Mathematics Continuity & Differentiability

Continuity & Differentiability

Single Correct Answer Type

1. A function f (X) is defined by ,

2 p—
[zz] 11, forx® =1
f(x)= Where[.]denotes GIF

0 Cforx? =1

A) Continuous at ¥ =—1 B) Discontinuous at ¥ =

C) Differentiable at ¥ =1 D) None of these
Key. B

2
[K ]_1 , for xf 1

Sol. 0 foryt =1

ml Cfor Ot <1

=¢ 0 for ¥ =1
0 for eyt 22

~“RHLatx=1is0
Also LHL at x = 1 is %@

2. 1f f(x)=sgn(x)and g(x)= X(l— X2) then ( fog )(x) is discontinuous at

(A) exactly one point (B)exactly two points
(c) exactly three points (D) no point.
Key. C
—1if x<0
sol. - Given f (x)=Sgnx=4 0if x=0
1if x>0

And g(x):x(l—xz)
Now fog(x)=—1 if X(l—XZ) <0 solving
= 0if x(l—xz):o, x(l—x2)<0

=1if X(l—XZ) >0 wehave xe(-1,0) (1)
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Key.

Sol.

Key.

Sol.

o fog(x)=-1 if xe(—1,0)u(1,)
=0if xe {-1,0,1}
=1if Xe (—oo,—l) U(O,l)
. fog (x) is discontinuous at x =-1,0,1

If f (X) is a polynomial satisfying the relation f (X) + f (ZX) — 5x2 —18 then fl(l) is equal to
(A) 1

(B)3

(C) cannot be found since degree of f (X) is not given

(D) 2
D

Let f (X) = aX2 + bX + C (By hypothesis)
f(x)+ f(2x)=5x* -8
= f(x)=x*-9.. f}(1)=2.

let 'f' be a vreal valued function defined on the interval (—l,l)such that

X
e X f (X) = 2+I\/'[4 +1dt WVx e(—l,l)and let 'g" be the inverse function of 'f".

0
Then 91(2) =
(A)3 B)1/2 (c)1/3 (D) 2
C

Differentiating given equation we get

e_x.fl(x)—e_x.f (%) =1+ x4

Since (g of )(X) = X.as'g" isinverse of f.
= g[ f(x)]=x

= g'[ f(x)]-f1(x)=1

= g'[1(0)]-—,

(Here f (0) = 2 observe from hypothesis)

Put X =0in (1) we get f1(0)=3.




Mathematics Continuity & Differentiability

5.

Key.
Sol.

Key.

Sol.

If y= f(X) represents a straight line passing through origin and not passing through any of the

points with integral Co-ordinates in the co-ordinate plane. Then the number of such continuous

functions on ‘R’ is (itis known that straight line represents a function)
(A)O (B) finite (C) infinite (D) at most one
C

3 infinitely many continuous functions of the form f(X) = MX. When m is Irrational, and when

slope is irrational the line obviously will not pass through any of the pts in the Co-ordinate plane with
integral Co-ordinates. We know a straight line is always continuous.

If a function Y = @(X) is defined on [a, b] and ¢(a) ¢(b) <0 then
(A) 3 no ce(a,b) suchthat ¢(C) =0 ifand onlyif '@" is continuous
(B) 3 afunction ¢(X) differentiable on R —{0} satisfying the given hypothesis

(C) If ¢(c)= 0 satisfying the given hypothesis then ¢ (X) must be discontinuous

(D) None of these
B

if x=0

Consider the function ¢(X) = defined on [—l,l] ,clearly ¢(—1)><¢(1) <0, and

¢(X) is differentiable on Rl{O}

But there is no point C e[—l,l] E} ¢(C) =) .

7. Let f :R — R be a differentiable function satisfying f(y)f(x—y)=f(x) VX,yeR and
f1(0)=p, f*(5) =q then (5) is

A. p*lq B. p/q cqlp D.q
Key. C
Sol. y=0= f(0)=1 and x:0:>f(—y):i.
f(y)
pence { (ks V)= F0OT () 1100 =0, TCH=TO_pgu TR £, 1200 = pt () pus
x=5 f5)=J
p

8. If both f(x) and g(x) are differentiable functions at x = Xo, then the function defined as h(x) = maximum

{f(x). 9(x)} :

(A) is always differentiable at X = Xo

(B) is never differentiable at x = Xo

(C) is differentiable at x = xo provided f (x,)=g(X,)

(D) cannot be differentiable at x = xo if f(x,)#=g(X,)
Key. C
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Sol.

Key.

Sol.

10.

Key.

Sol.

Consider the graph of f(x) = max(sinx, cosx), which is non-differentiable at x = ©/4, hence statement
(A) is false. From the graph y = f(x) is differentiable at x = /2, hence statement (B) is false.

Statement (C) is false

Statement (D) is false as consider g(x) = max (x, x?) at x = 0, for which x = x? at x = 0, but f(x) is
differentiable at x = 0.

/2 T /4 T1/4
3n/4 St/ 6m/4 2n

1

T X
F(x)= (tan (Z + Xj} it x#0 is continuous at x = 0 thenvalue of A is

= A if x=0
1)1 2)e 3) €? 4)0
3
1
i:”m(lHﬂjX:%:ez
x>0{ 1—tan X e

f(x)= 1 If X= P where p and q are integer and ( # 0, G.C.D of (p,q) =1 and f(X)=0
q

If x is irrational then set of continuous points of f(X) is

1) all real numbers 2) all rational numbers 3) all irrational number 4) all integers
3
Let X = P
q
1
f(x)==
q
Y

When Xx—>— f(X) =0 for every irrational number € nbd(p/q)
q
1. m
=—if n=—enbd(p/q)
n n

1 .
——>0as n— w since
n

There oo - number of rational enbd(p/q)

M £ (0 =0y f(ﬁlzlio

x—>a q q

Discontinuous at every rational
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If X=qa isirrational = f(a)=0
Now lim f (X) isalso O
X—>a

.. continuous for every irrational o

11, fix)=maz{3—-x3+x,6} is differentiable at

A) All points B) No point

C) All points except two D) All points expect at one point
Key. C
Sol.

2—-x X o==3
Ffilxy=9 6 —E32x=3
34z x>

Since these expressions are linear function in x or a constant
It is clearly differentiable at all points except at the border points at -3 and 3

At X= =3, LHD=-1,RHD =0
At X=3, LHD=0,RHD=1

2 At ¥= 73 andx =3 itis not differentiable

12. If ([.] denotes the greatest integer
function) then F=) s
A) continuous and non-differentiable at
x=—1 and ¥ = 1

B) continuous and differentiable at =0

) discontinuous at ¥ = 1/2
D) continuous but not differentiable at
=2
Key. C
Sol.
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-1 —ox <]
0 Dex= l
2
1 x=0
Fiz=i=+ 1
0 ——=x <l
2
3 1
-1 —— < d——
2 2 1
= —
2-x l=x <2 clearly discontinuous at 2
13.

A function f (K) is defined by,
[x*]-1
f{x)=
0 for ¥ =1

A)  Continuous at ¥ =—1 B)
C)  Differentiable at ¥ = 1 D)
Key. B

Sol.

2
[K ]_1  for xf =1

0 Cforxt =1

Cfor D <1

I
L]

for =1
0 for Text <2

~RHLatx=1is0
Also LHLatx=1is @

14. _sin2a{atx]
AT

Fix)is

A) Continuous

2
wI_1" for "= 1,Where []denotes GIF

Discontinuous at ¥ =1

None of these

. Where [] denotes the greatest integer function then

B) Discontinuous
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C ' it D
D 7@ exist but ) does not exist ) f(x) is not differentiable
Key. A
2
Sol. 2almx] is integral multiple of 7T ,there fore f(x)=0 7 x

=f(x) is constant function

=f(x) is continuous and differentiable any number of times

15. —
The no. of points of discontinuous of £ I[x] =Jf (f [x])where S [x] is
1+ x0=x=2
I =32 enss
defined as, x x=
A) O B) 1 )2 D) >2
Key. C
Sol.
2+x,0=x=1
g(x]: Z2—xlcx=l
d—x2cx=3
16. 1
" sin [—] x=0
Lt fl':x:l = x
0 ..o x=0
then f (x) is continuous but not differentiable at ¥ = 0 if
A) 1 e (0,1] B) % e[, 00) C) 1 & (~o0,0) D n=o
Key. A
Sol.
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RHL=limf(x)
x—}[l"'
= lim £ (0 +h)

=lim h" sin [l]
h—0 h

h—0 h
litn h™ ™ sin [l] = 0" (=1to 1)
b0 h

For not differentiable

n-1=10

n=l. (2]
From equation 1 and 2
0en =1

ne({0,1]

17. The function f(x) is defined as
1
F{x)=1P

cx+bxj,|x|£2

,|x|::-2

where aand b are
constants. Then which one of the following is true?

A) fisdifferentiable at x=-2if and only if a=3/4, b =-1/16

B) fis differentiable at x = - 2 whatever be
the values of aand b

Q) b _i
fis differentiable at x = - 2 if 16 whatever be the values of a
D) 1
f is differentiable x = - 2 if - E , whatever be the values of a.
Key. A
Sol.  Conceptual
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18.
Total number of points belonging to [U’ Eﬂ} where

J {x} = min{ sin x, cos 1, 1-sin x} is not differentiable

A)2 B) 3 C)4
Key. B
Sol. By figure it is clear
oo o
=—,—,—uare
& 2 4

The points where f(x) is not differentiable

y=1-sinx

)
|
|
¥=C0SX ¥=sin X

19. :
s1n[x] 250
x
f{x]=< 2 =1
s xX— X%
< [
If ﬁ{ x } \

D)5

Where [.] is G.I.F. If f(x) is continuous at x = 0 then b-a equal to

A)1 B) —1 C)2
Key. A
Sol.  Conceptual

RAL{z=0)=a+0=a

x3 xj

: I——t—-x 2
snx-x_" 31 51 °_“lx

x x 35
sinx—x  —1

I ——=
x—=0 x £
LHL=8-1

D) -2
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20. xze:(x_lj N=x=1
&GOS

flx)= (2x-2)+4x2 1<x=2

Given

J I[x]l is differentiable at =1 provided

A)a=-15b=2 B)a=1hb=-2 C)a=—35b=4 D)a=3hb=—4

Key. A

o (10} =f(1-0)=a+b=1

1 R s R |
El)=y
—Zasin{2z—2)+2bz 1<x <2
f'1-0)=f'(1+0)=4=2b
=b=2 a=-1
21. x

Flx)=—7
The function 1+ |x| is differentiable in

A R B) 2 {0} 9 [0,00) D) {0,00)
Key. A
S . p . . (-1.1) = .. .
ol. The function f(x) is an odd function with Range it is differentiable every where
R € el ) BT
M=lim — " — i ——=
FOR TN ST

22. tanx  if |x|51
Fizh=
) 1(|x|—1] if || =1
The domain of the derivative of the function 2 is
A) E —{0} B) B —{1} C) E—-{-1 D) E—-{-11}
Key. D

10
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tan"x  if |X| =1

Fx)=11

Sol.  The given function is 2

% [—x - 1] i x<-1

(|- 1) if x| =1

:}f{szq tan'x i -l=x=l

h%(x—l}l if x=1

=limf{—1-h
Clearly L.H.L at (x=-D 735 ¢ )

=D =limf(-1+h)=limtan " (~1+h)=—m/4
T

SLHL=#=EHL gt z=-1

" f(x) is discontinuous at £ =—1
Also we can prove in the same way, that f(x) is discontinuous at x = 1

". f(x) can not be found for % =*1or domain of Pz =R-{-LD

23.
i r {x} = m r=0 . _
|x| where [.] denotes the G.I.F then S [l) =

A) -1 B) 1 C) eo D) Does not exist
Key. D
[x] _Jo, 0=zl
ol f(x)‘ﬁ‘ 1,1=x<2
lim f{x]:[l lim f{x}:l
Clearly X—> 1_ X— 1+

- f(x) is not continuous at x = 1
f(x) is not differentiable at x =1

w7 IU] does not exist

. Fil
sin{— x]—xz} 7 [ 3}
If f(x) = 3 for 2 < x < 3 and ([x] denotes the G.I.F) then is

B)

C) D)

i N

w5

Key. B

11
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Sol.

25.

Key.

Sol.

For2<x<3,we have [x] =2

» F{x)=sin [%ﬁ— xf‘]

{secx]at ng- I f'{1}=2,g'(ﬁ)=4

The derivation of J {tan x} with respect to £

A) 1 B) 01 D)
— H'E — 1
NE 2
A
Let u:f{tanx}

ICJLM:_f'{tanx}.sec x

fx

v:g{secx)

v ,

—=F [secx}.secxtanx

fx

1 2 1
N (du]_ i [tanx].seu:: x 7 (1]2 22 1
v g'(secx}.secxtanx g ﬁ)ﬁ 4_.\.5 \.'5
-1 1 -1 1 -1 1 dy

y=tah +tan 5 tat 5 +... nterms —=

If %z 4z +1 = 45x4+3 2+ 5=+ then d=

A) 11 B 1 1 o 1 1 D 1 1
+(z+n)? 14z° +iz+n? 1437 1-(z+n)* 1+zx° 1-(z+n)?  1+z°
A

1 1 1 1 . 1
¥ =tan = +tan = tan " —————+.. nterms
2 +xz+1 2 4+3z4+3 ®x +ox+7

12
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, =tan_1( (2410 -x JHE‘“_{ (2+2)— (z+1)
T+x(z+1) 1+ (2 +1)(x +2)
+tan™ (z+3)-(x+2) +...+tan‘1[(x+ﬂ)_(x+ﬂ_DJ

I+{=z+20=+3 I1+{z+n)=z+n-1)

y=tan " (x+1) —tan T x4+tan (x4 2) —tan Tz + 1+
tan Nz + 3 —tan Mz +D 4+ Ftan 4+ —tan T (x+n—1)
dy 1 1

=tan Nz +n)—tan "ty =L = —
y (= +n) 4 1+(z+n) 145

27. _ . . i '{x] .
Let f (x) = x[x] , (where [.] denotes the G.I.F) . If x is not an integer, then is
A) 2x B) x C) [x] D) 3x
Key. C
Sol.  f(x)=x[x]
F'{x)=[x]
28. [ } min.(x,xz)if—m-:x <1
fl=z)=
, . _ min (2x-1x")ifx=1 _ _
Number of points at which the function is not derivable is
A) O B) 1 C)2 D) 3
Key. C
Sol.
29. f[x}— x?'é'a:x_lj D=x=1
, acos(Ex—E]+bx2 lex=?2
Given

J {x}l is differentiable at * =1 provided

13



Mathematics Continuity & Differentiability

A)a=-15b=2 B)a=1b=-2 Ca=-35hb=4 D)a=3hb=-—4
Key. A
Sol. f{1+0)=f({1-0)=a+b=1
1 oo VL BV oy pex <l
£ {z)=
—2asin(2x—2)+2bx l<x <2
f11-0)=f'{1+0)=4=2b
=b=2 a=-1
30. x
ST

The function is differentiable in

A R B) R—{0) 9 [0,00) D) {0,00)
Key. A
. . . . (L) = .. .
Sol. The function f(x) is an odd function with Range it is differentiable every where
. _ A=A 1
¥ (D}:llmM:hm—:
¥—=+0 =0 x—0 ]+|x|
31. ¥
. a%’{x+a12’{x+ ...... al/%
lim
X—>0 n
The value of is
A ) ) D)
a +ag .. tay, gttt Ay 4rayTo T A dy.....
M
Key. D
1
x=—
Sol. let ¥ Thenx—ooy—0
nx
i (@ 46y +ota)”
X —0 n
n/y
= im (o +af+.. +a) &
Y28 7 =

14
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Yoy y fiey
lim [1tai tas +..+a -2
- ¥—>0 n
€
ayﬁy+ +ay
3 3 (1 ey [k EREEN D
lim o <-———81
= y=0
e
) aly—l a;r—l ay—l
lira | =—+ +. AR
y=0 ¥ ¥ ¥
=e
loga1+loga2+loga3 ........ +loga
=g
loglal.az.a3 ........... a_ |
=g =|la a a a |
1 2 n
32. 7(x) sin[eH—l)
r)=——" :
_ lim fFix
If log[x 1) , then #—=2 ( }isgiven by
A) -2 B) —1 Q)0
Key. D
sm[é‘H—l)

sol. ™ =1 log(x—1)

1imlsin (7 -1) 27 -1 x=2 }

et -1 1 log(1+(x-2))

33, “m[m_&]

H—o )
The value of is

A) B) 1 C) 1

Li_[r;ﬁfx+m—«f}?

bl
I

D) 1

D)

15
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= |im XA
HW\H}H }<+J_ %
J0 1

1
+
N _
qu 1T 1 1 JT+H0+0+1 2
+ E+U}{—3+

34. — —
Let f[x,y} be a periodic function satisfying the condition s [x,y] N f[2x+2y, 2y Ex} for all

_ X
%Y € Rand let g(x)= j'(E ’D) . Then the period of £ (x) is

A) 2 B) 6 C) 12 D) 24

Key. C

Sol. f[ ] f[2x+2_y, Ey—Ex}l 1)

= f(2(2x+2y)+2{2y- 2x), 2{2y-2x)-2{2x+2y))
_}"{8}? —Sx]l 2)

[8}: Bx} { & x, —64y}

F(—64x,—64y) =7 (2% x,2% y)
Replace # by 2%
f(x,ﬂ)=f[2”x,ﬂ)=f[2*+”,0)
g{x]:g[x+12]

35.

fx)= 5|n +|cos |
The fundamental period of the function is
A) B) ) D) m
2T U A =
2
Key. A
X
s = |r:05 |><||
Sol.  The fundamental period of is 27 and that of is T.L.C.Mof Tand 27 js 27

So fundamental period of f {}{} is 270

16
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36. |; COSX =tany , coSy =tanz , COSZ = t@NX 00 the value of SiN X is

A) 5in3g? B) cos3g" C) Zsin1a°® D) Zcos18l

Key. C

Sol  COsx =tany = costx=tan’y

1 1
=sec’y-1_cotz—1=cosecz -2 1—(::3522_2: T—tan®x
_ 2tan®x -1
C —tan®x

25in* x - cos® x 3sin®x -1

=it =
COS" ¥ —5In" ¥ 1-25in" %

=1-2sin®x—sin“x+2sin*x =3sin*x -1
= 2sin*x—6sin*x+2=0
=sin*x-3sinx+1=0

=c0osiy=

sinx:@:isinm”

37. Define f :[0,7[] — R by

f(x)=

tan® x[\/ZSin2 X+ 3sin X+ 4 — /sin? x + 6sin x+2} XETl2 _
1s continuous at

k X=7l2
X:E,thenk:
2
1 1 1
A)— B) — C) — D) —
)12 )6 )24 )32

Key. A

t—>1

2
Sol.  Letsinx=t andevaluate ™ ]_t—tz[\/th +3t+4 —\/'[2 +6t+ 2} by rationalization

38. Let |a, Sin X+8,SiN 2X+........... +a,sin8x|<[sin x| for x € R

DefineP =a, +2a, +3a, +.... + 88, .Then P satisfies

A)|P|<1 B) |P|<1 0 |P|>1 D) |P|>1
Key. A
Sol.  f(x) = a1 sinx +a;sin2x + ....... + ag sin 8x

|a, +2a, +......+8a;| =|f '(O)|:Iirrg

f(x)—O‘
X

17
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~ f(x)|[sinx
X = 0[sinx|| X
.| F(x
=hmelsl
x=>0{SINn X
Ip[<1
sin[x
a+——Ll, x>0
X
39. if f (X) = 2, X =0 (where [.] denotes the greatest integer function). If f () is
sin X — X
b+{—j?—} x<0
X
continuous at X=0, then b is equal to
A a-1 B.a+1 c.a+2 D.a-2
Key. B
i sin[x
sol.  f(0+)=."T,a+ d_,
. Lm SINX=x -1
mnwxﬁf—jg——=?;,mmga f(0-)=b-1

