to

(A) 4n+/2 if nis odd (B) 2n+/2 if nis even
(c) 2J2(n+1)if nis odd (D) 2v/2(n+1)-4if nis odd
B,D

Area bounded by f(x)=|cosx|,g(x)=sinx.
n/4

Tl f(x)~g(x) ldx =4 [ (cosx—sinx)dx = 4(\/5_1)

2n

T”(X)—Q(X) ldx = _[(I cosx |-sinx)dx =4

Soifxiseven A= 2X\/§

Nisodd A=2(n-1)v2+4(v2-1]

=2(n+1)v2-4
2 - . 7 . 7 -
SIn(Sin X SIn X sin(tan X

If Ilzj-ﬁdx, l, :.[—dx and 1, :J-de

, SInX @ B 0 tan x
then which of the following is true
(A) 1, > 1, 8) I,>1, € 1, >1, (D) I, <1,
AB,C

sinXx. i
Sol. 0<X<%:>—IS decreasing and SIN X < X < tan X
X

sin(sinx) _sinx _ sin(tanx)
: > > =L>1,>1,
Sin'x X tan x

If.f (X) is monotonic and differentiable function, then

f(b)
j 2x(b— f‘l(x))dx =

(£2(x)- £*(b))dx

(B)

=z
—
—
—

N
—~
>
~—

|

—

N}
—~
QD
~—
~—
o

>

[ X2
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Key.

Sol.

Key.

Sol.

(C)If
(D)Jf

AD

x)dx+(a—b) f*(b)

X)dx+(a—b) £2(a)

Let fH(x)=y=x=f(y)=dx=f'(y)dy

b

I=[2f(y)(b-y) fl(y)dy=bf2f(y) f1

a

y)dy—ijf(y)f

0 0 2
Ifu:j 2 dX2 and :I 4Xd)§ then
o X +7X°+1 o X +T7X+1
(A)u>v (B)u<v (Clu=v
C,D
I 1 1 -1
(C,D) u= ﬁdx PUtX=—,dX:—2=dt
o X+ 71X +1 t t
| —dt )7 it
u=jl 7 2 ) I 7241
» o+ =+l 0
t
=u=vV

If f(x) and g(x) be the two continuous functions

“(y)dy

(D) U=

on Xe[a,b] and

F(x):max{f(x),g(x)} and G(x):min{f(x),g(x)} the area bounded by

F(X) and G(x) between the lines x = a, X = b, and x —axis, is
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(A) j(f(x)—g(x))dx (B)i|f(x)—g(x)|dx (C) T|F(x)—G(x)|dx (D) none of

a

these
Key. B,C
Sol.  |f(x)—g(x)|and|f(x)—G(x)| represent the same area equal to

y=f(x)and y=g(x).
6. Iff(x) is an odd and periodic function with period T, then

() .[; f(x)dx = 0 (b) I;T f(x)dx = 0
a+T T %
(© j f(X) dx:jo f(X) dX forany a e R (@) | £(x)dx=0
0
Key. A,B,C
Sol. (a) is correct.

Since IOT f(x) dx = IOT f(T - x) dx

.[on(_X) dx (- f(x) is periodic with period T)

- jOT f(x) dx (-~ fis odd)

T
= 2.[0 f(x)dx =0
= (b) is also correct-since

3T (T

jo f(x)dx = 3]0 f(x) dx

7. If the area formed by a funection y = f(x) between the ordinates x = 0 and x =

3, and x-axis is 27sq units then the function f(x) may be

A) 3x° (B) x*+6 (C) 6|x-3| (D) 2|x—6|
Key. A,B,C,.D
Sol. Conceptual

8. If the Area.bounded by

€0Secx sinx sin co

y=(sinx)™"", y=(cosecx)"", y=(sinx)"" and y= (cosecx)”  between the

ordinates x = 0, X :g denoted by Ai, Az, Az and A4 then

(A) A4 is the greatest (B) A1 is the least (C) Az > A3 (D)
AQ < A3
Key. A,B,C

Sol. (A, B, C) for XE(O,%)

0 <sinX <1< cosecx<oo

sinx sinx cosecx

<sinXx < COSECX ™ "< COoSseCX

COsecx

So, sinX
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Key.
Sol.

10.

Key.

Sol.

A <A; <A, <A,

Given two functions f and g which are integrable on every interval and
satisfy

(i) fis odd, g is even (ii) g(x) = f(x + 5), then

(A) flx - 5) = g(x) (B) f(x - 5) = —g(x)
©) J.OS f()dt = .[05 g5 -1 dt (D) IOS f(t) dt =- I()S g(5-t) dt
B,C

To test choice (a) and (b), we begin with computting g(x). Indeed g(x).= f(x + 5)
(From (ii) in ques.)

= g-x)=f(-x+79)

= g (x)=-f(x-9) (From (i) in
question)

= Choice (b) is true and choice (a) is ruled.out..To test the choices

(c) and (d), we compute
5
[ = j , fot
Indeed I = '[s g(t-5)dt (- flt) = gt — 5) on
replacing x by t — 5 in (ii))
= J; g(t-5)dt (~ giseven)

= Choice (c) is correct and choice (d) is false.

dx
The value of Il— must be same as
+€eC0S X

1 -1 1_e X .
(A) tan ——.an— [+C (e lies between O and 1)
1—e? l+e 2
2 l-e, X .
(B) tan-! | ,[——1tan— |+C, (e lies between O and 1)
1—62 l+e 2

1 e+cos X ++/e? —1sinx

(©) log + ¢, (e is greater than 1)
Je? -1 1+ecos X
' 2 _ -
(D) 2 log e+cosx+ve —1sinx +cC, (e is greater than 1)
Je?—1 1+ecos X
B,C
2 dt
= t=tanx/2
il e

t? +(1+ej
1-e

l+e
ifo<e<1, 1—>O, So, (B)is correct

l+e
Ife>1, 1—<0 So, (C) is correct.
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11.  If J.33X—+4dx =log |x - 2| + k log f(x) + c, then
X*—2Xx—-4
A)k=-1/2 B) flx) =x2 +2x + 2
(C) flx) = |x2+2x + 2| D)k=1/4
Key. A,B,C

Sol.  We use partial fraction, we get
3x+4 A N Bx+C
X2—2x—4 Xx-2 X*+2Xx+2
Solving this equation, we getA=1,B=-1and C=-1

I 33X+4 dx=j 1 dx—.fz)(;ldx
X —2X—-4 X—=2 X°+2X+2

1
=log |x-2]| - Elog|x2+2x+2|+c
hence k =-1/2, so that f(x) = [x*> + 2x + 2| = x>+ 2x + 2
because x>+ 2x + 2 > 0.

12. o 2 L — ! +C_where o, >0 then

(1) (i) )

A) |a—B|=1 B) (B+2)(0L+1):(2010)2 C)B,,2010 are in A.P D)
a+1=p+2=2010

Key. A,B,C,D
Sol.

o zumz_[ = cfx=2_|-;%ll}dz[£=l+\f;)

(R

1 i
=2 - +
[2009.32“’9 2003.9’”3} ¢
— @ =2009, 8=2008

0

1 dt 3 t?sin 2t
13. “If  x. satisfies the equation NG Iotz Ty 1)—X(j‘3 21 dtJ—Z
+ o+ S ott 4+

(0 <a< TE), then the value of x is

Key. A,B

2 2
Sol. Letf(X)Zj0 (ﬂ]dt

2+¢
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14.

Key.

Sol.

15.

Key.

Sol.

16.

fl(x):(ﬁj % 2X

2+¢e"

For extremum f (X) =0

, x2( t* —5t+4
The points of extremum of I — |dt are
0 2+e

a) X=-2 b) x =1 c) x=0 d) x=-1
AB,C,D
Conceptual

x(t—1), where x <t
If G(X,t) = and if t is continuous function of x in [0,1]. Let
t(x—1), wheret<x

1

g(x)= 0f (t)G(x,t)dt, then

a) 9(0)=1 b) g(O):
0g(l)=1 d).9" (x) =f(x)
B,D

For x=0

G(0,t)=0,t>0

9(1)= [ F(1)G(0.t)dt=[ 0t =0

And forx=1

G(Lt)=0,t<1

0(1)=[,f ()L t)dt=0
Also, g() j ( t)G )
=(x=1)[ tf (t)dt = x_[ (t=1)f (t)dt

g™ (X) =xf (x)+{0—(x=1)f (x)
=f(x)

t)G(x,t)dt+

At
)

—h

. \/{@_jf +(§—jj2 _ Z}dx s
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a) 4In(ﬂj b) 4In(§j c) —In(ﬂ) d) In(ﬁj
3 4 256 81

Key. A,C,D

vz |fx+1 x-1
Sol. Let | = I—l/Z\/(m —m)dx

12| 4x
_I—1/2 x2 -1

- —4{In‘x2 —1‘}:2 = —4In(%)

o) ()l

17. Let T >0 be a fixed real number. Suppose f (X) is a continuous function for all
T

XeR, f(x+T)=f(x).If | =jf(x)dx then

0

dx = —ZI:/Z(X?—)idx

1

5+5T 545T
A [ F(x)dx=5l B)~J f (2x)dx =101
5 5
5+5T 5+5T
o [ f3xdx=5 D) [ f(3x)dx=15
5 5
Key. AC

Sol. aTT f(x)dx = n]‘ f (x)dx

a

XZ

sin X
18. Let f(X)': J. —2\/_
S, 1+cos” it

A) fl(g):n B) fl(—gjzn

dt then

3n 1 wle dx
9 fl(_j:_sn o) fi(m)= [ — X
2 (7) T;[l+coszﬁ
Key. A,B,C,D
sol. f(x)=sinxx +cosX | ————dt
) 1+cos® HJ,41+coszx/f

19. The triangle formed by the lines X+Yy =0, 3Xx+y—-4=0 and X+3y—-4=0is
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A) isosceles B) scalene C) acute angled D) obtuse angled
Key. AD
Sol.  Conceptual

anx t(t o dt
20. The value of o +ICOX

is

ve 14t? e t(1+t?)
1 Vs 2 1 dt
2+ tan® x B) 1 g 4 ) 7114t
Key. B,D
cotx dt
Sol. Let | :L/e Y
Putt:1
z
1
dt:_?dz
1
J»tanx —?dZ :J‘e zdz
e 1(1 ]_ZJ tanx(22 +1)
z z
_ e tdt
- tanx(l+t2)
) J-tanx tdt +J~cotx dt
e (1417) e (147
— [ t dta | ' _ dt
/e (1+t2) tanx(l_H:z)
e tdt 1 e
- 1/e (1+t2) :§|:In(l+t2):|1/e
:%{In(l+e2)—ln(1+eizj}
1
:E(Inez)zl.
2 1 dt 4 01 dt 4 _
S i T
4z
=—g =L
21. If the area bounded by the curve y = x —x?* and the line y = mx equals 9 . Then the value of
mis




Mathematics Definite, Indefinite Integration & Areas

(A) -4 (B) -2
€ 2 (D) 4
Key. B

Sol.  Conceptual

1 2
9 ,[ 2X +23x+3 dx is
o (X+1) (X" +2x+2)
(A) Z+2In2-tan*2 (B) E+2In2—tan‘11
4 4 3
(C) 2In2—cot™3 (D) —§+In4+cot‘12
Key. AC,D
2
Sol. J‘ 2X°+3X+3 dx:J' AL ZBX“LC and Proceed
X+1 X“+2X+3

(X+1) (x* +2x+3)

b
23. Isgn xdx =

(A) |b]-]al (B). (b~a)sgn(b—a)
(C) bsgnb—asgna (D) |al=|b]|
Key. AC
Sol.  Conceptual
2 2
24. Let f be a differentiable function.such that f'(x) =f(x) + If(x)dx , £(0) = 4-e , then
0
f(x) is
. [e*-1 (e*-2)
A) e — =) I I —
(A) ( 3 J (B) 3
©) o4 Exlralz 1]
3
e’ -1
(D) 88 - ————— (where [.] greatest integer & z is a complex number)
farg(—|z )]
Key. AD

ol ) =f(x) +k
f'(x) _
If(x)+k =[x
log(f(x)+k)=x+C
f(x) = ke* —k

4—¢?

f(0)=k,—k =

@)

k= Tf(x)dx
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3k =k, (e’ -1) e (@)
Solving (1) and (2), we get

. [e*-1
f(x)=e —{ 3 ]

25. Suppose f is a function that satisfies the equation f (X+ y) =f (X) + f (y) + X2y + xy*for

. f(x
all real numbers x and y. If I|mL =1, then
x=0 X

a) f(x)>0 for x>0and f (x)<0 for x<0 b) '(0)=1

o) f (0) =1 d) f (X) is a constant for all real x
Key: A,B,D
Hint  Observe that f (0) =0 and

f'(0)=lim——= ()

h—0

f(x+h)—f(x)

Also f (X) hI;0 o
Lt f (h)+x*h+xh?
h—0 h
=x*+1

X3
Hence, f (x)= €+ X

26. Let f :R —R be defined by

x+2x25in1 for x 0
f(x)= X
0 for x=0

then,

a) fisdifferentiable for all x, but f '(X)is not continuous atx =0

b). £.'(0) =1
c)fisincreasingatx=0
d) f is not increasing in any neighbourhood of ‘0’

Key: A,B,C,.D

X
=1 (x=0)

In every neighbourhood of ‘0’, the derivative f '(X) assumes both

Hint: f ‘(x)=1+4xsin1—2cos(£] (x=0)
X

positive and negative values.

10
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for example, f I(Zi) =-1<0 and

nz

f! # =1+L>0 for ne N
(4n+1)7r (4n+1)7r

27. If IOX(X ~[x] —%j dx =f(x).g(x) where [x]and{x} are integral and fractional parts of x,

respectively

a) £x) = 22 b) 9(9) = (63 -1)
0 100=L2] 8 909 = (IX1-1)
Key: AB

Hint = [X]fx} ({x} —%jdx = T[{x} - %jdx + [X][jjx} ({x} —~ %}ix

28. Consider the function

f(x) =x° cosl, ifx=0
2X

0 ,ifx=0then
A) fl(O) =0 B) fl(O) does not exist

1
Q) fl(gj does not exist D) fl(X) does not exist whenever X is in the form of ool
n+

where neZ
Key: A,C,D
Hint: Total No. of ways =n"

1
29. Let f(x) = I|t—X| dt then
0

a) f(x) is a constant function b) f(x) is continuous for all X € R

11
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c) f(x) is differentiable for all X e R d) f(x) is not differentiable atx =0, 1
Key: B,C

(t-x)dt x<0 %—x «<0

1
(x—t)dt+j(t—x)dt 0<x<1 f(x)= %—x+x2 O<x<1

L
>
~+
—

—_
>

~
Il

Ot Ot X Ot

1
(x—t)dt x>1 X_E xz1
Which is continuous and differentiable for all x.
1
30 Leti()= | dxx (heR, % >1) then (1) lie in
o1+
(A) (1, o0) (B) (0, 1)
(Q) (L,lj (D) none of these
1+A
Key: BorC
. N 1
Hint: 1-x"< - <1
1+x
1 1 1
dx
= [@1-x")dx< < | dx
i |

X1<I(7»)<I

31. If f:R — R, f(x) is.a differentiable function such that {f (X)}2 =e? + I[{f (t)}2 + {f’(t)}zjdt,

V x € R. Thewalue of f(1) can take is/are

(A) e’ (B) —€? (€)1 (D) -1
Key: A,B
Hint:  2f(x).f'(x) =4{f(x)}* + {f'(x)}?

= [f(x)=f'(x)]*=0

= f(x) =f'(x)

= f(x) = Ae*X=tek*V

= f(1) = +e’

6 6

5
. . n_l
32. Let S :hm i+g+ ..... +E and T _lim i+£+ ..... +( ) , then which
n n—ow n n n n n—ow 6

of the following is/ are true ?
1+

1
WS, - (8) (anrTn)<5

12



Mathematics

Definite, Indefinite Integration & Areas

Key:

Hint:

(Q (Sn +Tn)>%

A, B
lim 1 32 243 1
SnTnow| BT 8T 6 T
n.n n n
im [ 1 32 243 (n-1)
Tn :n—)OO _6 —6+ 6 ...... 6
n. n n n
5 6
. n _‘]_

S _lim Zr—zjx5dx:x—1:l
n n—oo r=1n6 0 6 0 6
+ —

SO0
n{e6) n |6 R

v

5

D) T —)1
n 6

included in Sn

|71 E=cluded n Tn

I >

But since X is concare up wardthe.area'included in Sn for any two consecutive values of r is more

33.

Key.

Sol.

34.

than area excluded in Tn for.same values of r

=S —E>E—T
n 6 6 .
1
=S +T >=
n n 3

If the area bounded by the curve y = x —x?* and the line y = mx equals % . Then the value of

mis

(A) -4
©) 2

B
Conceptual

.1[ 2x% +3x+3
< (X+1) (X2 +2x+2)

(A) §+2In2—tan’12

dx is

(B) -2
(D) 4

(B) T 2In2—tant
4 3

13
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(C) 2In2—cot™3 (D) —%+In4+cot’12
Key. ACD
2
Sol. J. 2 +23X+3 dx:J' A + sz+C and Proceed
(X+1) (X" +2x+3) X+1 X“+2x+3

b
35. jsgn xdx =

(A) |b]—]a (B) (b—a)sgn(b—-a)
(C) bsgnb—asgna (D) |a|—]|b]
Key. AC
Sol.  Conceptual
2 4_e2
36. Let f be a differentiable function such that f'(x) =f(x) + j f (x)dx £ (0) = , then
0
f(x) is
. [e°-1 o (87=2)
A) e" — B) e -
(A) [ 3 j (B) 3
3
e’ -1
(D) € ——————— (where [.] greatest intéger & z is a complex number)
larg(—|z )]
Key. AD
Sol. f'(x)=f(xX)+k
[0 _ [
f(x)+k
log(f(x) +k) =x+C
f(x)=ke" -k
. n2
F(0) = ky—k = 2= (1)
2
k= [ F(x)dx
0
3k=k, (e’ -1) ) 2

Solving (1) and (2), we get

. [e°-1
f(x)=e —( - ]

T

sin nx
37. Let In:j ——adx;ne N then
J sinx
20
A) =1, B) Z|2m+l:20n
m=1
C) 1,, =0 where m=1,2,3,..... D) Il,.,=1,

14
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C) yll_ y — XG

dx = f 2cos(n+1)dx =0

ml

X
+g(m,n)l, _, , then
X

B) f(n)=ﬁ

D) g(m,n) = (I=m)£(n)

(X t) sintdt then the'true'statements among the following are

D) ¥'(0)=1

B. More than 10~
D. None of these

Mathematics
Key. A,B,C
t sin(n+2)x —sinnx
Sol. I ,—1 =
Mo -[I sin x
=l =L=I=..
S|n2mx
n=2 x=0 (. f(m—x)=—F(X
[RE a0 (0 =100)
38 letl,, = [>T Zdx(n=1) and I, _f(n)
’ COoSs X
1
A) f(n)=—
) Fm=—
C) g(m,n)=(m-1)f(n)
Key. AD
- . ma . SIN
sin™ x sin™ " X dx
Sol. Im,n:j - dx:J‘ cos" X
COS X u
\'
X
39 Ify="f(x ) I
0
A) y"+y=x° B) y'(0)=0
Key. AB
x & x
f[x}:][[x—[x—ﬁ}:l sin[x—i}dﬁz!.ﬁﬁ[sin xcosﬁ—cosxsinﬁ]cﬁ
Sol.
X X
= zif x][ £ cosfedt — cos x! £ sin s s
40 nx
The'absolute value ofj dx is
l+x
A. Less than 10~
C. Less than 10°°
Key. A,C
Sol. Since, |sin X [<1 for X >10, then
sinx|< 1

1+x8| |1+ %8|

But 10<x<19

15
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1 1 1
<—<—
1+x®  x® 108

Sl >0 2100 =

o+ 1
|[1+x%| 10°

From Eqgs.(i) and (ii) we get

sin X
1+x®

<10°®

19

J

10

sin x
1+x8

<10

19

J

10

sin x
1+x8

dx

19
< _'.10’8 dx
10

=(19-10)x10°®
=9x10°®
=(10-1)x10°®

=10"-10° <10’

19 -

;ﬂdx‘do?

Hence, 5
ol+X

41. a+zl2

The value of .[ (sin®x +cos* x)dx is

a

A. Independent of a

Key. A,C

B. a(zjz C.3z/8 D. gﬂaz

Soh.. et f(X) =sin® x+cos* X, it is easy to show that f (X) is periodic with period 7 /2

a+7/2

j (sin* x +cos* x)dx
a

7l2

= j (sin® x+cos” x)dx (by property)
0

w
[N

|
NN

3

4.

[

+ .

