Mathematics Maxima & Minima

Key.

Sol.

Key.
Sol.

Maxima & Minima
Single Correct Answer Type

A sector subtends an angle 2o at the centre then the greatest area of the rectangle
inscribed in the sector is (R is radius of the circle)
R? R?
A)R?tan 2 B)— tan > C)R2tana D)~ tana
2 2 2 2

A
Let A be any point on the arc such that Z/YOA =0
Where 0<0<a

¥
D“—‘“&EA
\\
T E
4] >

0

DA=CB=Rsin 6,0D=Rcos 0

= CO = CB cot a=Rsin6cota

Now, CD = OD - OC = R cos 6—Rsin 6.cot a
= R (cos O —sin 0 cot a )

Area of rectangle ABCD , S = 2.CD.CB

= 2R (cosO- sin 0 cot o) R sin 0=2R2(sinf cosO - sin? O cota )
2

RZ(SiHZG—(l—COSZG)cot (x) glen
Ino

[COS(ZB —0)—cos OL:I
R2

Sy = A OL(l—cow) (for 0= %)

a
Hence, greatest area of the rectangle = R’ tan —

Let f(x) =x2 - bx + ¢, b is a odd positive integer, f(x) = O have two prime numbers as
roots and
b + ¢ = 35. Then the global minimum value of f(x) is

A) _183 B) 173 C) 8 D) data not sufficient
4 16 4
C
Let a, B be roots of X2 - bx + ¢c = 0,
Theno+pB=Db
= one of the roots is 2’ (Since a, B are primes and b is odd positive integer)
f2)=0=2b -c=4and b +c=35
b=13,c=22
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Minimum value = { (Ej _.8 .
2 4
3. Let f(x) be a positive differentiable function on [0,a]such that

f(O) =1 and f(a) =3 1f f! (X) > (f(X))3 + (f(X))i1 sthen, maximum value of a

is

a) b) = o) X d X
12 24 36 48
Key. B
Sol.  f'(x)f(x)>(f(x)) +1
of! (x)f
L2
ey | +1
a 2f1 f a
= | (x)f(x) > 2[ 1dx
2
ol(f(x)} 1 o
= ‘tan’1 (f(x))| 22a=—---—=22a
0
4, The least value of ‘a’ for which the equation ,4 + 1_ = a for atleast one
sinx 1-sinx
solution on the interval [O,gj is,
a) 1l b) 4 c) 8 d) 9
Key. D
4 1 .
Sol. Qa=—+ ——, where a is least
sinx 1-sinx
da -4 1
> —=|——"* —— |cosx =0
dx (sin®x  (1-sinx)
Qcosx#0=sinx=2/3
2
48 _45.0 for sinx=2/3> 7 4+ 1 __6:+3-9
X 2/3 1-2/3
5. Let domain and range of f(x) and g(x) are respectively[0,). If f(x) be an

increasing function and g(x) be an decreasing function. Also,

h(x)= f(g(x)),h(O) =0 and p(x)= h(X3 -2x% + 2X) —h(4) then for every x e(0,2]

a) p(x)<(0,~h(4)) b) p(x)e[-h(4),0]
o) p(x)<(-h(4).h(4)) d) p(x) e (h(4),h(4)]
Key. A

Sol.  h(x)=f(g(x))
h'(x)=f'(g(x))g' (x) < 0vx €[0,)
Q g'(x) <0vx €[0,) and f'(g(x))> 0Vx €[0,)
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Also, h(0)=0 and hence, h(x) < 0Vx €[0,)

p(x)= h(x3 -2x% + 2x) -h(4)

p'(x)=h' (X3 -2x° +2X).(3X2 —-4x +2) <0Vx €(0,2)

Qh' (x3 -2x% + 2x) <0vx €(0,0) and 3x>-4x+2>0VxeR
= p(
= p(
= h(

X) is an decreasing function
2)<p(x)<p(0)vx e(0,2)

4)~h(4) <p(x) <h(0)-h(4)

= 0<p(x)<-h(4)

3-x?,x<2
JVa+14 —|x-48|,x > 2

x = 2, then, greatest value of a is

6. If f(x)= and if f(x) has a local maxima at

a) 2013 b) 2012 c) 2011 d) 2010
Key. C
Sol. Local maximum at x=2=
= limf(2+h)<f(2)
h—0

= lim(Va+14 —[2+h=48| <8-2°
a+14<45=a<2011

7. Two runners A and B start at the origin and run along positive x-axis, with B
running three times as fast as A. An observer, standing one unit above the origin,
keeps A and B in view. Then the maximum angle of sight '0' between the observes
view of A and B is
a) n/8 b) /6 c)n/3 d n/4

Key. B

3x—-x 2x
Sol. tan = tan(0, - 6,) = tan0 = = >
1+3xx 1+3x
ox dy 2(1-3%%)

T 1+3x% dx (1+3x)

2 —
gzO:Xzianddy 24x

<0 forx = l/f
dx V3 dx® (143x2)

8. If the function f(x)=ax®+bx? +11x — 6 satisfies conditions of Rolle’s theorem in [1, 3]

and f'(2+iJ =0, then value of a and b are respectively

J3
(A) 1, -6 (B) -1, 6 (€)-2, 1(D) -1,1/2
Key. A
Sol. Q f(1)=1(3)
= a+b+11-6=27a+9b+33-6
= 13a+4b=-11
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and  f'(x)=3ax*+2bx+11 . (i)
2

= f'(Z+%)=3a(2+%J +2b(2+%)+11=0

= 3a(4+l+i)+2b[2+ij+llzo (ii)

From egs. (i) and (ii), we geta=1, b =-6.

9. Let f(x) be a positive differentiable function on [0,a]such that
f(O) =1 and f(a) = 3% 1f ! (X) > (f(X))3 + (f(X))_l sthen, maximum value of a

is

Key. C

Sol.  f1(x)f(x)2(f(x)) +1

>2a

r_r
0 3 4

2
Given expansion = {x —(1+cos t)}2 + {E -(1+ sint)}
X

10. A rectangle is inscribed in an equilateral A of side length 2a units. Maximum area of this rectangle is
2 2
(A) V32’ (B) Jia OF3 (D) ﬁ;‘
Key. D

Sol.
Let AD =x Let DM =y,
BD =(2a—x) DE = 2x;
In ADBM
/B=Z 5in60° = Y1
3 2a—X
y, = (2a—x)x§
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In AADP
/D=2 C0s60° = 2L
3 X
X, = Xx =
! 2
2X, =X

A(x) = Area of rectangle = 2x1y

A(X) =XX(2&—X)§

A‘(x):?(Za—Zx) =0=>x=a

A"(a) =—ve

Xx=a point of maxima

2
maximum area = axﬂ = \/§a
2 2

11. The maximum area of a rectangle whose two consecutive vertices lie on the x-axis and another two lie

on the curve y=e ™ is equal to

(A) 2e sg. Units (B) 2 sg. Units (C) e sg. units (D) L Sg. units

e e
Key. B
C B
D A

Sol.

Let the rectangle is (ABCD)
A=(t,0),B=(t,e"),C=(-t,e™"), D=(-t,0)
ABCD = 2te " = f(t)

3—: =2(t(-e ") +e)=2e"(1-1)

£>0:>te(0,1)
dt

& <0=te(,w)
dt
t =1 is point of maxima

Maximum area = f (1) =E
e

12. Let f: [O, 4] — R, be a differentiable function. Then, there exists real numbers
a,b e(0,4) such that, (f(4))2 —(f(O))2 =Kf'(a)f(b) Where K, is

b) 8 c) — d) 4

1
a —_
) 3

Key. B
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Sol. By LMVT,3a<(0,4)> %g(o) _f'(a) = (4)-£(0) = 41 (a)
f(4)+f(0
Q % lies between f(0) and f(4), by Intermediate value theorem
f(4)+f(0
Fbe(0,4)> f(#)+1(0) _ f(b) hence, (£(4)°)~(£(0)) =8 f'(a)f(b)
13. A window is in the shape of a rectangle surmounted by a semi circle .1f the perimeter of the window is
of fixed length ‘|’ then the maximum area of the window is
12 12 12 12
1) 2) 3) 4)
2r+4 7+8 27 +8 8z +4
Key. 3
| =2X+2r +zr

Sol. A= 2rx+%7rr2
d—A:O:r= !
dv 4+

14. If the petrol burnt per hour in driving a motor boat varies as the cube of its velocity when going against

a current of ‘C’ kmph , the most economical speed

Is (in kmph)
C 3C
1) — 2) — 3) @ 4) C
2 2 2
Key. 2
Sol. y be the petrol burnt hour y = kv? ‘S’ be the distance traveled by boat the petrol burnt = x kv®
3c
f'(v)=0=>v=""
2
15. A point ‘P’ is given on the circumference of a Circle of radius ‘r’ .The chord ‘QR’ is parallel to the

tangent line at ‘P’ the maximum area of the triangle PQR is

1)ﬂr2 2)ﬁr2 3)§r2 4)ﬂr
4 4 8 4
Key. 2
Sol. The area maximum when the triangle is equilateral
16.  The minimum value of f(x)=x? +20 is
X
1) 15 2) 25 3) 45 4) 75
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Key. 4

Sol. f '(X) =0and f "(5) >0 minimum value = f (5)
17. The sum of two numbers is ‘6’.The minimum value of the sum of their reciprocals is
3 6 2 2
1) — 2) — 3) — 4) —
) 2 ) z ) 3 ) c
Key. 3
Sol. x:y:§:3, 1+£:E
2 X y 3
. (6+x)(11+x) .
18. Minimum value of is
2+X
1)5 2) 15 3) 45 4) 25
Key. 4
Sol.  f'(x)=0 when put x=4
19. The maximum area of a rectangle inscribed in a circle of radius 5 cm is
2
1) 25 sg.cm 2) 50 sg.cm 3) 100 sg.cm 4) ;sq.cm
Key. 2
Sol.  Area =2r?=50 sg.cm
20. The diagonal of the rectangle of maximum area having perimeter 100 cm is
1) 1042 2) 10 3) 2542 4)15
Key. 3
Sol. The maximum perimeter of the rectangle that can be inscribed in a circle is a square .Here the lengths

are X=4+/2T, yzﬁr

21. The maximum value of X™*,(x > 0) is

1) €° 2) e 3)e" 4)1\e
Key. 2

f(x)=x" f'(x)=0=>x=¢"
Sol. ( ) ( )

f"(e-1)<0
22. Which fraction exceeds its pth power by the greatest number possible is?

1
1 P-1 71—}3 1

1) p° 2) (Ej 3 p 4) F

Key. 3
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Sol.

23.

Key.

Sol.

24,

Key.

Sol.

25.

Key.

Sol.

y=x—x"

1
Q:O:x:(ijp_1
dx p
In (0,27), f(X)=x+sin2x is

- . 2
1) Minimum at X = 2) Maximum at x:?ﬂ

3) Maximum at X =

NG o.)|§

4) Minimum at X = %
1

f'(x)=0= f"(x)>0 when x:%r

. 1.
The Value of ‘a’ for which f (x) =asinx +§S|n 3X has an extremum at. X :% is

11 2)-1 3)0 4)2
4

d? d

—2/ =0 then find ‘X’ and substitute in —y

dx dx

A person wishes to lay a straight fence across a triangular field ABC, with |A <|B<|C

SO as to divide it into two equal areas. The length of the fence with minimum

expense, is

a) /2AcotE b) ,/2Atang
2 3

c) \/tanétangtang d) /2Atané
Z 2 2 2

(where ‘A’ represents, area of triangle ABC)

D

P A 8\
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26.

Key.

Sol.

217.

Key.

Sol.

28.

1 1(1
—xysinA =—| =bcsinA
2y 2(2 j
1
= =_—bc
A

z; = (PQ)2 =x’>+y’ —2xycosA

2 2
=x’+———bccos A
4x
2 2
:>22A(dZAJ=2x—t’i
dx 2x
az,

2
=0=>x= /E, and dZQA >0
dx 2 dx

. . fbc . .
Hence Z, is minimum if x =,/[— and the minimum value of Z,,is

EJrE—bccosA:\/ZAtané
2 2 2

The number of critical point of f (x)="—-

X
1)1 2) 2 3)3 4)0
2
x—1
f(x)= 7,f(x):0 for x =42

f (x):i(x—lj: f '(x)=i(1+x—12j¢0

X
. . . 1 .
The total cost of producing ‘ X’ pocket radio sets per day is Rs. (Z X® + 35X+ 25) and the price per set

at which they may be sold is Rs. (50— %) to obtain maximum profit the daily out put should be--------

- radio sets.
1) 10 2)5 3) 15 4) 20
1

If daily out put is x sets and p be the total point then

p:x(SO—}éx)—[%x2+35x—25j

dp ~ d*p _ 3
&—O: x =10 and (dxz J( 710)— A<O

If f(x)=alog|x|+bx*+X has extreme values at Xx=-1, X=2 thena = ---b = --
-1 -1 1 1

1) 2,— 2) —,2 3) =,2 4) 2,—

) 2 ) 2 ) 2 ) 2
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Key.

Sol.

29.

Key.

Sol.

30.

Key.

Sol.
31.

Key.

Sol.

32.

Key.

Sol.

33.

Key.

1
f'(-1)=0=-a-2b+1=0

£1(2)=0 :—%+4b+1=0

A quadratic function in ‘ X * has the values ‘10’ when X =1 and has minimum value ‘1’ when x = -2 the
function is

1) 2x* +3x+5 2) 3x* +2x+5 3) X*+3x+6 4) x> +4x+5

4

f (x)=ax®+bx+c

a+b+c=10,f'(-2)=0, f(-2)=1

The equation of a line passing through the point (3,4) and which forms a triangle of minimum area with
the coordinate axes in the first quadrant

1) 4x+3y—-24=0 2) 3x+4y-12=0 3) 2x+3y—-12=0 4) 3x+2y-24=0

1

(3,4 ) is the mid point of the line segment

The maximum of f (X)= 2x3 —9x%> +12x+4 occurs at x =

1)1 2)2 3)-1 4) -2
1

f'(x)=0=6x*-18x+12=0

f"(x)=12x-18

f (x)=4+5x*+6x" has

1) Only one minimum 2) Neither maximum n or minimum
3) Only one maximum 4) No minimum.
1

f (x) is minimum at x =0

At x=0, f (x)=(3-x)e™ —4xe* —x

1) Has a minimum 2) Has a maximum
3) Has no extremum 4) Is not defined
3

10
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At x=0, f'(x)=0
At x=0, f"(x)=0
At x=0, f"(x)#0

= f(x)is neither maximum nor minimum

Sol.

34. The number of critical points of f(x) = @ is

(A1 (B) 2 ©)3 (D) None of these
Key. C
Sol. f(x) is not differentiable at x=0and x = 1.

f'(x)=0at x=2

35. A differentiable function f(x) has a relative minimum at x =0, then the function y = f(x) + ax + b has a
relative minimum at x = 0 for
(A)allaandall b (B)allb>0 (Cyallb,ifa=0 (D)alla>0

Key. C

Sol.  f'(0)=0andf"(0)>0
y = f(x) + ax + b has a relative minimum at x = 0.

Then j—yzo atx=0

X
f'X)+a=0= a=0
f'x)>0=  f"(0)>0
Hence y has relative minimum atx=0ifa=0and b € R.

36. Let f :[O,4]—>R, be a differentiable function. Then, there exists real numbers
a,be(0,4) such that, (£(4))" -(£(0))° =Kf' (a)f(b) Where K, is

a) b) 8 c) — d) 4

L
4 12
Key. B

f(4)-f
Sol. By LMVT,3a ¢ (0,4) > % _f'(a) = (4)-£(0) = 4f' (a)
lies between f(0) and f(4), by Intermediate value theorem

o F91+110)

Ibe(0,4)> w = £(b) hence, (£(4)’)~(£(0)) =8 f'(a)f(b)

11
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2
37. If f(x)=(1 —X)5/2 satisfies the relation, f(x)=f(o)+xf'(0)+ X?f“(ex) then, as x—1,

the value of 0 , is

a) - b) 22 0 22 d) —
25 4 9 25
Key. D
Sol.  f' (x)=‘2_5(1-x)3/2 and fﬂ(x)=§(l-x)l/g and f(0)=1,f1(0)=_—25,

f''(6x) = —(1-6x)

2
)5/2 =—2_5X+%(1—6x)l/2x% as

Hence, (1-x
2

x—>1,0=1—g+%(1—e)1/2 =0=9/25

38. A(L0),B(e,1) are two points on the curve y=log x.If P is a point on the curve at

which the tangent to the curve is parallel to the chord AB, then, abscissa of P, is

a)e—_1 b)e_+1 c) e-1 d e+l
2 2
Key. C
. 1 f(e)-£(1)
Sol. By LMVT, applied to f(x)=1logxon[l,e],danx, (1,e)>f'(x,)= — T
€ e i

=>X,=€-1

39. Consider the following statements

Statement — I: If f and g are continuous and monotonic on R, then, f + g is also a

monotonic function.

Statement- II: If f(x) is a continuous decreasing function Vx>0, and f(1) is

positive, then, f (x) =0 happens exactly at one value of x. Then,

a) Both I and II are true b) I is true, Il is false
c) I is false, II is true d) both I and II are false
Key. D

Sol. I:f(x)=x and g(x)=-x> onR

II: f(X)zl,X>O
X

12



Mathematics Maxima & Minima

40.

Key.

Sol.

41.

Key.

Sol.

The number of values of x at which the function, f(x)=(x-1)x*° has extreme

values, is
a) 4 b) 3 c) 2 d1
C

_ 5x -2

f'(x) =217
Let x <0,f'(x)>0 and for x>0,f'(x) <0 =f has maximum at x = 0

x<§,f1(x)<0 and x>§,f1(x)>0:>f has minimum at Xzé

A person wishes to lay a straight fence across a triangular field ABC, with |A <|B<|C

SO as to divide it into two equal areas. The length of the fence with minimum

expense, is

a) /2AcotE b) ,/2Atang
2 3

) \/tanétanEtang d) /2Atané
2 2 2 2

(where ‘A’ represents, area of triangle ABC)

1 1(1
—xysinA=-| —bcsinA
2Xy 2(2 j
= —lbc

¥y

22 = (PQ)’ =x* + y? —2xycos A

2. 2
=x’+—— —bccosA
X
2 2
:QZA[dZXAJZQX—%

13
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az,

2
O0=>x= /E, and dZQA >0
dx 2 dx

Hence Z, is minimum if x = /% and the minimum value of Z,,is

\/$+E—bccosA=\/2Atané
2 2 2

42.  If the function f(x)=ax® +bx? +11x —6 satisfies conditions of Rolle’s theorem in [1, 3]
and f'(2+%) =0, then value of a and b are respectively

(A) 1, -6 B)-1,6 (€)-2,1(D) -1,1/2
Key. A
Sol. Q f(1)=A1(3)

= a+b+11-6=27a+9% +33-6

= 13a+4b=-11

and f'(x)=3ax*+2bx +11 (i)

- f-[h%}:g{m%j+2b[2+%)m=o

= 3a(4+%+%)+2b(2+%)+11=0 (i)

From egs. (i) and (ii), we geta=1, b =-6.

43.  Let f(x) be a positive differentiable function on [0,a]such that
f(O) =1 and f(a) =34 1 (X) > (f(x))3 + (f(X))_1 sthen, maximum value of a

is

>2a

I
4

2
Given expansion = {X —(1+cos t)}2 + {E —(1+sin t)}
X

14
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44.

Key.

Sol.

45.

Key.
Sol.

46.

Key.

Sol.

For x>0,0<t<2m,K> g + \/5, K being a fixed real number the minimum value of

X2+I;—j—2{(1+cost)x+@}+3+2003t+23int is
o[ o) w3l o)
o 3{&-(“%}}2 d) Q{Jﬁ—(u%}Q

D

2
Given expansion = {x —(1+cos t)}2 + {5 —(1+sin t)}
X

The maximum area of a rectangle whose two consecutive vertices lie on the x-axis and another two lie
on the curve y=e ™ is equal to

(A) 2e sg. Units (B) E sg. Units (C) e sg. units (D) % Sg. units

B

C B

D A

Let the rectangle is (ABCD)
A=(1,0),B=(t,e™"), C=(=t,e™), D=(-t,0)
ABCD = 2te* = f(t)

% =2(t(-e ") +e ) =2e"(1-1)

dr >0=>1te(0,))

dt

£<0:>te(l,oo)
dt

t =1 is point of maxima

Maximum area = (1) =g
e

The number of critical points of f(x) = @ is

(A1 (B) 2 (©)3 (D) None of these
C

f(x) is not differentiable at x=0and x = 1.

f'(x)=0at x=2

15
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47. A differentiable function f(x) has a relative minimum at x =0, then the function y = f(x) + ax + b has a
relative minimum at x = 0 for
(A)allaandall b (B)allb>0 (C)allb,ifa=0 (D)alla>0

Key. C

Sol. f'(0)=0and f"(0)>0
y = f(x) + ax + b has a relative minimum at x = 0.

Then d—y=0 atx=0
dx

f'X)+a=0= a=0
f'x)>0=  f"(0)>0
Hence y has relative minimum atx=0ifa=0and b € R.

48. LetA(1, 2), B(3, 4) be two points and C(x, y) be a point such that area of AABC is 3 sq.units
and (X —1)(X —3) +(y— 2)(y—4) =0. Then maximum number of positions of C, in the xy plane

is

a)2 b) 4 c)8 d) none of these
Key: D
Hint:  (x,y) lies on the circle ,with AB as a diameter . Area

(AABC) =3

= (1) (AB) (altitude) =3.