Hence b=a+1

40. : : : f(x)|.
If f(X) is a continuous function VX € R and the range of f(x)=(2,426) and g(X)=| —= | is
a
continuous VX € R (where [.] denotes the greatest integral function). Then the least positive integral
value of a is
A.2 B.3 C.6 D.5
Key. C
2 26
Sol. g(X) is continuous only when lies between two consecutive integers Hence (—,——) should

26

not contain any integer. The least integral value of a is 6(Since —— <1)
a

41 f(x)=[x*]-[x]?, then (where [.] denotes greatest integer function)

A. fis not continuous X=0and x=1 B. fis continuous at X=0but not at X=1
C. fis not continuous at X=0but continuous D. fiscontinuousat X=0and X=1
atX=1

18
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Key. C
Sol. f(0-)=0—(-1)? =—1and f(0) =0. Hence f is not continuous at X=0 (1) f(1-)=0-0=0,
f(l+)=1-1=0 f()=0and Thus f iscontinuousat X=1

42.  Let f(x)=sec'([1+sin’ X]); where [.] denotes greatest integer function. Then the set of points
where f(X) is not continuous is

Nz T T
A. {7,nel} B. {(Zn—l)a,nel} C. {(n—l)?nel} D.{nz/nel}

Key. B

sol.  f(nz+)=sec’1=0 and f(nz-)=sec'1=0 and f(nz)=0
. f iscontinuous at X =nx

f((2n —1)%+) =sec'1=0 but f((2n-1) %) =sec 2 =%

z
. f is discontinuous at X =(2n —1)5 forallnel

43.  The number of points at which the function
f (x) =max.{a—x,a+ x,b},—00 < x<00,0 <a<b cannot be differentiable is,

A 2 B. 3 c.1 D.0
Key. A
a—-x |if Xx<a-=>b
Sol. f(x)=4 b if a-b<x<b-a
a+x |if X>b-a

Hence f is not differentiableat x=a—b,b—a

44, x|—|>n1] [xsin 7z'X] C [.] — denotes greatest integer function
1)-1 2)1 3)0 4) does not exist
Key. 1
Sol. X<=1=7X<—7r = X e 2" quadrant
=sinzx>0
x<0

= Xsinzx<0
[xsinzx]=-1

45, The function f(x) = (X2 —1)‘X2 —-3X+ 2‘ + COS(|X|) is not differentiable at

A)-1 B) O 01 D)2
Key. D
Sol. Here cos (|x]|) = cos (% x) cos x

19
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46.

f(x)=—(x2 —l)(x2 —3x+2)+cosx,lsx32

=(x* ~1)(x* —3x+2)+cosX, X <1 or x> 2

Clearly f(1) = cos 1, xlltlf (x)=cosl

f(2) =cos 2, Lt f(x)=cos2

Hence f(x) is continuous at x = 1, 2

Now f'(x):—2x(x2 —3x+2)—(x2 —1)(2x—3)—sin X,1<x<2
=2x(X* =3x +2)+(x* —1)(2x -3)—sinx,x <1 orx >2

f'(1-0)=-sinLf'(1+0)=—sinl

f'(2-0)=-3-sin2,

f'(2+0)+3-sin2

Hence f(x) is not differentiable at x = 2.

If f(x) is a function such that f(0) = a, f'(0)=ab, f"(0)=ab?, f"(0)=ab’, and so on and b >0,
where dash denotes the derivatives, then LE f(X) =
A) © B) —o C)o D) none of these

Key.

Sol.

47.

Key.

Sol.

C

Given f(0) = a, f'(0)=ab, f"(0)=ab’
f"(0)=ab® and so on.
f(x)=ae™

Lt f(x)= Xl_}waebx =0 [Qb>0]

X—>—

If f(x)=p|sin| +qe™ + r|x|3 and f(x) is differentiable at x = 0, then

A)p=qgq=r=0 B) p=0, g=0, r=any real number
C)q=0,r=0, pisanyreal number D)r=0, p=0,qisanyreal number
B

Atx =0,

L. H. derivative of p | sinx | =-p

R.H. derivative of p | sinx | =p

... for p | sin x| to be differentiable at
x=0,p=-porp=0

at x = 0, L.H. derivative of ge" =—q

R.H. derivative of ge”l =q

For qe‘x‘ to be differentiable at x = 0,

-q=qorq=0
d.e.of r |X|3 atx=0is0

... for f (x) to be differentiable atx =0
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P =0, g=0and r may be any real number.
Second Method:

r(0-0)= 1t [0

h—0-0 h

B plsinh|+qe" +r|h[ —q

h—0-0 h
: -h 3
Lt —psinh+qge™ —rh* —q
h—0-0 h
' e" -1
_ Lt {_psmh_Q( )—rhz}
h—0-0 h —h
=-p-q

Similarly, f'(0+0):p+q

Since f(x) is differentiable at x =0
f'(0-0)=f'(0+0)=-p-q=p+q

= p+qg=0

Here r may be any real number.

.. Correct choice is (b)

48.  The number of points in (1, 3), where f(x) :a[xz], a>1, is not differentiable where [x] denotes the
integral part of x is
A)O B)3 C)5 D)7
Key. D
Sol. Here 1 < x < 3 and in this interval X2 is an increasing function.
1<x*<9
[x2]=1,13x<\/§
= 2,\/5 <X < \/§
—3./83<x<2
=42<X< \/5
=5, \/g <X< \/6
= 6,\/6 <X < \/7
= 7,ﬁ <X< \/§
=8,\/8<x<3

Clearly [XZ} and also a[XJ is discontinuous and not differentiable at only 7 points

X =2 BTN B

49.  Letf(x) be defined in [-2,2] by f(x)= max(\/4—x2 NS ),—2 <x<0
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Mathematics

= min(\/4—x2 AL+ X2 ),O< X <2, then f(x)

A) is continuous at all points B) has a point of discontinuity

C) is not differentiable only at one point D) is not differentiable at more than one point
Key. B,D
Sol.  V4—-x*—v1+Xx?

3 3-2x?
V4 —x* +1+X?
.. Sign scheme for (\/4— x? =1+ x? ) is same as that of 3—2x?

Sign scheme for 3—2x? is

-2 < i 0
-ve +Vve -ve

2 2

f(x)=\/1+x2,—2£x£—\E
=\/4—X2,—\/§SXSO
2
=\/1+x2,0<x£\/§
2
=\/4—x2,\/§£xs2
2
Clearly f(x) is continuous at x = —\/g and X = \/g but it is discontinuous at x=0

X 3
Also f' = -2< = [=
so f'(x) «/1+7 X< ,2

<x<0

2_;_\E
Va-x* V2

0<x< §

X
S 2
g X 3 <9
=— '—4_X2 E<X_

F(x) is not differentiable at x = J_r\/; and also at x = 0 as it is discontinuous at x = 0.

If f(x):a|sin7x|+be‘x‘ +c|x|5 and if f(x) is differentiable at x = 0, then which of the following in

50.
necessarily true
A)a=b=c=0 B)a=0,b=0,ceR
C)b=c=0,ceR D)b Oandaand ceR
Key. D
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Sol. a‘sin7 X‘ is differentiable at x = 0 and its d.e. is O for all aeR and C|x|5 is differentiable at x = 0
anditsd.e.isOforall ceR.
But at x =0, L.H. derivative of be® = —b and R.H. derivative = b

X

.. for be™ to be differentiableatx=0,b=-b
= b=0

51. If [x] denotes the integral part of x and

sin%%in n[x +1]
f(x)=[x] [ 11]+[X] ; then

A) f(x) is continuous in R
B) f(x) is continuous but not differentiable in R

Q) f"(X) exists for all x in R

D) f(x) is discontinuous at all integral points in R
Key. D
Sol.  sinn[x+1]=0.

Also[x+1]=[x] +1

n . T
atx=n, nel,f(x)zl—sm—l
+Nn n+

Forn<x<n+1, nel,
n .
f(x):—smi
1+n n+l
Forn—1<x<n,[x]=n-=1
n-1.m
f(x)=——=sin—
(x)="gsin~
n-1_.
Hence = Lt f(x)=—sm%,

Xx—n=0 n

n . =
f - cin—_
(n) 1+nsmn+1

f(x) is discontinuous at all n e |

52, Inxe|0.% [, let f(x) Lt X SNX 4pen
2 oo 14X

A) f(x) is a constant function B) f(x) is continuous atx =1

C) f(x) is discontinuous at x = 1 D) none of these
Key. C

2" —x"sinx
Sol. f(x) =Lt —
now 14X
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2%, 0<x<l1
_ 2 —smx, 1
2
—sinx x>1
Nowf(1)=2—sm1

Lt f(x)= Lt 2*=2

x—1-0 x—1-0

Hence f(x) is discontinuous at x = 1

53. Let f(x) = [cos x + sin x], 0 < x < 2 7, where [x] denotes the integral part of x, then the number of
points of discontinuity of f (x) is
A)3 B) 4 C)5 D)6

Key. C

Sol. f(x)z{ﬁcos(x—gﬂ

But [x] is discontinuous only at integral points.

Also —/2 < \/Ecos(x —gj <2

Integral values of \/Ecos(x —%j when

0<x< 2m are

-1,at X= n,3—n
2
0,at Xx= 3_’E
4 4
1,at Xx= r
2
. In (0,2m),f(x) is discontinuous at x =E,3—,Tc,3—,7—n.
2 4 2 4
54, If [x] denotes the integral part of x and in (0,7), we define

2(sinx —sin" x)+|sinx —sin" x|

f(x)=

. Then for n > 1.
2(sinx —sin" x)—|sin X —sin" x|]

A) f(x) is continuous but not differentiable at x =g
B) both continuous and differentiable at x =g

v
C) neither continuous nor differentiable at X = E

D) Lt f(x) exists but Lt f (X)if(gj

T
X—>— X—>—
2 2
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Key. B
Sol. For0<x<g org<x<n,

O<sinx<1
forn>1, sin x > sin* x

3(sinx —sin" x ) .
f(x)=| ——— 2 [=3,x#—
(X) { sinx —sin" x ] X¢2

Hence f(x) is continuous and differentiable at X =g .

55. If [x] denotes the integral part of x and f(x) = [n + psinx], 0 <x< m, nel and p is a prime number,
then the number of points where f(x) is not differentiable is
Ap-1 B) p C)2p-1 D)2p+1

Key. C

Sol. [x] is not differentiable at integral points.

Also [n + p sin x] = n + [p sin x]
[p sin x] is not differentiable, where
P sin x is an integer. But p is prime and 0 < sin X Sl[Q O<x< n]

p sin x is an integer only when

sinx:i,where0<r <pandreN
. T .
Forr=p,sinx=1 :>ng in (O,TC)
. r
ForO<r<p,sin Xx=—

- 71 r - 71
X=sin""=or m—sin
p

Number of such values of

T | =

x=p—1l+p—-1=2p-2
... Total number of points where f(x) is not differentiable=1+2p-2=2p-1

56. Let f(x) and g(X) be two differentiable functions, defined as
f(x)=x*+xg'(1)+9"(2) and g(x)= f (1)x*+x f'(x)+ f"(x).
The value of f(1)+g(-1) is

A)0 B) 1 C)2 D) 3
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Key. C

Sol. Flx)=x"+xg" (1) +g"(2)

FixY=2x g (1)

F(x)=2

F(x)=0

ang 28%)= SO+ 1 (x)+ 7 (x)

g(x)=F()+* +x{2zx+g (1} +2

= F (" +2x% +xg'(1)+2 = {2+ /(D) +xg (D +2
g'(x)=2x{2+7 (1} +&'()

g"(x)=2{2+7(1)}

A+ (1)

=g (D+e" )+ ()0 + D ED ()
[eg(2)y=4+27/(1)

F-1=2

S0 =1-g"(1)+g"(2)]

=1+ g () +d+27 (+ 7 (1)-{1-g' (D +g"(2)} +2
=6+2g"(+ 37 () -g"{2)

= 6+2g' (437 ()-{4+27 (1)) =2+7(D+2g'(1)
f{x)=x"+xz'(1)+"(2)

Sxy=2x+g'(1)

g (x)=2/ (N +x ™ (x)+ (2 1+ 5[ x)+ 7 (x)
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A +e(-1)

=1+g' () +g"{2)+1+ (-1} g'{-1)+2"(2)
=242g"( 2+ g' (- g'(-1)
=z+2fa+27 () +0  [vefl)=g(-1)]
=2+2{0}+(0})=2

57.

Sol.

58.

Sol.

Let f(x) be a real function not identically zero, such that

f(x+y2“+1) =f(x)+{f (y)}znﬂ; neN and xy are real numbers and f'(0)>0. Find the values of f(5)
and f'(10).

As in the preceding example, f'(x)=0 or {f (X)}2n =x*" =f(x)=f(0)=0 orf(x) = x.

But f(x) is given to be not identically zero.
.. f(x) = 0is inadmissible. Hence f(x) = x.
- f(x) =5and f'(10)=1.

i f(x)+f(y)=f[1x+y] forall X,y <R and xy #1 and Lto@ﬂ,ﬁnd £(+/3) and f'(-2).
_Xy X—>

Given that f(x)+f(y)=f (1)(:;3;} :

Putting x =0, y =0, we have f(0) = 0.
Differentiating both sides with respect to x, treating y as constant, we get

f(x)+0=f'[ x+y] (1-xy).1=(x+y).(-y)
(1—xy)2
_f,(x+yj 1= Xy + Xy + Y’ _f,(x+yj 1+y? M
1-xy (1-xy)’ 1-xy )| (1-xy)’
Similarly differentiating both sides with respect to y, keeping x as constant, we get
, [x+y )| 1+x°
f =f w(2)
3 [1—xv]{<1—xyf}

From (1) and (2), we get

f'(x) _ﬂj(pr xz)f '(x) =(1+ yz)f '(y)=k(say){=f"(0)}

f'(y) 1+x°
=  f'(x)= K :>f(x):k.[ L ix=ktan'x+a.
1+x° 1+x°

Putting x = 0, we have f(0)=kx0+a=0=0,Qf(0)=0.
Thus f(x)=k tan™'x.

f(x)

Again —= =k
X

-1

-1 f(x
SIS I L) I L P rY
X x—0 X X
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Hence f(x) =2 tan* X.

f(\@)=2tan1(\@):2><g:2—;C and f'(-2)= 2 =§.

59. If 2f (x)=f(xy)+f(§] forall x,yeR", f(1)=0 and f'(1)=1, find f(e) and f'(e).

Sol.  Given 2f(x)=f(xy)+f(§j.

Differentiating partially with respect to x (keeping y as constant), we get

x)1
2f'(x)="F"(xy .y+f'(—j.— (1)
(9= () y+1 % |5
Again, differentiating partially with respect to y (keeping x as constant), we get
X 1
0=f'(xy .x+f‘[—j.x£——j -(2)
()t 2 || -
X X X
2) > —f‘[—jzxf'xy :f'[—jzyzf'x :
S e =12 =y

Hence from (1), 2f'(x)=yf'(xy)=2f"(xy)=f'(x)=yf'(xy).
Now, putting x = 1, we have yf'(y)=f'(1)=1.
= f'(y)=$:>J‘f'(y)dyzj'%dy:f(y)zIogy+c.

Puttingy =1, we havef(1)=0+c = 0=¢c;Q f(1)=0
c=0.
Hence f(y) = log y i.e. f(x) = log x (x > 0).

Hence f(e) = log e = 1 and f'(e) 1
(S

60. A function y = f(x) is defined for all x €[0,1] and f(x) + f(y) =f (xy—xll— X% \J1-y? ) )

And f(0)= g,f [ij =% Find the function y = f(x)

2
Sol.  Given f(x)+ f(y) =f (xy N NCN Y ) (1)

Differentiating partially with respect to x (treating y as constant), we get
—2X
f'(x +0=f'(xy—\/1—x2~/1—y2)x{y—wll—yz,—}
) 241-x°
_ 2 _\y2
= f'(x)zf‘(xy—\ll—xlel—yz)x{y\/l ):/+X2\/1 y } (2)
1-x

Similarly, differentiating (2) partially with respect to y (treating x as constant), we get
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f'(y)f‘(xy—\/l—xqul—yz)x{x\/l_i//zli%/lﬂz} -(3)

Now, dividing (2) by (3), we get

Fx) N1y V1-x? =J1-y*f'(y)=k (sa
) \/1_x:1 f'(x)=y1-y*f'(y)=k (say)

Thus, x/l—xzf'(x)zk:f'(x)zlkxz
1 ]
f'(x)dx =k dx=f(x)=ksin*x (4
= j() J‘T—xz =f(x) +o (4)

Now, x=0 = f(0)=k. 0+0L:>g=oc

1 1 . 1
Again x=—=f|— |=ksin?| —= |+a
; 2 [ﬁj (ﬁj

4 4 4 2 2
=  kZ=IZ I_ Tk
4 4 2 4

Hence puttingk =-1and o =g in (4), we get f (x)=—sin™" X+§=COS’1X )

-1

. h
o1 Let f(x Zo: rx+1) { r+1)x+1} Pl

A) f(x) is continuous but not differentiable at x = 0
B) f(x) is both continuous and differentiable at x=0
C) f(x) is neither continuous not differentiable at x =0
D) f(x) is a periodic function
Key. C
X

sol. tr+1z(rx+1){(r+1)x+1}

_ (r+1)x+1—(rx+1)
(rx+1)[(r+1)x+1]

ANV N
_(rx+1) (r+1)x+1

Lt S, = Lt(l— ! j
n—om n—o0 nx+1

Thus, f(x) is neither continuous nor differentiable at x = 0.
Clearly f(x) is not a periodic function.
62. If f(x) is a polynomial function which satisfy the relation
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Key.

Sol.

63.

Key.

Sol.

64.

Key.

Sol.

65.

Key.

Sol.

