Mathematics

Limits

1.

Key. A

Sol.

Key.

Sol.

If a, and b, are positive integers and a, +x/§bn :(2+\/§)

A) N2

We have

Therefore
And

Therefore

Hence IIm( J
n—o0

a
S _ /2
b, \/_

Single Correct Answer Type

B) 2

Limits

an+\/§bn :(2+«/§)n
=a —+/2b, :(2—\/§)n

ey >
{(2+\/_) (

C) e¥?

b, =

n

N

2\2

n . a
,then lim [—”j =
n—o0 bn

D) e?

If f(O) =0 and that 'f' is differentiable at x = 0, and ‘K’ is a positive integer. Then

B 00 o5 ()

(A) K.£1(0)

[ K

5L o

(B) L

r=1

K

1

(© ZF
r=1

(D) does not exist
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3 k
n 5 sin? x
3. Lt (Z rCOS(EC XJ _
x—=0{ 1
A. 0 B. oo cn
Key. C
Sol. L :;t—>o (1coseczn + ZCOSeczn 4 n nCOSeczn)sinzn

1 cosec™ 2 cosec™ n n _1 cosec™ n sinTn
0 ((H) P+ (H) +_ (—) +1)™ ".n

n

=(0+0+0+ +1)°n=n

4, For each positive integern, let S, = 124 + 2.:.5 + 346 +
!msn equals
a2 B) 2 Q0
6 36
Key. B
Sol. Let u, = k+2
k(k+1)(k+3)
(k+2)2
~k(k+1)(k+2)(k+3)
k®+4k +4
“k(k+1)(k+2)(k+3)
~ k(k+1)+3k+4
k(k+1)(k+2)(k+3)
1 3

"n(n+1)(n+3)

S|

n+2
. Then

4

(k+2)(k+3) (k+1)(k+2)(k+3) Kk(k+1)(k+2)(k+3)
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Key.

Sol.

Key.

Sol.

{kiz_ kis)_g{(mz)l(ms)_(k +1)1(k+2)

4

1 1
3{(k+1)(k+2)(k+3)_k(k+1)(k+2)}

Now, put k =1,2,3,....,n and add. Thus

e (et

4

3 {(n +1)(ni2)(n+3) _1.;.3}

) 1 3 4 29
Therefore lims, ==+ —+—=—

N> 3 12 18 36

tanx _ 4sinx

lim———— isequal to (a>0)

x=0 tan X —sin X

A) log, a B)1 C)o
A

tan x sinx tan x=sin x
.a’"-a . inx[ & —4,
We have lim—— =Ilima™| ————
x>0 fan X —sinx x>0 tan x—sin X

x—0 t—0

. , . (a'-1 .
= Ilm(as'”x)x Ilm(T] (where t =tan X —sin x)

=a’xlog,a=log, a

(1-sin x)(8x3 —n"’)cos X

T 4
. (7—2x)
2 2 2
p - ) >~ 0L
16 16 16
D
1-sinx)(8x®—7z*)cos
P X)(8x° 7 eos
(72'—2X)
(1-sin x)cosx(2x—7r)(4x2+27rx+7z2)
- (2X—7z)4
1—sin x)cos X (4x? + 2z X+ 7
( Jcos x(
- (2X—7r)3
Therefore lim f (X): lim (1_Sm X)CSSX.(&rZ)
x—>% x—>% (2X—7Z')

D) oo

3’
16
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im £ () = fim (=S X)COSX
x—>% (2X—7T)

.(37[2)

s
X—>—
2

————(162)

Put 2X—7 =Y sothat Y >0 as X — /2. Therefore now

(1—sin x)cos x _ {ksm(ﬂzyﬂ COS(EJZF y)

(2X—7r)3 y®
(1—cosy)(—sin y)
_ 2 2
y3
25in2 Y || sinY
__ 4 2
y* y
sin Y 2 sin Y.
- o 4 11721
yld | 16| y/2 |2
2
1 sin? | [ sinY
D42 ————(1.63)
16| y/4 y/2
Therefore from Egs. (1.62) and (1.63)
2
lim £ (x) = =2 xlxd.
xz 16
7. Let f :R" — R" be afunction satisfying the relation f (X.f (y)) = f (xy)+x forall
f(x))° -1
X,y € R". Then lim % =
() 1
1 2
(A) 1 (B) > (€) 3 (D) -
Key. — C
sol.  Givenrelationis f(X.f(y))="f(xy)+x (1.56)
Interchanging X and Y in Eqg. (1.56), we have
f(y.f(x))="f(yx)+y (1.57)
Again replacing x with f (X) in Eq. (1.56) we get
f(f(x)-f(y))="F(y.f(x))+f(x) (1.58)
Therefore, Egs. (1.56)—(1.58) imply
fF(f(x).f(y))="f(xy)+y+f(x) (1.59)

4



Mathematics Limits

Again interchanging x and y in Eq. (1.59), we have

f(f(y).f(x)):f(yx)+x+f(y) (1.60)
Equations (1.59) and (1.60) imply

f(xy)+y+f(x)=f(yx)+x+f(y) (1.61)
Suppose f(x)-x=f(y)-y=4
Substituting f (X)=A+X in Eq. (1.56), we have
xf(y)+A=(xy+2)+x
= x.f(y)=xy+x
Therefore X(y+/t)=xy+x [Q f(y)=,1+y:|

= AX=X
=A=1 (Qx>0)
So f(x)=x+1=x+1

() -1

_ m
( ))1/2 1 X—0 (1+ X)l/2 1

_”n](1+xfm—1 1+x-1
oo Lex-1 )| (1+x) -1

Hence Iim(

x—0 (

fx))”3 1 @+@m—1
f(x

_Us_2
1/2 3
4 +3X . e Lo
8. Let X, =1land X , = 3+2X” for n21.1f rlgn X, exists finitely, then the limit is equal to
(r) V2 (B) 1 (©2 (D) V2 +1
Key. A
Sol.  We have X, =1X, =4—+3=Z
3+2 5
7
4+3| -
4+3x, (5) 41
= = =—>X,
7) 29

X, = =
P 3+2x, 3+2(]
5

We can easily verify that X, < X.,, and hence {Xn} is strictly increasing sequence of

positive terms. Let lim X, =1 . Therefore

n—oo

I=limx,,,

n—oo

[ 4+3X,
=lim

ol 342X

4+3limx,

n—owo

“3+2limx,

n—oo
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Key.

Sol.

10.

Key.

Sol.

_4+3
3+2l
Hence 3l+21> =4+3l

or  I°=2b 1=v2 (Qx,>0" n).

Let f (X) =x3 {\/X2 +4/xt+1 —X\/E} .Then lim f (X) is equal to

() —= (3) = ©
42 a2

(D) does not exist

) xs{x2+ x4+1—2x2}
We have f (x)=
\/X2+\/X4+1+X\/§
x3{\/x4+1—x2}
VXX 1+ x42
x3(x4+1—x4)

/J—lﬁ}p—l]

3

) e ol e c]

1

(Rosinn

1
(Vi VL 42 ) (Vi +1)

1 1
C2V2(2) 42°

. 111 . .

II[rll ; ? [.] — denotes greatest integer function
x—>?—
1)-9 2)-12 3)-6 4)0
3
X<—=
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lim 1{—1} ~(-3)(2)=-6

x>-s XL X
11. lim(x—log, (coshx)) =

1)1 2)0 3) log, 2 4) oo
Key. 3

. e +e™”
Sol. Ilmx—loge[ 5 j

X—00

: 1+e™
limx—x—log,

. [1+e
limx—log,e 5

X—00 2

lim —log, (%) =log, 2

X—>0

min(sin, {x})} |

IS
x—-1

X—=a

12. If ¢ is aroot of the equation Sin X+1= X then Iim[

Where [.] — denotes greatest integer function
{x}— fractional part of x.

