Mathematics Properties of Triangles

Properties of Triangles
Single Correct Answer Type

1. If a,b,c be the sides of a triangle ABC and the roots of the equation a(b — ¢)x2
. o(AY . ,(BY) . ,(C
+b(c - a)x + c(a—Db) = 0 are equal, then sin (Ej’sm (Ej,sm (Ej are
in
(A)AP (B) GP (C) AGP (D) HP
Key. D

Sol. Q alb-—c)+b(c—a)+c(a—b)=0
x = 1is a root of the equation
alb—c)x*+b(c—a)x+c(a—b) =0
Then, other root =1 (Q roots are equal)
c(a—h)
a(b-c)
= ab—ac=ca-bc
o 220
a+cC
a, b, carein HP

axp=

111 .
Then, —,—,— arein AP.
abc

arein AP

S
-1,—=1 arein AP.
C

s—a) (s=b) (s—c)

, are in AP.
a b c

abc
(s—a)(s—b)(s—c)

Then bc ca ab are in AP.

G-D)(-0) G-0)(-a) (s-a)(s-b)
(s—b)(s—c) (s—c)(s—a) (s—a)(s—h)

Multiplying in each by

= , , are in HP.
bc ca ab
or sinz(éj,sinz(gj,sinz(gj are in HP
2 2 2
2. Given in A ABC:AB=1cm:AC = 2cm The lengths of external angular bisectors of angles A

& Care equal.ie., AA'=CC".If BC #1thenBC=




Mathematics

In the given figure

a=90°-4 and f=90°-S

Properties of Triangles

c

AN\«

(4
Jij
B o A
1+\/175 l+\/ﬁ 1+\/17 1+\/1_9
(a) (b) (c) (d)
2 2 2 2

Key. C
Sol.

bisector of angle Cis

Length of external angular bisector of angle A is

. C
=2 sin=
la—b| 2

————5in—. Length of external angular
lb—c| 2

3. In A ABC, the bisector of the angle A meets the side BC at D and the circumscribed circle at
E, then DE equals
2 A s . A
a SGCE a” sin E
(A) (B)
2(b+c) 2(b +c)
2 A 2 A
a COSE a” CcoseC—
(€) D) ——=
2(b+c) 2(b+c)
Key. A
Sol. AD.DE = BD.DC
( ac j( ab j
DE:BD'DC: bzgz b+:
AD ——.CO0S —
b+c 2
aZ
= SeC—
2(b+c)
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Key.

Sol.

Key.

Sol.

In A ABC, If A—B=120°and R = 8r, then the value of L+cosC equals
1-cosC

(All symbols used have their usual meaning in a triangle)
(A)12 (B) 15 (C) 21 (D) 31
B
%:cosA+cosB+cosC—1
1 5cos2tB cos A;B—lJrcosC
:>1=sin9—25in29

8 2
:>sin9:1 .'.cosCzl—lzZ

2 4 8 8
Ina A ABC,if A:30°and9: 2+\/§+\/§_1 , then the measure of ZC,is
c 2+J3-2+1
0 0 0 0
A) 671— B) 221— Q) 521_ D) 971_
2 2 2 2

C
use b_Ccotéztan B-C ‘and B+C =150°

b+c 2 2

b ¢ _ btc _ b-c :>b+c_\@+2

143442 3+43-2 4423 242-2 "b-c 2-1
b;c= ﬁ_l which gives EC0t15°=tan 221_0

b+c 2+4/3 b+c 2

B-C=45%B+C =150
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. . 2

6. In AABC,if cos A+sin A——_zO,thena_'_b is equal to
cosB+sinB c

A)\/E B) 1

Q) % D) 24/2

Key. A

Sol.  given (cos A+sin A)(cosB+sinB)=2
cos(A—B)+sin(A+B)=2

=cos(A-B)=1Lsin(A+B)=1

. A 6
7. Ina AABC , ZsmEZE and z:II1 =9 where I, 1,, 1, are external and | is incentre, then

circum radius R=

0 0 12 s
2 4

Key. C

15 24 8

8. Let there exist a unique point P inside a AABC such that L PAB=/PBC = Z/PCA=«

If PA=x, PB=y, PC=z, A=area of AABC and a,b,c are the sides opposite to the angles A,B,C

respectively, then tan « is equal to

a’ +b*+c’ a’+b?+c° 2A
A~ B) —x 9 7 2.z D
4A 2A a+b“+c
4A
a’+b*+c?
Key. D
4A
Sol. cotA+cotB+cotc=cota=tana=——-——
a“+b“+c

9.

In a triangle ABC with usual notations, if r =1, L= 7 and R = 3,then the triangleABC is

A) equilateral B) acute angled which is not equilateral

C) obtuse angled D) right angled
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Key. D

Sol. rl—r=4Rsinzé:>sinzé=l:>A=E
2 2 2 2

10. In a triangle ABC, a:b:Cc=4:5:6. The ratio of the radius of the circumcircle to that of the
incircle is
A) 15/4 B) 11/5 C) 16/7 D) 16/3.
Key. C
Sol. E=E=E use Ars=a—bC
4 5 6 4R

s—k l 5—¢c 1

1
11. In triangle ABC, Fit 2 A 127 A 24 then b=
1) 16 2) 20 3) 24 4) 28
Key. 1

1 1.1 1
=44
ronon B

Sol. b=y —ri(n +r)

7% _ . .:12+r:2—b2_

12. =
If in a triangle ABC, ¢ then 2ac
i Y ) f3 9 7

A2 J2 2 2

Key. 1
B

:’;~r3(mf§+1):3jtan5:«i§—l

Sol.

13. ABCD is a quadrilateral, AB=a, BC=b , CD=c, DA=d, is inscribed to a circle and circumscribed

A
to another circle. Then the value tan? E =




Mathematics Properties of Triangles

1) ﬂ 2) a_b 3) E 4) E
bc cd ad bd
Key. 3
_be
Sol. COSA= ad-bc _~ ad
ad +bc , bc
ad

14. Inatriangle ABC, C=60° and R=16 then | I3=

1) 30 2) 31 3) 32 4) 34
Key. 3
c
Sol.  Il3=4Rsin
15. In atriangle ABC, r=2, LB = 5':'Dand LU= gﬂuthen ry=
SNE 2,3 34343 4 43
Key. 2
B
F=r.cot—.cot—
Sol. 2
16. 2a 2b 2C

If a,b,c are the sides of a triangle, then the minimum value of + +
b+c—-a c+a-b a+b-c

1) 3 2) 6 3)8 4) 1/8
Key. 1
Sol. 3 + b + ¢ =—3+( > + > + > j2—3+9=6
s—a s—-b s-c s—a S—-b s-c

1 1 1
(é(@+x2+&)(—+——+——j29j
X X X
17. If x,y,z are the distances of the vertices of triangle ABC from its orthocenter then x+y+z=
1)2(R+r) 2) 2 (R-r) 3) 2R-r 4) 2R +r

Key. 1

Sol. X=2RcosA, y=2R cos B, z=2R cos C
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18. If in a triangle the ex-radii ri,r,,r3 are in the ratio 1:2:3, then their sides are in the ratio :
1) 5:8:9 2)1:2:3 3) 3:5:7 4) 1:5:9
Key. 1

11 1 1 11

sol. Amm=LZiZi e o o on

7

ahie= \,'((rl—r}{r2+r3} :n\,'((:r"2 —rin ) \,'((3"3 —riln +ry)

19. If length of the sides of a triangle ABC are 3,4 and 5 cm, then distance between its
orthocentre and circumcentre is

1) 2.5c.m. 2) 2 c.m. 3)1.5c.m. 4)8

Key. 1

Sol. 0= Rf1-8cos Acos Bros ' < R=2.5

20. If length of the sides of a triangle ABC are 3,4 and 5 cm, then distance between its incentre
and circumcentre is

1)£ Z)E 3)1 4)L
2 2 2 J2
Key. 2
lx3x4

Of = Rﬂ—zﬂrﬂ:wz,r:?T:l

Sol.

21. B
If Pis a point on the altitude AD of the triangle ABC such that ZDBP = 3’ then AP is equal

to
A) 2asin% B) 2bsinE Q) chin% D) chinE
Key. C
Sol. 4DBP=E
3
4DBP=E
3
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ZABP :%

AP = ¢ :AP:C(ZsingJ

. 2B
sin — sin(90+BJ
3 3

22.

R
In triangle ABC, if B = 90° then cos™* =
L+,

1) 2) 7 3) 4) o
é 4 3 3
Key. 3
Sol. I +r,=4R coszg

23. A circle is inscribed in an equilateral triangle of side 6 units. The area of any square inscribed
in this circle is

1)6 2) 36 3)9 4) 72
Key. 1
Sol. et be radius of in circle and x be side of the square
r=+3

ﬁx:Z\@:xZ%:G

>~

24. |f the area of triangle ABC is b> —(C—a)” , then tan B =
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1) 3 2) 1 3) 8 4) 15
4 4 15 8
Key. 3
Sol. A:bz—(c—a)zzbz—cz—a2+2ac
1,2 R2
=2ac[l—uJ=2ac(l—cosB)
2ac
a—bc:2ac.25in2E:>tanE:E
4R 2 4
“tanB = 2/4 :E
1-1/16 15

25. If in a triangle ABC, (r2-r1) (rs-r1) =2r,rs, then the triangle is :
1) Right angled 2)  Isosceles
3)  Equilateral 4)  Right angled Isosceles

Key. 1

( Fi) Fi) J[ Fil Fal ]_2 A A
Sol. s—b s—aj\s—c s—-a)  s—ks—c

(b—a)lc—a)=2(s—a)’

=2 —a)(c—a)= (b+c—a)
4

=k +ci=g

26. If ryry,r3 are exradii of any triangle then riry + rors + r3riis equal to :

1) % 2) &72 3) V& 4) FZE
¥

. . 1 1 1 1
57 Ifinatriangle ABC, 2a=p| —+— |+(| ——— |, then p+g=
2 r3 r r;l.

1) A 2) 2A 3) 3A 4) 4A
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Key. 2

Py =R —E ;r"—L
Sol. AR T W

a b c
)8, Inatriangle, if =1, = 2r2 = 3r3, then B.|_E.|-5 =
D 75 2) 155 3 176

100 &0 &0
Key. 4

& =2 a =3, a =k

g g— b F—

=>cz=E,E:'=i,|:7=E
Sol. k i k
29

then the area of triangle ABC is equal to

1) é 2) § 3) §
9 3 18
Key. 2
Sol. AG:E,AD:E
3 3
sin
G_Czﬁjgczgx_s
LT LT 3 ..z
sin— sin— sin—
8 4 4

.. Areafo AABC =3 Area of AAGC

. T

110 (10 Mg || . (z z) 25
3| =—x| —x xsin| —+— |=—
23 |3 4.7 28

"In a triangle ABC, medians AD and CE are drawn . If AD=5, /DAC :% and ZACE :Z

4 191
&0

T

4)@
3

10
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30

1) 18 2) 81 3) 72

Key. 2

Sol ntrtr—r=4=~&

rintn+n)= ab+betea— 5

31. If in a triangle ABC r1=3, r,=10, r3=15 then the value of R equals

115 2) 11 3) o
2 2 2
Key. 4
1 1 1 1
—_— = —4—
SO|. » .?'1 .?‘2 .?"3

ntrtr—r=4=~&

32. B
In a triangle ABC, the maximum value of tan E tan E tan E is
S R S
1) — 2)  — 3) —
2R 2s 2r
Key. 2

A, B, C A A A
Sol. tanEtanEtan—z

2 s(s—a) s(s—b) s(s—c)

AT
=—=—< 2r<R

S Qur<R)
33.

In triangle ABC, i =

1+cosB
1) abe 2) abe 3) Zak
48 20 e

Key. 2

" In a triangle ABC, " = LE=4.4=8 1 the value of @& +&c +oa =

4) 27

4) 13

4) 2(a+b)
ol

11
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B
2
dFcos E_cxbc
ECOSEE 2ih
Sol. 2
34 If in a triangle ABC, 11 = 8.on=l1g,n=24 then C =
1) 7 2) 3) 4) s
4 & 3 2
Key. 4
1 1 1 1 PR
= —4— tanf =2
Sol. roononn 2 nA

7

35. If H is the orthocenter of a acuteangled triangle ABC whose circumcircle is X° + y2 =16

then curcumdiametre of the triangle HBC is

1)1 2) 2 3)4 4)8
Key. 4
Sol. since ZHBC =90-C
_L =2R!
sin(90—c)
- ort = 2ReosC 0
COSC

36. In triangle ABC, lis the incentre of the triangle . Then IA.IB.IC =

1) 4r’R 2) 4R%r 3) r’R 4) R?r
Key. 1
Sol. Ia.ls.lc = r cosec A/2. r cosec B/2. r cosec C/2
3 3
F A48 4R
= = 4Rr*

sin A/ 2sin B/ 2sin C/2 4R 7

37. T
In a right angled triangle ABC with A= E' a circle is drawn touching the side AB,AC and

incircle of the triangle. It’s radius is equal to

12
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1) (Z—ﬁ)r 2) (3—ﬁ)r 3) (3+ﬁ)r 4) (3—2ﬁ)r

Key. 4
Sol. let I be radius of required circle
1 A A
A0 :rlcosecE:\/Er1 A0 =r cosecE:\/Er
00' =+2r(r—r) But 00" =1, +r

(v2-1

( 2+1

S—

Qr+r=v2(r-n)=r r=(3—2ﬁ)r

S—"

38. Let S; and S; be the areas of inscribed and circumscribed polygons of n sides respectively and

Ss is the area of regular polygon of 2n sides inscribed in a circle, then

A)25;=5,+S; B) 832 = S182
1 1 1 2 1 1
C) —=—+— D) —=—+—
83 Sl SZ 83 Sl SZ

Key. B

Sol.
T X
tan—=—
n r
T
X=rtan—
n

13
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Slznxlxrzxsinﬁ
2 n

T
S, =n.r?tan=
n

2n . T . 9T
S3= r’sin=  SZ=n%r*sin?=
n

n
. T
1 - g SinC
8182=n2r4§><23in—cos—. ?T
NN s ™
n
. 7T
=n?r4sin? = =2
n
~sinA sinB sinC ¢ b a \
39. In AABCif — + + =—+—+— thenangleAis
sinB c b ab ac bc
A) 120° B) 90° C) 60° D) 30°
Key. B
a b Cc c b a
Sol.

—_—t—t—— =t —+—
bc 2Rc 2Rb ab ac hc
—2R=a= A=90°

40. In A ABC, A:Z—;,b—c =3\/§ cm and area of AABC = #sz, then BC =

A) 6+/3 cm B) 9¢cm C) 18cm D) 27cm
Key. B
Sol. %bcsinﬁzﬁzbc:m:bz+c2—36:27:>b2+c2:63

a’ =63—2><18><_?1:81:>a=9

3
C a
41, In AABC, if cot A=+/ac,cotB =, f—,COtC =, /— then which of the following can be
a C

true?

A) a+a’=1-c¢ B)a+a’=1+cC

14
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Key.

Sol.

42.

Key.

Sol.

43.

Key.

Sol.

ca+a’=2-c D)a+a’=2+¢C
A
cot AcotB=C, cotBcotC =a, cotC cot A=a?

But » cot AcotB —1=c+a+a’=1=a+a’=1-c¢

Let AD be a median of AABC. If AE and AF are medians of A ABD and A ADC respectively

2
a
and AD = my, AE = m, AF = m3, BC = a, then E =

A) M3 +m2 —2mf B) M +m5 —2mé
) m +mZ —2m5 D) M + M3 +m3
A
a2
m§+m§=2(mf+ED2):>m§+m§—2m12=E
A
my[m\m
B EDTFZC

In AABC, ZA= § and its inradius is 6 units. The radius of the circle touching the sides AB,

AC internally and the incircle of A ABC externally is
A) 3units B) 3/2 units C) 2 units D) 4 units

c

i
Angle between the direct common tangents is §

A

15
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. _1(6—rj T 6-r 1
L2sinm| —— = —==
6+r 3 6+r 2

=12-2r=6+r=6=3r=r=2.

44, Three positive real numbers x, y, z satisfy the equations X2 + \/§xy + y2 =25,
y2 +22 =9 and X* + Xz + 2% =16 then the value of Xy +2yz + J3xz is
A) 18 B) 24 C) 30 D) 36

Key. B

Sol.

3

: 1 1 1
Area of triangle = —=X3x4 =—XZ—+—XYyx—+—YZ
2 2 2 2 2 2

= 24 =~[3xz+ Xy + 2z

27
45, Let ABC be a triangle with ZBAC = ? and AB = x such that AB.AC=1. If x varies then the

largest possible length of internal angular bisector AD is

A) 1 B) 2 (:)1 D)1
2 4
Key. C
A
21
X/ 3
Sol. B c
Angular bisector AD = 2—bCCOSé
b+c 2
2><x><1
x 1
:—1)(—
x+> 2
X

16
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46. The sides of a triangle inscribed in a given circle subtend angles o, 3,y at the centre. Then,

the minimum value of the A.M of cos(q+gj,cos(ﬁ+g) cos(y+g) is

3 5
® - ®) >

1

C
()ﬁ

(D) none of these

Key. A

a

Sol. Clearly, ZA= ,4B:E' 4(::1
2 2 2

Lo+B+y=2n

AM.= E{COS(OL+EJ+COS(B+E)+ cos(zﬂ
3 2 2 2
= —%[sinoc+sin[3+siny]
= —ﬁsin(gjsin(ﬁjsin(z)
3 2 2 2

= —%sin AsinBsinC

l.l
N
(o) . .
A.M. will be least if SIn (Ejsm (%jsm (%j is greatest i.e. sinA sinB sinC is greatest, we

T
know that in a AABC, sin A'sin B sin Cis greatestif A=B=C= §

.. Least A.M. =—ﬂ££j = _ﬁ

3( 2 2

47. Inthe triangle ABC the medians from B and C are perpendicular. The value of cot B+cotC

cannot be
0l 02 o 0
Key: A
y |y
7+7
Sol. tanB =-2X sz:2 Cz%xy . A
X -y _y
oy tan@_zx

E tan|PBC=Y
X

17 B C
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48.

Sol :

49.