(FOQ)2 F/(X) = (F/(x))* F '(x), F(0) = (1) = f"(=1) = 0, (0) = 4, f( 1) = 3, then (i) (where i=v—1) is

equal to

(A) 10 (B) 15
(C) -16 (D) -15
C

Solving the equation

We will get f(x) = x* - 2x2 + 4

If f(x) is a polynomial function which satisfy the relation

(F())2 ' (x) = (F"(x))* f "(x), £(0) = f'(1) = £ '(~1) = 0, f(0) = 4, f(+ 1) = 3, then (i) (where i=~/-1) is
equal to

(A) 10 (B) 15
(C) -16 (D) -15
C

Solving the equation

We will get f(x) = x*—2x2+ 4

If f(x) is a polynomial function which satisfy the relation

(FO))2 £ (x) = (F"(x))* £ '(x), £'(0) = f'(1) = f'(~1) = 0, F(0) = 4, f(+ 1) = 3, then (i) (where i =~/-1) is

equal to

(A) 10 (B) 15
(C) -16 (D) 15
C

Solving the equation
We will get f(x) =x*—-2x> + 4

2
Let a function f(x) be such that f "'(x) = f'(x) + e*and f(0) = 0, f'(0) = 1, then In((lc (i)) j equal to
1
(A) > (B) 1
(€2 (D) 4
D
f'(X)—f(x) = e
put f(x)=v
dv «
& + V(—l) =€

= ve = I e*.e*dx

ve*=x+Cy,f'(0)=1=C;=1
f'(X) = xe* + e*
f(x) = xe*+ Cs
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= f(0)=0=C,=0
= f(x) = xe* = f(2) = 2¢?

o[0) -
4

66. If Sixtz.f(t)dt =1-sinx, Vx e(o,gj then the value of f[%} is
1
(A) Na B) V3
1
©) 3 (D) 3

Sol. [ t.f(t)dt=1-sinx

Differentiating both sides with respect to ‘x’
0-sin®x.f (sin x).cosx =—COSX = cosx[l— sin® x.f (sin x)] =0

But cosx #0

So, f(sinx)=

&)

sin® x

67.  Let f:(0,00) >R and F(x) = j f(t)dt. If F(x) = x2 (L + X) then f(4) equals
1

(A) 5/4 (B) 7 (C) 4 (D) 2
Key. C
sol.  F'(x)=f(x)

F(x)=x(1+«/§):x+x3’2
F-(x):f(x):ug&

. f(4)=4

X 3\-1/2 9"(x)
68. If f(x)= I(l+t ) dt and g (x) is the inverse of f, then the value of ? is
0 9% (x
(A) 3/2 (B) 2/3 ©) 1/3 (D) 1/2
Key. A
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Sol, f@Q:T@+ﬁyuﬁt
0

_ 9(x) 512 -
ie. X= I (1+t ) dt [Q gisinverseof f = f[g(X)] =X]
0
Differentiating with respect to x, we have
1= (1 + g3)-1/2 .g-
ie.  (g')y=1+¢°
Differentiating again with respect to x, we have
Zg Ig n — 3g g 1
. g n
ives —&=—
g 92 5

69.  If f(x)be positive, continuous and differentiable on the interval (a,b). If '"Q+ f (x)=1and
X

leiT)]— f (x)=3%also fr(x)>(f (X))3 *

then

1
f.(x)
a)b—a>- b)b—a<- ob-a=2 d)b-a=2L

24 24 12 24

Key. B

Sol. M>1
f(x)4+1

Integrating both sides with respect to “x” from a to b

=3 %[tan‘l((f (x))z)}: >(b-a)
:%{%—%} >(b-a)

:>b—a<£
24

s x
70. (%)= (tan (Z + XD it x#0 is continuous at x = 0 then value of A is

= 2 if x=0
1)1 2)e 3) e 4)0
Key. 3
1
Sol. A= lim| 2 AnX X:il:e2
-0\ 1—tan X e
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71. f(x)= 1 If X= P where p and q are integer and ( #0, G.C.D of (p,q) =1 and f(x)=0
q q

If x is irrational then set of continuous points of f(X) is

1) all real numbers 2) all rational numbers 3) all irrational number 4) all integers
Key. 3
Sol. Let X = P
q
1
f(x)==
q

When X —>B f(x) =0 for every irrational number e nbd(p/Qq)
q
1. m
=—if n=—enbd(p/q)
n n

1 .
——>0as n— o since
n

There o - number of rational enbd (p/q)

M F) =0 f(ﬁ}lﬂ
P q

P
q q

Discontinuous at every rational
If X=q isirrational = f(a)=0

Now lim f (X) isalso O
X—>a

.. continuous for every irrational &

72. If a function f :[— 23, 2a]® R is an odd function such that f(X): f(2a- X) for x1 [a, 2a] and

the left hand derivative at x=a is zero then left hand derivative at X= - a is
a)a b) 0 c)-a d)1
Key. B
. f(-a)-f(-a-=h . f(a)-f(2a—a+h
Sol. LHDatx=-ais lim ( ) ( )=—I|m ( ) ( )
h—0 h h—0 h
. f(a)- f(a- h
= - lim ( ) ( ): 0 by hypothesis
h®.0 h
I .. ®0
ix” sing—x!' 0
73. Let f (X)= 1 X0 ,then f(x) is continuous but not differentiable at x = 0 if
iO; x=0
aynl (0,1] bynI [1,¥ ) cnl (¥ ,0) dn=0
Key. A
o nein 1 . - . . .
Sol. |I®I‘Tg X"'sin—= 0 forn>0 .". continuous for n >0 Similarly f(x) is non-differentiable for N <1
X X
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s.he (0,1] for f(x) to be continuous and non-differentiable at x = 0.

74. If f (X) is continuous on [-2,5] and differentiable over (-2,5) and -4 £ f '(X)£ 3 forallxin(-2,5) then

the greatest possible value of f (5)- f (- 2)is

a)7 b) 9 c) 15 d) 21

Key. D
Sol. Using LMVT in [-2, 5]

F5)=f(2) _ 1/,
5-(2) = f'(c);ce(-2,5)

= f(5)-f(-2)=7f"(c)<21 since 4< f*(x)<3
.max{f(5)-f(-2)}=21

. T .
sin +sinz[x+1]
. [x+1]
75. If [.] denotes the integral part of x and f (X) = [X] , then
1+[x]
(A) f(x) is continuous in R
(B) f(x) is continuous but not differentiable in R
(C) f(x) exists VX eR
(D)f (X) is discontinuous at all integral points in R
Key: D
Hint:  Atx=n, f(n):Lsin N :f(n+)
n+1 n+1
n-1. =«
f(n)=——=sin—
(n)=——sin"
= f(x) is discontinuous at allne 1
X, x<1
76. If (X) =<5 and f (X) is differentiable for all X e R, then
X +bx+c, x>1
a) b=-1ceR b) c=1beR c)b=1lLc=-1d) b=-1c=1
Key. 4
Sol. Lf'(1)=1, Rf'(l)=2+b =b=-1
f(1-)=1AND f(1+)=1+b+c =c=1
mo 1
x'sin— x=#0
77. If f (X) = X then the interval in which m lies so that f (X) is both continuous and

0 Xx=0

differentiable at X =0 is
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a) i b) (O,oo) c) (0,1] d) (1,00)
Key. 4
Sol. Lt f(x)=Ltx" SInEeX|stS|fm>OIE m [0, o)

x—0 x—0 X

f'(0)=LtOL;(O) Ltox‘1 1 EXISTSIFM—-1>01FM>10R m e (1,0)
X—> X X—>! X

78. (X Max { 3}, thenatx=0

a) f X) is both continuous and differentiable

b) f(x) is neither continuous nor differentiable
f (X) is continuous but not differentiable

d) f X) is differentiable but not continuous

Key. 3
X 0<x<1
Sol. f(x):{x3 evep fO4)=0 £(05)=0=f(0) LF(0)=0 Rf(0)=1
1 1
ex_ex
_ 0
79. f(X): e%_'_e—% X7 thenatx=0
0 x=0

a) f (X is both continuous and differentiable

b) f (X) is neither continuous nor differentiable
c) f (X) is continuous but not differentiable

d) f (X is differentiable but not continuous

Key. 2
2
¢ : e -1 0-1

Sol. = Lte*=0, Lt ex=0 f(0-)= Lt | ——|= Lt (—j:—l

X=>0+ X—0— X—0— ;+1 x-0-\ 0+1

2
—e X Lt
f(0+)= Lt L-e - =1 f (X) DOES NOT EXIST
x—0+ 1ie > X—>0

f 2f .
80. If f(x+2yJ= (X)+3 (y)VX,yeR and f (O)=1;then f(X) is
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a). a second degree polynomial in X b). Discontinuous VX € R
c). not differentiable VX € R d). a linear function in X
Key. 4
f(x)+2f
Sol. We have f(x+2y)= ( ) 3 (y) VX,Yy €R = (1) replacing x by 3X and putting y =0 in (1),
f(3x)+2f (0
we get T (x)= )3 © -, f(3x)=3f (x)-2f (0) > (2)

3x+2.@
F(x+h)—f(x) f{ 32}“*)

. Now, fI(X): Lim

h—0 h hLiTo h
f(3x)+2.f (%]
2)_g
—f(x
- Lim 3 (from (1))
h—0 h
f(3x)+2f(32h)—3f(x) Zf[gzh)—Zf(O)
= Lim = Lim (from(2))
h—>0 3h h—0 3h
(310 .
=th)nO N =f (0)=1 (given) = f (x)=1= f(X)=x+c. .. f(x) is a linear
2

function in X, continuous VX € R and differentiable YX € R. .. Only 4 is correct option

81.  Letfbe afunction defined by f(x)=2""%" thenatx=1

(A) fis continuous as well as differentiable (B) continuous but not differentiable
(C) differentiable but not continuous (D) neither continuous nor differentiable
Key. B
/%, O0<x<l _. .
Sol.  f(x) ={ , f is continuous
X, x=>1
-1/x? 1 .. : .
f'(x)= I, 0<x< , f is not differentiable at x = 1.
1, x>1

x—2)% | .
82. Ifthe function f(X)= {u}sm(x —2)+acos(x—2) [.] GIF, is continuous and differentiable in (4,
a

6), then a belongs
A) [8, 64] B) (0, 8] C) (64, ) D) (0, 64)

Key. C
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Sol.

83.

Key.

Sol.

84.

Key.

Sol.

85.

Key.

Sol.

86.

Key.

Sol.

87.

a>(x-2)°
8<(x—2)°<64=a>64
The equation X’ +3x3+4x—-9=0 has

A) no real root B) all its roots real
C) a unique rational root D) a unique irrational root
D

Let f(X)=x"+3x>+4x-9

f1(X)=7x*+9x*+4>0 VxeR

..fis strictly increasing.

.. T (X) =0 has a unique real root.

fOf(2)<0

.. The real root belongs to the interval (1, 2). If f(Xx) =0 has rational roots, they must be integers.
But there are no integers between 1 and 2.

Afunction f:R— R issuchthat f(0)=4, f*(X)=1in -1<x<land f'(X)=3in1<Xx<3.Also
f is continuous every where. Then f(2)is

A)5 B)7 C)8 D) Can not be determined
C

If -1<X<1then f(X)=x+4

If 1<x<3 then f(X)=3x+cC

But fis continuous at X=1

S f@=1+4=3+c=c=2and f(1)=5

- f(2)=8

f(x)=alsinx|+ be™ + c|x|3. if f (X) is differentiable at x = 0, then

a)a+b+C=0 b)a+b=0andccanbeanyrealnumber
c) b=c=0 andacanbe any real number d) C=a =0 and b can be any real number.
B

f(x)=-asinx+be™ —cx’,x <0

—asinX+be* +cx*,x>0
Clearly continuous at 0, for differentiability —a — b=a+b

Let T [0,1] - [0,1] be a continuous function. The equation f (X) =X

a) will have at least one solution. b) will have exactly two solutions.
c) will have no solution d) None of these
A

1—cos(1—cos x)
X4

a)1/8 b) 1/2 c) 1/4 d) 1/16

The value of f(0), so that the function f(X) = is continuous everywhere, is
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Key. A

Sol. f (0) _ |im1—005(14—005 h) ><1+ cos(l—cosh)

h=0 h 1+ cos(1—cosh)
sin’ (L—cosh)  (1—cosh)’

150 h* (11 cos(L—cosh) ' (1—cosh)?

.| sin (L1-cosh) *  (1-coshY .. 1
=lim| ——— | xlim > x lim
h-0|  (1—cosh) h—0 h h-01+ cos (1—cos h)

11 1
_(1)Pxixi-t
W' *3%5=35

88. Let f(x+y)= f(x)f(y)forallxandy.Supposethatf(3)=3and f'(0) =11 then f '(3) is given by
a) 22 b) 44 c) 28 d) 33

Key. D

Sol.  Qf(x)=lim ¥ = ()

h—0 h

 lim f(X)f(?_ f(x)
:fuumgu?_l

= f(x)f'(0) since 1= f (0) [By putting X =3,y =0, we can show that f (O) =1]
f'3) =13 f'0)
=3x11=33.
89. Let f(X)= [COS X+sin X] ,0< X< 27, where [X] denotes the greatest integer less than or equal to X.
The number of points of discontinuity of f (X) is

a)6 b) 5 c)4 d)3
Key. B

Sol.  [cosx+sinx]= [\/E COS(X—7Z/4]
We know that [X] is discontinuous at integral values of x,
Now, \/ECOS(X—ﬂ'/4) is an integer.
at X=x12,3714, 7,3712, 7714

1., . .
—if x is rational
90.  The function f defined by f(X) =

5if x is lrrational

(a) Discontinuous for all x (b) Continuous at x = 2
(c) Continuous at X = E (d) Continuous at x =3
Key. A
Sol. If x is Rational any interval there lie many rationals as well as infinitely many Irrationals

1 1 1
-.Vn e N Jan Irrational number X, such that X—— <X, <X+—= |Xn - X| <—,vn
n n n

1
= Lt f(x,)= 3 Similarly in case of Irrational
n—oo
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91. Number of points where the function f(x) = max (jtan x|, cos |X|) is non differentiable in the interval
(-m, m) is
A) 4 B) 6 C)3 D)2

Key. A

Sol.  The function is not differentiable and continuous at two points between Xx=-n/2&Xx=mn/2 also

function is not continuous at x =g and x = —g hence at four points function is not differentiable
¥

-N

|
|
|
|
|
|
|
|
v - - " !
- A 1
-miz w2
|
|

|
|
|
|
|
I
|
|
|
|
r
|
|
|

92.  The function f(x) = maximum { x(2-x),2- x} is non-differentiable at x equal to

A) 1 B) 0.2 C)0,1 D) 1,2
Key. D
Sol.

[ (D,E}
(2.0
(L) -

93. Let f(x)=[n+psinx],xe(0,n),neZp is a prime number and [x] is greatest integer less than or

equal to x. The number of points at which f(x) is not differentiable is

A)p Byp-1 C)2p+1 D)2p-1
Key. D

Sol.  f(x)=[n+psinx]=n+[psinx]

el
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0 0<sinx <1
p
1 1gsinx<g
p p
[psmx]= 2 ESSinx<§
Y Y
p-1 p-1 <sinx <1
p
p sinx =1
Number of points of discontinuituy are 2 (p — 1) + 1 = 2p — 1 else where it is differentiable and
the value =0
94. Let f:R — R be any function and g(x) = Tl) .Theng is
X
A) onto if f is onto B) one-one if f is one-one
C) continuous if f is continuous D) differentiable if f is differentiable
Key. B
1
Sol. f:R->R, X)=——
1 1 1
§(x)=~ ()
(x)
= g is one —one if f is one — one
95. If f(x) = [X] (sin kx)P is continuous for real X, then
A)ke{nn,nel},p>0 B) ke{Znn,nel},p>0
C) ke{nn,n IS I},peR—{O} D) ke{nn, ne I,n;tO}, peR—{O}
Key. A

Sol.  f(X) =[X] (sin kx)?
(sinkx)” is continuous and differentiable function vV x eR, ke R and p > 0.

[X] is discoutinuous at-x € |
Fork=nm,nel

f(x)=[x](sin (nnx))p

limf(x)=0,ael

and f(a)=0
So. f(x) becomes coutinuous for all xeR
X+2 x<0

96. f(x)=4-x*-2 0<x<1

X X>1
Then the number of points of discontinuity of [f(X)| is
Al B) 2 C)3 D) none of these

Key. A
X+2 x<0

Sol. f(x)=9-x*-2 0<x<1
X Xx=>1
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97.

Key.

Sol.

98.

Key.

Sol.

99.

Key.

Sol.

100.

Key.

Sol.

—X-2 X <=2

X+2 -2<x<0

|f(x)|= x>+2 0<x<1
X x>1

Discontinuous at x = 1
number of points of discount. 1

ee/x _e—e/x
ellx +e—llx !

X )

f(x) _ x#0
x=0

A) fis continuous at X, when k =0

B) f is not continuous at x = 0 for any real k.
C) Iirrg f(x) exist infinitely

D) None of these

B
L—J.
eelx _ e—e/x g & (1_ e_ZE/X )
lim ———+=lim ——— =t
x-0" e’* y @ x—0" (1+ e X)
) ee/x _e—e/x ) e—e/x (EZe/x _1) ) ,[e;l) eZe/x -1
lim —————=Ilim — N = lime /| = [=—
x>0 e’* £ @ x—0- @~¢/X (e+2 x +1) X—0" ec* 11
Limit doesn’t exist So f(x) is discoutinous
. X X e
The correct statement for the function f(x) ={ R 8 IS
X, XeR~

A) continuous every where
C) discontinuous everywhere except at x =0
C

limf (x)=limx=a, xeQ

X—a X—a

limf (x)lxiir;(—x)z—a, xeR~Q

The limit exists < a=0

If f(x) = sgn(x) and g(x) =x(1 — x?), then the number of points of discontinuity of function f(g(x)) is
A) exact two B) exact three

C) finite and more than 3 D) infinitely many

B

B) f(x) is a periodic function
D) f(x) is an even function

, x<-1

, X=-1
-1 , -1<x<0
f(g(x))z 0 , x=0
1 , O<xx<1

, x=1
-1,

x>1

The value of Argz + Arg 72=0,z=X+ iy, V X,y € R is (Arg z stands for principal argument of z)

A)0 B) Non-zero real number
C) Any real number D) Can’t say
D

Letz = -2 + 0i, then z=-2-0i
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101.

Key.
Sol.

102.

Key.

Sol.

103.

Key.

Sol.

Arg(z) + Arg (E) =2n#0
Ifz=2+3i
Arg (2 -3i) is tanl(—gj
Arg(2 +3i) + Arg (2-3i)=0

If f(x) = maximum (cosx,%,{sin x}j 0<x<2mn, where { . } represents fractional part function, then

number of points at which f(x) is continuous but not differentiable, is

A1l B) 2 C)3 D) 4
D

See figure

There are 4 points

T 7T
2Xtan X — —— X #—
Function CosX 2 is continuous at x = 'y ifk =
T 2
k , X=—
2
A)-2 B) 2 C) % D) no such values of k exists
A

. T
lim| 2xtan X — ——
- COoS X

. [ 2xsinX—m .
=lim| ———— |=Ilim

Hg COS X h—0 —sinh
_jim_2heosh _ 5. k=-2
x=0  sinh

x2 el #0 . )

If f(x) = { } is continuous at X = 0, then
k x=0

(€ } denotes fractional part function)

A) It is differentiable at x =0 B k=1

C) continuous but not differentiable at x = 0 D) continuous everywhere in its domain

A

limf (x)=0 {Q Ixingx2 =0 and {el’x} is a bounded function}
Iimwzlimx{em}zo
x—0 X x—0

£'(0)=0

not continuous at x =log, €, log,e,.... etc.
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104.  Let f(x)=alsinx|+be" +c|x’.If f(X) is differentiable at x = 0 then

A) c =a =0 and b can be any real number B) a + b =0 and c can be any real number
C) b=c =0 and a can be any real number D)a=b=c=0
Key. B

—asinx+be™ —cx®if x<0
Sol.  we have f(x)= ] .
asinx+be*+cx’if x>0

f(x) is obviously continuous at zero.
L.H.D=R.H.D

(—acosx—be™ —2¢cx?), _, = (acosx+be* +2cx%),

—-a—-b=a+b
— a+b=0, and ¢ can be any real number

105.  The function f(X)=min {|X|—1,| X—2|-1]|x-1| —1} is not differentiable at

A) 2 points B) 5 points C) 4 points D) 3 points
Key. B
Sol. From the graph, it is clear that function is non-differentiable at 0, %5, 1,3/2, 2.
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Key.

Sol.

Key.

Sol.