= altitude :i = no such "C" exists

J2
), 4 1 1) .
49. If y,z>0 and y+z=C, then minimum value of (1+—}(1+—J is equal to
Yy z
A)E—l—l B)£+3 Q) 1+E D)E
2 C 2
Key: C

Hint: (1+1](1+1j=1+1+£+i
y z y ¢ Yz

2 2 2
1 .1 1 1 1 2 2 1 2

=14+ =+= +—>1 1+ = > >2—=|1+—| 2|1+—=
y ,/ z yz ( Jyzj yz y+z C [ ﬂ/yz] ( Cj

50. Let a, b, ¢, d, g, f, g, h be distinct elements in the set {-7, -5, -3, -2, 2, 4, 6, 13}. The minimum value of
(a+b+c+d)2+(e+f+g+h)2is
a) 30 b) 32 c)34 d) 40
Key: B
Hint:  Note that sum of the elements is 8
leta+b+c+d=x
“e+f+g+h=8-x

16
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Again, lety = x2 + (8- x)2
S y=2x2-16 x + 64
= 2[x2-8x + 32]

=2(x-4)2+16]
" min=32whenx=4

51. A sector subtends an angle 200 at the centre then the greatest area of the rectangle inscribed in the
sector is (R is radius of the circle)
a R a R?
a) R?tan—= b) — tan — ¢) R%tana d) —tan o
2 2 2 2
Key: A

Hint: Let A be any point on the arc such that ZYOA =0
Where 0<06<a

T
Du_“‘“»_hp.
\\
T E
4] 2

0

DA=CB=Rsin O,0D=Rcos 0

= CO=CBcot aa=RsinOcota

Now, CD=0D -0C=R cos O—R'sin 0 cot o

= R(cos O —sin O cot a )

Area of rectangle ABCD, S =CD.CB

R =(cosO-sin O cot a)Rsin O=R2(sinOcosO -sin O cota )
RZ

R? .
7(S|n29—(1—cos26)cot a) e [COS(ZO—OL)]

2

Sy = siF:1 - (1-cosa) (for 0= %)

p o
Hence, greatest area of the rectangle = R“ tan—

52. Let f :(0,00) — R be a (strictly) decreasing function. If

f (2a2 +a+l)< f (3a2 —4a+1), then the range of aeR is

(A) (—oo,%ju(l,oo) (B) (0, 5) (C) (0, %J U(L5) (D)0, 5]
Key: C
Hint: wehave 2a’+a+1>3a°-4a+1=a’-5a<0 =0<a<5 ....... (A)

ALSO 3a’—4a+1> (3a —-1)(a-1) >0 =ae(—0,1/3) Ul x)........ (B)
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53.

Key:

Hint:

54.

Key:
Hint

55.

INTERSECTION OF (A) AND (B) YIELDS ae(0,1/3)uU(L,5)
. . 2 V4 T
The greatest possible value of the expression tan X+? —tan X+E +COS X+€ on

the interval [—57[ 112, -7/ 3] is
12 11 12 11
B) =2 (B) =2 (C) =3 (D) =3
5 6 5 6
D
let u=—X—x/6 thenu e[ﬂ/G,ﬂ/4] and then 2U e[7r/3,7z/2]
tan(x+ 27 /3)=—cot (x+/6) =cot u

NOW tan(Xx+27z/3)—tan(x+7z/6)+cos(x+7/6)

=cotu +tanu+cosu
2
= +cosu
sin 2u
BOTH — 5 AND cosu MONOTONIC DECREASING ON [7[/6,7[/4] AND THUS THE
sin2u
GREATEST VALUE OCCURS AT U=x/6
2 4 3 11 113
IE ————+cosz/b=—F+—=——==——
sinz/3 3 2 243 6

. X .
Let the smallest positive value of x for which the function f(X):SIn§+SIn1—1,

(X € R) achieves its maximum value be X,. Express X, in degrees i.e, X, =a’. Then

the sum of the digits in « is

(A) 15 (B) 17 (C) 16 (D) 18
D

The maximum possible values is 2

sin(x/3) TAKES THE VALUES 1 WHEN

XI13=2ng+7/2
I.E x/3=90+360m

sin(x/11) TAKES THE VALUE 1

WHEN x/11=2nz+x/2

I.E x/11=90+360n
WE ARE LOOKING FOR A COMMON SOLUTION
WE HAVE 3m—11n=2. THEN SMALLEST POSITIVE SOLUTION TO THISIS m=8,n=2,

THUS X, =8910°, GIVING « =8910
(x+1)  -2<x<-1

Let f(x)=<x"°-1 -1<x<1
~(x-1)°  1<x<2

18
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The total number of maxima and minima of f (x) is

(A4 (B)3 (€)2 (D)1
KEY : B
3(x+1)° —2<x<-1
HINT: f'(X) = %xx‘”3 -1<x<1-{0}

-2(x-1) l<x<?2

f'(x)DNE at x=-1,0,1

[ | I
-2 + - o + 1-—- 2

Sign of f '(X)
56. Let f(x) = x> —bx + ¢, b is a odd positive integer, f(x) = 0 have two prime numbers as roots and
b + c = 35. Then the global minimum value of f(x) is
183 173
A) —— B -
(A) : (B) 16
81 ~
(€) 7 (D) data not sufficient
KEY : C
SOL: Let o, B be roots of x> —bx +c=0,
Thena+B=b

= one of the roots is ‘2’ (Since a, B are primes and b is odd positive integer)
f(2)=0=2b -c=4andb+c=35
b=13,c=22

Minimum value = f(gj =—§.
2 4

57. Maximum value of l0gs (3x+4y) if X2+ y2 =25is

(A) 2 (B)3 (G4 (D)5
Key: A

Hint: Since X2+y2 =25 = x=5cos0 and y=5sin0
So, therefore, l0gs (3x +4y) = logs (15¢0s 0 + 20sin 0)
= {logs(3x+4y)} =2

58. The greatest area of the rectangular plot which can be laid out within a triangle of base 36 ft. & altitude
12ft equals (Assume that one side of the rectangle lies on the base of the triangle)
(A) 90 (B) 108
(c 72 (D) 126

Key: B

Hint:  Area of rectangle = A =xy ....... (i)
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36 12
Also —=—=3y=(36—X)...... i
SO ” 12_y:> Y ( ) (ii)

~A=2(36-x) :1(36x—x2)
3 3

Now A'(X)=0=>36-2x=0=>x=18

A"(x):%(—2)<0
36-x 36-18
Also y = 3 3 =6

S A 18x6=108sq.feet
mas

3x+|a*-4|, x<1 _ _
59. Let f(x) = ) . Then set of values of a for which f(x) has maximum value at
—X“+2X+7, x2>1
x=1is
(A) (3, ) (B) [-3,3]
(C) (-o0, 3) (D) none of these
Key: B

Hint:  Since -x? + 2x + 7 takes maximum value 8 at x = 1, so f(x) take maximum value at x = 1,
if limf(x)<f()
Xx—1

= |a?-4| £5= ac [-3, 3]

60.  Letf(x)=(sin e)<x2—2)((sin 6)x+cose),(e¢ mr,mel) Then f(x) has
(A) local maxima at certain xeR* (B) a local maxima at certain xeR"
(C) a local minima at certain x =0 (D) a local minima at certain xeR’
Key: B

Hint:  f(x) = (sin?0)x3 + % sin20 x? -2sin0. x - sin20

f'(x) =(3sin%0)x? + sin20x - 2sin%0
Then D > 0-.and product of roots <0
So f(x) has local maxima at some xeR"
and local minima at some xeR*
1 2 1 2 . .
61.  Let g(x)= Zf (ZX —1)+§f (1—X )VX eR, where f"(x)>0vVxeR, g(x) is necessarily
increasing in the interval

SR el

©) (-1 (D) None of these
Key: B
Hint: f"(x)>0
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= f'isinc. fn
To find : where g is nec. Inc
gisinc=>g'>0

= %.f '(2x2 —1)(4x)+%P(1—x2)(—2x) >0
x{f ‘(2x2 —1)—f '(1—x2)} >0
Case 1: x>0 (1)f '(2x2 —1) > f '(1—x2)

— %2 _15>1-x°

jxe[_w,g]u[@,wj»@)
rirmel )

Case ll: X <0 (3) f'(2x —1)<f( 2)

:>2x -1<1- x

B

@@= 20|

S gisincin XE(S)U(G)

ol Gk

62. A variable line through A(6,8) meets the curve x? + y2 =2 atBandC. Pis a point on BC such that AB,
AP, AC are in HP. The minimum distance of the origin from the locus of P is

a)1 b) % 0 % d) %

Key: D
Hint:  Locus of P is the chord of contact of tangent, from Ais 3X +4y—-1=0

Distance of (0,0) is %

63. A rectangle is inscribed in an equilateral A of side length 2a units. Maximum area of this rectangle is
(A) /322 ‘/_a () @2 ‘/_a

Key. D

Sol.
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Let AD =x Let DM =y,
BD = (2a —X) DE = 2x;
In ADBM
/B=Z §in60° = Y1
3 2a—X
Yy, =(2a—Xx)x ?
In AADP
D=L cosGO"zﬁ
3 X
1
Xl = XX E
2%, =X
A(x) = Area of rectangle = 2x;y
A(x):xMZa—x)?
A‘(x):?(Za—thO:x:a
A"(d)=—ve
Xx=a point of maxima
. a3 /3a?
maximum area = a><T = 5

64 If the equation a X" +a, X" "+...+a,x=0(a, #0,n>2) has a+ve root X =&, then the equation
na x"*+(n-21)a, ,x"? +....+a, =0 has a positive root, which is :

1. equal to o 2.2« 3. <a 4. >a
Key. 3
Sol.  f(x)=ax"+a, X" +...+aX=0 has a+ve root X=« ; by observation x = 0 is also a root
f(a)=1(0)=0

f(x) is continuous on [0, «] and differentiable on (0, @) by Rolle’s Theorem
=3 at least one root ¢ € (0, )
Such that f'(c)=0

s O<c<a

65 The minimum & maximum value of f (x) =sin(cos x) + cos(sin X)V—% <x< % are respectively.
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1.cosland 1+sinl 2.sinland 1+ cos 1
1 . 1
3.cos1& Cos(—j+sm[—] 4,2
J2 J2
Key. 1

Sol.  Given f(x)=sin(cos x) -+ cos(sin x)

Fact when a function is even & defined in negative as well as positive interval for maxima & minima, we check
the maxima/minimum in the positive internal only so it suffices to find the maximum & minimum values of f in

0<x<Z.
2

Now X [0, %]’ sin(cos x) & cos(sin x) are decreasing functions so maximum of f(x) is f(0) & minimum of

f(x)is f(x/2)
- f(x12)=sin(cosz/2)+cos(sinz/2)=cosl

And f (0) =sin(cos0°) +cos(sin0°%) =sin1+cos0® =1+sinl

COS(X)  \p<x<1
66 Let f(x)= 2
3+5x Vx=>1

1. f(x) has local minimum at x=1
2. f(x) has local maximum at x= 1
3. f(x) does not have any local maximum or local minimum at x = 1
4. f(x) has a global minimumatx =1
Key. 1

cosZx V0<x<1
sol.  f(x)=1""2

5x+3 Vx>1

w . T
——sin—x Vv0<x<1
f'(x)=9 2 2

2 Vx=>1
= f '(x) changes its sign from —ve to +ve in the immediate neighbourhood of
x=1
= f(X) changes from decreasing function to increasing function

= f(X) has a local minimum value at x=1

67 The minimum value of Xx* —x+1+sinx is given by
1 L x - -
4 4 4 4
Key. 3

Sol.  Let f(x)=x*—x+1+sinx
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68.

Key.

Sol.

69.

Key.

Sol.

=(x-1/2)? +(%+sin X)
2%+sinx (Q(x—%)ZZO)

ZZ—ZI.: -1/4 (Q minimum value of sinx = -1)

If f(x) is a differentiable function Vx € R so that, f(2)=4,f'(x)>5 Vx €[2,6], then,
f(6) is

a) 224 b) <24 c) =29 d) <9

A

By mean value theorem, f(6)-f(2)=(6-2)f'(c) where c e(2,6)
=f(6)=1(2)+4f (c)=4+4f"(1)>4+4(5)
(~f'(x)25) f(6)>24

The values of parameter ‘a’ for which the point of minimum of the function

f(x)=1+a’x-x’ satisfies the inequality % <0 are,

a) (—3&,—2@) u(2\/§,3\/§) b) (—sﬁ,—sﬁ) u(sﬁ,sﬁ)
c) (—7\/5,—5\/5)u(5\/§,7\/§) d) (—9\/5,—6\/5) u(6J§,9J§)
A

% <0=>xe(-3,2)

Let f(x)=1+a’x-x° for maximum (or) minimum,

fl(x)=0:>a2—3x2=0:>x=+i

V3
And f' (X) = —6x is positive when x is negative if a > O then point of minimum is _ﬁ
-a
= -3<—=<-2
J3
= 2\/§ <ac< 3J§

If a <0, the point of minimum is a‘\/g

:>—3<i<—2:>—3\/§<a<—2\/§

J3
:>ae(—3\/§,—2\/§)u(2\/§,3\/§)
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70.

Key.

Sol.

71.

Key.

Sol.

72.

Key.

Sol.

Let p(x) = XTRIE=C) gy (xme)(xa) gy (x2a)(X=D) ey 6 (4) Where

(a-b)(a-c) (b-c)(b-a) (c—a)(c—b)

a<c<b and f''(x) exists at all points in (a,b). Then, there exists a real number

u,a <u<b such that f(a) + f(b) + f(c) =

(a-b)(a-c) (b-c)(b-a) (c-a)(c-b)

a) fll(u) b) 2f11(“) 0) %f“(“) d) %flll(u)
C

Apply RT’s, twice

If f(x) is a differentiable function Vx € R so that, f(2)=4,f'(x)>5 Vx €[2,6], then,
f(6) is

a) >24 b) <24 ) >9 d) <9

A

By mean value theorem, f(6)-f(2)=(6-2)f'(c) where c€(2,6)

=f(6)=f(2)+4f (c)=4+4f"(1)>4+4(5)

(~f'(x)=5) f(6)=24

The values of parameter ‘a’ for which the point of minimum of the function

f(x)=1+a’x-x’ satisfies the inequality % <0 are,

a) (—3J§,—2J§) u(2J§,3J§) b) (—5J§,—3J§) u(3J§,5J§)
c) (—7J§,—5\/§)u(5\/§,7\/§) d) (—9\/5,—6\/5) u(6J§,9J§)
A

% <0=>xe(-3,2)

Let f(x)=1+a’x-x’ for maximum (or) minimum,
f'(x)=0=a*-3x’ =o:sx=ii3

And f'(x) =-6x is positive when x is negative if a > 0 then point of minimum is —

3

& 3<% . 9

J3
=23 <a<3/3

If a <0, the point of minimum is a‘«/g

:>—3<i<—2:>—3\/§<a<—2\/§

3
:>ae(—3\/§,—2\/§)u(2x/§,3\/§)
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73.

Key.

Sol.

74.

Key.

Sol.

75.

Key.

Let domain and range of f(x) and g(x) are respectively[0,x). If f(x) be an
increasing function and g(x) be an decreasing function. Also,
h(x)=f(g(x)),h(0)=0 and p(x)= h(x3 -2x° + 2x) —h(4) then for every x €(0,2]

a) p(x)<(0,-h(4)) b) p(x)e[-h(4),0]
©) p(x) €(~h(4),h(4)) d) p(x) e (h(4),h(4)]
A

h(x)=f(g(x))

h'(x)=f (g(x))g1 (x) <0vx €[0,)

Qg'(x)<0Vx €[0,) and f'(g(x))>0Vx €[0,)

Also, h(0)=0 and hence, h(x)<0Vx €[0,)

p(x)= h(x3 -2x% + 2x) -h(4)

p'(x)=h' (X3 -2x% + 2)().(3X2 —4x + 2) <0Vx €(0,2)

Qh' (x3 -2x” + 2x) <0vx €(0,0) and 3x*-4x+2>0vxeR

Let f(x) be a positive differentiable function on [0,a]such that
f(O) =1 and f(a) =3 11 {! (X) > (f(X))3 + (f(X))_1 then, maximum value of a
is

a) — b) —— ¢) — d —
12 24 36 48

The least value of ‘a’ for which the equation 4 + ! =a for atleast one

sinx l-sinx

solution on the interval [O,gj is,
a)l b) 4 c) 8 d) 9

D
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Sol.

76.

Key.

Sol.

77.

Key.

Sol.

78.

Key.

4 1 .
a=——+ ——, where a is least
sinx 1l-sinx
da -4 1
=>—=| -+
dx (sin®x (1-sinx)

Qcosx#0=sinx=2/3

2]cosx=0

2
d’a =45>0 for sinx=2/3= 4 + L =6+3=9
dx? 2/3 1-2/3

A 3 2 o\ L

f(x) =x" -10x" +35x" —50x +¢. where cis a constant. the number of real roots of F()=0 and
Fr(x)=0 are respectively
(11,0 (2)3,2 (3)1,2 (4)3,0
2

g(x)=(x-1)(x-2)(x—-3)(x—4)
f(x)=g(X)+¢,:c,=c—24
9(x)=0 has 4 roots viz. X~ 12,34
F'()=9'(%) 4pq F"()=09"(x)
9'(x)=0 has min. one root in each of the intervals (1, 2); (2, 3); (3, 4)
f'(x)=0,f"(x)=0

By Rolle’s theorem
By Rolle’s theorem, between two roots of has minimum one root.

Let h(X) =f (X)—( f (X))2 +( f (X))3 for every real number x. Then

(1) his increasing whenever f is increasing
(2) his increasing whenever f is decreasing
(3) his decreasing whenever f is increasing
)

(4) nothing can be said in general

' (x) = £1(x)=2F (x)f"(x) +3(f (x))" F'(x)

= 1(x)| 121 (x +3(f(x)}

Since, 1-2f(x (f(x)) >0 for all f(x)

Sh(x)>0 ( )>0

= his increasing when ever fis increasing and | (%) <0 ¢ '(X) <0

=hjs decreasing when ever f is decreasing.
2

The set of critical points of the function f (X) = (x—2)3.(2x+1) is

(1) {1, 2} (z){—%, } (3){-12} @){1}

1
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Sol.  f(x)=(x—2)s 2+ (2x+1).2— L
3 (x-2)

5 3(x—2)+2x+1

3(x—2)§
2 (5x-5) _10 (x-1)

Y 1 1
Sx-2p P (x-2)
Critical points are X =1 and X =2
79. For X e (0,1) which of the following is true?

(1)€ <1+X (2)log, (1+X)< X  (3)sinx> X (4)log, x> X

Key. 2
Sol.  Let f(x)=e*-1-xg(x)=log(1+x)—x
h(x) = sin x—x, p(x) =log x —x
for g(x) = log(1 + x) —x
1 —X
(X)=—-1=—<0 Vxe(0,1
d ( ) 1+x 1+Xx ( )
g(x) is decreasing when 0 < x < 1.
g(0) >g(x)_ = log (1 +x)<x
Similarly it can be done for other functions.

80. f (X) = |X In X| D Xe (O,l) ,then f (X) has maximum value=
(1) e (2) — (3)1 (4) None of these
Key. 2
Sol. f(x)=—xInx
Iirp f(x)=0
>0 if O<x<1
e

f'(xX)==Q+Inx)<=0 if x=

<0 if 1<x<1
e

)

X=— f_ -

f has maximum value at € and e e
(x+1)3 —2<x<-1
81. Let f(x)=4x"-1 -1<x<1
~(x=1)" 1<x>2
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Key.

Sol.

82.

Key.

Sol.

83.

Key.

Sol.

84.

Key.

Sol.

f(x
The total number of maxima and minima of ( ) is

(1)4 (2)3 (3)2 (4)1
2

3(x+1)2 —2<x<-1

f'(x)= %xx“3 -1<x<1-{0}

—2(x-1) l<x<?2
f'(x)DNE at x=-1,0,1

[ i
-2+ -1 - o t+ 1-2

Sign of f'(X)
220 0<x<1
Given f (X) = xe X f (X) is differentiable at X =1 provided
acos(2x—2)+bx* 1<x<2
(1)a=-1b=2 (2 a=1b=-2
3)a=-3,b=4 (4)a=3,b=-4
1

f (1+0)=f (1-0)=a+b=1
f1(1-0) = f!(1+0)=>4=2b
=b=2,a=-1

T
Define f Z[O, 71'] — R by is continuous at X = E, then k=

(1) L) (2) = (3)i (4) 1
12 6 24 32
1
¢
_ m 2[\/2t2+3t+4—\/t2+6t+2J
Let SINX =1 and evaluate —t by rationalization

1
If f(x)= ; and g(X) = — , then the number of discontinuities of the composite
(x=D(x-2) X
function f (g(x)) is
(1)2 (2)3 (3)4 (4) 25
4
Conceptual
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85. Find which function does not obey lagrange’s mean value theorem in [0, 1]
1
2 1y sin x
f(x)= —  x#0
(1) () AR | (2) f(x)=9 x
5 X X=5 1 if x=0
(3) f(x)=x|x| (4) f(x)=|x|
Key. 1
f -(E_j:_l f '(Lj:o
Sol. In (a), 2 while 2
1
X==
fis not differentiable at 2

4
86. Rolle’s theorem holds in [1, 2] for the function f (X) = x* +bx?+cx at the point § . The values of b, ¢

are respectively

(1)8,-5 (2)-5,8 (3)5,-8 (4)-5,-8
Key. 2
Sol. f)="1(2) and f'(4/3)=0

3b+c=-7 554 8b+3c=-16

b=-5c=8

x*logx, x>0 . , .
87. If f(X)= 0 \ and Rolle’s theorem is applicable to f(x) for X [0, 1] then & is equal to
: X=
1.-2 2.-1 3.0 4.1/2

Key. 4
Sol.  for Rolle’s theorem in [a, b]

f@Q=f(b)=1f0)=1f1)=0
Since the function has to be continuous in [0, 1]

Lt ()= f(0)

= Lt x“logx=0

x—>0*

Lt Iogx:

x>0 X~¢

0
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Applying L —H rule

1/x

a-1

Lt ——
x=>0 —gx X

=0

[24

- 1t=X -0

x=0 o

This is true for ¢ >0

88. Let f I(0,00) — R be a (strictly) decreasing function.

If f (2a2 +a+1)< f (3a2 —4a+1),then therangeof a€ R is

a) (—oo,%ju(l,oo) b) (0, 5) o) (0,%)u(1,5) d) [0, 5]
Key. 3
Sol. wehave 2a’+a+1>3a’—4a+1=a’-5a<0 =0<a<5 .....(A)

Also 3a° —4a+1> (3a —1)(a—1) >0 =ae (-0,1/3) Ul x)........ (B)

Intersection of (A) and (B) yields ae (0,1/3)U(1,5)

89. Suppose f :[1, 2] — R is such that f (X) b X3

4
theorem on [1, 2] and the conclusion of Rolle’s theorem holds for f on [l, 2] at the point g , then

a)b=-5 b) b=5 c)c=-8 dc=9
Key. 1
Sol. f(1)=f(2)=1+b+c=8+4b+2c=3b+c=-7—(1).