1)1 2)0 3) does not exist 4) -1
Key. 3
Sol. LHL:
= Al
1 &

X—>a—

A\ {min(sin X, x—[x]}
(x-1)

When 1< X<«

{}=x-1<sinx

min{sinx, x-}=x-1

. . . x-1
Required limit= lim | — | =1 X—a+
X—00— X_l
sinx<x—-1
RHL :
.| sinx sin X
lim|——|=0 —<1
x—>at+| X —1 x—1
7
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Hence LHL = RHL {%}zo
x-1
Limit does not exist
. l (_1)n+2
13. If @, is the greatest value of f(X) where f(X)=—————=anda_, = +a,
2+[sin x] n+1
Then lima, =
1)0 2)e 3)1 4)log, 2
Key. 4
1 11 1 11 1
Sol. =la,=1--,a,=1-=+=..... a =1l-—4+=—Z+..+(D)""=
B=55 2% 2 3 " 2 3 4 D n
lima, =log, 2
" Iim[[sm x]—[cos x]+1} _
x—>% 3
[ . 1 > denotes greatest integer function
1)0 2)1 3)-1 4) does not
exist
Key. 1
Sol. LHL=RHL=0
1
. (1+ 2xjx2 2
15. lim ex =
x=0{ 1+ 3x NS
5
1) e2 2) €° 3) 4)1
Key. 1
1 1
. — (log(1+2x)—log(1+3x)+=
X X
so. lime
x—0
(log(1+2 x)—log(1+3 x )+x
lim 3
ex—>0 )(2 _ e 2
. af .. 3
16.  lim) cot (r +—j:
Nn—o0 —1 4
1) tan"*(2) 2) % 3) % 4) tan™'(3)
Key. 1
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Sol.

17.

Key.

Sol.

18.

Key.

Sol.

cot‘l(r2+§j:tan‘1 !
4 r2+§
4
=tan™* ! .
1+(r2—j
4
=tan™ 1

=tan"

=tan!|r +£j—tan1(r—lj
2 2

i 45 {6 -
1 2

1)5 2)5 3)1

4
!(I_T)’Q X3 {(X+1)1/3 +(x—1)”3}{(x+1)1’3 _(X_l)1/3}

. Xl/S{(X+1)1/3+(X_1)1/3}2
Rationalise lim
Xe>00 {(X+l)2/3+(X2 —1)1/3+(X—1)2/3}

2.x%3 (1+ 1j113 +(1—1j1/3 2
PR X X 22 4
B 5o 2/3 13 213) ~ 3 - 5
X" {(1+ 1) +(1—1j +(1—1j }
X X X

Ifa>0,b>0 then Iim[w] =

n—oo a

1) b? 2) ab 3)a
1

1 o
let ==X, =>X—>0 as n—oo then required limit | _t
n x—0

1
a-1+b* }X Lt x2

4)

4) b?

b*-1

— exao
a




Limits

Mathematics
1, 1
—loge =
19. If S, = 1 + 1 F e + 1 then limS, =
1234 2345 n(n+1)(n+2)(n+3) N
)5 ! )7 ol
18 9 18 18
Key. 4
Sol. S,=c— L
(n+)(n+2)(n+3).3
1 1 1
n=1=s =Cc— =C= +
2.3.4.3 1234 2343
c= 1 1+1
2.3.4 3
1
=— Nowas N—>®, S —C=—
18 18

(% +5x+3Y)
20. lim| —; =

x>l XS+ X+2

1) e? 2) e* 3) €’ 4)e
Key. 2

2 X . 4x+1
. [ X“+5X+3 lim x
ol lim| = = e“‘)(xz+X+2J —¢*
T XU X2
21. If a, and b, are positive integers and @, +\/§bn = (2+\/§)n , then Iim[%] =
A) 2 B) 2 ) e D) €
Key. A

a, +/2b, :(2+J§)n
=a —+/2b, :(2—\/5)n
an:%[(zm)u(z_ﬁ)“}
[(mz)"_(z_ﬁ)“}

And b =
h 2\/5

Sol. We have

Therefore

10
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22.

Key.

Sol.

23.

2+42) + 2—\/§n
Therefore i:ﬁ:( )n ( )n}
b (2442) _(z_ﬁ)}
2-&}"_
14{
2++/2
_ 5L 22
1- 2-2
2+2
- (a) s(1+0)(~2-42 )
Hence Lm(a]—\/z(l_o)(Q ) <1J—\/§
Iim(n!)H equals
n—oo n
a) e b)e™
c) e? d) e?
B
let P:(n!)H
n

e
=

_ 13 r
log P= H;Iog (ﬁj

1/x_
The value of Iirrg(ler)—e is

X

e e
a) = by =
)2 ) >

3e 2e
c) = d) - =&
)2 ) 3
B

L 1o +X
L+ =er
:e(1—7+——% ...... )

11
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e

1)1 2) 1 3)1-e™* 4)0
e-1

Key. 4
Sol. Lt Kl+£} —[1+lﬂ:e—l>l
n—oo n n
1

25.  Let f(x)= taﬂ, then log, L Iin?)([f(x)] + xz){f(x)}J is equal, (where [] denotes greatest
X X—

integer function and {-} fractional part)
(A)1 (B) 2 €3 (D) 4
Key. C

. - [t
Sol. )I(l_r)rg)[f(x)]z)l(l_rg{g}:l
1 1
lim ([£ )]+ ) 709} = 1im (14 x? {700} (1 form)

x—0 x—0

X +X—3+£X5 +
Again, f(x) = tan = 3 15
X X

2
:1+X—+£x4+...
3 15

X2 2 4
{f(x)] =X e

(i) becomes,
2
lim
|' XZX# x—0 XZ 2 4

|Oge kexm {f(X)}J —e ?"‘EX +... _3

(C) is the correct answer.

Jx 1
26. Let x>0 then Lto(\/tan x) " +(sec x)i =

1
(A) 1/e (B)1 © = (D) 2
Key. D
\/; -1/x
Sol. Lt (\/tan x) + Lt (cosx)
x—0" x—0"
log, (vtanx )/ _ B
Lt Q(ﬁjﬂo =1, Lt (cosx) Y* _1as 0<cosx<1
x—0" i 0 x—0"
Jx

12
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Limits
sin[cosx| _
27. ———=, ([x] denotes the greatest integer less than or equal to)
x-01+[cosx]
(A)sin1 (8) 0
(C) Does not exist (D) %
Key. B
i h
Sol. LML= lim (0—h)— fim SmLeosN]
X->0" h—01+[cosh]
_sin(O)_0 Q h>0
C 140 - cosh<1
L= im0 =i (0+1)
. _sin[cos h]
~ 10 1+[cosh]
_sin(O)_0 Q h>0
© 140 ~.cosh<1
sin[cosx|
slim——— =
x->01+[cosx]

28

It lim (2_5]%1”[;:‘]

=e, then 'a' isequal to
X—a X

A) —m B) — C) — D) —
) ) > )2 ) :
Key. B
Lim[?—i] I=[Eﬂ]:e
Sol. & A

13
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-EX(l_E]E
7 a2

LLm =1
) &TanE[l—E]
2 a
E:l:‘-a:_—ﬂ
o
29. —X
If f(x)= iLE then
|x|+2
A Jim f(x)=¢" B)
Q) I|m1‘(x):1 D)
x—1 3
Key. D
11111[ |x| J_x
sol, 7 \lAl2
[z—x—zj"
= lim
a—p-ewl P x

;;[211] 1
] +
=€J‘—3 4 =g

Xlirp f(x)=0
. .
)!l_@of(x)_e

14
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cos(sin2 x)— cos(xz) .

30. The value of lim 5

x—0 X
(A)0 (B)1/2
(C) 1/3 (D) 3/4
Key. C

. cos|sin? x )— cos(x?
e

ia-ly =1
31 Iimw is equal to
x—=0 X
1 1
(A) = (B) >

(€) 2 0 -5

Key. B

x—0 X3 x—0

Lt x> —1-x? 1
3x0 x* J1-%2 (1+x?)
22 a2
zl"m(1+x) @-x%) 1 1

3x0 x? T eV1- % 1 xE (14 %)

3.