(by wall’s formula)

NN

(N
»
N

16
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s
8

42. 1

If 1 = [\J(L+X°)dx, then

0

Al<l B. 1 %+5/2

C.l< ﬁ/z D. None of these
Key. A,C

1
Sol.  Since, Izj 1+ x*)dx
0

w0<x<l

X3 <x

Or \J(+X°) < J(x+1)
j1/(1+ x*)dx <j 1+ x)dx

0

=< %[(1+ x)?* T,

= <§(2\/§—1)

Hence, | <1 and | <\/7/2

43. 2x . r ¢ sin x
If — <sin X <X for O< X<E, then the value of the integral I ——dx is
T 5 X

A >1 B. <1 T V4

Key. A,D

Sol: °.'O<x<Z
2

2 sinx
_—<—x1
T X

7l2 2 zl2 Sin X 7l2
.!;dx< .([de< _([1.dx

zl2

sin x
:>1<J'
0

—dx<Z
X 2

17



Mathematics Definite, Indefinite Integration & Areas

44, w4 dx
The value of the integral I > > T, is
o (a”cos” x+b”sin® x)

A. itan‘1(9j(a>0,b>0) B. itan‘l(gj(a<0,b<0)
ab a b a
C. %(azl’b:]_) D. None of these
Key. A,B,C
rl4

sec? xdx
Sol. Let I = J‘ S 2.2
o a”+b”tan® x

t
Put b tan x=t=sec? xdx:%

1

=—tan™
" ( )
Fora=b=1
| —tant1=2
4
45, If | —J.de thénlis equal to
(x +1+2x’ )
X’ x°
A) ——+C B) —————+
) 2x" +x%+1 ) X% +1+ 2%’
-1 p(x)
C) ————+C D) ——,deg p(x)=degq(x)=
)2x7+x2+1 )q(x) g p(x)=dega(x)
Key. AD
Sol. We'can write
‘j 5x% +7x° zdx
(++2)
x> X
5 7
7_'_7

6 8
:J' X X de
1 1
P

1.1
Putt=—+—+2,s0 that
XX

18
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46.

Key.

Sol.

47.

Key.

Sol.

48.

Key.

Sol.

49.

Key.

7

X
=, tC
X +1+2X

_lXZ _1X3 _sz _2X3
If Il_jOZ dx,lz_LZ dx,I3_j12 dx and I4_LZ dx, then
Al >1, B) I,>1, C) >, D) I, > 1,
AD
For O<x<1

We know that x° > x® and for 1< X <2
We have x° > x°.

Thus, 2 > 2° for x & (0,1)
And 2 > 2 for Xe(l, 2)
So, I, >Land I, <1,.

R a—axX _ a—X Q a—bx_ a4—X
Let Iazjudx(forazl) and Ib:ju(for b>1) then
X X
0 0
n a L1
a) 1,1, areboth finiteb) I, =Ina c) Ia—lbzlng d I, =e o
A,B,C
i(|a):1:>|a=lna+c but I, =0
da a
~.C=0

Hence I, =Ina , Ib =Inb are finite
Let f(x) be strictly monotonic differentiable function on [0,1]such that f(0)=1,f(1) =-1 then

Zj x(f(x)-Ddx =

1 1 1
a) j f2(x)dx =1 b) j f (X)dx exists c) 1+I f2(x)dx d) is positive
0 0 0

A,B
let Fi(X) =t = x = f(t) = dx = f1(t)dt

1 0 1
ZI x(f(x)-1)dx = ZI f (t)(t—1) f*(t)dt :I f2(t)dt —1 by integration by parts
-1 1 0

Also f(x) is differentiable => f(x) is continuous
1

j f (X)dx exists

0
f(2—X)= f (2+X) ,f (4—X)= f (4+X) and f (X) is a function for which

[<) N —

50
f(x)dx=5 then I f(x)dx=

0

46 52

(A) 125 () [ (x)dx () | f(x)dx () [ (x)dx
-4 1 2

A,B,D

19
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Sol.  f(2-x)="f(2+x), f(4—x)=f(4+X)
= f(4-x)="1(2+(2-x))=f(2-(2-x))=f(x)
= f(4+x)=f(4-x)=f(x)

= f (X) is a periodic function with period 4
50 48

If(x)dx:jf(x)dx+§f(x)dx

0 0

:12j‘f(x)dx+jf(x)dx :12{

O ey N

f(x)dx+]§f(x)dx}+5

2
=12 5+J'f(4—x)dx}+5 =12[5+5]+5
0

50. Let ‘e’ be the eccentricity of a hyperbola and f (e) be the eccentricity of its conjugate
hyperbola, then

(n times)

(A) 2\/5 if ‘n’is even (B) 2\/5 if ‘n”isodd” (C) 4, if ‘n’is even (D) 4, if ‘n’ is odd
Key. B,C

Sol. Let €,€, are eccentricities of hyperbola-and its conjugate

1.1y 1 _ef-1
e12 e22 e22 e12
.
e —1
e
f(e)=
(e) o,
_&
:>f(f(e))=f[ i j: Je 1
Je?—1 \/ e’
e? -1
€ if'n'isodd
F(F(fomnf(e))n) =0 &2 -1
- (t'( ) g e if 'n"is even
n times

51. If Xx>0and “X]dX = [X](§+ Bj where [] denotes g.l.f., then
0

(A) A=[x]-1 (B)B=x—[x] (€) A=[x]+1 (D) B=x+[X]
Key. A,B
Sol. Let Xx=n+f, nel”, 0<f<1

20



Mathematics Definite, Indefinite Integration & Areas

:>I dxj dx+nj‘f

_ (n+f) _
:n(nz 1)+ I ndx _n(n 1)+n(x);+f =

- P g

52.  Let f:(0,00) >R and F(x):j f(t)dt. If F(x2)=x2(1+ X), then
0

5
(A) f(4)=1 (B) f(1)=4 () f(4)=7 (D) f(l):E
Key. D
Sol. F(x)=f(x)
. 2x(1+x)+x*  2(1+X)+X
F (x2)2x:2x(1+x)+x2 f(x)= (1+x) - (LX)
2X 2
53. IM = Asin3x + Bsin2x +c¢ . Then
1+ 2cosbx
A) A=l (B) B=2 © A= (D) B=—
2 3 2
Key. C,D
Sol. 3A cos 3x + 2B cos 2x = M
1+ 2c0s5x
= 3Acos 3x + 2B cos 2x + 3A(c0s:8x.+ c0s2x) + 2B (cos 7x + cos 3X)
= C0S 8X — COS+7X
Comparing, 3A=1,2B=-1
2><_ X
54. If J‘eyidx = Aln(e” +1)+Btan™(e* )+, then
e +1
(A)A=% B)A=-2 (C)B=-2 (D)B=%
Key. AC
Sol. —d 2 —dx :lln(1+ezx)—2tan’l(ex)+c
e %1 e +1 2
3/2
55. If J\/x+ X?+2dx = {x+ 2} —+c,then
VX X2 +2
(A)A:% B)B= -2 (C)A=§ (D) B=-1
Key. AB
Sol.  x+4Yx?+2=t = X*+2=t2+x%>-2tx = x=%(t—%)
So _[\/x+\/m dx =%J't1’2(1+t%jdt
_1 1/2 -3/2 _1 3/2 2
I—Ejt dt+jt dt—ét —$+c

21
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56. IfJ'—d - '”—X +2 4, then
X
1 1 1 1
A) A== B) = C) A=—= D)B=-=
(A) 5 (B) 2 © > (D) 2
Key. CD
Inx 1 11 _( 1)\Inx 1)1
SOI J. = ( 2X2j+‘[;.ydx - [—5)74‘(—2)?4‘(3
57. If I =J.L7X2dx then | is equal to
(x2+1+2x7)
X’ X°
A ———+C B ——+C
A 2x" +x2 +1 (B) X?+1+2x’
-1 P(x)
C) ——+C D) —=,de de =
©) e (D) a(x) g p(x)=degq(x)=7
Key. AD
Sol. We can write
8 6
I:j SX” +7X _dx
x”( ! +l+2j
5 X7
S .7
6 8
:I—X X dx
1
(5+7+Zj
x> X
Putt=i5+i7+2,sothat
X X
L S
t t
X7
=——+C.
X% +1+42x’
1 o2 1 3 2 2 2 .3
58. I 1, = [ 2 dx,1, = [ 27dx 1, =[ 2" dx and I, = [ 2 dx, then
A1 > 1, B) 1,>1,
©) I, >, D) 1, >1,
Key.“A,D

Sol. For O<x<l1
We know that x? > x* and for 1< x <2
We have x> x?.

Thus, 2°° > 2* for X €(0,1)

And 2¢ 5 2% for xe(1,2)
So, IL>l,and I, <1,.

is

tanx tdt cotx dt
|

59. Thevalueofj e t(1+t2)

22
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1
A 2 +tan? x ® 1
Vs 2 1 dt
© 4 () ;J:ll+t2
Key. B,D
cotx dt
Sol. Letl=] Y
Putt:1
z
dt=—z—12dz
1
tan x _sz e zdz
:.L 1 : 1 :J.tanx 2
(1+2j (Z +1)
z z
C e tdt
- tanx(l+t2)
J-tanx tdt +J~cotx dt
ve (1417) e t(1407)
tan x t e t
= Jue (1+tz)dt+jtanx(1+tz)dt
e tdt 1 e
- 1/e (1+t2) :§|:|n(1+t2):|1/e
:%{In(1+e2)—ln(l+ei2j}
:%(Inez)zl.
2t dt 4. dt 4,
a0 ¢ Gl e e
_4 )
=— =L
dx 3 . |cosx+sinx—\/§|
60.If I—cos3x—sin3x_Atan (Smx+cosx)+Bln‘cosx+sinx+«/§‘+c'then
(A) A=2/3 (B) B=-2/32
(C) A=-2/3 (D) B=-1/3\2
Key. AD
Sol .[ dx B J- dx B (cos x —sin x)dx
' cos® X —sin®x B

(cosx —sinx) (1+ S'nzzx) (L-sin2x) (1+ S'”szj

Let cosxX+sinx=t

23
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2 . 1
= —tan~'(sin X +Cos X) — In

=IQ460%4)_3 32

COS X +Sin x—\/§|

+C
cosx+sinx+\/§‘

61. If .[—: Ktan‘l(mtan§j+c then
5+4cosx 2
2
a) K=1 by K=—
3
1 2
c) M=— dm=—
3 3
Key. B,C

dx :ZJ‘ dt
S+4c0sX  T5(1+1*)+4y1-t’

X
Sol. Put tanE =1 then J

. K=z and le
3 3

62. If &dx:A f (x)+log|sinx —cosX| |+ C then
Ism(x_nj [f(X):tlogl ]
a) A=+2 |o)A:i
V2
o f(x)=sinx d) f(x)=x
Key. B,D

Sinx sin(u +Zj
dx = [——4

sol. _[SX__gx = [—
sin(x—Zj sind

. T . T
SInucos— +cosusin—
4 4 4u

7T
du (putu=Xx—-——
(pu 4)

I
—

sinu

1
—u+—|o sinuj{+c¢
N-AN A

(x + log|sinx —cosx|)+c

-6

24
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63. If f*(x)=

_(1+\/§

2
a) ——Iog(\/i—l) b) 1
0 1++/2 d) %Iog(l+\/§)

Key. AD
Sol. f(x):j(x+\/x2+1)dx

2

:X?+§ x2+1+%log‘x+\/x2+l‘+c

] then f(l) is equal to

5x® +7x°

64. IfJZJ. dethenJequaIsto
(x2+1+2x7)
X’ X
——+cC b) 5~ +C
i 2x" +x% +1 ) X% +1+2x’
= p(x)
) —————————+C d)—=,deg=(p(x))=deg=q(x)=7
)T a(x) 29 = (P(x)) =deg=a(x)
Key. AD
5x® + 7x°
Sol. JZJ. dx
w1 N1
X F+7+2
5 \ 7
G6 ' U8
:I X X___dx
1+ 1
F+7+2
1
Putt=;+7+2
65. Isinsxcos6x dx =
] 5
(a) SIn” x.cos X x+£J'sin8 x.cos* x dx
14 14
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H 4 7
(b) —M+ljsin6 X.cos® X dx
14 14
=7 9
(c) w+£jsin8 X.cos”* x dx
14 14
H 4 7
(d) —M+£jsin6 X.c0s® X dx
14 14
Key. AB
Sol.  Conceptual
. IfIsmx = Aln 1- S|nx| 1 J_5|nx|
sin4x 1+smx| 1+\/§smx‘
1 1 1 1
(a) A=—= (b) A== c) B=—— (d)»B=———
8 8 42 a2
Key. B,D
Sol. j _ sin X wol .[ cos xdx (t=sinx)
4smx.cosx.cost 49 (1-sin® x)(1-2sin*x)
1 dt 1 2 1
= _I 2 2 :_J.( 2~ zjdt
47 (1-t)L-2t") 47 \1-2t° 1-t
67. f : ! —dx=
(sin X+ 2cos x) (cos X+ 2sin X)
(@) Eln 2tan x+1 N () lln tan x+2
3 |tanx+2 3 |tanx+1
1, | sinXx+cosX 1. [2sinX+cosX
() =In|——|+¢ (d) =In|——————|+¢
3 |2sin X+ Cos X 3 |sinX+2Cc0os X
Key. AD
Sol I=I 1 2.(2_S|n x+cosx)—(smx+2_cosx) dx
3sinx  (sin X+ 2cos x)(cos X + 2sin X)
:J- 25ec x \ Sec” x dx =
3tan? x+6tan x * 3tan x+6tan? x
z s tan x=t
It2+2t It+2t ( )
68. If .[f(x) sinx.cos X dx=————— In| f(x) | +c then L can be
2(b°—a“) f(x)
(a) a*sin® x +b? cos’® x (b) —a®cos? x—b?sin? x
1 2 2 1 2 2
(c) E(b —a’)cos 2x (d) E(a —b?)cos 2x
Key. AB,C
| |
Sol.  f(x).sinx.cosx = 21 > f(X)2 = 2(b2—a2)sinx.cosx:LXZ
2(b*—a%) f(x) f(x)
|
.[szsin X.COS xdx—J'Za2 sin x cos xdx :J.wdx
f(x)
sinx =t, in Ist and cosx=tin lind > b?sin® X + a’ cos X——%
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Let cosx = tis ist, sinx = tin lInd = —b? cos® x—a’ sin’ X=e b
f(x)
!
[ (0% ~a?)sin 2xcx=| PO L2 a?)cos2x=- 1
f(x) 2 f(x)
69.  The area of the region containing the points satisfying |y| + %2 < e ™ and max (x|, ly|) < 2. is
(A) 2 —In 4 sq. unit (B) In (e%/4) sq. unit
(C) 2 +In 4 sq. unit (D) In (€%.4) sq. unit
Key. AB

In2
Sol.  Required area is equal to 4I [ex —%) dx

0

70. The area bounded by the curve y = f(x), x-axis and the ordinatesx =1.and x=b is
(b—1) sin (3b + 4), then
(A) f(x) = (x—1) cos (3x + 4)
(B) f(x) = 0 has atleast one root (1/2, 2)
(C) f(x) =sin (3x+4) +3 (x—1) cos (3x + 4)
(D) f(x) = 0 has atleast one root in (1, 2)
Key. B,CD

b
Sol.  Clearly j f(x)dx =(b—1)sin(3b +4)
4

Now apply Leibnitz theorem
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Definite, Indefinite Integration & Areas
Assertion Reasoning Type

(A) STATEMENT-1 is True, STATEMENT-2 is True; STATEMENT-2 is a correct explanation for
STATEMENT-1

(B) STATEMENT-1 is True, STATEMENT-2 is True; STATEMENT-2 is NOT a correct explanation for
STATEMENT-1

(C) STATEMENT-1 is True, STATEMENT-2 is False
(D) STATEMENT-1 is False, STATEMENT-2 is True

1. Statement-1: If |, :jcot” xdx then 5(1;+1,)=—cot® x

Because

cot"™* x
Statement-2: If | = _[cot“ xdx then I, =— -1, ,, where n>2.
n
Key. C
Sol. Conceptual
2. Statement-1: If I 1 dx=21In ‘f (X)‘+C, then f(x)zé
f(x) 2

Because
1

£(x)

Statement-2: When f (X) :g then I dX:jédX: 2|n|x|+C

Key. D
Sol. Conceptual

3. Statement-1: The function' F (X) = J X 4x is discontinuous at x=1

(x-1) ( x? +1)
Statement-2: If f (X) is discontinuous at x=a then F (X) :I f (X)dX is also

discontinuous.at x=a.

Key. C
Sol. Conceptual
4. Consider-the following statements

Statement-1: f(x)=cos x and g(x)=—sinx are both periodic functions.
Because
Statement-2: If f (X) is periodic then its antiderivative function is also a

periodic function.
Key. C
Sol. Conceptual

1 200
5. Statement—1 : jes'nx dx = A, then I e’ dx = 2001
0 0




Mathematics Definite, Indefinite Integration & Areas

na a
Statement—2 : If(x)dx =n If (X)dX, N e | and f(x) is a periodic function with period
0 0

equal to ‘@’
Key. D
Sol. Conceptual
14 dx 1
6. Statement—1: I 7 =—
o 1+(cot2nx)™ 8
b f H
SIN X
Statement—2 : Ifa+b:n/2,thenj. . ( ) dx=b-a
> f(sinx)+f (cosx)
Key. C
Sol. Conceptual
2
1+ X
7. Statement —1: I Iog —— dx=0
< 1-X
a
Statement -2 : If ‘f’ is an odd function I f (X)dX =0
—=a
Key. A
Sol. Conceptual
tsinx = %2 L _ox?
8. Statement—1: I ——— jissameas | ——dX
A 3_|X| 03_|X|
sSinx )
Statement — 2: is an odd function
3—[x]
Key. A
Sol. Conceptual
a+3T
0. Let \f (X) be a continuous periodic function with period T andlet | = J f (x)dx, then
a
Statement - 1: | isindependentof 'a’, because
dl
Statement - 2: —=0
da

Key. A
Sol. Conceptual
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10. Let f(x)=€e"*cos®2nx,ne N then,
2n nl2
Statement - 1: -[ f(x)dx =4 j f (x)dx, because
0

0
Statement - 2: f (X) is an even function.

Key. C
Sol. Conceptual

3 2

XT—=2X°+X

11. Let | (X) = Iexz — dx,

@+x9)

X

Statement - 1: 1(x)= +C, because
1
X —1)? §
Statement - 2: I(—z)zdx tan~' x+ >+C
@+x%) + X
Key. D

Sol. Conceptual

12. Let Jﬂd —Ax+BIn(1+2e‘2X)+C then,
e +2e
7
Statement - 1: A+B= E' because
Statement - 2: I o 3 ——In (1+ e—2x) +C.
1+e* 2
Key. B

Sol. Conceptual

13. f:[1, 13]R —bea integrable function with f”(X) >0 VxeR

STATEMENT-1\; jf dx+ff dx>jf

STATEMENT-2 :Ifa<b<cand f”(x)>0 then f(a—b+c)<f(a)+f(c)—f(b)
Key: A
Hnt: . let b=2Aa+(1-A)c

= £ (b) <2F (a) +(1-2)F (¢) —— (i)

W,

al-4b & ©

Now, a—b+c=(a+c)—(ra+(1-1)c)
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14.

Key:

Hint:

15;

Key:

Hint:

= (1-1)a+Ac
f(a—b+c)<(1-A)f(a)+Af(c) - (ii)

On adding Egs. (i) and (ii), we get

F(a—b+c)+f(b)<f(a)+f(c)

So statement Il is true.

Now, letc=a+10andb=a+4

= f(a+6)+f(a+4)<f(a)+f(a+10)

On integrate both sidesin a e [1 3]

if(a+6 da+jf (a+4) da<jf da+jf (a+10)da

1

= f(x)dx+jf( x<jf dx+jf

= f(x dx<jf dx+jf

O ey © ] Sy ©

Hence (a) is the correct answer.

0

X-2
STATEMENT-1: j—dx ~0
L x3AX? —1

X2 -2
STATEMENT-2: f(X) =~——== is an odd function

3 2

XX -1

B

|:T£d)(:]?x—2dx 2-[—
1 XCX2 -1 Y2 -1 1 X3UX2 -1

Put X =sec6

dx = sec 6tan0do

s

n 2 o
=[6]z —2£cosz odo =2-2-0

B Jz- sec0.tan6d6 2'2[ sec 0tan0do
5. -sech.tan® ¢ sec®0.tan®

Let T > 0 be a fixed real number. Suppose f(x) is a continuous function for all

XeR, f(X+T)= f (X) then
6+6T T
STATEMENT-1: [ f (4x)dx =6/ f (x)dx
6
24T T
STATEMENT -2: f f(x)dx:24jf x) dx
0

A

a+nT nT T
j f(x)dx:j f(x)dx:njf x)dx
a 0 0
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1
16. STATEMENT-1: Theinequalityj. dx >1—£istrueforneN.
o1+ x" n
1. n1 _n, 6 2n-1
STATEMENT 2. [*——"— % —dx>0, ¥ neN.
0 1+x"
Key: A
1. n1 _n, 201
Hint: J'X XX 4x>0
0 1+x"
o1
:>j{ —@—x”ﬂ%x>0
o L+ x"
Loy L
n-1
= £1+x”>£@ X ﬁx
1
= | X 1L vnen
o 1+x" n
& dx T
17.  STATEMENT- 1; | - L
5 1+107) A+%5) 3
STATEMENT 2: J'f(x) dx:zjf(x) dx
-a 0
Key: C

Hint: Conceptual

18. Statement-1: If F(X)=J'In4t2dt,then F(x)=—F(l/X).
L 1+t+t

Statement-2: If F(X) = J.tln—adt, then F(x) + F(1/x) = (1/2) (In x)>.
+
1

Key: D

Ux X | 1/ 1
Hint: F(l/x):j Int 2dt:.[ n(l ul (—d—gj (u:—j

L 1+t+t 114 =+ u t

u u
- [ du=F(x)
u"+u+1

So statement-1 is not true.