KEY:D

HINT.

2,2 22
cotB:zx—ylcotczzy—X
3xy 3xy
2 2
cotB+cotC:X Y 23
3xy 3

T4 is an isosceles triangle with circumcircle K. Let T, be another isosceles triangle inscribed
in K whose base is one of the equal side of T4 and which overlaps the interior of T1. Similarly
create isosceles triangles T3 from T, T4 from T3 and so on to the triangle T,,. Then the base

angle of the triangle T, as N — o is

a) 300 b) 600 c) 900 d) 1200

Key: B

T4 is an isosceles triangle with circumcricle K. Let T, be another isosceles triangle inscribed
in K whose base is one of the equal sides of T1 and which overlaps the interior of T.
Similarly create isosceles triangles T3 from T,, T4 from T3 and so on, do the triangles T,
approach an equilateral triangleas N — o0 ?

Note that the base angle of T, is equal to the angle opposite the base of T, 1 (as the figure

indicates). Therefore, if O is the base angle for T then the base of angle for the next

0 —_—
triangle (Tp41) is % =90° —g.

A

Suppose, now that 0 is the base angle for T4, then the base angle for T, is

90 90 90 2 90 n1_0
90—?+7—§+----+(—1) 2+2n_2+(—1) 12n—1-

Note that the limit as N — oo of the above is

= 60° by formula for the sum of an

1/2
infinite
R is the circum radius of Ale ABC whose circum centre is ‘S’. is the circum radius of
Ale SBC. Then the ratio R: R’ is

a)1 b) depends upon side BC
c) independent of d) depends on

c) Aistrue, Ris false

d) Ais false, R is true

a , a

R=—— R'=—=
SInA Sin2A

18
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B =2C0sA
R!

50. In a triangle ABC, A —B =120° and R = 8r then the value of cOSC is

1 N
(A) — (B) vis

4 4

7 J3
(C) 3 (D) 23

KEY:C

HINT : r:4RsinAsin§sin—
2 2 2

A . B . C 1
= 2sin—sin—sin—=—
2 2 16
- A+B . C 1
= | cos —Ccos| —— | |sih==—
2 2 16
C 1
=| =-sin— |[sih—=—
2 2 2 16
cY C
=|==-sin—| =0=sSInN—=—
2 2
Hence cosC:l—Zsin29=1_2xi:Z
2 16 8

51. In a scalene DABC, D is a point on the side AB such that CD?=AD-DB, if

SinA-SinB= Sinzg then CD is

a) Median through C b) Internal bisector of
c) Altitude through C d) Divides AB in the ratio 1 : 2
Key : B

Sol: Let Z/ACD=0= /DCB=(C-a)

C

[

Applying the sine rule in AACD and in ADCB respectively, we get
AD CD BD CD

—=— and — =—

sina. sinA sin(C—a) sinB

19
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AD-BD _  CD?
sina-sin(C—oa) sinA-sinB

= %[cos(2a—C)—cosC] = %{cos(Za—c)—H 2sin? %} =sin? %—%(1—003(2a—c))
since, 1-cos(2a.—C) >0

. ) . ,C
= sinA-sinB<sin?=

and equality sign holds, if 1—cos(2a.—C)=0

C
= a=—
2

That means equality sign holds, if CD is the internal angle bisector of angle C.
52. The perimeter of a triangle ABC is 6 times the arithmetic mean of the sines

of its angles. If the side a is 1,then |A is

VA T
il b) =
% )3
T 2r
Z d) ==
95 '3
Key: A
Hint 2Szﬁ(smA+5|r:1';B+sij

53. The radii of the escribed circles of AABC are r,, rp and rc respectively. If ra + r,=3R and r, +

r. = 2R, then the smallest angle of triangle is

-1 1 1
a) tan (ﬁ—l) b)  tan (J§)
A .
) - tan (\/§+1) d) tan (2—\/5)
sol: Wehavera+rn=3R = A + A :3r:3abC(R:@j
s—a s-b 4A 4A
A(s—b+s—a) 3abc cA  3ahc A 3ab

= = = =
(s—a)(s—hb) 4A (s—a)(s—b) 4A (s—a)(s—-b) 4
= 4s(s-c)=3ab = (a+b+c)(a+b-c)=3ab
= (@+hb)?>-c?=3ab = a’+b’-c?=ab

= c’=a’+b*-ab

20
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54.

Key.

Sol.

55.

Key.

Sol.

56,

Key.

Sol.

= a%+ b? - 2ab cos C = a? +b? —ab (As ¢? = a? + b? — 2ab cos C)
1 0
= cosC:E:AC:60 ................. (1)

Clearly from ry +r.=2R

A A A(2s-b-c) 2abc 2A°
> —+—=2R = = = =bc
s—-b s-c (s=b)(s—c) 4A (s=Db)(s—c)
= 2s(s—a)=bc = (b+c+a)(b+c—-a)=2bc = (b+c)*-a’
=2bc

Note : Angles A, C, B are in AP can be converted into more than one

With usual notations, in a triangle ABC, a cos(B — C) + b cos(C — A) +c cos(A - B) is equal to

abc abc 4abc abc
A =7 B) — C D) £~
(A) = ®) (€ =2 o) 2
A
Here a(cosB cosC +sinB sinC) + ........
using — = _b = _C =2R
sinA sinB sinC
a(cosBcosC+ — ) +......
= i?ff +a cosB cosC + b cosC cosA + c cosA cosB = i?gf + ¢ cosC + ¢ cosA cosB
= 3ab;: + ¢ [cosA cosB —cos(A + B)] = 3ab;: +CsinAsinB = 3a_b:: + i‘; = a;bzc
4R 4R 4R*  4R® R

An isosceles triangle has sides of length 2, 2, and x. The value of x for which the area of the
triangle is maximum, is

o
2 2
E = C
(A)1 (B) V2
(C)2 (D) 242

%xeZSinA which is maximum if A = 90° = x= 2\/5]

B C
Ina AABCif b+c=3a then cot 3 - cot 3 has the value equal to :

(A) 4 (B) 3 (C) 2 (D) 1
C
ot E-cot c_ s(s—b) ‘ s(s—c) ‘ (s—a) _ s _ 2

2 2 A A s—-a s—a 2s-2a

21
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B C 4a
but giventhat a+b+c=4a = 2s=4a Hence cotE'cotE=2—=2
a

57. Let f, g, h be the lengths of the perpendiculars from the circumcentre of the A ABC on the

sides a, b and c respectively . If a + E + £ A abc then the value of A is :
f g h fgh
(A) 1/4 (B) 1/2 (€1 (D) 2
Key. A
Sol. tanA=i:£ZtanA=1HtanA
2f 2 2
4(f g h
58. In a triangle ABC, R(b + c) = a/bCc where R is the circumradius of the triangle. Then the
triangle is
(A) Isosceles but not right (B) right but not isosceles
(C) right isosceles (D) equilateral
Key. C
Sol. R(b+c)= a\/E
R(b + c) = 2RsinA \/R
b+c
SinA= ——
2:/oc
now applying AM > GM forbandc
b+c b+c
bre . o NP 21
2bc 2bc
hence sin A>1 which is not possible.
hence sinA=1 == A=90°

A=90° and b=c = (Q)

59. A triangle with integral sides has perimeter 8 cm. Then the area of the triangle, is
(A) 24/2cm? (B) %\/5 cm? (C) 2/3cm? (D) 4+/2cm?
Key. A

Sol. Only possibility for the sides can be 3, 3, 2 (think !)
A=s(s—a)(s—b)(s—c) =4x1x1x 2 = 2{2cm?

60. In triangle ABC, a” + ¢ = 2002b° then CotA+cotC
cotB
A) L B) L C) i D) i
2001 2001 2001 2001
Key. B
oo COLA+COLC sin(A+C)sinB_ sin’B
' cotB sin AsinCsinB  sin AcosBsinC
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AR 2p 20’
4R%*accosB 2accosB  a’+c?-b?
2h? 2

T 200207 —b? 2001

61. The circle touches the sides BC, CA and AB of respectively at D, E and F. If
the lengths BD, CE and AF are consecutive integers then the largest side of
the triangle is equal to
a) 13 b) 14

c) 15
d) cannot be determined

Sol: LetBD=n,CE=n+1,AF =n + 2.

ThenBD=BF=n,CE=CD=n+1,AF=AE=n+2

A
n+2
F E
n+l
r
E I in] Z

a=BC=2n+1,b=2n +3,c=2n+2,s =3n+3

LA \/(3n+3)(n+2)n(n+1)
] 3n+3

4= % = n(n+2)=48 = n==6

. the largest side of the triangle is 2n + 3 = 15.

62. Ina AABC, medians AD and BE are drawn. If AD = 4, |DAB =— and ABE =— then the

area of AABC is

64 16
€ —

—_— B D
3 ”3[ 3 ”3(

(A)
Key. D
o o 8
Sol. The medians intersect at centroid G with AG = g (Q AG:GD=2:1)

|_GB——:> BG—§cot—— 8

373 383

Area of AAGB = %X 8 ><§ = 32 .". Area of AABC = i

33 3 93 33
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63. In a triangle ABC, A —B =120° and R = 8r then the value of cOSC is
1 V15
(A) — (B) —
4 4
7 \/§
C) — D) ——
(C) 3 (D) >
Key. (¢

Sol. r= 4Rsinésin§sinE
2 2

. A . B . C 1
= 2sin—sin—sin—=—
2 2 2 16
- A+B C
= | cos —cos| ——— ||sin==—
(257 ees( 252 o3 - 5%
1 . C). 1
=| =—-sin— |sin—=—
2 2 16
1 jz C
=|==-sin—| =0=sInN—=—
4
Hence COSC:l—ZSinzgzl—zxi:Z
2 16 8

64. In a A ABC the incentre and circumcentre are reflections of each other in side
BC. Hence the
measure of £ BAC (in degrees) is

(a) 120 (b) 108 (c) 135 (d) 105
Key. (b)
Sol.
A
/.I\
B ~~"~.. '_—"—C
é | : the incentre

S : the circumcentre

A
2 BIC =900 + E(standard result)

and reflex ~ BSC = 2A = ~ BSC = 3600 — 2A

A
Hence 900 + > 3600 — 2A

65. ABC is atriangle. Putx =acos A,y=bcosB,z=ccosC.
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X, Y, z are the side lengths of a triangle

(a) only if A ABC is equilateral (b) only if A ABC is obtuse
(c) only if A ABC is aright triangle (d) for any acute A ABC
Key. (d)

Sol. For any acute triangle ABC , x , y and z are the side lengths of the triangle
formed by the feet of the altitudes of A ABC.

2 2
+
66. If ABC is a triangle in which g < C < 7, then the quantity a 2b lies in the
C
interval
1 3 3 1
a) (0, — b) (1, — c)(—, 2 d (=,1
(@) ( 2) (b) ( 2) ()(2 ) ()(2)
Key. (d)
2 2 2
Sol. E<C<rc = m =cosC<0
2 2ab
— a2 + b2 <2
2 2
+
= a Czb < 1.
2 2 2 2 2 2
Further a +b 2(a+bj >(EJ :>a +2b >1
2 2 2 (o 2
67. If cos A + cosB + 2cosC = 2 then the sides of the A ABC are in
(A) A.P. (B) G.P (C) H.P. (D) none
Key. A
Sol. cosA + cosB = 2(1-cosC) =4 sin2 %or 2cos A;B cos A;B = 4sin? %

A-B
or cos

=2sin E or 2cosE cos ﬁ = 4sinE cos E =2sinC
2 2 2 2 2

+ -
A+B cos % = 2sinC or sinA + sinB = 2sinC = a, ¢, b are in A.P.

2sin

. . 27 _
68. Let ABC be a triangle with Z/BAC = ? and AB = x such that AB.AC=1. If x varies then the

largest possible length of internal angular bisector AD is

A)1 B) 2 Q) 1 D)
2

Key. C
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A
2n
X/ 3
Sol. B c
2bc A
Angular bisector AD = ——C0S—
+C
2><Xx1
x 1
T 1)
X+ =
X
UL UL [0 U]
. . BC BA Bl .
69. Let I be the incentre of the triangle ABC, where tif; + -ttif; = — then the diameter of the
BC| [BA| K
circumcircle of the triangle is
(A) k(cos A/2 + cos C/2) (B) k(sin A/2 + sin C/2)
(C) k(cot A/2 + cot C/2) (D) k (tan A/2 + tan C/2)
Key. C

Sol.  Taking modulus both sides
L . .
2cos B/2 = 1|B||:i : r_kRsinA/2sinC/2

k ksinB/2 K

A+C

ksin( 5 j
= 2R = — - =k (cotA/2 + cotC/2)
sinA/2sinC/2

UL

UL
70. Let in a triangle ABC, —buu—+—l|=3bﬁ\—:£LBm| then the diameter of the circumcircle of the
|[BC| |BA| k
AABC is
(A) k (cosA/2 + cosC/2) (B) k (sinA/2 +sinC/2)
(C) k'(cot A/2 + cot C/2) (D) k (tan A/2 + tan C/2)
Key. C

Sol. Taking modulus both sides
1un 1 ] 4Rsinésin9
2 2
2cosB/2 = —‘BI‘ =—.— =
k k sinB/2 k

ksin(AZCj
=2R=z ——— 7~

sin—sin—
2 2

=k (cot A/2 + cot C/2)
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71.

Key.

Sol.

72.

Key.

Sol.

73.

Key.

Sol.

74.

In A ABC, A:‘%ﬁ,b—c =3\/§cm and area of A ABC = ﬁcmz,then BC =

A) 6\/5 cm B) 9cm C) 18cm D) 27cm
B
%bcsin%:#:bc:w:bz +c?-36=27=Db%+c? =63

a’ =63—2><18><_?1:81:>a=9

3
C a
In AABC, if cot A=+/ac,cotB =, f—,COtC =, /— then which of the following can be
a C

true?
2 2 _
A)a+a“=1-c B)a+a =1+cC
2 2 _
c)a+a“=2-c D)a+a“=2+cC
A

cot AcotB=C, cotBcotC =a, cotC cot A=a?

But » COtAcOtB=1=c+a+a’=l=a+a’=1-c

Let AD be a median of A ABC. If AE and AF are medians of A ABD and A ADC respectively
a2

and AD = mj, AE = my, AF'=m3, BC = 3, then ? =

A) M2 +mZ —2m? B) MZ + M2 — 2m?
) mZ +m?2 ~2m3 D) mZ +m3 +m3
A

2
a
m22+m§=2(m12+ED2):>m§+m§—2m12=—

A

M, M\M
B EDTFTC

In AABC, ZA= § and its inradius is 6 units. The radius of the circle touching the sides AB,

AC internally and the incircle of A ABC externally is
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A) 3units B) 3/2 units C) 2 units D) 4 units
Key. C
T
Sol.

75.

Key.

Sol.

76.

Key.

Sol.

Angle between the direct common tangents is §

A
B C
ZSin_l(Ej:ESEZE
6+r 3 6+r 2

=12-2r=6+r=6=3r=r=2.

Three positive real numbers x, y, z satisfy the equations x2+\/§xy+ y2:25,

y% +2% =9 and X% + XZ + 22 =16 then the value of xy+2yz+\/§xz is

A) 18 B) 24

Ve

C)30 D) 36

A f triangl 1><3><4 lxz +1xy>< +—-yz
rea ot triangle = — =— _t — —
572 2" 2

2

2 2

— 24 =/3xz + Xy + 2z

If ma, my, mc are lengths of medians through the vertices A, B, C of triangle ABC respectively,

then length of side c =

A) %\/ng +2m2 —mg

Q) %\/ng +2mZ —m?
D

AG =gma, CG =gmc
3 3

B) g\/ng +2m? —m}

D) g\/ng +2mZ —m?
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Mathematics
B
F E
G
A D C

c? +ﬂmc2 - Z(Ema2 +ﬂmb2j
9 9 9

77. If the bisector of angle ‘A’ of triangle ABC makes an angle ‘0’ with B_C , then sinO is equal

to

( B- Cj . ( B- Cj
A) cos B) SIn
2 2
Q) sin(B—éj D) sin(C—éj
2 2

Key. A

180° — (B
Sol. 9=B+§=B+ 50 £+C)

—90°% + (Ej
2
A
A2)p 2
e b
0
B 5 C

sinezcos(B_Cj
2

78. A circle of diameter  2X” is drawn on the side BC of triangle ABC such that it touches the
sides, AB and AC . Thenx =

A 2A bc b+c
B) —— ) — D) —
2(b+c¢) b+c 2A 2A

A)

Key. B
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A
B D C
Sol.
1 2A
A==X(AB+AC) = x=——
2 b+c
‘ . 2 A »B 3c o at+c b+c
79. If in a triangle ABC, bC0OS” — +aC0S“ — = — then minimum value of +
2 2 2 2C—a 2c-b
is equal to
A) 2 B) 4 C)6 D) 8
Key. B
1
Sol.  LH.S.= E(b+bcos A+a+acosB)
1 3
= =(a+b+c)==c=>2c=a+b
2 2
a+c b+c a+c b+c a b ¢ c
+ = + =—+—+—+—
2c—a 2c-b b a b a a b
14
C2
>4 — >4
ab
80. A right angled triangle ABC of maximum area is inscribed in a circle of radius R, then (Here

A is area and s is semi perimeter, ry, ry, r3 exradi of A ABC)

1 1 1 241

A) A =2R? B) —+—+—=
L L n R
c>r=(\/§—1)R D)S:(2+\/§)R
Key. B

sol.  In AABC, AB=AC=+2R
S = R(JE+1), A = R?
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Properties of Triangles
AR 1 J2+1
f=—= = — =
S \/5 +1 r R

If an acute angled triangle ABC, if H is the orthocenter AH =X ,BH =y, CH =z then
X+yi+7° =

81

A. 16R* —(a® +b? +¢?)
C. 9R* —(a* +b® +¢?)
Key. B
so.. AH =2RcosA,BH =2RcosB,CH =2RcosC
x> +y* + 1> = 4R*(cos’ A+cos’B +cos’ C)
= 4R*{3—sin’ A—sin° B—sin*C}
=12R*—(a® +b*+c?)