. sintx—tantx . 1 1 1
Sol. p=lim———= =lim -—— =
1-x2 1+x°) 3x

N |
Rl

1
2

Wl

15
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. 2n
32. Let f(x)=lim (2sinx)

s—Ne | ,then which of the following is not true?
>+ 3" —(2cosX)

(A)at X = nnig, f(x) is discontinuous (B) f (gj =1
(C)f(0) =0 (D) f(%) =1
Key. D
Sol.
33. f lim (Inx-3) =-1(n, meN) then n/m is equal to
x->e* [n((cos™ (Inx —3)))
(A)3 (B) 4
()9 (D)1
Key. D

Sol. Letlnx—-3=t

. t" 0
= lim ——| —form | =-1
>0 In(cos™ t) \ 0

tn—l
= lim =—
-0 —mtant
n
>n-1=1& ——=-1=>n=m=2
m

¥ tan ([—72’2] X2 ) —x%tan (':—72'2 ])

34. . 1 where [] denote g.i.f

x—0 SIN™ X

a) tan10+10 b) tan10-10 c) 10—tanl10 d) none of these
Key. B

Sol. 7 =3.14,then [—nz] =-10

\ tan([—7z2]x2)—tan([—7z2])x2

dilute by X*we get

x50 sin’ x
2
7tan30x +tan10
Lt —*— =tan10-10
x> sin® x
XZ

35. Lirp X2 (1+2+3+ ...... {ﬁD is equal to, where [.] is greatest integer function

(A) 1 (B) 3/2 (C) 1/2 (D) 2
Key. C

16
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e ]
il

2 | ]

Now using the property that

i_1<|:i:|§i
Xl L) I

1
SIxil< —
2 2 | x|

Lelil)
X
—[ L } <T@+ x))
2
Now applying sandwich theorem the required limit is %

36. If ‘f* be a bounded, differentiable and increasing function then

Iirrol[ f(sinx.tanx)— f (XZ)J , Where [.] is greatest integer function is equal to

(A)1 (B)O (©)-1 (D) does not exists

Key. B
Sol.  sincesinx.tanx >x?V x e (0, n/2)
so, f(sin x . tanx ) > f(x?)

hence required limit is 0.

((a— n)nx —tan x)sin nx

37. If Lt 5 =0 where nis a non zero real number then a is equal to
x—0 X
n+1 1
a)o b) — c)n d) n+—
n n
Key: D
tan x \sinnx
Hint Lt ((a—n)n——j =0
x—0 X X
=((a-n)n-1)n=0
1
—>ada=N+—
n

1

N
38. Let x>0 then Lt (\/tan x) +(secx)x =

x—0

17
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1
(A) 1/e (B)1 © e—2 (D)2
Key: D
Hint: Lt (\/tan x) + Lt (cosx) Y
x—0" x—0"
log, (Vtanx )/ _ _
Lt M(ﬁj:eo =1, Lt (cosx) Y ~1as 0<cosx<1
x—>0" i oo} x—0"
e
X" —sin (x“) _
Lt ——=  ,if x>0, x=#1
39. Let f(X): n—e x"+s|n(x”) .Then,atx=1,
1 , if x=1
A) f is continuous
B) f has removable discontinuity (i.e., Lt1 f (X) exists, but this limit is different from
X—>
f(1))
Q) f has finite (jump) discontinuity (i.e., f (1+) and f (1-) both exist finitely, but they
are different)
.1
D) f has infinite or oscillatory discontinuity (for eg like sin— at x=0 and tanXx at
X
T
X==
> )
Key: C

Hint: 0<x<l1=x"—>0asn—ow= f(x)=0 and
x>1=x" >+ asn—o>o= f(x)=1

. T has ajump (finite) discontinuity at x =1

sl

1 1

A)1 B) — C)l-e D)0

Ans: D

Hint: Lt Hl+£} —[1+lﬂze—l>l
n—oo n n
1

)
([f (X)] + XZ){f(X)}J is equal, (where [-] denotes

41.  Let f(x) :taﬂ, then IogeLIim
X x—0
greatest integer
function and {-} fractional part)
(A) 1 (B) 2 (€ 3 (D) 4
Key: C

18
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Hint:  lim [f ] O{ta%}:l
X—

x—0
1 1
f(x)! = f(x)} (1%
)I(l_)rrg)([f(x)]+x) = m)(1+x ){7Go} (1 form)
x* 2
tanx:X 3+EX +.

Again, f(x) =

X 2.4
{f(x)}_ +15x +.

(i) becomes,

lim
lim x2 1 x=0 X2 2,
+

m X~ x A
IogeLexLOX {f(x)}J:e TECT g

(C) is the correct answer.

a2, g Hm x(tan_l{XJrﬂ]—%J:l then ordered pair(s) (A, £) can be

(A) (2000,2011) (B) (0,1)
(€) (5,3) (D) (1,0)
Key: C
—1( X+ A j V4
- fan _Z
_— Lim X+u 4
Hint: sk 1 =1
X
Apply L’ hospital rule and simplifying we get
2
Lim (/1 —,u)X _1

X_>O°2x2+2x(ﬂ+,u)+(y2+12)

3/1__#:1
2

=>A-u=2
.‘.(l,,u) can be (5,3)

43, Consider the function f (X) =< x— 2 #2 where P(x) is a polynomial such that p"'( )
7 X=2

is identically equal to 0 and p( ) =9. If f(x) is continuous at x = 2, then p(x) is

19
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Key:

Hint:

44,

KEY : B

Sol.

45.

Key.
Sol.

(A) 2x2+x+6
2
X +3
B
Since P"'(X)= 0

2
Let p(x)=ax +bx+c

p(2)=0
4a+2b+c=0 ... (1)
9a+3b+c=9 ... (2)

p'(2)=7
=4a+b=7
Solve 1,2 and 3 to get a,b,c
1
(nh)"

lim—— equals

n—oo n

a)e

1

I\n

let P=Q
n

)

18 r
log P= = log[ =
0g nz og(nJ

r=1

(A) 1

() 112
C

X2 1+[1} _
X[ 1
2 LI x]
Now using the property that
i_l{i <L
| x| Ix1] Ix]

2
(B)2X —Xx-—6

2
(D)X —=X+7

c) e?
d) e?

Limx? [1+2+3+ ...... {ﬁD is equal to, where [.] is greatest integer function

(B) 3/2
(D) 2

20



Mathematics Limits

46.

Key.

Sol.

47.

Key.

Sol.

48.

Key.

Sol.

49.

we get

1
—|X|< -
2 2 | x|

Now applying sandwich theorem the required limit is %

M[l} <)

If ‘f* be a bounded, differentiable and increasing function then
Iirrol[ f(sinx.tanx)— f (XZ)J , Where [.] is greatest integer function is equal to
X—>

(A)1 B)O0
(©)-1 (D) does not exists
B

sincesinx.tanx >x2V x € (0, n/2)
so, f(sin x . tanx ) > f(x?)
hence required limit is 0.

sin[cosx| .
Im———=, ([x] denotes the greatest integer less than or equal to)
x-01+[cosx]
(C) Does not exist (D) 3'_21
B
sin|cosh
LHL = fim £ (0—h) = lim S1c%"]
x>0 h-01+[cosh]
_s.in(O)_0 Q h>0
140 - cosh<1
RHL = lim f(x)=Ilimf (0+h)
x—0" h—0
~ sin[cos h|
~ h0 1+[cosh]
_s.in(O)_0 Q h>0
140 -.cosh <1
sin[cos x|
.'. Im—:
x->01+[cosx]
[ -cosees]
Lt| — —cosec’x |=
x-0\ x
1 2 _1 5
a) 3 ) 3 c) ) S

C
Apply, L-H rule

n—oo

n . a
If a, and b, are positive integers and a, +~/2b, =(2+\/§) , then |Im[b—”j=
n
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Limits

Key.