Continuity & Differentiability
Multiple Correct Answer Type

Which is discontinuous at x=1

] 1 1
= lim ———— f =
® 9(x) nl—r>nool+ nsinz(;zx) ®) f(x) 14 2tanx
1
_z[ﬁJ x-1
(C) h(X):2 , X#1 and h(l)zl (D) ¢(X)= 2,X;vﬁl and ¢(1):l
[x-1+2(x-1)

a) f(x) is countatn =1
1

b) g( +)= 0, g(l ):1:>g(x) is discontinuous at n =1
h(17)=1
= h(x)
h(17)=0 e
) is discontinuous atn =1
d) LL#RL= ¢(x) is discontinuous atn = 1

Let a function f :R — R satisfies the equation f (X+ y) =f (X)+ f (y), VX, Y €R then

(A) f is continuous for all X € R if it is continuous at x=0

B) f (X) =X.f (l)‘v’x e R, if f is continuous

(c) f (X) = ( f (1))X VX € R, if ' is continuous

(D) f(X) is differentiable for all X € R

AB

(i)Since f (X) is continuousatx=0, It f (X) =f (O) -(1)
X—a

Let a€ R then It f(X)z It f(a+h)
X—a h—0

- It f(2)+ 1 (h)

f(a)+ It f(n)

f(a)+f(0)=f(a+0)

f(a)

= "f " iscontinuous VX € R , as ‘a’ is arbitrary
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(ii)

(i)

Key.

Sol.

Qf(xey)=f(x)+f(y)= f(0)=0.f(1) - ()

f(x)=f(1+1+....... =1)=n.f(1) -(2)

For any —ve integer m we have

0="f(0)=f[m+(-m)]|=f(m)+f(-m)

= f () =1 (-m)=—(-m).F ()
=m.f(1)-@3)

let p/q be any rational number where ‘q’ is @ + Ve integer and p is any +Ve€ integer, +V€,—V€ or zero.

Then f(q.gj: f(£+£+ .............. q timesj

|
—
7~ N\
Q|-o
~—
+
—
TN
o |
N—
+
o
=
3
D
wn

:f(p/q)zg.f(l) -(5)

Letafunction f :R — R satisfies the equation f (X+y)=f(x)+ f(y), VX,yeR then
(A) fis continuous for all X € R if it is continuous at x =0

B) f (X) =x.f (1) VX € R, if ‘f is continuous

(¢) (x) is not a periodic function (D) f(x) is differentiable for all X € R
A,B,C,D
(i) since f(x) iscontinuousatx=0, It f(x)=f(0)-(@)
X—a
LetaeR then It f(x)= It f(a+h)
X—a h—0

= It f(@)+f(h)
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f(@)+ 1t f(h)
f(a)+(0)=f(a+0)
f(a)

= "'f ' iscontinuous V X € R, as ‘a’ is arbitrary

(i) Qf(xey)=f(x)+f(y)=f(0)=0.f(1)- (1)
For any +ve inteteger ‘n’
f(X)=f (1414 =1)=n.F (1) - )
For any —ve integer m we have
0=f(0)=f[m+(-m)|=f(m)+f(-m)
= f(m)=—f (~=m)=—(-m).f (1)
=m.f (1) - @3)
(iii) let p/q be any rational number where ‘q’ is @+ Ve integer and p isany +Ve integer, +Ve,—Ve or zero.

Then f (q.ﬂj— f ( P +—= P F e, q timesj
q a q

i f(gj”(g} ........ qtinnes
(2

= f(p)=0a.f(p/q) -(4)

But f(p)=p.f (1) from previous cases.
f(1)=0q.f(p/q)

:f(p/q):g.f(l) -(5)

iv. Let ‘x’ be a real number, since ‘f* is continuous Xp —> X = f(Xn)—> f (X) where < Xp >

represents sequence of rational numbers representing ‘x” as Xy, is a rational number.

It f(xn)= It [xn.F(1)]

= |t f(xn)zf(l){ It xn}

Nn—o0 nN—oo

=x.f(1) - )
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~f(x)=xf(1)VxeR
From all the above cases, we have f (X) =kx, Vx taking f (1)=k, where 'k" is a constant.
(iii), (iv) are obvious from f (x)=kx

4. A function f:R—R satisfies the equation f(x+y)=f(x).f(y) for all x, y in R and
f(x)#0 forany x € R. Let the function be differentiable at x =0and f'(0)=2 then.

(A f'(x)=2f(x)vxeR B) f(x)=e2*
(c) f (X) is every where continuous (D) f (%j is an Irrational number
Key. AB,CD

Sol. Clearly for x=y=0; f(0)=1

f'(x):hiof(XJrh)_f(X)

=2.f(x)

2X

Integrating f (X)=e“" from this all the remaining follows.

5. Let@(x+32yj = 2(x) +32®(y) VX, y eR and &'(0)=1and &(0) =2 then

(A) D(x) is continuous VX € R (B) D(x) is differentiable Vx € R
(c) D(x) is both continuous and differentiable
(

(D) D(x) is discontinuous at x = 0

Key. AB,C
Sol.

(x,¢(x))
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Take p :(X,Q(X));Q =(y,®(y)) be any two points the curve y = &(x)

x+2y’®(x)+2®(y)j
3 3

Let ‘R’ divides the line segment P_Q in the ratio 2:1 then R = (

Clearly TM > RM
. Q(x+2yj S B(x)+20(y)

3 3
Equality holds iff &(X) is a linear function.

S D(x)=ax+b
Q@'(0)=1=a=1 Qa(0

~
Il
N

QI(X)=x+2

6. Consider the function 'f ' defined in [O,I]as

5 . [1) if x#0
X“.sin| =
X

0 if x=0

. Then

#(x) =

(A) ¢(X) has right derivate at X =0 (B) ¢1(X) is discontinuousat X =0

(C) ¢1(X) is continuous at X =0 (D) ¢1(X) is differentiable at X =0
Key. A,B

sol.  Clearly ¢ () = 2x.sin(3 - cos[lj if x=0

X
=0ifx=0.

1
= ¢1(X) is distinuous at X =0, as COS[—] is oscillating in the neighbour hood of ‘0’

X
7. If f (X) = maximum {4,1+ X2, X2 —1} VX € R. Then the total number of points where f (X) is
not-differentiable at
(A) \/5 (B) —\/§ (C) Two irrational points (D) none
Key. A,B,C

Sol. Draw graph, clearly at X = -I_-\/g, f (X) is not differentiable.
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8. The in-circle of A ABC touches side BC at D. Then difference between BD and CD (R is circum-
radius of A ABC)

A) aRsinsin B B) ARcos DsinB= ‘ c) |b—c] D) b-c
2 2 2
Key. AC
Sol.
sin[g_c]
|BD—CD|: r(cotE—cotE] =r —26" —
2 E 5111 — 51 —
‘4Rsinfsin3_c ‘:‘4Rcosggc.singgc ‘z|2£{sin3—sintf] |:|E:'—c|
9. Which of the following functions are not differentiable at * = 0
A) n:os|x|+|x| B) n::os|x|—|x| ) sin|x|+|x| D) sin|x|—|x|
Key. AB,C
Sol. |x| is not differentiable at =10

R\ |x = F254is differentiable for all ‘X’
however “*% |x|— |x| has both right and left derivatives are zeroat + = 0

- sin |x|— |'-Jr|is differentiable at x =10

10.

1
If /() f(x] i , where Jr‘-i[:land":p‘::Jr:z”'f.{x} then
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’ [%]PF—IJ ) _%

AB,CD

8f[x}+6f[l] =x+3
Sol. 5 (1)

1

Replacing x by & , we set

6f(x]+8f(%]=l+5

Key.

r .2
From (1) & (2)
1 )
Fi=x :—[Sx——+10]
{ } 28 X (3)
y:xjf(x]:§[8x3—6x+lﬂxz:|
@_1

2_
= [24x 6+ zox]

P 1 1
(d_i]{x=—1] = - (24-6-20)= <

11. If p(x) is a polynomial such that

p(xz-i-l):{p{x}}z-i-l atid p{D}=U then

O (2) e
4 J{x=) 14

Dpr()=1 P p(1)

Il
=

A pfx)=x 8 p'(0)=1
Key. AB,C
2 v 2
Sol. p(x —H)—[p{x}} +1
p{x)=x (p{x] 1z an identity funt:tion)
p'lx)=1
12. X
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Key.

Sol.

13.

Key.

Sol.

S R R G

B,C
- Ffo
F'(0)= lim Fx)=700) lim 1”
pay x =04, u
1 + : ]'
F'o = 11m+ 1Jr}r=lil
=0 l4e
1 - - 1
f[[:' ]= hm_W=l
=0 1+e

Consider the function f defined by
0 ,x=0 orxisirrational
f(x)=

1 . . m m. .
= ,where x is a non— zero rational number —, n>0and — is in lowest term
n n n

Which of the following statements is true?

A) Any irrational number is a point of discontinuity of f

B) Any irrational number is a point of continuity of f

C) The points of discontinuities of f are rational numbers

D) The points of discontinuities are non-zero rational numbers.
B,.D

Case:l

Let ¢ be rational .We show that the function is continuous only at c= 0. At all other points its
discontinuous. Let f be continuous at c. As there are irrational numbers arbitrarily close to ‘c’ so
by continuity, f(c) = 0 and then ¢ = 0.

m
Also f (x) is continuous at x = 0, since as rational numbers — approach 0, their denominators
n

1
approach oo, and so f (m/n) = — approach 0, which is f(0)
n

Case: Il
c isirrational : then f(c) =0

But as rational numbers m/n approach c, their denominators n approach o, and so the values f(m/n)
=1/n approach 0 = f(c).Thus any irrational number is a point of continuity

Summary : fis continuous at x = 0 and any irrational number .fis discontinuous at all non-

zero rationals

14,

Suppose that f : R — R is continuous and satisfying the equation f(x) .

f (f(x)) = 1, for all real x.
Let £ (1000) = 999, then which of the following is true ?
1 1

A)f(500)= B)f (199)= -
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1 1
Q)f(x)==V xeR-{0 D) f(1999)=——
) (x)= v xeR-{0) ) £(1999) =
Key. AB
Sol.  f(1000)f(f(1000))=1
= f(1000) f(999) =1
= 999f(999)=1
1
cof(999) = —
999
The numbers 999 and —9 are in the range of f. Hence by intermediate value property (IVP) of
. . . 1 :
continuous function,function takes all values between 999 and @ , then there exists
1
ae| =——,999 | such that f (o) =500
999
Than f (o) (f (o)) =1= f(500)= L
500
I 1 1
Similarly 199 €| ——,999 |, thus f (199) = —
199 199
But there is nothing to show that 1999 lies in the range of f
Thus (D) is not correct and so ‘C’ also
15. Let f be a function with two continuous derivatives and f(0)=0, f '(O) =0. Define a function g by
f(x
Q, x#0
g(x) =4 x
0,x=0
Then which of the following statements is correct?
A) g has a continuous first derivative
B) g has a first derivative
C) g is continuous but g fails to have a derivative
D) g has a first derivative but the first derivative is not continuous
Key.. AB
1..
Sol. " One can easily establish that g (O) = Ef (0) using definition continuity of ¢' at ‘0" is also easy
to check.
16. The function

XZ
f(x):; ,0<x<1

=a ,1£x<\/§

2_
B N P
X
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is continuous for 0 < X < . Then which of the following statements is correct?
A) The number of all possible ordered pairs (a, b) is 3
B) The number of all possible order pairs (a, b) is 4
C) The product of all possible values of bis - 1
D) The product of all possible values of b is 1.
Key. AC

Sol.  We get (a,b) = (-1,1) ,(1,1+ ﬁ),(l,l—ﬁ)

17. Which of the following statements are true?
. flc+h)-f(c—h
A) If f is differentiable at x = ¢, then r!mg ( )2h ( ) exists and equals f '(C).
. flc+h)-flc—h
B) Given a function f and a point c in the domain of f; if the Llrrg ( )1 ) exists, then the
function is differentiable atx = ¢
.1
x?sin—=,x =0 _
C) Let g(x)= X , then g' exists
0,x=0
.1
x?sin—=,x =0 : : .
D) Let g(x)= X , then g' exists and is continuous.
0,x=0
Key. AC
Sol. (A) is true
i FC+M) —f(©) +f(c) ~F(c=h)
h—0 h
. f(c+h)-f(c) . f(c-h)-f(c
i FE+=F©) o fle=h)-F(©)
h—0 h h—0 —h
= f'(c)+f'(c)
= 2f'(c) (f is differentiable)
(B) is false. Existence of limit is no guarantee for differentiability
(C) is true
(D) is false
18.
x2[cos®| when x#0
f(x)= X
0 when x=0

A)  f(X) is not differentiable at x=0

B)  f(x) isdifferentiable at Xx=0

10
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2
c)  f(x) isnot differentiable at X = neZ
n+1
- . 2
D) f (X) is differentiable at X # neZ
n+1
Key. B,CD
2
X, =
Sol. J [x] is obviously differentiable at &+ = & for antl where # = 0,2.4,....
. 2
1 + % _ 1 -V _ _ n -
We get (x” ) =n&Sf (x ) = g for 2841 where # =133,
1 + _ | - _ _
We get J (x”)_ﬂ& (x )_ T and
2
X, = HE LD
f{x} is even function J [x} is not differentiable at 2nt1
19. ¢ (X) =[|X|]+1/{|X|} here [.] is integral part of ‘X' and {.} fractional part of ‘X' functions then f (X) is
A) Continuous in (—2,2) B) Non differentiable at 3 points in (—2, 2)
C) Monotonically increasing in (—2,2) D) Discontinuous at 2 points in (—2,2)
Key. AB
Sol.  Conceptual
20. Consider the function y =f(X) =y1-+1- x? . Then the true statements among the following is/are
A) f is continuous in its domain B) f is differentiable in (-1, 1)
1 1 3n . sin >
C) Rf'(0)=—= and Lf'(0)=—— D) If 1 <0< — then f'(sin0) =———=—
2 J2 2 J2coso
Key: A,C,.D
Hint  fis continuous in its domain [-1,1]
fi(x)= X X #0,X #+1
201-1-x? J1- X2
R _ _ " . .
21. Let f (X) _Ioe sm(x t)dt and ¢ (X) f (X)+ f (X) for all real x. Which of the following

statements is / are correct ?

a) g(x)>0forallxeR b)g(l)=e

11
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c) g'(X):g(X) forallxe R d) range of g is [0,00)
Key; A,B,C

Hint  f(x)= %(eX —sin x—cos x)and g(x)=¢"

22, If f(X) g x—a|@(x), where ¢(x) is a continuous function, then

A. fl(a+) = ¢(a) B. f'(a-) =—¢(a) . flar)=f'(a-)  D. f!(a) doesnotexist
Key. A,B,D
Sol. f(x):{(x—a)(p(X) !f X>a
(@a-x)p(x) if x<a

~ i) =1, (x—a)p' (x) + o(x) = p(a)
fH(a-) = (@—X)9"(x) —9(x) =—¢(a)

@x{iﬂ, XS neN,
23. f(x)= ] n

then, (where [.] denotes greatest integer function)

1
O’ | X |: -
n
A. T isdifferentiable everywhere B. f iscontinuous everywhere
c. f isperiodic D. f isnotan odd function
Key. AB,C
1 1 1 1
Sol. If|x|<land|X|#=, then —-1<[—]<—
n | x| |x[™ 1x]

1 [ X[ X[ <1
| ]
= f(x)=0
1 1
If | x|>|, then O<ﬁ<1 and hence (m)zo.Then f(x)=0
X

Hence f(x)=0 for all XeR

24, f f(X)=2+|sin x|, itis:

A. continuous no where B. continuous everywhere in its domain
C. differentiable no where in its domain D. not differentiable at X=0
Key. B,D

12
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sol.  f(x)=2-sin"'x if -1<x<0
2+sintx if 0<x<1
Hence f is continuous everywhere on the domain

fi(x) =

if —-1<x<0

1—x?

1 if 0<x<l
\J1-x?

. T is not differentiable at X=0

25.  f(x)=cosz(| x|+[x]), then f is(where [.] denotes greatest integer function)

A. continuousat X=1/2

C. differentiable in (-1,0)

Key. A,C,D
Sol. f(x)=-coszx if -1<x<0
1 if x=0

«cosxzx If O0<x<1

. f is not continuous at X=0

B.

D.

26.  If sin™ X+| y|=2Y then y asa function of Xis

A. defined for —1<x<1

C. differentiable for all X

Key. AB,D
Sol.  If y<0 then 3y=sin""x
if y>0then y=sin"x
sin™' x
Thus y={ 3
sinx if 0<A<1
y is not differentiable at X =0

if -1<1<0

27. Which is discontinuous at Xx=1

. 1
A = lim ——
A g(x) N 14 nsin ()

B.

D.

(B) f(x)=

continuous at X=0

differentiable in (0,1)

continuous at X=0

ﬂ=;forx<0

X  3y1-x?

1+2tanx

13
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1
(C) h(x)zz—z{lxj, x#1and h(1)=1 (D) ¢(X) = x~1 5, X#1 and ¢(1) =1
[x-1+2(x-1)

Key. A,C,D

Sol. a) f(x) is count at n =1

is discontinuous atn = 1

LL+RL=> ¢(x)

is discontinuous atn = 1

d)

28. Letafunction T :R — R satisfies the equation f (X+ y) =f (X)+ f (y), VX, Y € R then

(A) fis continuous for all X € R if itis continuous at x =0

B) f (X) =X.f (1)VX € R, if ‘¥ is continuous

(c) f (X) = ( f (1))X VX € R, if ' is continuous

(D) f (X) is differentiable forall X e R
Key. AB
Sol. (i)Since f (X) is continuous atx=0, It f (X) =f (O) -(1)
X—a

letacRthen It f(x)= It f(a+h)
X—a h—0

- 1t f(@)+(h)

)+ 1t 1(n)

f(a)+f(0)= f (a+0)

f(a)

= 'f " is continuous ¥ X € R , as ‘a’ is arbitrary

i Qf(xey)=f(x)+f(y)=f(0)=0.f(1)-
For any +ve inteteger ‘n’
f(x)=f(1Q+1+....... =1)=n.f(1) -(2)

For any —ve integer m we have

14
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(i)

29.

Key.

Sol.

0="f(0)=f[m+(-m)]|=f(m)+f(-m)

= f(m)=—f(-m)=—(-m).f(1

=m.f(1)-@3)

let p/q be any rational number where ‘q’ is @ + Ve integer and p is any +Ve€ integer, +V€,—V€ or zero.

Then f(q.ﬂj f(p p .............. q timesj
q g q
f(£]+ f [£j+ ........ gtimes
q q
=q.f (Bj
q

=f(p)=a.f(p/q) "
put f(p) ( ) from previous cases.
o pf()=a.f(p/q)
f(p/q)=§.f(1) N
X
Let f (x)= [(1+p-1)dtif x>2
0
5x+1 if x<2 then

(A) f(x) is discontinuous at x = 2

(©) f(x)is differentiable every where

(D) The right derivative of f () at x =2 does not exist

AD
1 2 X
=[(2-t)dt+[tdt+ [tdt
0 1 2
:ﬁ+l
2
2

X .
f(X)Z 7+1,|f X>2

5x+1,if x<2
Clearly (1), (4) are true.