Now, fI(X)=3X2+2bX+C; f(%j:O (given) :3.%+2b.%+c=0 =8b+3c=-16 >

(2): From (1),(2) we get b=-5 and ¢=8.
90.  Givena function f :[0,4] - R is differentiable, then for some a,b €(0,4) [f (&) -[f(0) =

a) 8f'(b)f(a) b) 4f'(b)f(a) c) 2f'(b) f(a) d) f'(b)f(a)
Key. 1
Sol. Since f(X) is differentiable in [0, 4], using Lagrange’s Mean Value Theorem.
f'(b)zw, be(0,4) (1)
Now, { (4 —{f )y = A (4)4‘ PO et @y+ 103 - 4f OF@+ O} oo ()

31
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Also, from Intermediate Mean Value Theorem,

M: f () for a€ (0,4)
Hence, from (2) [f (4)]* [ f (0)]* =8f '(b) f (a)
91. Suppose a, B and 0 are angles satisfying 0 <a <0< f < z , then M =
2 Cos S —CoSa
a) tané@ b) —tan & c) cotd d) —cotéd

Key. 3
Sol. Let f(X)=sinX and g(X)=CO0SX, then f and g are continuous and derivable. Also, Sin X =0 for any

f(B)-f(x) £'0) N sinf—sina ~ cosd
g(f)-9(a) - g9'(0) COS ff—COos " —sind

92. if f'(X)>0, VxeR, f'(3)=0 and g(x)= f(tan’ x—2tan x+4), O<x<%, then g(X) is

Xe (O%) so by Cauchy’s MVT,

increasing in

o5 o3 elkg e

Key. 4
sol. g'(x)=(f((tan x—1)* +3))2(tan x —1)sec’ X since f "(X) >0 = f'(X) isincreasing

So, f'((tanx-1)*+3)> f'(3) =0 VXe(O,Zju(Z,EJ

Also, (tan X—l) >0 for Xe[%,%).So, g(x) in increasing in (%,%j

93. Let f(X)=2x>+ax® +bx—3cos’ X is an increasing function for alla,b, X € R. Then

a)a’-6b-18>0 b) a*-6b+18<0 c)a’-3p-6<0 da>0,b>0

Key. 2
sol.  f(x)=2x*+ax* +bx—3cos” x

. £(X) = 6%% + 2ax +b +3sin 2x
. T(X) isincreasing forall x = 6X*+2ax+b+3sin2x>0
Also, 6X° +2ax+b+3sin2x > 6x? +2ax+b—3 as sin2x > -1
Hence 6X° +2ax+b-3>0
- 424, 6(b-3)<0 = a’—6b+18<0
94. f: R — R be differentiable function. Study following graph of f'(x) :j_i' Find sum of total no. of

points of inflexion and extrema of y = f(x).
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Key.

Sol.

95.

Key.

Sol.

96.

Key.

Sol.

97.

Key.
Sol.

dy
dx

HX)/\/

[\
I

9

No. of points of inflexion = 6, no. of extrema = 3

1 1 1
The minimum value of (8x% + y2 + 72 [—+—+—J ,(x,y,2>0),is
Xy z

(A)8 (B) 27
(C) 64 (D) 125
C
2
2 2 2 2 2
2(2x)°+y“+z S 2(2x)+y+z 5 2+1+1 (8t 4 2) £+_+l > 64
2+1+1 2+1+1 2. 1.1 z
2X 'y zZ
3—sin(l/x))| x|, X#0
Let f(x):{g Wx)ix] _ - Thenatx=0fhasa
(A) maxima (B) minima
(C) neither maxima nor minima (D) point of discontinuity
B

fis continuous at x =0
Further f(O + h) > f(0) and f(0 — h) > f(0), for positive ‘h’. Hence f has minimum value at
x=0.
A car is to be driven 200kms on a highway at an uniform speed of x km/hrs (speed Rules of the high
2
X
way require 40 <X <70) . The cost of diesel is Rs 30/litre and is consumed at the rate of 100+%

litres per hour. If the wage of the driver is Rs 200 per hour then the most economical speed to drive
the caris

a) 55.5 b) 70 c) 40 d) 80
B
Let cost incurred to travel 200 kms be
C(x).Then

2
c(x)={ 100+ % 2%, 301 200 22

60 ) X X
) 640000 +100x
X

= C'(x)<0 for x e[40,70]
= C(X) is minimum for x=70in X [40, 70].
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Key.

Sol.

99.

Key.

Sol.

100.

Key.

Sol.

101.

98. Let a, n € N such that a > n3then 3/a +1—%/5 is always

1 1
(A) less than — (B) less than —
3n® 2n®
(C) more than — (D) more than —
n 4an
A
Let F(X)=x"* = f'(x)= EWIR applying LMVT in [a, a + 1], we getone ce(a, a + 1)
f(a+1)-f(a 1
f'(c):u Ja+1 J_— 5 <5<t = 3a+1 \/5<—Va>n
a+l-a 3c 3a 3
If x> + 9y? = 1, then minimum and maximum value of 3x? — 27y? + 24xy is
(A) 0,5 (B) -
(€)-5,10 (D)o, 10
B

1.
Put x = cos 0, y=§SIn6

Let u =3x%—27y? + 24xy
u=3cos20 +4sin20
—-5<u<s5.

Let the function g : (—0, ®0) —> (—ggj be given by g(u) = 2 tan™(e") —g .Thengis

(A) even and is strictly increasing in (0, o)

(B) odd and is strictly decreasing in (—o0, o)

(C) odd and is strictly increasing in (—o, o)

(D) neither even nor odd but is strictly increasing in (—oo, )

C
g-u)=2tante’ - T =2cotte' - L =2| X _tante" |- X
2 2 2

—(Ztan‘l e' — gj =—g(u)

e'>0.

1
(u)=2.
g 1+e?

So, g(u) is odd and strictly increasing.

2
Let T (X) be a differentiable function in the interval (0, 2) , then the value of Io f (X)dX is_
a) f(C) where C € (0, 2) b) 2f (C) where C € (0, 2)
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c) f'(c) where c€(0,2) d) £*(0)
Key. B
Sol. Consider g(t) = J.Otf (X)dX Applying LMVT in (0,2)
wzg'(c); ce(0,2) :>I02f(X)dX=2f(C)for ce(0,2)

1+x

102. Let g(X)= I t|f'(t)|dt, where f(x) does not behave like a constant function in any interval (a, b)
1-x

and the graph of y = f '(x) is symmetric about the line x = 1. Then

(A) g(x) is increasing V x € R (B) g(x) is increasing only if x <1
(C) g(x) is increasing if f is increasing (D) g(x) is decreasing V x € R
Key. A

Sol.  g'X)=Q+x)|f'X+D)|+Q-x)|f'Q—x)]
=f'l+Xx)|Q+x+1-Xx)>0 VxeR

103. The equation 2X> —3x* —12X+1=0 has in the interval (—2,1)

A) no real root B) exactly one real root
C) exactly two real roots D) all three real roots
Key. C

Sol. Let f(X)=2x"—-3x*-12x+1
f(-2)<0; f(0)>0; f(1)<0
.. £(X) =0 has atleast two roots in the interval (=2,1) .
Suppose all the real roots of f(X) € (=2,1).
Then by Rolle’s theorm, both the roots of the equation f*(X) =0 should belong to (—2,1)
f1(X)=6x*—6x-12=0=x*-x-2=0
=>(x-2)(x+)=0=>x=2,-1
104. Iff:[1,5] —Ris defined by f (X) = (X—l)10 +(5— X)10 then the range of f is

A) [o, 220] B) [o, 2“] Q) [2“, 220] D) R*

Key. C
Sol. Conceptual

105. - If 3(a+2c) = 4(b+3d) # 0 then the equation ax® +bx* +cx+d =0 will have

(A) no real solution (B) at least one real root in (—1,0)
(C) at least one real root in (0,1) (D) none of these
Key. B

4 3 2
ax” bx® cx
Sol.  Consider f(x)= T+? +7+ dx and apply Rolle’s theorem

106. The function in which Rolle’s theorem is verified is

x* +ab
f =
(A) f(x) 09[ (@1 b)x

j in [a,b] (where 0<a<b) (B) f(X)=(x-D(2x-3) in [1,3]
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€ f(X)=2+(x-D)*in[0,2] (D) f(x)=cos(1/x) in[-1, 1]
Key. A

sol. () =log| 22 | is continuous in [a,b] and differentiable in (a,b) and f (a) = f (b)
(a+b)x

2

107. If f(X)=x"logx and f(0)=0 then the value of « for which Rolle’s theorem can be applied in
[0,1] is

1
(A) —2 (8) -1 (o (D) -
Key. D
Sol.  forthe function f(X)=Xx“logXx Rolle’s theorem is applicable for & >0 in [0,1]

108. Let f(X)=2x"—In|x|,x#0,then f(X)is

a) monotonically increasing in (—— 0) % ooj
. - 1 1

b) monotonically decreasing in —E,O U E,oo
. . I 1 1

c) monotonically increasing in (—oo, ——j U(O, Ej

. . 1 1
d) monotonically decreasing in | —o0,—— |U O,E

2
Key. AD

Sol. Qf(x)=2x*—In| x|
f'(x)= 4x—1
X

_(2x+1(2x-1)

- X
/_\ r/_

—F N

For increasing, f '(x) >0
SEOREE
2 2
And for decreasing, f'(X) <0
Xe (—oo,—lju(O,lj
2 2

109. For x>1,y =1log, X satisfies the inequality

a) x—1>vy b) X —1>y o) y>x-1 d)XT_l<y
Key. A,B,D
Sol.  Let f(Xx)=1log, x—(x-1)

= f=s-1=1% 0
X X
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Q f(x) is decreasing function @Q x >1)
x>1= f(xX)< (1)

= log, x—(x-1) <0

= (x=1) > log, x
=Y

Or (x=1) >y

Now, let g (x)=log, x—(x2 —1).

1-2x2

- g9 o

.. g(X)is decreasing function

Q x>1=9g(XxX)<g@
= log, x—(x*-1) <0
(-J.r (X =1) >y

Again, let h(x) = x-1 log, X
X

h'(X):0+i2—£:1_ZX<O (for x> 1)
X X X
.. h(X) is decreasing function
Q x>1=h(x) <h()
-1 log, x <0
X
x—1
= <y,
X

110. Let‘@’(a<0, a ¢ 1) be a fixed constant and ‘t’ be a parameter then the set of values of ‘t’ for the function

f(x)=£ |[]+1]+a
[[t]+1]+1-a

([-] denotes the greatest integer function) is

jx to be a non increasing function of x,

1 a) [[a], [-a+1]) b) [fa],[-a) ) [[a+1],[-a+1]) d [a-1], [-a+

Key. B
[[t]+1]|+a

———=—————— <0,butasa<0,1-a>0.
[[t]+1|+1-a

Sol. f'(x)<0=

So|[t]+1|<-a= a<[t]l+1<-a= a-1<[t]<-a-1

= [a] <[t]<[-a]-1(asagl) = [a]<t<[-a]

x4

111. The number of critical values of f(X)=~——is
a)o b) 1 c)2 d)3
Key. D
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|x—]4{ X" —ZX}
Sol. f'(x)= = f'(X)=0 atx=2

= f'(X) does not existatx=0,1

112. The absolute minimum value of X° —4X—10|X—2| +29 occurs at

a) one value of X€ R b) at two values of X€ R c)x=7,3 d) novalue of XeR
Key. B

Sol.  Given function is (x—2|-5)* which has global minimum value equal to 0 ,when
x-2|=

113. The function f(X)=x(x-1)(x-2)(x-3)————— (x—50) in (0,50) has m local maxima and n local
minimum then
a) m=25, n=26 b) m=26, n=25 c) m=n=26 d) m=n=25

Key. D

sol.  From the given conditions, it follows that f(x)=x’+1= f!(2)=3(2)* =12

114. The value of c in the Lagrange’s mean value theorem applied to the function

f(X) =x(X+1)(x+2)for 0<x<1lis

\21 \v21-3 1 V2143
a) — b) c) — d)
4 3 5 8
Key. B
v21

Sol.  f'(c)=3c*+6c+2= f0H-10) f(O) 6:3c2+6c—4=0:>c=—1+Te(0,1)

115. A twice differentiable function f(X) on (a,b) and continuous on [a,b] is such that f*(x) <0 for all

x € (a,b) then forany ce(a,b), :E;))_ ;((a;
b-c c-a .
a) c—-a b)TC c) (b—C)(C—a) d)m
Key. B

Sol. Let ue(a,c),ve(e,b) then by LMVT on (a,c),(c,b) it follows
) = f(c) f@ oy fO-F©)
-a b-c
But u<vand f! (x)<0f0r all xe(@b)= i) I= fiu) > 1) = ;(C)_f(a)>ﬂ.

116. The number of roots of X> —5X+1=0 in (-1,1) is
a)o b) 1 c)2 d) 3
Key. B

sol. Let f(x)=x>-5x+1.Q f(1)f(-1)<0 3 atleast one root say « of f(x)=0in (-1,1).
If 3another root B (e < p)in (-1,1) then by RT applied to [«, A], it follows that
there exist y € (o, f) such that f'(y)=5y*"-5=0 ie y=1-1 but
ye(a,p) c(-11)..y #1,-1 , a contradiction. Hence number of roots of
f(x)=0in (-11) is 1.
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a :
117. If %+ﬁ+é+%+a4 =0 then the equation a,x* +a,x* +a,x* +a,x+a, =0

4
A) does not have root between 0 and 1 B) possesses at least one root between 0 and 1
C) has exactly one root between 0 and 1 D) has a root between 1 and 2
Key. B

= G + ax’ + 8,X + a;x" +a,X
5 4 3 2
f(0)=0and f(1)=0 by hypothesis
.. fsatisfies all conditions of Rolle’s theorem
f*(x)=0 has at least one root in (0,1)

Sol.  Consider the function f (X)

118. The largest area of the rectangle which has one side on the X-axis and two vertices on the curve y = e
is

1 1 2 2
A) — B) — C)\/g D)e£2

\/% 2e
Key. C

Sol. Let f(t)=te™
fr(t)=—2t " +e"
—e ™ (1-2t2)
1 (t)=0=t= o
J2
-1
Max area :inxe7 ZQ
Je

N

Y

ot

(-£0) O (£0)

119.. f(x)= L and g(x)= X \where 0<x <1. Then in this interval
sin X tan x
(a) f(x) and g(x) both are increasing
(b) f(x) is decreasing and g(x) is increasing
(c) f(x) is increasing and g(x) is decreasing
(d) none of the above
Key. C

Sol. 1:,(X)=SIHX—XCOSX

sin’® x
Now h(x)=sinx—xcosx
h'(x)=xsinx>0 v0<x<1
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120.

Key.

Sol.

121.

122,

h(x) is increasing in (0, 1]

h(0)<h(x) = sinx—xcosx>0for0<x <1

= f'(X) >0

Hence f(x) is increasing. Similarly it can be done for g(x).

For x €(0,1), which of the following is true?

(@) e <1+Xx (b) log, (1+x) < x

B
Let f(x)=€*-1-x, g(x)=log(1+x)-x
h(x) = sin X — X, p(x) =log x — X
for g(x) = log(1 + x) — x
R T
g (x)_1+X 1_1+X<O vxe(0,1)

g(x) is decreasing when 0 < x < 1.
9(0) > g(x)_ = log (1 +x) <x

(c) sinx > X

(d) log, X > X

Similarly it can be done for other functions.

f(x) = xI nx|:xe(0,1) has maximum value
(A)e
©1

1
(B) -
2

Key. B

Sol.

f(x)=—xInx

lim f(x)=0

x—0+

>0 if O<x<l
e

' . 1
f'(xX)=—@Q+Inx)s=0 if x==
e

1<x<1
e

<0 if

1
f has maximum value at X=— and f (EJ =
e

1
€ €

F(X) = xIn x _ x>0.
0 if x=0

If Lagrange’s theorem applies to f on [0, 1] then ‘a’ can be
(A) -2 (B)-1

1
(€0 ®) 7

Key. D

Sol.

f is continuous atx =0

~.0=1lim f(x)=lim x*In x forces "a>0" is necessary.

x—0+ x—0+

(D) None of these
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4
123.  Rolle’s theorem holds in [1, 2] for the function f (X)=x>+bx® +cx at the point "5". The values

of b, c are respectively

(A)8,-5 (B) -5, 8
(C)5,-8 (D) -5, -8
Key. B

Sol. f(1)=f(2) and f'(4/3)=0
3b+c=-7 and 8b+3c=-16
b=-5c=8

124.  Point on the curve y* =4(x—10) which is nearest to the line x + y = 4 may be

(A) (11, 2) (B) (10,0)
(©)(11,-2) (D) None of these
Key. C

Sol. P(X, , ¥,) : pt on curve nearest to line.

Normal at P is perpendicular to the line

Normal at P has slope —%

Y, =2 and X, =11; P(11,-2)

125 f(x)=(sin’x)e>"; max f(x)—min f(x) =

1 1 1
A) = B) ———
A e? ®) 2e ¢’
©)1 (D) None of these

Key. D

Sol. Let t =sin®x;t<[0,1]
f(x)=g(t)=te™

>0 if te[O,%)

g'(t)=@1-2t)e™
<0 if te (%,1]

max f —maxg—g[l]—i
2) 2e
min f =ming=min{g(0),g(1)} =0

max f —min f =i.
2e

x| if 0<x|<2
126.  f(x)= _ HAS AT X =0
1 if x=0
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(A) LOCAL MAXIMA (B)  LOCAL MINIMA
(C) TANGENT (D)  NONE OF THESE
KEY. A
SOL.
A(2,0), B(-2, 0)

0(0, 0) is not a point on the graph

127.  f(x)=x*-10x*+35x* —=50x+C. WHERE C IS A CONSTANT. THE NUMBER OF REAL
ROOTSOF f'(x)=0 AND f "(x) =0 ARE RESPECTIVELY

(A 1,0 (B) 3,2 ©) 1,2 (D) 3,0
KEY. B
Sol. g(x)=(x=D(x—2)(x-3)(x—4)

f(x)=g(x)+c,:c,=c—-24

g(x) =0 has 4 rootsviz. x=1,2,3,4

f'(x)=g'(x)and f"(x) =g"(x)

By Rolle’s theorem ¢'(X) =0 has min. one root in each of the intervals (1, 2); (2, 3); (3, 4)
BY ROLLE’S THEOREM, BETWEEN TWO ROOTS OF f '(x) =0, f "(x) =0 HAS MINIMUM
ONE ROOT.

128. THE DIFFERENCE BETWEEN THE GREATEST AND LEAST VALUE OF
f(x) =sin2x—x:X e{—ﬁ,ﬁ}

2 2
V3442 V3442
(A) (B) +—
2 2 6
©) g—g (D)  NONE OF THESE
KEY. D
Sol. f'(x)=2cos2x-1; f'(x)=0if x=—g,g

fi(x)>0 ier(—g,gj

T T T T
f'(X)<0 if Xe[-—,—= Xe(=,—=
(X)<0 if xe[ 5 6) or e(6 2]
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Max f =max{f (—Ej, f(f)}:max{ﬁ,ﬁ_f}zf
2 6 2 2 6] 2

MIN f z—g ISF IS AN ODD FUNCTION.

129. f :R—> R ISAFUNCTION SUCH THAT f(X)=2x+sinx; THEN, F IS

(A) ONE-ONE AND ONTO (B)  ONE-ONE BUT NOT ONTO

(C) ONTO BUT NOT ONE-ONE (D) NEITHER ONE-ONE NOR ONTO
KEY. A
Sol. f'(X)=2+cosx>0; .. f isone-one

fis continuous; lim f (x) = o0; lim f(X)=-ow
.. T 1S ONE-ONE AND ONTO
130. FIND WHICH FUNCTION DOES NOT OBEY LAGRANGE’S MEAN VALUE THEOREM IN [0, 1]

1
——X LX< = sin X
2 — = x=0
A f(x)= LV 1 B - f(x)=1 x
(__Xj st 1 if x=0
2 2
©)  f)=x[x| O) f()=|x]
KEY. A
Sol. In (a), f'(i—j:—l while f'(1+j:0
2 2
F IS NOT DIFFERENTIABLE AT X = %
131. IFA>0,B<0AND A=§+B THEN MINIMUM VALUE OF TANA TANB 1S
1
A) —=— B -1
(A) > (B)
1
© -3 (D)  NONE OF THESE

KEY. C
T
Sol. B,=—-B>0; A+ BO:E.

By AM.-G.M., max tan Atan B, happens when

.. MIN tan Atan B = —%.

132.  The point on the curve X* = 2y which is nearest to a (0, 3) may be
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® @2 ®) (13
9
© .0 ©) (_35]
KEY. A
Sol.  Let P(X,,Y,)be the nearest point

133.

KEY.

Sol.

134.

KEY.

Sol.

PA® =(y,—3)" +(%,—0)°
=Y. -4y, +9 as X, =2y,
:(yo_2)2+5

PA? is minimum if y, =2; X, =+2
P(£2,2).