Sol.

50.

Key.

Sol.

A) 2
B

We have

Therefore

And

Therefore X

(4,
Hence lim|
nN—o0 bn

The value of lim f (X) where f (X):

x—0

an+ﬁbn:(2+ﬁ)n
:>an—\/§bn=(2—«/§)n
-3[(en2) +e-2)]
_[(2+x/§) ( \/_)

cos(sinx)—cosx

cos(sin x)—cos x

(A)2
B
i ()=

—2sin

=lim

x—0

1.

2 u—-0

j sinXx+Xx _sinx—X

. [(SInX+X) . inx—
sin sin
[ 2 ) (

D) e

(D) =




Mathematics

Limits

-1

:—EX].X].XZX—:
2 |

1
-

lim {x}+{2x} +{3x} +...+{nx}

51 lim = =
[Where {X} =X —[X] denotes the fractional part of x|
A1l B) O C) % D) None of these
Key. B
Sol. 0<{nx}<1, forn=123,....,n
n
n , X
=0<>Y {nx}<n =S—o< <=
n=1 n n
n n
2 {nx} 2. {nx}
= Lt < Lt =B _—< Lt = =0< Lt =2—-—<0
><~>oon n—oo n n—)oon N—o0 n
Xt+12Xt+...+{nX
BRE 20 RS L
n—oo n
; o (Y™
52. Forx>0;||m{(smx) +(;) }|s
x—0
(1)0 (2) -1 (3)1 (4)2
Key. 3
N7 . 1
Sol. Lt(sinx)."=0 (O<S|nx<1; ——)ooj
x—0 X
And log y =sin x.log x
__cos(sinx)—cosx
53. |im 3 ppa—
x—0 X
1 1 1
1)N= 2) = 3) = 4) =
(1) c (2) 5 (3) 7 (4)
Key. 2
28in(x+zlnxj . ZSin(x—me)
Sol. Lt h ( j.Lt : Lt =(x—sinx)
x50 SINX+X 2 x50 X—SinX x>0 2
2 2
H 3 5
Lt(_ S P (L S S
x>0\ 2X 2 13 15
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4. | 1+§+§+ +5n+2ﬂ =
MM 1 "1 "o
3 5 1
1) — 2)2 3) — 4) =
(1) 2 (2) (3) 4 (4) >
Key. 3
5+2 57427 5Y 2"
Sol. ——+ o+t -
10 10 10
(useG.P; S_)
s Iim?29 —243 —)2(331 +9"+3 _1:K(I093)3 ke
x—0
(1) 4 (2)5 (3)6 (4)7
Key. 3
3-1)(9" -1 X _
o A
x—0 X X X
a b 2x
56. IXI_['D (14‘;4—?) = ez then
(1) aeR; beR (2)a=1 beR (3)aeR; b=2 (4)
a=1 b=2
Key. 2

Sol. Ltf (X)g(x) is of form 1" = e*it"g(x){f(x)_l}

. nsin@ ntan @ ) )
57. ||m + = where [x] is greatest integer < X and ne |

6—-0 9 0

(1) 2n (2)2n+1 (3)2n-1 (4)0
Key. 3
Sol. ?—)1%9—)0 but <1

‘_'[nsma}:n_l

o
[nm}zn W—A as @ >0 but>1
(%) 0
X X X
58.If f(x)= Lt + + +.o.. tont ; th f
() IHoo{x+1 (x+1)(2x+1) (2x+1)(3x+1) } © N Terms; Then range o

f(x) is

(1) [0,1] (2) [-1.1] (3) {0, 1} (4) {-1,0,1}
Key. 3
Sol. 1- 1 Lt nx=0 for x>0

1+nx
Lt nx=—o for x<0
Lt nx=0 for x=0
Lt S,=L0
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Limits

1/x
59. Iim{Tan [£+ xj} =
Xx—0 4 —

(1)1 (2) -1 (3)e (4) e
Key. 3
Sol. 1% form = e*gtOg(X)(f(X)_l)
60. lim X{Tan‘1 X—H—Tan‘li} =
X X+2 X+2) T
1
(1)1 (2) -1 (3) 2 (4) ——
Key. 3
sol. Tanx—Tany=Tan? Y
X+2
Tan'—>— =
Lt x 2x> +5x+4 X+2 )
x> o X+2 2x2 +5x+4
2x2 +5x+4
61. If0<b<athen Iima +b =
n—oo an _bn
(1)0 (2)1 (3)-1 (4) none of these

Key. 2
0<E<1; (Ej -0
Sol. a a as Q=0
. 1 1 1
62. If a,=landa,=n(1+a )Vn>2, then lim 1+a 1+g ...... 1+§

1
(1)e (2) loge? (3) €2 (4) log, e

Key. 1

Lt a1+1][a2+1j (an+1j
Sol. BN % &,
(33l
o\ 2 A3 )\ 4 n+l)aa,...a,

LR b (LA
~ noe (N+DI noe nl noelnl nl
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i-i— 1 + an—l
_E it (- (o)

L(cos x—1)(cosx—e”)

63. The integer n for which lim

- ] is a finite non zero number is

x—0 X
(1)1 (2)2 (3)3 (4)4
. quOX} [995in xD
lim|| = +
Key. 3 x-0{ | sin x X
Sol. Conceptual
64. The value of where [.] represents greatest integral function, is
(1) 199 (2) 198 (3)0 (4) none of these
Key. 2
im2™X - im2
Sol.  We know that 7% X and *7?sInX
Iim{loo_i}ﬂim{%%} —100+98=198
SO, X—0 SIn X Xx—0 X
k 1 K k
65. If Z cos ~PBr = forany k >1 where B >0Vrand A= Z (By)" . Then
X—A X+ X2
1 o
A) — B)0 C) 3/2 D) —
) > ) ) ) >
Key. A
Sol.  Given cos_lﬁl + cos_lﬁz +..+ cos_lBk = kg We know that COS™ X < er >0

k
- cos LB, ser=1,2,3....,k = Zcos_lﬁr s%

r=1
So the given equality holds only if
cos_1[31 = cos_lﬁz =.= cos_lﬁk _ g
= Br=B2=..=Pk=0
Kk
Thus A= Z ([Sr)r =0
r=1
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(11 x2)Y3_ (1 2x)l/4
2

Rrequired limit="lim
x—0 X+ X

L4 x2)7213(2x) —i(l— 2534 (-2)
(L’ Hospital Rule)

= lim
Xx—0 1+2x
1
2
66. If [x] and {x} represent integral and fractional parts of x respectively and a is any real number,
{x}
.oev{Ix}-1
then lim —{2} =
x—>[a]  {x}
A) a B) {a} C) = D) Does not exist
Key. D
e 31

Sol. LetP= lim = 5
x—[a] {x}

Put x=[a]+h, h>0
tlal+h} _rra1+ hy—1

Then P = lim 5
h—0 {[a]+h}
h_ph_
po im &=t
ho>0  h?
e g _ .
lim == [Using L Hospital Rule]
h—>0 2h 2

Next put X =[a]—h,h>0
etlal-h}t _rra1-hp-1

then P= lim 5
h—0 {[a]—h}
1-h 1-h
=~ lim £ ‘(1‘2h)‘1= lim #:e—z
h—0  (1—h) h—0 (1—h)

.. Limit does not exist

67. Let f :R"™ — R" be a function satisfying the relation f (X.f (y)) = f (xy)+x forall

(f(x))“g—l]

X,y € R*. Then lim| ~—~~2/__ = |_
“{( f(x)" -1

27
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Limits

Key.

Sol.

68.

Key.

Sol.