If F(x) = j It then
L t+1
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F(X)+F(1/X):Im_tdt+”flnt J|nt f 1/u(duj

t+1 ¢ t+l t+1 1 1
u
h 1 1 tint 1 tInt Inx)*
=J'Int( +- jdt—j (1+—)dt =I_dt:( )
1 t+1 t°+1 AE A 1 2
1
56
19. Statement - 1: If 1, :J.(l—xs)”dx then 2 =—.
5 I, 55
X COSX.COS d
Statement - 2: If y(x)= J. > \/_de then ( yj =2r.
% 1+sin \/_ e
16
Key: A
Hint  Conceptual Question
72, .
20. Statement- I I (sm6x+c056 X)dX lies in the interval z,z .
0 8. 2
Statement — |I: sin® x+cos® X is periodic with period 7./.2 .
Key. B
. ) 3 3
Sol.  -sin® x+cos® x =(sin® x)  +(cos’ x)

. 3 .
= (sm2 X + COS? x) —3sin? xcos? x(sm2 X + COS> x)
=1-3sin® xcos? x

=1—§sin2 2X = §+§cos4x ( period :Z—E:ZJ
4 8 8 4 2

4 1
". Least and greatest value of sin®x +cos® x are Z and1

Hence,
(Z—iji < jm(sinS X + cos® x)dx < (f—o)xl
2 4 ~Jo 2
- z<J'”/2(sin6x+cos6 x)dx<z.
g Jo 2
21. Statement-I: If f (X) =Xx—x%>+1 and g (X) = max{ f (t) 0<t< X}, then
1 29
X)dx =—.
Joo (e =22
. o 1 (1
Statement — Il f (X) is increasing in [O,Ej and decreasing in [E,lj.
Key. A

Sol. Conceptual
22. STATEMENT 1. : If root of ax? + bx + ¢ = 0 are non real and

sin? x cos? x
c= I sin™ \/;dx + I cos™ \/;dx then ‘a’ must be positive.
0 0
because
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STATEMENT 2. : If roots of quadratic equation ax® + bx + ¢ = 0 are non-real then ‘@’ and ‘c’
have same sign.

Key. A
Sol. Let f(x)= _[ sint J/Xxdx + j cos*~/xdx
0 0
f1(x) =0

= f(x) = constant.

1/2
o (%)= [ Fox- T
4 2 4

2

T
= c=—
4
as roots of g(x) = ax? + bx + ¢ = 0 are non real
= D<O
And g(0)=c>0
= a>0

23.  Statement-1: If 2f(x)+f(—x)=isin(x—1j, then value of I = jf(x)dx =0
X X /e

Statement-2 : If f(2a—x)=~f(x), then Tf (x)dx =0
Key. B 0
Sol.  2f(x)+f(=x)=2f(—x)+f(X) = f(x) =f(-x)

f(x) =3isin(x—1j

X X

I:J'Lsin x—1 x=—jisin t—1 dx=-1 = 1=0
3x X 3t t

1/e 1/e

24, Let f(x) and g(x) be continuous functions of x in (a, b) and f(x) < g(x) <0 V¥ xe (a, b) then
STATEMENT-1
Area of the region bounded by y = f(x), x—axis, x = a and x = b is less than the area of the
region bounded-byy= g(x), x—axis, x =a and x = b.
because
STATEMENT=-2
[f(x)] >|g(x)| Vxe (a, b)

Key. D

Sol. Clearly |f(x)| > |g(x)]

b b
So, area A; = I|f(x)|dx > J.|g(X)dX =A,

X

25, If f(x)= ;ex
f(a)

f(-a)

f(a)

Statement—1: |, :j »
—a

—2
Iy

xg(x(1-x))dx and I, :I )g(x(l—x))dx then the value of

is 2.
Because
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Statement—2: Here f(a)+ f (—a)=1 and also by the property

j ) dx = J. p+0—x) dx

Key. A
Sol. 2f’(x):Liﬂg[f(X+hg_f(X)+ f(x_fl)h_f(x)]
267(x)= f (). IhiLrol[f(h);f(o)+f(—h:f(o)J

:>2f’(x):2f(x)% =f(x)= e? 4¢

Put x =0 in the given relation
= f(y)=f(—y) whichis not possible or

f(0)=1=f(0)=e"=1=c=0

L f(x)=e?
26. Statement — 1 : y — axis divides the area bounded by y =1+ x+|X| and Y=o — X? in two
equal parts forall a>1.
Because
Statement — 2 : In any quadratic equation ax’ +bx+c=0 a= 0, roots are imaginary if
b*—4ac <0.
Key. D

Sol. Coordinates of D and C are (—1+ \/Z, -1+ 2\/3) and (—\/a —1,1) respectively According

to the given condition

j_om(az —X? —1) dx = joflwg(a — X —1—2x)dx

= 144¢* —105a + 25 =0 since roots of this equation are imaginary

= there is.no value of .

27. Statement — 1 : The value of the definite integral J- E sm"1 (cos x)+cos™ (sinx))dx is

72_2
equalto —.
4

Because
. . . 4. T
Statement — 2 : The period of the function sin™ x + cos™ x is 5

Key. C

Sol.  The period of the function sin™ (COS X) +cos* (sin X) is 27

T
[ 2eint -1 (i
..J'Ozsm (cosx)+cos™ (sinx)
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28.

Key.

Sol.

29.

Key.

Sol.

30.

Key.

4

= E(n—Zx) dx

.7
—.

-1 2
Lot J-x+(cos 3X)

\J1-9x2

integration, then
STATEMENT-1

A+B=0
because
STATEMENT-2
A= 2 and B:—Z

9 9
C
Put 3x = cosO = 3dx =—sinO dO

coso L
__I 3

1
=— —sinb— i 0+c

9 9

1-9x° — (cos 3x)*+c
Clearly A = —l &le
9 9
A+B=0.
Tox2L2
Statement — 1 : =0
!x3\/x -1

Because

2

X—=2
Statement — 2. f(X)= ———
x3x? -1
B

Putx ='sec©

/2 /2
| = J' dO—ZI Seczeﬂde
: 1 sec’0tan0

:E_zlﬁzo
2 22

1/4 dX
STATEMENT -1: f A

1
> 1+ (cot2mx)? 4

because
b

dx = A /1-9x® —

B (cos™ 3x)* + ¢, where ¢ is a constant of

.sin0 do = 1 j(lcos(ﬂezjde
3 3

is an odd function.

f(sin x) b-a

T
STATEMENT-2: Ifa+b = E' t

D

h
o !f(sin x) +f(cosx) 2
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Sol.

31.

Key.

Sol.

32.

Key.

Sol.

33.

Key.

Sol.

34.

Key.
Sol.

tIn 1) 1
Statement | : For x> 0., if f(x) =J.ﬁdt then f(e) + f [Ej ==
+

1 7% (sinx)¥? 1

21 ¢ (sinx)"? + (cos x)¥? X_g
¢ f(sinx) % f(sinx(a+b—x))
=i I

sinx)+f(cosx) 3 f(cosx)+f(sinx)

a

Statement — 1 : Ie3x(3 sinx +cos x)dx = e¥ sinx + ¢

Because

Statement — 2 : Antiderivative of a periodic function is a periodic function:
C

Put 3x =t

1 . . :

—.|'et 3sint+cost |dt=sinttc=sinx+c

3 3 3 3

Statement-2 is false

T dx ¢ X"
Statement|: If N> 2then —ndX :I - dx
1+x o 1+ X
I Vs
Statement Il : If N> 2then I ndX > —
1+x 4

0
C

1
Put X = E in 1% integral of statement-1', for statement -2, X" >x* Vx>1n>2

1 2
2
N\ 1) (Inx)
Statement Il : For f(x) given in statement 1, f(x) + f| = |= >
X
A
1
1) ¢l tIn
f(x)+f(—j=j—td L
x) 11+t 1+t
tnt tInt . ¢ Int
= —dt+ [ ——=dt - [-—dt
1+t ot 11+t
(nx)’
)
Statement - 1: IR PR PR is an increasing sequence
Statement - 2: In x is an increasing function
C

We know thatif 1< X <e then0<InXx<1, hence (In X)n is decreases as ‘n’ increases

= |, is decreasing sequence

10
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35.

Key.

Sol.

36.

Key.

Sol.

37.

Key.

Sol.

38.

Key.

Sol.

Where as 10g X is increasing function.

o0

log x

Statement - 1: f(x"+x™" dx=0
-! ( )1+ x?

Statement - 2: Given function is an odd function
C
Put logx =t = e=e' = dx=e'dt

r t

| = f(e"+e™)——e'dt
_Iw ( )1+ e
= f(e™+e™
= j#tdt
c e+e
=0 (" function is odd)
Statement - 1: J‘;dx :llog 2+3¢ +C
4e™" —9e* 6 2—3e"
Statement - 2: I%dx = iIog arx +C
a“—x 2a a—X
D
I%dhi'og e
2°—(3e") 12 2—-3e
Statement - 1: If a>0,b®>—4ac<0), thenthe value of .[ZL will be of the
ax- +bx+c

A
type ATan™ ( X+ j+ C where A,B,C, A are constants.

Statement - 2: If a>0;b*—4ac <0, then ax? +bx+c can be written as sum of
two-squares.
A
. 1 10 (X
Since Iﬁdx =fan Y = [+C
x*+a a a
72, . .. . T
Statement-I; .[ (SIn6 X+ cos® x)dx lies in the interval| =, = |.
0 8 2
Statement =~ I1: sin® x +cos® x is periodic with period /2.
B

-+sin® X +cos® x = (sin2 x)3 +(cos2 x)3

. 3 . .
:(sm2 X + COS> x) —3sin? xcos? x(sm2 X +C0s? X

SN

=1-3sin® xcos” x
. . 2
=1—§sm22x = E+§c:054x . period _E_T
4 8 8 4 2
. Least and greatest value of sin® x+cos® x are % and 1

Hence,

11
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Z_0 xl<r/2(sin6x+cos6x)dx< Z_olx1
2 4 Jo 2

= Z<_[”/2(sin6x+cos6 x)dx<£.
g8 Jo 2
39.  Statement- I: If f(x)=x—x*+1andg(x)=max{f(t):0<t< x} , then
1 29
dx = —.
Jo 0 (x)ex 24
. - 1 (1
Statement — II: f (x) is increasing in (OEJ and decreasing in (Elj
Key. A

Sol. Conceptual

40. STATEMENT-1

The area bounded by y = x(x — 1)?, the y—axis and the line'y =2 is
2
) . 10
_[ (X (x—2)"—2)dx isequalto — .
3
0
because
STATEMENT-2
The curve y = x(x — 1)? is intersected by y =2at x = 2 only and for 0 < x < 2, the curve y = x(x —
1)? lies below the line y = 2.

Key. A
Sol. Solving y = x(x — 1)? and y = 2, we.get x = 2. Hence y = x(x — 1)? intersects the line y = 2 at
x =2 only.

Statement — Il is trué.because of above and the graphs of y = 2 and y = x(x — 1)2.
Statement — | is obviously true and it is because of statement — 1.
Hence (A) is the correct answer.

y
|
/
2
1
1
1
1
1
1
0 L .
1 2 "
41. Statement-1: The area bounded by the curves Y = x> +2X—3 and y=AXx+1is
leastif A=2.
Statement - 2: The area bounded by the curve Y = X*+2X—3 and Y = AX+1is

{(A—Z)2 +16}3/2 sq. units.

Key. C

12
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Sol. Conceptual

\/HT ( 53 )3’ 2

42. Statement1: I +C

Statement 2 : ‘/X + +C
35/)(4_*

Key. C
Sol. Conceptual

dx \/x2+2x+2+C

43, Statement 1: I = —

(x+1)°vx* +2x + 2 x+1
Statement 2 :
J}/(x2 —1)3dx =%X(2X2 —1)\/x2 —1—%x\/x2 —1+glog(x NS —1)+c

Key. B
Sol. Conceptual

dx X 1.8
44. Statement I:I 5= - +—tan - X+ C
(x2+2) 2(x* +1)
Stat t2:1f | I dx then | 1 X 2n 11
atement 2: =|—— then = .
" (x*+a%)’ " 2na’ (x2+a2)n 2n a’ "
where N € N
Key. D
Sol. Conceptual
45. Statement 1: _[(xs"‘“.sinx+x3‘”x COSX. Inx)dx xS 4 ¢
XCOosX +1 1
Statement Z:I +theret = 2xe™ +1
2X esmx
Key. B
Sol. Conceptual
e* 2—X2 —X
46 ASSERTION (A):J. ( ) dx=e*,|—2= +c
—X) 1—X2 1+ X

REASON (R): jex(f (x)+f'(x))dx = e*f (x)+c

Key. D
e*(2-x?) - e (1+(1-x°)) )
Sol. I(l—x)—l\/—_xzd = [———=d

13
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- (e 1 1+x «
i I ((1 x)\/ \/1 X2 ]d

« 1 1+x
Ie Ll—x)m 1+ X)1/2 +\/;} dx

——— +cdx
1-x

dx
tan X + cot X + Sec X + csex

= 1(sin X—COSX—X)+C

47.  ASSERTION (A): j

n+1
REASON (R): J'f”(x)f'(x) LA G

n+1
Key. B
dx sin X cos X sin X
sol. | [ x = | dx
tan x + cot X +Sec X + csex 1+sin X+ cos X sec X +tan X +1

Rationalize the denominator.

48.  ASSERTION (A): f(BX—_4j=X+2then If(x)dx:gx—§|n|1—x|+c
3x+4 3.3

-4 8
REASON (R dx =x——=log|3x+4|+¢
w0 [ - 10g[3¢+4|
Key. B
3x—4 6x t+1 4 1+t
Sol. Let =t =>D—=—— = X= +2
3x+4 8 1-t 3 1 t
12 4r—1
cot
49. Statement - | : ZjCOtzr Xox= —Z +C
r=0 r=1 4r—l
) cot"* x
Statement — 11 : J‘COtn XdX‘I‘JCOtn 2 X.dX:_ n 1 +C
Key. D
jcot” xdx=jcot“‘2 x.cot’ xdx=.|.cot"‘2 x.cosec’x dx —jcot”‘2 X dx
Icot _—cot™ —J'cotn 2 xdx
I:I(cot24x+cot22+ ........... +1)dx = (I24+I22)+(I20+I18)+ ..... +(I4+I2)+j1dx
—cot®x cot™ x cot® x
= — e — +X+C
23 19 3

2
50. Statement - | :I X+l dx=2sin™* /X—l+2 +C
X X2 42X —14/1— X2 — X X

Statement - Il : I =sin‘t+c

dt
J1-t2

Key. A

14
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Sol. t=,fx—1+2;dt=;.(l+i2jdx: I=1At2=23in‘1 fx+2—1+c
X 2 x-2s2 0 X V-t X
X

cotx

51. Statement- | : I (2In cosecx+sin2x)dx = 2e“*Insin x+¢

2

sin® x
Statement - Il : jex ( f(x)+ fl(X))dX=eX f(X) +c
Key. A
cotx 2tan x
Sol. t=cotx=dt=—cosec?xdx I:I (_e —| Incosec’x+———— |dx
sin“ X 1+tan” x
2
=—Iet In(1+t%) + tl dt = —€'In|1+t*|+c=—2e""*In| cosecx | +C
1+~
t

=2e**Insinx+c
52. Let F(x) be an indefinite integral of sin? x

Statement - | : The function F(x) satisfies F(x+m) = F(x) for allx.€'R.
Statement - I : sin’(z +x)=sin’ x for all xeR
Key. D

Sol.  F(x)= Isinzxdx:%(Zx—sin2x)+k = F(x+m)— F(x) = %;Hgo

15
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Definite, Indefinite Integration & Areas
Comprehension Type

Passage: 1

Using the properties of differentiation and integration. Simplify the following.
1. Let g(x) be an anti derivative for f(x). Then

/n [1+(g (x))z} +C is an anti derivative for

I g ~F(99()

1+9%(x) 1+ g% (x)
C)_Zf(x)g(x) D) 2f(x)g(x)
1+9%(x) 1+9%(x)

Key. D
Sol. Conceptual

2. A function f satisfying fl(sin X)=COS2 X forallxand f(1)=1 is
3
A) X B) x° C) f(x):x—%+% D) 2-x°
Key. C
Sol. Conceptual
3. If
dX 2 d 2 1/2
x= fH(t)cost+ f(t)sint; y=~f"(t)sint+ f'(t)cost then —[KEJ J{d_)tlj } dt =
A) f(t)+H(1) B) f(t)+f'(t)
o) f(t)-fi(t) D) f(t)+f*(t)
Key. A

Sol. Conceptual

Passage: 2
Integrals of class of functions following a definite pattern can be
found by the method of reduction and recursion. Reduction formulas make
it possible to reduce an integral dependent on the index n>0, called the order
of the integrals, to an integral of the same type with a smaller index.
Integration by parts helps us to derive reduction formulas

dx 1-2n 1
4. If 1, =I—then IrHlJrT.a—ln is equal to

(x*+a?) i
A X B 1 1 c 1 X D
) (x2+a2)n ) ona? (x* +a2)nfl ) ona’ (% +a2)n )
1 X
2na’ (% +a2)n7l
Key. C
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Sol. Conceptual
sin" n-1

S. If | = dx then | +——1 is equal to
n,—m ICOSm X n,—m m—l n-2,2-m q
A) sin"? x B) 1 sin"tx
cos™* x (m-1) cos"™ ™ x
Q) 1 sin"tx D) n—1 sin"*x
(n—1) cos™* x m—1cos™™ x
Key. B
Sol. Conceptual
1/
6. The value of |, :J'(Xam +X°" + Xm)(szm +3x" +6) "X is
1)/ +1)/
A) (2xm +3x+6) """ B) (2% +3x" +6) """
6(m+1) (m+1)
Q) (2" +3x°" +6X" )(m+l)/m
6(m-+1)
D) (x3m + X2 X" )(m+l)/m
6(m+1)
Key. C

Sol. Conceptual

Passage - 3

Two real valued differentiable functions f (X), g (X) satisfy the following

conditions:
1) f'(X): f(X);g(X) 2) g,(X)ZZ(g(X)B—f(X))
3) f(0)=5 4) g(0)=-1 then
7 j%dx=
A)x=In(f(x))+c B) %(x—lnf(x))+c
C)%(x—lnf(x))+c D) mntc
Key. C
1 —
8 dex—
A)x—In(g(x))+c B) (x-Injg(x))+c
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C)%(x—lﬂg(xﬂ)+c D) -;:ﬂﬁa(;ﬂ+c
Key. C

X
9.j$EX;dx=

A)x+3Inf(x)+c B) x-3Inf(x)+c

C)3Inf (x)—x+c D) 3(x—Inf(x))+c
Key. B

1 ) - y )
Imcfx:_I-EE,;_FBE??-T:_|-2+32_xcfx=?fn(2+3@ )+¢

= %(x—f?zf{x])+c

Sol. 7.

& —X

=l

.:;t’x=_[ dx:%lm|3e‘*—4|+c

1
REe

= %f?ﬂ [x—.-,"?z|g [x}D +e

Passage - 4

dx
If = Asin ' {Jf
Irneoveehibl

10. The value of A is

1
A) 1 B) —
@ ®) V2
(©) —% (D) none of these
Key. C

11. The f(x) is
1+ x2 1—x?
A B
(A) 1—x? (B) 1+ x2
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© =X (D) V1-x2

1+x?
Key. B
12, [f(dx is
(A)2tanlx—-x+cC (B) 2tan-lx + x + C
(C) tan-x + 2x + C (D) none of these
Key. A
sol.  10. [

(1+x)(J1 x?)