Aliter : A lies on normal to curve at P.
POINT ON THE LINE x—Yy =3 WHICH IS NEAREST TO THE CURVE X% = 4y IS

A 0,-3) B (30
©) (2,-)) (D) NONE OF THESE
B

P(X,, Y,) is the nearest point; Y, = X, —3

Line through P, perpendicular to X =Y =3 is normal to given curve at, say, Q(X,, ;)

2
.-.—Z=—1; X =2y =1
Normalis Yy —1=—(X—2); Thiscuts Xx—y =3 atP.
- P(3,0).
| x=1] .
— if 0
f(x)=4 x° X7 Y INCREASES IN
0 if x=0
A (0,2 B 0,2
(C) [0,0) (D)  NONE OF THESE
D
e 1
X
f(x)= 1_2X if x<1:x#0
X
0 if x=0,1
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if x>1
fr)=4 *

if xe(0,1) or xe(—,0)

X3
fis not differentiable at x=0, 1
f'(X)>01IF xe(L,2) OR X e (—o0,0)
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Maxima & Minima
Multiple Correct Answer Type

1. Let f(x)=2x"—In|x|,x=0, then f(x) is

A) monotonically increasing in (—% Oj (; ooj

3

B) monotonically decreasing in [—— 0) (%

)

C) monotonically increasing in [ 00 ——j U[O'%J

D) monotonically decreasing in (—oo, —%j U[O'%j

Key. A,D
Sol. Q f(x)=2x*—In|x]

f'(x):4x—l
X

_ (@x+D)(2x-1)

For increasing, f'(x)>0 X e (—% , Oj U(l,oo]

And for decreasing, f'(x)<0 Xe (—oo, —%j U(O, 1]

2

j xS + (a - l)x2 + 2x + 1 is monotonic increasing for every

2. If flx) = [a

X € R then ‘a’ lies in
A) (1, 2) B) (1,0)

C) (¥ ,-3) D) (- 10,- 7)
Key. A,B,C,D

Sol. f(x)= g—_x +(a- x>+ 2x+1
(- 1)3x*
f'(x)> 0P s 2x(a- 1)+2>0

@2 -1)x2 +2x(a-1)+2>0 =4(@a-1)2-8(@2-1)<0 {p2-4ac <0}
—@-12-2@2-1)<0 =(@+3)(a-1)>0




Mathematics Maxima & Minima

Key.

Sol.

Key.

Sol.

Key.

Sol.

=(-¥-3)EQL¥)

If f'(x) > 0vx eR,f'(3)=0 and g(x)=f(tan’x-2tanx+4),0<x<n/2,

then, g(x)is increasing in

a) (O,n/4) b) (n/6,n/3)
c) (O,TC/3) d) (n/4,n/2)
D

g (x)=1f ((tanx ~1)*+ 3).(2tanx —2)sec’x

- (x)>0=1f"(x) is increase
= f'((tanx -1)° +3) > £ (3) = Ovx € (0,7 / 4) U (r /4,7 /2)

Also, (tanx—1)>0vx e(n/4,n1/2)..g(x) is increasein (n/4,1/2)

The function f(x)= I\/ 1-t* dtis such that
0

a) it is defined on the interval [-1,1] b) it is an increasing function
c) it is an odd function d) the point (0,0) is the point
of inflexion
AB,C,D
Find f'(x)
2
37X 0s<x<1
f(x)= ? Then, the value of ‘¢’ in the LMVT over [0,2], is
-, 1<x<2
X
1 1 3
a) — b) = c) — d) v2
) 2 ) 3 ) 5 ) N2
A,D
f(1)-f(0) -
By LMVT for f(x)on[0,1],3c € (0,1) 3 ( i o( )_ ;C =c =%

ByLMVTﬁnﬂxpxlngaceu;na£E21;92=:;:>C=J§
- C

Let f(x) be a twice differentiable function such that f''(x)>0 in [0,1].
Then,
a) £(0)+f(1)=2f(c) for some ce(0,1) b) £(0)+f(1)=2f(1/2)
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Key.

Sol.

Key.

Sol.

Key.

Sol.

o) £(0)+£(1)> Qf[éj
A,C

By IVP,

f(0)+f(1)
2

=f(c),0<c<1 by

~£(0) =%f1 (c,),0<c, <%

f(1)-f(1/2)=

Subtracting, we get,

LMVT,f(1/2)

Lo (02),% <c, <1

f(1)+f(0)_2f(lj _ f'(c,)—1f'(c,) G-

2 2 2

:f(1)+f(0)>2f[éj

The function f

a) it is defined on the interval [-1,1]

b) it is an increasing function
¢) it is an odd function

_[\/1 t* dtis such that

d) the point (0,0) is the point of inflexion

AB,C,.D
Find f'(x)

Consider the following statements

Statement - L If O<a<p< g , then,

Statement -II: If x>0, then
1+x

a) Iis true b)lis false
A,C

c) Il is true

£(B)-f(a) _

f'(c)>0=f(B)>f(a)=

f(x)=xtanx = f'(x) =tanx + xsec’x > 0
)=

tanp S
tan

a

d) Il is false

tanf3 S

B-—a tana

f(x)=log(1+x) = f'(x) = -—
f(x)-£(0)
x-0 1+x

1 b:¢
_f'(c) = —— = log(1 x
(c) = log(1+x)= Tro

d) £(0)+£(1) < zf(%j

“Lf''(c)>0 (UsingLMVT)

<log(1+x)<x.Then
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Key.

Sol.

10.

Key.

Sol.

O<c<x=1l<l+c<l+x=>

X

X
<—<X=

<log(l+x)<x
1+x 1+c 1+x g( )

Equality holds good for x = 0

3-x?
, 0<x<1
f(x)= 2 Then, the value of ‘’in the LMVT over [0,2]; is
l, 1<x<2
X
1 1 3
- b) — — d) V2
a) 5 ) 3 ) 3 ) V2
AD
1)-f -
By LMVT for f(x)on[0,1],3¢ €(0,1) 5 ( Z O(O) - gc =c =%

1
For the function, f(x)=xcos=,x21,
X

a) For atleast one x in [L00),f(x+2)—f(x) <2

b) XI;ECfI (x)=1

¢) vx in[l,),f(x+2)=f(x)>2

d) f'(x) strictly decreases in [1,)

B,C,D

b and d are obvious For ‘¢’ using LMVT for f(x) on

f(x+2)-f(x)
X+2-X

[x,x+2],x>13ce(x,x+2)> =2f'(c) = f(x+2)-f(x)=2f"(c)

Q Lt f'(x) =1 and f'(x) is strictly decreasing vx >1,=f'(c)>1 hence

X—>00

f(x+2)-f(x)>2vx e(1,)




Mathematics Maxima & Minima

-1
1. f(x)= (\f+sm ) el it x=0
0 if x=0
Number of points where f (x) has local extrema when x =0 be n,. n, be the value of
global minimum of f (x) then n +n, =

Key. 0

Sol. Local extremum does not occur at any value of X # 0. But global minimum = f (0) =0

~n=0,n,=0thenn +n,=0

12. Let f(X) = € and g(x) = f'(x) then
1+

X2
(A) g(x) has four points of local extremum

(B) g(x) has two points of local extremum
(C) g(x) has a point of local minimum atx =1

(D) g(x) has a point of local maximum at some X € (—1, 0)

Key: B,C,D

(x=1’e" 1)%e (x =1)(x® —3x* +5x +1)
, f’
29() (x)= Tox)? g'(x) = 11
Let h(x) =x3—3x?+5x + 1, h’(x) = 3x?— 6x + 5, D < 0 so h(x) has only one real roots. Also g(-1)

g(0) < 0. So the root € (-1, 0). Clearly g(x) has two points of extremum. Maxima at x € (-1, 0)
and minima atx = 1.

13.  Let f(x)= x2.e ™" then

Hint  f(x) =

(A) f(x) has local maxima at x =—1 and x=1
(B) f(x) has local minima at x =0
(%)

(C) f(x) is strictly decreasing on x eRR

e

(D) Range of f(x) is [Ol}
KEY : A,B,D
HINT f(x)=x%e™
f'(x)=2xe™ +x2.e™ (-2x)
= 2xe™ [1— XZJ

+ - + - sign of f'(x)
-1 0 1 %




Mathematics Maxima & Minima

f(X) has local maxima at x = -1 and 1
f(X) has local minima atx =0

Now; f(0)=0

f(1)=§ and as x—>oo,f(x)—>0

So, Range of f(x) is {ol}
e

2x—-4 X<2

14, Let f(x)= K (k=1 . f(x) attains local maximum at x = 2 if k lies
XL 44 X>2
k? -k -2
in
(A) (0,1) (B) (3,) (C) (—o0,-1) D) (L2)
KEY:A,CD

HINT : When f(X) is continuous at x = 2 f'(X) DNE at x=2

and f I(X) changes sign from + to —

k® (k—1)°
= f (x) attains max. At x =2 if m:o =k=0,1
When f (x) is discontinuous at x = 2, f '(x) changes its sign from +to —.  f (x) will
attain maximum if Lt f(x)<f(2) as
x—>2+
Lt f(x)="f(2)ie if —o0,—1 1 2
Lt (0= (2)ie if ke(=n-1)(01)0(L2)
=k &(—w0,-1)U[0,2)
15. Which of the following functions will not have absolute minimum value?
A) cot(sinx) B) tan(log x)
C) X2 X197 41 D) 2% 4 X% 11
KEY : A,B,C

SOL : Even degree polynomial with leading coefficient +ve will have absolute minimum.

16. More than one option.

x+1; —2<x<0
J1-x; 0O0<x<1
f(x)=
2; x=0
X410 x>1
Then f(X)

A) has neither maximum nor minimum at X=0
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B) has maximum at X =0
C) has neither maximum nor minimum at X=1
D) no global maximum

KEY :B,C,D

17.

Key:

Hint:

18.

Which of the following are true for VX € (0,00)

2

X X
In(1+Xx)>x—— b) In(1+x)>——

2) In(1+) 2 ) In(L+x)> 7

c¢) 4cosx+ x>0 d) 2tant x < x+1
A, B, C

2

(a)f(x)=|n(l+x)—x+%
fl(x)zﬁ_lﬂﬂfx

f(0)=0, f*(x)>0vxe(0,00)= f(x)>0
(b) f(x)=In(1+ x)_i

1+ X
f*(x)=

1 1 X
f(0)=0, f*(x)>0vxe(0,00)=>f(x)>0

L+x (x+1)  (L+x)

(c)y=cosx, yz—g
by graphitisclear that

COS X > _Txis not true vx e (0,x)

(d) f(X)=x+1-2tan™" x

f
f(0)=1
21 (x-1)(x+1)
fr(x) =X T
(x) 1+ x? X% +1
atx=1 f(x)minma

f(1)=2(1—%j>0:> f (x)>0vx e (0,a)

If Iogz[logl(logz(x))] Ioga{log1

3

(Iogg(y))J Iog\{log1

y = Cos x
\ 4
:
|
|
|
|

(Iog5 (z))} =0 for

5

positive x,y and z, then which of the following is/ are NOT true?

(A)z<x<y
(C)y<z<x

(B)x<y<z
(D)z<y<x
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Key: B,C,D
1/2 1/3 1/5
Hint: Solvingweget X=2",y=3 ,z=5

Ux
Using graph of X
3 1/3
= 311 >5

1/2 1/3 2 2
Also 27~ <3 a523<3 2]j >5]J5

as 25 >52

- — —
[
L

=SYy>X>2Z 7

Hence (b), (c), & (d) are NOT true.

1
19. For the function f (X) =XCco0s—, x=>1
X

a) for at least one x in the interval [1, oo), f (X+ 2)— f (X) <2

b) lim f*(x)=1

c) for all x in the interval [1,00), f (X+2)— f (X) > 2
d) fl(X) is strictly decreasing in the interval [1,00)

Key. B,C,D

Sol. f(x)= xcosl,x3 1
X

\ f'(x):cosl+lsinl
X X X

1 1
20. f(x)= + . Let X, X, are points where f(Xx) attains local minimum and
)= LR Ty o e P (%)
global maximum respectively. Let k = f (x )+ f (x,) then 6k —9
Key. '8
Sol. Local minimum = f [1) :ﬂ
2 3
Global maximum = f(0)= f(l):§ k:ﬂ+§=£
2 3 2 6

21.  Let g(x) and h(x) be twice differentiable functions on R and
f(2)=8,g(2)=0,f(4)=10,g(4) =8, then
a) g'(x)>4f (x)Vx e(2,4) b) g(x)>f(x)vx e(2,4)
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c) 3g'(x)=4f"(x) for at least one x €(2,4) d) g'(x)=4f"(x)for at least
one x €(2,4)
Key. D
Sol.  Let h(x)=g(x)—-4f(x). Verify RT in (2,4)
h(2) = g(2) - 4f(2) =-32
h(4)=g(4)-4f(4)=-32
.

O for at least one x €(2,4) = g'(x) = 4f' (x) for at least one

22. If f'(x)>0vxeR,f(3)=0 and g(x):f(tan2x—2tanx+4),0<x<n/2,

then, g(x)is increasing in

a) (0,m/4) b) (n/6,1/3)
c) (0,m/3) d) (n/4,m/2)
Key. D

Sol. g'(x)=f"' ((tanx—l)2 +3).(2tanx—2)secZX

- (x)>0=1f'(x) is increase
= f'((tanx -1)° +3) > £ (3) = Ovx & (0,n/ 4) U (r / 4,7/ 2)
Also, (tanx—1)>0vx e(n/4,n/2)..g(x) is increase in (n/4,7/2)

(
23.  If f(x)=2x"-15x"+24xand g(a) =j0a f (x)dx+'|‘05_a f(x)dx (0<a<5), then

a) g is increasing in (O,gj b) g is decreasing in (g,Sj
c) gis increasing in (0, 5) d) None of these

Key. A,B

Sol.  f'(x)=6x*-30x+24=6(x—4)(x-1)
By graph

g'(a)=f(a)-f(5-a)

Ifa<5-a :>a<g
' - I S
g (a)>0 = @ isincreasing in (O,Ej

: S : o
And if a>5,g (a)<0 => @ is decreasing in

&
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24. Let f(X) = and g(x) = f'(x) then

1+x°
(A) g(x) has four points of local extremum
(B) g(x) has two points of local extremum
(C) g(x) has a point of local minimum atx =1
(D) g(x) has a point of local maximum at some x € (-1, 0)
Key. B,C,D

X

e (x-1)%e* (X—1)(x*—3x*+5x +1) _
2 1 g(x):f’(x):ﬁ! g,(x): 2 3 €
1+X (@+x) (x“+1)
Let h(x) =x3—3x>+5x + 1, h’(x) = 3x* = 6x + 5, D < 0 so h(x) has only one real roots. Also g(-1)
g(0) < 0. So the root € (-1, 0). Clearly g(x) has two points of extremum. Maxima at x € (-1, 0) and
minimaatx=1.

25. The function f(x) = a(x* —1) (ax + b) (a #0) has

Sol. f(x) =

(A) alocal maxima at certain x € R* (B) alocal minima at certain x € R*
(C) alocal maxima at certainx € R~ (D) alocal minima at certain x € R~
Key. B,C
Sol.  f(x) =a% + abx? — a’x — ab. Coefficient of x* is +ve.

f'(x) = 3a®x? + 2abx — a%. Product of roots is —ve
So, f(x) has two points of maxima/minima and maxima at R~ and minima at R*.

26. If the function f (x) = x* —6x” +ax+b defined in [1,3] satisfies the rolle’s theorem for

23 +1

C= N then

(A)a=11 (B)b=6 (C)aeR (D)beR
Key. A,D
Sol. Conceptual

27. If £(X)=(x=4)(x=5)(x—6)(x—7) then f'(x)=0 has roots in

(A) (4,5) (B).(5,6) (©) (6,7) (D) (3,4)
Key. AB,C
Sol. Conceptual
28. If f(x), g(x) (where x > 1) are non—negative and non—positive functions respectively,
such that f '(x) < a f(x), g'(x) > Bg(x) for some a, B >0 and f(1) =0, g(1) =0, then
f(e)+f(n) f(e)+f(n)
=0 b =—
f2(e)+f’(n) -4 f2(e)+f*(m)-4
o _96e)+am) g _90e)+olm)
g(le)+9(¥/n) -3 g(le)+9(¥/n) -3
Key. A,C
Sol.f(x) >0

f'(x) —a f(x) <0

10
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29. Let f(x)= J.(u —1) (u—2)? du, then for the function f(x)
0
a) (1, -3) is a point of minimum b) (2, —4/3) is a point of inflexion
c) l,—E is a point of minimum d) ﬂ,—E is a point of inflexion.
12 3 81
Key. B,C,D

= i[e““f(x)] <0 Vx>1
dx

=f(x)<0Vx>1Q f(1)=0
=>f(x)=0Vx>1
Similarly, g(x) =0 Vx> 1

L f@+fm o g(e)+g(m)
t2(e)+f(m) 4 g(Ye)+9(¥/n) -3

Sol. f* (x)=(x=1)(x=2)?=>x=1,2

30.

Key.

Sol.

31.

Key.

Sol.

29.

Around x = 1, f'(x) changes sign from —ve to +ve f(x) is minimum at x = 1, f(1)

4
f”(x) changes sign around x = 2, g ,

X=2,X= ﬂ are the point of inflexion f(2) = —ﬂ, f ﬂ :—g.
3 3 3 81

f(X):HX+2|—2|X—2”+|X| (xeR) can never be

1 1

— b) — 1 d)2
a) > )4 c) )

A,B

Global minimum of f(x) is %
The function f(x):i,a>0 can never be

VX +a’

a) \2 b) 2 c)3 d) 4

B,C,D
Range of f(x) = (—1, x/i}

1

Y

T 12

Consider f(x)=x"%* +sinz[x], 2<x <6, where [x] denotes integer part of x. Then
the true statement among the following is/are

A) Rolle’s theorem can be applied to f

B) Rolle’s theorem cannot be applied to f

C) Lagrange’s mean value theorem can be applied to f

11
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D) Lagrange’s mean value theorem cannot be applied to f

Key. AC

Sol.
30.

Key.

Sol.

31.

Key.
Sol.

32.

f(x)=e,2<x<6
Consider the function f :R—{0} > R defined by f(x)= x+E . Then the true
X

statements among the following are
A) f is one-one but not onto
B) f possesses local extrema but f does not have absolute extrema
— 2 J—
C) If g:(0,1] »[2,) is defined by g(x) = x+1 , then g™*(x) :¥
X

: < dofi 1 4 X—~Ix* =4
D) If h:(—o0,—1] = (—0,—2] is defined by h(x) = x+—, then h (X):T
X

B,CD

2

+ L
y:f(x):x+£,x;«t0|y|22:>xz—yx+1=0:>x=y_—2y4
X
1

g: (0,1]—>[2,oo),g(x):x+;:y
0<x<1and yzZ:%zl

2_
x:y+— “;/421 but x<1

B} —\Jy: -4 . X—\X* —4
nx=g 1(y)=%sg ) ="—0—
hi(—oo,—l]—>(—oo,—2],h(x)=x+l=y
X
x<-1 and ys—Z:%s—l
— 2_

yoyy -4 is clearly —ve when y <-2
Also I=VY —% \’;/43—1: hiy) =LY —% "2y4

2 — -1<
F () = 3x“+12x-1 , 1_X£2,then

37—-X ,2<X<3

A) f isincreasing on [-1,2] B) f isdifferentiable at x=2

C) f does not attain absolute minimum in [-1,2] D) Absolute maximum value of f
is 35
AD

Conceptual
2

Consider the curves y = f(x) :1+X—3,a #0and y=g(x)= 44/x . Then the true
a

statements among the following are:
A) If a<0 then the curves have a unique point in common.

12
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B) If a :% the curves touch each other
C)If 0<a <% then curves intersect at two distinct points

D)If a> % then the curves do not meet

Key. A,B

Sol.

33.

Key.

Sol.

34.

Key.

Sol.

¥ ¥ y

0.0 p =4
y=ja <l

X x ) X

= x,ax0
(1]

Consider y= f(x) and y=g(x) when a>0
Suppose they touch at (x;, y,)
Then y, = f(x) =9(x) and '(x)=g"(x)

Let f(x)=

(@) f(x) has minima but no maxima
(b) f(x) increases in the interval (0, 2) and decreases in the interval (—o,0)U(2,)

(c) f(x) is concave down in (—,0)w(0,3)
(d) x = 3 is the point of inflection

B,C,D
F1(x)= _(’)((3_2) anf £(x) = 2();4_3)
N T _ ..
0 ) t(x) 3 f*(x)

So fincreases (0, 2) and 3 is point of inflection.

Let g'(x)>0and f'(x)<0 VxeR, then
f

@ 9(f (x+1)>g(F (x-1) (0) g(f (x+1)) <g(f (x-D)
© f(9(x~1)>f(g(x+1) @ F(o(x-1)<f (9(x+D)
B,C

X+1l>x-1

Now g(x) is increasing and f is decreasing.

gx+1)>g(x—1) and f(x+1)<f(x-1)

so f(g(x + 1)) <f(g(x—1)) (Greater input gives smaller output)
and g(f(x + 1)) <g(f(x — 1)) (Greater input gives greater output)

13
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35.  Theinterval in which y = x* increases more rapidly than y = 6X* +15x+5 is

(A) (=0, -1) (B) (5,0)
©) (-1, (D) (0,0)
Key. B

Sol. f(x)=x% f'(x)=3x?
g(x) =6x* +15x+5; g'(x) =12x+15
f'(x) > g'(x);

S x2—4x-5>0
x<-=lor x>5

36. The inequality 1+ 1 n x < x is true in the regions

(A) (1,) (B)(0,1)
(C) (O, e) (D) None of these
Key. ABC

Sol. f(x)=1+Inx—x:x>0

0 if O0<x<1
f'(x):l—l > | <X<
X <0 if x>1
f@=0...f(x)<0 vx>0
_ 2

37, f(x) :cos‘l(1 ij decreases in the region

1+x
(A) (-1,0) B)(©0 1)
(€) (-, -1) (D) (=o0,1)
Key. AC
1—x? 2
Sol. h(x)= T AN -1

cos™ is a decreasing function

f decreases when h increases
i.e., when X e (—x,0).