1
A)1 B) = C
(A) ()2 (€)

C
Given relationis f(X.f(y))=f(xy)+x
Interchanging X and Y in Eq. (1.56), we have
F(y-F(x)=f(y)+y
Again replacing x with f(x ( ) in Eq. (1.56) we get
F(F0)-F ()= (y-F () (%)
Therefore, Egs. (1 56) (1 58) imply

F(FO0-F ()= T o)+ v+ (x)

Again interchanging x and y in Eq. (1.59), we have

f(f(y).f(x)="f(yx)+x+f(y)

Equations (1.59) and (1.60) imply
f(xy)+y+f(x)=f(yx)+x+f(y)

Suppose f(x)-x=f(y)-y=4

Substituting f (X) = A+ X in Eq. (1.56), we have
xf(y)+A=(xy+2)+x
= x.f(y)=xy+x

Therefore x(y+i):xy+x I:Q f(y):/1+ y]

= AX=X
=1=1 (Qx>0)
So f(X)=x+A=x+1

(x))ﬂ3 -1 - (1+x)" -1

Hence Iim(
c (X))yz 1 %0 (1+ X)1/2 1

x—0 (

The value of IXILYJ f (x) where f (X) = -

X
(A) 2 (B)1/6 () 2/3
B
jim £ (x) = lim cos(sin x4)—cosx
x—0 x—0 X
. SINX+X . sinx—Xx
-2sin sin
= lim - 2
x—0 X

cos(sinx)—cosx

(1.56)

(1.57)

(1.58)

(1.59)

(1.60)

(1.61)

(D) -1/3
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. [(SInNX+X) . (sinx—X
sin sin . ]
1. 2 2 SINX+X SINX—X
—1lim - - X X 5
2 x>0 [SINX+ X Sin X — X X X
2 2

1. sinu,. sinv,. (sinx
=——Ilim lim lim +1

2u>0 | vo0 Yy x50 X
X3 X5
-+ —+.... - .
N - (u:mnx+xN=smx—xj
X 2 2
_ Lokl
2 6
4+ 3% . S o
69. Let X, =1and X, = 3 2X” for n>1.1f lim X, exists finitely, then the limit is equal to
+ N n—o
(A) \/E (B)1 (C)2 (D) ﬁ+1
Key. A
Sol. We have X, =1,X, :ﬂzz
3+2 5

7

4+3 7
43, (5}
7

X, = =
3+2x, 3+2(5j

We can easily verify that X < X ., and hence {Xn} is strictly increasing sequence of

41
=—>X,
29

positive terms. Let lim X, =1 . Therefore

n—oo

I=limx,,

n—oo

- [ 443X,
=lim

el 342X,

4+3limx,

n—oo

- 3+2limx,

n—oo

_4+3
3+2l
Hence 3l+21?> =4+3l

or 12=2b =42 (@x,>0" n).
70. Let f(X):X3 {\/X2+\/X4+1—X\/§}.Then lim f (X) is equal to

L (B) L (@] i (D) does not exist
22 42 42
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Sol.

71.

Key.

Sol.

) x3{x2+\/x4+1—2x2}
We have f (Xx)=
\/X2+\/X4+1+X\/§
x3{\/x4+1—x2}
_\/x2+\/x“+l+x\/§
x3(x4+1—x4)
\/xz+\/x4+1+xﬁ}[\/x4+l+xﬂ

XS

X+ +1+ +x\/§}[M+ xz}
1

_, /1+H +ﬁ]{\/1+?+1}
=(m+1ﬁ)(ﬁ+1)

1 1

T22(2) 42

n . a
If @, and b, are positive integers and a, +\/§bn :(2+\/§) , then IIm[—”J:

nN—o0

A) 2 B) /2 c) e D) €2
B

We have a, +~/2b, =(2+ﬁ)n
—a, b, =(2-+2)
Therefore anzé[(2+ﬁ)”+(2—ﬁ)n}
(2+42)' -(2-42)'|
242
[(2+J§)n+(2—ﬁ)n}
[(2+ﬁ)n—(2—ﬁ)n}

And b, =

a
Therefore b—” = JE
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Limits

72.

Key.

Sol.

73.

Key.

Sol.

n—o 1_0 2+

((a—n)nx—tan x)sin nx
2

Hence |im($J _ \/E(LLOJ(Q 2‘£_< 1] _2

If lim
x—0 X

B) —

A)O
n+1

C)n

D
The given limit can be written as

i ) (-~ 20

x—0 nx X

= (1)(n)((a-n)n-1)=0

=(a-n)n-1=0=a=n+1/n

0

4 5

For each positive integer n, let S, =

lims, equals

n—oo

29 29
A) =

)0
6 36

B
3 K+2
T k(k+D)(k13)

(k+2)2
k(k+1)(k+2)(k+3)
k®+4k +4
k(k+1)(k+2)(k+3)
k(k+1)+3k+4
k(k+1)(k+2)(k+3)

1 3

Let

+ + +
124 235 346

n(n+1)(n+3)

=0, where NeR ~ {0} , then a is equal to

1
D) N+ =
n

n+2
. Then

29
D) =
18

4

(k+2)(k+3) (k+1)(k+2)(k+3) K(k+1)(k+2)(k+3)

:[kiz_ki3j_§{(k+2)l(k+3)_(k+1)(k+2)}

4

1 1
3{(k+1)(k+2)(k+3)_k(k+1)(k+2)}
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Limits

74.

Key.

Sol.

75.

Key.

Sol.

Now, put k =1,2,3,....,n and add. Thus

ﬂ 1 1
3| (n+1)(n+2)(n+3) 1.23
) 1 3 4 29
Therefore lims, ==+ —+—=—
n— 3 12 18 36
tanx sinx
Iima—_ is equal to (a>0)
x=0 tan X —SIn X
A) log, a B)1 Cc)o D) oo

A

tanx sinx tan x—sinx
.a’"-—a i inx [ @ -1
We have IIm—_:IImaS'”X ——
x>0 fan X —sInx  x-=0 tan X —sin X

t

H sinx H a
=lm(a )X'JL*;( :
=a’xlog, a=log, a
(1-sinx)(8x*~z°)cos x

j (where t =tan X —sin x)

x—>% (7[—2X)4
2 2 2 2
) - L ) >~ 0L p) -
16 16 16 16
D
. f (x)- (1-sin x)(8x3 —7z3)cosx
(71'—2X)4
1-sinX)cosX(2X—zm ) 4X" +27nX+ 7
| Joos x(2x—7)(4x° ’)
- (2X—7z)4
1-sinx)cosx(4x+2xx+xm
( ) ( 2 2)
- (2X—7r)3
Therefore  lim f (x) = lim (Losinx)cosx 5 2)
x> x>% (2X-7Z')
Iimf(x):limw.(%z) ————(162)
xa% xa% (2X—7T)

Put 2X—7 =Y sothat Y >0 as X — /2. Therefore now

(1-sinx)cosx _ {1_““(”; yﬂcos(ﬂ; yj

(2X—7r)3 y°®
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(1—cosy)(—siny)
_ 2 2
= %
2sin? Y |[ sinY
—_ 4 2
y* y
al y
sin= sin =
_ o4 1|21
yld | 16| y/2 |2
1 sin? | [ sinY
-S4 2 ————(1.63)
16| y/4 yl2
Therefore from Eqgs. (1.62) and (1.63)
. -37°
lim f (x)= x1x1.
(F 16
2
. l (_1)n+2
76. If @, is the greatest value of f(X) where f(X)=—————=anda , = +a,
2+[sin ]
Then lima, =
1)0 2)e 3)1 4) log, 2
Key. 4
1 1.1 111 1
Sol. =la =1-—,a=1-—+—=....... a=1-—+———+... +(-D"*
o ATRETITIART) 3 "TT273 D
lima, =log, 2
. Iim[[sm x]—[cosx]+1}:
x=>% 3
[ . ] > denotes greatest integer function
1)0 2)1 3)-1 4) does not
exist
Key. 1
Sol. LHL=RHL=0
1
. (1+2xjx2 2
78. lim ex =
x=0{ 1+ 3x -
5
1) e2 2) €° 3) 4)1
Key. 1
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Mathematics
. iz(Iog(1+2x)—log(1+3x)+l
Sol. limex X
Xx—0
(log(1+2x)—log(1+3x)+x 5
lim 5 .
ex—>0 X — eZ
79. Iichot‘l[r2+§j:
n—o0 =1 4
T /A
1) tan"*(2 2) = 3) =
) 2 ) ) ) 5
Key. 1
Sol. cot‘l(r2+§j:tan‘1 ! 3
4 r2y°>
4
=tan™ ! 1
1+(r2—j
4
=tan™ !
(23
I+{r+=|r——=
2 2
GHR
r+E - r—E
=tan™ 1
1+(r2+j
4
=tan’ r+£j—tan1(r—lj
2 2
80. - lim %/i(s/(x+1)2 —s/(x_1)2):
1 2
1) = 2) — 3)1
) 3 ) 3 )
Key. 4
sol. lim x* {(x+1)" + (x-1)"* H{(x+1)** - (x-1)*°}

_ Xl/S{(X+1)1/3 +(X—1)1/3}2
Rationalise lim

X0 {(X+1)2/3+(X2 —1)1/3+(X—l)2/3}

4)

4) tan*(3)

34



Mathematics

Limits

81.