_J dx
1 1
x3(1+X2J F_l

1 2
Put = -1=t* = - —dx =2tdt
X X

tdt Lot N/
_Iz—:__t N ta
2+t 2 2 2 Ix

11. f(x)

2

1-x?
1+x°

- j(1+zxz —1jdx

=2tan’x—x+ ¢

1+X

12. Jf(x) dx = j dx

Paragraph -5

Let I, =_|.tan“ xdx, 1t :Icotn xdx,n e N

foomy=1+1_,(n=1),g(x,n) =1 +11,(n=1), f(0,n) = g[g,n):o

f(x,2n+1)
13. — 7 -
x>0 x2"g(X,2n +1)
A)O B) 1 C)-1 D) 2
Key. A
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2008

14 i lg+ 1 +2(1+ 1+ + Va0 + 12000) + 3l o007 + 1005 = Zar tan" X then, 805 =
=
A) 1/ 2007 B) 2 / 2007 C)1/1004 D) 1/2008
Key. C

19
15, If Ié+|j+2(|§+l§+ ........ +I118)+I119+I210 =) a,cot' X then &, =

r=1
A) 1/10 B) -1/10 C) 1/9 D) -2/9
Key. B
2n 2n
sol. 13. f(x,2n+1) =X 4(x,2n +1):—C°; X
n
n-1
1.1 +1 = tan" " x
n-1
n-1
15. |i+|§72=—COt X
n-1
Paragraph — 6
Let f(x) definedin [a,b] has discontinuities Cl,Cz,C3, -------- ,C, such that

a<C, <C,<.....<C, <D then

if(x)dx :T f(x)dx+T f (X)dX +a...... % f[ f(x)dx+.T f (x)dx

1
16. J.[ZX —3]dx = (where [.] is greatest integer function)
-1

A) -7 B)-9 C)5 D) 11/2

Key. A
507

17. _[ [tan *X]dx = (where [.] is greatest integer function)
0

A)tan1l+50n B) —tanl C) 50r—tanl D) 20m—2tanl

Key. C
3m/2

18. '[ [sin x]dx = (where [.] is greatest integer function)
/2

A) -1 B) /2 c) —ml/2 D) &
Key. C
-1/2 0 1/2 1
Sol. 16. I —bdx + j —4dx + j —3dx + I —2dx
-1 -1/2 0 1/2

tanl 507
17. dex+ jldx
0

tanl
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b 3n/2
18. j Odx + j —1dx

/2

Paragraph -7
Let f (X) be a differentiable function satisfying (X — y)f (X + y) - (X + y)f (X — y)

= 4xy(x2 —y2) forall X,y eR.If f(l) =1then
19. The function f at X =0 attains
(A) Local maximum (B) Local minimum

(C) Point of inflexion (D) None of these

2
20. The value of J-f(x)dx is
]

1

(A) O (B) n
11 15
(C) Z (D) T

21. The area of the region bounded by the curves y = f (X) and Y = X is

1 . 1 .
A) —sqg.units B) —sq.units
() - sq.uni (8) - sq.uni
7 . 11 .
C) —sd.units D) —sqg.units
(©) 7 sa.uni (0) 7, s-uni
Sol. 19. (c) 20. (d) 21. (b)

(x—y)f(x+y)=(x+y)f(x-y) =4xy(x* -y?)
., f(x+y) f(x-y)

_ :4xy
X+Yy X-Yy
so: f(x+h)_f(x—10::4xh
X+h X—h

_f(x+h)—f(X)+f(X)}_{f(x—h)‘f(x)”(x)}=4Xh

X+h X—h

:>_f(x+h)—f(x)_f(x_h)_f(x) a2 1
e e ]

X+h X—=h x—h_x+h
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N _f(x+h)—f(x)__{f(x—h)—f(x)}:4xh+2hf(x)
i X+h | x—h x? —h?
:>:f(x+hg—f(x)_.(Xihjj{f(x—rl)h—f(x)}(xi ]=4X+x22f£);)2

Taking limit of both sides as h—0 ;
f'(x) +f'(x) Caxs 2f(x) _ f'(x) :2X+f(x)

X X x? X x?

f'(x)=2x? +L:)

— f'(x)j{ﬂ} = 2x? , which is a linear differential equation
X

. —J-ldx
Integrating factor =e ' ==
X
Its solution is

f(X).%:I2X2><%+C

:L)():X2+C:>f(X)ZX3+CX
X

But f(l):l =c=0

So, f(x)=x°

f'(x):SX2 and f"(X)zGX

Here; f"(X):O:>X:O

So, at X =O,f(X) has point of inflexion

2 1 2

Jx3dx = jx3dx+_fx3dx = 0+1[x4]2 b

-1 -1 1 4 ! 4

The area of the region bounded by the curves y=f(x) and Y = X°

1 1
j(xz—x3)dx: X _x :l—lzisq.units
) 3 4| 3 4 12

Paragraph — 8
Let f(X) be defined as f(x)=maximum{a,b,c} where

a"[sin x| +[cos x| ™" a" |sin x| +|cos X|a ™"

a=Ilimlim - - b=Ilimlim - -
n—0 g 1" a +o N—ow g1~ a +a
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. T T (n-)7z
c=Ilim —|1+cos—+....+COS > , then
n

> 4n 2n
22. The range of f(X) is
1 1 1
A 1 B _11 C 0 2 D _,1
)[04 ’{2} ’[2 } ’{ﬁ}
23. The function is differentiable for
A) R— {(ZH +1) %} B) R—{nr} C)R D) none
24, The area bounded by f (x) = max{a,b,c}, x-axis, X=0 and x = 7 is (in sq<units)
A) 2 B) 1/~/2 C) 242 D) 42
Sol. 22.(d)
23.(a)
24. (c)

a=[sin x|,b=|cosx|,c:%

F=d8nx y=cosx

1
So, f(X)= maximum {|sin X|,|COS X|,%} N

1

Range of f(X)= {ﬁ ,1}

Differentiable for X € R — {(ZH +1) %}

7 %
Required area = 2 J'cosx dx+ j sinx dx b =242 sg.units
0 T

Paragraph -9
A curve passingthrough origin is such that slope of tangent at any point is reciprocal of sum
of co<ordinate of point of tangency.

25. Slope of tangent at ordinate In3.

1 1
1 b) = = d) -2
a) )3 C)2 )

26. Area bounded by curve and the abscissa y=0and y=11is

a)e—l b)e—E c)e—§ d) e+1
2 2 2
[Jsina+|cose] ]
27. J- xe’d (ey) where [] represents integer function, is equal to
-1
a)e—e’l—l b)e—et—2 c)e—1 d)e+e’l+1
3 e 3
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Sol.

25.(C) (i) ﬂ:

Let y+x=v
dy ,_dv
dx dx
av ,_1
X v
dv_v+l
dx Vv
:dv(VJrl_lj:dx
v+1

= v-In(v+1)=dx

= y+x—In(x+y+1)=x+c

at x=0,y=0,
c=0
y=In(x+y+1)

26. (B) Area = j(ey —y-1)dy
0

:e—l—l:e—§
2 2

[Jsina]+|cose] ]

27. (B) j xe'd(e’)

=1

lete)=2,= ey%ﬂ: dy=e"dz
1S|Sina|+|COSO{|S\/§

Since .". [|sin a| + |COS 0{|:| =1

- j(ey —y-1)dy=e-e*-2
e

Paragraph — 10
If a curve is given by its parametric equation in the form x = f(t), y = g(t) and suppose the

derivatives fl(t) and gl(t) are continuous functions on the interval [t ,t,].1f t, and t, are

the values of parameter ‘t’ corresponding respectively to the initial and final position in which
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the curve can be described as a contour in the positive direction (i.e., figure remains left) then
the area described by the curve

A= —tj g(t) f*(t)dt = —I f()g'(H)dt= %tj(xgl(t)dt —yf()dt.

Answer the following questions
28. Areaenclosed by the curve X = acos’ t,y= asin® t,0<t<2r
3 3 3 3
A) =a’n B) —a’r C) —az D) —a’x
2 4 8 16
Key. C

29.  Area of the loop of the curve X =a(l—t%),y=at(1-t*),-1<t <1 must be

A) Eaz B) ia2 Q) Ea2 D) at
15 15 15 5
Key. C
30. Thearea of the curve X =2cost,y =2sint must be
A) 4r B) 27 C) 8r D) 167
Key. A

Sol. 28. X=acos’t,y=asin’t,0<+t <27

(xg*(t) - yf (1)) = a’(cos’t.3sin’ t + cost-+sin>t.3c0os’ t +sint) = 3a2 cos?t +sin?t
by s by s

— Area of the curve = % j (xg*(t) —yf *(t))dt = % j 3a’cos’tsin’t = gazﬂ
0 0

29. The curve is described when't varies.from —1 to 1. Indeed when t =—1 both x and y are
zero. When t =0, x =a, y = 0. Thus is the adjoining figure upper portion is described when

0 <t <1 and the lower _portion‘is described when —1<t <0

1 1 2
Required are = —I g(r) fi(t)dt = —J. at(1—t?)(-2at)dt = 81%.
9 -1

Paragraph — 11
Let Ar(l’eN) be the area of the bounded region whose boundary is defined by

(6n3 ry? —x)(6e2y—x) =0 then

31. \/K,\/A_,\/A_, ....... arein

A) A.P. B) G.P. C) H.P. D) A.G.P.

arein H.P.

-t e 1Y ey moes)

10
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2. lim | A A, A+ [A AGA, + [Ag A Ag......n terms | is

Nn—oo
e’ 1(e)’ 1(eY 1(e)’
A) | — B) —| — Cc) =| — D) —| —
T 2\ 7 3\ m 4\
Key. D
33. s 1 1
nIim e\/A_1+e\/¥+e‘/¥+ ....... n terms | is
—©
-1
. L
A) eeT B) et 1
3 n° N
2n° 23
C) o &2 D) ee” -1
Key. B

Paragraph — 12
Let A (re N) be the area of the bounded region whose boundary is defined by

(67°ry2=X) (6e°y—X) =0 then

34 \/E,\/E\/E ....arein

A) A.P. B) G.P. C) H.P. D) A.G.P

35, 1im[ JAAA + [AAA + (AAA n terms | is
o(2) 03z ECIT

1
36. Iim{e ﬂ+e \/E+e \/E+ .......... n terms] is

n—oo

11
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-1 -2
A)e ¢ B) {e* 1} Qe D) [e93 1}

Key:  34-C, 35-D, 36-B
Hint: 34-36

\/Kz(%j %3@@@ ...... are in H.P.
CAA A fe) 1 _ifey[ 1 1
) AMAQ—(”) r(r+1)(r+2)_2( M }

7)|r(r+) (r+1)(r+2)

nN—o0

—hmZJAAmAm ( jlz i(e] =eﬁ—e(3]“_£e;J =K

n—oo

3 -1

1 5

- limY k" =——=(k-1"=|e” -1
R G

Paragraph — 13

Let the curves Sliy=X2, Sziy:—xz, 83:y2:4x_3

37. Area bounded by the curves Sl, 82,83 is

4 8 1 1
A) =squ B) . —Sq.u C) —sq.u D) =sq.u
()3q ()3q ()6q ()3q
38. Area bounded by the'curves Sl, 33 and the line X=3 is
13 5 8 7
A) —sq.u B) —sq.u C) =squ D) —sq.u
()3q ()4q ()3q ()4q
39, Area bounded by the curve 33, y <-1 and the line x=3 is
/ 11 9 13
A).—=sq.u B) —sq.u C) —sq.u D) —sq.u
()3q ()3q ()2q ()4q
Key: D-A-A

Hint: 37, 38, 39

12
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37. Area OAB
243

38, Area APQ =i(x2 - J(4x=3) ) ox

Wk

39. Area BTR = Area of rectangle LMRT
—Area LMRB

-1 ..,2
B y° +3
—6—_[3 2 dy

Paragraph — 14
If f(x) is a differentiable function wherever it is continuous nd f’(c,) = f'(c,) =0.

f*(c,)-f"(c,) <0, f(c)) =5, f(c,) =0 and (Ci<Cy).

40, "1 (x) is.continuous in [c1, c2] and T ”(Cl) —f ”(CZ) >0, then minimum

number of roots of

f'(x)=01in[c,—Lc,+1 is

a)2 b) 3 c)4 d)5
41. Iff(x) is continuous in [c1,c2] and f"(c ) — f"(c,) <O, then minimum number of

roots of f'(x) =0 in [c,—1,c,+1] is

a)l b) 2 c)3 d) 4

13
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42. Iff(x) is continuous in [cy,c2] and T ”(Cl) —f ”(Cz) >0, then minimum number
of roots of f(x)=01in [c, —1,¢, +1] is

a)2 b) 3 c)4 d) 5
Key: C-B-A
Hint  40. f"(C)> f"(C,)
f"(C,)>0&f"(C,)<0

— At x=C; f has local minimum &
At x=C; f has local maximum

. £'(C) < 1'(C,)
£"(C)<0 & £"(C,) >0

— At x=C; f has local maximum &
At x=C; f has local minimum

42. Conceptual

Paragraph — 15

Let m,n be two positive real numbers and. define f(n)= I x"'e~*dx and
0

g(m,n) = i X" (1-x)"" X

It is known that f(n), for n>0 is finite and g(m,n)=g(n,m) for m,n>0
Answer the following .

m-1

X
43, ——= dx=
.(l).(l-l_ X)m+n

(A)g(m;,n) (B) g(m-1,n) (C) g(m-1,n-1) (D) g(m,n-1)

1 1 n
44, Ix”‘(loge;j dx =

f(n+) ot
A ey B e
f(n+1)

(D) g(m+1,n+1)

14
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1 Xm—l + Xn—l
45 m+n
o (1+x)
(A) g(n,m) (B) g(m-1,n+1)
(C) g(m-1,n-1) (D) g(m+1,n-1)
Key: A-C-A
Hint:

1 1 1Y
43. Putting log, — =t = x=e" :J'xm(k)ge_) dx
X 0 X
— je—mttn (_e—t)dt
0
— ]‘itne*(m{L)tdt
0

= Ln +1|t"e'dt

m+1 5
_ f(n+1)
44 Izjxm_lJr)r(n:ldx:j xm_lmmdx+j‘4dxn_lm+n X
o (1+x) 2 (1+x) o(1+x)
=1 +1,
1

t
1 m-1
X
= m+n dX
% (1+x)
1 Xm—l 0 Xm—l 0 Xm—l
I = I‘MdX‘FJ‘—mde = J‘4m+ndx = g(m, n)
o (1+x) 1 (1+x) 2 (1+x)
Paragraph — 16
A series of the form f(x)= ) + Zan CoSnNXx + an SiNNX is called Fourier series where ao,
n=1 n=1
a1,az,.....an, b1,b2 , ..bn are constants and the se coefficients are evaluated for
a+2rx a+2r
X €[, +27] using the formula ay =— J. f(x)dx,a, =— I f(x)cosnxdx and
T T
[04 o

+2
I f (x)sinnx dx Let us consider f(x) =x+x? for -7 < X< 7, then
o
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46. The value of ag is
A 272 8) 4r° q o) 372
3 5 " 2
47. The value of a, is
A(-)" 2(-1)"
T T 4 T
2
T
48. The approximate value of ? is given by
1 1 1 1 2 2
A1+ +—=+—+...0 B)2———+—-———F+...0
1 2 2 2 2 2
O2+=+—+—+...0 D)2——+——=—F....0
Key: A-A-A
Hint:
b1 3 2
46. a0=£jx+x2dx=zxn—=2i
T T 3 3

-7

47. a, :%]E(X-FXZ)COSI']XdX:iZ(—l)n
T

-7

2 w (_ n w (0 n+1
48. x+x2=”—+4Z@.cosnx+22(l—sinnx
3 n=1 n n=1 n
2(_1)n+1

Here b, =

n
Putting x=rx

2
T+l :”—+4{1+i2+i2+..}
3 2° 3

Putting” x= —z

2
— T :ﬂ—+4{1+i2+i2+..}
3 2° 3

2
Adding 7° :7[—+4{1+i2+i2+..1
3 2 3
? 1 1 1

— =1+t =+ =+ e
6 22 3¢ 4

Paragraph — 17
Differentiate | w.r.t. the parameter within the sign of integrals taking variable of the
integrand as constant. Now, evaluate the integral so obtained as usual as a function of the
parameter and then integrate the result to get I. Constant of integration can be computed
by giving some arbitrary values to the parameter and the corresponding value of I.

16
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x* -1
log x

dx is

1
49, The value of I
0

a) log(a-1) b) log(a+1) c)alog(a+1l) d) None of these

T

2
50. The value of Ilog(sinz 0 +k*cos*8)dd, where k>0, is
0

a) wlog(l+k)+zlog2 b) zlog(l+k)
c) mlog(l+k)—log2 d) 7log(l+k)—log2
Todx b T dx .
51. If = ,then the value of | ————— is
-c[(a—cos X) Ja?-1 ;[ (+/10 —cos x)?
a) Z b) 7—7[ c)7—7r d)None of these
81 81 162
KEY : B-C-C
HINT: 49.
1 a
let 1(a) = [~ L ax
2 log x

Diff w.r.t. a keeping x as constant
d 1

—1(a) = | x*dx

—1@ j

1

Ta+l
Integrating.both sides w.r.t a
I(a)=log(a+1)+C
I[(0)=0=¢C=0

T

2
50. letf(K)= jln(sinz 0 +k?*cos®* 9)dé
0

(Ky=_—"_ -
f(K)_1+K & F(1)=0
f(K)=rxlog(l+k)—zlog2

51. =
1 a—CoSX +[a?_1

Diff w.r.t. a on both sides treating x as constant

][-dx T

17
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T

—ra
_J' -

(a- cosx) (a® —1)2

Again diff w.r.t. a tertiary x as a constant
2
ZJ' 7Z'(1+ 2a%)

5
(a—cos x) (@’ —1)2

Paragraph — 18
If f(x) is discontinuous and not having same definition between a and b, then we must-break the
interval such that f(x) becomes continuous and having same definition in the breaking intervals. Now,

if (x) is discontinuous at X =Cc(a<c<b), then I dx j dx +J. dx and

also if f(x) discontinuous x = a in , then we can write

j X)dx = j (a—x)+f(a+x)}dx

0] x2+2 . .
52. J. 71 dX (where [.] denotes the greatest integer function ) is equal to
0| X°+

a)o b) 2 c)5 d) 10
Key. D

1,
53. IOSII'] ([X] + [ZX])dX (where [.] denotes the greatest integer function ) is equal to

) ] 3 sinl sin2
sin 1 b) SIN | — i d) ——
a) ) (2) c) 5 ) 3

Key. C

1 1
54, J. 1[‘Xud(l ~x j (where [.] denotes the greatest integer function ) is equal to
- + €

a)-3 b) -2 c)-1 d)o
Key. D

X2 +2 1
Sol. 52, % —; =1+ 5
X“+1 X“+1

=1+ proper fraction
2
. {X;Z}:l
X“+1
2
Then, J~10|:x2 + Z}dx = Ilol.dx =10
0l x“+1 0

53. jolsin([x] +[2x])dx = jomsin ([x]+[2x])dx + J‘lllzsin ([x]+[2x]dx)

18
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= 0+J.11/25in(0 +1)dx
sinl

2

(k) b )

=0+0=0

Paragraph — 19

Given : Lbf (x)da(x)+ Lboc(x)df (x)=a(b)f(b)-a(a)f(a)

55.

Key.

56.

Key.

57.

Key.

Sol.

3
jo (X2 -|-1)d[X] (where [.] denotes the greatest integer function ) is'equal to

)3 b) ) )17 d) 27

a = c —
2 2

C

3/4

j [X]d [ZX] (where [.] denotes the greatest integer function ) is equal to

U4

a)o b) 1 c) 2 d) 3

D

6
jo (X2 + [X])d |3 — X| (where [.] denotes the greatest integer function) is equal to

a) 36 b).72 c) 63 d) 126
C

55.  Here, f(%)=x"+1a(x)=[X]
= [ (3+2)d[x] + [ [x]2xdx =[3](9+1)-0
:>Jj(x2 +1)d[x]:30—2j03x[x]dx

=30- Z{Iso.dx + Jf xdx + Jijdx}

:30—2{0+g+5}

=30-3-10=17

so. [ (x* +[x]d[3-x()= [ (x* +[x])d(3-x) +[ (x* ~[x])d(x~3)

19
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:_Iszdx+j6x2dx—j3[x]dx +j6 X |dx

__{%3}}{ }3 [ Tx]x+ [ [x +3]dx

=—9+(72-9) j x]dx+jo[x]dx+3joldx
= 72-18+9
=72-9=63

Paragraph — 20

Compare the functions involved and accordingly split the given interval of integration.
! 3
58. jlmax{x,x }dX is equal to

a)1l/2 b) 3/2 c) 1/4 d) %
Key. C

T -
59. jo max {Sin X, Cos X JdX is equalto

) l- o) 1
V2 J2
c) \/5—1 d) \/§+1
Key. D

60. IO min{2sinx,1—cosx,1}dXx is equal to

a)E+2—\/§ b)5—n+l—\/§
6 6
c)E+2—\/§ d)E+1+\/§
3 6
Key. B

Sol. Conceptual

Paragraph — 21

Let £(x) =] hx) =] dx

e +4e2* 48"

900 =]

e* +8e +4e e’ +8e +4e

20
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61. f(x)—2g9(x)=

1, |e*+2e*-2 1 A 2\/_|
a) i@ 28 =2 B) —7=log
2 C|et 26" +2 43 e +2e +2\/_\
1 e —2e” 1 e +2e”
Q) tanl| =—=°  |+C D) =tan™| ———— [+C
5 ) (<)
Key. D
e* (e -2) _
Sol.  f(x)—2g(x)= j 8e2X+4dx put e* =t
2 te2
Y =5t Liant| —t |4
2
(t+ ] +4
t
62. f(x)+2g9(x) =
1 e* —2e™ 243 | 1 e —2e"
A) log B)——tan'| ———=— |+C
43 T |e* +2e +2\/_‘ 23 [ 243 J
C)Etanl(ﬂj+c D)EOQMJFC
2 2 4 e*+2e+2
Key. B
e*(e” +2) _
Sol. f(X)+29(X) J‘mdx put el =t
= dt = tan™ +C
J 2 23 243
t—— +12
t
1 f(x)-2
63. ~Let h(X)= log (x) J§+C,then f(logi):
8J3 T |f(x)+243
A) 1 B)8 C)4 D) 10
Key. B
1 dt 2
Sol. h(X) —E‘[m where t=¢

Paragraph — 22
If f(x) and g(x) be two functions, such that f(a)=g(a)=0 and f and g are both

differentiable at everywhere in some neighborhood of point a except possibly 'a’'

21
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- f(x
Then lim——= A =lim ( ;, provided fl(a) and §'(a) are not both zero

X—a g(x) X—>00 gl(x

IX sin/tdt

0—3 is
X

64.  The value of lim

x—0

A. 0 B.2/9 c.1/3 D.2/3
Key. D

ol y j: sin~/tdt
ol. im————-—-

x—0 X

. Sin X.2x
=lim——
x>0 3x

X t2 2
. e
The value of lim-————s

o _[ Oeth dt

A.1/3 B.2/3
C.1 D. None of these

Key. D

X 2 2
{I e' dt}
sol.  lim~=% L

X—>00 J‘ertz dt
0

ﬁm@%%WJ)

X—> eZXZ

_“mzje dt

X—>0 eX

2
. 2¢" 1
=lim ~=lim==0
X—>00 2X€X X—wo X
I xdx
66.  The value of lim=2— js
t-0 tsint

22
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D.0O

A. C.

w
w |-
N |+~

0O~

Key.

t
xdx 2
sol. |imI°_—=|imt_/2=1|im_L=3.1:3
-0 tsint t=0tsint 2 t0sint 2 2

Paragraph — 23

Tf (x)da(x) +.Ta(x)df (x) = a(b) f (b) —(a) f (a)

3
67. I(xz +1)d[x] (where [.] denotes the greatest integer function ) is equal to
0

A.3 9 27
B 2 c. 17 N <7
2 2

Key. C
68. 3

'[[| X[]d | x| (where [] denotes the greatest integer function) is equal to

-2

A.0 B.1

C.2 D. None of these
Key. C

sol.  67.Here, f(X)=x*+1a(x)=[X]

j:(x2 +1)d[x]+ j'[x]Zxdx =[3](9+1)—-0
= i(x2 +1)d[x] =30~ ij[x]dx
=30- Z{jo.dx + j'xdx + j:2xdx}

=30—2{O+§+5}

=30-3-10
=17
68. j [ x1d | x|= j [-x]d (—X) + j[x]dx
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= _}[—x]dx + _3[[x]dx
= .T[X]dx + JB'[x]dx (by property)
= _j[x]dx + T[x]dx + j[x]dx

= j.[x]dx = Tz.dx =2(3-2)

=2
Paragraph — 24

Let f :R— R be a differentiable function such that f (X)=x° +J‘e_t f(x—t)dt.
0

69. f(X) increases for

A x>1 B. X<—2 C. X>2 D. None of these
KEY. B
70.  y=f(x)is
A. Injective but not surjective B. surjective but not injective
C. Bijective D. Neither injective nor surjective
KEY. B
71. !
The value jf (x)dx-is
0
1 1 5 12
A — B. —— C. — D. —
4 12 12 7
KEY...C
X
f(x) = X2 +je-t f (x—t)dt
SOL.  69TO 71. 0 @

=x? +.X[e‘(x“) f (x—(x—t))dt
[Using _Tf (x)dx = jlf (a+b—x)dx]

=x*+ e‘xie‘ f (t)dt(2)
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Diff. w.r.t. ® we get

= f(x) = 2x—e-Xjet f (t)dt +e%e* f (x)
0

= 2x-e-Xjel f (t)dt+ f(x)
0

— 1 — 2
=f (X) =2X+X [using equation (2)]
3

= f(x):%+x2+c

Also | (0)=0

[from equation (1)]

= f(x):)§+x2
= f1(x) = x* +2x
= f(x)=0

has real roots, hence F() is non-monotonic.