B. 12R* —(a® +b? +¢?)

D. 8R*—(a® +b* +¢?)

82 Let ABC be a triangle such that ZACB =% and let a,b,c denote the length of the sides
opposite to A,B and C respectively . The value of x for which
a=x"+x+Lb=x*-1Lc=2x+1is

A 2++/3 B. 2—+/3 c.1+43 D. 43
Key. C

SoL. A=120°.C =30°,B=30°
b=c=x*-1=2x+1

x*—2x-2=0
2+.J4-4(1)(-2) 2+12 2+23
2.1 2 2
= x=1+J§
83 In AABC, Dis the midpoint of BC. If AD is perpendicular to AC. Then cosA.cosC=
2 A2 2.2 2.2 22
A.c a B'3(c a’) C'2(c a’) D.2(a cY)
3ac 2ac 3ac 3ac
Key. C
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2 12 A2
aHb = D it —a?
a

2ab
a?—-c’*=3p°
2 A2 2 2 2

+Cc°— 2 2(c” —

cos A.cosc = bc—a(_bj = M
2bc a 3ac
84 In AABC ifr=1,R=5, A=10 thenab+bc+ca=
A. 81 B.121 C.141 D. 111

Key. B

so..  r(r+r,+r)+s’=ab+bc+ca
1(r +4r)+s* =ab+bc+ca
1(1+4.5)+10° = ab+bc+ca=100+21=121

A
r=—
S
1=
S
s=10
85. If in an equilateral triangle, inradius is a rational number then which of the following is not
true?
(A) circum-radius is always rational (B) area is always irrational
(C) ex-radii are always rational (D) perimeter is always rational
Key. D
2
R . A B
Sol. Clearly r=— = ReQ,now r,=4R sm—cos—cosE =4R 1 ﬁ €Q.
2 2 2 2 2)\ 2
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86.

Key.

Sol.

87.

Key.

Sol.

Ne

3
Similarly rz, rs €Q. Now A =%: 2R%sin AsinBsinC = 2R2(7j eQ

Alsos=a+ b+ ¢ =2R(sinA + sinB + sinC) = =3J3R zQ

If in equilateral triangle, in-radius is a rational number then which of the following is not
true?

(A) circum-radius is always rational (B) area is always irrational
(C) ex-radii are always rational (D) perimeter is always rational
D

2
Clearly r:B = ReQ, now r1=4RsinécosEcosE=4R 1 ﬁ eQ.
2 2 2 2 2 )2

3
Similarly r;, r; eQ. Now A = % =2R’*sin AsinBsinC = 2R? (@] zQ

Also s=a+ b+ c=2R(sinA + sinB + sinC) =
=3J3R¢Q

In an isosceles triangle ABC, AB=AC. If vertical angle A is 20°, then a+b? is equal to

a) 3a°b b) 3b’c C) 3c%a d) abc
C
Q £A=20°
. /B=,C=80°
Then, b=c
a b ¢
sin20° sin80° sing0°
a b

Or =
sin20°  cos10°

= a=2bsin10°

- ad+b3 =8p3sin310° + b3 = b3 {2(4sin3100)+1} —p3 {6sin1o°} — 3ac?

88. Which of the following pieces of data does not uniquely determine acute angled AABC (
R = circum radius)

a) a, sin A ,sinB b) a,b,c C) a, sinB, R d)a,sinA, R
Key. D
Sol. Q Ina AABC, a b c =2R

sinA_ sinB sin{ﬁ—(A+ B)}
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a b C
:} - = - = -
sinA sinB  sin(A+ B)

Alternate. (a) : If we know a, sinA, sinB then we can find b, c, A, Band C.

Alternate. (b) : We can find A, B, C by using cosine rule.
Alternate. (c) : Q a, sinB, R are given then we can find sinA, b and hence.

sinC :sin{z—(A+ B)} =sinC
or ¢
sinB ~ sin(A+ B)

Alternate. (d) : a, sinA, R are given then we know only the ratio ; we

cannot determine the values of b, c, sinB, sinC separately.

.. Triangle ABC cannot be determined in this case.

89. Theincircle of a AABC touches the sides BC, CA, AB at the points D, E, F respectively. If the
lengths of BD, CE, AF respectively are consecutive positive integers and the inradius of the

triangle is 4 units, then the perimeter of the triangle is

A) 42 B) 35 C) 84 D) 57
Key. A
A
P A+
F
A A+l
Sol. B i D 441 ©

Now applying A=TS, we get A

90. Tangents at P,Q,R ona circle of radius r form a triangle whose sides are 3r, 4r, 5r then
PR® +RQ* +QP*=
A) % r? B) % r’ C) % r’ D) None of these

Key. C
r
Sl In AAIQQAI = ———
AQ =rcot A/2 In AARQ
RQ=4/(AR) +(AQ)’ —2(AR)(AQ)A

=2(AR) sin A/2
RQ = 2r cos A/2

RP = 4rcos [%) PQ =4rcos [%)

PR? +RQ’ + QP? =16r? {cos2 (%) +cos? (gj +cos’ [%H
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91.

Key.

Sol.

92.

Key.

Sol.

93.

Key.
Sol.

=16r2[1+ c203A +1+ cosB 1}

2
_gp {3_’_24_ } {15+7} 176r?

&

F C
3

In atriangle ABC, ifa:b:c=7:8:9thencosA:cosB =

A) 1 B) 22 Q) 2 D) none of these
63 63 9
D
b® +c*—a’ _64+81-49 145-49 96
COSA =
2bc 2.8.9 144 144
a’+c*-b’ _49+81-64 66 11
cosB=
2bc 2.7.9 126 21

In a triangle ABC, if cos A + cos B+ cos C =% then R is equal to
r

3 4 2
A) — B) - C) — D) —
) 1 ) ) ) 3 )
A
7
cosA+cosB+cosC=Z
1+4sinésinEsinE=£
4sm%sm§sm%=% Q R = 4r sin A/2 sin B/2 sin C/2)

R \3
4

In AABCcot%+cot%+cot% is equal to

2
N g (B+D+0) A oy &
r abc r Rr
A
cot™ +cotB 4 oot & = $573) _S(5-b)  s(s=¢)
2 2 2 A A A

=§[3s—(a+b+c)]

35

Properties of Triangles



Mathematics Properties of Triangles

5[3s-25] ¢
A A
2 2
b R
:(a+b+cj (AR _(atbre) R [ ) abe
2 abc abc 4R
¢ A A
a|SO—=2— =—2
A T°A r
94. In acute angled triangle ABC, r+r, =r, +r, and ZB >g then
A)b+2c<2a<2b+2c B)b+4c<4d4a<2b+4c
C)b+4c<da<4b+4c D)b+3c<3a<3b+3c
Key. D
Sol. r—r=r—r

b<3a-3c<3b
b+3c<3a<3b+3c

95. In a triangle ABC, £A=30°, BC=2++/5, then the distance of the vertex A from the
orthocenter of the triangle is

\/§+1 1
A)1 B) (2+5)3 Q) 7 )

Key. B
Sol.

2sinA 2sin30°  , 1

a. 2+\/§ _2+\/§_(2+\/§)

Now, AH=2RcosA=2 (2+\/§) cos 30° = (2+\/§)\/§
Fy

30

B >

96. If c?=a’+b?* 2s=a+b+c,thends(s—a) (s—b)(s—c) =
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A) s’ B) b’c? C) c%a’ D) a’b®
Key. D
Sol. c¢*=a’+b* = 4C=g

A:% ab sinC=%ab = /s(s—a)(s—b)(s—c) =%ab

= 4s(s—a)(s—b)(s—c)=a’b’.

A b+c

97. If cotzz—,then the AABC is
a
A) isosceles B) equilateral C) right angled D) none of these
Key. C
A b+c cosA/2 sinB+sinC
Sol.  cot—= = — = g
2 a SinA/2 SinA
2sin[ B+C Jeos[ B=C
CosA/2 2 2
SinA/2 23inécosé
2 2
A (B—Cj A B-C
= C0S— = CO0S =>—=—
2 2 2

= A=B-C = A+C=B
But A+ B + C = w. Therefore, Bzg

98. Inatriangle ABC,(a+b+c)(b+c—a)= A bcif

A) L<0 B) A>6 C) 0<A<4 D) A>4
Key. C
Sol.  2s(2s-—2a) = Abc
s(s—a
ie. 4Q=x ie., sinzé=&
bc 2 4
A \
O<Z<1 le. O<A<4
Alternative solution
(b+c)’ —a%=%he
b*+c?~a*=(A-2)hc
b*+c’—-a®> A-2 . A—2
= ie. COSA=——
2bc 2 2
<221 e 2<n-2<2
ie. O<i<4
99. If ‘@, ‘b, ‘¢’ are the sides of a ftriangle than the minimum value of
2a 2b 2C .
+ + is
b+c—-a c+a-b a+b-c
A)3 B)9 C)6 D)1

Key. C
Sol. Leta+b+c=2S
Than we have to find minimum value of
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100.

Key.

Sol.

101.

Key.

Sol.

102.

Key.

Sol.

a b c S S S
+ + =-3+ + +
S-a S-b S-c S-a S-b S-c
S N S N S
Also, S-a S-b S-c. 3 Qs_a+s_b+S_C=1
3 S-a S-b S-c S S S
+ +
S S S
S + S + S >9,
S-a S-b S-c
Thus minimum value of the expression is 6.

In triangle ABC, medians AD and BE are mutually perpendicular, then such a triangle would
exist if
A)E<E<1 B)E<E<§ C)E<3<§ D)1<9<2
4 b 2 4 a 4 4 b 4 2 a
D

AD and BE are perpendicular thus b* +a® =5¢*
Since [a—b|<c =  a’+b*>5(a-b)

—  4a2-10ab+4b’<0 = %<%<2

Consider a given acute angled triangle ABC having O as its circumcentre. Let D be a variable
interior point of the side BC. The limiting value of the circumradius of the AOCD as point D
approaches towards vertex C is equal to

g B) ) D) -1
2C0SA COSA SinA 2SINA
B
In the adjacent figure we have <OCB = g -A
Let <ODC=n—(§—A+9j=g+(A—6)
A
0
B
E T o
If R, be the circumradius of AOCD then
ocC =2R, = 2R1:—i 5
sin(g+(A—9)j cos(A~6)
R
As D—->C 6->0 = 2R, —
COSsA
If circumradius and inradius of a triangle be 8 and 3, then value of a + b + ¢
tanA tanB tanC
equals
A) 11 B) 33 C) 44 D) 55
D
a b

=acot A+bcot B+ccotC

+ +
tanA tanB tanC
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103.

Key.

Sol.

104.

Key.

Sol.

=2(R+r)=2(8+3)=22Ans.

ABCD is a quadrilateral circumscribed about a circle of unit radius then

A) ABsinE.siné:CD sinEsin2 B) ABsiné.sinE=CD s;ingsinE
2 2 2 2 2 2 2 2
C) ABsiné.siné:CD sinEsinE D) AB siné.cosE=CD singcosE
2 2 2 2 2 2 2 2
B

Let ‘O’ be the centre of circle and ‘P’ be its point of contact with side AB. We have

AP = OP, coté =coté and
2 2

PB = OP. cotE = cotE
2 2

= AP+PB:cot%+cot§

sin—.sin —

Since A+B+C=2n

) (A+Bj . [C+Dj
= sin =sin >

= AB. siné.sinEzsinE.sinE.CD
2 2 2 2

In triangle ABC, a : b :c=(1+Xx): 1: (1 —x) where xe(0,1). If LA=§+4C, then x is

equal to
ARG Vo OF 25
C
A C =
a=(1+x)h,b:h,c:(l—x)h,E—EzZ
= cosé cosE+sinésinE=i
22 22 2
\/SZ(S—a)(S—c) \/(S—b)(S—c)(S—a)(S—b) 1
= + =—
bc.ab bc.ab J2
_ s [E-a)o)  (s-b) [B-a)s=e)_ 1
b ac b ac \/E

39
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(zs bj\/—:% a;rc (S—a;((:S—b):%
S ( 2
=25

Now a + ¢ = 2h
atc a+b+c 3h
2 2
N (1 2x) ,(S C):(1—2x)h
2 2
. (1+x2)4 1
= = = X=—
(1—4x2) J7

40
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Properties of Triangles
Multiple Correct Answer Type

1. In a AAEX, T is the mid point of XE, and P is the mid point of ET. If the AAPE is
equilateral of side length equal to unity then which of the following alternative(s) is/are correct?
(A) AX = V13 (B) L EAT =90°
-1 1
(C)cos L XAE = — (D) AT = —
V13 V3
Key. A,B,C
4
X
Sol.
A) Ax? = AE? + EX? —2AE.EX cos ZAEX
:1+6—2.1.4% =13
S AX =413
B) since ZAPT isosceles ZATP = /PAT =30° then ZEAT =90°
And also — AT == _AP == AT =£,i=\/§
sin120” sin30 2 1/2

C) since EX2 = AE? + AX2_2AE.AX cos /XAE
16 =1+13-2.13/13.cos ZXAE

=1
cos L XAE =—
V13
3. In AABC, ZC =2/Aand AC = 2BC, then which of the following is/are True

A) Angles A,B,C are in arithmetic progression.
B) Angles A,C,B are in arithmetic progression
C) A ABC is a right angled isosceles triangle

D) BC? + CA? + AB? =8R? where R is the circum-radius of of A ABC
Key. B,D
Sol. /C=2/A and b=2a =sinB=2sin A
=sin(A+C)=2sinA
sin3A=2sin A
3-4sin* A=2
:sinA:%: A=30°

C=60°, B=90°
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Key.

Sol.

Key.

Sol.

a’+b%*+c?=8R? < sin* A+sin?B+sin’C =2
<> 3—(cos2A+cos2B+cos2C) =4
< cosAcosBcosC =0

Ina A ABC,BC=2,CA= \/§+1 and ZC = 60°. Feet of the perpendicular from A, B and C on

the opposite sides BC, CA and AB are D, E and F respectively and are concurrent at P. then

which of the following is / are true

(A) Radius of the circle circumscribing the A DEF is%

J3

(B) Area of the A DEF isT

(C) Radius of the circle inscribed in the A DEF is

3+\/§
2

J6 -2
4

D) sinD+sSinE+sinF =
A,B,C,D
a=2 ;b=43+1 zc:%

DEF is pedal triangle of ABC

For triangle DEF, circumradius = E

1 ) ) )
In radius = 2R cos A cos B cos Cand area = E R?sin 2Asin 2Bsin 2C

/A= 45° /B = 75" /C =60° R=+/2
/D =90° <E =30° /F =60°

If in a triangle ABC, BC =5,CA =4, AB =3 and D,E are points on BC such that
BD = DE = EC,|CAE =

A) AE? =73/3 B) AE*=73/9

3

c)tan6=3/8 D) cosf=——

J73

B,C

take  A=(0,0)
B=(3,0)
C=(0,4)

D,E are point of trisection of BC

~D=( fj E =(1,8/3)

¥

Slop of AB_tan(90 9)—§:>tan9_§
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8
And c0SO =—
J73
B
E
(4 D
4 B
5. In triangle ABC if 2a%b? +2b%c? =a* +b* +¢* then angle B is equal to
A) 45° B) 135° c) 120° D) 60°
Key. A,B

sol.  a*+b*+c*—a%h®-2b%c?=0

2 a2 p24c?) 1
:>(a2—b2+c2) :2c2a2:>(2—J -
ac

:>coszB:%:>cosB=i

NG

- B=45° or135°

6. Let ABC be an isosceles triangle with base BC. If ‘r’ is the radius of the circle inscribed in A
ABC and r; be the radius of the circle described opposite to the angle A, then rir =
. . a’ a’
A) R?sin? A B) R?sin? 2B ) =— D) —
2 4
Key. A,B,D

Sol. rp= 4Rsingsingsin%ARsingcos%cos%

=4R23in2§sin BsinC but ZB=18OO—A:>B:C=90°—§

— 4R%sin? gcos2 g —R%sin? A

2

_R2sin22B =2
4
7. If Ais the area and 2S the sum of sides of a triangle, then
52 52
A) A<— B) AK—
4 33
2 2
c) A> S— D) A< S—
J3 3

Key. A,B
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Sol.

Key.

Sol.

Key.

Sol.

S+S—-a+S-b+S-c
>
; {f5(s-a)(s-b)(s-c)
2 2
S >AY? = S 2A:>ASS—
2 4
S—-a+S-b+S-c
> )(S-b)(S-
. [5-a)(s D)5 <)
$*_(8-a)(S-b)(S-c)s
27 S
g4 S?2

= A? <——:>A<———

33

In A ABC which of the following statements are true?