14
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Maxima & Minima
Assertion Reasoning Type

a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct
explanation for Statement-1

b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct
explanation for Statement-1

c) Statement-1 is True, Statement-2 is False
d) Statement-1 is False, Statement-2 is True

1. Statement 1:-Let f be a continuous function on the internal [0,1] —> R, such
that f(O) = f(l) .Then, there exists a point C in [0,1/2] such
thatf(C)=f(C+1/2)

Statement 2:- Let f be a real valued function defined on [a,b] such that, i) f
is continuous on|a,b,ii) f is differentiable in [a,b],iii) f(a) =f(b), then,
there is at least one value C of x in (a,b) for which f'(c)=0

Key. B

Sol.  Consider the function g(x)=f(x)- f(x + %J

= g(O) and g(%j are of opposite signs

. 1
Hence, there exists at least are c e [O’Ej’ such that

g(c)=0(or)f(c)—f(c+%}=0:> f(c)=f[1+%j
2. Statement 1:- let f is a continuous function on [a,b] and differentiable on
(a,b) and satisfies f (a)- f (b)=a’- b”. Then, the equation f(x)f'(x)=x
has at least one solution in (a,b)
Statement 2:- If f is continuous on [a,b] and f(a)#f(b), then, for any value
Ce (f(a),f(b)) ,there is at least one number x, in (a,b) for which f(Xo) =C
Key. B

Sol.  Let g(x)=5(£(x))" -x*)
()= 2["(2)~a"] and g(b) = [*(b)~b*] by g(a)=g(b), so there exists
atleast one x €(a,b)=g'(x)=0 (By RT) i.e., %[Qf(x)fl (x)-2x]=0
= 1 (x)f! (x) =x
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3 Statement 1:- The minimum distance of the fixed point (0,0L) , where,

OSOLS% from the curve y =x” is a
Statement 2:- Maxima and minima of a function is always a root of the
equation f'(x)=0
Key. C
Sol. Let point be (t,tQ) then, d? =t° +(t2 - oc)2
=t"+(1-20)t* +a”

=z’ +(1-2a)Z+0%22>0
Its vertex is at X=OL—%<O

. minimum value of d? isatz=01i.e., t?=0

=d=a

.. Statement I is true

Statement II is false because extremum can occur at a point where f’ (X)

One

4, STATEMENT-1 : If the point (x, y) lies on the curve %% + y2 — 24y + 80 = 0 then the maximum
value of x2 + y2 is 400.

STATEMENT-2 : The point (x, y) is at a distance of \/X2 + y2 from origin.

Key: A
2
. . . xt (y-12) .
Hint:  The given equation represents ellipse 3_2+T =1. The maximum value of
\/XZ + y2 is the distance between (0, 0), (0, 20).
9
5. Statement-1 : The least value of X+—,Xx>0 is 6.

X
Statement-2 : The absolute value of the sum of a non-zero real number and
its reciprocal is never less than 2. Also f (X) and kf (X) with k >0

attain their least value simultaneously.

Key: A
, . 9 X 3
Hint  Rewrite X+—=3| —+—
X 3 X
6. Statement-1 : The function f (x)=x’—-3x*+12x is increasing on R.

Statement-2 : If a differentiable function g(x) is increasing implies ¢ (X) >0.
Key: C
Hint  Statement 2 is false. Take for counter example f(X)=X>, f'(x)=3x* andso f (0)=0.

7. A painting of height 3 m hangs on the wall of a museum with the bottom of
the painting 6 feet above the floor. The eyes of an observer are 5 feet above
the floor.
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Statement-1 : In order to maximize his angle of vision the observer must
stand at a distance of 2 m from the base of the wall.

Statement-2 : Given a line L, and two points A and B ,(not on the line) on
the same side of it, the point on the line at which AB subtends the

maximum angle is the point at which the circle with AB as a chord
touches the line L.

KEY :D

Sol.

8.

KEY:C
HINT

KEY : D
SOL:

10.

3 ft

Q
eye - level /

T M 51 |6ft

Floor
PQ is the painting. Now TM? = MQ.MP
=TM? =1x4=4
SIM =2
COS X

s
7_'_7
27 | 2

Where [.] denotes greatest integer function.

STATEMENT 1: If f(x)= X e (=2r,2r) ,then f(x) is an odd function.

STATEMENT 2: Odd functions are symmetric about y-axis

f(x)=—-2cosx  -27<x<0
=2C0S X 0<x<2rx
fis symmetric about the origin
STATEMENT-1: For f(x) = {x}, every integral point is a point of neither maxima nor
minima.
STATEMENT-2: If f(n) < f(n*) and f(n) < f(n") then every integer n is a point of minima.

Al

STATEMENT — 1: Between any two roots of e* cosx = 1 there exists a root of
e*sinx=1

STATEMENT — 2: For a differentiable function f(x) between any two roots of f(x) = 0 there
exists atleast one root of f'(x) = 0.

Maxima & Minima
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KEY: A
HINT: 2 is according to the Rolle's theorem, So is correct and it correctly explains 1
Let f(x) =cosx—e™.f(x)=0
= cosx=e*=>e"cosx=1
f'(x) =—sinx+e™=0=e™*=sinx
= e*sinx=1

11. Let f(X) satisfy the requirement of Lagrange’s mean value theorem in [0, 2]. If f(O) =0

and ‘f'(X)‘ < % forall X e [0, 2], then which of the following is not true ?

(A) f(x)<2 (B) \f(x)\ < 2X
(C) f(X) =3, for at least one X € [0,2] (D) ‘f(x)‘ <1

KEY : C

HINT : Let X € [0, 2] . Since f(X) satisfies the requirements of LMVT in [0, 2] , So it also satisfies in

[O,X] . Consequently, there exists at least one c in (0, X) such that

f'(c):w:f'(c)z@ = L:) S% :‘f(x)‘s%:‘f(x)‘sl QX <2)

12.  Let f(X) beatwice differentiable function in [a,€] such that
f(a)=2 f(b)=-2 f(c)=3 f(d)=—4, f(e)=4 where a<b<c<d<e then
STATEMENT-1: f"(X)=0 has minimum two zeroes in (a,€)
STATEMENT-2: Between any two roots of f'(X)=0 there lies atleast one root of
f*(x)=0

KEY : A

HINT: f (X)=0 has atleast four roots in (a,€)
f'(x)=0 has atleast three roots in (a,€)

f "(X) =0 has atleast two roots in (a,e)

13. Let f be a function such that f(x). f’(x) <0, V x € R, then
STATEMENT-1:  [f(X)|is decreasing ¥ x € R.

STATEMENT-2:  f(x) is not continuous if it is not always of same sign.
Key: B

Hint: If f(X) is positive, f(x) is decreasing and if f(x) is negative, then f(x) is increasing so |f(x)| is
decreasing V x € R.
As f(x)=0

If f(x) changes its sign then it has been to be discontinuous at some x.
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14. Statement 1:-Let f be a continuous function on the internal [0,1] —> R, such
that f(0)=f(1).Then, there exists a point C in [0,1/2] such
thatf(C)=f(C+1/2)

Statement 2:- Let f be a real valued function defined on [a,b] such that, i) f
is continuous on|a,b,ii) f is differentiable in [a,b],iii) f(a)=f(b), then,
there is at least one value C of x in (a,b) for which f'(c)=0

Key. B

Sol.  Consider the function g(x)=f(x)- f(x + %J

= g(O) and g(%j are of opposite signs

. 1
Hence, there exists at least are c e [O’Ej’ such that

g(c)=0(or)f(c)—f(c+%}=0:> f(c)=f(1+%j
15. Statement 1:- let fis a continuous function on [a,b] and differentiable on
(a,b) and satisfies f (a)- f (b)=a’- b”. Then, the equation f(x)f'(x)=x
has at least one solution in (a,b)
Statement 2:- If f is continuous on [a,b] and f(a)#f(b), then, for any value
Ce (f(a),f(b)) ,sthere is at least one number x, in (a,b) for which f(Xo) =C
Key. B
Sol. Let g(x)= é((f(x))g ~x?)

g(a) =é[f2 (a)—aﬂ and g(b)z%[f2 (b)—bﬂ by g(a)=g(b), so there exists

atleast one x €(a,b)=g'(x)=0 (By RT) i.e., %[Qf(x)f1 (x)- QXJ =0
=f'(x)f'(x)=x

16 Statement 1:- The minimum distance of the fixed point (0,0L) , Where,

OS(XS% from the curve y =x” is a
Statement 2:- Maxima and minima of a function is always a root of the
equation f'(x)=0
Key. C
Sol. Let point be (t,t2) then, d? =t° +(t2 - oc)2
=t"+(1-20)t* +a’

=z’ +(1-2a)Z+0%22>0
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) 1
Its vertex is at X=OL—§<O

. minimum value of d* isatz=01i.e., t*=0

=d=a

. Statement I is true

Statement II is false because extremum can occur at a point where f' (X)

One
17.  Statement 1:- If f is an increasing function with concave upwards then,

f(x) is also concave upwards

Statement 2:- If f is decreasing function with concave upwards then ' (X) is

also concave upwards
Key. D
Sol. Conceptual

18.  Assertion (A) : The equation 3X° + 15X- 8= 0 has one and only one real root in (-1,1) .

Reason (R) : If a function y= f(X) is continuous in [a,b] and derivable in (a,b) and

f
f (@)= f (b) then there exists one and only one ¢1 (a,b) such that Iét (X) (C)

Key. C
Sol.  Using Rolle’s theorem for f (X)=3x" +15x =8 we have f (Xl) = f (Xz) =0 if there

are two roots X;, X, € (—1,1). But f '(X) :15(1+ X4) #0
.. There is no c value in (—1,1) satisfying Rolle’s theorem. Hence our assumption of two

distinct roots X, X, is wrong. So there is a unique root for f(x) =0in (-1, 1) as f(1) f(-1) < 0. .".
Statement — | is correct Statement — Il is statement of Rolle’s theorem. But there exists at least
one C e (a,b) such that f '(C) =0.We can’t declare that there is one and only one root c

such that f '(C) =0. .. Statement Il is wrong

19. Assertion(A): f (X)= 1+ 4x- x*"xI R& g(x): max.
{f (t);x£ t£ x+1;0¢ x< 3}
= min. {X+ 3:3£ x£ 5}Then g(x) is continuous at x=3

Reason (R): If f(x) is strictly increasing in [a,b] then max. {f (x);af x£ b}= f (b)
Key. D
Sol.  g(x)=4+2x-x":[0,1)
=5: [ 2]
=1+4x—-x*:(2,3)

= 6: 2]

is clearly discontinuous at x = 3 .". Statement | is false while statement Il is true
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20. STATEMENT-1 : If f(x) = cos x + 4x? — x3 — 7x + 15 then f(|sin x|) = f(sin?x).

because
STATEMENT-2 : If a continuous function f(x) is decreasing V x € R then f(a) < f(b) when a >
b.

Key. D

Sol.  f(x)=cosx+4x?—x>-7x+15

f'(x) = —sinx + 8x — 3x2 - 7.

=—sinXx—1-(3x?-8x+6),-sinx-1<0& (3x>*-8x+6)<0VXxer
= f(x) is decreasing V X e ras [sin X | > sin?x.
= f(|sin x]) < f(sin?x)

21. Statement-1 : The minimum value of X, —x (Jl x N ) =1

Statement—2 : The expression attains minimum value if one of the perfect squares vanishes.
Key. C

Sol. Lety, =1-x* = xZ+y:=1
Y, =4-x; =X +y;=4

The minimum distance between (X1, Y1) and (Xz, y2) is 1.
22. STATEMENT-1: If f'(x) >0 V x € (a, b) then maximum value of f(x) in [a, b] is f(a).
because
STATEMENT-2 : If f(x) is continuous V x € [a, bl and f'(x) >0 V x € (a, b) then f(a) is least
and f(b) is greatest value of f(x) in [a, b].
Key. D
Sol. f'xX)<0Vxe(ab)
= f(X) is decreasing V < (a, b)
if f(a) = lim f(x)
X—a

then f(a) will be max. value of f(x) in [a, b].

23. Statement = 1 : Minimum distance between y?> —4x —8y + 40 =0and x> —8x -4y + 40 =0 is
V2
Because

Statement — 2 : Minimum distance between two curves lie along their common normal.
Key. A

Sol.  Parabolas are symmetric about y = x
oy _4_gW _g
dx dx
dy 2
dx y-4
y=6,x=7
distance from (7, 6) to the linex —y =0

=
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Shortest distance = i = \/5

2

24, STATEMENTS—1:

F +X%,) _F(x)+F(x,)

Consider the function f(x),
2 2

because
STATEMENTS-2:
f'(x) > 0, f'"(x) > 0 where x1 < X,

Key. A
_ 1 X X =X,
Sol. fxq) = f 5 + 5
a b
_ _ 2
=f(Xl+X2)+Xl X2 fI(Xl X2)+(X1+X2) f”(Xl)
2 2 2 2!

o f(xa) + f(x2) > Zf( % ; s j

= f(%}%(f(xl)ﬁ(xz))

x|, O<|x|<2
1 x=0

25. Statement-—1: The function f (X) :{ has no local extremum atx =0

Statement—2:  If g (a) =0 and g" (a) # 0 then the function g has a local extremum at

X=a
Key. D
Sol. Conceptual

26. Assertion (A) : If the function f:[0,4] — R is differentiable then
f2(4)—f°(0)=8f'(a)f(b) forabe(0,4)

Reason (R) : For any continuous function f (X) definedonl,

F09+ £09) ¢ () ror
2

b € (X, X,) where X, X, €l

Key. 'B
Sol. By Legrange’s mean value theorem
ey~ 1O 1O

=4f'@)=14)-1(0)—> Q)
Also 2f(b)=f(4)+ f(0) > (2)
From (1) & (2) it follows

27. STATEMENT-1: 92> 8°

STATEMENT-2: The function f(x) = x'/* (x > e) is a decreasing function of x.
Key. D
Sol.  f(x) = x*
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f'(x) = x¥x <0forx>e

1-log x
X2

So, f(x) is decreasing function of x Vx > e
So, f(9) < f(8)

91/9 < 81/8 = 98 < 89

28. Let f(x) =x% €

Statement 1:  f(x) has local maxima at x= -1and x=1 and f(x) has local minima atx =0
Statement2: y= f'(x)changesitssignatx=1,-1,0

Key. B
Sol.  Statement-listrueas f'(X)<0 if -1 <X <0, x>1and f'(X)>0if 0 <x <1 x<-1.

Statement- 2 explains statement-1.
1

2{-x}

29. Consider the function f(X) =

{X}, where {X} is the fractional part of x (x not

being integer)

Statement — 1: Least value of f(x) is \/E -1
Statement — 2: If the product of two positive numbers is a constant, then the least value of
their sum is twice the square root of their product.

Key. B
Sol. Since the function is periodic of period one it is enough to consider the function in (0,1)
{—x}=1-{x}forxe(0,1).
F() = — X foralix €(0.1), F(X) =—— —1=0=>x —(1—ij
2(1-x) N 2(1-x)* J2)

f'(x) <0, forx<1- z , and f'(X)>0,forx>1—i.

2 V2

- f(X) is minimumat x = 1—% .. minimum value of f(x) is J2-1.

.. statement - 1 is true, statement — 2 is true, but statement-2 does not explain statement-1

30. Statement-1: f :[-1,1] —> R given by f(x)=—| x| has maximum at x = 0.
Statement-2: If f(x) increases in (a,c) and decreases in (c,b) then f has local

maximum at x = c.
Key. C

Sol.Statement 1 is true
Statement 2 is false; e.g., consider the function

f(X)z{l—|x| if x=0

0 if x=0
31.  Statement-1: 0.4<tan'2<2.
Statement-2:  f(x) = 1+lx2 :x €[0,2] has range [0.2, 1].
Key. A

Sol. Statement 2 is true




Mathematics Maxima & Minima

X:0>2
1+x*:155

S f(x):11—->0.2
Statement 1 is true

By Lagrange’s theorem applied to g(x) =tan™ x:x €[0,2], we have
9(2)-9(0)
2-0

tan'2 1
= 0.2,1) as f(x)=
2 1+c? s( ) ) 1+ x°

tan™ €(0.4,2).
The reason for statement 1 is Lagrange’s theorem and statement 2. Statement 2 is not
a complete explanation of statement 1.

=g'(c) for some c€]0,2[

decreases.

32.  Statement-1: 303°% <202°®.
Statement-2:  f(X) = Inx is a decreasing function in (e, ).
Key. A ”
Sol. g(x) =x"*; f(x)=Ing(x): x>0
g(x)=e"™ and e* is an increasing function.

| <0 if X>e
100 =220 %t )50 if 0<x<e
X
0 if X=e

.. statement 2 is true
.. g is a decreasing function

1 1
- (202)%%2 > (303)308
. statement 1 is true

33, - Statement-1: f(x)=x** has vertical tangent at x = 0.

Stetement-2: A function to have local extrema at a point need not be differentiable at that
point.

Key.D
Sol. Statement 1 is falseasatx =0

f'(0-)=—o0 and f'(0+)=o0
Statement 2 is true; e.g., f(x)=|x| atx=0

34. STATEMENT-1 : y= X% has a vertical tangent at x =0

and

10
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Key.

Sol.

35.

Key.

Sol.

36.

Key.

Sol.

37.

Key.
Sol.

STATEMENT-2  : If y= f(X) has left hand and right hand derivative both oo or both —oo
at x = a then fis continuous at x = a.

C

Statement 1 is true for g(x) = x"* as g'(0-) = g'(0+) = .
Statement 2 is false; e.g., y =sgn(x) atx=0.

1
STATEMENT-1 : Yy =— decreasesin R ~{0}

X
and

. 1 : : :
STATEMENT-2  : Derivative of Yy = — is negative throughout its domain.
X

D

Statement 1 is false:
X1:_11 X, :]-;X1<X2

f(x)=-1 f(x,)=1 f(x)<f(x)
Statement 2 is true

STATEMENT-1 : y =x® has a tangent at x = 0.

and
STATEMENT-2 : Tangent at a point x = g is a line having only the point 'X=2a' common
with the curve.

C

Statement 1 is true.
Statement 2 is false; e.g., y =sinx has liney =1 as tangent at infinite points.

STATEMENT -1 : f :(0,1) > R such that f (X) =X has no local extrema.

and
STATEMENT -2  :Afunction f can have local extrema only if its domain is a closedinterva
C

Statement 1 is true
Statement 2 is false; e.g., y=sinx: xe(0,n)

11
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Maxima & Minima

Comprehension Type
Paragraph -1

Let f(x)= (

1. If a <b <1, then, f(x) has

a) Neither a maximum nor a minimum b) a maximum

C) a minimum d) a maximum and a minimum
Key. D
Sol.
a b 1 2
2. If 1<a<b<2, then, f(x) has
a) Neither a maximum nor a minimum b) a maximum
c) a minimum d) a maximum and a minimum
Key. C
Sol.
|| —
— 'n\ /’
™~
N [
\\:a \\\ b
| |
I
|

3. If 1<a <2<b, then, f(x) has

a) Neither maximum nor minimum b) a maximum
c) a minimum d) a maximum and a minimum
Key. A

Sol.

Paragraph -2

Let o,B,y be the positive roots ofx® + ax* + bx+c =0, then,

1
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4. If c= ;—i , then the minimum value of a+f+y is
a) 4 b) 3 o) 5 d) 6
3 4 6 S
Key. B
Sol. Conceptual
5. If a =-1,then the maximum value of af®y® is
a) 1 b) 1 0) 1 d) 1
234 324 456 432
Key. D
o+B+y 1/3 3
Sol. —————>(afy) :>oc+[3+yZZ
a+E+E+l+l+l 2 _3\l/6
2 2 3 3 3. (,F ¥
6 22 3
Paragraph — 3
-1)(x-2
Let £(x) = X2 D(x=2)
(x—a)(x-b)
6. If a <b <1, then, f(x) has
b) Neither a maximum nor a minimum b) a maximum
Cc) a minimum d) a maximum and a minimum
Key. D
Sol.
£ ﬁ
a b 1 I
7. If 1<a<b<2, then, f(x) has
b) Neither a maximum nor a minimum b) a maximum
Cc) a minimum d) a maximum and a minimum
Key. C
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\

a b
Sol.
8. If 1<a<2<b, then, f(x) has
b) Neither maximum nor minimum b) a maximum
c) a minimum d) a maximum and a minimum
Key. A
2 b
Sol.

Paragraph — 4
Let a,B,y be the positive roots ofx®> + ax® + bx +c =0, then,

9. If c= o’ then the minimum value of a+p+7vy is
a) 4 b) 3 ) > d) 6
3 4 6 S
Key. B
10. If a=-1 then the maximum value of af’y® is
a) AL b) 1 o) 1 d) 1
234 324 456 432
Key. D

ML I B
223332(

6

2 3
wl L
223

;/
—
~
o

Paragraph —5
For a polynomial function y = f(x)
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Points of extrema are obtained at points where
f'(x)=0

f"(X;) >0 = x1 is a point of minima

f"(x,) <0= x1 is a point of maxima

Letf(x) =x*-3(7-a)x?-3(9-a%) x + 2

11. The values of parameter ‘a’ if f(x) has a negative point of local minimum are
(A) ¢ (B) (—w,gj (C) (-3,3) (D) none
of these

Key. A

12. The values of parameter ‘a’ if f(x) has a positive point of local maxima are

58 58

or ® =90 2) (O] ©) noe
of these

Key. B

13. The values of parameter ‘a’ if f(x) has points of extrema which are opposite in sign are
(A0 ®) (-3,3) © (-=3%) ©) none
of these

Key. B

Sol. 11-13

f(x)=x®-3(7-a)x* =39 -a%*)x +2
f'(x) =3x*—6(7—a)x —~3(9—a%)
For real root D >0
58

14
Let '(X) hastwo roots x1 & Xz (X2 > x»)
Minima at x = x»

a (i)

11. Both roots—ve = 2(7—-a)<0=a>7
Not possible

12. Both roots are +ve
Sumofroots>0=a<7 (i)
Product of roots >0 = a € (—o0,—3) U (3,0) .. (iii)

58
From 1, 2, 3, we get (—0,-3) u(ﬂ,ooj
13. For points of opposite sign,

Product of roots < 0
ae(-3,3)
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Paragraph — 6

14.

15.

16.

Key:
Hint:

Consider the equation log, X* —4log, X —m? —2m—13=0 in the variable x, ‘m’ being a

parameter (M € R) . Let the real roots of the equation be X;,X, where X; <X, .

The set of all values of ‘m’ for which the equation has real roots is

A) (—0,0) B) (0, ) C) [1, ) D) R

The maximum value of X is

A)1/2 B) —1/4 C)1l/4 D) —-1/2

The minimum value of X, is
A) 32 B) -28 C) 64 D) 48

D-C-C

Question nos: 14 —16

Put log,x =t or x=2',x>0

t? —4t—(m? +2m+13) =0. Disc = 4(m* +2m+17) >0vmeR
Let t;,t, be roots where t; <t,

2%, =2"% and X, =2".