Hence, F(x) is many-one, but range is R, hence surjective.

1 1 X3
f(x)dx = [(=+x*)dx

JTeoa=6

xt T
2 3
1 1 5
_+_ —_—

12 3 12

|

Paragraph — 25
72
f(x) =sinx+ j (sinx+tcosx) f (t)dt

—rl2

72. Therangeof f(X) is

&)

2.2

{ \/g \/g} D. None of these

KEY._ B
73 f(X) is not invertiable for

A X€E {—E— tan"2,~ —tan™ 2} B. X€ [tan‘1 1 ,T+tan™ E}
2 2 2 2
C. xe[m+cot2,2r+cot™2] D. None of these
KEY. D
74. 712

The value of I f(x)dx is

0

A.l B.-2 C.-1 D.2
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KEY. C
712 72

f (x) =sin x+sin x j f (t) + cos x _[tf (t)dt

SOL. 72TO 74. -7l2 )
712 zl2

=sin x(1+ j f (t)dt) + cos x j tf (t)dt
-zl2 —rl2

= Asin x+ Bcos x

rl2
A=1+ j f (t)dt

Thus, l2
zl2

=1+ J (Asint+ Bcost)dt

-zl2
zl2

=1+2B j costdt
0

=A=1+2B

7l2
B= j tf (t)dt
—zl2
l2

= j t(Asint+ B cost)dt

-l2
zl2

=2A_|'tsintdt
0

= 2A[-tcost +sint]"
= B=2A(2)

From equation (1) and (2), we get
A=-1/3,B=-2/3

= f(X) :—%(Sin X+ 2C0S X)

Jgﬂ

Thus, the range of f(x) is| =—,—
3 3

f(x) :—%(Sinx+2cosx)

NG

:—?sin(x+tan*1 2)
:—ﬁcos(x—tanllj
3 2

¢ T oxstant2<t
(%) is invertible if 2

— -7 tant2<x<Z_tant2
2 2

1
O<x—-tan'=<nr
Or 2
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1 1
Stant=<x<z+tant=
2 2

Or

7r£x—tan1%£27z

= Xe[r+cot™2,2zr+cot™ 2]

zl2

0

= —%[—cosx+23in XI5

=-1

72

I f (x)dx = —% j (sin x+ 2cos x)dx
0

72

Paragraph — 26

75.

Key.

76.

Key.

77.

Key.

Sol.

Let f (X) be a continuous function defined on the closed interval [a, b] ,then

Iimnz_::% f [%):j: f(x)dx.

n—oo
r=

1 n? n? 11
The value of lim< =+ 5+ 7+ N\ +— "t is
=N (n+1)” (n+2) 8n
A) 5/4 B) 3/4 C)5/8 D) 3/8
D
n r 1/n
The value of lim 1+— is
ﬂ—)oo{]':jl( nj}
A)3/e B)4/e C)1/e D) 2/e
B
1/n
The value of lim{tan (ijtan (2—7[) tan (3—7[) ........ tan (n—ﬂj is
n—o 2N 2n 2n 2n
A1l B)2 C)3 D) not defined
A
2 2
75: <=lim 1+ n 5+ n TR +i
=N (n+1)” (n+2) 8n
n2 I,.]2 I,.12 n2
=lim 5+ 5+ 3 + 3
=1 (n+0)" (n+1)" (n+2) (n+n)
n 2
=lim -
=120 (n+r)
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],
i

n 1/n
76. Let P:Ihn{II(L+£j}
n—oo n

=1

InP_hmzlln@+nJ

n—>oor1n

0| w

:Iln@+xﬁk

—-[xln 14—x)] :II:de

=In2- J(l———{%x

=m2—{x4nﬂ+x»2
=In2—{1-In2}
=In4-Ine
=In(4/e)
~P=4le.
Paragraph — 27
Let n be a non-negative integer and , Let |n = IX”\/&Z —x%dx (@a>0) we can find relation among

1
In, In—1, In-2. It can be observed that I; is elementary integration whose value is —g(a2 —X2)3/2 .

n-1 2 2\3/2
Iflz—x (a®—x°)

n

+a’Bl,_, where A and B are constants. Then

78. A must be equal to

(A) n#+1 (B)n-1
(Chn +2 (D) n
Key. C
79. B must be equal to
n+1 n+2
(A) (B) ——
n+2 n+1
n n-1
C) —— D) ——
()n+2 ()n+2
Key. D
80. The value of IX4\/a2 —x%dx must be
0
6 4
mTa (B) mTa
32 16
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6
(B) ma D ma
64 16

Key. A
Sol. 78,79, 80

Inzfx“Vaz—xzdx
= Ix”‘l(x\/az —x? )dx
apply integration by parts

1 n-1
I =—"(a*=x 3/2 n 1+ Xn—2 a2_x2 S/de
=5 @ =x) —3 [x 2@ -x%)

1, 3/2 yn-1 ( N 2\/ \/ 2 2)
=—=(@°"—x X + a — X )dx
5@ =) . =]
1 n-1 n-1
In =__(a —X )3/2 n-1 —az|n72——|n
3/2 nl
-X n-1
= I, = (@ -x7) + azln_2
n+2 n+2
n-1
= a=n+2, B=
n+2
if Inzjx” a® —x*dx
0
n-1)\ ,
= | =|——a'l__
" (n+2) -2
3 2
= I, =—a"l
4 6 2
1,
= I, =—a"l
2 4 0
ra’
= I, =
4
3 1 m g nal
= I, ==x—x=a"=—
6.4 4 32
Paragraph=.28
A series of the form EJrZan cos anLZ:bn sinnx is called fourier series where ao,
n=1 n=1
a1az,.....an, b1,b2 , ..bn are constants and the se coefficients are evaluated for
a+2rx a+2r
X € [, +27] using the formula 8y =— J. f(x)dx,a, =— I f(x)cosnxdx and
4 o T a
a+2r
b, =— I f (x)sinnx dX Let us consider f(x) =x+x?for - 7 < X< 7, then
4
[04
81. The value of ag is
) 272 b) Az ) Q) 372
a) —— e c)x P
3 5 2
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Key. A
82. The value of anis
4(-1)" 4
a) 5 b)—2
n n
Key. A
2
83. The approximate value of ? is given by
a) 1+—+ L +—+...©
2 g2 2
2
O2+_-+-+—+..©
4
Key. A
17 2 ©° 2r?
Sol. 8L ag == [ x+x%dx="x—="—
I T 3 3
—T
17 4
82.a, == (x+x2)cosnxdx=—2(—1)n
T T

2

2 o (__ n 0
83. x+x2=%+4z( 1) .COSNX+2)
n=1

2(_l)n+l

Here b, =
n
Putting x=rx
2
1 .1
r+mt="14 I+ 4 S
3 2.3

Putting x= —r

2
—7+ 7’ :E—+4[1+i2+i2+..}
3 2° 3

2
Adding 72 =21 4 1+i2+i2+...
3 2° 3

Paragraph — 29

(_1 n+l

2(-1)" 2
c) d)—
n n?
1 2 2
b)2—-—S+—-———+
22 3 43
2 2 2
d)2—3—2+5—2—7—2+
sinn x

Let f(x) , is a quadratic expression with positive integral coefficients such that for every

X, % €RX <X, [ (x)dx>0. Let g(t)=f"(t) f(t)and g(0)=12.if

f(x) = 0 has no real roots, then

84. The possible number of such quadratic expression are

a)4 b) 8 c)12 d) 16
Key. D
85. The minimum value of f(1) is
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a) 4 b) 6 c) 8 d) 10
Key. B
86. The maximum value of f(1) is

a)5 b) 7 c)9 d)11
Key. D

Sol.  84.85.86.Llet f(X)=ax’+bx+c

Given [”  (x)dx > Ofor all x>0

So f (X) =0 has no real roots.

Now g(0)=f"(0) f (0)=2ac =ac=6.

** aand care the integers, so the possible valuesarea=6,c=1,a=1,c=6,a=2,¢=3
,a=3, c=2Again b’ <4ac or b*<24.s0w canbe 1,2, 3, 4

inall 4x4 =16 such quadratic are possible Now f (1) =a+b+C then
Max. value of f (1)=7+4=11
And min f (l) =5+1=6.

Paragraph — 30

Let A. (reN) be the area of the bounded region whose boundary is defined by
(6w ry? —x) (6e%y —x) = 0. Then

87. \/A_,\/A_,\/A_3,....arein

(A)A.P. (B) G.P.
(C) H.P. (D) none of these
Key. C

g8, Lim| JAAA, +(AKA, +[AAA, +.....n terms | s

n—oo

) 1(eY
A)|— B) =| =
()m ()z(nj

1(eY 1(eY
(C) 5(;) (D) Z(;j

Key. D

1 1 1
89. limle ¥ 1e ¥ 1o & 4 n terms |, is

nN—oo

3 ] -1
(A) e (B) {ees —1J

27 fr3 E
Ce < (D) (ees —1J

Key. B

31



Mathematics Definite, Indefinite Integration & Areas

3
Sol.  87. JA, =(E) % , So
T
JA,, JA,, JA , ... arein H.P.

9 9
88. Ar-Arﬂ-AHz:(Ej _;:E(Ej_ 11
n) r(r+)(r+2) 2\ = rr+1) (r+1)(r+2)
o ————— 1(eY 1 1(eY
SO, Ilm AI"AI’+ 'AI'+ = —| — ,— = —
%Z_“ L 2(71) 1.2 4(7:)

1 - 3 1'[3 -
go. e n :e_@r =[eez] —k~

3
n

1
So, lim > k" =K =ki1 (e -1

r=1 1_

Paragraph — 31

Consider the functions defined implicitly by the equation y2 — 3y + x = 0 on various intervals in the
real line.

If x € (—o0, =2) U (2, o), the equation implicitly defines'a unique real valued differentiable function y
= f(x).

If x € (-2, 2), the equation implicitly-defines a unique real valued differentiable function y = g(x)
satisfying g(0) = 0.

90.  If f(-10v2) =242 . then f"(-10y2) =

) 2 @ -2
73.3? 7%.3?
o 42 o) 42
733 7°.3
Key. B
91. The areaof the region bounded by the curve y = f(x), x-axis, and the lines x = a and x = b,

where —o<a<b<-2,is
b

dx + bf(b) —af(a) (B) _Im

e X
(A) jm dx + bf(b) - af(a)

b

dx - bf(b) + af(a) ® | 30073

o X
) jm dx — bf(b) + af(a)

Key. A
92. jg'(x)dx =

(A) 2g(-1) (B)O

(C) —2g(1) (D) 2g(1)
Key. D

32



Mathematics Definite, Indefinite Integration & Areas

Sol. 90. Differentiating y> — 3y + x = 0 w.r.t. X,

3y2%—3%+120 or (3y2—3)%+1:0 (i)

When X =-1042, y = f(-10+/2) = 24/2 and % =f'(-10V2).
{3(2J2)? -3} '(-10y2) +1=0 . f'(-10y2) = ;—i

Again, differentiating (i) w.r.t. x,

dy d’y
6 3 =0
y[dj+(y )OI2

When X =-10v2, y = f(—1042) = 22, dy_f( 10J_)—2—1 d—y—f '(<104/2).

6.24/2. [;—J +3(24/2)2-)f "(-1042) =0

or %Jrzl.f"(—loﬁ):o
122 -a2
fr(—10y2) = — =232 - N2
(-10V2) (21)° 7°.3

91. Area = j f(x)dx = [f(x).x]° - j x.f'(x)dx

= bf(b) — af(a) - j X, dy, by (i) above

mdx + bf(b) - af(a)

m'—;c‘

92. g'(x)= ﬂ 2 _—1 .. g'(x) is an even function.

dx T 3{(F()* -1’
j g'(x)dx = 2j g'(x)dx = 2[g(3)]§ = 29(1) - 20(0) = 29(1).

Paragraph —32

Consider a polynomial of f (X) which satisfies the following conditions
1

(1)1 (x)=(f (%)) v (ii)] f (k=1 (iii) 1'(0)>0
0

93. The function f (X) can be

(A) a linear function
(C) a cubic function

B) a quadratic function
D) any polynomial of even degree

(
(

Key. B
94. The value of f'(O) is

1
(A)O (B) n (C) (D)1
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Key. D

95. The function f (X) is
(A) Even function (B) Odd function
(C) Neither even nor odd (D) May be either even or odd

Key. C

Sol. 93. On differentiating a polynomial of n" degree, we get another polynomial of (n —1)th

degree.
- f(x):(f'(x))zz n=2(n-1) =n=2
94. Let f(x)=ax®+bx+c f'(x)=2ax+b
= f(0)>0 = b>0
Also f(x):(f'(x))z:>(ax2+bx+c):(2ax+b)2

= ax? +bx+c=4a%x? + 4abx +b?Vx

—a=4a’ b=4ab c=b? :a:% (- b=0)
1
_ff(x)dx=§
) 12
= E+E+c:g = b=1 c=1
3 2 12
= f(0)=b=1

X2
95. f(x):7+x+1

Paragraph — 33

Let f (X) =sin 2x.Sin (%COS X) and g(x)= LX) then answer the following
T

2X—
%. [g(x)dx=
0
8 16
(A)O (B) — €) — (D) —
V3
Key. A
97 Ix g(x)dx =
0
8 16
(A)O (B) — €) — (D) —
V3
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8

(A)O (B) —
Vd

Key. B

. . VA
2 SIn 2xsm(cos xj

%. | = |

(027z —2x)sin [ZCOS(ﬂ' — x)}
2(r—x)-7

(Zcos x)

(7 —2x)

I =1=0

dx

Sol.
2X—1

2 Sin
dx

Il
O

L sin2xsin

| I
| o—

. . VA
2 XSIn 2xsm(2cos xj

=&
(7 —x)sin(27z— 2x)sin(72rcos(7z— x)j

dx

97. 1 =

s

dx

-]

(7[— x)sin 2xsin (Zcos xj

2T —2X—1

dx

T—2X

ot—3

16
2l =—
e

I +1 :Isin 2xsin(%cos xjdx
0
8.

= | =
72_2

Paragraph — 34

We know that.for a continuous function f in [a,

b

||m2hf (a+rh)=[f(x)dx, h=0-a

n—o n

2[5

Q.)

a

:>I|m

n—o0

On puttinga=0, b :1

evaluate limits of the form Ilm[;/il(n)+¢2 (n)+

express the I'" term as ¢, ( )=— f

ImZbyJAIsohmZ ( j

F

j f (x)dx

0

b]
1
j f X)dx . This formula enables us to
0

+¢, (n)] . To evaluate this limit we

r 1
j and then replace — by x, — by dx. And
n n
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. 1? 2° 1
99. lim + F e +—|=
n%{f +n® 2°+n Zn}

(A) %IogZ (B) %Iogz (C) log2 (D) 1/2
Key. A
1/n
100. lim (1+3j(1+3j ....... (1+5ﬂ _
n— n n n
2 e 4
(A) o (B) - (C) — (D) p
Key. D
2
101. Iim{izsec2 [%)+%sec2 (2—2} ......... +Esec21}=
nso| n n n n
(A) tanl (B) 1tanl (C) 1secl (D) Ecsel
2 2 2
Key. B
n r-2
Sol. 99-101. lim
° n%; r*+n’
1 (r/n)

Paragraph — 35
Integralsof class ‘of functions following a definite pattern can be found by the method of
reduction and recursion. If the integral of member of the class having positive integral power
can be found-then the other members of the class can be found by successive application of
the.recursion formula. In case of definite integrals, the limits can be put in the portion which
has been integrated. While deriving a recursion formula, we integrate by parts and try to bring
back-the original integral.

For example, let I, = [(sinx)"dx

Then 1, = I(sin x)"" sin xdx

=(sinx)"" (~cosx)— I(n ~1)(sinx)"* cos x (—cos x )dx
=—(sinx)" " cosx +(n —l)f(sin x)"* cos®xdx
=—(sinx)" " cosx +(n —1)J'(sin x)" (1-sin® x )dx

=—(sinx)" " cosx+(n-1)1,_, —(n-1)I,
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= nl, =—(sinx)"" cosx+(n-1)1,,
(sinx)""cosx n-1
= In == + In—2
n n
Which is the required reduction formula. If I, and 1, are known all I’s can be
determined.
Indeed

I, =x+c and |, =-cosx+c

Key.
n _ n m+1
102. If 1, = [X"(1-X)"dX then 1, _ (X)X
' m+1
n m m
(A) mlmﬂ,n—l (B) mlmﬂ,n—l (©) mlmﬂ,n—l (D) none of
these
Key. A
103. If Im'n='fxm(|nX)ndX where m and_n “are’ positive integers, then
m+1
|- Inx)" =
mn m+1( )
n m n
(A) mlm,n—l (B) mlm,n—l (©) —m—+1|m,n4 (D) none of
these
Key. C
104. Iif 1,,,= fCOS”’2 xsinnxdx ‘where n > 2 be a positive integer then
cos"2 X cos nX
In—2n+—:
' 2(n-1)
=2 n-2 n-2
A) o I B) — % | c) —I . D) none of
(A) 2(n=1) " (B) 2(n=p) "o ©) (g el (D)
these
Key. B
Sol. 102 (A)
1
I =[x"(1-x)" . Xl .
mn ! (1-x) =(1-x) X (1-x) t x™dx
I I m+1 ‘m+1
1_ n ., m+l
Imn =( X) . + n m+1,n-1
' m+1 m+1 '
103.  (C)
5 . Xm+1 n(lnx)“’ Xm+1
I =|x".(Inx) = (I — ) d
mn J. (Inx)" = (Inx) m+1 I X m+1X

n . m+l
=(Inx) x . J‘(Inx)H.x”‘dx
m+1 m+1
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104.

n
|- Inx)" =— I
mn m+1( ) m+1 ™"
(B)
Ihon= J'(cosx)”_a.(cosx.sinnx)dx
1
= In—2,n :E[In—&nﬂ + In—3,n—lj| (1)
_, _ COSNX s . COSNX
I, =—C0s"”X _[(n—z)cos” ¥ xsinx. dx
’ n n
cos"?xcosnx n-—2 s
== - .[cos X Sin X cos nxdx
' n n
cos"2XCOSNX N—=2¢ .5 (. .
=— - jcos x.{sm(n +1)x—sm(n—1)x}dx
n 2n
_ cos" % xcosnx n—2[I ]+n—2 | )
n Zn n-3,n+1 2n *"n-3,n-1

Adding (1) and (2), we get

o __Cos"*xcosnx 1 n-2] o J1, n-2
n-2,n n-3,n+1 2 2n n=3,n-1

n 2 2n
_ —c0s"% X cosnx . I s o nl(n —1}
n n n
n-2
cos"2xcosnx by gnae (=I5,
n|n_2,n=— 2 + n32nl+ 2n 3,n-1 (3)
Now, (3) — (1) , we get
cos" % x.cosnx n-1 1
In—Z,n(n_l):_f In3,n1(T_§j
cos"™?x.cosnx (n-2
(n_l)ln—z,n =" 2 +( 2 jlns,nl
L - cos”‘zxcosnx+ n-2
n-2,n 2(n_1) Z(n_l) n-3,n-1

Paragraph=.36

105.

Key.

106.

Key.