. . A. B.C 1
A) Maximum value of SIN—SIN—SIN— is —
2 2 2

4
B) R >2r where R is circum radius and r is in radius
abc
c) R? >
a+b+c
D) AABC s right angled if r + 2R = s where ‘s’ is semi perimeter
B,C
q+5+@21 f :
3 111
n L
4R+r>29r =4R>8r=R2>2r
2 2122 2122
R2>42>4i Z4ab2<:2:> 4Zab§
S 16R°S 4S
abc
= R?>
a+b+c

There exists a triangle ABC satisfying the following conditions.

T T
A)bsinA=a, A<— B)bsinA>a, A>—
2 2
. T . T
C)bsmA>a,A<§ D)bsmA<a,A<§,b>a
A,D

bx > —a=a=2R=B=090° A<”
2R 2
.. Atriangle is possible.

. T
bsinA<a=b< 2R, A<E butb>a atriangleis possible.

::>b<E
2
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10.

Key.

Sol.

Given an isosceles triangle with equal side of length b, base angle a < /4. R,

r the radii and O, I the centres of the circumcircle and incircle, respectively.

Then

(A) R= % bcoseca

bsin2a

(€ r= 2(1+cosa)

A,C,D

B) R =§bcosa

D) OI=| bcos(3a./2) |
|2sinccos(a/2)|

Let ABC be the isosceles triangle with AB = AC = b and Z/B=/ZC=a'. Let AD be the
perpendicular bisector of the side BC. Since AABC is isosceles, AD is also the bisector of angle
A, So that O and | both lie on AD. We have OB = R and ID = r. Also, since O is the
circumcentre, we get OA = OB = R. Therefore, from isosceles triangle OAB

OB  AB
sin(90°—oc) sin 20
_ bcosa

2sino.cosa

1
=—bcoseca

(a) is correct. Again
A =BD.AD = bcosou.bsino

=1b2 sin 2a
2

1 2sin 20
2

bsin2a

N %(b+ b+2bcosa)

(d) O’ =R? - 2Rr

2(1+cosa)

11. The in-circle of A ABC touches side BC at D. Then difference between BD and CD (Riis
circum-radius of A ABC)

A) 4Rsin§sin

Key.

Sol.

B)

AC

4Rcos§sin

b-c
2

c) |b—c| D)
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sin[g_c]
|BD—CD|: r(cotE—cotE]‘zr —2 =
2 2 sl —sin —
‘4Rsinésin3_c‘=‘4Rcosggc.singgc‘=|Eﬂ(sin3—sinc}|=|b—c|

12. If the orthocenter of an isosceles triangle lies on the incircle of the triangle then

42
A) the base angle of the triangle is COS ! § B) the triangle is acute

5
C) the base angle of the triangle is tan™ 7

sl_1

D) If S, | are the circumcentre and incentre and R is circumradius then — =

KEY:A,B,C,D

HINT. Let ABC be the triangle in which AB = AC. Let |, P respectively be the incentre and the
orthocenter of the triangle.

Al = rcosec% ,AP =2R cos A

rcosec% =2RCOSA +r

13. If in a triangle ABC, cos A cosB + sin A'sin B Sin® C = 1, then, with usual notation in AABC,

a) the triangle is isosceles b) the triangle is right angled
c) R:r:(\/E+1):1 d) q:rz:rszl:l:(ﬁ+1)
KEY : A,B,C,D

HINT. The given relation implies cos (A-B) =1 and so, A=B and C = 90°

14, A circle of radius 4 cm is inscribed in AABC, which touches the side BC at D. if BD =6¢cm:
DC =8cm then

(A) The triangle is necessarily acute angled A
A 4

(B) tan—=—;
2 7

(C) perimeter of the triangle ABC is 42 cm
(D) Area of AABC is 84 cm?

KEY : AB,C,D
B 2. C 1 A 4
HINT: tan— ==.tan— == =tan— =—
2 2 2 7
anBtan S =572 1 2533 =42
2" 2 s

.. Perimeter=42
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15.

. A=r.s.=84cm?

A B C
s tan E,tan E ,tan E all are less than 1. All angles are acute.

If a right angled AABC of maximum area is inscribed within a circle of radius R, then (A
represents area of triangle ABCand I,1,I,,I; represent inradius and exradii, and s is the

semi perimeter of AABC then

A) A =R?

KEY:A,B,C,D

SOL:

16.

Key:
Hint:

B) —+
rl

1

D) s

1 1
_+ J—
P

\ﬁ§+l

R

=(1++2)R

For a right angled triangle inscribed in a circle of radius R the length of the hypotenuse is 2R

Then area is maximum when its is isosceles triangle

With each side = \/ER

©8=2(2/2+2)R=(V2+1)R
A:%x/iR.x/zR =R’

=r=(v2-1R

A R?
r=—
S

\ﬁ§+1

R

In a triangle ABC with sides a, b and ¢, a semicircle touching the sides AC and CB is

inscribed whose diameter lies on AB, then the radius of the semicircle is

a)E

2

2A
c) ——
a+b

c,d

AABc = ABP(: + AAPC

A:Ear+1br
2 2

2A

" a+b

C

A B
COS—.COS—.COS— =
2 2 2

b)

d)

s(a+h)

s(a+h)

2abc

2abhc

. A . B .C
sm—smEsm—

A B C
.C0S—.C0S —.COS —
2 2 2

s(s-a)

J

bc

|

ac

s(s—b).\/s(s—c) _SA

ab abc
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17. Ina A ABC sides b, ¢ ZC are given, which of the following cannot determine a unique
AABC
(A) c>DbsinC,£C<xl/2, c>b (B) c>bsinC,£ZC<x/2, c<b
(C) c>bsinC,ZC>x/2,c<b (D) c>bsinC, ZC <2, b=c

KEY :B, C

HINT : cosC I%:a:bcosc +4/c—bsinC

18. Given an isosceles triangle with equal side of length b, base angle o < /4. R, r the radii and

O, | the centres of the circumcircle and incircle, respectively. Then

(A) R =%bcoseca (B) R :gbcosa
(©) 1= bsin 2o D) OI:| t-)cos(SocIZ) |
2(1+cosa) |2sinccos(a/2)|
Key. ACD

Sol. Let ABC be the isosceles triangle with AB = AC = b and Z/B=/C=a.. Let AD be the
perpendicular bisector of the side BC. Since AABC is isosceles, AD is also the bisector of angle
A, So that O and | both lie on AD. We have OB = R and ID = r. Also, since O is the
circumcentre, we get OA = OB = R. Therefore, from isosceles triangle OAB

OB _AB
sin(90°—oc) sin2a
_ bcosa

2sino.cosa

1
=—bcoseca

(a) is correct. Again

A =BD.AD =hcoso.bsino
=1b25in2a
2
1., .
A 5b sin2a B

[ =—= =

> %(b+ b+2bcose) 2(L+cos)

bsin2a

(c) correct. Further
Ol=|0OD+DI| = |OD +r|
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Because o < g A >g and O lies on AD produced. Now, from right-angled triangle ODB, we

get
OD? =0B? - BD? =R? —(bcosa)’

1 b? 2 . .2
ZZsinzoc_b cos @

b2(1—4sin2acoszoc)
- 4sin’ o trrom (=]

b2(cos? o —sin?a)  p2 enc2
o o b° cos” 2a

4sin? o (2sin oc)2
. OD= bco_sZoc
2sina
.0l :| bsin2a. . bcosZoc|

2(1+cosa)  2sina |

bsin 2o, N bcos2a |
4cos?(a/2)  4sin(a/2)cos(al2)|
B b sin2asin(o./ 2) +cos 2o.cos(o./ 2)
~|4cos(a/2)’ sin(a/2)cos(o/2)
_ bcos(3a/2)
- 2sinacos(a/2)

(d) is also correct

19. In a triangle, the lengths of the two larger sides are 10 and 9 respectively . If the angles are in
A.P., then the length of the third side can be :
(A) 5-6 (B) 33
€) 5 (D) 645

Key. AD

Sol. a>b>c ; B=602; use cos B as cosine rule to get two values of ¢

20. Ina AABC, a,c,Aare given and bl , b2 are two values of the third side b is such that
by =2y then

\/9a2 —¢?

. C
(A) SINA = (B) a>—
8a’ 3
[042 2 [022 2
(C) ga—zc (D) sin A :93.—20
8c 8c
Key. B,D
Sol. b2—2bccosA+cz—a2=0:>bl+b2=2ccosA,blb2=c2—a2
2 .2 2 .2
by = 2y; blz%cosA, b2=(:—2a:>%cosA=u
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\/9a2 _c?

8c2
a=20-6m; b=10r—-30 c=10-3xn
sa+b+c=n

=SinA=

21. There exists a triangle ABC satisfying the conditions

(A) bsin A= a, A< % (B) bsin A> a, A> %

(C) bsin A> a, A< % (D) bsin A< a, A< %
Key. A,D

. . b
Sol. The sine formula is — =——Pp
sinA  sinB

asin B bsin A cohice (A)

bsinA=aPbP asinB=ab B=p/2

\ pA< 2

2

\ the triangle is possible

Choice (b) and (c)

bsin A>a asinB>a sinB>1

\ DABC is not possible.

choice (D)

bsinA<aP asinB<aP sinB<1

b DB does exist

Now,ifb>a B B>A \ A<p/2

\ the triangle is possible
22. The angles of a A ABC satisfy. COsA+200sC = s!n B A ABC
cosA+2cosb sinC

a) may be isosceles b) must be equilateral

c).  may be a right triangle d) must be acute angled
Key. (a), (c).

Sol. Cross-multiplying and de-factorising , we get
sin C cos A +sin2C = sin B cos A + sin 2B

< (sinC —sinB) cos A=sin2B -sin2C =2cos (B+C)sin(B-C)=-2
cos A sin (B - C)

& cosA=0or @Bz—Zsin(B—C).

0
B=C

10
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23. In a triangle ABC, length of the bisector of an angle is
2bcsin('§j 2bccos('§j
AN = B =
(© % cosec% (D) (b2+Ac) cosec%
Key. B,C,D

24, If the sides a, b, c of a AABC satisfy the relation , at+pt+ct=2¢2 (a2 + b2) then the
possible values of the angle C can be

T T 5z 3T
(A) 7 (B) 3 (©) o (D) 7

Key. AD
25. The triangle ABC has £A=60° ZB=45°. The bisector of ZA meets the side BC at T
where AT = 24. Then which of the following is correct?

(A) length of BC = 182 (B) length of AC < AT
(C) radius of the circumcircle is 122 (D) area of the triangle is 72(3+\@) Sg. units.
Key. CD

26. If ‘" is the median from the vertex A to the side BC of a AABC, then
(a) 4P =2b%+2c*—a> (b)4l=b?+c%+2bccos A

(c) 4P =a%+4bccos A (d) 4P = (2s—a)? - 4bc sin? (g)

Key. A,B,C,D
27. If AD and AD’ are the internal and external bisectors of ZA of AABC (b < c). The points B, D,
C, D" are collinear, then
ac ac 2abc
(A)BD= —— (B)BD'= ——.(C)DD'= ——— (D)aAD>b BD
c+b c—b c'-b
Key. AB,C
28. Triangle ABC is right —angled at point A, radii of described circles are ry, ry, r3, given that r; =
2, r3=3then which of the following hold
(a)a=5 (b)ri=6 (c)r=1 (d) None of these
Key.  A,B,C
29. In AABC if £C=1202 and cos A + cos B =1 then
1 6
(a) cos (A—-B)= — (b)|cosA—cosB|=£
3 3
1 2 2 2 l
(c)cos (A—B)=- — (d) cos® A + cos?B—cos*C = —.
3 4
Key. B,C

11
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30. In triangle ABC if 2a%b? + 2b%c® =a* +b* +¢* then angle B is equal to

A) 45° B) 135° c) 120° D) 60°
Key. AB

sol.  a*+b*+c*—a%h®-2b°c?=0

2 a2 p24c?) 1
:>(a2—b2+02) :2c2a2:>(2—J =5
ac

:>coszB:%:>cosB=i

NG

. B=45° or135°

31. Let ABC be an isosceles triangle with base BC. If ‘r’ is the radius of the circle inscribed in A
ABC and r; be the radius of the circle described opposite to the angle A, then rir =
. . a’ a’
A) R%sin® A B) R?sin?2B 0 = D) =
2 4
Key. A,B,D

Sol.  rp= 4Rsin§sin%sin%4Rsin?cos%cos%

=4stin2/—;sinBsinc but 28:180°—A:>B:C=90°—§

— 4R?sin? gcos2 g —R%sin? A

2

_R2sin22B= &
32. If Ais the area and 2S the sum of sides of a triangle, then
52 52
A) A<— B) AL —
4 33
52 52
C)A>—= D) A<=
3 J3
Key. A,B
S+S-a+S-b+S-c
Sol. > 4/S(S S b
0 . {3(s-2)(s-b)(s-c)
2 2
Soa2 S s A pcS
2 4 4
S-a+S-b+S-c
> S b
3 {(s-a)(s-b)(s-c)
s°_(5-a)(S-b)(S-¢)s
27 S
54 52

:>A2<—:>A<—

33

33. In A ABC which of the following statements are true?

12



Mathematics Properties of Triangles

_ . A.B.C 1
A) Maximum value of SIN—SIN—SIN — is —

4

B) R>2r where Ris circum radius and r is in radius
abc

a+b+c

D) A ABC s right angled if r + 2R = s where ‘s’ is semi perimeter
Key. B,C

L+ +0 3
3 -1 1 1
+ -+

c) R? >

Sol.

h n E
AR+r>9r =4R>8r=R>2r
4N%  4ahc? 4 a’h?c?
> =>R">——"
S2  16R2S2 452
abc

a+b+c
34, There exists a triangle ABC satisfying the following conditions.

R2 > 4r? >

— R? >

T T
A)bsinA=a,A<E B)bsinA>a,A>§

T T
C)bsinA>a,A<E D) bsinA<a, A<—,b>a
Key. A,D
a T
So. bx—=a=>a=2R=B=90% A<=
2R 2
.. Atriangle is possible.

. 7T
bsinA<a=b< 2R, A<E butb>a atriangleis possible.

:>b<E
2

35. In AABC, internal angle bisector of ZA meets side BCin D. DE L AD meets ACin E and
ABin F. Then

AE is HM 2bc A c 4bc . A AAEF is

of b&c ' brc 2 btc. 2 " isosceles
Key. AB,C,D

A.

SoL. AD :Z—bccosé; AD = AE cosé
b+c 2 2

_ 2bc
+C

AE =HM of band c

EF — 2DE = 2AD tan 2 = %€ gjn A

b+c 2

=a,b,c,d

13
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36. In a triangle ABC, perpendiculars drawn from vertices A, B, C meet the opposite sides BC,
CA, AB at D, E, F respectively, triangle DEF is completed. The perimeter of triangle DEF is
greater than or equal to 3\/§r, where r is in-radius of triangle ABC. Also r = \/§ and
perimeter of triangle ABC is 18. Then
(A) triangle ABC is right angled
(B) triangle ABC is equilateral
(C) area of triangle ABC is 93
(D) ratio of area of triangle ABC to triangle DEFis4: 1

Key. B,CD

Sol. Here EF =a cosA, FD=bcos B, ED =ccos C
Or EF+FD+ED = R(sin2A+sin2B+sin2C)=4RsinA sinB sinC
For a AABC, 21 A+SI2 B+sinC (sin AsinBsinC)"?

3
= sinAsinBsinC < ﬁ =%
2 8
EF + FD + ED = 4R sinA sinB sinC
3*/_ PR = 33r
But given EF + FD + ED > 3\/§r , which is possible only when triangle is equilateral.
1
Also r= (9—a)tané = 3= (9-a)—=
2 NE
= a =b =c =6 (since triangle is equilateral)
1, .
Ar.of AABC o A B 1 4
Ar.of ADEF ;bcosB ccos Csin(r—2A) 2cosAcosBcosC 1
Also area of AABC = % bc sinA = %i = 9\/5 S(. units.