Key.

Sol.

82.

Key.

Sol.

83.

Key.

Sol.

84.

2.x%3 (1+ 1jﬂ3 +(1—1j1/3 2
fim X X _2x2_4
X—>0 2/3 1/3 213) 3 - 3
x*® {(H 1) +(1—1j +(1—1j }
X X X

ifa>0b>0 then Iim[ﬂJ =

n—o0 a
1 1
1) b? 2) ab 3)a’ 4) b?
1
1 b*-1
_ X\ x Lt a
Let %zX, = X—0 as n— o then required limit Lt[—a 1+§ } =g
x—0 da
lIogeb ( 1]
:ea = ba
If S, = L + 1 o, + 1 then limS, =
1.2.34 2345 n(n+)(n+2)(n+3) n—
1) > = 3) - L
18 9 18 18
4
1

S, =c—
(n+H(n+2)(n+3).3

1 1
n=1=s =Cc- =C= +
2.3.4.3 1234 2343
cC= L(HE
2.34 3
1 1
=— Nowas N>, S, >C=—
18 18
| X2 +5x+3)
x>0 X%+ X+ 2
1) e? 2) e’ 3) €° 4)e
2
2 X . 4x+1
fim| X r5x+3) _ imll
ool X2 4 X+ 2
. 1) - . .
|I[Tll —{7} [.] — denotes greatest integer function
x—>?—
1) -9 2)-12 3)-6 4)0
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Key.

Sol.

85.

Key.

Sol.

86.

Key.

Sol.

87.

Key.

SOL.

1

lim(x—log, (coshx)) =

1)1 2)0 3) log, 2 4)
3

: e +e”
I|mx—Ioge( j

X—0 2

. [1+e
limx—log, e

X—>0 2

: 1+e™
limx—x—log,

X—0 2

lim —log, (%) =log, 2

7\ -3r°
If f(x) = 0 be a quadratic equation such that f (-7)=f (#)=0 and f (Ej = then
) f(x
lim # is equal to
x>z sin (sin x)
a)o b) 7 c) +2r d) None
C
From given data f (X) =x? -7
2 2
. X: =
lim—2—2- =27,
x>-z —sin(sin x)
—2h7z+h? 3

lIim—————=2
oo =sin(sinh) d

If the normal to the curve y = f(x) at x = 0 be given by the equation 3x —y + 1 = 0 then the
value of limx’ [F(x?) —5F (4x2) +4F(7x))] s

1 2
(A) 3 (B) 3

2 1
Cc) -= D) -=
© 3 (D) 3
D
SLOPE OF TANGENT AT X =01S —%
1
= f(xX)=-=
() 3
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X2

lim — 5 5
x00 1(x2) — 51(4x) + 4F(7%°)
. 1 1
Ilm 12 ' 2 ] 2 =75
x00 £(x%) — 20 '(4x°) + 28F'(7x%) 3

gg. f (X) is a polynomial function and (f (OL))2 + (f '(OL))2 =0 then the value of

+ (USE L.H. RULE)

=

It f(x)|f'(x)
———| ———= | (where [] denotes greatest integer function) is __
x—>af'(x)| f(x)
a) 0 b) 1 c)-1 d) 2
Key. B

Sol. Clearly, QL is repeated root of f X) 0

i f(x)[ { ;‘)H X%a[ :(();)){i((:))}]

x—>af'(x)| f (x)
[ It f (X X }j is bounded function)

X — o f'(x) (x
89. [| [ { }J(a>0) L] GIF, is

A)a’-2 B)a’-1 c)a’ D) a’+1
Key. C

X
Sol. Fora-1< x<a:>[—}=0
a

[u J az
X—>a a

sinx

Lt Sinx=(sinx)

90.
-2 1-sinx+In(sin x)
(A) 1 (B) 0 ()2 (D)-1
Key.  C
t
1-t+logt
1
4\
91 Hl(tan X. j =
T
S 1 21
(A) €7 (B) &7 (€) o (b)e ”
Key. B
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L (i tant x—l)zi
Sol. e 7 X

T 7T
92. Valueof f (Ej so that the function is continuous at X = E is, if

f(x)=

(1-sinx)Insinx
(n—-2x)2m(l+7¥-—4nx-+4x2)
1 1 1 1
a) — b) — c)—— d ——
8 16 32 64
Key. D

T
Sol. PutX=—+h
2
_ t(1——cosh)|n(cosh)
h=>0 4h2In(l+4h2)

1
Simplify to get ——
64

93. Sl :If |;Ll’llf (X) + g(x) and |;Lrl’]f (X) — g(x) exist : then it is not necessary that

Limf(x) and Limg(x) both exist separately

X—a X—a

S, :if Limf(x)g(x) exists then it is necessary that Limf(x) and Limg(x) both
X—a X—a X—a

exist separately

S, : Lim(f (X)) = NI OUCS
xInx e[cos X]

e
S4 : ————— =1, where [ ] represents greatest integer function state in order,
x-0"  XInx
whether S,,S,,S;,S, are true or false.
a) FTTT b) FFFF c) TTTT d) FFFT
Key. D
Sol. S, is applied only for form(—) 1)00
22 -1 P -1 n®-1°
94. Lt g e ey SN ———3 isequalto
noo2® +1° 341 n°+1
1 1 2
a) — b) — c) — d) None of
3 2 3
these
Key. C
Sol. Conceptual
95.
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T
A circular arc of radius ‘1’ subtends an angle of ‘¥’ radians, 0 < X < E r R

as shown in the figure. The point ‘R’ is the point of intersection of the
two tangent lines at P & Q. Let T(x) be the area of triangle PQR and Q

T(x) 1

S(x) be area of the shaded region. Then Lim——= = @)

5

a)2 b)

c) d)

Key. D

Sol. T (x)==.PRRQsin(z—x)

1 , X . X sinx
=—|tan”— |.sInX=tan ————
2 2 2 2

N |-

s(x) =area of sector OPQ —area of AOPQ

— (1) x- (1) sinx

Lim—2 2 2.3
x—0 X—=SINn X 2

2
) 1
o6, Lt (sm hxjx
x—0 X
1 1 1
(a) e2 (b) 1 (c) e® (d) e®
Key. C
: €
sol.  Letl= Lt (s'n hx}x
x—0 X
. 1
logl = Ltoizlog(smhx) by L' Hospital Rule = | =e®
x—>0 X X

39
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Limits
Multiple Correct Answer Type

1. If f(x) ?Lm_ 29 h
. X)= X =~ then
| x|+[x] &
A) limf(x)=-1 B) lim f(x)=10 C)limf(x)=-1 D) limf(x)=0
x® 0* x® 07 X® 0 x® 0

Key. AB

IX+Ix] x+0
Sol. A) Lt x| & =2 |2 L[ =2 =Llt(e*-2) =1-2=-1
x—0+ |X| + [X] x—>0+ X+ 0 x—0