107.

n

X
Lety?=3x*+2x+1, I,= I—dX,then alio+Bla+ylg=x"y.

y
a =
(A) 30 (B) 19 (C) 10
(A_) 30 (B) 19 (C) 10
’Y =
(A) 30 (B) 19 (C) 10

(D)9

(D)9

(D) 9
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Key. D
d
Sol.  105-107. ox™ + Bx® + yx® —y?9x® =x% dy ( y—y =3X +1j .
dx dx
ax®+Bx? +yx® = (3x®+2x + 1) 9x® + x* (3x + 1);
0=30;B=19,y=9.

Paragraph — 37
Let f (X) be a continuous function defined on the closed interval [a, b] , then

Iimnz_::% f [%):j: f(x)dx.

n—oo
r=

2 2
108. The value of lim l+ n 5+ n TR +i is
=N (n+1)” (n+2) 8n
(A)5/4 (B) 3/4 (C)5/8 (D) 3/8
Key. D
n r 1/n
109. The value of lim 1+— is
n—)w{g( n)}
(A) 3/e (B) 4/e (C)1/e (D) 2/e
Key. B
] T 2 3r nz v
110. The value of lim<{tan| — |tan| =—{tan}—1........ tan| — Is
n—w 2n 2n 2n 2n
(A1 (B) 2 ©)3 (D) not defined
Key. A
Sol 108. (D)
1 n? n? 1
lim<—=+ TNON NS T —
e (ndl)(n+2) 8n
n? n? n? n?
= [j + 3 + 3
=1 (n+0)" (n+1)" (n+2) (n+n)
n 2
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109. (B)

1/n
. n r
Let P=| 1+—
i T{1+ 7
InP_IlmZ—In(H j
n

insar=gl
:I In(1+x)dx
—[xln (1+x) } I 1+x
=In2- J(l——]dx

=In2—{x—|n(1+x)}2

:In2—{1—ln2}
=In4-Ine
=In(4/e)
P=4/e.
110.  (A)

Paragraph — 38
If [u()v(x)dx =u(x)[v()dx | {(%u(x)j [ v(x)dx}dx , then

. X
111. jsmxlog(cot—jdx is equal to

2
X . X X
(A) —cos xlog cot—j—Iog(3|n—)+log(sec—j+c
2 2 2
§j+log(tan§j+c
2 2

cot
X . X X
—cosxlog| tan— |-log| sin— |—log| sec— |+C
QA g( 2j g( 2) g( zj

(D) —sinxlog (cotgj +cos xlog (tan gj +C

(B) —sinxlog

Key. A
112. j 3*(g'(x)+g(x).In3)dx is equal to
A) 3'g(x)+C ®) 3'In3g(x)+C
© 9% c (D) 3 +g(x)+C
n3
Key. A
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cosd+sind
cos@—sind
cos@—siné
cosd+siné
cosé +siné
cosd-sind
cos@—siné
cosd+siné
cosd+siné
cos@—sinf

113. J'coszelog( jd@ is equal to

1

(A) %sin 26 log —Elog|c0329|+c

1

(B) %sin 261og +§Iog|c0526?|+C

(C) %sin 20log

+%Iog [sin20|+C

(D) %sin 20109

—%Iog|sin 26|+C

Key. B
Sol. 111. (A)

Isin xlog (cotfj dx =log cot X (—cosx) —J‘LX (—cosec2 Ej.l (=cos x)dx
2 2 cotE 2).2

2 X ., X
(cos = —sin 2) y 1 x 1 x
- x dx:—cosxIog[cot—j—j—cot—dXJrJ'—tan—dx
ZcosasinE 2 2 2 2 2

X
=—CO0S X Iog(cotzj—j

+log +C

X
sin—
2

X
=—cos x log (cot E) —log
112. (A

X
Sec—
2

_[3* (9'(x)+9(x)In3)dx = 3xjg '(x)dx—j(BX In 3_[g '(x)dx)dx+_[g(x)3X In3dx =3"g(x) +C
113. (B)

Icos 201og (Wjd@
c0sd —sin @

; i i 2 ; 2
=Iog(congrS!ngjfcoszede—J. (cose s!nej(cose sin @) +(_cosé;+sm6’) IcosZ@dH 9
cosé—siné cos@+sind (cos@—sin @)

sin 20 cos@+sing sin 260 cos@+sin@) 1
> lo : log) ———— |+=log|cos26|+C
2 cos@-siné@ cos@-sing ) 2

j—jtan29d9=

Paragraph — 39
If f(x) is a periodic function with period T, then
a+nT

T
(a) I f(X)dX=nIf(X)dX, where n e I
0

a

nT T
0 [ f(x)dx=(n-m)[f(x)dx, where n,me1
mT 0
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b+nT b
© j f(x)dx=jf(x)dx, where n e |

a+nT a

TT X
114. If f(x) is given to be an odd function in {—E, E} and has a period equal to T, then If (y)dy
a
has a fundamental period of

AT (B) 2T
(C) 3T (D) 4T
Key. A

nn+v
115. I |sin X|dX is equal to (where n is positive integer and 0 <V < 1)
0

(A) 2n+1-cosv (B) 2n+1+cosv
(C) n+l1-cosv (D) n+1+cosv
Key. A
116. Let T >0 be areal number, suppose f is a continuous function such'that for all x € R, if f(x+T)
T 3+3T
= £(x), If I = [ (x)dx, then the value of | f(2x)dx 'is
0 3
3
(A) EI (B) 21
©) 3l (D) 6l
Key. C

Sol. Conceptual

Paragraph — 40
In the adjacent figure,.the graphs of Y If(X)and y = sin x are given. The graphs of two

equations intersect at P(a,f (a)),Q(TE, O)and R (27[, O)

Let 31,82 and 53 represent areas bounded by the curves Y = f (X) and y = sin x between

x = 0land'x ='a; between x = aand X = 1t and between X = 1t and X = 27T respectively.

[tis given that S=1—sint + (t —1)COSt Y t<a represents the area bounded between
y=f(X)and y =SINX
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R L
21 -
y=sinx
117. Thevalueofais
a) : b) T c) 1 d) é
4 3 2
Key. C
118. The value of SZ —Slis
a) © b) m—1+sinl ) 1-sinl d m—2
Key. D
119. The area 83 isequalto____
a) 3m—2 b) 2(m—1) P TT— 2 d 4—mn

Key. A
; 1o,
Sol. 117-119.Szl—smt+(t—1)cost=jo{smx—f(x)}dx
Different w.r.t t we get
f(t)=tsint=f(x)=xsinx
Now solving f(X)ZXSinXand yZSinX,we get X =lornm,nel =a=1

Thus S, =1-sinl
Also S, :j (xsinx —sinx)dx =[-xcosx +sinx+cosx] =n—1-sinl

SSy=8 =2

Further,

2t , . .
S, :j (sinx —xsinx)dx =31 -2
Paragraph — 41
A curve y = f (X) passes through (2,0) and slope of tangent at any point P(X,Yy)on the
(x+1)?+y-3
x+1
120. Thecurveis

curve is , then
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a) a parabola b)a circle c) an ellipse d) a hyperbola
Key. A
121. Area bounded between y =| f (X)[, x-axis and |X| =3
62 52
a) 20 b) 21 c) — d) —
3 3
Key. C
122. The number of points at which Yy = X| f (X)| is not differentiable is
a)l b) 2 c)0 d)3
Key. A

Sol. 120to 122

Givenﬂ—i=x+l— 3 :>y( ! jz.[ 1- 3 > |dX
dx x+1 X+1 X+1 (x+12)

= y=(Xx+1)(x+c)+3 But (2,0) lies on this curve

-.c=-3 Hence curve is Y = X° —2X, a parabola

Area bounded by y = ‘XZ —ZX‘, X—aXiS,|X| =3is

0 2 3
= L}(x2 - 2x)dx+J'0 (2x— xz)dx+J.2 (x* —2x)dx = 624.3.

Paragraph — 42
If the integrand is a rational function of x and fractional power of a linear fractional function of

the form then rationalization of the.integral is affected by the substitution

cx+d

ax+b ax+b
=1", where mis l.c.m of fractional powers of

cx+d cx+d

1/2
123. HI:j(ézxgﬁg 1dxz
X — 4

3 32 3T ax -9 a9 (2x-3)" +9(x) |,

g(x) is equal to

a)tan‘l(ZX-—B)l/6 |o)tan‘1(2x-—3)1/6
g3tan*(2x ~3)" 0 4(2x-3)"
Key. A
124. If | :J. :jX - =A X—_l + C then Ais equal to
Jx-1f +(xv2y  Vx+2
) 1 b) g ) § d) =
73 3 74
Key. D
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dx 1+Xx
125. If | =J. - == K3 + Cthen K is equal to
Jx+1) (x-1) 1-X
) 2 b) 3 ) L d) !
a) — — C) — -
3 2 3 2
Key. B
X+2
Sol. 125. Put =t
x-1
126. Put XH':t3
1-Xx

Paragraph — 43
We can derive reduction formulas for the integral of the form

.[sin” XCIX,I'[F:IHn xdx,jsec” XdX ete. using integration by parts. In turn these reduction

formulas can be used to compute integrals of higher powers of Sin X, tan X etc.

. 1., . 8
127. |If ISII’] XdXZ—gSII’l X COSX + AsIn XCOSX—ECOSX+C then A is equal to

2 3
a) —— b) —=
15 5
4 1
) —— d) ——
15 15

Key. C

1
128. If jtan6 xdx = gtan5 X+ Atan®X + tan X — X + C then A is equal to

) 2 )2 p— d)
a) — y— C) — -
3 3 3 3
Key. D
129. If Jsec“ xdx :%tanf’x +Atan® X +tan X +C then A s equal to
) \ b) 2 ) L d) 2
a) — - C) —— —_
3 3 3 3

Key. B
. 2 .
Sol. 127.sin®x = (1—cos2 x) sin x
128. tan®x = (sec2 X —1) tan* x
129. Sec® x =sec” xsec? x
Paragraph — 44

Integrals of class of functions following a definite pattern can be found by method of reduction
and recursion. Reduction formulas make it possible to reduce an integral dependent on the
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index n > 0, called the order of integral, to an integral of the same type with a smaller index.

Integration by parts helps us to derive reduction formulas

130. 1f | j ax then | 1—2n 1I i 't
) =|——— then —— — | _, isequal to
n 2 n+1 2 2 °n
(x* +a?) n a
) X 0 1 1 | 1 X "
a n 2 n-1 c 2 n
(x*+a%) 2na° (x> +a’) 2na” (x* +a’)
1 X
2 n-1
2na” (x4 )
Key. C
sin” X 4 n-1 .
131. ICOS » X then In,mmln—z,z—m is equal to
2 sin"* x b) 1 sin™x
cos™* x m—2. cos™*
1  sin"'x n=1-sin"*
C) m—1 d) m-1
n-1 cos m—1 cos
Key. B
132. If U, j\/—dx then (N +L)au,.,;+(2n +1)bu, +ncu, , isequal to
ax‘+bx+c
n-1 2 Xn_z
a) X" ax®? +bx +c b)
Jax? +bx +c¢
Xn n 2
c) \/2— d) X"vax? +bx +¢
ax“+bx+c
Key. D
secT?x n—1 ¢sec"?x
Sol. 130. 1 _ = —— — I ——dx
(m—1)cos™*x m-17cos™*x
__ “sec™tx n-1),
(m=1)cos™*x \m-1)" %"
131. Consider

Xn+l
U . = dx
' j\/ax2 +bx+c
1 x"(2ax +2b)—2bx"

2a vax® +bx+c

1 (2ax+2b) b,
" 2a \/ax +bx+c

:In——u (1)
a

dx
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X" (2ax + 2b)
Jax2 +bx +c¢

1
|n=;j

= z—la_[x” 2+/ax? + bx + cdx —_[ nx"12+/ax? + bx + cdx

X = n x”‘l(ax2+2bx+c)
—9\/ax +hbx+c aj '—ax2+bx+c

=al =x"vax’+bx+c-nau,,

Putting this value in (1)

au_, =x"yax’+bx+c—nau_, —2bnu, —ncu,_, —bu,
= (n+1)au,,, +(2n +1)bu, +ncu, , =x"ax* +bx +c

Paragraph — 45

selection of second function ‘v’
logarithmic, algebraic, trigonometric, exponent.

133.

Key.
134.

Key.

135.

Key.

Sol.

134.

If uand v are two functions in ‘x’

, then Iuv dx:ujvdx—j{g—z.[vdx}dx,

In applying the above rule, care has to be taken inwthe selection of first function ‘u” and

J-x—sinx dx —

1-cosx

X X
a) —xcot—=+c b) cot=+C
2 2

A
J.SGC_lx/; dx =
a) xsec ™ Vx.—log(1+x)+c

o) xsee/x ~a/x-1+c
c

usually we use the following order for the first function Inverse,

X X
c) —cot—+c d) xtan—+c
2 2

b) sec VX —tantx +¢c

d) xtanx —sec VX +c

/x /x X
b) a{tan‘l - —+tan‘1—}+c
a Va a
/x /x
d)tan™,[=—.[=+cC
a \a

sin X

X, 4 [x X 4 X
a) a —tanl,/—— Z+tanT = |+c
a a a a
X, 4 |X X 4 Ix
c)al=tan™ /—— —+tan1,/— +C
a a a a
C
X—sin x X
133. j— :I
1-cosx 1-cosx

Put X =sec’ @

_Il—cosx

dx = 1J‘xcsezi—jcotﬁdx
2 2 2

47



Mathematics Definite, Indefinite Integration & Areas

135. Put Xx=atan’d = dx =2atandsec? o

Paragraph — 46
Some times it is useful to write the integral as a sum of two related integrals which can be
evaluated by making suitable substitutions

2 2 2
AIgebraicTwins:j %X dx:IX +1dx+jx4—_idx
X+

x* +1 x* +1
2 x? +1 x? -1
dx = dx — dx
J-x“+1 -[x4+1 jx“+1

2x? 2
_ =2 _dx, |————dx
Ix“+1+ kx? X J.x“+1+ kx?

Trigonometric Twins: I\/tan x dx, I\/COS X dX,J‘ ! dX,I X dx

sin* X + cos* x sin®x.+cos®x

2
136, [—X 2 -
X

+x%+1
1 x?—x-1 1 X34+ x+1
a) —log|5——|+c b) = log|—5———|+¢
4 X +Xx+1 2 XS —X+1
1 x?+x+1 1 x? —x+1
C)—|ng—+c d)—|092—+c
4 X —xX+1 2 X°+Xx+1
Key. D
137, j%dx -
cos® X +sin® x
a) tan™ (tan x—cot x)+c b) log|tan x —cot X|+c
c) sin™ (tan x—cot x) +C d) cos™ (tanx—cotx)+c
Key. A
138. j(\/tan X ++/cot x)dx =
a) tan’l(\/tan X+ cotx)+c b) sin™ (sin X +cos x)+c
c) \/Esinfl(sinx+cosx)+c d) \/Esinfl(sinx—cosx)+c
Key. D

Xz(l—lzj 1_% 1
sol.  “136. X _dx = X" dx Put X+—=t
1 1)? X
xz(x2+1+2) (x+) 1
X )(2

137. Janx +Jootx )dx = [SMXHCOSX 0 byt sinx—cosx =t
I( ) j\/cosxsinx

Paragraph — 47

Integrals of the form I f(x), Jax® +bx+C are calculated with the help of Euler’s substitution.
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Jax’ +bx+c=t+x/a if a>0

Jax? +bx+c=tx++/c if ¢>0

Jax? +bx+c=(x—a)t if ax? +bx+c=a(x—a)(x— )
(e

8 dex:

[y (e |

(a) +C (b) +C
16 15
(x+\/1— X2 )15 (1+ N e )15
(c) ———+C (d) ————+C
15 15
Key. C
dx

e J‘(x—l)\/—xz +3x-2 B

(a) —2,/X;2+C (b) -2 X;2+c (c) 2,/1_—X+c (d) /X—_1+c
1-x Xx-1 X—2 X—2

Key. A
X +2x-1
1
() -—=—=+C (b) 2tan ! [ x+x? +2x—1)+c
\/x2+2x 1 ( )
|X +2X— 1+c (d) sin'l(x+\/x2+2x—1)+c
2\/' " —2x 11
Key. B
dt
Sol. 138. V1+X: =t--X=X+Nl+ X =t=>1+—— dx dt =

dx
T— . =
\/ 1+x> 1
15

| :jtl“dt:t—+c
15

1-x X_2t2+1 2tdt

139. Llet =X’ +3X—2=t(x—-2)=t= —X= VLU
(x=2) X—2 11 ey

I=It%dt:—%+c

t?+1  dx 1t*+2t-1 dt o
. t=x+x>+2x-1 X= =>—=—__— = =2 =2tan"'t
e = 2t+1) dt 2 (L+t)? J (L+10)

Paragraph — 48
Repeated application of integration by parts give us, the reduction formula if the integrand is
depend on a natural number n.

141, If 1, =Icos nx.cosecx.dx then I -1, _,=
2sin(n—1)x (b) 2cos(n—1)x

(@) n-1 n-1
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© 2cos(n—1)x ) 2cos(n+1)x
n n
Key. B
_ n-1
b = x"(1=x)""dXthen |, ——— 1. .=
182.1f 1= X" (1=%)"" dXthen Iy, e
Xm l—X n-2 Xm+1 1—X n-1
o AT oy =0T
m+n m-+n
Xm—l 1—X n-1 Xm—l 1—X n-2
o X 4=0T @ 4=
m+n m+n-2
Key. B
Xn
143. If |n=_[ - dX then (n+Dal ,+(2n+Dbl +nc l: , isequalto
Jax? +2bx+c¢
Xn—2
(a) X" yax?+2bx+c (b) =
ax“+2bx+c

n

X
(c) Xx"Vax?+2bx+c (d)
: Jax’+2bx+¢

Key. C
Sol. 141.let P=x""(1-x)""
((jj_P:_(n l) Xm+l (l X)n 2+(m+l)(1 X)n -1 ,m
X

=(n=1).A-x=Dx"(L—x)"?+(m +1)% o

=(n=1).1-x)"" X" = x?(n=1)(1<x)"? + (m+1) % .

dP

dx
Integrating

X"A-x)" =m+n)l, , —(n-D.1,,,

x"(2ax + 2b) — 2bx" dx — 1J- X"(2ax+2b) b b
2a

== S =V,
2a%.  \ax?+2bx+c

) S L D

Jax? +2bx+c @
=2i(x” 2\/ax2+bx+c—fnx”’12\/ax +2bx+c¢C dx)
a

n 2
au, =x"vax® +bx+c—nal _,—2bnl_-ncl

Paragraph — 49

3 2
Consider J.X +3X +2X+1dx=(ax2+bx+c)\/x2+x+1+iIL then

X2+ x+1 VX2 +x+1
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144. Value of b =

13 12 1
(a) o (b) T (c) 3 (d) 1
Key. A
145. Value of c =
-13 -7 -10
(a) e (b) >4 (c) N (d) 1
Key. B
146. Value of A
1 10 10
(a) 6 (b) 3 (c) 7 (d)*1

Key. A
Sol. 144to 146
differentiating both side

3 2 2
X +3x° +2x+1_ (ax +bx+C)(2X+1)+(2aX+b) [ X1+ 1

X2+ x+1 20X+ x+1 X2+ x+1

_ 6ax® +(5a+4b)x* + (4a+3b+2c)x + (c +2b+ 22)

) 202 +x+1

comparing coefficient of x on both sides:

Paragraph — 50

. R T
sin 2xsm(cos x)

Let f(X)=
et 109 2X—=7
147. j f (x)dx'=
0
8 8 16
A)O B) — ) — D) —
T T T
Key. A
148. j x f(x)dx =
0
8 8 16
A)O B) — ) — D) —
T T T
Key. C
149. j x*f (x)dx =
0
8 8 16
A)O B) — ) — D) —
T T T

Key. B
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Sol. (147 -149)
Let | = j f (x)dx
0
If f(a—x)=—f(x) then I =0

Also | :jf(a—x)dx
0
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Definite, Indefinite Integration & Areas
Integer Answer Type

X

1. Let f(X) be differentiable function such that f(x):x2+_[e"f(x—t)dt then
0
6 (1)=_
Key. 8

Sol. f(x):x2+je’tf(x—t)dt:x2+e’x_[etf(t)dt
0

0

= fi(x)=2x—-e~ (ex(f (x)—xz))+e‘x.exf ()

= flx)=2x+x*= f(x):%+x2+K

But, f(0)=0=k=0

4
f(l)=—=
v-3
—| loga
2. If the value of definite integral J.X-a ax where a>1, and [] denotes the greatest

1

e .
integer, is T then the value of 5[a] is

Key. 5
Sol. Letlog: =t=a'=x=dx=a'log:
1 1 2 _
~1=In aja aWaldt=In a_[a”dt el el Lk
5 0 2 2
3. If 1 :_[x(sinz(sin X)+COS2 (COS X))dX, then [I]z_, where [] denotes the greatest
0

integer function

Key. 4
Sol.

T

:]E = x)((sm (sin x))+cos (cosx) )dx:>2| 27zi sm (sinx) +c032(cosx))dx
0 0

= | = z{(sin*(sin x))+cos” (cos ) dx = [ (sin? (cos x) + cos® (sin x) ) dx

o'—.m\h\
O N | Y
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z
2
T

2
=2l IEIZdX3|=—
0 2

1
4. If I t*f(t)Jdt=1-cosx V xe [O,gj, then {f{gﬂ = ([] denotes the

Cos X

greatest integer function.)

Key. 5
Sol. Conceptual
5. Area bounded by 2 > max. {|x—Yy|,|x+Y|} is k sq. units then k =
Key. 8
Sol.  2>max.{|x—y[|Ix+yl}
= |Xx—y|<2and|x+Yy|< 2, which forms a square of diagonal length 4
units.
y
X+y=2 A x=y=2
B
Xx-y=-2 / Xty =-—
x’<\ /> X
0 2
4
v
f

1
= The area of the region is 2 x4 x4 =8 s(.units

This is equal to the area of the square of side length 2\/5.