37. If the sines of the angles A and B of a triangle ABC satisfy the equation
c?x? —c(a+b)x+ab=0, then the triangle
a) is acute angled b) is right angled  c) is obtuse angled d) satisfy sin A +cosA=

(a+b)

c
Key. B,D
Sol. Q sinA and sinB are the roots of c?x? —c(a + b) Xx+ab=0
Then Sin A+sinB = a+b
c

And sin Asin B = a_b
2

14
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2R 2R C
a b ab
And — X —=—
2R 2R C2
s.c=2R = 2RsinC=2R
s.sinC=1
- ZC=90°
A+B=90°
B=90°-A
QsinA+sinB :a_+b
C
= sin A+sin(90o —A):a—+b = sin A+cosA:a—er
C C
38. If COS(H—O{), coséd, COS(9+a)a are in HP, then COS@SGC% is equal to
a)-1b) —/2 o) 2 d) 2
Key. B,C
Sol. Since, cos(6—a),c0s6,cos(0+a) arein HP
1 1 1 )
, , arein AP
cos(@—a) cosd cos(0+a)
2 1 1 2c0s@cosa
= = + =
cosd cos(@—a) cos(@+a) cos(6—a)cos(f+a)
— c0s2 9cos a = cos2 0 =sin? a

= cos? 0(1-cosa ) =sin® a
= cos? (1-cosa) = (1+cosa)(1-cosa)
= cos? 0 =(1+cosa)

(04
— 0082 0 =2c0s2 <

(04
= cos2 6’sec2 E =2

(04
cosé’secE =+2
39. In a triangle ABC, if the radii of ex-circles ri, r, and r; are given by r1=8, r,=12 and r; = 24,
then
a) in radius r=8 b) side a=12 c) side b=16 d) side c=20
Key. B,C,D

15
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n(r+r 8x36

Sol. a-—_Hl*B) _8x36_,

\/rlrz +hiz+I3n 24
ML+ 12x32
po—2(B*h) _12x32
\/rlrz +hiz+I3n 24
r3(r1+r2) _24><20_20
Jih + ol + 130 24
o 8x12x24
Also, Mo =rs" = — 5 = 4
(24)
. 1 o .
40. COS(SIn X) = —2 , then x must lie in the intrerval
a| 22 o) [ -2, 2 o zZ d | 2,7
4 2 4 2 2 2
Key. A,B,C,D
. 1 Vs
Sol. cos(sinx)=—==cos—
J2 4
sinx=2n;ri£,n el
4
. T
=SINX=*=—
y 4
y =sinXand y=4_r%

41. If inside a big circle exactly 24 small circles each of radius 2 can be drawn in such a way that
each small circle touches the big circle and also touch both its adjacent small circles. Then the
radius of the big circle is

T
N 1+tan—
a) 2(1+ cosecﬂ) b) n24
COS—
24
2
. T 7T
2(sm48 + cos48j
7T
c) 2(1+ cosecﬁj d) -
sin—
24
Key. AD
. T 2 T
Sol. SIN—=—— = R =2|1+cosec—
24 R-2 24

16
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42.

Key.

Sol.

43.

Key.

Sol.

44,

Ina AABC, 2cos (A-C) = arc then
Ja?+c?—ac
A)B:% B) B=C C)A,B,CareinA.P D) B+C=A
A,C
26 A+C A-C
2COSA—C_ S50 _sinA+sinC
2 . A+C . A+C
sin sin
2, A2 2
COSB:uifB:GOO
2ac
a+Cc _a+c a+c

_sin60_ b 1/a2+cz_ac

Let ABC be an isosceles triangle with base BC. If ‘r’ is the radius of the circle inscribed in the
A ABC and p be the radius of the circle escribed opposite to the angle A, then the product
p r can be equal to:

2
A) R%sin’ A B) R2sin’ 2B C) %az D) %
Where R is the radius of the circumcircle of thee A ABC
A
A A
S s—a
or A*  s(s—a)(s-b)(s—c)

s(s—a) s(s—a)
=(s—b)(s—c) =(s—b)2 (~.b=c)

(2s-2b)" (a+b+c=2b)"
= - 2 (~.b=c)
2 2 ot
za_=4R smAszsinzA
4 4
&
C b
0

Alsoif /B=6=/A=1—26
pr=R?sin’(r—20)=R’sin’ 20 =R’sin’ 2B

The sides of a A ABC satisfy the equation, 2a® +4b” +c® = 4ab + 2ac. Then
A) the triangle is isosceles B) the triangle is obtuse

17
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C) B=cos™ ! D) A=cos™ 1
8 4
Key. ACD
Sol.  given expression (a —c)2 +(a+ 2b)2 =0=>a=2b and c = a. Sides are 2b, b, 2b
= isosceles and cosBzg and cosA=%
a’+c*-b*> 7 7
C0SB=——F—=—=—
2ac 8b- 8
2 2 2
CosA:mzl
2bc 4
45, If in a triangle ABC p,q,r are the altitudes from the vertices A,B,C to the opposite sides, then
which of the following hold(s) good.
1 1 1 1
A) (2 X—|=(ZXa)|X— B) (£ Ya)j=|Z— || 2=
2] GoEa{z7s]
1 1 11 ) )
C) (Zp) (= pg)(T1a)=(Z a)(Z ab) (I p) D) (2 EJH(5+E_?J ITa*=16 R
where R is the circum-radius of AABC
Key. ACD
2A 2 2A
Sol. p=—,0=—,r=—
a c

el
~(za)(=2]

C) (zp)(Zpa)(Ta)
[Z_A L2 ZAJ(4A2+4A2+4A2JabC

a ab bc ca
2A(ab+bc+ca) (a+b+c)

= AN ahc
abc abc

- (za)(zb)(1Tp)
o Sy

_(a b+cj[a+b—cj(a—b+c)(b+c—aj b2
2A 2A 2A 2A )

S-c) (S-b) (S-a
5 (8-9) (5b) (5-2)
A A A A
2

=(Ej ~ (4R’ =16R”.

A
46. If a,b,c are in H.P, then which of the following is true.
A) a , b , ¢ are in H.P. B)In(a—gj,lng,ln(c—gj are in H.P.
1-2a 1-2b 1-2c 2 2 2

18
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C) c—g,g,a—g are in G.P. D) e"?, e, e”° are in G.P.
Key. ACD
Sol. A) a_ b % areinHP. =N 1—2a, 1_2b, 1-2 are in A.P.
1-2a 1-2b 1-2c a b
111 . .
= —,—,— arein A.P. S a,b,careinH.P.
abec
B) a—E,E,c—B are in G.P. = In(a—gj, InE, In C—E are in
2 2 2 2 2 2
A.P.
C) C—E, E a—E are in G.P.
2 2 2
D) 115 are in A.P. = e’?,e"" e’° are in G.P.
abec
47. In a triangle ABC, with usual notations the length of the bisector of angle A is
2bc cosé 2bc siné abc cosecé
A) -2 B) 1 Q) 2 D) none
b+c b+c 2R (b+c)
Key. AC

Sol. A=A +A,

lbcsinA =lcxsiné+lxbsiné
2 2 2 2

19
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Progressions of Triangles

Assertion Reasoning Type
(A) Statement-1 is true, statement-2 is true; statement-2 is correct explanation for
statement-1.
(B) Statement-1 is true, statement-2 is true; statement-2 is NOT the correct explanation for
statement-1.
(C) Statement-1 is true, statement-2 is false.
(D) Statement-1 is false, statement-2 is true
1. ABC is a triangle. hy is the length of the altitude from A. hy has a similar

meaning.
Given a < ha and b < hb.

(A) : a:b:c=1:l:x/§

(R) : In any triangle the length of an altitude does not exceed that of the
corresponding median.
(a) Both A and R are true, and R is a correct explanation of A
(b) Both A and R are true, but R is not a correct explanation of A
(c) Aistrue and R is false
(d) Ais false and R is true.
Key. (b) a< hg= bsinC and b<h, =asinC
— ab<absin?C
= 1 < sin?cC

HencesinC =1 (i.e. C = g)

Further, equality must occur in the given statements. Hence (A) is true.
Clearly , (R) is true but.has no relevance with (A).

2. Consider the following statments

STATEMENT 1: Ina right angled triangle ABC, sin2A + sin?B + sinC = 2

Because

STATEMENT 2 : In any triangle ABC, sinA + sin?B + sin2C = 2 - 2 cos A cos B cos C.
Key. (c)
Sol. LetA=90°thenC=90°-B

sin2C = cos?B

statement 1 is true
QD sin? A=2+2zcos A

statement 2 is false

N a®+b®+c®+3abc
3. Let a, b, ¢ be 3 positive real numbers , such that 3 > > max (a,b,c),

then
Statement - 1 : It is impossible to form a triangle whose sides have length p, g and .
Statement-2: p>max(a,b,c) p>a,p>b andp>c.

Key. (d)

Sol.
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Key.

Key.

Key.

7.

"+b +¢ 4 3ab
a c sabc = 3 = b+l +(— 3}3_3 (—a) (b) () =0

2
l '] o) T -
= 21[1::—::—:1}[Elzn—n::}—+(n:+aj]-—|.fl_1n—a}|]----IEI'
= b+c—a=0 = b+c=>a
Stumilarlve+a=b and a+b=c
= a. b, c will form the sides of a triangle.

STATEMENT -1:Ina AABC, ifcos A + 2 cos B + cos C = 2, then a, b, c are in A.P.
and

STATEMENT-2 : Ina AABC, we have cos A+cosB+cosC=1+4 sin% sin % sin %

andsiné: w,sinE: w,singz wywhere
2\ bc 2\ ca 2 \/ ab

2s=a+b+c
A

Statement : In AABC, tan A, tan B, tan C are distinct values in A.P.

. T T
Conclusion|: =< B<—
3 2

T b T
Conclusion I : One angle less than § and other two angles lie between §and E

C
ABC is a triangle. h, is the length of the altitude from A. hy has a similar

meaning.
Given a < ha and b < hb.

(A) a:b:c=1:1:\/§

(R) : In any triangle the length of an altitude does not exceed that of the
corresponding median.

(a) Both A.and R are true, and R is a correct explanation of A

(b)  Both A and R are true, but R is not a correct explanation of A

(c) Aistrue and R is false

(d) A'is false and R is true.

(b) a< hy= bsinC and b<hy, =asinC

= ab < absin2 C
= 1 < sin?cC

. H n
HencesinC=1 (i.e. C= E)

Further, equality must occur in the given statements. Hence (A) is true.
Clearly, (R) is true but has no relevance with (A).
STATEMENT -1
2 2 2
a“+b“+c
In triangle ABC,TZ4\/§
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STATEMENT -2 If g >0,i=12,3,.....,n which are not identical, then

m
+a,
nj ,ifm<0orm>1.

Sol. We know that in any triangle

S
2 _>A
33

a2 +b2 +c? a+b+c2
Now, > 3

s
(2]

3
2332 > gxsm [from Eq. (i)]

8. The angles of a right angled triangle ABC are in A.P.
STATEMENT-1

r/R = _\/§2—1

because
STATEMENT-2

r_2—J§

s 3

Key. B
Sol. (a—B)+a+(a+P)=n&a+p=1/2 = angle are n/6, /3, T/2 :>a=R,b=\/§ R,c=2R

A 3

A 0B BB B
) S_3+\/§ R_3+\/§_ 6 2
r 3R 1 1 1 2_3

A 3B BiIR (BB (B+D) 6:483 23

Hence (B) is the correct option.

9. Statement — 1: Ina AABC, ifa<b <candrisinredius and r, r,, r, are the exradii opposite
to angle A,B,C respectively then r<r, <r, <r,
Lt
Statement — 2: For, AABC [, + 1,1, + 1, =222
r
Key. B
Sol.  Statement — 1:
a<b<c

s—a>s—-b>s—-c
s>s—a>s—-bh>s—c
A A A A
—_ < <

S s—-a S—-b s-c
r<r<r,<r,

Statement — 2:
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L . S S
'"s—a'? s-b'? s-¢c s
1 1 1 s 1
o4 =2==
Loror A r

10. Statement — 1: If the sides of a triangle are 13, 14, 15 then the radius of incircle = 4

Statement — 2: Ina AABC, A =\/s(s—a)(s— b)(s—c) where s= a+b+c and r=é
S

Key. A
Sol. s=21

A=+/21.8.7.6 =+/3.7.2°7.3=3.7.4=84

s 21
, A
Cos” — $2

11. Statement — 1: Ina AABC, Z 2 has the value equation to —

a abc
Statement—2: Ina

A ABC, cos%: /%,cosgz /% COS%:W

Key. C
cos”
s(s—a
Sol. 2 _ ( )
a abc
cos? 2
> 25
a abc
12. Statement 1: If I is incentre of AABC and I, excentre opposite to A and P is the intersection

of 11, and BC then IP. I,P =BP. PC
Statement — 2: In a AABC, | is incentre and 1, is excentre opposite to A then IBI,C must be
square

Key. C

Sol. ICl=

Nja N3

IBI, =

BICI,, is cyclic
Quadrilateral

BP.PC=1IP. IP
A
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13. All the notations used in statement — 1 and statement — 2 are usual

Statement — 1: In triangle ABC, if cosA = cosB = cosC

r+r+r, .
, then value of 2—2—2 is equal to
r

b
9.
a b c L .
Statement — 2: In AABC; — =— =— =2R, where R is circumradius.
sinA sinB sinC
Key. A

Sol. Statement — 2 is true.
Statement—1 tanA+tanB=tanC

A=B=C ie., a=b=c
h=rh=r
A
h+h+h _ah o 5_;,1_3a+b+c_9
r A b+c-a
S
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Progressions of Triangles

Comprehension Type
Paragraph -1
In triangle ABC, BC = a, CA=b, AB =c. Ris the circum radius and r is in radius and s is the

o o AY B CY (6sY
semi perimeter and it is given that | cOot— | +| 2cot— | +| 3cot— | =| — | then
2 2 2 r

answer the following.

1. The ratio of the sides of triangle ABC, a:b:cis
A)l:1:1 B)13:40:45 C)1:2:3 D) 7 : 15 :
45
Key. B
2. The greatest angle of the triangle is
_1(16j . _1(16J _1(63j
A) T—COS — B) SIn — C) Cos = D) None
65 65 65
Key. A
s(s—a))’ (S(s-b)Y (S(s-c))’ 36s?
Sol. 1.| ——2 | +4 ———2 | +9 = 5
A A A 49r
- 8—2((8 ~a)’ +4(5-b) +9(5-¢)’) = 365°S°
A® 49 A?

sS—a)¥ (S-bY} (S—c)* &2

= + + =] ==

6 3 2 49
tS—a_ S-b S-c

I =m, =Nn=S=6l+3m+2n
6 3 2

:>49(I2+m2+n2):(6l +3m+2n)2

Le

= I— LG K (from canchy’s inequality)
6 3 2
‘. S—a=36k, S—b=9k, S—-c=4k
= S =49k, a =13k, b =40k, ¢ = 45k
s.aib:ic=13:4045
13% +40% - 452 256 16
2x13x40  2x13x40 65

_1(—16j _1(16j
C =CO0S — | =1 —CO0S —
65 65

Paragraph — 2

2. COSC =

Let x and y represent the sum and product of two sides of a triangle such that X2 =Vy+ Z2
where z is the third side, then answer the following.

3. The triangle is
A) Equilateral triangle B) Right angled triangle
C) Acute angled triangle D) Obtuse angled triangle
Key. D
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4, In radius of the triangle is
A) _y B) _ Q) —\/gy D) _\/gz
2(z+x) 2(x+y) 2(x+12) X+Y
Key. C
5. Area of the triangle is
3 3X 3z
A) ﬂ B) L (@) L D) None
4 4 4
Key. A
Sol. 3to5.
Letx=a+b, y=ab :>(a+b)2 =ab+02
z=c =>a’+b’+ab=c?*=c=120°
‘. The triangle is obtuse angled.
13
“abx ——
A 2T 3y
S X+1z 2(x+1)
2
1.3 By
Area= —YX—=——
2 2 4
Paragraph — 3
The sides of a triangle ABC are 7,8,6 the smallest angle being ‘C’
6. The length of the altitude from vertex ‘C’ is
7 7
a) 53 o) 35 0) 215 d) 15
4 3 4
7. The length of the median from vertex ‘C’ is
95 J95 95 V95,
a) — b) —— ) A= d) ——
4 2 2 3
8. The length of the internal bisector of angle ‘C’ is
14 14
a) \/30 b) gJE )T d) 24/6
. 2A
Sol. 6 (D) Altitude from 'C’' =—
C
7 (Q) 2(9 + mz) = 7% +8% where ‘m’ is the length of the median from C
vertex ‘C’ |
[ i
g I
1 m
I
D B
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8 (B)Length of the internal bisector of angle ‘C’ = b
a+

Paragraph —4
At times the methods of coordinates becomes effective in solving problems of properties of
triangles. We may choose one vertex of the triangle as origin and one side passing through this

vertex as x-axis. Thus without loss of generality, we can assume that every triangle ABC has a vertex
situated at (0,0) another at (x, 0) and third one at (h, k).

9. Ifin AABC, AC =3,BC =4 medians AD and BE are perpendicular then area of
AABC sq.units.
a7 b) V11
o) 24/2 d) 2411

10. Suppose the bisector AD of the interior angle A of AABC divides side BC into segments
BD=4; DC=2 then
a) b>c and c<4 b) 2<b<6 and c<1
c) 2<b<6and 4<c<12 d) b<cand c>4

11. If in the above question (34), altitude AE > +/10 and suppose lengths of AB and AC are
integers, then b will be

a)3 b) 6 c)dor5 d)3
or6
KEY:9-B 10-CorD 11-C
HINT
0. Take B as origin, BC as x-axis and take A as (h,k) C (4,0). T
1
Area of AABC:§4xk= 2K -----(1) A
E
D=0 and [ 14 K
2 2 -
Q AD L BE slope of AD x slope of BE = -1 E D

=k*+(h+4)(h-2)=0—>(2)

Also AC =3 = (h—4)" +k*=9—>(3)
3 11
2) -3) =>h==and K> ==
) -3 5 an 2
i
2

From (1): Area of AABC = J11
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10.

11.

Now AD is the bisector

AB_BD . c_ab
AC DC
b+c>a=b+c>6
b>2

2 2
Again b+4—bz?’b<l

4b

—=b<6

..2<b<b and consequently 4<c <12

Now ¢c? =h? +k? and bzz(h—b)2+k2

2
62 _b? —12h_3b=>h =2 *+12

Given that k? >10=c¢*—-h? >10
2 2
:4b2—[b 112] >10

:b2+(20—J%,20+J%)

B is either 4 or 5

Paragraph —5

12.

Key.

13.

Key.

14.

Key.

Sol.