I+[x] -1 _
B) thu:thu:O
x—0— |x|+[x] x—0— —x-1

7 7
2. If lim X +a =7, then the value of a is
x—>-a X+a
A) 1 (B)-1 C) 7 (D) =7
Key. A,B
a’ —(—x)’
Sol.  lam (=) =7=7a%=7=4a°=1

a=z1
lim | [sin”|x|
3. X— 0| ———— | (where [] denotes greatest integer function) is
X
(A) left hand limit is — 2 (B) left hand limit is -1
(C)right hand limit is 1 (D) limit exists and both are equal to 1
Key. AC

sin'h int
Sol. - LHL = lim [u} lim {M}—z
h—0 h h—0| —h
lim ‘sin’lh‘
RHL=h—>O0 T =1

4. Suppose 'f ' is a function that satisfies the equation f (X+ y) =f (X)+ f (y)+ X2 y+X y2

1 1 1 1 H f (X)
for all real numbers 'X' and 'y'. If lim ——= =1, then
x—=0 x

A) f(x)>0 for x>0 and f(x)<0 for x<0 B) f'(0)=1
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o f"0)=1 p) f™(0)=6
Key. A,B
.
foy=o 0= pm TPy
Sol. Observe that and h=0
, - flx+k)-F{x)
)= fgy ———
2 2
— lim f(ﬁz}+x h+xh 24
h—{ kb
3
F{x) - i
Hence, - ... -. .=
XP+xPt4+1
5. Lt ————=(p>0,0>0
x>0 X4 4 X2 42 (p>0,0>0)
A)0if p<q B)1if p=q
C) infinite if p>q D)1if p>q
Key: A,B,C
Hint:  Conceptual
5. If a,ﬂe(—z.OJ such that (sina+sinﬁ)+5!ﬂ:0 and (sina+sinﬂ)5!ﬂ:—1
2 sinf sin
. 2n
lim 1+(2sina)
=n—>oo . 2n then
(2sin B)
(A) a=-= (B) A=2
6
Qa=-2 (D) A=1
3
Key: AB

Hint:  (sina +sinﬁ)2 =1

=sina+sinf=-1
. -1 . -1
=>SIha=—SIN) =—
2 p 2
a=p=-30°

p
. X g(x)+h(x)+7
6. If f(x)=lim 9(x)+h(x)
poo  7xP 43x+1
continuous function at X =1. Then which of the following statement(s) is/are correct

;x=1and f(1)=7,f(x),g(x) and h(x) areall
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(A)  g(1)+h(1)=70 8)  g(1)-h(1)=28
(©  g(1)+h(1)=60 (D)  g(1)—h(1)=-28

Key: A,B
Hint: When xX<1 When x > 1
h
)(F{ g(x)+(—x)+—
f(l):h(l)+7 ( ):L Xp Xp
3 1 P—>o0
+ Xg({ﬁr 3x;—1}
X
h
. _ (1)+7 . g_l)
4 7
h(1)=21 ~g(1)=49
g(1)-h(1)=28
g(1)+h(1)=70
. 1
7. The function f(X) = — where U=——
u"—u-2 x—=1
a) has a removable discontinuous at x=1 b) has irremovable discontinuous at
3
X=0, =
2
c) discontinuous at U=-2, 1 d) discontinuous atu =-1, 2
Key: A,B,D
Hint  The function U= 1 is discontinuous at x =1
X_
1 . .
f (X) =——— jsdiscontinuous at U=-1,2
(u+1)(u—2)
j.e.at X= O,E
2

also we have XI;tOf (X) = uEt_lf (x) =0
Lt f(x)= Lt f(x)=o0

VR u—2

Ltzf (x)= Lt f(x)=0

X—1 X—»00

k x=1

Then value of k so that the function is continuous at x = 1 is
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(A) 263 _ 931 (B) 265 _ 933
(©) (2°+1)(2°+1)(2* +1)(2° +1) (2% + 2%)
(D) (2% +1)(2° +1)(2° +1)(2* +1)(2° +1) (2% +2%)

Key: A,C
Hint  Conceptual

x-3 x>1

0. The function f (x)=1( x? (BXJ (13} is
— |- = |+ =], x<1
4 2 4

(A) continuous at x =1 (B) differentiable at x =1
(C) continuous at x=3 (D) differentiable at x = 3
Key: AB,C
Hint:  f(1+h)=2=f(1-h)
f(3+)=f(3-)=0
Continues at X =1,3
f'(1+)=f'(1-)=-1
Not differentiable at x =3
XP+xPt+1
10. Lt —————= >0,9>0
xo X9 4 X972 42 (p>0,9>0)
1)0if p<q 2)1if p=q
3) infinite if p>(q 4)1if p>¢
Key. 1,2,3
Sol.  Conceptual

) asinx—bx+cx2+x3 ) e
11. If lim 5 3 7 exists and is finite, then
X=>02xIn(@+ x) —2x° + X
A)a=6 B)b=0 Cc)c=0 D) The limit =
3
40
Key. A,C,D
Sol. Givin limit
3 5
a[x—x+—...}—bx+cx2+x3
31 5l
= |im
x—0 2 3
xz(x—szrx - J—Zx3+x4
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5
X
(a—b)x+cx2 (1—ajx3+a....
— lim 6 120
x—0 x5 X6
2———+
3 2
For this limit to exist, we must have
a=b,c=0,a=6
. . a 3 6x3 3
and given limit= —x— = =—
120 2 120x2 40
o 7r(1—cosm x)
12. If IIrTg sin| —————= | exists, where m,n e N, then
X—> X
aymeN,n=3 b) meN,neN cmeN,n=2 d meN,n=1
Key. C,D
[ x(1-cos"x)
Sol. limsin| ——
x—0 X
o [ﬂ(l—COSm X)J
=sin lim| ———=
x—0 X
Possible when me N andn=1o0r2.
2
13. a, B are roots of equation ax? + bx + ¢ =0 where 1 < a < B if Iimwzl then
xom ax® +hbx+c
which of the following are true
(A)a<Oandoa<m<p (B)a>0andm<1
(C)a>0anda<m<p (B)a>0andm>1
Key. AB
SOL. lim |a(X —O(,)(X—B)l -
x>m a(x —a)(x—p)
WHENA>Q,M<1=M-0a)(M-pB)>0
=  AM-=-0)(X-p)>0
L X=X =B) o
xoma(x —a)(x - )
WHENA<0,a<M<B=M=-a)(M-B)<0
= AM-a)(M-B)>0
e |imw:1
x>ma(x —a)(x - )
p p-1
14. t;wLﬂ' where p>0 >0 is
X+ X977 +2
(A)Oif p<q (B)1if p=( (C) Infiniteif p>q (D) 1if p>(
Key. A,B,C
Sol. SS' >k
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Key.

Sol.

Key.

Sol.

Key.

Limits
Assertion Reasoning Type
, (x+1)10 +(x+2)10 Fon +(x+100)10
Statement-1: lim R
X3 X~ +9
Statement-2: If p(X) and g(X) are polynomials of same degree, then

=100

lim p(x) _leading coefficient of p(x)

x> () ~ leading coefficient of q(x)

A

Let p(X)=a,X"+aX" " +..+a, and q(x)=byX" +bx"" +...+b, then

lim . =2
on () o= by b Ix+b, /X +.+b /X" by

(x +1)10 + ...+(X+lOO)10 is a polynomial of degree 10 with leading coefficient 100 and

p(x)_“ a,+a /x+a,/x*+..+a /x" a
X

x?+9%is a polynomial of degree 10 with leading coefficient 1. So statement 1 follows from
statement 2.