(B) f(x)is continuous but not differentiable at x =2

15
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30. If f( —‘[x x‘ in —1< X <2 here [.] denotes the greatest integer < X then f (x) is.
(A) discontinuous at x = 0 (B)continuous at x = 0
(c) discontinuous at x = 1(D) not differentiable at x = 0
Key. B,C,D
—x If —1<x<0
0if 0 <x<1
sol. f(x)= _
xif 1<x<2
2xif x=2

Now verify the statements
31. Let f(x) be a non negative differentiable function such that f* ( f(X)‘v’X >0 and f(0) =0 then
A (1)+f(2)=0 b) £ (2 ( j
of(1)-f(2)=0 d)f(1)+f(2)=3

Key. ABC
Sol.  fH(x)<f(x),let f1(x)—f(x)=K=f(x) ==K+ Ke* = K(ez—l)ZOVXZO —=K=0

.. fis a constant function but f(0) =

=0

32. Consider a function f(x) =+/1— e then

(A) f(x) is continuous at x= 0 (B) f(x) is discontinuous at x = 0
(C) f(x) is differentiable atx = 0 (D) f(x) is not differentiable at x = 0
Key. AD

SOL. Ihirrgf(a+h)=Ihirr31/l—e‘(a+h)2 WHEN A =0

=0 = F(0) = CONTINUOUS AT X = 0

CLEARLY AT X=0
TANGENTS IS Y-AXIS
= f(x) is not differentiable at x =0

16
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3. () :{3X2 +12x-1 ,-1<x<2
37—X ,2<X<3
A) f isincreasing on [-1,2]
B) f is differentiable at X =2
C) f does not attain absolute minimum in [-1, 2]
D) Absolute maximum value of f is 35
Key. AD
Sol.  Conceptual

34, Let f(X) = [X]2 + [X +1] — 3 where [X] = the greatest integer < X . Where f:R>R ,Then

a) f (X) is @ many-one and into function b) f (X) = O for infinite number of values of x
o f (X) =0 for only two real values d) none of these
Key. A,B

sol.  f(x)=[x] +[x]+1-3= {[x]+2}{[x]-1}
so, x=11.11.2,..=f(x)=0
Only integral values will be attained.

35. Let h(x) =min {X, Xz}for every real number X . Then

a) his continuous for all X
b) h is differentiable for all X
c) h'(x) =1forall x>1

d) his not differentiable at two values of x

Key. A,C,.D
Sol. If Xx<X*
Then, h(x)=x,x(x-1) >0
: x>1 orx<0
h'(x) =1.
andif X* <x,X(x-1)<0
= O<x<1

Then,” h(X) = Xx*.

36. f(x)= |(X — a)| g(x) where g(x) is a continuous function then

(@ Rf'(@)=9g(a) (b) L f'(a)=—-g(a)

(c) fis derivable at a (d) None of these
Key. A,B

- _h)- —h|g(a—h
S Lio= Lt 1OZf@_ feh-f@_ fhle@h
x—a X—a h—o0~ a—-h-a h—o" h

R.H.D=g(a)

37. Which of the following function(s) has/have removable discontinuity at x = 1.

17
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A) f(x)=%|x| B) f(x)=§3:i C) f(x)=27" D) f(x):x;l—__;(/&

Key. B,D
Sol. (A) Iin]f(x) does not exist

(B) Iirqf (x) =% . f(x) has removable discontinuity at x = 1

(C) limf(x) does not exist

. -1 . -
D) limf(x)=—+= f(x) has removable discontinuity at x = 1

(©) limf (x)= = () y
38. A function f(x) satisfies the relation f(x +y) = f(x) + f(y) + xy (x +y) V x,y R . If f'(0)=—1, then

A) f(x) is a polynomial function B) f(x) is an exponential function

C) f(x) is twice differentiable for all xeR D) f'(3)=8
Key. ACD
Sol.  f(x+y)=f(x) + f(y) + xy (x +y)

f(h
f(0)=0 Iimﬁz—l
h—0 |

Iimf(x+h)—f(x) :“mf(x)+f(h)+xh(x+h)—f(x) =Iimf(h)+limx(x+h)=—1+x2
h—0 h h—0 h h—0 h h—0
f'(x)=-1+x"

3
f(x):%—x+c

f(x) is a polynomial function, f(x) is twice differentiable for all xeR and f‘(3) =¥ -1=a

39, Let f(x)= [[t+1dt, then
-2

A) f(x) is continuous in [- 1, 1] B) f(x) is differentiable in [- 1, 1]
C) f'(x).is continuous in [- 1, 1] D) f'(x) is differentiable in [- 1, 1]
Key. AB,CD

Sol. f(x)=j|t+]4dt

=—]'l(t+1)dt+j.(t+l)dt

2

2 X
:l+ t_+t :X—+x+1for X>-1
2 (2 L, 2

f(x) is a quadratic polynomial
f(X) is continuous as well as differentiable in [- 1, 1]
Also f'(x) is continuous as well as differentiable in [- 1, 1]

18
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x|+1
40. f(x) = Ll for f [Ogj — (%3} , where [.] represents greatest integer function and { . } represents
+

{x
fractional part of X, then which of the following is true.
A) f(x) is injective discontinuous function
B) f(x) is surjective non differentiable function

C) min(minf (x), lim f (x)) = (2)

D) max(x values of point of disconutinuity) = f(1)

Key. ABD
L , 0<x<1
X+1
2
Sol. f(x); = , 1<x<2
X
3 2ex<
x-1 2
F 3
3
2
1
1& ..........
0 1 2 5 "

Clearly f(x) is discontinuous and bijective function

Limf(x):%

x—1"

Limf(x)=2

x—1*

min(l;iflﬁf (x)Limf (x)) :%;tf(l)

X—1"

max(1, 2,) =2 =1(1)

41. If f(x) = 0.for x < 0 and f(x) is differentiable at x = 0, then for x > 0, f(x) may be
A) x* B) x C) sin x D) —x*?

Key. A

Sol.  both x?,—x*? have their RHL =0 and RHD = 0

19
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Continuity & Differentiability

Assertion Reasoning Type

A) Statement 1 is true, statement 2 is true and statement 2 is correct explanation for statement 1

B) Statement 1 is true, statement 2 is true and statement 2 is NOT the correct explanation for statement 1
C) Statement 1 is true, statement 2 is false

D) Statement 1 is false, statement 2 is true

1.

Key.

Sol.

Key.

Sol.

Key.

Sol.

Statement-I:- Let f (X) =cosxand g(x) =sinx, then f(x)= g(x) for atleast one point in
(0,7[/2)
Statement-ll:- If f and g are continuous an [a, b] and
f (a) > g(a)and f (b) < g(b), then f (XO) =g (XO) for atleast one Xg e[a,b]
A
Statement | is true, because f (72' / 4) =0 (7r / 4)
Statement Il is also true and it is correct explanation of I.
If either f (a) = (a) or f (b) =g (b) we are through.
if f(a)>g(a)and f(b)<g(b).
Define Q(x) = f (x)—g(x) forx [a,b]
Clearly Q(X) is continuous.
Q(a)Q(b) < 0,.". By Intermediate property
Q(X) =0 for some X e(a, b), hence the result.

xif 'x'isrational
Statement-I:- The function f (X) = L . is discontinuous at only one point
—xif xis Irrational

and continuous at all other points on R.

Statement-Il:- The above function can be continuous at only one point in its domain and
discontinuous every where else.

D

It is self explanatory.

1
Statement-l:- Given the function f(X)= 1— the number of points of discontinuity of the

composite function y= f°'(x), where f"(x)= fofof ........... of (ntimes)are 2

Statement-Il:- If f(X)= ﬁ, x!' 0,1, then fofof (X)= X

A
Conceptual
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4, 1
f[x) =Cos| Xoos—
Let x
Statement-I: f(x) is discontinuous at x = 0.
Because
litmn f[x)
Statement-|l: #—0* does not exist.
Key. C
Limf[xj
Sol. w0F exists and is equal to 1 but f(0) is not defined =S-I is correct but S-Il is incorrect
5. 1
S =—ro
Statement-1: Given the function 1-%the number of points of discontinuity of
_ n — :
the  composite  function = S where (x)= jafafa.. af (x &mes)
is 2

1
Flxi=—— x=0]1, _
Statement-2: If 1-x then Jafaf I[x]— &

Key. A
Sol.  Usefor J (X} =77 (x)

6. 21-"x
lim— =1
STATEMENT1 *301+2
“lfy_
i Cos {1 X] =\.E?
STATEMENT2 **0 %
Key. D
plix 1
lim—=— =lim— =
Sol. w0 14 2 =0 ] 4
i 28 l[l—x] g &
ot \.E o T—cos 0 {fé'.t, l::os'l{l—x} =0 = x=rcos B)
=

7. Suppose f: A— 85 and B~ §=C are such that gof is onto and g is one- one. Then,

STATEMENT-1: f is onto
STATEMENT-2: g is a bijection
Key. B
Sol. Since gof is onto, g is onto. There fore S-2 is correct. To see that S-1 is correct, we observe
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that PEE = g =c e C = g®) = {2/ @)t some @ £ 4
=b=fla) (.smce g is c:'?ze—cme]l

s Statement -1 : Let |x|£1

sin™ [cos (sin_l x):|+ cos™ [sin (cos_l x):|z's a2

*then the value of

|x|=1 f cos(sin™ x) and Sinfcos”

1
Statement -2 : For "the values o %) are equal

Key. A

Sol.  For [ =1 cos(sin™ x) = ﬂ and sinfcos™ x) = ﬂ

. Both Il and Il are true and Il is the correct explanation of |

9.  Statement-1: If f is twice differentiable function and f(a) =0,f(b) =1,f(c) =-1,f(d) =0
where a <b < c<d then the minimum number of roots of the equation
[f' (O] +f(x)f"(x) =0 in [a,d] is 4.
Statement - 2: If f is continuous in [a., B] and f(a)f(B) <O then 3r € (o, B) such that
f(r) =0 and if further function f is differentiable in (at, ) and (o) =T ()
then 36 € (o, ) such that T'(8) =0.

KEY : A
HINT: Conceptual Question

10. 2
Consider the function f {}{} - [|}{|_ |K \ 1D
STATEMENT -1 () is not differentiable at ¥ = Uand 1
STATEMENT . 2 f '[:[]'} =10, f'([]*) =—4 f'[:T) =4 f'(’l*} =0

Key. A

Sol.

—x4x—1=1% <0

x+x -1 =(2x-1 0=x=1
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fog=1=1{1)=0

11, a-J,a+5)

Statement (1) : If J is continuous and differentiable in I: , Where - de R and 9 >0 , then

1
f I:xj is continuous at ¥ =«
and
Statement (2) : Every differentiable function at & = is continuous at & =

Key. D
g . 1
an— Lx=l
f(x)= x
Sol. Statement 1: 0 ,x=0
xgsinl—[]
lim—& =0
Since **" x
. 2:Jrsinl—t:<;:-sl x=l
Fi(x) =T
0 xr=10

?

, Which is clearly not continuous at * = 0
.. Statement (1): is false
Statement (2): is true (standard result)

12. _
STATEMENT -1 / {x} - | x[x] | is discontinuous at all Integers , where

[.] denotes G.I.F
STATEMENT - 2 If a function is non-differentiable at a point then it may
be continuous at that point

Key. D
so 7 (®)=[A7]]

{K} is continuous at ¥ = U

lim f{x)=lim f(x)=f{0)=0

w0t x—l

13. Assertion (A) : There exists a function Qg:R® R continuous at X=a satisfying
f(x)- f(@)=(x- a)g(x)"xI R
Reason (R): f :R® R isa differentiable function at X= a . Then f(x) is also continuous at X = a

Key. A

sol.  limg(x)= IimM =f'(a)

X—a X—a X—a
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Hence we can define g (X) = M;X e N0
-

= f'@) x=a

Such that g(x) is continuous at X =«
*. Statement Il is correct explanation for Statement — I.

O 100 1O, i

14. Assertion (A): f :R® R isa continuous function and fgx-; %
2

then f (X) is differentiable for all xI R

Reason (R): If f(X) is differentiable at x = 0, then f '(0): I (finite)

Key. D
Sol. Using first principle

1 (x) = lim TN = () ~ lim

h—0 h h—0
iim f(3x)+ f(3h)+ f(0)-3f (x) :“mf(3h)+f(0):f1(0):/1
h—>0 3h h—0 3h-0

Since we have by letting 3x for x and y = 0 in given equation 3 f (X) =f (3X) +2f (0)
*. Statement | is supported by I

SgN{ X
15. STATEMENT -1: Consider f(X)= g[{] } where [.] and {} denotes integral and fractional part
X
-1 x<0
respectively and sgn(x) =<0 X =0 then f(x) is discontinuous at x=n (n € I*).
1 x>0

because
STATEMENT-2: f(x) is said to be continuous at x = a if lim f(x) = lim f(x) =f(a).
X—>a x—»a*

Key. A
Sol. atx=n,nel*
LHL = Iimm =not defined whenn=1
>0 [n—K]
:i, n=l
n-1
RHL = [jmdmnth_1
h-0  [n+h] n
f(n) =0

so f(x) is discontinuous at x=n (n € I*)
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X(zellx _e—1IX)
16. STATEMENT-1. : Consider f(x) =4 3e¥* —4e™*
0 x=0

X#=0

then f(X) is continuous at x = 0
because

STATEMENT-2. : If a function f(x) is so defined that f'(a+) and f'(a-) are finite and
f'(a+) #f'(a-) then f(x) must be continuous at x = a.

Key. A

Sol. Clearlyatx=0
LHL=0
RHL =0} = f(x) is continuous at x = 0.
f(0)=0

-1

17. Statement -1 : f(x) = [x] cos ([QX }r) where [g] denotes the greatest integer function, is

discontinuous at x = g,n el-{1}

Because

Statement — 2 : If the domain of f (x) is X R —(—1,1) then the domain of the function

f([sin x]cosi] (where[ ]denotes the G.I.F)is xeg.

[x-1]
Key. B

X
Sol. Statement—1: Case (i) f (X) = XCOS‘: }r for xe N,

f(n)=n cos(n-1)z

lim f (x)=ncos(n-1)z

X—>N+

XIim (x)=(n-1)cos(n-1)z

—n"
.. Limit exists if cos(n —1)7z =0 which is not possible
- f (X) is discontinuous at all X € |

Case — Il : when x is not an integer

2x-1 o 2m+1 1
=M, misinteger then X= > :m+§
lim f(x)= mcos(m-1)z, lim f(x)=m cos mz

() ()
X— m+= X—{ m+>
2 2

1
limit exists only whenm=0i.e. X= E Hencef (X) is discontinuous at

Let

x:g,nel—{l}
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Statement — 2 : Verify domain of given functionis x e Q

18. Statement — 1 : f(x) = [x] + [-X], where [.] greatest integer function is not continuous at an integral
point n.

Because
Statement— 2 : lim f(x) # lim f(x)
X—n~ x—n*

Key. C
Sol. LHL=[x=h]+[-n+h]=n-1-1
RHL=[x+h]+[-n—h]=n—-(n+1)=-1

19. Statement - 1: If f (X) is discontinuous at x = e and It g (X) =€, then
X—a
" Hg(x) cntbecquin f| T g(x)
X -2 g can’t be equal to X_)ag
It
Statement - 2: If (X) is continuous at x = e and g (X) =€ then
X—a
It It
f =f
5 af00)=1(, 5 a0
Key. D
It It
Sol.  Statement 1 is incorrect because if -0 (X) and .9 (X)approach ‘e’ from the same side
X—>a X—a
It It
ight side). f(x)=f f(x).
of e (say from right side). And A\’ (X) (e) # . (X) then
Itf
(g(x)) —f (e+) _f (e)
X—a
-1,x<0
20.  Assertion (A): T (X) =< 0,x=0 and g(x) = X(l— X ) , then g(f (X)) is continuous at
1, x>0
X=0
Reason (R) : If T (X) is discontinuous at X =4, g( f (X)) is also discontinuous at that point

Key. C
Sol. Conceptual

5
21.  Assertion (A) : COS|X| + (X — 3) ‘XZ —4X + 3‘ is non-differentiable at x = 3

Reason (R) : ‘Xz —4X + 3‘ is a non differentiable function.

Key. D
Sol.  Conceptual
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x|+ x=[x] , x>0 . .
22. Let f(x)= {[ ] [ ] , where [.] denotes the greatest integer function.
sinx , x<0

Continuity & Differentiability

Statement — 1 : f () is continuous everywhere.

Statement — 2 : f(X) is a periodic function.
Key. C
Sol.  Hence, f(X)is continuous everywhere but non periodic function.

23.  Statement — 1: |x3| is differentiable at x = 0

Statement — 2: [f(x) is differentiable at x = a then [f(x)| is also differentiable at x = a.
Key. C

Sol.
3
%] ()
5 > . >
fi2) /T‘
7 wharp cormer.
X non-differentiable
24. Statement — 1: f(x) = sin x + [x] is discontinuous at x = 0.
Statement — 2: If g(x) is continuous & h(x) is discontinuous at X = a, then g(x) + h(x) will necessarily
be discontinuous at x = a
Key. A
Sol. XIlﬁrgl(smx+[x])=0

lim (sinx +[x])=-1

x—0"

Limit doesn’t exist
Iim(f (x)+ h(x)) =limf (x)+limh(x)
=f(a)+h(a)

f(x) + h(x) is discontinuous function
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25.

Key.

Sol.

26.

Key.

Sol.

27.

Key.

Sol.

Statement — 1: f(x) = |x|, sin x is differentiable at x =0

Statement — 2: If f(x) is not differentiable and g(x) is differentiable at x = a, then f(x). g(x) can still be
differentiable at x = a

A
f(x) = x| sin x
|0—h|sin(0—h)-0

LHD=Ilim
h—0

.__—hsinh
=lim =
h-0 |

RH.D < lim |0+ h|sm(0+ h)-0

h—0

f(x) is differentiable at x =0

0

Statement — 1 f(x) = |[X] x| in e [-1, 2], where [.] represents greatest integer function, is non
differentiable at x = 2

Statement — 2: Discontinuous function is always non differentiable
A

f(2)=4

f(27)=Lim|[x]x|=2

X—2"

Discontinuous = Non. Differentiable

Statement — 1: Sum of left hand derivative and right hand devivative of f(x)= ‘xz —5X + 6‘ atx=21is

equal to zero

Statement — 2: Sum of left hand derivative and right hand derivative of f(x) = |(x —a)(Xx —b)|at x = a
(a < b) is equal to zero, (where a, b € R)

A
x> —5x+6 , Xx<2
Statement—1 f(x)=4-x*+5x=-6 , 2<x<3
x> —5x+6 , x>3
2x-5 , X<2
f'(x)=1-2x+5 , 2<x<3
2Xx-5 , X>3

fi(27)+f(27)=-1+1=0

(x-a)(x-b) , x<a
Statement—2 f(x)=<—(x-a)(x—-a) , a<x<b
(x-a)(x-b) , x>b

2x—a-b X<a

f'(x)=4-2x+a+b , a<x<b

2x—a-b X>b

f‘(a—)=a—b,f‘(a*)=—a+b
f'(a-)+f'(a”)=0
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Statement — 2 explains statement 1.
28. Statement — 1: If f: R — R is a continuous function such that f(x) = f(3x) Vx e R, then f is constant
function.

Statement — 2: If f is continuous at x =limg(x), then limf(g(x)) =f(|img(x))

Key. A - - b
Sol.  Statement —2
f(limg(a)) = (b) =limf (x) = lim (g(x))=limf (g(x))
i (9()) = (imo ()
Statement is true

Statement — 1:
Since f is continuous on R

and (=1 %) =1 2 omt( 2]

and Iimizo
h—>003n

. . X . X
limf(x)=limf| — [=f| lim— [=f(0
ime ()= it 5 =1 im3t = 0)
f is a constant function

Statement is true

29. Statement — 1: If f is continuous and differentiable in (a - 6,a+ §), wherea, 6eR and >0, then
f'(x) is continuous at x = a

Statement — 2: Every differentiable function at x = a is continuous at x = a
Key. D
1
2
X“sin= x#0
Sol.  Statement—1: f(x)= X ,
0 , x=0

Since Iirrgf (x) =0, therefore, f(x) is continuous

x2sin L —0
f'(0)=lim—*—=0

x—0 X

2xsinl—cosl , Xxz0 L. .
X X , Which is clearly not continuous at x = 0.

f'(x)=
0 , Xx=0
statement is false
Statement — 2 is true (standard result)

30. Statement | : The function Y =sin""(CoS X) is not differentiable at X =nz,n e Z , is particular at
X=r

dy —sinx

Statement Il : — = —

dx |sinx|

so the function is not differentiable at the points where Sinx =0

10
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Key. A
Sol. Reason is the solution of assertion.
. 1 .
31. Statement | : The function X tan— is discontinuous at x = 0..
X
. 1. . .
Statement Il : The function X tan — is not differentiable at X =0.
X
Key. B
) 1 .. .
Sol. R.H.L= limh tan(—J: limit not exist
h—0* h
Ais true
1
L —sec? (j
. X
g(x)=tan(;) = g (x):—x2

g (X) is discontinuous at X =0 thus ¢ (X) may not be —veVvx e (—1,1)

11
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Continuity & Differentiability

Comprehension Type

Paragraph -1

Key.