Paragraph —7

17.

18.

19.

Key:
Hint:
17.

Let ac Rand f(x)=2x’—3(a—3)x*+6ax+(a+2)
The set of values of ‘@’ for which f has no point of extrema is
a) (1,9) b) [1,9] c) (—,0) d) ¢

The set of values of ‘a’ for which f has exactly one point of local maxima and one point of

local minima is
a) (—0,1)U(9,0)  b) (—o0,1]U[9,) c) [1,9] d) (1,9)
The set of values of ‘@’ for which f has a local maximum at some negative real number and a

local minimum at some positive real number is

a) (1,9) b) [1,9] c) (—o0,1) d) (—o0,0)
B-A-D

f has no point of extrema = f '(X) =0has no real root or f '(X) =0 has a double root

=(a-1)(a-9)<0 = ae[L9]
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18.

19.

f'(x):6(x2—(a—3)x+a). SO f'(X):Ohasa pair of real and distinct roots
aand B (a < B)if and only if (a—3)2 >4aie(a-1)(a—9)>0(or)iffa<lora>9
The roots of f (X) =0are given by

-3)- -1)(a-9 -3 -1)(a-9
(R N e J . B e

Sinceax < ﬂ, f has a local maximum at a(< O)and a local minimum at ﬂ(> 0) only if

_(a-3)-(a-1)(a-9)
af} = A

a =

<0ieonlyif a<0

Paragraph —8

20.

Key:

21.

Key:

22.

Key:

Hint:

Let f(x)zax2 +bx+c;a,b,ceR
It is given that |f (X)| <1, V|X| <1

The possible value of |a+ b| if 4a% +3b? is maximum is

(A)1 (B)O
(C) 2 (D) 3
C

8 2 2
The possible values of |a+ b| if ga + 2b~is maximum is given by

(A) 1 (B) 0
(C) 2 (D) 3
C

. . 8 2 2.
The possible maximum value of ga +2b” is given by

(A) 32 (B) o
3
(€) z (D) 1o
3 3

B

Now [f (1)~ f(0)<2= |a+b|<2 =(a+b)’ <4
f(-1)-f(0)<2= |a-bj<2 =(a-b)’ <4
Now, 4a° +3b” =2(a+b)’ +2(a—b)* b <16

(42:12 +3b2) =16 Whenb=0

max
=la+b|=[a-b|al=2
Also the possible ordered triplet (a,b,c) are (2,0, -1) or (-2,0,1)

Also 2a? 1 2> =3(4a2 +3b2)33x16.s§
3 3 3 3
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Paragraph -9

23.

24.

25.

KEY :
HINT:

23.

24,

Let f (X) =0 be a polynomial equation with real coefficients. Then between
any two distinct real roots of f (X) =0, there exists at least one real root of
the equation f (X) =0.

This result is a consequence of the celebrated Rolle’s theorem applied to

0

polynomials. Much information can be extracted about the roots of f (X)

from the roots of f (X) =0.

The range of values of k for which the equation X*—14x*+24x—k =0 has
four unequal real roots is

(A) 8<k <11 B) 4<k<8 (C) 8<k<15 (D) 4<k <13

If the roots of X’ —12Xx+k =0 lie in (-4, -3), (0, 1) and (2, 3), then the range of
values of k is

(A) 4<k<11 (B) 9<k <11 (C) 8<k<13 (D) 4<k <13

The range of values of k for which the equation X*+4x>—-8x*+k =0 has four
real and unequal roots is

(A) 0<k<3 (B) O0<k<8 (C) 3<k<8 (D) 3<k<13
A-B-A
(23-25)
f (x)=x"-14x* +24x -k
'(X) =4x> — 28X+ 24 = 4(x+3)(x=1)(x—2)

f
f '(X) =0 has two roots-3, 1, 2

f(2)=8-k
For the equation f (X) =0 to have four real and unequal roots we require
f(-3)<0,f(1)>0 and f(2)<0

Weget8<k<11

f(x)=x*-12x+k
Note that k # 0 otherwise ‘0’ is root of f (X) =0 which goes against the hypothesis.

Ifk<0,then f (0) =k and f (1) =—11+K have the same sign which can’t happen

because f(x) has a root between 0 and 1.
Thus k > 0, now we can complete the solution
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f(-4)=-16+k <0
f(-3)=9+k>0, f(0)=k>0
f(1)=-11+k<0, f(2)=-16+k<0

f (3) =-9+k>0
The range is found by the intersectioni.e, 9<k <11
25. f(x)=x"+4x°-8x* +k

f'(x)=4x°+12x* —16x

=4x(x+4)(x-1)
Then each of the intervals (—o0,—4),(—4,0)(0,1) and (1) contain a root of f(x)=0
f(-4)=-128+k < 0

f(0)=k >0

f(1)=k-3<0

The range is found by intersectioni.e. 0 <k < 3

Paragraph — 10
f(x,)+f(x
Let f be a function satisfying f(xlzxz J < ( l) 5 ( 2)

draw the graph of a continuous function satisfying this inequality, we will notice that the
chord joining any two points on the curve will always be above the portion of the curve
between those two points. We can also prove that if the given inequality is true, then the
similar result follows for four values x1, x5, X3, X4. Indeed

for all xq, x5 in its domain. If we

X1+X?_+X3+X4 f(x1+xz +f X3t X,
2
<

f(xl+x2+x3+x4j=f 2 2 2
4 2 B 2
f(x,)+f(x,) F(x)+f(x,)
§ 5 + 5 f(x,)+F(%,)+F(x5)+F(x,)
B 2 a 4

e i 'f(x1+x2jsf(x1)+f(xg) thenf(x1+x2+...+xnj£f(x1)+f(x2)+...+f(xn)

2 2 n n
for

a) only when n is of type 2k b) only when n is even positive integer
c) for all d) Nothing can be said
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follows from

27. The resultf(x1+xs)2+x3j£f(xl)+f(xz)+f(xa)

3
X, + X, + X, +X F(x,)+f(x,)+F(x,)+F(x
fl 22— "8 "4 \< ( ) ( 2) ( 3) ( 4) in the later x, is replaced by
4 4
X, +X,+X X, +X,+X X, +X,+X
a) 177277 p) L2 % R 3d)Xl+X2+X3
2 4 3
X, + X f(x,)+f(x
28. Which of the following functions satisfy f( 1 5 st ( l) 5 ( 2) for all x1, x5 in a
domain D
. T
A)smx,0<x<§ B) logXx,0< X <0
e
C) tanx,0<x<— D) All of the above
KEY : C,B,C
HINT :
X, + X f(x,)+f(x
26. Iff( 12 Z]S ( 1)2 ( 2) , then the function will be convex and the convexity will

remain true for any number of variables, Algebraically it can be shown in the following
manner :

(i) Show that whenever it is true for k it is also true for 2k.
(ii) Whenever it is true for k, then it is also true for k — 1.

X, + X, + X,

27. We can test one-by-one and determine that — is the correct replacement.

28. Only tan x is convex (chord will be above the curve.)

Paragraph — 11
If f be a twice differentiable function such that f"(X)>OVX€R. Let h(x) is defined by

_ 02 2 i
h(x)= f(sm x)+ f (cos x)where|x|< )

29. The number of critical points of h(x) are
a)1 b) 2 c)3 d) more than 3
Key: C

Hint: Passage fll(X)>0:> fl(X) is an increasing function
frx)> (%) =% >%, f1{(x)=f'(%)=>x=X
hl(x):sin2x(f1(sin2x)— f*(cos’ x))
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f!(x)=0=sin2x=0=x=0
or fl(sinzx): fl(cos2 x):sinzx:coszx:tanzx:lzx:i%

30. f'(sinzx)< f '(cos2 x) for x e

(51 el
[ FoMEs) a5

Key: A
. [ PT) 1 2 ) 2 2 T
Hint: f (sm x)<f (cos x):>3|n X < €os? X = tan x<1:>XG(—Z,Zj

31. h (x) is increasing for X €

Key: B
Hint: h(X) is increasing = hl(X)> 0

Casel (i)Sin2X>O:>XE(O,%j (,; ﬂj
=Xe

(ii) fl(sin2 x) > fl(cos2 x):>tan2 x>1

Casell(i)sin2x<0:>XE(—£,0j -
2 SXE( j
(ii) fl(sin2 x)< fl(cos2 x):>tan2 x<1

Paragraph — 12
If the function f(x) is continuous and has continuous derivatives through
order n-1 on the interval [a,b] and has a finite derivative of the nth order at

every interior point of the interval. Then,

atx e[a,b],

f(x)=f(a)+f (a)f(x—a)+f" (a)(x_af oo £ (a)ﬂm(e)ﬂ
21 (n—-1)! n!

where e=a+6(x—a),0<6<1 is called TAYLOR’S FORMULA of the function

f (x).

Put a = 0, we obtain MACLAURIN’S FORMULA!.

The last term in both TAYLOR AND MACLAURINE formulae are called
REMAINDER ANSWER THE FOLLOWING

10
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32.

Key.
Sol.
33.

Key.
Sol.

The polynomial p(x)=x"-2x"+x>-x*+2x-1 can be expressed in powers
of (x—1) as,

a) 3(x-1)" +3(x-1)" +(x-1)° b) 5(x-1)" +5(x-1)" +(x-1)
c) 6(x-1)" +6(x-1)" +(x-1) d) 2(x-1)"+2(x-1)" +(x-1)
A

Put a = 1 in Taylor series
In the expansion of f(x)=1og(1+x), on [0,1] the remainder R ,(x) in
maclaurin’s form, 0 <e< Xx,is given by

_ 1o 10 10 _ 1o
a) Llo b) X—IO <) X—IO d) LIO
10(1+€) 10(1+€) 10(1-€) 10(1-€)

A
Conceptual

Paragraph — 13

Let f(x) = —°
1+

34.

Key.
35.

Key.

36.

Key.

Sol.

X

and g(x) =f’'(x)

X2

The number of point(s) of local maxima/minima of g(x) is (are)

(A) zero (B) one

(C) two (D) four

C

The point of local extrema of g(x) for x > Q'is (are)

(A)x=1/2 (B)x=1

(C) both (A) and (B) (D) no such point exists
B

The tangent line of the curve y = f(x)at x = 2

(A) lies above the curve in the neighborhood of x = 2
(B) lies below the curve in the neighborhood of x = 2
(C) crosses the curve at x =2

(D) can not say

B
e :
34. f(x) = T g(x) =f(x)
g0l =00 = D ez sce 1)

Let h(x) =x3—3x?+5x+1,h'(x)=3x*—6x+5,D<0

So, h(x) is strictly increasing will exactly have one real root. Product of roots < 0, so the real
root is negative. So, g'(x) will change sign only at two points.

35. Forx>0itisx=1.

36. f” (2) =g'(2) >0, so f(x) is concave upward at x = 2.

11
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Paragraph — 14

sinx  cos’ X I
If f (X) =|cos? x I sin? x|, where /is a root of 161> =161 +7 =0 then there
I sin?x  cos’ X

exists two real numbers (a, b) IS (O, %j and a < b for whichf(x)=0. Does there exist

Ce (a,b) for which f'(C) =0.Then

37. The value of ‘@’ is
) T b) T T 3
% 4 93 )
Key. A
38. The value of ‘b’ is
)2 b) = ) = d)
% 4 “3
Key. C
39. The value of ‘c’ is
T T T
a) — b) — o)~ d) ~
6 4 3 2
Key. B
Sol. 37.38. 39. : obliviously f(x) is a circulant matrix

o= f (x):(sin2 X +c0s% X+ | ) (sin4 X+c0s* x+12 —sin? xcos? x—1 cos? x—1 sin® x)
= (I +1)(I2+1—35in2 X COS> x—I)
Now f(x) =0 =12 —1+1=3 sin’ xcos’x=0as | =—1

= I2—I+1=§ sin 2x :>1+1=§sin22x as | isarootof 161> =161 +7=0
4 16 4
= sin? 2X:% :>Sin2X:§ as we have to find roots of . f(X)=0in(O,%j.

T T
= X 26,5 .Thus f [%j =f (%j =0 further fis a continuous function and

differentiable ¥V X & R. Rolle’s Theorem assert that f '(C) =0 forsome C e (% %j

3 f’(x):g(l +1)sindx=0 = x="%

So finally a =

oy

,c=£,b=£.
4 3

Paragraph — 15

2
Consider the function f : R —> R defined by f(x) = X —ax+l

,ae(0,2
x> +ax+1 0.2)

12
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40.

Key.

41.

Key.

42.

Key.

Sol.

41.

42.

Which of the following is true?

(A) (2+a)*.f"(1)+(2-a)*.f"(-1)=0 (B) (2-a)*f"(1) - (2+a)*f"(-1)=0
@ f'()f'(-1)=(2-a) (D) f'(1) f'(-1) = (2 +a)?
A

Which of the following is true?

(A) f(x) is decreasing on (—1, 1) and has a local minimum at x =1

(B) f(x) is increasing on (—1, 1) and has a local maximum atx=1

(C) f(x) is increasing on (—1, 1) but has neither a local maximum nor a local minimum atx =1

(D) f(x) is decreasing on (—1,1) but has neither a local maximum nor a local minimum atx=1
A

Let g(x) = I f (t)2 dt, which of the following is true?
o L+t

(A) g'(x) is positive on (—oo, 0) and negative on (0, «)

(B) g'(x) is negative on (—o0, 0) and positive on (0, «)

(C) g'(x) changes sign on both (—, 0) and (0, )

(D) g'(x) does not change sign on (—oo, o)

B
0. f(x) =12
X°+ax+1
2 _ 2\
N f,(x)=2a(x +a>§+1) 2a>2<(2x+a)= 22a(x 1
(X*+ax+1 (X +ax+1)

4a(x? +ax +1) — 2ax(x* —1).2(x* + ax +1).(2x + a
(x* +ax +1)*
_dax(x® +ax +1) - 4a(x® —1)(2x +a)
- (X% + ax+1)°
Fr(1) = 4a(2+?) _ 4a (D)= —4a(2 —Sa) _ -4a :
2+af (2+a) 2-af (2-a)
(2+a)2f () +(2-a) f"(-]) =4a—-4a=0

f(x) =

2 —_— —

280 - _ o O g
(x“+ax+1) (+)
f(x).is decreasing
f'x)=0=>x*-1=0=>x=1,-1
fr() =22
(2+a)
f(x) has local minimum at x = 1.

In (=1, 1), f'(x) =

>0

dg(x) d(e”) _ f'(e") .«

de) dx  1l+e¥

e 2a(e® -1)
1+e* (e* +ae* +1)?

Here, g'(X) =

>0 whenx e (0, ©)<0,whenx e (—x, 0)

Paragraph — 16

If f(X) isdefined in [a,b] and (i) f(X) is continuous on [a,b] (ii) f(X) is derivable on
(a,b) (iii) f(a)=f(b). Then f has atleast one point ¢ €(a,b) such that

13
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f'(c) =0. This is known as Rolle’s theorem. This means f(X) is a polynomial then between
any two roots of f(X) =0 there is always lies a root of f'(X)=0
43. A twice differentiable function f such that f(a)= f(b)=0and f(c) >0 and for a<c<b.
Then there is atleast one value ‘ & ° between a and b for which

(A) f'(e)=0 B) f"(e)>0
€) f"(¢)<0 (D) f"(¢)=0
Key. C

44. 1f a function f is such that its derivative f ' is continuous on [a,b] and derivable on (a,b)

then there exists a number ‘c’ between ‘a’ and ‘b’ such that

f(b)=f(a)+(b—a)f'(@a)+(b—a)’K thenK =
(A) f(c) (8) 2 "(c) () % f*(c) (D) —f."(c)

Key. C

) _ f(b)-f(a)

45, 1f f(X) is continuous in [a,b] and differentiable in (a,b) then % o holds for
(A) at least one C € (a,b) (B) atmost one C € (a,b)
(C) exactly one value of c (D) none of these

Key. A

Sol. 21. Use Legrange’s Mean Value Theorem
23. Let ¢(x) = f(x)— f(a) + A(x* —a®%)
Where A is constant to be obtained from ¢(b) = ¢(a)

Since ¢(b)=0
a_—fO)-T(a)
b®-a°

Apply rolle’s theorem

Paragraph - 17
If f(X) is differentiable function wherever it is continuous and f '(c;) = f '(c,) =0,

£1(6)-F "(c,) <0, f(¢)=5, f(c,)=0and (¢, <c,)

46. 1f f(X)is continuous in [c,,c,] and f (c,)— f "(c,)> 0 then the minimum number of roots of
f'(x)=0in[c,—Lc,+1] is
(A) 2 ()3 (€4 (D)5

Key. C

47.1f f(X) is continuous in [c,c,] and f "(c,)— f "(c,) <O then the minimum number of roots of
f'(x)=0in[c,-Lc,+1] is
(A)1 (B) 2 (€)3 (D)4

Key. B

48. 1f f(X) is continuous in [c;,c,] and f "(c,)— f "(c,) >0 then minimum number of roots of
f(x)=01in [c,—Lc,+1] is
(A) 2 (B)3 (C)4 (D)5

Key. A

14
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Sol. 46. Since f"(c))—f"(c,)>0 and f "(Cl)x f "(C2)< 0

= f"c)>0 f"(c,)<0

It follows that f '(X) =0 has at least four roots in the given interval

47. £'(c) <0 f"(c,)>0
It follows that f '(X) =0 has at least two roots in the given interval
48. £'(c,)>0 f"(c,)<0

= f(X) =0 has at least two roots

Paragraph - 18

49.

Key.

50.

Key.

51.

Key.

Sol.

50.

51.

If f"(X)<0(> 0) on an interval (a,b) then the curve yzf(X)on this interval is convex
(concave) i.e. it is situated below (above) any of its tangent lines. If f"(XO) =0 or does not
exist but f '(X0 ) does exist and the second derivative changes sign when passing through the
point X, then the point (Xo,f (XO)) is the point of inflexion of the curve y =f (X)

If y=x*+x>—~18x* +24x —12 then

a) (—2,—24) is a point of inflexion b) [3/2,—8%} is a point of inflexion
c) (—2,3/2) is a point of inflexion d) y is convex on (3/2,00)

B

If y =xsin(logx)then

a) y has only two points of inflexion b) y has only 4 points of inflexion

c) 7 /4 isonly point of inflexion d) y has infinite no. of points of inflexion
D

y= x* +ax® +§X2 +1is concave along the entire number scale then

a) [a]>1 b) |a|<1 o) [a]<2 d) |a|>2
C
49.  y'=4x>+3x°-36x+24
=12 X2+ =3
y (x e j
y">0 on (—oo,—2)u(3/2,oo) y"<0on (—2,3/2)
y"0 at X, =-2x,=3/2
(—2,—124) and (g,—Sij are points of inflection
2 16
y'=sin(logx)+cos(log x)
x/fsin(ﬂ/4—logx)
X
y"=0at x, =e”*"*" K=0, £1,£2,....

Y " changes sign when passing through each point Xy

- f (X) has infinite no. of points of inflection

y"=12x* +6ax +3

15
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y">0VeR

..y is concave on entire number scale

4x* +2ax+1>0 VxeR
~4a*-16<0
= |a|<2

Paragraph - 19
Maximum and minimum values of functions are not always found by calculus.

52.

Key.

53.

Key.

54,

Key.

Sol.

53.

54.

Ifa, b>0,a+b=1then minimum value of a’ + b’ must be

a) }é b) }ﬁ
C

The minimum value of (sin’l X)3 +(COSf1 X)3 . (

If x, y > 0 then maximum value of product xy(72 -3X —4y) is

3 3
a) 1 b) L
8 4
D
a) 1155 b) 1152
B

52. AM>GM = ab<1/4

=a’+b? =1—2ab2%

iii) /a2 sec? X + b2 cosec?x (a,b>0) will have a minimum value (a + b)

c)%

|X| Sl) must be
3

c)ﬂ—

8

c) 1122

:>a4+b4=(a2+b2)2—2a2b22% =a*+b*>1/8

Let COS-X =t

2 3
f(x)=3§(t—%j +Z

2
Qtel0, 7], (t —%j is capable of becoming zero

72'3
= minimumf (x) =3

xy(72—-3x—4y)= %(3x)(4y)(72—3x —4y)

3X,4y,72—-3X -4y have a constant sum 72
thus we seek values of x and y satisfying

X =4y =72-3x—-4y

At times algebraic and trigonometric methods become very elegant. Some of the
results which are frequently used are:
i) Arithemtic mean of positive numbers > geometric mean

with equality being attained when all numbers are equal

ii) acosx+hsinxe [—\/az +b? a2+ bz} for all real ‘X’

d) 1144
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.X=8y=6
. max xy (72—3x—4y) = 8x6x24 = 1152

Paragraph - 20

Let f be a function satisfying f , for all x1, x; in its domain.

(Xl—gxzjg f(xi)_; f(%)

If we draw the graph of a continuous function satisfying this inequality, we will notice
that the chord joining any two points on the curve always be above the portion of the
curve between two points. We can also prove that, if the given inequality is true
then the similar result follows for four values X, X,, X;, X, . Indeed

X 4% X+X, f[XﬁXz)Jrf(Xs“%J
<

(XXX ) o) 2 2 2 2
4 2 a 2
fx)+f (x2)+ f(%)+f(X)
- 2 2 - f(x)+ fo)+f(x)+f(x)
B 2 B 4
f f(x
55. If f(xlzxz]ﬁ (Xi); ( 2) then the result of
f[x1+x2+ ,,,,,,, +xnjS f )+ F(g)+...+ f(x,) —
n n
a) forallneN b) Only when n is even positive integer
c) Only when n is of the type 2 d) Only when n is odd positive integer
Key. A
56.  Theresult f (X1+)§32+X3J < o)+ 1 (;(2)+ f(x) follows from
f f f f
f(x1+xzzx3+x4j£ (X1)+ (Xz)z (X3)+ (X4),ifx4inthe latter is replaced by
3l X+ %, + X, b) X+ X, + X5 X+ X, + X5 d)X1+X2+X3
2 3 4
Key. C
f f
57. Which of the following functions satisfy f(xlzxz)ﬁ (Xi)_; (Xz)
. V4 V4 )
a) smx,0<x<E b) tanx,0<x<5 c) —x*,0<x<o d) logx,0<x<o0
Key. B

f + f(x
Sol. 55. If f (Xl ; X j < (Xl) 5 ( 2) , then the function will be convex and the

convexity will remain true for any number of variables. Algebraically it can be shown in the
following manner:

17
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(i) Whenever it is true for k it is also true for 2k.
(ii) Whenever it is true for k then it is also true for k-1.
. X+ X +X
56. We can test one-by-one and determine that T is the correct replacement.