6. The area bounded by the curves y=Inx,y = |n|X|, y= |In X|, y= ‘In |X” is
Key... 4

1
Soh Aren :4_[0|In x| dx

=—4jolln xdx

=—4[xIn x—x]t
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=4
7. Let f (X) =x*+3x+2 and g(x) is the inverse of it. The area bounded by g(x),

m
the x-axis and the ordinates at x= -2 and x= 6 is — where
n

mneN & GC.D of (mn)=1 then m-2=

Key. 7

Sol. The required area will be equal to area enclosed by y=1 (X) , the y-axis

between the abscissa at Y —2and y=6

Required area

= [[{6—f ()b [ [ F(x)=(-2) ]k

5zl4 \ .
8. The integral j M (l cost |Sln t+ | sint | COSt) dt has the value equal to
T

Key. O
nl2 7 ) , 5n/4 ,
Sol. 1= J. 2 sintcostdt + I{(—smtcost)+(smtcost)}dt+ J. —2sintcostdt
/4 b1
nl/2
nl2 5nld4
- J SIﬂtht—j sin 2t dt
/4 b
= 0.

2 2
9. Let ¥ is a differentiable function such that f '(X) =f (X)+I f (X)dX, f (0) = 4-e
0

then the value of [ f (2)] where [.] denotes the greatest integer < X is
Key. 5
2
sol.  Given f'(x)=f(x)+A where A:I f (x)dx

0
Solving — (1)
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f(x)= (ex —1)+ 4_;2

2
jf x)dx=A= =1 and A= -
0

10. If the area bounded by the curves y = -x* + 6x - 5, y = -x* + 4x - 3'and'the line y = 3x - 15 is

1—3, then the value of A is

Ans: 6
5 3
Hint:  Area= J.(6x—x2 -5) dx—_|.(4x—x2 —3)dx
1 1
r 73
3)dx|+ j (3x —15)dx| = —
4
11. The minimum area bounded by the function y=f(x) and y = ax + 9 (u€R) where f satisfies the

relation f(x +y) = f(x) + f(y) + y/f (X) Vx,yeR and f'(0) = 0 is 9A, value of A is

Ans: 1
Hint: £/0q = lim L XEMZFXH0) x)+f(h +h\/_f )-0F(0)

h—0 h haO
= lim W},/f(x)
)=f(X)

f(x)
jﬁd = dx
2\Jf(X) =x+c
f(x):I

when o = 0 area is minimum

9
required minimum area = ZJ 2\/ydy
0
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y3/2 9
= 4[—) =72 sq. unit.
3/2),

12. Let R ={x, y : x* + y?< 144 and sin(x + y) > 0}. And S be the area of region given by R, then
find S/9.

Ans: 8
Hint: x*>+y? <144andsin(x+y)=0 = 2nn<x+y<(2n+1)n;nel
Hence we get the area

n.144 S
S= = —=8
2 O
13. If the area bounded by [x] + [y] =nandy =k; n, ke N and k<(n+1) and [.] is greatest
integer function, in the first quadrant, is n + r, then find r.
Ans: 1

Hint: Area=n+1

14. Let «, f be roots of the quadratic equation 18x% - 97X + 72 =0, where a < . Also

f(x)= x? and g(x)=cosx: 1f the area bounded by the curve y = (fog) (), the vertical
linesx = a, x= f andx-axis is % then find the sum of the digit in A

Ans: 3

Hint: Let o, beroots.ofthe ...

(fog)(x)=f (cosx)= cos®

a, B:18x" —9rx+7" =0 :a—% ﬁ:%
7l3
Area = | cos® x dx = =
7l6 12
15. The minimum area bounded by the function y= f(x) and y = ax + 9 (aeR) where f satisfies

the relation f(x +y) = f(x) + f(y) + y/f(X) V¥x,yeR and '(0) = 0 is 9A, value of A is

Key: 8
Hint: 700 = im TOCEM=FE0) e 100+ £l +h\/_f )-0ff(x)
' X hﬁ h h»o
- L@(thff(x)
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f(x) = —
when o = 0 area is minimum

9
required minimum area = ZJ. 2\/ydy
0

3/2

9
= 4 y_ =72 sq. unit.
3/2),

16. Given that
Lysec’1 x dx = then J‘_lsec’1 X —tan (\/x2 —1)dx + J‘lysec’1 X —tan~* (\/x2 —1)dX =__(ykD
-y
equals to n(y—a)—bk thenatb=__
Ans: 3

J._yysec’l X —tan™ (\/x2 —l)dx = I:;sec‘l x(n-—sec’l x)dx
+ .[lysec‘1 x —sec ™t x dx
B | [ eap-t
Hint: _ZJ'_ysec X dx _[_ysec X
=zjly(n—sec‘lx)dx—n(y—1)=n(y—l)—27»
sa+b=3

17.  Letl, = I:/Z(sin x+c0sX)" dx (n>2). Then the value of nl, —2(n—1)1 s

Ans:
Hint :IO smx+cosx (sinx—cosx)'dx
=2+(n- )I (smx+cosx) (cosx—sinx)zdx

- 2+(n—1).[0” (sin x+cosx)”72[2—(sinx+cosx)2}dx

= 2+2(n-1)1,,—(n-1)1,

=nl,-2(n-1)I_,=2
18. If xl_Eo'([ . Slr:)((jtx/_t_l then the value of @S cooveueeeeeeeeeenee.
Key: 4
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Hint:
X 42
t
| dt , ,
a+t X X
It 2 ——— = |t =1t
x-=0 X

19.

Key:

Hint:

20.

Key:

Hint:

—sinx  o0\Ja+x(1-cosx) 0 (Zsinzxj
2

=i:1:>a:4

N

7l2 7Z' 1 7[/2 X 2 kﬂ,'
Given I Insin xdx = =In= and I —— | dx=——=In2 thenk=
5 2 2 5 \sinXx 2

2

7l2 7l2
wl2
| = I NG coseczxdx:[—x2 cot x]o n J' 2x cot xdx
0 0

2 7l2

+2[xInsin x];”2 -2 _[ Insin xdx
0

0+ Lt —
x—0" tan X

=0-2 Lt xlnsinx—2%ln%:ﬂln2

x—0"
L COS X
Lt Inslnx= Lt Sinx 0
x»0t 1/ X x—0* 1
X
1 nY
29[[1-x ) dx
Find the value of —2
4[(1—x ) dx
0
7
1 Y
I:j(l—xl) —1dx
0 T
1
7 1 6
:{x(l—x‘l) } +7x4jx(1—x4) xdx
0 0

1 4\6 1 4\6 1 4\6
:—28[(1—x ) dx+28j(1—x ) dx:—28|+28j(1—x ) dx
0 0 0

1 4
29I—28j(1—x )dx
0
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21.

Key:

Hint:

22.

Key:

Hint:

23.

Key:

1 a\7
29[(1—x ) dx

0 —

1 2\’ =7
4j(1—x ) dx

0

3/2
If f(X):aCOS(ﬂ'X)+b,f' 1 =7 and jf(x)dX:£+1, then find the value of,
2 12 4
12/ . 1 -1
——(sm a+cos b)
T
6

f'(x) =—azsin(zx)

(1 .
=f (—j:—aﬂsm—:—aﬂ:ﬂ:az—l
2 2

' 3/2
[(acoszx +b)dx :(asmﬂx +be :(__aJr@)_(a - bj

T 12 T 2 72
:>§+b:3+1:>b:1
T T
So, _—12(sin_1(—1)+cos_11)=_—12(—£+sz6
V4 V4 2
T dx : .
Evaluate j—z where [ .\] denotes greatest integer function
01+2sin” x
1
’j’ dx —Zﬂfz dx —Zﬁjlz sec” x dx
01+2sin®x 0 1% 2sin’x 0 1+3tan®x
°° dt
Puttanx=t=2"] ———
01+(«/§t)

\ %[tan_l Jﬁ}: = %

5

Let F(X) be a non-negative continuous function defined on R such that

1 1500
F(X)+ F(X-’_EJ =3 and the value of | F(x)dx is J . Then the numerical value of
0
Ais
4
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24.

Key:
Hint:

25.

Key:

Hint:

Replace x by X + > in (1), we get F(X +%j+ F(X +1) =3...(2)

.. From (1) and (2), we get F(X) = F(X +1) weee.(3) = F(x) is periodic function.

1 -
1500 1 > L Usin g property
Now consider I= [ F(x)dx[F(x)dx=1500|[ F(x)dx+]F(x)dx| | of periodic
0 0 0 % function
1 nd .
Put X+y+§m2 integral, we get
1 1 1

I =1500

O —N |

F(x )dX+IF(y+2jdy 1500]( (x )+F(x+2Ddx 1500j3dx\Usmg 1))

Hencel = 1500(3)[%j=750x3 = 2250

X f(a f(a
Let f(x)= 4f+2, Ilzf(ij_i)xf(x(l—x))dx and 1, =f(1j_a)f(x(1—x))dx where

|
f(a)>f(1-a) then the value of |—2 is
1
2

f(x)+f(1-x)=1

= f(jX) X +(X(=x))dx
f(1-x)

x+#f (1=x)+f(x)=1

f(1-x)

if 1= _[sm sm x)dx then _ 16

2

8

z 3z
| = if xdx+.|2‘ (7Z'—X)dX+T(X—27Z’)dX=
3
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1
26.  The value of J.[x [1+sin x| +1]dx is ([.] denote the greatest integer function)
a

Key: 2
Sol: Let |= j.[x[1+sin nx]+1]dx = j.[x[1+sin nx]+1]dx +T[x[1+sin nx]+1]dx
e} e} 1

Now, —1<x <0=>[1+sinnx]=0

and 0<x <1=[1+sinnx]=1

= jll.dx+.1[[x+1]dx
-1 0

= .Tl.dx + j[x]dx + .lfl.dx
1 0 0

=[0—-(-1)]+0+(1-0) =2

27. The function f(x)=

P S X

{2(t—1)(t—2)3 +3(t—1)2 (t—Z)Z}dt attains its maximum at x is

equal to
Key: 1

sol:  f'(x)=2(x-1)(x-2)"+3(x~1)" (x-2)°

sign change of f’(X) from+veto—veatx=1
Joomaximumaat.x =.1.
n n 1
Sy
28. If Iimuzg then find k.

n—sco Z”:r

=1

-

ANS: 8
n r n 1
- - r=1 r=1 NI - n
Hint: M =D am nZ( 1)
— |1+ =
2 2 n

10
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3/2 1/2

X X
T
2 1oL 2 Jo
=2><—><2=§
3
k=8
1.1
J./ana3+ka§
n K
29. Am; T is equal to
Key: 1

Sol : Iimz —

n—o k=1 n
n l k 1/a k a
=I|m2—.{(—] +| =
n-wi=n n n
1
=I(x1’a+xa)dx
0
1
B X(l/a)+1 aa+1
1.4 a+l
a 0
a 1
= _=1
a+l a+1
30.  If _[ sindx e™*dx =c—Acos’ xe® * then A=
Ans: 2
Hint:
. 1- tanz X tan? x 2 6 2 tan® x
I=4J' SINXCOSX| ———— |e dx:4j tan X sec” x cos x(l—tan x)e
1+tan” X
t =tan’x
1-t)e' —2¢'
:>I:2'|.( )3dt: ~+C
(1+1) (1+1)
— _200s* xe™" * 4+ ¢
x4 +1 B
31. If jx(x2+1)2 dx=Aln |x| + 12 tC where c is the constant of integration then A+ B

is:

11



Mathematics Definite, Indefinite Integration & Areas

Ans: 2

Hint:  Add and subtract 2x2 in the numerator]

32. Let y = g(x) be the inverse of a bijective mapping f : R — R defined as f (x) = 3x* + 2x. The
area bounded by the graph of g(x), the x-axis and the coordinate at x = 5 is ‘A’ then the value

of (A4A-T7) is
Key. 6
Sol.  Inverseof y=3x>+2x is x =3y’ +2y
Required area
y 6.1)
dy
y

A= Jl'5—(3y3 +2y)dy = {Sy—(glwzﬂ

:5_(§+1J=£=E

4 4 4
4A =13
4A-7=6
33. A point P(x, y) moves is such a way that [x.+y + 1] = [x] (where [.] greatest integer function)

and x e (0, 2). Then the area representing.all the possible positions of P equals
Key. 2
Sol. Ifx e (0,1)

Then-1<x+y<0

Andifx € [1, 2)

0<x+y<l1

Required area = 4[%.1.\/§sin gj =2 Q. units

N

T T
7.]\0
1

x+y=1
x+y=0
x+ty=-1

34.  f £(0)=11f(2)=3f'(2)=5

1
then the value of the definite integral _[ x f "(2 X)dX is
0

Key. 2

12
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f'(2x)

Sol. jxf"(2x)dx=xfl(22X)—I

2

35. A point P(x, y) moves is such a way that [x +y + 1] = [x] (where [.] greatest integer function)
and x e (0, 2). Then the area representing all the possible positions of P equals

Key. 2
Sol. Ifx € (0,1)

Then—-1<x+y<0
Andifx € [1, 2)

0<x+y<l1

Required area = 4[%.1.\/§sin gj =2 sg-.units

'y

T T
JN
1

x+ty=-1

36. %2 (14+x)

X+y=1
x+y=0

If '[ f(t)dt = X, then the value of 10 f (2) must be

0
Key. 2

Sol. Differentiating both sides w.r.t. X, then

f (X*(1+x))x(2x+3x%) =1

At X=1= f(2):% - 10f(2)=2

2
4
If 1= J.X[ZX]dX, where [.] denotes the greatest integer function, then the value of 7 | =
0

Key. 1
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Sol.

38.

Key.

Sol.

39.

Key.

Sol.

| = Jz'x[2x]dx

1/2 1 3/2 2
= [O.dx+ _[xdx+ J.Zxdx+ f3xdx
0 1/2 1

3/2

NG 3x?
=0+ [?]1/2 + [Xz]f/2 + [7]5/2

1. 1, 9 3 9
25(1—2)4'(2—1)"‘5(4—2)

21
e e
8
_a_
8 4
iI =1
17

7l2

7

e (7.53.0)@.) =
12.10.8.6.4.2 2

I sin® x cos* xdx =
0

(by Wallis’ formula) = 7—7[ =k=7
204

] k
If I sin® xcos” XdxX = —— then the value'of K must be
) 2048

1
If | = jx(l— X)*dx, then the value of 51001 =
0

2
1
3 :_[x(l—x)“gdx
0

= Jl'(l— X)(1—(1—x))*dx

1 1
= I(l— X)x“dx = J.(x49 —x?)dx
0 0

X50 X51
S
50 51

14
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1 1__L1 5100
50 51 2550
1
=5100——=2
2550
40. 27 _ 2
If 1= I sin"(sin x)dx = then Kk =
-rl2
Key. 8
Sol. I = I sin~(sin x)dx+Ism‘1(sm X)dx +Ism (sin x)dx
-rl2

=Area of shaded region

Since, k =8
If f(x)=|——=dxand —dX J2, then the value of f(2)=
J.f( X) 2 T(X)

Key. 2

Sol.  Since, f(x)= -[f( )

Differentiating both sides w.r.t. X, then

fl(x):%:ﬂf(x)fl(x)zz

Integrating both sides, then

(f(x))> =2x+c

s (X)) =/(2x+c)

15
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¢l =
But!deZ 2
01
And f(l):}!:de:\/Z

= J@2+c) =2

..c=0

Then, f(X)=~/2x

42. (O kz
If IXSIHSXCOSG xdx = — then Kk =
693
Key. 8
Sol. Let

T v VA
| = Ixsin5 X.c0s® xdx = I(;r— X).sin® (7 — X).cos® (7 — X)dx.= I(;r— x)sin® x.cos® xdx
0 0
a a
_ TAD 6 H) 6
—J}rsm X.CO0S xdx—jxsm X cos” xdx

= [421}_87:
11°9°7

:>2I:n.2IS|n5x.cosexdx:>I: =593

43. nl4 1
If Itan xdx = —IogZ—— then k =
Kk 4

Key. 2
zl4
1 1.1 1
Sol. tan® xdx_———+—lo 2=— Io 2——
I 4 2 g g 4
44,
If 1= J.\/cosx cos® xdx = then k=
~rl2
Key. 4
Sol.

wl2 zl2 l2 /2
| = J‘\/cos |sinx|dx = Zj\/cos |sin | xdx = ZI\/cosxsmxdx {——(cosx)m} :g

—zl2 -zl2

45.
The value of J.{| X—2|+[X]} dx, where [X] denotes the greatest integer less than or equal to X is

-1
Key. 7

Sol. j.{| X —2|+[x]} dx

16
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:j'{| x—2|+[x]}dx+j{| x—2|+[x]}dx+i{| x—2|+[x]}dx+j.{| x—2|+[x]} dx

:j'(Z—x—l)dx+jl.(2—x+0)dx+j.(2—x+1)dx+j;(x—2+2)dx
:{x—x—z} +{2x—x—2} +{3x—x—2} +{X—2} :—(—1—1j+(2—1j+(6—2)—[3—1j+9—2:7
2 |, 2 |, 2 | 2], 2 2 2)" 2

46. :
| =3 I \Jcos x —cos® xdx is
z
2
KEY. 4

SOL. Given integral

7l2

| = I \/[cos X(1—cos’ x)]dx
-zl2
wl2

| = I J/(cosx) |sin x| dx
-rl2 (1)

. —sinx,if —7/2<x<0
Now |sinx|={ . .
sinx,if0<x<x/2

(cos xsin? x)dx

N [N

NN

From @) , we have
7l2

| = ]). \J(cos x) (—sin x)dx + J‘w/(cosx) sin x dx

—rl2

Putting cos X =t,—sin xdx="dt . we get

1 0 1
|=ﬁmm—ﬁmm=2ﬁmm
0 1 0

2
=22 QI%
_4
3
47. 2

If IX” sin xdx = (3/4)(z* —8), then the value of N is
0

KEY. 3
w2

I, = J'x”sin x dx
SOL.  Let 0

Integrating by parts choosing SIN X as the second function, we get

17
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zl2

I, =[x"(—cosx)[;"* - J'nx”‘l(—cos X)dx
0

7l2
=0-n Ix”‘lcosxdx
0

Again integrating by parts,

ml2
I, =n[x""sinx];'* —n(n-1) I X" sin x dx
0

n-1
=1, = n(%j -n(n-1I_,

2
R.H.S. contains 7 . So putting N =3, we get

2
|3=3(%j ~3x2l,

2
= 3%—(a[x(— cos X) +sin x]7"2

37° 3,5
:T—G(l) :5(7[ -8)

, Which is true.
Hence, N= 3.

48.

KEY. 5

I, = Ix” sin xdx
SOL. 0

a
=[-x"cos x]; + nJ-x”‘1 cosX dx
0

a
=7z" +n[x""sinx]7 —n(n —1)J.x“‘2 sin x dx
0

= Ih=2"+nx0-n(n-1)I_,

Putting N :5, we get
I, =7°—20l,
=1,+20l,=7°

49. 1

If 1, :IX”Sin xdx and I, + 201, = 7, then the value of K is
0

If 1= J.(1+ x)”?(1—x)*2 dx, then the value of sec*(1/2) is

-1
KEY. 8

jlf(x)dx:j.f(a+b—x)dx

SOL.  Using property @ a
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| = j'(l— X)L+ x)*? dx

-1

=2l = j(1+ X)Y2 (1= x)"’[(1—x) + (1+ x)]dx
=2l =2j\/1—x2dx

1
== 2J\/1— x> dx(x =sin @) = dx = cos#d &
0

zl2

:>I:2J' coszedezg
0

50. zl4
The value of J' [(x° =3x° + 7x® —x+1)/ cos® x]dx is

—rl4

KEY. 2
9 5 3
XT=3X"+7X =X
f(x)= . +sec’ X
SOL. COS™ X
=sec’ X(x* —3x® + 7x* — x) +sec’ x
zl4 zl4
= J' f (x)dx = Iseczxdx
—rl4 —rl4

rl4
=2 J. sec® x dx
0

=2tanx|J"*=2

1
51. Find natural number n'so that area bounded by y = nx?, y = Enx2 and y2 —4y+3=0is
greatest.
Key. 1

Sol. . Area= Ls[ ’% - \/%de

is greatest when n is least

52. f:[0,5] >R, y=F(x) such that f"(x)=f"(5-x)vxe[0,5] f'(0)=1and f'(5)=7, then
evaluate L4f'(x)dx—4.

19
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Mathematics

Key. 8
Sol. Il4f '(x)dx =[ xf (x)]i1 —Il4xf" (x)dx
= I4Xf" =I4(5—x)f"(5—x)dx
—SJ. dx |

'=§[f )-f'(1)]
So, J.l x)dx_—[f (1)]

Now, f"(x)=f"(5— x):>f (x)=—f'(5-x)+c
f'(0)+f'(5)=c=>c=8
so f'(x)+f'(5-x)=8=f'(4)+f'(1)=8

20
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Definite, Indefinite Integration & Areas
Matrix-Match Type

1. List-I below gives values of integrals involving parameters A and B while
List-II gives values of these parameters for which the results given are
correct. Match the integrals in List-I with the values of parameters A, B in
List-II so that the given result is correct.