Key.

Key.

Sol.

Let p(x) be a polynomial with positive leading coefficient and p(O) =0;and

p( p(X)) = x.f p(t)dt, VX eR.Then

Degree of the polynomial p(x) is

(A) 4 (B)3 (€)5 (D)2
D
1
P (X) is discontinuous at x =
x|
(A)O (B)1 (C)-1 (D) none of these

A
If p(l) =3 p(—l) =5and @ (X) is inverse of pl(x)then gl(O)

(A) is equal to % (B) is equal to % (C)isequalto 8 (D) does not exist.
B

(1) Degree of p(x) is 2
p'(x) 2ax+b

= is discontinuous at X =0
X X

(2)

2 1 1
Q W is discontinuous. We know if f is continuous and 'Q " is discontinuous then f + ¢ is
X 2

discontinuous.

3) p(}) =3 p(-1)=5=>a=4,b=-1..p(x)= 4x% — X,
pl(X) =8x—1Q'g" isinverse of pl(X)

1

a(x)="5:010)=

Passage-ll

-2 if -1<x<0
0 if 0<x<l1

if 1<x<4
-1 if 4<x<6

From graph, fl(X) =
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.". the graph of f (X) will be as follows.

3 4.3

(-1.2)

Paragraph — 2
let y=f (X) be a continuous function for —1< X < 6such that f (0)= 0 and

(1) The graph of fl(X) is made of line segments joined such that left end point is included

and right end point is excluded in each sub interval

(2) The graph starts at the point (—l, —2).

(3) The derivatives of f (X) , where defined, agrees with the step pattern as shown here.

t(x)
19 O
- FY @ @) Py - Py - Y \X
-2 -1 0 1 3 45 g x7
4-1 ——— o0
— -2
Using the above information answer the following.
4, The range of f (X) is
() [-1,3] (8) (0,3) () [0,3] (4) (0,3]

Key. C
5. Number of integral roots of the equation f (X) =1lis
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Key.

Key.

Sol.

(A) exactly 3 (B) exactly 4 (C) exactly 2 (D) none
C

The set of points of discontinuities of fl(X) in its domain are

(A) {0,1,4} (8) {1,4,6} (c) {0,1,4,6} (D) none
A

(4) Clearly range = [0,3]

(5) Y =1lintersect the graph at '3" points. Hence 3 — solutions.

(6) Points of discontinuities are {0,1, 4 }

Paragraph — 3

Key.

Key.

Key.

Sol.

n
log(2+x)+ x> sinx
For X > 0; let f(X)z It g( )
N—oo 1+ in
Answer the following questions.
It f(X) is equal to
x—0"
(A)O (8) log ¢3 (c)loge 2 (D) does not exist
C
at x=1,"f"

(A) continuous

(B) discontinuous

(C) both continuous and differentiable
(D) continuous but not differentiable.
B

In [0,72'/ 2] , the number of points at which ' f ' vanishes is
(A)o (B)1 (C)2 (D)3
A

(7) Case(i):- Let 0 < X <1 then f(X)=10g(2+ x) (Q It X2n = Oj

nN—oo
(8) Caselii):- Let X =1, f (x) = %(I093+ sinl)

(9) Caseliii):- If X >1, then

log(2+x) .
n log(2+x) )+smx
It log(2+x)+Xx~ sinx It X2
_ -
2n
X
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log(2+x) if O0<x<1

. _ ( )
L f(x)= 1(IogS+sin1) tox=1 =sinx|Q It 1
2 n—o0 XZn
sin x if x>1

All the 3-results obviously follows.

Paragraph —4

(D) =x +xg (D +g"(2) and glx)= 7 (Dx" +x7 ' (2)+7"(x)

10. :
The value of f(3) s

A)1l B)O C) -1 D) -2
11. The value of g(0) is
A)O B) -3 C)2 D)1

12. {

The domain of function £ [x}

A) (—oo, 11 (2,3] B) (=2, 0w {1, cod

C) (—DD,U]LJ(%,B] D) (—co,c0)

Sol. 10, (B) Here putg'(1)=a,g "(2)=bo (1)
thon F(x) =X Fax b, (1)= 1+a+b = E'(x)= 2x +a
f'{x)=2
g[x)=[1+a+b)x2+[2}: +a)x +2=x (3+a+b)+ax+2
=g'(x)=2z(3+a+b)+a and g"(z)=2(3+a+b)
g'(l=234+a+b)+a...... (2)

Hence,
2"(2) = 2(3+a+b) (3)
From (1) ,(2) and (3), we have
a=(3+a+bj+a and b=2(3+a+b)
=3+a+b=0 and b+Za+6=10

2
Hencesz and a=-3 So ,f[x:l:x — 5%
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=}>f[3) =0

11. (C)
g[x)=—3x+2
=}>g|':[]) =2
12. (C)

’X —3x - —35{ -0
-3x+2 _
is defined if =3z +2

=xEE (—m,D]u(%,B]

Paragraph -5
lim f (x) = im, 7 (x) = f(a}

A function Fia; is said to be continuous at & = ¢ jf » .

lim £(x) = 7(a)

When J () is not continuous at * =& we say that J () is iscontinuous

at f=a,
13. F{x)=lim sin ™ x
If w0 , then.number of point(s) where J(x) is discontinuous is
A) O B) 1 C)2 D) infinitely many
14. . 1—cos2({x—1)
lim
=1 x_‘l

B)

A
) exists and it equals N'E exists and it equals —\"E

C) does not exists because L./7.L = RH.L D) exists and it equals 1/2

oty

15.

In order that the function 7 & = X 1™ ¢ (ontinuous at =0 ,f('j:' must be defined as

A)O B) e C) 1/e D) 1
Sol. 13.(D)
f{x]: lim (singx)m =1 x= [2n+1]g, nel

A=t

:D,x¢(2n+1}g,nef

i
| x=(2n+0)=,nel
- J (%) is discontinuous at 2
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i E(BED) 5 (RET)

Hm cot] I+x -1 T
15. (B) JO= lxiﬂ (14 x) " = goo el = gty — o

Paragraph — 6

ax” +bx4c= U[aiﬂ)a ax” +bx4rc= a[x—@i}[x—

Let " P be the roots of B] then

evaluate the following limits:

nd

16.  l-rcos (axg+bx+|:)
iy ;
i (x-F) is
A 2 (p-a) Bl bip O arp’ D ai(pray
2 2 2
17. . 1—cos(cx2+bx+a}
Rt :
) {I_OLX] is

Al 1B 2 V9 v VP o2 gy
RIS  (FE

18. _ 1—|:|::us(x2 +ax +b)
im0
If %P are the roots of X2+3X+b=':',then (x-o)
N G B Gl M ot B o
2 5 > 4
Sol.  16.(A)
- yafz-a)(=-p)
Ligé 2sin’ 5 ., 42 {x4— 05}2 _ a:‘{ 2_05]2
i (-t o
17. (B)
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18. (C)

L (x-)(z—-p) 2 2
T S C o W G
o (x-of(m-py 4 2

4

Paragraph —7
A real function f has the intermediate value property on an interval I containing [a, b] if
f(a) < v < f(b) orf(b)<v<f(a); thatis, if vis between f(a) and f(b), there is between a
and b some c such that f(c) = v.

19. Which of the following statements is false?

A) Any continuous function defined on a closed and bounded interval [a, b]
possesses intermediate value property on that interval.

B) If a function is discontinuous on [a, b] then it doesn’t possess intermediate
property on that interval.

C) If f has a derivative at every point of the closed interval [a, b], then f takes
onevery value between f(a) and f(b).

D) If f has a derivative at every point of the closed interval [a, b], then f'takes
onevery value between f'(a) and f'(D).
Key. B
Sol.  A)is well known to be true.
C) is true because then f become continuous

D) is known as Darboux’s theorem although derivatives are not continuous they still enjoy
intermediate value property

B) is false .There are discontinuous functions enjoying intermediate value property .Consider

f on the interval l:—g,g}
T T

1
f =sin—, 0
(x) sz X #
=0,Xx=0

T T

that is between -1, and 1 an infinite number of times as x varies from —2/ 1 to -2/ but f
is not continuous at this interval being discontinuous of x =0

2 2
On the interval [—— , —}, this function takes on all values between f (—2 / Tc) and f (2/Tc)

20. Consider the statements P and Q
P: If f:(@,b)—> Ris continuous, then given X;,X,,X;,X,in (a, b), there exist

X, € (@,b) such that f(x,) = %(f(xl) +1(x,) + f(x;) + f(x,)).

Q: If f and g have the intermediate value property on [a, b], then so has f+g on
that interval. Which of the following is correct?

A) P is false but Q is true B) P is true but Q is false
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C) Both P and Q are false D) Both P and Q are true
Key. B

sol. Put  m=min {f(x,),f(X;).f(X,)}

Then 3 X, € (a, b) such that

1
f o= (f(x)+F (X)) +o (X))
So P is true, But Q is false so the counter example.
deeHX):ﬁn4Lﬂa<x£b
X—a

0 , X=a

,a<X<b

) 1
And g(x) = - sin
X

= 1 , X=a
f and g have intermediate value property from [a,b] but f + g doesn’t have.

21. Consider the statements P and Q
P: For a non zero polynomial - p, the equation |p(X)|=eXhas at least one

solution.

Q: There exists a continuous function f:R — Rwhich attains each of its values
exactly two times.

A) P is false but Q is true B) P is true but Q is false
C) Both P and Q are false D) Both P and Q are true
Key. B
Sol.  Letf(x)= e |p(x)
im e p(X)| =0and !" e p(x)| =0

Thenfd X, € such that f(xo) = 1

p(%o) =1 P(x)|=e”

Then p is true

=e %

Q is false ( proof by contradiction)
Suppose that f is a continuous function that attains each of its values exactly twice.Let
X;, X, be such that f(Xl) =f (Xz) =D ,thenf(x) # bforx # xi, Xa.

On (x1,x2) assume f (x) > b, (similar analysis will hold for f (x) < b), Let xo be the point which f
attains its maximum on [Xl, X2] .There can be exactly one such xo. For it there are more, say

2 points at which the function attained its maximum value on [Xl, Xz] , then f should

assume some values more than twice in [le X2] , But the function is for bidden to do so

Again, outside [Xl, Xz] , there is exactly one point xo such that ¢ =f (Xo) =f (X 'O) >b
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The intermediate value property implies that every value in (b,c) is attained at least three
times. A contradiction.

Paragraph —8

22,

Key.

Sol.

23.

Key.

Sol.

L’ Hopital’s rule has many versions. One of them is this.
Suppose f, g: (a, b) > R are differentiable on (a, b). Suppose further that

(i) g'(xX) =0 for x €(a,b) (ii) lim g(x) — oo (or — o)
(iii) lim m =L Then lim M =L
o g'() o g(X)

(This rule can be extended to cover the case when a or b tends to infinity or L tends to
infinity)

Let f be a differentiable function on (0, %)

If lim (sin (%j.f(x) + f'(x)j = sec(%} ,then lim f(x) equals

X—>00

N B) 4 €)3-5 D)3+\/§
4 4

B

if 27, (af(x)+f'(x))=/then ;' f(x)=l/a,a>0

We have ;gnwf(x):;@w%fx)z;gwe (2 (;Zj D),

Let f be a differentiable function on (0, ).
If lim (tan [g].f(x) + Z&f'(x)J - cot%, then lim f(x) equals
X—>00 X—>0

A) V8 -6 +4 -3 B) 8 +/6 -4 -3
Q) V3+4 +/6++/8 D) V8 -6 -4 +4/3

C

El\/; 1 a
adx e f'(x)+—="T (X
Lim f(x):Lim € J—f(x) _Lim { ( )+2\]X ( )
X—0 X—>0 ea\/; X—>0 a a.\/;

me
—, 2 (af () 2T (x)) -

I
a
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24, Let f be three times differentiable on (0, %0)and such that f(x) > 0,f'(x) > 0,f"(x) > O for

x>0
If lim —f'(x)f'"(;() =tan l’ then lim xf"(x) equals
== (f'(X)) 12 x>+ f'(X)

A) 2+4/3 B) 2-+/3 ) */52—1 D) J§2+1

Key. D
f! (X_::‘(X)j
Sol. Um (1_ﬂ] _Lim i
o xf (X) X X

Paragraph —9
At X =c, afunction f issaid to have

(i) Removable discontinuity if )Izinc f (X) exists but not equals to f (c)
(i) Jump discontinuity if f(c+), f (c—) exist but not equal

(iii) Infinite discontinuity if f(c=) or f(c+) or both fail to exist
Answer the following

x2+5 if x<2

25. f(x)=< 10 if X=2.Then x=2is

14x3 if x>2
A. a point of continuity B. a removable discontinuity
C. a jump discontinuity D. an infinite discontinuity

Key. B
sol.  f(29)=9 f(2+)=9 f(2)=10

10
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Xx+7 if X< -3
|x=2| if -3<x<-1

26. Q(x)= 5 _ then g has
Xc=2x if -1<x<3
2x—3 if X>3
A. jump discontinuity at X =—1 B. infinite discontinuity at X =3
C. jump discontinuity at X =—3 D. Removable discontinuity at X =-1
Key. C

Sol. f((-3)-)=4, f((-3+)=1 f(-3)=1
. f has jump discontinuity at X =—3

Paragraph — 10

by '
f (.:;: ) denotes left hand derivative at x = a and f (a+:l denotes right hand derivative at
X = a. Iff'( i ) - f'(ﬂ-'-jl , then fis derivable at x = a. otherwise f is not derivable at x=a
27.
1 jor x <0
f[x)= sl4+sinx jar Dixigzkenfisdemmbfeazx=
2+(x_£]3 Jor = &
i 2 2
A) Oonly B) Q) T D) ¢;
Eonly Both 0 and E
28.

1 cox =l
f[x): (l—x)(E—xj, 1=2x22 then fxiat x= 2is
3-x =2

2

- X

A) Continuous but not differentiable

B) Differentiable but not continuous

C) Both differentiable and continuous

D) Not differentiable and not continuous

29. {1 x>0

1 720 e f(x) is
A) Differentiable at x=0

B) Continuous at x=0

11
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C) Both differentiable and continuous at x=0

D) Neither differentiable nor continuous at x=0

K K
1 P! _ fl[——]:ﬂ,fl[—+]:[ﬁl
sol. 27.g)f (0-)=0.L00H)=1 4 2 2

28. (D) L.H.L# R.H.Latx=2

Not continuous

. not differentiable

29. (D) Graph of f(x) broken at x=0

Paragraph —11
Let a real valued function f be defined by the setting
1

rein—, x=0
f(x}= x
0, x=0

where &'is a non-zero integer.

30. The set of all values of <t for which I is continuous at the origin is
A) & =0 B) oz 2 Q) a=1 D) =3

31. The set of all values of & for which g is differentiable at the origin is
A) qz 2 B) cz1 Q) =3 D) =4

32. The set of all values of & for which i Iis continuous at the origin is
A) & =1 B) @=4 O a=2 D) & =4

Sol.  30.(A)

lxi_r%f[x] :13_133 x° sin%

o1
sl —
x

=1
, the above limit tends to zero when & =0,

As
31.(A)
7'{0)= lim -7

k=0 B

E™ zin l
= lim
B0
= lim A% zin 1
[ b

From the reasoning similar to that in the previous question &—1 >0 =& > 1,
32.(C)

12
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1
It easily follows on the lines of above two questions that for S to be continuous at origin
&2

Paragraph —12
A real valued function f satisfies the following conditions
(i) fla=y)=F(z) F)-Sfla-z)f(a+) for all #-¥ € R (where a is a constant)
(i) 7 (002 0y S0 =0y S '(a) =1

33.
The value of J I:m)equals

A) -1 B)O 01 D) a
. 7 I[‘T) equals

A fla=x)+f(a+x) B flatx)-f(a-)
A fla—x) D) #{a+x)

¥ glx)="f(x) =2'(0)=
A) -1 B) 1 0o D) e

Sol.  33.(A)Put ¥=aand ¥ = Yin(i).
Then (@) =7 (a) f(0)= F(0).f(a)=0

Again choosing * =¥ = Oin (i),we get

SO =[FOF - [F@F =[SO andso, f(0)=1

Put X = and -3"’=_‘2‘in(i)togetf{zﬂ}:_1

LG @ S -F =D f =)= F ()
34. (C) k=0 B b= B

5 { ﬂxj[f(—k)}g—f{[)}} fla=h) —f{a)}

—h
= fla=0f @) - @) £'(0)= f(a-x)
Lixi=fla-x) for allxe R
35. (B)
g=ef(N=g@D="FRN+/ (D= fla-+f(x)]|=eg(D=7(0)=1
Paragraph —13
It can be shown that if T (X) is continuous at 0 then X f (X) is differentiable at x = 0. by

+f(c:—x){

changing origin, we can say that if f (X) is continuous at a then (X — a)f (X — a) is

13



Mathematics Continuity & Differentiability

differentiable at X =a

xsin|x|
36. The largest set over which 5 is differentiable is
1-x]
a) R-{0,1,-1} b) R o R—{-11} d) None
Key. C

37. The number of points where the function (X — 3)‘X2 —7X +12‘ + COS|X — 3| is not

differentiable is
a) one b) two c) three d) infinite

Key. A
38.  Let f(x)=[x|, g(x)=sinx, h(x)=g(x)f(g(x)), then
a) h (X) is continuous but not differentiable at x=0
)

b) h (X is continuous and differentiable everywhere.

c) h (X) is continuous everywhere and differentiable only at x =0

d) None of these
Key. B
Sol.  36. At X =1,—1 its not differentiable

37. At X =4 its not differentiable.
38.  h(x)=sinx]sinx|
Check only at X =N7t
LHD=RHD=0

Paragraph -14

[x] . —ZSXS—E
Let a function of defined as f(x)= 2 , where [ . ] denotes greatest
2x* -1 —§<x <2

integer function. Answer the following question by using the above information.
39. The number of points of discontinuity of f(X) is

A)l B) 2 C)3 D)N.O. T
Key. - B
Sol.
I1 -llﬂ .
T T 1 T
- 2
O\._f!ﬁ
— -+ -2

14
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Two pt of discount. — 1, -1/2

40. The function f(x — 1) is discontinuous at the points
1 1 1
A) -1,-= B) -=.1 C) 0,= D)0, 1
) 5 ) 5 ) 5 )
Key. C
Sol.
¥
1 1732 /
| | — 4
12 D\_/
] 9—=
'ﬁ)-z
41. Number of points where [f(x)| is not differentiable is
Al B) 2 C)3 D) 4
Key. C
Sol.
F 3
—
-1
At—1, -1, 1/\/5 the function is not differentiable
Paragraph =15
ax®+b , 0<x<1
Consider two function y = f(x) and y = g(x) defined as f(x)= 2bx +2b , 1<x<3
(a-1)x+2a-3 , 3<x<4
cx?+d , 0<x<2
and g(x)dx+3-c , 2<x<3
x>+b+1 , 3<x<4
42. f(x) is continuous at x = 1 but not differentiable at x = 1, if
A)a=1b=0 B)a=1,b=2 C)a=3,b=1 D)aandb are integers
Key. C
Sol. limf(x)=a+b

h—1"

15
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43.