57. Only tan X is convex chord will be above the curve

Paragraph - 21
f(x) =sin2nx +{x}: x €[0,10]

58. Number of points where f(X) achieves local maximum is
(A) 20 (B) 10
©1 (D) None of these
Key. B
59. Number of roots of f(X)=0in (0, 10) is
(A) 20 (B) 30
(C) 31 (D) None of these
Key. D
60. Number of points where f(X) achieves local minima is
(A) 10 (B) 15
(©) 11 (D) 19
Key. D

Sol.58.  f(x) is periodic of period 1
Consider x<[0,1)
f'(x) =2mcos2nx+1

f'(x)=0 if x=a,p where %<a<%<%<ﬁ<%
f'(x)>0 if xe[0,a) or (B,1)

f'(x) <0 if xe(o,p)

f0)=f@)=0; f(a)>0

f has local maxima at .

59. Use graphical solution.

60. fhasone point of local minimain [0, 1) at x=
Number of points of local minima is 10.

Paragraph — 22

f(x)= (tan‘1 x)2 + 2

V1+X?

61. f increases in the region
(A) (0,) (B)R
(C) (-, 0) (D) None of these

Key. A
62. Maximum value of f

(A) is? +1 (B) is %

18
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(C)is1
Key. D
Sol.

63. Number of points of local extrema of f is
(A)O
(€2
Key. B

Sol.61. f has domain R and f is even.

2tan ' x 2X

f'(x)= -
) 1+x2  (1+x?)%?

2
=i g(x) where

g(x)=tant x—
1+x

(D) does not exist

(B)1
(D) None of these

L; X=tan0:0¢e —E,E =0-sin0
2 2 2

f'(x)>0if g(x)>0; i.e., if ee(o,gj; x>0.

fiseven .. f'(x)<0 if x<O.

2 2

62. As X > o, f(X) - %+O=% which is not achieved.

63. x =0 is the only point of local extrema.

Paragraph - 23
F(x) =1 n(\/l— X —x)

64. f(x) increases in the region
)
2
(C) (—11 O)
Key. B

(A) [0,

65. f has local maximum at x =
(A)1

1
C_
© 5

Key. D

66. Least value of fis
(A0
(©) 2
Key. D

Sol.64. In is an increasing function

ol

(D) None of these

(B) 0
(D) ——=

N

(B)1
(D) Does not exist
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V1-x* —x is defined for x e[-1,1]
If xe[-1,0], V1-x*—x>0

If x>0, then ¥1-x*> >x=1-x> > x?

ie, X e(o, 1

7

Domain of f =[-1, 1

)

g(x) =v1-x2 —x:cose—sine:ee[—g,g);xzsme

M)y, T T T
g(x)Z\/ECOS(9+ZJ.6+ZE[—Z,E)

i : T I
increases if 0+—ec[-=,0
g 46[ n )
: T T
if De[-=,-=
€l-5.-7
: -1
if xe[-1,—
[ JE)
, : 1 N
fincreasesin [-1,-—=) 2| -1 —+=
-2 53]
65.  fdecreasesin (—i_—l
J2' {2
1

f has local max at x=——

V2

66.  Leastvalue of f = min (Range of f).
f(=1)=0; Iirp f(X)=— as

X—>—=—

NG
g(x) >0+ as x—>i—
J2
f has no minima.
Paragraph - 24
X3
f(X)=———
9 (4+x+x%)°
67. f (X) has local minimum at x =

20
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1
@ -5 0 -2
(¢ O (d)  none of these
Key. B
68. f (x) has local maximum at x =
(@ 1 by -1
(c) 2 (d)  none of these
Key. C
69. Range of f is
@ (<n) 0 -3
' 3'125
(c) —ii (d) none of these
27 125
Key. C
Sol.  67. h(x) = x® increases over R.
if x=0
X ) X
f(x)=hog(x):9(x)=—; = if x#0,==a
X2+ Xx+4 ( 2
2| o+
o:—0o—>-1->0- 0+—o1>ow
0L+1:—oo—>—2—>—oo 0 —>2—> o

o

g(x):O——>—%—>O—

g(x) has local minimum at oo = -1, x =—2

f has local minimum at x=-2

68. * g(X) has local maximumat aa=1;Xx =2

.. f has local maximum at x = 2.

1

69. Omin = g(—2) :_g; fmin ==

gmax = g(2) =

gl

; fmax
125

Range of f = —i,i
27 125

1

Paragraph - 25

O+—>%—>O+

21
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70.

Key.

71.

Key.

72.

Key.

Sol.

71.

1

sint2xy1—x?

f increases in the region

f(X)=

1 -1
a -1, -— b —,0
© ( ﬁ] ®) (ﬁ ]
(c) (0,1) (d)  none of these
A
Number of critical points of f is
@ O (b) 1
(c) 2 (d) 3
C
f has local maximum value
T 2
had hy -=
@ 3 0) -
4
(c) - (d). - none of these
T

B

70. f(x):ﬁ has domain (=1,1) ~ (0): g(X) =sin™" 2xy/1—x*

g(x) =sin""h(x) : h(x) = 2xy/1—- x*

-1, . . .
SIN “is an increasing function

h(x):sinze:x=sine;ee(—g,gJ~{0}
20:—m+ ——— — 0 O+ —> = > -
2 2
h(x):0-—>-1->0- 0+—>1->0+
g(x):O——>—g—>0— 0+—>g—>0+
F(X)1 =0 >~ 2 - o0 2 5o
T T
fincreases when Xe(—l —ij or XE(1 1)
) \/E 2!
f'(x)= —9 (X)2 where
(9(x))

22
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nix it xel oL L]
2sin™" X if X€|: \/5\/5} {0}
NP 1
g(x)=< m—2sin"x if XE[\/E,].)
—m—-2sin"tx if XE(—].,—%]

g is not differentiable at X = iiz

g'(x) is never zero in (=1,1) ~ (0).

. T has two critical points Viz., X = i%.
] .2, 1
72. f has local maximum value '——"' at x=——.
T J2

23
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Maxima & Minima
Integer Answer Type

1. From a point perpendicular tangents are drawn to ellipse x2 + 2y2 = 2. The
chord of contact touches a circle which is concentric with given ellipse. Then
find the ratio of maximum and minimum area of circle.

Key. 4

2 2

y

Sol. The director circle of ellipse _+T:1 isx2 +y2=3

Let a point P(\/§ coso, \/5 sind)
Equation of chord of contact is

X.\/gcose + 2yx/§sin9—2 =0

It touches x2 + y2 = r2

- 2 _ 2
J3c0s?0+12sin%0  +/3+9sin20
2 2 Ausc _,

T'max = —= I'min = =
\/é \/E Amin

2. The maximum value of the function f(X):ZX3 —15%° +36x—48 on the set
A={x|x2+20£9x} is
Key. 7
Sol. The given function is f(X)=2x3- 15x° + 36x- 48 and A= {x|x*+ 20£ 9%}
b A={x|x*- 9x+ 20£ O}
P A={x|(x- 4)(x- 5)£ O}
P A=[4,5]
Also
f'(x)= 6x°- 30x+ 36= 6(x*- 5x+ 6) = 6(x- 2)(x- 3)
Clearly "xI A, f'(x)>0
\ f is strictly increasing function on

\ Maximum value of f on A

= f(5)=2" 5°- 15" 5°+ 36" 5- 48 = 250- 375+ 180- 48=7

4 3 2
.. ax —bx’+cx" —-bx+a . ..
3. If a,b,ceN, and if attains minimum value at x = 2 or

(x2 + 1)2
1/2 then the A.M of the least possible values of a, b and c is
Key. 4

1+4+7

Sol. Put x+l:ta:1,b:4,c:7,:>AM is 4
X
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2 3
4, If the greatest value of (3 -4 -x* ) + (1 +44 -x? ) is o, then the numerical

value of (gj is
7 )
Key. 4
Sol. Lett=+v4-x*>,0<t<2
LF(t)=(3- t)2 +(1+ t)3 and maximum of f(x) is 10
5. If the graph of f(x)=2x’+ax”+bx,a,beN cuts the x-axis at three real and

distinct points, then the minimum value of (a2 +b? —4) , is

Key. 6
Sol. fl(x)=6x>+2ax+b=4a’-24b>0

—=a’>6b
=ax>3,b>l,=>a=3,b=1

4 3 2
. —bx” + —bx + . ..
6. If a,b,ceN, and if ax X reX A attains minimum value at x = 2 or

(x2 + 1)2
1/2 then the A.M of the least possible values of a, b and c is
Key. 4

1+4+7

Sol. Put X+l=ta=1,b=4,C:7,:>AM is 4

X

7. The maximum value of the function f (x)=2x3-15x2+36x—48 on the set
A:{x x2+2039x} is
Key. 7
Sol. The given function is | (9 2x° [115x* [136x 148 4 AL{x|x*[120 19x}
O CAD{X|x*09x02000}0  AO{x|(x04)(x05) 00} O A[4,5]
f'(x) 0 6x* 030x 136 [ 6(x* 15X [16) 06(x02)(x03)
XOA f'(x)00

Also

Clearly

O A

is strictly increasing function on

N Maximum value of f on A

0 f(5) 0205° 01505° 13615048 [1250(13751180148(17

8. Given a point (2, 1). If the minimum perimeter of a triangle with one vertex at (2, 1), one on
the x-axis, and one on the line y = x, is k, then [k] is equal to (where [ ] denotes the greatest
integer function)

Key. 3
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Sol.

9.

Key.

Sol.

(a+1)2 . (b+1)2

Let, D =(2,—l) be the reflection E
of A in x-axis, and let E = (1, 2) be \

the reflection in the line y = x. g
Then AB = BD and AC = CE, so the
perimeter of ABC is \

DB + BC + CE > DE = /1+9 =+/10

secta . sec* B
b
tan’f tan’a

The minimum value of, ao,p # % ,Kel is

8

b

10.

Key.

Sol.

11.

Key.

Sol.

2 2 2 2 — l
—a—+l+b—+l+2£3+EJ24 a_lb_l 4+4(E.EJZ > 8
a b b a a b a b b a a b a
Where a = tan” a,b = tan’

If one root of x* —4ax+a +f (a) =0 is three times the other and if minimum

value of f(a) is « _then [120] has a value

1
0 and 30 >40=4a=0=aand a-4a’+f(a)=0

=f(a)=3a’~a=f,, is I_Ql

n

For a twice differentiable function f (X) , a function g(X) is defined as
g(x)= (f1 (x))2 +f(x)f'"(x) on [a,e]. If a<b<c<d<e and

f(a) = O,f(b) = 2,f(c) = —1,f(d) = 2,f(e) =0, then, the minimum number of
roots of the equation g(x) =0 ,is/are

gf(b)f(c) <0 and f(c)f(d)<0

= f(x) =0 has at least four roots,
a,c;,c,,e, Where ¢, e(b,c) and c, €(c,d). Then, by RT,f'(x)=0 has
at least three roots in, (a,c,),(c,,c,),(c,,€)

~.f(x)f'(x) =0 has at least 7 roots, by RT and hence,
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g(x)= %{f(x)f1 (x)} =0 has at least 6 roots

12.  Let P(X) be a polynomial of degree 4 having extremum at x=1,2 and

P(x) -
Let| 1+ =2, then, the value of P(2) ,is

x—0 2

X

Key. O
Sol. Let P(x)=a,x"+.....+a, by hypothesis, P'(1)=0 and P'(2)=0

=4a,+3a;+2a,+a; =0 and 32a,+12a,+4a,+a; =0

x—0 X2 x—0

P(x) )
Also, Lt =1=a, =0 and a; =0 hence Lt (aox +a1x+a2)=1:>a2 =1
. 1
Solving, we get, a, =Z,a1 =-l,a,=l,a,=0,a,=0

- P(x) =%X4 -x*+x° = P(2)=0

13. In the coordinate plane, the region M consists of all points (X,y) satisfying the inequalities
y >0,y <x, and y <2-x simultaneously. The region N which varies with parameter t,
consists of all the points (X,y) satisfying the inequalities t<x<t+1 and 0<t<1
simultaneously. If the area of the region M NN is a function of t, i,e., MNN = f(t) and if

o is the value of t for which this area is maximum, then the numerical value of 2a is
Key. 1

Sol. ~ MANN=f(t)=—t*+t+1/2

3 1 , 1
=——|t—= f(t)ismaximumfort=1/2ie. a==—=2a =1
4 2 2

14. Let M (—l, 2) and N (1, 4) be two points in a plane rectangular coordinate system XOY. P is
a moving point on the x-axis. When ZMPN takes its maximum value, the x-coordinate of
point P.is

Key. 1

Sol. The centre of a circle passing through points M and N lies on the perpendicular bisectory = 3
- x of MN. Denote the centre by C(a, 3 —a), the equation of the circle is
(x—a)’+(y—-3+a)’=2(1+a?

Since for a chord with a fixed length the angle at the circumference subtended by the
corresponding arc will become larger as the radius of the circle becomes smaller. When
ZMPN reaches its maximum value the circle through the three points M, N and P will be
tangent to the x-axis at P, which means

2(1+a?)=(a—3)>= a=1or a=-7

Thus the point of contact are P(1, 0) or P '(—7, 0) respectively.

But the radius of circle through the points M, N and P' is larger than that of circle through
points M, N and P.
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Therefore, ZMPN > ZMP'N. Thus P = (1, 0)
*. x-coordinate of P = 1.

15. Put numbers 1, 2, 3, 4, 5, 6, 7, 8 at the vertices of a cube, such that the sum of any three
numbers on any face is not less than 10. The minimum sum of the four number on a face is k,
then k/2 is equal to

Key. 8

Sol. Suppose that the four numbers on face of the cube is a1, a, a3, a4 such that their sum
reaches the minimum and a; < a; < az < as.
Since the maximum sum of any three numbers less than 5 is 9, we have a4 = 6 andar+ay+
as +as > 16.

As seen in figure, we have
2+3+5+6=16

7 3
1 6
8 2
.. . 5
and that means minimum sum of four numbers on a face is 16.
16. Rolle’s theorem holds for the function f(X)=X>+mx®+nx on the interval [1,2] and the

4
value of cis §.Then m+n=

Key. 3
Sol. fO=1(2)=1l+m+n=8+4m+2n=3m+n+7=0.

F1C)=0=3C?+2mC+n=0= 28" h _occ =2
33 3

=8m+3n+16=0 on solvingweget m=-5n=8 Hencem+n=3

2 3
17.  If the greatest value of (3 -4 -x? ) + (1 +44-x° ) is a, then the numerical

value of (gj is
7

K

Key. 4
Sol. Let t=+4-x%>,0<t<?2

~F(t)=(3- t)2 +(1+ t)3 and maximum of f(x) is 10
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18.  If the graph of f(x)=2x’+ax”+bx,a,beN cuts the x-axis at three real and
distinct points, then the minimum value of (a2 +b? - 4) , is

Key. 6

Sol.  f!(x)=6x"+2ax+b=4a’-24b>0

—=a’>6b

=a>3,b>1,=>a=3,b=1

sec’a sec’p

19. The minimum value of, — + 3
tan" tan“a

,a,Bi%,K el, is

Key. 8
Sol.

1

12 b 12 2 2 2 2 2 5

(a+ ) +( + ) :a_+l+b_+l+2£E+EJ24 a_lb_l 4_1,_4(2.9)2 >8
b a b b a a

Where a = tan” a,b = tan’p

20. If one root of x*—4ax+a+f (a)=0 is three times the other and if minimum

value of f(a) is « _then [120] has a value
Key. 1

Sol. 6 and 30 >40=4a=0=aand a-4a’+f(a)=0

=>f(a)=3a’-a=1f,, is I_Ql

n

21.  The sum of greatest and least values of f(x)= |x2 -5x + 6| in {O,g} , is

Key. 6
Sol. = Sketch its graph

22. If A= (O,2),B = (5,10) are two points. If P is a Point on x-axis, then, the sum

of the digits in the minimum value of AP+PB ,is
Key. 4

Sol. If P=(x,0), then AP+PB=f(x)=+x*+2% +./(x-5)" +10°
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S . . ..
=>X= € is a point of minima

169 \/625 +3600 13 65 78
+ =—+—=—=13
36 36

. minimum value of f(x)= \/ ot .

23.  For a twice differentiable function f(x), a function g(x) is defined as
g(x)= (f1 (x))2 +f(x)f'"(x) on [a,e]. If a<b<c<d<e and
f(a)=0,f(b)=2,f(c)=-1f(d)=2,f(e) =0, then, the minimum number of

roots of the equation g(x) =0 ,is/are
Key. 6

Sol. Qf(b)f(c)<0 and f(c)f(d)<0
= f(x) =0 has at least four roots,
a,c,,C,,e, Where c, €(b,c) and c, €(c,d). Then, by RT,f'(x)=0 has
at least three roots in, (a,c,),(c,,c,),(c,,e)
~.f(x)f'(x) =0 has at least 7 roots, by RT and hence,

g(x)= dix{f(x)fl (x)} =0 has at least 6 roots

24. Let f(x)=0 be an equation of degree six, having integer coefficients and
whose one root is 2003% . Then, the sum of all the roots of f' (x) =0, is

Key. O

Sol. Let 9=£:>66:£:>cos69:1
18 3 2

= 4cos?® 29—300329=é:> 8(200s29—1)3 —6(200329—1) =1 let 2cosO=x

%2 3 %2
:s[z.__lJ —6(2.——1j:1
4 4

= (x*-2)° -3(x*-2)=1
=x°-6x"+9x*-3=0
f'(x) = 6x(x4 ~4x> +3)
f'(x)=0 = x=0,+1,+/3
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25. Let o and P respectively be the number of solutions of e* =x* and e* =x>.
Then, the numerical value of 2a + 3, is
Key. 8

Sol. Sketch the graphs

26. Let P(x) be a polynomial of degree 4 having extremum at x=1,2 and

P(X) .
Let| 1+ —5+ | =2, then, the value of P(2) ,is
x—0 X

Key. O

Sol. Let P(x)=ayx"+.....+a, by hypothesis, P'(1)=0 and P'(2)=0

=4a,+3a, +2a,+a; =0 and 32a,+12a, +4a,+a; =0

P(x) _ _ _ 3 _ _
Also, LtO >~ =1=>4a,=0 and a; =0 hence Lto(aox +a1x+a2)—1:>a2—1
X X X—>

Solving, we get, a, =%,a1 =-l,a,=1a,=0,a,=0

= P(x) =%X4 -x°+x*=P(2)=0

x2—3x‘+a, 0<x< 3
27. Let f(x)= . If f(x) has a local maxima at x = > and the greatest
—2X+3, X2 >

value of ‘a’ is k, then |4k | is...........
Key. 9

Sol. f@ij:lirg‘xz—w‘Jrago
x—==

a<-S
4

Hence,

4K|= 9

ax’ -bx’ +cx® -bx+a
2 2
(X +1)
1/2 then the A.M of the least possible values of a, b and c is
Key. 4

28. If a,b,ceN, and if attains minimum value at x = 2 or

Sol.  Put x+=ta=lLb=4c=7=AMis 7~
X

4
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29. The maximum value of the function f (X) = 2X 3—15X2 +36X—48 on the set
A:{x‘x2 +20£9x} is
Key. 7

Sol. The given function is | (%) [12x*[115x* [136x 148 4 AL {x|x* 120 19}
O AD{X|Xx*09x02000}0  AO{x|(xO04)(x05) 00} O  A[4,5]
Also T /(%) 6% [130x 1136 [16(x* (15X [16) 0 6(x12)(x[13)

Clearty XA 0000

O A

is strictly increasing function on

' Maximum value of f on A
[ f(5) 1 205° J150J5° [136[15148 1250137501180 148 (1 7

30. In the coordinate plane, the region M consists of all points (X,y) satisfying the inequalities
y >0,y <x, and y <2-x simultaneously. The region N which varies with parameter t,
consists of all the points (X,y) satisfying the inequalities t<x<t+1 and 0<t<1
simultaneously. If the area of the region M NN is a function of t, i,e., M N = f(t) and if
o is the value of t for which this area is maximum, then the numerical value of 2a is

Key. 1
So. =~ MAN=f(t)=-t*+t+1/2

3 1Y o . 1
=——|t—=| f(t)ismaximumfort=1/2ie. a==—=2a =1
4 2 2

31. Let M (—1, 2) and N (1, 4) be two points in a plane rectangular coordinate system XOY. P is
a moving point on the x-axis. When ZMPN takes its maximum value, the x-coordinate of
point P is

Key. 1

Sol. The centre of a circle passing through points M and N lies on the perpendicular bisectory = 3
— x of MN. Denote the centre by C(a, 3 — a), the equation of the circle is
(x—a)+(y—-3+a)?=2(1+a?

Since for a chord with a fixed length the angle at the circumference subtended by the
corresponding arc will become larger as the radius of the circle becomes smaller. When
ZMPN reaches its maximum value the circle through the three points M, N and P will be
tangent to the x-axis at P, which means

2(1+a%)=(a—-3)>= a=1ora=-7

Thus the point of contact are P(1, 0) or P '(—7, 0) respectively.

But the radius of circle through the points M, N and P' is larger than that of circle through
points M, N and P.
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Therefore, ZMPN > ZMP'N. Thus P =(1, 0)
*. x-coordinate of P = 1.