T

Let ABC be any triangle and P be a point inside it such that DPPAB = f—s,DPBAZ %,

DPCA= %,DPACz %p Let DPCB = X

X =

p 2p P
a) — b) ? c) 5
A
DABC is
a) Equilateral b) Isosceless c) Scalene
B
Which of the following is true
a) BC > AC b) AC < AB c) AC>AB
C
1. PA _ PB %: sin 20
sin20 sin10 PB sinl0
o PB sin x PC sin40
Similarly =

PC ~ sin(80- x)' PA sin30

d) none of these

d) Right angled

d) BC = AC
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A
iy

B Epm o
PA. PB, PC_,
PB PC PA
sin20, sinx , sin40
sin10 sin(80- x) sin30
sin(80 -x) =4 cos 10 sin 40 sinx =2
sin 50 sin x + sin x

b sin (80 - x) - sin x =2 sin 50 sin x

b 25sin (40 - x) cos 40 = 2 sin 50 sin x
b sin(40-x) =sinx

P x=20°

13. bA=DC= 50

14. PABC = 80P AC is longest side

Paragraph — 6
The sides of a triangle ABC are 7,8,6 the smallest angle being ‘C’

15. The length of the altitude from vertex ‘C’ is

a) 5v/3 b) @

o 215 N
3 4
16. The length of the median from vertex ‘C’ is
NCH /95 95 95,
a) — b) —— )\ d) ——
4 2 2 3
17. The length of the internal bisector of angle ‘C’ is
14 14
a) ~/30 b) EJE )T d) 24/6
15 (D)
. 2A
Altitude from 'C’ = T

16 (Q)
2(9 + m2) =7%+8% where ‘m’ is the length of the median from

vertex ‘C’
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17.  (B)

2,/abs(s—c)

Length of the internal bisector of angle ‘C’ =
a+b

Paragraph —7

ABC is a triangle such that C > 900 , A = 2B and the side lengths are integers.
We wish to find the minimum perimeter.

A
C
b
B 3 c
18. A relation among a, bandc is
(@) a2 - 2b2 =hc (b) a2 - b2 = 2hc
(c) a?-b?=hc (d) a2 -3b2=hc

19. To seek the minimum perimeter, we must assume that gcd (a, b, ¢) = 1. There
exist positive integers m and n such that b = m2 , b + ¢ = n2. This leads to cos B

2n n n n
(@ — (b) —— () — (d) ——
m 2m m 3m
20. Using the range of B, we finally get the minimum perimeter =
(a) 77 (b) 83 (c) 87 (d) 93

Sol. 18. () B
Draw the bisector AD of £ BAC. Put BD =x = AD =x
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b a-x
From —=—— we get x =
c X

b+c

Draw DM L AB.cos B= = a2 - b2 =hc
19. (b) We have a2=b(b+c)=m2n2 = a=mn

Use cosB = to yield cos B =

c? +a%-Db?
20. (a) Note that C > 900 & A =2B CZCab+C - 0<B<300
2x  2a
<cosB<1
2a
n
= 3<—x<2
m

The least values of (n, m) , satisfying this, are (7, 4).

Paragraph — 8
The internal bisectors of angles of AABC meet opposite sides at D, E, F respectively.

Key.

22.

Key.

ACDE
AABC
ab bc ca

(A) PFSICET) (B) bracaa) ©) CiD@sh) (D) none of these

equals

A
ADEF

AABC
(A) abc (B) 2abc
(@+b)(b+c)(c+a) (a+b)(b+c)(c+a)

©) abg (D) none of these

2(a+Db)(b+c)(c+a)

equals

B

Paragraph —9

23.

Key.

24,

Key.

25.

Let the sides of a triangle are three consecutive integers and the largest angle is twice the
smallest. Then
Smallest angle of the triangle is

—1(4 13 -1(4 1(3
(A) tan (3) (B) cos (4} (C) cosec (3) (D) sin (5j
B
Perimeter of the triangle is
(A)9 (B) 12 (C) 15 (D) 18
C
Radius of the circle inscribed in the triangle is
(A) g (B) g ©) 7 (D) E
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Key.

A

Paragraph — 10

26.

Key.

27.

Key.

Sol.

In triangle ABC, BC =a, CA=b, AB=c. Ris the circum radius and r is in radius and s is the
semi perimeter and it is given that

2 2 2 2
COté + ZCOtE + 3C0t9 = @ then answer the following.
2 2 2 Tr

The ratio of the sides of triangle ABC, a:b:cis

A)l:1:1 B) 13:40:45 C)1:2:3 D) 7 : 15 :
45
B
The greatest angle of the triangle is
_1(16j : _1(16) _1(63j
A) T—COS ~| — B) SinT"| = C) COS ™| — D) None
65 65 65
A
s(s—a))’  (S(s-b)} (S(s-c))’ 36s?
26. | —— | +4] —— | +9 =
A A A 49r
52 2 2 2\ 365282
:P((S—a) +4(S—b)*+9(S —c) )_4—9 K

(S—a)z (S—b)z (S—CJZ 52
= n 2 =2
6 2 49

3
S-a_  S-b__S-c

Let =, m, =n=S=6l+3m+2n
6 3 2
:>49(I2+m2+n2):(6l+3m+2n)2
:>I——m—ﬂ—k (from canchy’s inequality)
6 3 5 y q y

. S—a=36k, S—b=9k S—c=4k
= S =49k, a=13k, b =40k, c =45k
saib:c=13:4045
13° +40° -45*  -256  -16
2x13x40  2x13x40 65

_1(—16] _1(16j
C=C0S"| — |=m—cos | —
65 65

27. COSC =

Paragraph —11

28.

Key.

29.

Let x and y represent the sum and product of two sides of a triangle such that X2 =Y+ Z2
where z is the third side, then answer the following.

The triangle is

A) Equilateral triangle B) Right angled triangle

C) Acute angled triangle D) Obtuse angled triangle

D

In radius of the triangle is
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y_ Y oL g Y3y 0 V3
2(z+x) 2(x+y) 2(x+12) X+Y
Key. C
30. Area of the triangle is
A) @ B) ﬂ (@) ﬁ D) None
4 4 4
Key. A
Sol. 28 to 30.

Letx=a+b, y=ab :>(a+b)2 =ab+02

z=c¢ = a’+b*+ab=c*=c=120°
‘. The triangle is obtuse angled.

labxﬁ
A2 3y
S X+1 2(x+12)
2
Area = lyxﬁzﬁ
2 2 4

Paragraph — 12

In triangle ABC, AB = AC. AD is drawn perpendicular to BC. BC is produced to a point E such that AE =
10. Let Z/BAD = DAC =  and ZEAD = a. Let tan(a — B), tan a, tan(a + B) be in G.P. and
cot B, cot (o — B) and cot a be in A.P. Then answer the following questions.

31.

Key.

32.

Key.

33.

Key.

Sol.

o must be equal to

(A) 309

(C) 602

B

The value of tanf3 must be equal to

1
(A) 2

1
(€) 3

C
The area of triangle ABC must be

(A) 4?0 sg. units

(C) 20 sq. units

B
31. tana? = tan(o — B).tan(a + B)
_tana-tanpg tana +tanpg

~1+tanatan B 1-tanp.tan 8
_ tan’a—tan’
~1-tan’ a.tan’ B
=  tan’a - tan*o.tan?p = tan’a — tan’p

(B) 452
(D) 75°

(B) =

(D) =

50
B) — sq. units
(B) 3

25
D) — sq. units
(D) 3

9
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= tan’ o — 1=0
= a=452(Q O0<aq, B <909%tana >0)
(b) is correct
32. Q cot o =1 and cot a, cot (a—P) and cot  are in A.P.
= cota +cot P =2cot(a— )
= 1+cotP=2cot(452-)
Put, 452 -3=6
= 1+cotP=2cotHh
But452=0+f3
cotp.cotd -1
cot g +coté
= cotB+cotO=cotBcotb—-1
Solving this we get,
(cotB+1)(cot p—1)=2(cot B +1)
= cotPf=3

= 1=cot(0+p)=

1
= tanf=—
P 3
(C) is correct
33. AADE is right-angled, isosceles triangle with

AD =DE =52 (Q AE =10 given)

Also in right-triangle, ACD, tan g = %

= A(AABC) = AD.CD = (AD)%tanf3 = 50.tanf}

50 1
—? (Q tanﬁ_gj

= (B) is correct.

Paragraph —13

Let ABC be a triangle, from vertices A, B and C altitudes AD, BE and CF are drawn to opposite sides
BC, CA and AB respectively which meet at a point O. Now triangle DEF is completed, also length
OA, OB and OC respectively are p, gand r.

34. Ratio of area of ADEF to AABC is

(A) 2 cosA cosB cosC (B) 2 sinA sinB sinC
(C) 2 cosA cosB sinC (D) 2 sinA cosB cosC
Key. A
1 .
Sol.  ADEF= Eacos Ab cos Bsin(r—2c)
A
F E
B D C

=abcosAcosBsinCcosC

10
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ADEF
AABC

=2c0sAcosBcosC

35. Radius of incircle of ADEF is
a
(A) a cotA cosB cosC (B) 2 CotA cosB cosC

© abccos AcosBcosC (D) 2RsinA sin B sin C
area of AABC

Key. A
Sol. InradiusofADEFzﬁ

DEF
(2cos AcosBcosC) ;absin C

- (acosA+ bcosB+ccosC]

2
= 2RcosAcosBcosC= acotA cosB cosC.

36. Value of %+%+% is equal to (where a, b, ¢ are length of sides BC, CA and AB)

abc p+q+r
A) — B
® par ®) a+b+c
(€) p+qg+r (D) a+b+c
a+b-c p+qg+r
Key. A
a b ¢ 2RsinA 2RsinB 2RsinC
Sol. —+—+-= + +
p g r 2RcosA 2RcosB 2RcosC
=tanA + tanB + tanC = tanA tanB tanC = %
par

Paragraph — 14
Let ABC be a triangle, from vertices A, B and C altitudes AD, BE and CF are drawn to

opposite sides BC, CA and AB respectively which meet at a point O. Now triangle DEF is

completed, also length OA, OB and OC respectively are p, g and r.

37. Ratio of area of ADEF to AABC is

(A) 2 cosA cosB cosC (B) 2 sinA sinB sinC
(C) 2 cosA cosB sinC (D) 2 sinA cosB cosC
Key. A

38. Radius of In circle of ADEF is

a
(A) a cotA cosB cosC (B) E cotA cosB cosC

11
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abccos AcosBcosC
(Q) (D) none of these
AABC
Key. A
a b c. .
39. Value of —+—+— is equal to (where a, b, c are length of sides BC, CA and AB)
p q r
abc +q+r
(a) &< () 23
par a+b+c
+q+r a+b+c
( 2d*T (D)
a+b-c p+q+r
Key. A

Sol.  37. ADEFzéacosAbcos Bsin(n—2c)

=abcosAcosBsinCcosC
ADEF

=2cosAcosBcosC
AABC

A
38. In radius of ADEF = —2EF
DEF

(2cos Acos BcosC);absinC
B (acosA+ bcosB+ccost

2
= 2RcosAcosBcosC= acotA cosB cosC.

a b ¢ 2RsinA 2RsinB 2RsinC

p g r 2RcosA 2RcosB 2RcosC

=tanA + tanB + tanC = tanA tanB tanC = @
par

Paragraph — 15
Let a,b,c are the sides opposite to angle A,B,C respectively ina AABC

tanA B=ucot9and_Lz_i.lfsi:G,b:Band cos(A—B)=ﬂ
a+b 2 sinA sinB 5
40. Angle C is equal to
T i 3n 21
A) 1 B) 5 C) n D) 3
Key. B
41. Area of the triangle is equal to
A) 8 B)9 C) 10 D) 11
Key. B
42. Value of sin A is equal to
1 2 1 1
A) 7 B) NG C) o5 D) 7
Key. B
Sol.  (40-42)

12
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4 1—tanZﬂ 2tan2A_B
2 _4 2 1
cos(A-B)=—= = —"5-: = 2 _=
5 l+tan? 22 O 2 9
= tanA_B:£:> Ezﬁcotg = cotgzl = C=90°
2 3 3 6+3 2 2

Area of triangle =%absinc = Area:%x6x3x1=9

’ 2 2
_a _ya +b = Lzﬁ = sinA=i
sinA 1 SinA J5

Paragraph — 16
Consider a triangle ABC, where x,y,z are the length of perpendicular drawn from the vertices
of the triangle to the opposite sides a,b,c respectively let the letters R, r, S, A denote the
circumradius, inradius semiperimeter and area of the triangle respectively

bx cy az a’+b’+c?

43, If —+2+ ——— thenthe value of k is
c a b k
A)R B)S C) 2R D)%R
Key. C
2 2 2
Sol. E+C—y+%=bsinB+csinC+asinA=u
c a b 2R
k=2R
1 1 1 .
44, If cotA+cotB+cotC=k — +—+— |, then the value of k is
X° Yy oz
A) R? B) rR C) A D) a® +b*+¢?
Key. C
1 1 1 a b> & a’+b*+c?
Sol. —2+—2+—2: 2+ = > = 5
X° Yy 27 AAT 4N 4A 4A

R
cotA+cotB+cotC=T(b2+c2—a2+c2+a2—b2+a2+b2—c2)

abc
R R (4A* 4A* 4A?
=—(b?+c*+a’)=— +—t
abc( ) abc\ x> y* 7
ANR(1 1 1
N 2t atz
abc (x° y° z
2
=4AR.A i2+i2+i2 =A inrinri2
abc X® y° oz Xy oz
: k=A
45 The value of csmB+bsmC+asmC+csmA+ bsin A +asinB is equal to
X y
R
A) — B)E C)2 D)6
r R

Key. D
Sol. =

csinB+bsinC X+ X
2 X 2 X =0

13
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Key.

Sol.

Key.

Sol.

Key.

Sol.

4.

Key.

Progressions of Triangles
Integer Answer Type

If a, b, c are sides of a triangle satisfying a® + b® +c®> =6, then the AM of all
the integral values which lie in the interval of ab + bc + ca is

5

%{(a— )2+(b—c)2+(c—a)2}20:>212+b2+(:2 >ab+bc+ca=a’+b*+c’*>6

a’=b*+c?’-2bcosA>b’*+c?>-2bcQcosA<1
b?>a’+c?*—-2ac and c* >a’*+b?*-2ab
nat+bi+c? >2(a2+b2+02—ab—bc—ca)

:>ab+bc+ca>%(a2+b2+cg)=3. hence ab+bc+ca €(3,6]

Let the lengths of the altitudes drawn from the veritices of a triangle ABC to the opposite
sides are 2,2 and 3. if the area of AABC is A, then find the value of 2\/§A

—=2—=2—=3
a b C
:>a=A,b=A,c:2—A
3
R HEE
3 3/)L3/)L3
—8A? =81
:>2\/§A=9

If r and R are respectively the radii of the inscribed and circumscribed circles of a regular

R
polygon of n sides.such that — = \/g—l, then nis equal to
r

5

a T a T
r=—=cot—:; R=—cosec—
2 n 2 n

R _sec” - J5-1=sec36°
r n

r

n

=Z:>n=5
5

Ina AABC,a=5,b=4and tan % = \/Z, then measure of side ‘c’ is

6
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[EEN
|
|~

Sol. cosC = =
+

|-

Juny
© |

5.C*=25+16- 2.5.4.% =36

5. In triangle ABC a = J5; b=2,/A=716 and c,and ¢, are the two possible values of third
side then |Cl _Cz| is
Key. 4
Sol.  a’=b”+c*—2bacosA

3

c2—2.27.c+4—5:0

c?-2/3C+-1=0
C, +C, :2\@;0102 =-1
(c,—c,) =16

6. The ratios of the lengths of the sides BC and“AC.of a triangle ABC to the radius of a
circumscribed circle are equal to 2 and 3/2:respectively. If the ratio of the lengths of the

Ja =1

bisectors of the interior angles B and Cis o then a+ g is
( N J

Key. 9

a
Sol. Given — =2 ;
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coszE:A'J”ﬁ;cos,ZE:Z
2 2 8
Now from (1)
BE 7(ﬁ—1)
CF 92
A
F E
B ,
¢
7. In AABC. 3a=Db+c then cot B/2 cot C/2 is
Key. 2
Sol. 3a=b+c
4a=2s
s=2a
cotEcotE:L: 2a =2
2 2 s—a 2a-a
8. In A ABC, if R(a+b) =c+vab anda= 2+\/§,then in radius r is
Key. 1
Sol a_+b—9:>a_+b—£—sinc
" Jab R " 2Jab. 2R
2 2
a+hb —(a-b
cos®C =1—( ) . -(a-b)
4ab 4ab
But cosZC20:>a=b:>c=g
Lab
LA % @2 a _2+v2
S a+b+c 2a+2a 2+42 2+2
2
9. If the median AD of triangle ABC makes an angle % with the side BC, then the value of
cotB—cotC| is
Key. 2
Sol.
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T
\4
B D
From m — n theorem

200'[% =|cot C|cot B = |cot B —cotC| =2

10. If A= 300,3. =7 and b =8 in A ABC, then the number of triangles that can be‘constructed

is
Key. 2

7 8 . 8 4
—=——=SINB=—=—
1/2 sinB 14 7

= B can take two different values.
. No.of triangles =2

Sol.