Key.

Sol.

44,

Key.

Sol.

r!Lrgf(x)=4b
For continuity a + b = ab i.e. a=3b ...()
f(l+h)-f(1 2b(1+h)+2b- b -
£(1) = lim Qh)=f@) _ iy, 200+0)+20-(a+b) |, 3b-a+abh .
h—0" h h—0" h h—0"
f(1-h)—f(1 1-h)’+b-a-b a(-2h+h?
£(1) = lim (L=h)=f@) _; al=h)+b-a-b .2 )2
h—0* —h h—0* —h h—0" —h
2a+2b,a%b
g(x) is continuous at x = 2, if
Ac=1d=2 B)c=2,d=3 C)c=1,d=-1D)c=1,d=4
A
lim g(x)= limcx® +d =4c+d
X—2" X—2"
XILrgg(x)szLn;(dXJrS—c):2d+3—c
g(2)=4c+d
4c+d=2d+3-c
d=5c-3
If f is continuous and differentiable at x = 3, then
A)az—l,b:g B)azz,bz—1 C)azl,b:—g D)a=2,b=1
3 3 3 3 3 3 2
D
XILrL]f(x)=8b,XILrgf(x)=3(a—1)+2a—3=5a—6
Since f(x) is continuous at x =3
8b=5a-6
f(3+h)—f(3 —-1)(3+h)+2a—-3-8b
I R RN LIS
h—0* h h—0* h
Since f is differentiable at x = 3
lim(a—1)(3+h)+2a—-3-8b=0 ie. 5a-80-6=0
h—0*
f/(3")=a-1
thus. a—-1=2b ...(ii)

from (i) and (ii), we geta=2, b =%

Paragraph —16

45,

Let hand derivative and Right hand derivative of a function f(x) at a point x = a are defined as
f(a)-f(a—h) . f(a+h)-f(a)

f'(a’): lim——2—— — lim———~ "/ and
h—0" h h—0" h
f'(a)= Iimwz lim fla)-f(a-h)_ lim fla)-f(x) respectively.
h—0* h—s0~ h x—a’ a—X

Let f be a twice differentiable function.
If f is odd, which of the following is Left hand derivative of fat x = - a

16
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Ay tim 2= -T() B fim (("=3)-f(2)
h—0" —-h h—0" h
C) |im—f(a)+f(a_h) D) |imf(_a)_f(_a_h)
h—0" —-h h—0~ —h
Key. A
Sol LMD < lim f(-a+h)-f(-a) _ fim —f(a—h)+f(a) _ fim f(a—h)-f(a)
h—0* h h—0~ h h—0~ —h
46. If f is even which of the following is Right hand derivative of f' at x = a.
A) IImf (a)+f'(—a+h) B) Iimf (a)+f'(-a—h)
h—0" h h—0"
C) lim . (_a)+f (_a_h) D) |imf (a)+f (—a+h)
h—0" —h h—0* —
Key. A
Sol.  Iffiseven, then f'(-x)=—f'(x)
f(a*)= imF@-)-f'@) . f@)-fa=h) . f(@)+f(h-a)
h—0" — h—0" h—0

47. The statement ng F(=x)- ;(_X —h) =lim f(x)~t(x=h) implies that

h—0 —h
A) fis odd B) f is even
C) fis neither odd nor even D) nothing can be concluded
Key. B
Sol. Iimf(_x)_f(_x_h)zf'(—x) and |imM:—f'(x)
h—0 h h—0 —h

= f'(—x)=—f'(x)
f'(x) is an odd function

f is an even function

Paragraph -17
There are two systems S, and S, of definitions of limit and continuity. In system S, the

definition are as usual in system S, the definition of limit is as usual but the continuity is
defined as follows:
A function f(x) is defined to be continuous at x = a if

(@) [lim f (x)~ lim f (x)| <1 and
(i) f(a) lies between the values of limf(x) and limf(x) if limf(x)= limf(x) else
f(a)=limf(x)=limf(x)

Read the above passage carefully and answer the following

17
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X+27 , X<0 3x+3 , x<O0
48. If f(x)=4 29 , x=0and g(x)= 2.8 , x =0, then consider statements
2x+3 , x>0 —X*+27 , x>0
(1) f(x) is discontinuous under the system S,

(i) f(x) is continuous under the system S,
(iii)  g(x) is continuous under the system S,
Which of the following option is correct

A) Only (i) is true B) only (i) and (ii) are true
C) only (ii) and (iii) are true D) all (i), (i), (iii) are true
Key. D
X+27 , x=0 3x+3 , x<0
Sol. Iff(x)=< 29 , x=0andg(x)= 2.8 , x=0
2x+3 , x>0 —X*+27 , x>0

Then )!Lrglf(x) =21, XILTf(X) =3
|3—-2.7]0.3<1andf(0) =209 liesin (2, 7, 3)
f(x) is continuous under the system S,
g(x) is also continuous under the system S,

under system S, , since limf (x) does not exist

f(x) is not continuous
(i), (ii) and (iii) all are true

49. If each of f(x) and g(x) is continuous at x = a in S,, then in S, which of the following is
continuous
Af+g B)f-g
Of.g D) None of these
Key. D
Xx+27 , x<0 3x+3 , Xx<0
Sol. Letf(x)=| 29 , x=0andg(x)= 2.9 , x=0
2x+3 , x>0 -x?+275 , x>0
AxX +5.7 , X<0
(f+g)(x)= 5.8 , Xx=0

2Xx—x*>+5.75 , x>0
lim (f +9)(x)=5.7 and XIlﬁr(r;(f +9)(x)=5.75

x—0"

lim (+9) - lim (f +9)| =05 <1 is satisfied
X—0" x—0"

(f+ g) (0) = 5.8 which do not lie in (5. 7, 5.75)
f + g is not continuous
Similarly we can show that f — g and f.g are not continuous under S,

18
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50. Which of the following is incorrect
A) a continuous function under the definition in S, must also be continuous under the
definition in S,
B) A continuous function under the definition in S, must also be continuous under the
definition in S;
C) A discontinuous function under the definition in S; must also be discontinuous under the
definition in S,
D) A discontinuous function under the definition in S, must be continuous under the
definition in S,

Key. B

Sol. A function continuous under system S, may not be continuous under system S,

Paragraph —-18

bsin‘l%c, if —%<x<0

Let a function f(X) be defined by f(X)= = JAf x=0 , it is given that
L. ¢
ez -1 .
Jf O<x< l
X 2
1
lc|<=.
2
Answer the following
51. f (X) may be continuous for
1 1
A a=1 B)a=—— C)a=— D)a=2
2 2
Key. A
52. If f(X) is differentiable at x =0, if
A) 16b* =4 —¢° B) 64b> =4 —¢° C) 4b* =4-c? D) 16b* =c*+4
Key. C
53. If f(X) is differentiable at zero, then in addition to the conditions imposed on a,b,C
described in @,b,C described in (58) and (59) above, we must have
1. .1 .1 .41 .
A) C==sint— B) € =2sin— C) c=sin"t— D) ¢ =sin"*(2b)
2 2b 2b 2b
Key. B

Sol. 51. At x=0,

. ,C a
L.H.L =bsin™ = R.H.L=—
2 2

19
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for f(x) to be continuous at x=0 and f(0)= E

LHL |x_o=RH.L|,_, = f(0)

a_l_ bsinl(gj
2 2 2

a=1
52. f(x) need to be continuous first = a=1
now let f(x) be differentiable also at x=0,then

LH.D X:O:% N . R — O
1-(”) 2 1—‘34
2 x=0
n
e2 —1—; 1
RH.D 0= hIl_)rgl+ h :E _________ (2)
(1):(2):»L:%:»4b2:4-c2.

2
2 - &
" 4

53. If f(x) is differentiable at x=0,then
L psint[ S = 2sin R constant
2 2 2b

Paragraph =19
It can be shown that if f(x) is differentiable at 0 then f(x) is continuous at 0. By changing
origin, we can say that if f(x) is continuous at a then (x-a) f(x-a) is differentiable at a.

xsin|x
54, The largest set over which 1 | |2 is differentiable is
—IX
A) R—{0,1,-1} B) R o R-{L-1} D) R—{1,2}
Key. C

55.  The number of points where the function (X —3) ‘Xz —7X +12‘ + COS|X — 3| is not

differentiable is

A) one B) two C) three D) infinite
Key. A

56.  Letf(x) = |X

, (x) = sin x and h(x) = g(x) f(g(x)), then

20
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A) h(x) is continuous but not differentiable at 0.

B) h(x) is continuous and differentiable everywhere.

C) h(x) is continuous everywhere and differentiable only at x = 0.
D)None of these.

Key. B
| xsinjx| N .
Sol. 54. By given fact | |2 is differentiable at zero.but it is certainly not continuous at x=1
1-1x
and
x=-1

—> Not differentiable at x=1,x=-1
55. f () =(x—3)|(x —3)(x—4)| +cos(x—3)
[Q cos|x -3 =cos(x—3) |
It is evident that f(x) is not differentiable at x =4
56. It is clear that h(x) =Sin X|Sin X|

Whose differentiability is doubtful only at N7z .At any N7, h(x)= —Sin>X or sin® x
= R.H.D.,L.H.D. vanishat X=nrx
=RH.D=LH.D

= h(x) is differentiable everywhere

21
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Continuity & Differentiability

Integer Answer Type

1. The function f ‘X —-3X+ 2‘ + COS|X| is not differentiable at how many
values of x.

Key. 2

Sol.  Q f(x ‘X —3x+2‘+cos|x|

=|(x=1)[|(x—2)|+cos|x]

x? —3X+2+Cc0sX,x <0

X2 =3x+2+cosx, 0<x<1
—x*=3x—2+C0osX,1<x<?2
X* —3X+2+C0OSX, X > 2
2X—3-sinx,x<0
2x—-3-sinx,0<x <1
—2X+3-sinx,1<x<?2
2X—-3-sIinX,X > 2

~f(x)=

it is clear f(x) is not differentiable at x = 1.
L (1) =-1-sinl

and f'(1+)=1—sin1.

1u
2. Let f(x)=[x}+ §(+ —u+ 6( - §(+ §u Then no. of points of discontinuity of

48 € 20 & 4%
f(x) in [0,1] is | [.] denotes G.I.F]

Key. 4
- X e<+ —w éx —u+ e<+ —u: [4x]
49 ¢ 48 ¢
1234
\ f(x) = [4x] which will become discontinuous at X= —,—,—,—
4 4 44
3. The number of two digits numbers ‘a’” whose sum of digits is 9 such that
X—2 3
f(X): (—j sin(x—2)+acos(x—2) is continuous in [4,6] is
a
Here [] denotes the greatest integer function
Key. 9
((x—2)3\ 0
Sol. Clearly L J * 6[4’6]
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(x—2)" «(8,64) —a>64=a=72,81,90

No of values

4, 1fal (-¥,- DE( 1 0) then the number of points where the function

‘ (x l X| is not differentiable is.

Key. 5
Sol. given f(x)= ‘XZ +((x—l)|x|—oc‘

Take g(X) = x2 +(a-1)x—a

= (x)=(X-1)(x+a)

From graph it is clear that f (X) is not differentiable at ‘5’ points.
5 If the function f defined by f(X)=X(1+aCOi§)_bsmx if X20and f(0)=1is
continuous at X=0 then 2a-8h =
Key. 7

x? x*
X(I+al——+...)—b(x——+.....
Lim Lim ( ( |_2 ) ( |§
Sol. - f(O) x>0 f(X) “x—0 X3
s—a b 5
XA+a-b)+x’(—+2)+x (A1) +.......
_ Lim 2 6
x>0 X3
=1+a-b=0 and _—a+9=1:>a=_—5,b:_—3 and 2a-8b=7
2 6 2 2

6. If f(xzyj: f(x); r(y) for all x,yeR, f'(0)exists and equals to —1 and
f(0)=1then5-f(2)=
Key. 6
Sol. f(x+y):M and f(2x)=2f(x)-1 (put y=0)
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Now £1(x) =t f(x+ hr:— f(x)
in F(2X)+ f(2h)-2f(X) m f(2h)-1

“h-0 2h “h-0 2h

= f'(0)=-1

/home/mod_jklog/mod_jk.log since f (0) =1

L f(X)=1-xand 5—-f(2)=5-(-1) =6

7. The number of two digits numbers ‘a’ whose sum of digits is 9 such that
X—2 3
f (X): (—j Sin(X—2)+aCOS(X—2) is continuous in [4,6] is.
a

Here [] denotes the greatest integer function

Key. 9
((x—2)3\ 0

Sol. Clearly L a J x 6[4’6]

(x—2)" «(8,64) —u>64=a="72,81,90

No of values

8. If f(x) is twice differentiable function such that f(1) = 0, f(3) = 2, f(4) = -5, f(6) = 2,
f(9) = 0 then the minimum number of zero’s of g'(X) =X*f"(X)+2xf'(X)+f"(X) in the
interval (1,9) is

Key. (2)

Sol.  f'(x) =0 has minimum three solution between (1,9)

f”(x) =0 has minimum two solution between (1,9)

Given equations i{(x2 +1)f '(x)} =0
dx

9. In AABC, £=1, then the value of 4tan(éj(tang+tan9j must be
ho 2 2 2 2
Key. 2
Sol. thanEtangzl
n 2 2 2

tané tanE+tanE =1—tanEtan9
2 2 2 2 2

1
2
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10.

Key.

Sol.

11.

Key.

Sol.

o4 tané(tanE+tanEj= 2
2 2 2

X r X %0
Let f(x) = = ([.]denotes the greatest integer function)

g . otherwise

The value of k such that f become continuous at x=0 is

1
i
x| 1

In the vicinity of x=0,we have XZZr =x?|1+2+3+... H
r=0 X

Use sandwich theorem

P{1+2+3+{1DM{1}

X 2 X
1 1
SoE(l—|x|) <P< §(1+|X|)

1
Then the limitis —

Let f :(—o0,00) —[0,%) be a continuous function

such that f(x +y) = f(x) + f(y) + f(x)f(y), Vx,y € R. Also f'(0) =1.
f(4)

Then {@} equals ([d] represents greatest integer function)

8
Rewrite the equation as

1+f(x+y) =(1+F (X)) (1+F(y))
Put g(x) =1+ f (x) to get
g(x+y) = g(x) gly)
As g(x) =1, the function In g(x) is defined.
Also continuous of f implies continuity of g
Let h(x) = I ng(x), we get
h(x+y) = h(x) + h(y)
The only continuous solution of this is h(x) = kx

~f(x)=e*-1,f'(0)=1gives k=1
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12. Let f(x) = [x?]sin7X,X € R, the number of points in the interval (O,3]at which the

function is discontinuous is

Key. 6
Sol. f(x) =00<x<1
= sin TX 1<x <2
= 2sin X \/E <X< \/§
= 3sin X \/é <x<?2
= 4sin X 2SX<\/§ etc.
The function is discontinuous at X = JE, \/5, JE, ....... \/R where K is not a perfect
square.

Points of discontinuity (desired) = JE, \/é, JE, \/6, \/7, \/g

13. The number of integral solution for the equation x + 2y = 2xy is
Key. 2

X
Sol. 2y=——
y Xx-1

Since y is an integer 2y is even such that x and x — 1 are consecutive integers and hence the
only values of x that satisfy are 2 and 0.

14.  The function f(x)= ‘XZ —3x+ 2‘ +cos|x| is not differentiable at how many values of x.

Key: 2

Sol: Q f(x)=‘x2—3x+2‘+cos|x|
=|(x=1)[|(x—2)|+cos|x]

X?—3X + 24 C0SX, X <0

X? —3X+2+cosXx, 0<x<1

—X?—3x—2+C0sX,1< X <2

X2 —3X +2+COSX,X > 2

2X—-3-sinx,x<0

2x—-3-sinx,0<x <1

—2X+3-sinx,1<x<2

2X—3-SsinX, X > 2

it is clear f(x) is not differentiable at x = 1.

~ /(1) =-1-sin1

and f'(17) =1-sinl.
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logl+x)™ 1
2

15. If the function f defined by f(X)= if X#0 is continuous at X=0, then

X
6(f(0)) =
Key. 3
Sol. f (0) :Ix.i_n:O In(1+ Xg“x —X :ti_ino @+x) In(1+ X) — X
X X
m 1+In(1 -1 1
_un 1HINAEX) L1 o) =3
2X 2
16. A function f:R—>R where R is a set of real numbers satisfies the equation
f f f(0
f[X;yJ - W (3y)+ (©) for all X,y eR . If the function is differentiable at x = 0 then

show that it is differentiable for all x in R
Sol. f[x+yJ_f(x)+f(y)+f(0)
3 3
£(0+h)—f(0)

=exist .

f(3x+3hj_f(3x+0j
3 3
m

lim
h—0

lim =l
h—0 h—0 h
lim 1 f(3x)+f(3h)+f(0)_f(3x)+f(0)+f(0) iim 1| f(3h)-f(0)
h—0 h 3 3 " hoo h 3
ICHE ORI
h—0 3h
tan[xﬂn
17. If f(x)= ax? +ax’+b , 0<x<1 is differentiable in [0, 2], then b=%—§. Find

2cosmx +tantx  ,l<x<?2 2

k? + k2 {where [ ] denotes greatest integer function}.

Ans. 180
ax®*+b 0<x<1
Sol. f(x)= " L X
2cosmx+tan™ , 1<x<2
3ax? , 0<x<1
f'(x)= _
—2nSIin X + >, l<x<2
1+X
As the function is differentiable in [0, 2] = function is differentiable at x =1
)= ()
= 3a= 1 = a= 1
2 6

Function will also be continuous at x =1
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lim £ (x) = lim f(x)

x—1" X—1"
= at+b=—2+2
4
b1 T T By _6ak,-12 = K +ki=180 Ans.
6 4 6
|x|psin£+|tan X', x=0
18. Let f(x)= X be differentiable at x = 0, then find the least possible
0 , x=0
value of [p + q], (where[.] represents greatest integer function)
Ans. 1
|x|psin1+x|tan x|' -0
Sol. lim X
x—0" X
= lim (x’”sin1+|tan x|qj: Oifp-1>0andq>0 (i)
x—0" X
lim ((—1)p xPsin l+ |tan x|qj= Oifp-1>0andq>0 (i)
x—0" X

19. (i) If f(x)=sin"2xy1-x?, then find the values of f'(1/2) and f'(-1/2).
(i) If f(x)=cos™(1-2x*), then find the values of f'(1/2) and f'(-1/2).

4
Ans. —
J3
~m—2sin'x —1£x<—i
J2
Sol. (i) f(x):sin‘1(2x\/1—x2)= 2 ,—i<x<i
1-x? V2 V2
2 RN
1-x? o2
4 4
f'(1/2)=—, f'(-1/2)=—4
W2)=. F(-112)-
(ii) f(x):n—cos’l(sz —1)=n—cos’1(cosze),where X=c0s0, 0<0<n
n—20 , 0<6<

T
E_{n—Zcoslx . 0<x<1

- -1
n—(2n-20) , g<egn 2cos”x—-m , -1<x<0

, O<x<1

, —1<x<0
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Continuity & Differentiability

Matrix-Match Type

Column —1

2 .
(A) The function f(X):{X +3x+axs<1

bx+2; x>1
Is differentiable ¥ X € R then

i; x| >1
(B) The function f (x)= X
ax2+b,|x|<1

Is differentiable every where
ax? —bx + 2if x <3
bx2 -3if x>3

Is differentiable every where then

(C) The function f (X) {

a+3Ccos X

5 JAf x<0

X

~ﬁ%¢m{ﬁiﬁﬂijzo

D) If f(x)=

is continuous at X = 0 then ([.] denotes the greatest integer < X

Key. A—p,g;B=st;C-r;D—p

Sol.