Column -1 Column -II
A 2X __ 9pX
() [y (N U
e +1 2 4
= Aln (e2x + 1) + Btan-!(ex) + c
B
(B) I\/x+\/x2+2dx =A U\ % B=—2
3/2
{x+\/x2+2} B
X+X2+2
C _
(€) J~c038x COSTX (1) Ao i, N,
1+2cosbx 2
= Asin3x + Bsin2x + ¢
D
( ) Iln_xd —Am_X+E + C (S) A= E’B:—1
x? 3 2
Key. A-R;B-Q; C-S;D-P
Sol. Conceptual
Column I Column II
2.
A
(A) J'cosx dx ) ~ 1 e
C0S3X tan X + 2sec x
COSBX \/_tanx 1
(B) -[(1+sin2 X)Z (@ ZJ_ \/_tanx+1
dx 1,
C —tan"(2tanx)+c
(©) J.4sin2x+coszx (x) 2 ( )
A Il+2$inx N .
(D) @rsinx)? (s) (sinx + cosecx)-! + ¢
Key. A-Q;B-S; C-R;D-P
COS X dx
Sol. A _
() Icos3x J.4c052x—3
(8) J-(l—sm x)cosxdx
(1+sin® x)*
sec? x dx
(c )I1+4tan X
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o) J-{(Zsinx+l+3)—3}dx

(2 +sinx)?

3. Match the following:

Column -I Column -II

(A) I\/cosecx +1dx, x e(o, (p) %cos‘l(&j’;]+c

(@ sin~*(sinxcosx)+c

N a
N—

J~ sin x

\3—C0S2X
(C) f\/% ( n} (1) _T;sin‘l(w/coszx)ﬂz

(B) dx, x e [0,

COS2 X

(D) dx (s) sin*(2sinx-1)+c

I Jeos? x +sin? x
Key. A-S;B-P; C-R;D-Q

41
Sol. A _l-w.-'cosecx+ ledx: I —;:I;x _I\!mi% .[ |'

.E—smx

= sin_l[E 5111 x—1}+c

fﬁ S N et I(C;’f—x}

COSX sn 2x
I NEes 25’5 x-'f_ 'l-w.n'rl— cos2xajros 2x I dﬁ (1_ \sz)
= —%sin_l[\mos 2x)+r:

|c:|::us2 X+sin x

D)_[ COSE.‘IK cfx=I 2cosdx dx:sin'l(sm;x]+c

* ‘\.I'4—Siﬂ2 2%

4. For 0< X <1, Match the following:

Column -I Column -II

@) jwjﬁz (o) 2 ffxl}c

®) j(lw;ﬁz @ 2 z_iimin-l&}c
© (1_&‘;3)(_)(2 - 0 2 ‘/l;__xl}c
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dx = s 1+\/;— in~tx [+
(D) I(u&)Jx—xz_ ()Z(Jl—_x s J’} c

Key. A-R;B-Q; C-P;D-R
Sol. Put ¥x=sind, x=sin’ 8.~f1—x =cos8, dx =sin 2848 etc.

5. Match the definite integrals in column | with their values in column II.

Column —1 Column -1l

” 2

(A) [ x(sin®(sin x)+cos® (cos x) ) dx DI

0 16

724 2

(B) J' (25in«/§+«/§cos\/;)dx Q) %

0

7l4 2

© |-= In(\/1+sin 2x)dx R =

In 2—/!/4 4

t8x° cos* xsin® x .

dx z

(B) I 7? —3mx+3x° ) 8

0

KEY:A-Q, B-Q, C-R, D-R

Hint:  (A) I:Tx(x(sinz(sin x)+cosz(cosx))dx

= | = [ (7 —x)(sin?(sin x) +cos? (cos x) ) dx

O =y

Adding 21 = ﬂj.(sinz(sin X) +cos’ (cos x))dx
0

%

21 =27 I (sin® (sin x) + cos? (cos x) ) dx
0

7l2
I =7Z'j (sin?(sin x) +cos? (cos x) ) dx
0

72
Also | =7 j [sinz(cos X) +€0s>(sin x)}dx
0

7l2

Adding 21 =7 j 20X = 27 .71 2 =12
0

| =7°/2
B) Let f(x)= 2sin/x
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Then X f'(x)=x.2COS&=ﬁcos&
Jx
7214 214

| = I (f0+xf(x))dx=[x f(x)]

0
=2xx’l4xsinzl2=r%12

718 zl4
C) Iln 1+sin® x dx= I In|sin x + cos x| dx
-zl8 -zl4
zl4
= j In‘ﬁsin(x—ﬂ/4)‘dx
-rl4
7l4

= j In‘\/z_sint‘dt
0 7l2 7l2

:In\/z_ _[dt+ _[Insintdt
0 0

=x/4In2 —x/2In2=—x/4 In2

rl4 _ .
L I InV1+sin2x dx= z —”Inz O\
In2 4 4

i In2

7 3 4 HY
X" COS " XSIn™ X
D) 1 =[X OSSN X

5 7% —37X+3x%?

| - .’f (7 —x)* cos* xsin® x
5 72 = 37X +3x?
Adding 21 mr_[cos“ xsin® x dx
0

P 7l2 7l2
|1==.2 '[ cos? xsin® xdx =7 j cos? xsin? x dx
0 0

= ﬂ% 712 =7"132
6.4.2
6. Match the definite integrals in Column — | with their values in Column — II.
Column | Column 11
A (k) P
2 2
O / (sin2x).sin x dx P f (cosx)dx
0 0
B p (@ P
2 4
O / (sin2x).cos x dx O V2.1 (cos2x)cos x dx
0 0
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Key:

Hint:

€ p (r) 9
O x.f (sinx)dx 14
0 — O /f(cos2x)cosx dx
\/ELF’
4
@) p (s) P
2 2
O *x.f (sin2x)dx %(‘) f (cosx)dx
0 0
A—q,r, B—>q,rC—p; D—s
p
2
AVT= Q) f(SIN2X)SINX AX..oooiinnns )
0
P P
2 2
= O f(Ginp- 2x))cosxdx= ¢ f(sin2x)cosxdx................ #)]
0 0
p
2
21= ( f(sin2x){sin x + cosx }dx
0
P P
]2 & po 1 2 & po
I= 5?f(sin2x)x/§cos x - ngx: —Z(Ef(sian)cosgx- Z;;dx
Let x- P_ tb dx- dt
4
P P
L4 4
I= — O f(cos2r)costdrt= «/5(‘) S (cos2t)cost dt
> AN
@ 0
4%
: 2p+(p/4) 9p/4
=— O f(cos2t)costdt=—=  f(cos2t)costdt [Since 2p is period]
\/EZp- (p/4) ﬁ7p/4
p p
O)I= xf(sinx)dxb I=(p- x)f(sinx)dx
0 0
p D p
b 2I= p.f(sinx)dxb I= E(‘)f(sinx)dx
0 0
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P P
2 2
b I=pg f(sinx)dxP 1= pg f(cosx)dx
0 0
P P
N . . . .,.
D) 1= x.f(sin2x)dx = ng- x=f (sin 2x )x
0 0 0
P P
°p op
b 2I= Ef(sin2x)dxb 1= Zf(sin2x)dx
0 0
Put 2x =1
p
2 p
1= 3P rGin) %= Py r(sine)di
4 2 8
0 0
P P
p: p :
= Z(‘) S (sin?)dr = " O f (cos)it
0 0
7. Column | (family of curves) Column Il (order of the differential equation of
family of curves)
(A) Circle passing through a given point (p) 1

(B) family of ellipse having major axis alonga (q) 2
given line

(Q) family of parabola having fixed lengthof  (r) 3
latus rectum

(D) family of hyperbola having fixed (s) 4
eccentricity

Key:  (A-q), (B-r), (C-r), (D-s)

8. Match the definite integrals in Column — | with their values in Column — II.
Column | Column 1l
(Y (p) 2
jx(smz (sin x)+cos® (cos x))dx i
0 16
(B) A4 (a) 2
J' (Zsin\/;+\/§cos\/;)dx %
0
(€) 74 (r) 2
z I In(\/1+sin 2x)dx i
In 2—7!/4 4
(D) .’f8x3 cos* xsin? X 4 () 42
0 72 =37rx+3x° 8
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2
32
Key: A—q; B>gA-r; Bor

Hint:  (A) I:Tx(x(sinz(sin X) +cos’ (cos X) ) dx

= 1 = [ (7 —x)(sin?(sin x) +cos?(cos x) ) dx

O 3

ADDING 2| = ﬂ_[(sinz(sin X)+¢0s (cos x) ) dx
0

7
21 =27 I (sin® (sin x) + cos? (cos x) ) dx
0
7l2

I =7Z'I (sin®(sin x) +cos’ (cos x) ) dx

72
ALSO | =7 j [Sinz(cos X) + cos’(sin x)}dx
0

zl2

ADDING 21 =7 j 20X = 277771 2 =72
0

| =7%/2
B) LET f(X)=2sin~/X

THEN x f (X)=x. 200 V/x =/x cos~/Xx
N
7214

L= [ (F)+xf(x) )dx=[x L

0

=2x7’l4xsinzl2=r%12

78 zl4
C) Iln 1+sin® x dx= I In|sin x + cos x| dx
-zl8 -zl4

= T In‘\/i sin(x—ﬂ/4)‘dx
—xl4
l4

= j In‘\/z_sint‘dt
0 7l2 7l2

:In\/z_ _[dt+ jlnsintdt
0 0

=x7/4In2 —7z/2In2=—7/4 In2
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Key :

Sol :

zl4

In2

2
In/1+sin 2x dx = (—Zj (i In 2) :_Z

4

-rl4

T 4 T2
x* cos® xsin® x
p) 1 =[O XSIN' X o

5 7% —37X+3x%?

| - I(zz x)® cos* xsin® x
72 —37x+3x?

ADDING 21 :ﬂICOS4 xsin? x dx

0

7l2 7l2

| = z .2 '[cos xsin? x dx ﬁjcos xsin® x dx

2

(31) = x?
=g——=—

6.42 2 2

Column | Column |l
(A) n/2—a de (P) T

The value of =

1+cot"d 2
/I .

Where, 0<0L<E,1’1>0 is
(B) % sin?x (Q) T

The value of S—dX, a>0is ——a

Sl 4

(C) 2na XSinan (R) 21 - 21a

The value of J T s—adx

< Sin“" X +cos™ x

is

(D) A cojja tan x i (S) dependent of a
anto tan X + cot X

A—>Q,S B—>P;C—>S D—S (FINAL KEY)

n/2-a sin™x
o SIn” X+CoS™ X

.oa(m
o sin (Z—aj
I—J. dx

o . o(m n( T
sin"| ——a [+cos"| ——a
(2 j (2 j

J'/Za cos" a

cos"o+sin"o
Adding Eqgs. (i) and (ii), then

Definite, Indefinite Integration & Areas
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(B) :j” SINX . (i)

X 1.2

[ (i)
- 1+

Adding Egs. (i) and (ii), then

21 = J:n sin®xdx = Zj:sinzxdx
= | = rsinzxdx = ZIWSin2 xdx
0 0

2.

N |-

N
N

I _J-Zn—a xsin" x
o

(C) :
sin®" X +c0s*" X

o (i)

_ J-21|:—(x (2n—x)sin® (2n—x)
@ sin®"(2n—x)+cos”" (2m—x)
_ J-Zn—u (2n—x)sin™ x
o sin® X +cos”" X
Adding Eqgs. (i) and (ii), then

dx . (ii)

21 = znjj”’“l.dx — 22— 0—0)
1=2n* - 2ma
(D)  Letl= jt::t::mf%dx ()
= tz::la&dx .. (ii) (by property)

@ cotx+tanx

(~-tana+cot o =m/2)
Adding Eqgs. (i) and (ii), we get

cot™a 1 4
2I=I _ ldx=cot a—tan a
tan""a

= [g —tan™ aj —tant o

or Iz(ﬁ—tanl aj
4
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10. The anti-derivative of
Column | Column 11
A X p) log sinx—2 +C
(A) (secx+tan x)2 () sinx —1
COS X cos? x LC
B . - -—
(B) (sinx-1)(sinx—2) @ 2(L1+sinx)’
(€ sin™ =" |x| <1 (R) 2xtan™*x—log(1+x*)+C
tanx -1
D) /tanx ++/cotx S \/Etanl( j+C
(o) ) J2tan x
Key: A-Q,B-P,C-R,D-S
sec X (sec x + tan x
Hint:  (A) I SecX 5 dx = I ( 5 )d =J‘d—; (t=secx+tanx)
(secx +tanx) (secx+tanx) t

—%(secx+tan x)*+C

COS X dt
B dx = =gj
Nty Lol Fraviywr MLl
=I(i_ijdt Iog|smx 2| 4C
t—-2 t-1 lsinx -1

2X
~dx = 2_|.tsec2 tdt (x=tant)
+X

(C) Isin‘l

=2[ttant—log |sect]| + C]
=2xtanx—log (1 +x%)+C
(D) Putting tan x = y?, so that dx = 2ydy/(1 + y*), we have

j(\/tanxh/cotx)dx: I[y+—j _ZJ'
1+y
1+1/y? 1+1/y? du
oY gy—of =Y dv =2 hereu oy 1
Iy2+1/y2 ‘[(y—lly)2+2 y Iu2+2 whereu=y—1/y
. tanx—l]
+C=+2tan iC
\/_ \/_ (\/Ztanx
11. Column | Column Il
* Let f(x Ixs'”x (1+xcosx log, x +sinx)dx (p)  Rational

2
and f [Ej =T thenf ()=
2 4

10
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B Irrati I
(B) Letg(x):j 1+Zcosx2 dx and g(0)=0 (q) Irrationa
(cosx+2)
then g| = |=
o 2)-—
(Q) If real numbers x and y satisfy (r) Integral
(X+5)2 +(y—12)2 =147 then minimum
value of «/X2+y2 is
(D) X +1)dx (s) Prime
Let k(x I ) and k(—l):si
Ix®+3x+6 Y2

then k(-2)=

Key: (@a—>q,b—>p,c—p,r,d—>p,r,s)
Hint: a)f( ) X" and use

I( +xf )dx x f(x

2
and f (gj = % = ¢=0= f(n)=irrational

b)
., )
ICOSX d J~ Sin™ X de: SIin X
(cosx+2) (cosx+2) 2+ C0S X
g(0)=0=c=0 g(gj:% (rational )

c)
Let x+5=14c0s0
y—-12=14sin6

~.min of x*+y?® =/365-28x13 =1

}:> x? +y® =365+ 28(12sin6—5c0s0)

d)

t=x*+3x+6
2

:Itdt:%+

k(—1)=%(2)% re=c=0 ~K(-2)=2

12. Match the following

Column —1 Column —1I

11
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a) If szd(tan’1 x)dx = x— f (x)+c then f (1) is equal to p) %
If =alog cosi—sinﬁ +C then a is equal to

b) sw Q -2

(O<x<7zl2)
242X _ A2X A

0 Ifjxe dx =e“* f (x) +c, then the minimum value of f(x) 0
is

y If.[ (X +l) ~dx=alog|x|+——+c then a—b is equal 7r

) x* +1 S) 7
to

Key: a)s b) q c)p d)r

dx=x—-tan'x+C = f(x)=tan'x= f() =tan*1=n/4

Hint:  a) Ixz.l 1 -
+X

b) I\/l+ 2 tan x(tan x +sec x)dx = I(sec X + tan x)dx

c) szezxdx :%xz.e2X —J.Zx.%ezxdx = ; x%e® — {x < N — L ezx}

2 4
2
= X——§+le “+C
2 2 4

(X +1) (¢ +1)°=2x)dx .1 xdx 1
= =|=dx-2 =1 C
J.x(x +1) I x(x* +1)* -[x o J'(x +1)? o9+ X+l
13. Match the following:
[X] —> greatest integer less than or equal to 'X'
Column | Column -II
(A) /4 (p) 4
25 J' (tan6(x—[x])+tan4(x—[x]))dx:
0
(B) 2 X8 +3x +7x4 (@) 2
I —dx

N

1
:J, 2( x+1() +11(X+1)+14dx thenthe I, +1, =
3

x+1) +2

12
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X2 +1 X

(C) 3
EI [tan‘1

2 (r)
+tan X +1)dx =
o

(D) (s)

f(x) =ﬂ003n(x+3)+izsin (X+3) where
T 7T

0 < X < 4. The number of points of local extrema are

(t)

Key. A-s;B-r;C—-q;D—-q

T x /4
Iy :25_[ (tan6 x+tan4x}dx: 25 _[ (1:5411'51 xsect x)dx
Sol. A) 0 0
2
h+h= [ (5 +?).:fx=@
B) Let x+1=tj, fzthen o
1] 3
1= Zax+[ Zax=n
C)let -1 .

py 4 (7)=0_ x=213

but ¥=2is point of inflexion.

14. Match the following:

Column | Column -l
(A)

(B)

s
]
|
5
I
[HEN

Il

[

(C) () 1

(D)

100
3

13
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(t) o
Key. A-q;B-r;C-r;D-r
1 Z 1 1 1
‘Z[ 7 2]=_
Sol. A)8n=1(2n—1) (2z+1)° | 8

D)
15, If L+ X+X3)" =a, +aX+a,X* +.....+ 3, X", then
Column-I Column-II
A) a-a’+al-al+... +a, is equals P) 1(3n ra)
2
B) Qyd, — 3,3, +3,8,.....+ 3y, 3y, is equals q) 1 (3 -1)
2
C) 8, +a +a,+.....+a, isequals r) a.,
D) a, +a, +.....+a, is equals s) a
Key: A)s B)r C)p D) q
Hint. A)a’-a’+a’.... +a, =coefficient X™"in(L+x+x*)"(x* —x+1)"

1 1Y

B) a,a, —a,a; +....... +a,, ,a,, = coefficient XZin (L+ x+x°)" (1——+—2J
X X

C) ar = a2n—r

D) let f(x) = (1+ X+ x*)"
_f@O+ (D

14
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16. Match the following:-

Column —1

(A) Areabounded byy=x?+2andy=2|x| —cosrxisequal to A,
then 3A equals

(p)

(B) The value of 2cot(cot™3 + cot™7 + cot ™13 + cot™21) (q)

Tangent and normal at the ends A and C of focal chord AC of
(Q) parabola y? = 4x intersect at B and D, then minimum (r)
area of ABCD is

Number of integral values of ordered pair (a, B) for which the
(D) area common to x* + y* — 2ax — 2%y + ¢ = 0 and its (s)
image in x+y =1is maximum is

Key: A-S,B-R,C-S5,D-P
Hint:  (A)

(B)

(€)

Solving two curves
x*>+2=2]|x| — cosnx
x2=2|x| +2 = —cosmx
(]x] =1)*+ 1 = —cosnx
Clearly solutionisx=%1

1
Required area = J.(X2 +2-2]|x|+cos zx)dx =g
-1

1 1
cott3+cot7=tant| 37 |=tan? (—J
_1 2
21
1 1
13 21 1
cot*13+cot?*2l=tant~—=_ =~ —tant=
1 1 8
1- = x—
13 21
= cot (cot’l 3+cott7+cot13+cot™ 21)
= cot| tan™ 21.3
3 2

tith=-1
At)

8
Q S D

C(t,)

Clearly ABCD is a rectangle

Column —1I

4

8
3

15
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(D)

Co-ordinate of B(tity, (t1 + t2))

AB=(t, 1)) Nfl"' ti
BC = (t, — t,)y1+1t2

Area = AB x BC = (t;— t1)? /(1+ t2)(1+ 1)
1 3

=t +—
tl

Least value = 8.

For area to be max. centre (o f°)

Shouldlieonx+y=1=o*+p?=1

Asa, B el
oa’=0anda?=1
= (0, £1)
or o’=1andB*=0
= (+1,0)
17. Match the following
1 1 X
—dx= =log(tan| —+— [+C
) I1+sinx+cosx I3)2 g (2 12)
X
tan—
1 2 2
b) _ dx = q) —tant| —=£ |+c
J‘\/§S|nx+cosx J3 J3
c) I;dx: r) Iogl+tan5 +C
1-2sin X 2
X
L L tanE—Z—\/§
d) I—dx: s) —=log c
2+COS X J3

Key. a—>rb—>pc—s,d—q

X
Sol. a) put tan—=t
2
X
c)put tan—=t
)p >
X
d) put tan—=t
)p >

V4
18. If E < X< then match the following

a) I\/1+cosx dx =
b) lel—cosx dx =

S
tan)2(—2+J§

p) 2(sinx/2—cosx/2)+c

q) —2(sinx/2+cosx/2)+c

16
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c) j\/1+sinx dx = r) 242sinx/2+c
d) I\/l—sinx dx = s) —24/2cosx/2+c¢

Key. a—>r,b—->s,c—>p,d—>q

1+ XZ/3 1 )
19. If '[ dx = AxYA + Blog‘x”3 +ﬂ+C Iog‘xz’3 — X +ﬂ+—tan 1(D(l— 2x1’3))+ K

1+x D
where Kis arbitrary constant then match the following:

a) A= p) +i
J3

b)B= a) 1/2

c)1/C= r)2

d)D= s)3/2

Key. a—>sb-o>r,cor,d->p
Sol. Put x=t3

X At
e
20. A function Fis defined by F(X) = ITdt VX > 0. Now express the functions in Column —1in
1

terms of F
Column -1 Column —1I
¢ et e~
dt s
a) J;t+2 p) F(x) X+e
X e3t 1 1
b —dt xex —e—F| =
) ! " a) (x)
X et
) jt—zdt o e’[F(x+2)-F@)]
1
x 1
d) [eidt s FEO-F@Q
1

Key. a)r;b)s;c)p;d)g

Sol. a)putt+2=2z
b) put 3t=2
c) integrate by part
d)put 1/t=z

17
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