2s
11. In A ABC if cosA + 2 cosB + cosC = 2, then the value of — (where ‘s’ is the semi peri meter)
is
Key. 3
Sol.  cosA+cosC =2(1-cosB)
A+C A=C
COoS
2

A-C
cos 2 a+c
—:Z:T:Z:a+c:2b

— 2C0S 0 :2x25in2%

= B
SIn—

2

~28 30
b b

3

12. In AABC, ifri=6,R =5, r=2, then the value of 3tanA is
Key. 4

Sol. G —r :4Rsin2§:> 4= 203in2§:>sin§:

1
N3
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1
2x = 4
tanA=—2 == 3tanA=4
1 3
1- =
4
13. In AABCif ZC :900,then the value of a+h is
r+R
Key. 2
Sol.  £c=90°=2(r+R)=a+b= 22 >
r+R

14. Points D, E are taken on the side BC of an acute angled A ABC, such that BD=DE=EC. If

sin(x+y).sin(y+z)

ZBAD =X, ZDAE =y, ZEAC = z, then the value of - - is
SIN X.SINnz
Key. 4
A
X Z
c y b

Ba3D a3 E a3’

a _ AD
3sinx  sinB
2a  AE
3sin(x+y) sinB
Q:sin(x+ y): AD
(2) 2sin X AE
2a _ AD
3sin(y+z) sinC
a AE
e (5)
3sinz  sinC
(5) :>sm(y+z) _AE

(4) 2sinz AD (©)

sin(x+y)sin(y+z2)
sinx.sin z

Sol.

(3)

=4

@) x(6)=
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15. If the circumcentre of triangle ABC lies on its incircle, then |:4(COS A+cosB + COSC)]

(Where [X] is greatest integer less than or equal to x is)

Key. 5
so. Sl=r=R*-2Rr-r?=0
:(ET—Z(EJZ—l:O
r r
:>$ZZi§J§:1iﬁ

=211

-.cos A+cosB +cosC =1+%:1+ﬁ—1=ﬁ

~.[4(cos A+cosB+cosC) = 42 | =

16. The area of a cyclic Quadrilateral ABCD is T The radius of the circle circumscribing the

Quadrilateralis 1. IfAB=1,BD = \/§ then the value of 3.BC.CD is
Key. 6
2 =1
Sol. 3=1+AD —2><1><AD><?

AD? + AD-2=0
(AD+2)(AD=1)=0= AD =1

B
\‘ A
60°

C D

/BOD=2C
cos2C =%l:>c =60°, A=120°

I 1x£+1 BC.CDxﬁziB
2 2 2 2
BCCD=2
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17.

Key.

Sol.

18.

Key.

Sol.

The lengths of the tangents drawn from the vertices A, B, C to the incircle of AABCare 5, 3, 2

respectively. If the lengths of the parts of tangents with in the triangle which are drawn

parallel to the sides BC, CA, AB of the triangle to the incircle be OL,B,y respectively, then

[OL+B+y] where ([g] is G.I.F. is)

6

B R C

r =(S—a)tan§

T ' s s_a=55-b=35-c=2
S—-a AP
=S=10=a=5b=3,¢c=8

§+l+ =1=> +E+1:1

a b c 7

L B rb rc

*“= A PT B’ /= C

Stan— Stan— Stan—
2 2 2

(S—-a)a (S=b)b (S-c)c

(X.: ) = ) =
s P T
a—5X5 B_3><7 _2><8
10 2100 T 10
25421416 62
+Bty=—""—"""=—=|a+B+y[=6
o +B4y 0 0 [o+B+7]

In AABC, %z%, then the value of 4tan (%j[tan%+ tan %j must be

1

2

r B, C 1
—=tan—tan—==
r 2 2 2

tané tanE+tanE =1—tanEtan9
2 2 2 2 2

1
2

4 tané tanEthanE =2
2 2 2
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19.  Ifa, b, c are sides of a triangle satisfying a® + b”> +c®> =6, then the AM of all
the integral values which lie in the interval of ab + bc + ca is

Key. 5

Sol.

%{(a— )2+(b—c)2+(c—a)2}20:>a2+b2+c2 >ab+bc+ca=a’+b?*+c’*>6

a’=b?+c®>-2bcosA>b’*+c?>-2bcQcosA <1
b?>a’+c?*—-2ac and c® >a’*+b?*-2ab
nat+b?+c? >2(a2+b2+02—ab—bc—ca)

:>ab+bc+ca>%(a2+b2+c2)=3. hence ab+bc+ca €(3,6]

20.  In AABC, =1 then the value of 4tan(éj(tang+tan9j must be
ho 2 2 2 2
Key. 2
Sol. L:tanEtangzi
n 2 2 2

tané tanE+tanE =1—tanEtan9
2 2 2 2 2

1
2

4tané tanEthanE =2
2 2 2

. RN ) atb+cia b c|.
21. With usual notation in triangle ABC, the numerical value of | — || —+—+—|is

L+hL+0)ln 1, o
ANS : 4
Sol. ZE=2RZ _ZSInA/ZCOSA/Z :Z(tanEthanEj
I, 4Rsin A/2cosB/2cosC/2 2 2
A r L+r,+r
=2> tan—-=2 ) L=4 122
Z 2 Zs (a+b+cj
L+0)(n+10)(n+r,
22. InAABC(l 2)(2R 23)(3 1): (where 1,1, I, are exradii & R is circum radius
S
and

s is Semiperimeter of triangle ABC)

KEY : 4
: . 2 A ,B 3¢ L a+c b+c .
23. If in a triangle ABC, bc0s® —+aco0s® — = —then minimum value of is
2 2 2 2c—a 2c-b
equal to ............
Key: 4
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Hint:

LHS :%[b+bcosA+a+acosB]:%(a+b+c)=3—2C:>2c=a+b

2 1/4
a+c+b+c :a+c+b+c:§+9+g+£24 L B
2c—a 2c-b b a b a b a ab

2
[QaerZ\/%:CZZab:C—le

2 ab

24. If length of the side BC of a AABC is 4cm and Z/BAC :1200 , then the distance-between
incentre & excentre of the circle touching the side BC internally is

Key: 8
Hint: II1:AI1—AI

=(r —r)coscA/Z

1
=atanA/2coscA/2
CosA/2

25. In AABC, . 1, then the value of 4tan (éj(tanEJr tan Ej must be
n 2 2 2 2
Key. 2

Sol. L:tanEtanE:E
n 2 2 2

tané tanEthanE =1—tanEtanE
2 2 2 2 2

1
2

w4 tané(tanEHanE): 2
2 2 2

26. Given a parallelogram whose acute angle is , if the squares of length of the

diagonals are in ratio 1 : 3 tnen % is (where a,b are the length of the sides)

Sol... 1
Applying cosines rule in AABD and ABCD, we get 2a° +2b* =d? +d?, where
d,,d, are length of diagonals (d, <d,) given d; = 3d}
=a’+b’ =247
also ab = d}
=a’+b’+2ab=3ab+d; =4d} (1)
= (a+b)’ =4d?=>a+b=2d,  ..(2)

using (1) and (2), we geta=b = d, i.e. %: 1.
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D C
/ 4, /
(=10

27. In a triangle ABC, the foot of the perpendicular from A divides the opposite

side into parts of lengths 3 and 17 and tan A = 2—72 . Let a APQR is a right

angle triangle (right angle at Q) such that ZA = /P and PQ = 7 units, the

A ABC
w is (where [.] denotes the greatest integerfunction)
Area (PQR)

Sol. 1
tan A = tan(A1 + Ag)

=AD=11
hence the area of AABCZ%XIIXQOZIIO

A
Ay

B Do 7 C

— Area of POR =%><22><7=77 :

{Area (ABC)} L

Area (PQR)
E
22
F—=—0

28. ABCls an acute angle triangle, /A =30°.H is the orthocentre and M is the
midpoint of BC. On the line HM a point T is taken such that HM = MT. If BC =
4cm, then the length of AT is

Key. 8
Sol. ABMH and ACMT are similar, /MBH = Z/MCT,
= BH CT, CT L AC and CT = BH

Now, AT? = TC? + AC? =BH? + AC?
= BD? cosec’C + AD? cos ec*C
AB? a’

=— 5 = — > :16X4=643AT:8
sin“C sin“ A

10
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29.

Key.

Key.

31.

Key.

Key.

33.

Key.

34.
Key.

Sol.

B o B -4

If I be the incentre of triangle ABC and R1, Rz, R3 be the circum radius of the triangle BIC,

2 2 2
C

. i a
CIA, AIB respectively, then maximum value of —+—+—is.....
Rl R, R;
9
The radii rq,r2,rs of inscribed circles of the triangle ABC are in H.P. If its area is 24 sg. cm
and its perimeter is 24 cm, then the length of its largest side is
10
If in AABC, circle with altitude AD as diameter intersect AB at P-and"AC at Q such that

PQ = k%, when A, R are area and circumradius of triangle ABC respectively, then A is equal

to
1
In a triangle ABC, CH and CM are the lengths of the altitude and median to the base AB. If
a =10, b =26, c = 32 then length (HM) ?
9
In a AABC, perpendiculars are drawn from.the angles A,B,C of an acute angled triangle on
the opposite sides and produced to meet the.circumscribing circle at D, E and F respectively.
If these produced parts be a, B, y respectively.
( a b CJ
o
Then the value of By IS ereererene
tan A+tanB+tanC

2

In A ABC, if R(a+b)=c ab anda=2++/2, thenin radiusris
1
a+b  C a+b C

Jab. R 2Jab 2R
(a+b) —(a- b)
4ab 4ab

=sinC

Cos’°C =1—

T
But cos,2C20:>a=b:>c:E

Lab
_A_ 50 a’ a__2+y2 _,
S a+b+c 2a+fa 2+\E 2+\f
2

11
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T
35. If the median AD of triangle ABC makes an angle Z with the side BC, then the value of
cotB—cotC| is
Key. 2
Sol.
A
T
4
S
B D c

From m — n theorem

200'[% =|cot C|cot B = |cot B —cotC| =2

36. If A= 30°,a =7 and b =8in A ABC, then the number of triangles that can be constructed
is
Key. 2
7 8 . 8 4
Sol. ——=——=SINB=—=—
1/2 sinB 14 7

—> B can take two different values.
. No.of triangles =2

37. In A ABC if cosA + 2 cosB + cosC = 2, then the value of é (where ‘s’ is the semi peri meter)
is
Key. 3
Sol. ~ €osA+cosC =2(1~cosB)
20052 CoosAC Lo ysin2 B
2 2 2
A-C
Lo 2 a+c
S=——f ~=2>——=2=a+c=2b
. B b
SIn —
2
2283,
b b
38. In AABC,ifr,=6,R=5, r =2, then the value of 3tanA is
Key. 4
Sol. rl—r:4Rsinzé:>4:205in25:>siné=i
2 2 2 5
2><1 4
tanA=—2 =" = 3tanA=4
1 3
1-=
4

12
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39. In AABCif ZC :900,then the value of a+b is
r+R
Key. 2
Sol. Lc=900:>2(r+R)=a+b:>a—+|2=2
r+

40. Points D, E are taken on the side BC of an acute angled A ABC, such that BD=DE=EC. If

sin(x+y).sin(y+2)

ZBAD =X, Z/DAE =y, ZEAC = z, then the value of - -
SIN X.SInz

is

Key. 4

Ba3D a3 E a3
a _ AD
3sinx sinB
2a _AE
3sin(x+y) sinB
stin(x+y): AD
(2) 2sin x AE

Sol.

(3)

2a __AD @
3sin(y+z) "sinC
a AE
— =< @ (5)
3sinz. sinC

(5):>SIH(Y+Z): AE .

(4) 2sinz AD

sin(x+y)sin(y+z2)
sinx.sin z

41. If the circumcentre of triangle ABC lies on its incircle, then [4(COS A+cosB —I—COSC)]

) x(6)= =4
(Where [X] is greatest integer less than or equal to x is)

Key. 5
so. Sl=r=R?>-2Rr-r?=0

13
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42.

Key.

Sol.

o+PB+y

(=

:>E=2i2\/§:11r\/§
r 2
.'.E:\/E+1
r

-.c0S A+cosB +cosC =1+%=1+\/§—1:\/§

-.[4(cos A+cosB+cosC)] :[4\/5] =5

The lengths of the tangents drawn from the vertices A, B, C to the incircle of AABCare 5, 3, 2

respectively. If the lengths of the parts of tangents with in the_triangle which are drawn

parallel to the sides BC, CA, AB of the triangle to the incircle be\@,[3,V respectively, then

[(x+[3+y] where ([g] is G.I.F. is)

6

B R C

r =(S—a)tan§

P L siais55-b=35-c=2
S—-a AP
=S=10=2>a=5b=3,¢c=8
§+X+E=1:>E+E+Z=1

a. b c 5

LLora B rb _rc

o = ] - B,'Y— C

Stané Stan— Stan—
2 2 2

OL:(S—a)a’ :(S—b)b’y:(S—c)c
S S S
5x5 3x7 2x8
o= , P= VY=

10 10 10

25421416 62
10 10

=[a+B+y]=6

14



Mathematics Progressions of Triangles

43.  Let ABC and ABC' be two non congruent triangles with sides
AB=4,AC=AC'= 2\/5 and angle B =30°, the absolute value of the difference between
the area of these triangles is
Key. 4
A
SoL. E ¢ c

AB =4 AC = AC!=22,B =30°

C=4,b=b'=22,B=30°

b __ ¢ _c_y
sin30 sinC

CAC' =90°

Area of AABC —AABC! = AACC?

:iAC.ACl
2

:%2&.2&:4

44. _ Consider a triangle ABC and let a,b and c denote the lengths of the sides opposite to the
vertices A,B and C respectively .Suppose a = 6, b = 10 and the area of the triangle is 15\/§ f
ZACB is obtuse and if ‘r’ denote the radius of the incirlce of the triangle then r’=

Key. 3

B3

SoL. A:%absinc =sinC :7:>C =120°

c’=a’*+b*-2abcosC =>c=14

r=%=\/§:>r2:3

15



Mathematics Progressions of Triangles

45. 1If B=60°, C =45° and D divides BC internally in the ratio 1 : 3 and M =1, then
sin|BAD

AP+ 12 -61+3=
Key. 9
SoL.  Bysine Rule |n|Ci \/_—

sin|B
2%+ A2 —6/1+3:6J6+6—6£+3=9
46. If p,,p, and p, are the altitudes of a triangle from vertices A,B and C respectively, and A is
1 1 2ab ,C

the area of the triangle, prove that 1 +——-—=————"¢€0S"—
pp P, Py (a+b+c)A 2

1 1 1 a+b-c 2s-2¢_s-c

Ans. —+——— = _
pl p2 p3 2A 2A A
Sol.  We have coszE:S(S_C)
2 ab
sothat 280 2C_2ab s(s=¢) s—c
(a+b+c)A 2 2sA ab A

Now, the area of triangle ABC is A_—apl,le p, =2A/a . Similarly, p,=2A/b and

p, =2A/cC.
1 1 1 a+b-c_2s-2¢.s=¢
P, P Ps 2A 2A A
. A-C a+c
47, Ina AABC, the angles A,B;Carein A.P. Show that 2cos =
2 Ja?—ac+c?
Ans. ZCosA_C
Sol.
ZsinAJrCcosA_C
at+c sinA+sinC B 2 2
Jal =ac+c?  +/sin? A—sinAsinC+sin?C \/1—cosZA_COS(A—C)—COS(A+C)+1—cosZC
2 2 2
Zﬁ,ﬁcosA_c
_ 2 2
J2—(c0s2A +cos2C) - cos(A—C)+cos(A+C)
\/écosA;C \/EcosA;C

\/2—Zcos(A+C)Cos(A—C)—cos(A—C) \/g+cos(A—C)—cos(A—C)

=ZcosA_C

16
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48. Let AD, BE, CF be the length of internal bisectors of angles A,B,C of triangle ABC. Show

that the harmonic mean of AD secé. BE sec%,CFsec% is the harmonic mean of the sides

of the triangle

Key. Z;Azzi
ADsec @
Sol. AD=2—chosé = ;AZE(EJFEJ
b+e 2 ADsec” 2\b ¢
2
Z;Azf,l
ADsec” a

49, Let ABC be a triangle with altitudes h,,h,,h, and inradius r. “Prove that
h1+r+h2+r+h3+r26
h—r h,—r hy—r

Ans.
Sol. h1+r+h2+r+h3+r26
hy—r h,—r hy—r
Azlah = h1=2—A
2 a

Similarly h, :ZFA’ h, _2a
c

h1+r+ h,+r hy+r 2A/a+A/s+2A/b+A/s+2A/c+A/s
h,—r h,—r h,—r 2Ala—Als 2A/c—-Als 2A/c—Als
2s+a 2s+b 2s+c 45 4s 4s
= = + = + + -
2s—-a 2s—-b 2s—-c. 2s—a .2s-b 2s-c

So

=31 4 + 4s 4 S -3>3 3 =3 Since (AM>HM)>6
3(2s-a 2s~b 2s—-c 25—a+23—b+25—c

4s 45 4s

50. Find the point.insidea A from which the sum of the squares of distances to the three sides is
minimum. Also find the minimum value of the sum of squares of distances.

4(s<a)(s—=b)(s—c)s

Ans. ' & R
a“+b°+c
Sol.  Ifiab; care the lengths of the sides of the A and x,y,z are the length of perpendicular from
the point on the sides BC, CA, AB respectively we have to minimize x? +y® +z* =t
we have

1ax+lby+lcz=A
2 2 2

= ax+by+cz=2A
Where A is the area of the AABC we have the identity;

= (x*+y* +2°)(a +b’ +cz)—(ax+bx+cz)2 =(ax—by)’ +(by —cz) +(cz +ax)’
= (x*+y?+2°)(a® +b° +¢*) > (ax+by +cz)°
= (x2+y2+22)(a2+b2+02)24A2

17
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2

= x? +y? +2? > ————— and equality only when
a“+b"+c

X y z_ax+by+cz_ = 2A
a b ¢ a*+b*+c® a*+b’+c?