DO yourself
%”X+2X¢O
let f (x)=1 5_gl/x "’ Now match column — I to column — 11
0;x=0
Column —1 Column -1
@ y="f(x)is (p) continuous at x =0
(b) y = xf (X) is (q) discontinuous at x =0

Column - 11
(P) |a] =3
(Qb=5

(R) a=%5
(S)b=3/2
(Ma=-1/2
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© y=x%f(x)is (1) differentiable at X = 0

d) y= x 1t (x) is (s) non — differentiable at X =0

(t) discontinuous and not differentiable at
x=0
Key. A-qst B—ps; C—p,r; D—q,st
Sol.  Apply Def for all bits.

3. Match the following:

Column | Column |l
(A) 2 (o) | x=1
=sin Is not differentiable at
1+ x
(8) B (@ | x=-1
=tan Is not differentiable at
1- x
(Q) -1 (r) 1
=Cos (4:{ - 3?:) Is not differentiable at x= 5
D - _
®) J(x)=sin 1(3x—4x3) () ngl
Is not differentiable at

Key. (A) —*(p, a); (B) —*(p, a); (C) =2(r, s, p); (D) —7(r,s, p)

Sol.
.?T—Etan_lx -
4) y=12tan Tx . —l=x<l

-1
—T—2tan  x , x=-1

[ -2
x| =1
1+Jf:2 | |
S <1
dx |14
does ot exist | af |x|=

f( x ) is not differentiable at * = -1.1
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;?T+2tan_1x L xe—1
B) y={2tan " x . —lex=<l

-1
—T+2tan  x , x =1

d _22 . xeR-{-11
e 1+ x
does not exist aﬁx:{—l,l}
t r=-11

f( x ) is not differentiable a

_ 1
—2m+3cos lx . —lixi—g
-1 1 1
) f[x)=< 27r—3cos X ,—EEJ:EE
3c:os_1x ,lixil
2
7 ,l-::|1|-::1
2 2
1-x
d—y:f'[x):<daes nat exixt | |:Jr|:l
cdx 2
3 1
- x| <=
1-x
-11
r=——
f( x ) is not differentiable at 2 2
[ \ 1
—3z1n lx ,Eixil
- 1 1
in _f[x)=< asin lx , T ErE—
2 2
—H—Bsin_lx ,—lixi—l
2
_ — <|x|<1
2
1-x
, _ 1
i (x):< does not exisi |x|:§
3 1
2 |x|{‘§
| Wl-x
-11

f( x ) is not differentiable at 22
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4. Match the Following:

Column | Column lI
(A1) = x| (P) | continuous at * =0
B | flx)=x"|x[.neN (@) | Discontinuous at % =0
(©) () xInjsinx|,x =0 (r) | Differentiable at * =0
- 0 x=0
(D) xe'™  wz( (s) | Non- differentiable at ¥ =0
9= k=0

Key. (A) —(p,s); (B)(p, r); (C)—(p, s); (D) (q, s)

Sol.
() {—;{,;{ <0
(A) W=l

continuous but
(B) f[}‘:} =" |K|
=|HD=RHD=04 x=0
LHL=RHL=f{D)=D

not differentiable at ¥ =

(C) but LHD and RHD are not finite

1

LHL = ORHL = Lt &
(D) x=0 1w
eh’x _a”'}{:i
:Lt—( ):Lte”":m

k=0 {_.-”-}{2) k=1

5. Match the Following:

Column | Column lI
(A) (p) —opl=—
m, xr <0 [a Eb] 2 (where [.] denotes
x G.L.F)
7 (=) i
btan| ——— [, x=0

it [x+3]

is continuous atx =0 , then (where [.]
denotes the greatest integer function)
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(B) (a) —b|=
—Z2anyE,—~M=H E—g |a b| 2
T T
f{x] =<asinxz+b,——<x <—
2 2
Cos KE ZXET
If 2 is
continuous in [_ﬂ’ﬂ]’ﬂwn
(© |if () | Ja+2b=1
[ (cnsEij,-’[cu:utE xj
(E] 0<x -::E
2 2
F{x)= b+3, x= g
atan x| -
{1+|cosxD B E-::x-:::ﬂ:
T
r=—
is continuous at 2  then
D i S —
(D) f[x}=a51nx+b,f{0]:1 (s) |a+2b|—4
If X and f(x) is
continuous then
Key. (A) —(p); (B) *(q, r); (C) ~*(q, s); (D) —2(r)
Sol.  Conceptual
6. Match the Following:
Column | Column lI
(A) N (p) | Differentiable every where
J (x} s (?I[x]) (where [.] denote
G.I.F)
(B) o _ (a) - i =2
i {x} = sin [{x [x]}:n:) (where [] Not differentiable at *
denote G.I.F)
(C) i1y (") | Not differentiable at =1 and 1
xan|—| if x=0
Fx)= x
0 if x=0
(D) f{x]:|2—x|+[2 +x] (s) | continuous at =0 but not
(where [.] denote G.I.F) differentiable at =0
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Key.
Sol.

(A) —*(p) (B) —*(a,r,);(C) —*(s) (D) —*(q, 1)

1) We know that [X]E I ¥xe R

L Ein (;?T[x]) =zsinax=0 YxeR
if [z]=0,xef
Since every constant function is differentiable in its domain

. Sin (H[x]) is differentiable every where.

2) f{x] =sn [{x—[x]);?r:l
Since *~ [X] is not differentiable at integral points

L {x)=sin (ﬁ[x_[xm is not differentiable at x € {

- Itis not differentiable at = ~ 1 1
L = e Lo
3) x—>|3lf{x) (a finite quantity between —land 1) =0=f (0)
— {0
. Li M: Li gin(_J
“f(x) is continuous at x =0 and 7 x—0 x>l x

Which does not exit

" F{%) is not differentiable at x = 0

4) |2_ X| is continuous every where and [2 + x] is discontinuous at all integral values of x.
L {x} is discontinuous at X = 2

.y (x] is not differentiable at x = 2

7. Match the Following:

Column | Column Il
(A) 2 : (p) |a=3
f{sz{i +?ég+a, XE}-
The function Ete, Z
is differentiable "% €. then
(B) | |} 1 (@) [b=5
| =
£ (x) =1
The function A +b,|x| <1 is differentiable
everywhere, then
(C) 1_ : (r) 35
)=t 2 =2
The function = : =2
differentiable everywhere then
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(D)

i (=) =(z-a)f=- Ei|then f(x) is differentiable for a=

6] 3

b=3
2

Key.

Sol.

(A) —*(p, ) (B)=7(s); (C)—(r) (D)—*(p, r)
Conceptual

8. Match the following lists:

List | List I
(A) T .7 (P) | st
Li xcoos— sin—-= il
H—pen Bx Bx 2
) [ ]2 [ ]2 | @]
L — =
Eaas! i1 [xj
(C) i JEx—sinx+cosx (R) |0
=2V x4 cosd xtaintx
D 1 S -1
) Y o) [ 2t
L
x—=1 [x—])
Key. (A) =2 (p); (B) —*(r); (C) —2(q); (D) =*(s)
Sol.
. [;?T] 1
lsm 7 RN
It — ZAN
w2 [l] &
(A) %
tan® [ —10x* ) +102*  _q1pg? 2
sags 2) J 100
(B) x—= i e
2—1 sinE+—.cosx
It < lx _ ||2—D+D=ﬁ
H—=m 1+_ ].+[:I
(Q) z
(D) Put x-1=h, as * —>Lh =0
i
+1
(a-1) Y Rl G PR
Lt {H—h} = Lt 2l
10 2 b0 nh




Mathematics

Continuity & Differentiability

b0

L
Lt [1+Qh] = gL

9. Let f be a polynomial of degree 4 over reals satisfying

1

f(0) = f'(1) = f'(~1) = 0 and f(0) = 4, f"(Ej -1

Match the items in Column - I with those in Column II

Column -1
A) f(x)=0 has

B) 4 - f(x)=0 has
C) f'(X)+x-1=0 has

D) xf'(X) - 4f(x) = 0 has

Column - 11
p) rootatx =2

g) rootatx=1

r) 2 equal real roots

s) no real roots

Key. A-S;B-R; C-QR; D-P
Sol. using the conditions , we get
f(x)= x*—2x%*+4

10. Match the items in Column - I with those in Column - II
-1
2
A)f(x) = ex,x#0 p) first derivative exists
0,x=0
A
B) f(x) = e, x>0 q) first derivative is continuous
0,x<0
eeT TR X e (e,m)
0) f(x) = ' ' r) second derivative exists
0,x ¢ (e,m)
1
x*sin=,x #0 o :
D) f(x) = X s) second derivative is continuous
0,x=0
Key. A-p,q,rs;Bp,q,rsCparsD-r
2 L
Sol. (A) f'(x)=—e*,x=0
X

which can be shown to be zero.

By definition f'(0) = |h|ngf(o+hhﬂ
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£'(x oo 1
SO X) =
X x=0

(Use lim
x—=0 X

=0)

Then f'(x) is continuous on R
f"(0) =0 can be shown

(428
f"(x) = x® x4

0

We can also show that

-1
Fr =] &P(F5)x#0
0 ,X=0

P being a polynomial.
(B) Similar to (A) . (B) also have both 1t and 2™ derivative and they are continuous.

Q) f,(x) =g(x—e)
1
f,(X) =g(m—X) whereg(x)= e *

So f(x) = f; (X)fz (X)

As fi, f, have both 1%t and 2" derivatives existing and continuous, the function f also will.
(D) Only 1t derivative exists and its not continuous.

11. Match the items of Column - I with those of Column II

S (AN S 1 o

=9k, x=0
The value of k such that f is continuous at x=0 is
([.]denotes the greatest integer function)

1/x2

B) f(x) = (1 +xe ™ sin %j X #0 q)2
X

= k’ x=0
The value of k such that f is continuous at x=0 is

C)f: [0,0) >R ; r)3

f(x) = (ZSin\/;-f-\/;Sin%] ,X>0

=k ,Xx=0
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The value of k such that f is continuous at x=0 is

1-sinx I'nsinx ) T
(= 2x) N+ —dmx+4x%) " 2
d)f (0,1) >R ; f(x)= )4
k ;X:E
2
T

The value of 8\/M such that fis continuous at x= E is

Key. A-s; B-p; C-p; D-p
Sol. A) Use sandwich theorem

(1+2+3...+8 j [1} {2} {8} (1+2+3+...+8J
X| ——mm— -8 |<| = |4+]| = |+..... +|—1LX
X X X X X
Taking limits find that lim X[{l}+[g}++{§D =36
x—0 X X X

Q) u =(23in«/§+\/§sin %()X
Inu=xl n(Zsin\/;Jm/;sin %()

n (ZSin &+«/§sin%().\/§
Jx

:xln&+xln[m+sinlJ

Jx X

= x| n\/;+xg(x)
g is bounded

Then
lim u =lim In+/X +lim xg(x)
x—0 x—0 x—0
=0+0
u=e’=1

12. Column T lists some functions and Column II lists its properties. Match the items of

Column A with those of Column B.
Column -1 Column - 11

. n-n"*
A) f(x) = lim —— XeR P)Continuous at all points in its domain

n—oo

. 1
B) f(x) = lim ,n’4” + X7 +F, x € R—{0} Q) Discontinuous at finitely many
n—o0

points in its domain

. In(e"+x"
C) f(x) =lim Q ,X>0,xeR R) Not differentiable at finitely many
n—o0

points in its domain.

10
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D) f(x) = lim 2\"/cosz" X+sin”" x,xe R

N—o0

S) Not differentiable at infinitely many

points in its domain.

Key. A-QR;B-P,R; C-P,R; D-P,S
Sol. a)  f(x) =1 x>0
=0 x=0
=-1 x<0
b)
!‘\ 4l *" ] > b =
T | ;N ("
e P % |
W < 0 ! 1 ~ i
i N L ¢ [ & J
! i~ R ) 'r ! ~ o
-3- -1 -‘!/1 B ;A— 1 '2..

1
The graph shown are Yy = Xz,y =—and y=4
X

n(eex) ”*'”L“@n]

Jfx) =", ———==

h h—)oo
=1, o<x<e
=Inx, x>e

d)

h

—3n —T E‘ 3n
d d | d d
13. Match the following: -
Column — | Column — 11
(A) | Number of points of discontinuity of f(x) = tan®x — sec®x | (p) | 4
in (O, 2n) is
(B) | Number of points at which @ |3
f(x)=2sin" x+tan" x +cot™ x is non-differentiable in
(-1,1)is
(C) | Number of points of discontinuity of |2

11
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y=[sinx],xe[0,2) where [ . ] represents greatest
integer function

(D) | Number of points where yz‘(x—1)3‘+‘(x—2)5‘+|x—3| () |1
is non-differentiable
® |0
Key. A-nB->tC->rD->q
Sol. (A) tan? x is discontinuous at x = g %ﬂ
sec’ x is discontinuous at x = g %ﬂ
= Number of discontinuities
(B)  Since f(x)=sin’1x+tan’1x+cot’1x:sin’lx+E
f(x) is differentiable in (- 1, 1) = no. of points of non-diff. = 0
0 , 0<x<=
2
1, X :g
(@) y=[sinx]=
(0 E<X£7t
2
-1 , nw<X<2mn
o , X=2n
points of discontinuity are g,n
D) vy :‘(x —1)3‘ +‘(x —2)5‘ +|x 3| is non differentiable at x = 3 only
14. Match the following: -
Column -1 Column -1
(A) | Number of points where the function () | O
1+[cos%} l<x<2
f(x)=9 1-{x} 0<x<1 andf(1)=0is
lsintx|  -1<x<0
continuous but non-differentiable
(B) 2,1/x (@ |1
f(x)= xe ’ Xio,thenf'(O‘)z
0 , x=0
C . . . 2
© The number of points at which g(x)= 12 is not )
1+ —
f(x)

12
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differentiable where f(x)= Ll TS
1+;

(D) | Number of points where tangent does not exist for the | (s) | 3
curve y = sgn (x* -1)

t) |4
Key. A->qgB-op;Cos;Dop
0 , l<x<2
Sol. (A f(x)=41-x , 0<x<1 continuous atx =1 but not differentiable
-sinx , -1<x<0

(B) f(o-):|nn9351129::nm(—he“h)=o

h—0" —h h—0"
1 X
C3x-2
)

©  9(x)=—F
1+ ;(2+ 2X

Thus the points where g(x) is not differentiable are x =0, - 1, —%

(D) vertical tangents exist at x = 1 and x = - 1 else where horizontal tangents exist.
number of points where tangent does not exist is 0

¥
o1

15. Match the following: -

Column -1 Column - 11
(A £ (x)=[x] s (p) | Continuous in (- 1, 1)
(B) f(x) :\/M is (q) | Discontinuous in (- 1, 1)
©) f(x):‘sin‘lx‘ is (r) | Differentiable in (0, 1)
(D) f(x):cos’1|x| is (s) | Not differentiable atleast at one point
in(-1,1)
(t) | Differentiable in (-1, 1)

Key. A—-prt;B—->prs;C—->prs;D—prs

13
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Sol. (A)  f(x)=|x| is continuous and differentiable

(B) f(x)= \/|Y is continuous

)ZL X
2,Jx] x|

(C)  f(x)=[sin"*x| is continuous

{does not exist at x = 0}

sl
£(x)= sin™" X 1

= , does not exist at x =0
|sin’1 x| J1-x2 { }

(D)  f(x)=cos™|x| is continuous

f'(x) ot X {does not exist at x = 0}
J1-x2 X
16. Column | Column I
A) Let f:R — R isdefined by the equation p) 1

f(x+y)=f(X).f(y)vx,yeR, f(0)#0, and f'(0)=2,

f'(x) .

th IS
en )
E | X |<1
B) Let f(X)=< 4 then f(X) is not a) -1
Tan'x,|x[>1

differentiable at ‘ X’ is equal to

O Let £(x) x*+a, 0<x<1 4 90 3x+b, 0<x<1 ,
t X) = n X) = . r
) e 2x+b,1£x§2a J x>, 1<x<2 )
df .
If — existsthen a =
dg
3 4 2
D) If y = Tan(x+y) thend gz—[Gy +168y +ﬂj s)3
dx y
A . . .
then the value of {5}, [] is greatest integer function.
Key. A->rB->pg;C—>qD—>s
Sol. A f'(x)=l im f(x+hr)]— f(x)
f X)| f(h)— f (O
&l - O] _ {010 L0 _,
rHo f (x)
B)  f(x)is not continuous at x = -1 and hence not differentiable at their points.
C) f(x)is differentiable at x = 1if 1+a = 2+b ........... (1)
g(x) is differentiable at x=1if3+b=1 ..............(2)

from (1) & (2)b=-2,a=-1
D)

14
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dy  sec’(x+y) 14y’
dx 1-sec’(x+y) 1-(1+y?)

Lo 1
dx y
d’y 2(-1 2 2
| - 1= 2
:>dx2 y3[y2 j y5 y3

d’y (10 6 1 6y* +16y% +10
G-
dx yo oy y y

A=10= [%} = {%} =[3.33]=3

17. Match the following functions with their continuity and differentiability
Column | Column li

A f(x)=xe™ p). Continuous for all X

Jx+1-1
B) f(x)= T, f(0)=0 q) differentiable at x =0

X
L1 .
c) f(x)=xTan"—, f(0)=0 r) continuous at x = 0
X
1 . .
D) f(x)= — ,f(0)=0 s) discontinuous at x = 0
1+ex

Key. A—-pqr;B—->pr;C—>pr,D—o>s

Sol. A)
f(x) is obviously continuous every where also
: - he"-0
= f(0)=Ilim =1
h—0"
B)

) ) ) . Al+x-1
F(x) is continuous at ‘0’ since lim

x—0 \/;

=0 ,f(0)=0 but is not differentiable at ‘0’

_ . h+1-1 '
since Ll_r)Tg ————— does not exist
)
Iirrg f(x)=0,f(0)=0
h tan*11

=0

= f(X) is continuous at 0 but f (0) = Ihing
.

15
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. 4,1 V4
= limtan " ===—or - —
h—0 h 2 2

= f'(O) does not exist
D) lim f(x)=0,lim f(x)=1
x—0" x—0"

= f(x) is not continuous at 0

18. Match the following with their first derivatives:
Column —I Column-li
1
A) sin‘l(2xxll—xz), (x<——] p) 0
J2
. 1 2
P | -1 —
B) 2sin (\/1 x)+sm (24/x(1 x)) (O<x< 2) q) NN
C) sin‘1(3x—4x3), 0<x<1 r 3
2 1—x?
D) cos™ 2X2 for |x|>1 s) — 2
+ X 1—X2
Key. A—>s;,B->p;C—>r,D—>gq
Sol. (A)-s

Put x=sin@ since sinee{—

:06(—£,i]
2 4

= sin”*(sin20) =sin* (sin (-7 — 20)) =—7—-2sinx

ﬁ"l}

A
dX A1-x?
(B)-p
Proceed as in (i)He(z, Zj
6 2
(C)—r
{Putx:sinﬁ,ee(o,gﬂ
(D)-q

e
4
3296(2, 7[) or (—zz, —zj
2 2

= cos ' (sin260) =cos™ (% — 26?]

16
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—~Z _2tantx
2

d_y_ -2
dx 1+x°
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