32. 1 1
f =
(x) 1+ 1]

maximum respectively. Let k = f (X )+ f (X,) then 6k -9

. Let X;, X, are points where f (X) attains local minimum and global

Key. 8

1 <

A

Sol. Local minimum 2 3
N

3 17
Global maximum {] {} 2 302 6
33. L -1
f(x)= (ﬁ+sin;jex if x=0
0 if x=0

Number of points where f (X) has local extrema when X #0 be N,. N, be the value of global
minimum of f (X) then N, +n, =

Key. 0
0y=0

Sol. Local extremum does not occur at anyvalue of ¥ # 0. But global minimum - f[ ]

Loa=0a,=10 atag =10

then

34, A = (- 3,0) and B =(3,0) are the extremities of the base AB of triangle PAB. If the vertex P
varies such that the internal bisector of angle APB of the triangle divides the opposite side
AB into two segments AD and BD such that AD : BD =2 : 1, then the maximum value of the
length of the altitude of the triangle drawn through the vertex P is

Ans: 4
Hint: The point E dividing AB externally in the ratio 2 : 1is (9, 0) . Since P lies on the circle
described on DE as diameter, coordinates of P are of the form (5+ 4c0s@,4sin (9)

.. maximum length of the altitude drawn from P to the base AB = |4sin 9|max =4

35. Find the maximum value of ( |ng1,5 a).(logzuz b). It is given that coefficient of 2", 3" and 4"

term in expansion of (a + b)" are in A.P and the value of 3™ term is equal to 84
(a, b>1).

Key: 1

Hint:  In expansion of (a + b)" the coefficient of 2", 3" and 4™ term are in A.P. which gives n =7
also’C;a*b’=84 = a°b*=4

10
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2
log, a® +log, b? log, a°b?
Now 9, 5 9.0 . (logza®. log;b?)Y? = k< ng

k<1 = maximum value of k is 1.

36. From a point perpendicular tangents are drawn to ellipse x? + 2y? = 2. The chord of contact
touches a circle which is concentric with given ellipse. Then find the ratio of maximum and
minimum area of circle.

Ans: 4
2 2
Hint:  The director circle of ellipse ?+T:1 is x2+y?=3

Let a point P( \/5 cos0, /3 sin0)
Equation of chord of contact is

X.A/3 cosO + 2y\/§sin6—2 =0
It touches x? + y? = r?

2 2
r= =
J3c0s20+12sin?0  /3+9sin?0

2
max \/§

2
min = —F/7— =
\/E Amin

>

=4.

37.  Letf(x)=30-2x— x° , then find the number of positive integral values of x which satisfies
f(F(F(x)))>f(F(-x))

Key: 2

Hint: f(x)=30—2x—x3

f(x) — 23’ <0= f(x) is decreasing function
Hence F(f (f(x))) > f(f(—x))=F(f(x)) <f(-x)
=f(x)>—x
:>30—2x—x3>—x:>x3+x—30<0:>(x—3)(x2+3x+10)<0
=>X<3
38.  The sum of greatest and least values of f(x)=|x*-5x+6| in [o,—} , is

Key. 6
Sol.  Sketch its graph
39. If A= (O,2),B = (5,10) are two points. If P is a Point on x-axis, then, the sum

of the digits in the minimum value of AP+PB ,is
Key. 4

11
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Sol. If P=(x,0), then AP+PB=f(x)=+x"+2? +,/(x=5)’ +10°

S5 . . ..
=>X= 5 is a point of minima

169 \/625+36OO 13 65 78
+ =—+—=—=13
36 36

. minimum value of f(x)= \/ e .

4 3 2
40. If a,b,ceN, and if ax’ —bx +cx —bx+a attains minimum value at x = 2 or

(x2 + 1)2
1/2 then the A.M of the least possible values of a, b and c is
Key. 4

1+4+7

Sol. Put x+l=ta:1,b=4,c:7,:>AM is 4
X

41. In the coordinate plane, the region M consists of all points (x,y) satisfying
the inequalities y >0,y < x, and y <2-x simultaneously. The region N
which varies with parameter t, consists of all the points (x,y) satisfying the
inequalities t<x<t+1 and 0<t<1 simultaneously. If the area of the region
MANN is a function of t, i,e., MNN=£(t) and if a is the value of t for which
this area is maximum, then the numerical value of 2a is

Key. 1

Sol. MANN=f(t)=-t>+t+1/2
3 1Y o . 1
=——|t—=| f(t)is maximum fort=1/2ie. a=—=2a=1
4 2 2

1 1 . - .
42. Let P=x° —— , Q=X-="and ais the minimum value of P/Q? Then the value of [a] is
X X

where [x] = the greatest integer < X .

Key. 3
Sol. Q®=P-3Q
P 3
T °q
3
f =0+
Q=0+

f'(Q):l—% = Q=13

f(Q)f will be minimum at Q = NE)
So minimum value of f(Q) is 23

i.e. minimum of {é} :[2\/§j| =3

43. Let f(x) = (x —a)(x — b)(x — c)(x — d); a < b < ¢ < d. Then minimum number of roots of the
equation f"(x)=0is
Key. 2

12
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Sol.

44,

Key.

Sol.

45.

Key.

Sol.

f(a) = f(b) =f(c) =f(d) =0
f(x) =0 (4 times). Graph of f(x) will intersect 4 times the x-axis. So there will be
minimum three turnings.

and f'(x)=0 minimum (3 times). So f"(x)=0 will be minimum (2 times).

If f(x)= X3+ X! (1)+xf"(2)+f"(3) ¥x € R. Then the value of

+
f'1)+f"(2)+f"(3) is
3
Let f'(1)=a, f"(2)=b, f"(3)=c
so f'(x)=3x*+2ax+b, f"(x)=6x+2a
a=3+2a+b
b=12+2a and c=6.
= a=-5 b=2andc=6. soatb+c=3
Let f be twice differentiable such that f"(x)=—f(x) and f'(x)=g(x). If h(x) =

(f (x))2 +(g(x))2, where h(5) = 9. Then the value of h(10).is

9
h'(x) =2f (x)f"(x)+29(x)g'(x)
f'(x)=g(x)= f"(x)=g'(x)
= 9'(x)=-f(x)
h'(x)=0  h(x) = constant

h(5) =9 = h(10) isalso 9.

13
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Maxima & Minima
Matrix-Match Type

1. Match the following Column — 1 with Column — 2

Column -1 Column -2

(A) f (X) — %2 log, X (p) | f(x) has one point of minima
e
(B) | f(x)=xlog, x (@) | f(x) has one point of maxima
C loa. x r f (x) increasesin 0, e
© | ¢ ()= o0 ONEI™ )
X

(D) f (X) _ xX (s) | f(x)decreasesin (0, 1/e)

Key. (A—>p,s), (B—>p,s), (C—>q,r), (D—q)
sol. (A)  f(x)=x’logx

For f'(x)=x(2logx+1)=0, :x:i

e

Which is the point of minima as derivative changes sign from negative to positive

1
Also, the function decreases in (0, TJ
e

(B) y = xlog x

2
:Q:XX£+Iogx><1=1+logx and d—zzi
dx X dx
For GI—y:O:>Iogx:—1:>x=1
dx e
d’y

—Zzi:e>0atx:1
dx° 1/e e

NN 1
= yis min for x ==
e

(C) f(x):'oﬂ

X
For f (X) = 1_:;9 X_ 0, X =e. Also, derivative changes sign from positive to
negative at x = e, hence it is the point of maxima.
D)  f(x)=x7"

f'(x)=—x" (1+Iogx):0:x:%,

Which is clearly point of maxima.
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2.

Match the following

Column |

Column 11

(A)

f(xX)=(x-1D3(x-2)°

(p)

Has points of maxima

(B)

f(x) =3sinXx +4cosXx —5x

(@)

Has points of minima

(©)

f(x):sin(n—;],0<xsl

=x?—4x+4,1<x <2

(r)

Has points of inflection

(D)

f(x)=(x-1%*

(s)

Has no points of extrema

Key.

Sol.

(B)

a—-qr;b—rs;c—pr;d-rs

(A)  f(x)=(x—1)*(x—2)°

f'(x) = (x-1)°(x +2)*(8x +1)

1
1 point of minima at X = _§

f'(x)=0 forx=1,-2
Two points of inflection
f(x) =3sinXx +4cosx —5x

f'(x) =3cosx —4sinx—-5<0
f"(x) ==3sinx —4cosx =0 for infinite value of x

A

. X
sin—
2

[y

2

x = 1 point of maxima as well as point of inflection

f(x) =g(x ~1)?*>0vxeR

-3 2
qu — & _X_1—7/5
(x) = ><5( )

which changes signatx=1
x =1 point of inflection

y=x>—4x+4

—>

Consider the equation in real numbers |X—3| +|X+9| =a,acR.

Match the statements/expressions in column I with those in column II.

(A) As a ranges over R, the maximum possible number

Column -1

Column - 1I

of integral solutions is (k) 2
(B) For a>log,,81, the number of solutions cannot be Q O
(C) For a = 13, the number of solutions is (R) 13

(D) For at least one solution ‘a’ cannot take the value(s) S) 1
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KEY: A-R; B-R,S; C-P;D-P,Q,S

Sol.  Theline y =k, k <12 doesn’t meet the above curve

k=2 meets the curve at infinite points belonging to [-9,-3]

k > 12 meets the curve at two points

For k=12, the line y = k meets the curve

y =|x—3|+|x+9| at 13 integral points. Note that log,, 81=4/3

A) The maximum possible number of integral solutions is 13 which happens when a =12
B) For 4/3 < a<12 the number of solutions = 0

a=12, the number of solutions is infinite
a>12, the number of solutions is two.

4,
Column-1 Column -2
™ (7-5(x¢ +3)) SHE
The maximum value of Sec™ S A is 6
2(x + 2)

(B) The minimum value of (a) T

1 ad

cosec’ I:3X2 + E} +sec™ [3x2 + —} 4

4 4

(Q) Points of non-differentiability of the function (r) 27

f(x)=min{tan(m%),cot(ﬂﬁ]} 3

VX e (O, 3?%) is/are

(D) x? y? (s) n

Tangent is drawn to hyperbola g——zl at -

(Zﬁsece, tan 9); 0 E(O,gj . The value of

0 such that sum of intercepts on axes made
by this tangent is maximum is

Key : (A-r), (B -p), (C—p, 1, s), (D -q)

_ 2
Sol : (A) sec{w\ =sec‘1£ 21 _§j
X +2) X°+2 2
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1
X2 +2
1 3

x2+2 2

Q

1
<=
2

<-2

(B) minimum value = cosec2 + sec1 =

when {C%X2 + 1} =1
4

(C) f(x) is non-differentiable at X = E, 2— , 7_75 )
6 3 6
. . XsecH ytan6
(D) Equation of tangent is - =
22 1

If it cuts the coordinate axes at A and B, then

Az(zﬁcose,o)

B=(0,—cot6)
S=2v2cos0—cot
as _ —2J25sin0+cosec?0 =0 —sine—i =
do B 2
2
d—?<O
do

s Sis maximum
For the function f(x) = ax*— b|x]|

Column —1
(A)  f(x) has local max. atx=0 (p)
(B) f(x) haslocal minatx=0 (q)
(C) f(x) haslocal extremum at X = 2£ (r)
a
(D) * f(x) is not diff. atx=0 (s)

Key:A-P,S, B-Q,R, C-P,R, D—PQRS

Sol.

Whena>0,b>0

|

T
4

0=

Column -1l
Whena>0,b>0
Whena>0,b<0

Whena<0,b<0

Whena<0,b>0

Whena>0, b<0

b

a

Whena< 0,b<0

Whena<0,b>0




Mathematics Maxima & Minima

a\a\

/‘\

6. Match the following: -

Column —1 Column -1

(A) | If a, b >0 a + b =1, then minimum value of | (p) 3

2 2
(a2+;%j +(b2+é%j is A

(B) | The perpendicular distance of the image of the point | (q)
(3, 4 —12) in the xy-plane from the z-axis is

(C) | The area of the quadrilateral whose vertices are 1, i,
, o is (r) 8
(o is the cube root of unity)

(D) | The minimum value of (sin?x + cos?x + cosec?2x)3 is (s) 289
8
KEY : (A) > Q,
(B) »Q,
(C) >R,
(D) —>(S)
7. Match the following inequalities with intervals given such that inequalities are valid
Column 1 Column I
X
A) | —<In(1+x P 0,0
() | o <In(l+x) (P) | (0,0)
X2
(B) | x=< In(L+ x) (@ | (-10)
(C) In(1+x)<x (R) (1,00)
1 1
D) | ————— S -1,0)u(0,1
e Inl+x) X & | ) (0.)

Key:  (A) > (PQRS)
(B) > (PR)
(C) = (PQRS)
(D) — (PQRS)
Sol. Conceptual
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8.

Key:
Hint:

Let f(x) = (2 —1)(2*—2) and g(x) = 2 sin x + cos 2x

Column I Column II
(A) fincreases on (P) (TE,OO)
(B) fdecreaseson (Q (—0,0)
Q) decreases on (R) (E S—RJ
g 26
(D) increases on (S) (n nj
| PN
g 6'2

A-R,B-Q, C-S,D-R
f'(x)=2"(2""-3)log 2
Since 2*>0and log2>0so f'(X)>0.1f2*1-=3>0 = x>log3 -1

The period of g is 2w so it is enough to consider.g on [0, 2x].

9'(x)=2cosx—2sin2x =2cosx (1-2sinx)

g'(X)>0:>COSX>O and 1-2sinx >0 or cosx<0 and1-2sinx<0

T 3n . 1 n 3% . 1
= Xe|0,—|u|l—,2rn|, SINX<— or Xe|—,— | and SINX>—
2 2 2 2 2 2

T T 51
= Xe|0,=| or Xe|—=,—
( 6) (2 6]

COLUM -1 COLUMN -1I
4x —x° +log_ (a’-3a+3),if 0<x<3
a f<x>={ o ) Bl (—-2) U(2:2)
x—-18,if x> 3

Then, the complete set of values of ‘a’
such that f(x) has a local maxima at
x = 3 lie in the interval

b) The equation x+cosx =a has exactly a q) [1,2]

positive root, then, complete set of values
of a lie in the interval

3+k—k,x£k
C) If f(X): a2_2+sin(x_k) <>k r)(—20,—16)
x-k

has minimum at x = k, then, the complete
set of values of ‘@’ lie in the interval

d) If f(x)=x>-9x*+24x+a has three real s) (1,»)

and distinct roots, then, possible values of

6
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Key.

Sol.

10.

Key.

Sol.

a lie in the interval Look at, f(x)=x"+32x+K,KeR
A->Q;B->S;
C—>P,D>R
A. F is decreasing for x < 3 and increasing for x > 3
~.for x =3 to be point of local maximum, f(3)>f(3-0)

=-15212-27 +log, (a’-3a+3)
=0<a’-3a+3<1
f(x)=x+cosx—a=f(x)=1-sinx>0vxeR
=f is increasing on R

For positive root, f(0)=1-a<0

d—y=3X2—18x+24=3(X2—6X+8)
dx

= 3(x-2)(x-4)=£(2)£(4)<0

COLUMN -1 COLUMN - 1II

a) The function f(x)=(x- 1)2 +(x - 2)2 +(x - 3)2 p) O
has a minimum for x =

b) The least value of the function q) 2
f(x)=2.3"%-3"%4+2.3% in [-1,1] is

c) Let f(x)= %x3 —-4x,0 <x <2, then the global 1) 2%
minimum value of the function is

d) Let f(x)=6-12x+9x*-2x°,x €[1,4], then absolute s) ?

maximum value of f (X) is
A—->Q;B-P;

C—>S,D->R

A) f(x)=3x*-12x+14
f'(x)=0=>6x-12=0=x=2
B) Put 3" =t = f(t) =2t —4t* +2t,t €[1/3,3]

f'(t)<0 in (1/3,1) and f'(t)>0 in (1,3) f(t) minimum = f(1)=0

o) fi(x)= 4(X2 —1) = f is decreasing for 0 < x < 1 and f is increasing for
1<x <2

o f minimum is f(1)=4/3-4=-8/3

D) f'(x)=-12x+18x - 6x° =-6(x—1)(x - 2)
(

.. absolute maximum = maximum {f(l),f(Z)} = maximum {1, 2} =2

F is increasing in (1,2) and decreasing in (2,4)




Mathematics Maxima & Minima

11. Match the following: -

Column -1 Column -2
(A) _ (7-5(x2+3)) ® | =
The maximum value of sec™ | ————=—"| is 6
2(x*+2)
(B) The minimum value of @) T
cosec™ [3X2 + E} +sec™ {3x2 + 1} 4
4 4
© Points of non-differentiable of the function (n 271

f(x)= min[tan[x+%j ,cot(x+%)] 3

VX € [O, 3?%) is/are

(D) _ X2 y? (s) n
Tangent is drawn to hyperbola E—Tzl at —

(2sec6,tan6); 6 6[0,9 . The value of 0 such that

sum of intercepts on axes made by this tangent is
maximum is

Key. A-(r); B-(p);C-(p,r,s);D-(q)

Sol. (A) sect (ﬁ} _ Secl( 1 5]

2x2+2) X2+2 2
1 1
<=
Qx2+2_2
1 5_,
X2+2 2

. T
(B) minimum value = cosec™2 + sec’1 = 5

when [sz + 1} =1
4

(C) f(x) is non-differentiable at X = r %7_71 .
(D) Equation of tangent is xsecO ytano _
22 1

If it cuts the coordinate axes at A and B, then
A= (2\/50056, 0)

B=(0,—cot6)
S=22cos0—cot

d—Sz—Z\Esine+cosec29=O =sin(9:i —p0==
do V2 4
d’s

@<O
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22.

Key.
Sol.

20.

Key.

. S is maximum

Giventhat (x—2)°+(y—-2)* =1

Column —|
a) Maximum value of X+V is p)
b)  Maximum value of X—Y is q)
c)  Maximum value of XY is r)
. X
d)  Maximum value of — is s)
y

a)p; b)s;c)a; d)r
Let Xx=2+c0s@ and y=2+Sin6
X+Y=4+sin0+Cc0sO = maximum of (x +y) is 4++/2

X—Y =C0S6—sinf@ = maximum of X—Y is v/2
f(0) =xy=4+2(sin@+cosH)+sindcosd

Column—1I

4+\/§
9+44/2

2
4+47
3

V2

f'(0) =2(cos@—sinf)+cos20 =0=tan & =1 or 2+sinH+cos@ =0 rejected

V4 1
fl=|=4+2V2+=
S

X 2+cos6

9(0)=—

= —S
y 2+siné 9

0) = (2+sin@)(—sin8) —(2+cosf) xcos
¢ (2+sin )’

g'(6’)=O:>2$in6?+sin26’+2cos€+cosz6?=0:>sin6?+cos:9=—%

0="_cost (_—lj Let o= COS™ (_—1j
4 2\2 ) 22

cos| Z—q :ﬁ—_l and sin| Z—o =_\ﬁ_l
4 4 4

4
. X T+7 4+47
Maximum value of — is =

y 7-4J7 3

Match the following List

Column I (curve)
(A) f(x) =sgn(x)
(B)

f(x)=sin=
(C) f(x):|X—22|
X
(D) 1
f(X) ==
X=X

A-s; B-s; C-p; D-q

Column Il (Number of critical points)
(p) 2
(@ 1
) 0

(s) infinite
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Sol. (a) f'(x)=0 vx=0
fhas vertical tangentat x=0

Infinite number of critical points.
(b)  T'(x) :—izcosl; f'(x)=0 when 1: (2n +1)E; nel
X X X 2

f '(0) does not exist
Infinite number of critical points.
4-X
© f=1"

if X>2

if xe(-o0,2)~(0)

f'(x)=0 at x=4; f'(2) does not exist
X =0 is not a point in domain.

Two critical points.

1 1
(d) f(X)=E—;
oo 11 1-2x
P = x> (x=1)2  (x*-x)?
f(@:OWX:%

One critical point.

21. Match the following List
Column | Column Il
Equation of tangent

to y= xe ™ at the point where the curve achieves

(A) i (p)  Yy=X+2
local maxima
(B) Common to y2 =8x and Xy =-1. (a) 2y:2—\/§
(©) toy :. X2 at the point where its slope is abscissa of (" y= 1
the point e
(D) to (L+x%)y =2-x:x>0, which tangent is ) y=0

parallel to x-axis
Key. A-r; B-p; C-s; D-q
xe* if x>0
xe* if x<0

Sol. (a) f(x)= {

10
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@-x)e™ if x>0
f'(xX)=49 @+x)e* if x<0
1 if x=0

f'(x)>0 if xe(0,1) or xe(-1,0)

<0 ifx>1 or x<-1

fhas local maximaatx=1

f'(1) = 0; f(1)=%

1
Tangent: Yy =—.
e

2 1
(b) y=mx+— istangentto y=——
m X

Solving the 2 equations

2
X(mx+—) =—1 has unique sol. for x
m

mM?x® +2X+m=0 has discriminant =0
m=1
Tangent: Y =X+ 2.

()  P(x,, Xg) is the corresponding point
2%, = %; P(0,0)
Tangent: Yy =0

(d)  P(X,,Y,)is the point of tangency

1+ x*)y=2—x
2xy + (L+ xz)d—y =-1
dx

dy
| =0=>2x,y,+1=0
dx P - oyo

1
Yo :_E & (1+X§)yo :Z_Xo

0

J5

X2 —4x,—1=0; X, =2++/5; y, =1-—

2
5

Tangent: y=1——
g y >

11
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22. Match the following List

Column I (curve) Column Il (Angle of inter section)
(A) Y =x&X*=y:x>0 (p) tan'3

(B) y*=4x&xy=16 (@ tant242

(C) y=sinXx & y =CcosXx (r) /2

D 3 2 _ 2y, 3 =
(D) x*-3xy*+2=0&3x’y—y’=2 (s) tan—l%

Key. A-s; B-p; C-q; D-r

Sol. (a) P(L1): point of intersection

1
Slopes of tangents > 2

51
tan0 = 21
1+2.=
2
eztan’1§
4

(b)  Point of intersection : P(4, 4)

1
Slopes of tangents : E,—l

1+1
tanezzl—
1+ (-1
2( )
O=tan*3

(c) . Sufficient to consider X €[0, 27)

Points of intersection : Pl(
Slopes of tangents at P, :

Slopes of tangents at P, 1 ——,

1
2
1 1
2'\2

tan0 = 2x/§ in each case
0=tan 242
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22
(d) Forthecurve X°—3xy’ +2= O,Q _X Y
dx  2xy
dy  2xy

For the curve 3x’y —y® =2, 2L =— I
dx X -y

Product of slopes = —1 at any point of intersection. P(1,1) is one point of intersection

. . T
Angle of intersection = E

13