. , 4N?
The minimum value of tis ————
a“+b°+c

. 4(s—a)(s—Db)(s—c)s
tmin = ( )( )( ) Ans

a’?+b%+c?

18



Mathematics Properties of Triangles

Properties of Triangles
Matrix-Match Type

1. In AABC Column-I Column-II
- - - 6
) F 2283 b _s C,then33tan2A/2is P)
11 12 3
b 31 52
) Ifa:5,b:4andcos(A—B):ﬁ,then c= 9
c) Ina A ABC, line joining the circum centre orthocenter is r) 26
parallel to side BC then 4tan? Btan’C =
d) If the radius of the circum circleofa  triangleis 12and | ) 13
that of the in circle is 4 then the sum of the radii of the
escribed circles is
t) 36

Key. A-P;B-P;,C-S;D-Q
Sol. A).s—a=11k
s—b =12k
s—c=12k
s =36k
, A _(s-b)(s-c) 12x13 13
2 s(s-a) 36x11 33

B) a—_bcotgztan(A_Bj
b 2 2

tan

a-+
(5_4co Cjz_l—cos(A—B)
5+4  2) 1+cos(A-B)
:icotZE_i
81 2 63

:tanZE:Z

2. 9

1
seosc==

8

c¢’=a’+b?-2abcosc

=25+16+ 2.5.4.% =36

C) tanBtanC =3

@ 2RcosBcosC =Rcos A

= 2cosBcosC =—cos(B+C)
=sinBsinc=3cosBcosC




Mathematics Properties of Triangles

B C
D) L+r+r,=r+4R
2. In AABC
Column-I Column-II
r 1
a) If in a triangle ABC, — =—, P) g
n 4 3
A B C
Then the value of tan — | tan—+tan —
2 2 2
is equal to
b rrr. 3
) In a triangle the least value of 222 is X "
r
2 2 2
) In any triangle ABC , % has the maximum n |1
value
d) Let P be an interior point of the triangle s) |3
ABC and the line AP,BP and CP when
Produced meet the opposite sidesiin."D,E and F
. PD PE" PF
respectively then — +— +—
AD “ BE ~CF
is equal to
t) |27

Key. A-Q;B-T;C-QR;D-R

r
Sol. A)—= tanztan

In.a AABC Ztangtangzl

.-.tan—A(tanEHanE]:l—l:E
2 2 2 4 4
B) 1+£+£:1 apply AM >GM
L r ror
2,124 02  4(sin® A+sin®+sin®c
g 2 +b2+c _ ( )sﬂ.g=3
3R 3 34
PD PE PF
D) —+—+—=1
AD BE CF




Mathematics Properties of Triangles

3. Match the following:
Ifin AABC,r=2,1=4,5s=12 and a<b <g, then

Column - Column -l
(A) Area of AABC is (p) | 22
(B) 4+4R is (@ | 24
(C) ZA of triangle is (r) sin‘lg
. .13
(D) /B of triangle is (s) s|n'1g

Key.  (A) 7(a); (B) ~7(a); (C) —7(s); (D) —*(r)

By
.?‘13“2+.?'2r"3+.?'3r"1: 172 3:32:144
Sol.
4(!"1+f"3)+f"2 rp=aryn =1 = =T =18 S =6 =12
- 1
i: fa =_ = g==f
n g 2

Similarly, #=28,c=10 = AEC s right angle triangle:

. 1 —-r|=6
Smallest angle is siti IZ M= Exﬁ #H= 24 sqg.units R= 5; |r2 r3|
4. Match the following:
Column - Column -l
A X 8
() If p?—2pcosX =673 and tan§=7, the integral value of (°)
‘p'is
(B) If.5INO+COSO =M then the maximum value of m? is (@ 9
(C) I,;I,,T5 are the radii of the circles drawn on the altitudes () 2
PD,PE and PF of APBC, APCA, APAB respectively
as diameter where 'P" is the circum-centre of the acute
1]a® b? c?
angled AABC. The minimum value of — | —+—+—
RS T Pl
is (a,b,C are sides of AABC)
(D) (s) 25

Ina AABC, a=6,b=3 and COS(A—B)=% then the

area of the A ABC is




Mathematics Properties of Triangles

Key. (A) 72(s); (B) —7(r); (C) —*(p); (D) ~*(a)

x . X 7
tan—=7 = sain—=+t —

Sol. A) 2 2 “«"I'5_D

p?—2prosx=673
(p—1}2+2p(1—msx)=6?4

= (p-1Y +4psin2§= 674

2 98
= lp-1Y +—p=0674
{p ] 25;:

Put P= 23

2
{24} +IE=674 which is true
fnS4cosB=m

B)
V2 ZsinB+eos 8242, s0 the maximum value of 72" is.2.
il
na=ZP_2 _ 3
1:51115’:i
Similarly, 4ry
1:5:11(”_?=i
4.?"3
A
A
2.2 .2
%+%—+E§=16(tan2ﬂ+tan23+tan2c:]
Sop 1 2 A
2
2 2 2 =
gy A+tan® B+tan CEB[tanﬂtanBtanC]S(using AM 2GM

A ARC

Also, in an acute angled

1
tan A+tan B +tan O 2 3 (tan A tan B tan C')3 (using AM.2 G

But tan A +tan 8 +tan O = tan Atan Stan O

2
3

[tan Atan Btan C'] =3

’
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2 .2 .2
as B

—t+—=t+—2=144
So, 1 "2 73

1 |a® & 22
L 18| 7" g 7|
The minimum value of is 8.

(H—B] 1
tan| —— | ==
So, 2 3

(ﬂ—B] a—h Z
tatn | —— | = oot —
Again, 2 a+h 2

1 3 o o C
= = ctot— = cot—=1l=—
3 2 2

=45 = o =90"

M ABT = labsinif: l><6>~<3><1
So, the area of 2 2

5. Match the Following:
Column 1 Column Il

(A) Number of triangle to which an acute angle triangle (P |3

ABC can act as a pedal triangle is
(B). .| DEF is a pedal triangle of ABC, If R, and R, are (@ |2

circumradius of ADEF and AABC respectively then

& is

R

(C) | Three points D,E,F are taken on side BC, CA and AB () | 4
such that AD, BE and CF are concurrent then

BD.CE.AF .
————  isequal to
DC.AE.FB
(D) ©) |1
E(l—i](l—ij is (where 1, 1,, 1, are radii of
2 r, r




Mathematics Properties of Triangles

excircles of AABC which is right angled at A)

® |5
KEY: (A-r),(B—),(C-s), (D—p)
Hint: (A) ABC is pedal triangle of acute angle |1|2|3 and of obtuse angled triangle
Il Il and g, -
(B) 2 =2
R
(©) In AABC If AD, BE and CF are concurred and if BD_ # and CE_S
DC g B
Then AR =L
FB «
= BD.CE.AF =DC.AE.FB
P
2 S—a S—a
6. If in AABC, sin(A-B) = §,and a_ 2
5 b
Column | Column lI
(A) (A— Bj (k) O
tan
2
(B) C (@ 1/3
cot —
2
(C)  Area of triangle ABC () 1
(D) r+c-s (r-Inradius,s - semi perimeter) (s) b?

Key:  (A-q), (B-r), (C-s), (D-p)
_ . 2tan9/2 A-B

Hint: sinO = ————— —tan
1+tan“0/2

by.Napeir's rule

(A—Bj a-b C
tan =——Cot—
2 a+b 2

C
= cot —=1,9
2
C
If cot Ezl = area of A = b?

C
r:(s-c)tanE =r+c-s=0
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Properties of Triangles

7.

Key.

Sol.

Match the following

Column -1 Column —1I
a)  Ifinatriangle ABC, sin® A+sin’ B :sin(A+ B) p) right angled

then the triangle must be

b)  Ifinatriangle ABC, =b?+c?—2bc cosA q) equilateral
2C0sA
then the triangle must be
A B C
c) If in a triangle ABC, tan E +tan E+ tan E = \/5 r) isosceles
then the triangle must be
d) If in a triangle the sides and the attitudes are in s). obtuse angled
AP then the triangle must be
a:p,b:r,c:q,d:q
. . . coS2A+c0s2B . :
a) sin® A+sin’B=sin(A+B) =1- 5 =sinC

1-cos(A+B)cos(A—B)=sinC
cos?C cos’ (A—B)+2cosCcos(A—B)=cos’C

= c0sC =0 = triangle is right angled.
bc

2C0s A
(a2 —b? )(a2 — CZ) =0= a=b or a=c Hence triangle is isosceles.

b) =b* + ¢ —2bccos A :cosA:%:bzcz:az(b2+cz—a2)
a

A B C
tan —+tan — + tan—=+/3
© tan- 2 2 3

2 2 2
tané—tanE + tanE—tanE + tang—tané =0
2 2 2 2 2 2

= triangle is'equilateral.

d) Ifayb, carein AP and h,,h ,h, arein AP, where h ,h , N, are the altitudes, then

a=b=C= thetriangle is equilateral.

A.P.

Key. (@) — (p) ; (b) —(p) ; (c) —(p); (d) —(s)

Column | Column 11
a)~ The lengths of the altitudes of a triangle are in H.P. Hence p) in A.P.
the sines of the corresponding angles are
b) The radii of the escribed circles of a triangle are in H.P. q) in H.P.
Hence the corresponding sides are
c) Let H be the orthocentre of A ABC. If HAZ , HB2 , HC?2 are ry inG.P.
in A. P., then a2 , b2, c2 are
2
d) The angles A, B, C of a triangle are in A.P. . a2 b? ,c2 are s) not in




Properties of Triangles

Mathematics
Sol. (@) hg, hy, h;arein H.P.
111
= —,—,— arein H.P.
abec

= a,b,careinA.P.
= sinA, sinB, sinC are in A.P.
(b) rqy,rp,rgareinH.P.

1 1 1 .
= are in H.P.

s—a s-b's—c
= s—-a,s—b,s—careinA.P.
= a,b,careinA.P.

(c) The distance of the orthocentre H from the vertex A is 2R cosA(?)

HAZ  HBZ2, HC? are in A.P.
—  cos? A, cos? B , cos? C are in A.P.
= sin2 A, sin2 B , sin2 C are in A.P.
= a2, b2,c2 areinA.P.

(d) A, B, CareinA.P.

i
= B=§ = c2 +.a2 = b2 =hc
9. Column -1 Column -1l
(P) In any AABC, b? sin2C + ¢? sin2B = (A) %
(Q) Ina AABC, /B =7/3 & ZC = t/4 Let.D divide BC (B) 1
: . . sin./BAD
internally in the ratio1: 3, then ——— =
sin ZCAD
2 2
(R) In a AABC, if C = 902, then %sin (A—B) = (C)2
(S) Ina AABC, £C =459, then (1 +cotA) (1 +cotB)= (D) 4A

Key. (P)—> (D), (Q)= (A), (R)— (B), (S)—(C)

10. In.a triangle ABC, AD is perpendicular to BC and DE is perpendicular to AB.

Column =1 Column—11

(a)-Area of AADB (p) (b%4) sin 2C

(b) Area of AADC (q) (c?/4) cos®B sin 2B
(c) Area of AADE (r) (c?/4) sin 2B

(d) Area of ABDE (s) (c%4) sin?B sin 2B

Key. (@ —r, (b)—>p, (c)—>s (d)—>q




Mathematics Properties of Triangles

11. Match the following:
Ifin AABC,r=2,1=4,5s=12 and a<b <g, then

Column -l Column -l
(A) Area of AABC is P | 22
(B) 4+4R is (@ | 24
. 14
(€) ZA of triangle is (r) | sin s
. 13
(D) ZB of triangle is (s) | sin :

Key. (A) —7(a); (B) 7 (a); (C) —7(s); (D) ~7(r)

frars
,?"1,?"2+,?"2,F"3+,?"3|F"1= , :5‘2=144

Sol.
4[r1+r3)+r r=2nn =14 = nn =T r =18 2, =61, =12
5—

r

= ag=6

L | — b

s ] =

Similarly, b=5,c=10 = ABCjs right angle triangle.

- 1 ro—r|=6
Smallest angle is sin IE A= 5 xbxB= 2dsq.units R= 5; | 4 3|
12. Match the following: -
Column -1 Column —11
(A) (p) |a+b+c

Ina AABC, let 4C=g, r = in radius R = circum radius

then 2(r+ R)
(B) | It 1, m, n are pendicular drawn from the vertices of triangle | (q) | a—b
having sides a,b and c then

\/ZR(E+@+EJ+2ab+2bC+2ca
cC a b

(€)1 1na AABC, R(bzsin 2C+c’sin ZB) equals () |a+b
D s) | abc
() In a right angle triangle ABC Lng , then ©
A-B
4RsinA+B.sin( 5 )

Key. A->rnB->pC—-osD->q
Sol. A) 2(r+R)=2((s—c)tan%+%j

2(5—9j=a+b
2




Mathematics Properties of Triangles
B
oo*
c_| A
. I
B sinC=— ...@
) 5 (1)
sinB=" .. (i)
a
sinA=" ...(iii)
c
bl cm an
2R| — |+ 2R| — |+ 2R| —
c a b
c bl acm b a
sincc sinA a sinBb
From (i), (ii), (iii)
ZR(ﬂaLﬂjtﬂj:a%b2+c2
c a b
JZR(E+@+EJ+2ab+2bc+2ac=a+b+c
c a b
o
C b
!
B
a
) Ro2o
2sinB 2sinC
Rb*sin 2C + Rc?sin 2B
b’ccosC +c?bcosB
bc (b cos C + ¢ cos B)
abc
D) 2R (cos A + cos B)
Rl-_P 2
Ja?+b? a2 +b?
Q R=+a’+b?/2
2R b 8 |-a-b

- +
Ja?+b? a2 +b?

10
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13. Match the following: -

Column -1 Column - 11
(A) | Ina AABC, (@+b+c)(b+c—-a) =Abc,where Ael, | (p) |3
then greatest value of A is
(B) |In a AABC , tanA + tanB + tan C = 9 If | (q) 9(3)1/3

tan® A +tan’ B+ tan® C =k, then least value of
k satisfying is

(C) | Inatriangle ABC, then line joining the circumcenter to the | (r) | 1
incentre is parallel to BC, then value of cosB +
cosC is

D s) | 6
®) IfinaAABC,a:5,b:4andcos(AB)=%,then ©

the third side c is equal to
Key. A->p;B—>qC—->nD-—>s

Sol. A) (b+c)’ —a®=nhc
or b?+c’-a’=(r-2)bc
b*+c?-a® r-2

2bc 2
cosA:E<1
2
or \—2<2
or A=3

B) tanA+tanB+tanC=9
Inany triangletan A +tan B +tanC =tan Atan Btan C
tan® A +tan’B+tan°C

3

2/3

>(tan Atan Btan C)ZI3

k>3(9)

k>9.3"
C) Since the line joining.the circumcenter to the incentre is parallel to BC
: r=RcosA

2RsinésinEsinE =RCcosA
2 2 2

- 1.+cos A cos B + cos C =cos A
. cosB+cosC=1
D) =5,b=4

cos( )

A—B_bClC

1

tan—— cot— ==cot—
2 a+b 2 9 2
1- tanZA_B
cos(A-B)=
1+tan2A_B
1 ,C
1- —cot”—
31_" 81 2
32 1, tepC
81 2
31+3—100t29=32—gcot29
31 2

11
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14.

ZcotzEzl
9

cot?

N0
N
~N | ©

7

ZC 1_7

1-tan

cosC =

1+tan29
2

a’+b*-c?
2ab

25+16-¢c?=5

c*=36

c=6

cosC=

Match the following: -

Column —1

Column - 11

(A)

sinB
If COSA=

2sinC

, then AABC is

isosceles

()

(B)

cosA+2cosC _sinB

If = ,
cosA+2cosB  sinC

then AABC mayb

obtuse angle

(@)

(©)

a

2c0sA cosB 2cosC
f + + :bc

a b c

+£,then AABC is
ca

(r) | rightangle

(D)

a’-b®> sin(A-B)
a’+b® sin(A+B)

If , then. AABC“may be

(s)

acute angle

(t)

equilateral

Key.

Sol. A)

B)

C)

A —->p;B—-prC oD —opr

sinB a’+c?-a®> b
,we have —— =
2bc

2C

Since COSA=

2sinC
or b? +c?~a®’=b? or c? =a?
Hence.c =.a and so the AABC is isosceles
cos A(sin' B —sin C) + (sin2B —sin2C) =0
Or
Or cosA(sinB —sin C) —2cos Asin(B-C) =0
eithercosA=0 = A =90°

Or
2 2 2 2 2_ 2

(b-C)-2 b2 +b"+c oo ta b
2ab 2ca

a(b-c)-2(b*—c*)=0
(b-c)[a-2(b+c)]=0

b-c=0o0r b=c

isosceles

Combine first and thiral and put the value of cos B

Or

2 1c+a*-b* a’+b?

—.  (b)+= =

ac b 2ca abc
or 4b% +c? +a® —b* =2a% +2b?

b?+c?=a’

(sinB —sin C) — 2(sin B cos C — cosB sin C) =

|-o

cosA(sinB —sin C) +2sin(B-C) cos (B+C) =0

0

12
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. ZA =90°

sin(A-B) kz(sinZA—sinzB)

sin(A+B)  k?(sin?A+sin’B)

sin(A—-B) sin(A—-B)sin(A+B)

sinC sin®A+sin’B

or sin(A—B){ _1 - ZsmC. . }:o

sinC sin“A+sin“B
eithersin(A-B)=0
o A=Bi.e., A isisosceles
or sin? A+sin?B=sin’C or a?+bh®>=c¢’

D) by sine formula

or

A is right angled

13