. (x=3Y". s
Statement-1: lim| —— | isequalto €.
x>0\ X+ 2

1 X
Statement-2: lim (l+ —j =e.

X X
A
Clearly Statement Il is true. Now
3 X
3 1S
Ilm(—j =lim —g
X0\ X+ 2 X 1+;

Statement | is also true and Statement Il is a correct explanation of Statement I.

sinx .
—— if x<0
Statement-1: Let f (X) =< X

ax+bif x>0
If lim (X) exists, then a=1 and b=0.

x—0

Statement-2: Iing( pX+ q) =( where p and g are any real constants.
X—>
D
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Sol.  Statement Il is clearly true. Since lim f (X) exists, the left and right limits of f (X) at x=0

x—0

must be equal. So

Iim(—smszl
x—0 X

= lim f(x)=1
x—0-0
Now XL'ETO f (x):xllmo(ax+b):b.

Therefore b =1 whereas a may be any real number. Hence Statement | is false.

4, Statement-1: If a and b are positive and [X] denotes the greatest integer <X, then
. X|b| b
lim—|—|=—.
x=>0+ g X a
{x} .
Statement-2: lim—= =0, where {X} denotes fractional part of x.
X—00 X

Key. A

. X|b . X(b |b
Sol. lim==|=lim=| =={=
x-=0+ g X x=0+ g\ X X

—E—Eli M where y =
a av=y
_b
3
Since, OS{X}<1 so mﬁl for x>0.
X X
Hence |imﬁ=o.
X—00 X
5. Let [X] denote the integral part of x.
sinlX] iy 20
Statement-1: Let f(X): [X]
0 if [x]=0
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Then lim f (X) does not exist.

x—0
. (sinXx
Statement-2: IIm(—] =1.
x—0 X
Key. B
Sol. Statement-ll is true.
Now fim 1 (x) = lim = SmL0="]
Xx—>0-0 h>0 [O—h]
i sin(-1)
h—0 (_1)
=sinl.
Also lim f (X) =0 because [0+ h] =0. Therefore
x—0+0
xI—I>[)T—]O f (X) * xI—II)TJ]O f (X)
=limf (X) does not exist.
x—0

Statement-l is also true. That is both statements are true and Statement-Il is not a correct
explanation of Statement-I.

6. Statement-1: If lim

x—0 3

sin2x+asin x
X

j exists finitely, then the value of a is -2.

f(x)

Statement-2: If lim exists finitely and limg (X) =0 then lim f (X) =0.

X—a g(x) X—a X—a
Key. A
Sol. Statement-Il is clearly true.
. (sin2x+asinx) . (sinx)(2cosx+a)
Now lim| ————— |=Iim >
x—0 X x—0 X X
. 2cosx+a . .
= lim———— exists finitely.
x—0 X2

Therefore Iim(2cosx+a) =0.

x—0
Soa=-2.
A) Statement-1lis True, Statement-2 is True; Statement-2 is a correctExplanation forStatement-1

B) Statement-1is True, Statement-2 is True; Statement-2 is NOT a correct explanation for
Statement-1

C) Statement-1is True, Statement-2 is False

D) Statement-1is False, Statement-2 is True
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X—00 X

7. STATEMENT-1: lim x2 (1— coslj = %

STATEMENT-2: lim Cos(lj does not exist

x—0 X
Key: B
. 1
1 1 2x2 ><sm2[2j
Hint:  lim x? Kl—cos—) = lim x2x23in2(—j = lim X
X—00 X X—>00 2X X—>00 1 2
——5 x4x
4x
1
as X »>o,— —>0
2X
. 1 1 1
So, lim x*|1-cos= |==x1*==
X—>00 X 2 2
. 1 ) 1 .
Also, IIng COS| — | does not exist because COS| — | does not approach to a definite value
X—> X X
as X —>0
. -D" .
8. STATEMENT- 1: lim|1- , ([ ] denotes the G.I.F.) does not exist.
N> n+1

STATEMENT 2: Iim[l— ) j =1
n—a n+1

Key: B
Hint: Conceptual

5. Let T(x)= CO{[XﬂXS]J (where [] denotes greatest integer function < x) then

Statement| : f

Statement Il f( X
Key: C

Hint: Domain = (—oo, 3) U[4, «)

(
(

X) is.continuous at atleast one integer in the domain of f (X)

is-discontinuous at all integers in its domain.

Let k € Domain of f(x), k € |

Lt f(x)zcos(kﬂ—_kgj

x—k*

Lt f(x)= cos[kﬂ—_kllj

X—k™

f(k):cos(kﬂ—_ksj

Atk =4, 0 f(x) is continuous
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10.

Key.

Sol.

11.

Key.

Sol.

Statement-1: If a and b are positive and [X] denotes the greatest integer <X, then

: x{b} b
lim 2| = |==.
x>0+ g X a

. X
Statement-2: lim u =0, where {x} denotes fractional part of x.
X—>00 X

b_
a
b
=
Since, OS{X}<1 S0 ﬁSlfor Xx>0.

Hence Iimﬁ =0.
X—>00 X

Let [X] denote the integral part of x.

if [X] #0
Statement-1: Let f (X)= [X]
0 if [x]=0
Then lim f (X) does not exist.
x—0
. (sinX
Statement-2: IIm(—j =1.
x—0 X
B
Statement-Il is true.
Now fim 1 (x) = lim = SmL2="]
Xx—0-0 h>0 [O—h]
sin(-1)

=lim

)
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=sinl.
Also lim f(X)=O because [0+ h]=0.Therefore

x—0+0
XLI[DO f (X) > xL”(‘JQO f (X)
=Ilimf (X) does not exist.
x—0

Statement-l is also true. That is both statements are true and Statement-Il is not a correct
explanation of Statement-I.

. (sin2x+asinx
12. Statement-1: If lim| —M8MM—

x—0 3

j exists finitely, then the value of a is -2.
X

f(x)

Statement-2: If lim——= exists finitely and lim g(X)=0 then lim f (X)=O.
x—>a g(x) x—a x—>a
Key. A
Sol. Statement-Il is clearly true.
. (sin2x+asinx) . (sinx)(2cosx+a)
Now lim| —————— |=lim 5
x—0 X x—0 X X
. 2cosx+a oo
= lim———— exists finitely.
x—0 X

Therefore Iim(ZCOS X+ a) =0.
x—0

Soa=-2.
In(2+ X) — x*" sin x
13.  Assertion (A): For |X| <1, then In ( ) o =In(2+x).
n—eo 1+Xx
Reason (R): For —1<x<1 In x*" =0
nN—oo
Key. A

Sol. Conceptual

X. where ne N .( Where [.]

14. Statement — | : The period of [X]+[2X]+ ..... +[nx]——n(n2+1)

denotes the greatest integer function) is |_n

Statement - Il : The period of {X} + {ZX} +.o.+ {nx} when ne N is L.C.M of the periods of

{X} , {ZX}, ............ {nx} , (wWhere {} denotes the fractional part of x)
Key. D
Sol. Conceptual

n

X
15.  Assertion (A): Lt — =0 forevery X>0,ne N

n—o0 n!

Reason(R) : every sequence whose nth term contains n! in the denominator converges to 0.
Key. C
Sol. Conceptual

16. STATEMENT 1: If g and b are positive and [x] denotes greatest integer < X, then

) x{b} b
lim=|=|=—=
x—>0+a X a
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. X
STATEMENT 2: lim u — 0 where {x} denotes fractional part of x.
X—00 X
Key. A
Sol. The Assertion A is true and follows from Reason R.

. . X|b . X(b |[b
Since lim=| = |=IlimZ| ===
x—=0" al| X x-0" al X X

lim 9_(9j{b/"} _b b
x-0'\la \a) b/x a
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Limits
Comprehension Type

Passage — 1
Let ne N, The A.M, G.M, H.M of the n numbers n+1, n+2, n+3, ----, n+n are An, Gn, Hn respectively

then attempt the following.

. An
1. lim —
n—oo N
A.1 B.1/2 C.3/2 D.2
Key. C
, n(n+l1)
Ah_(n+1)+(n+2)+————+(n+n)_n +T_3n+1
Sol. B n B n 2
An 3 1 3
— =t —> > asn-oa
n 2 2n 2
. Gn
2. lim —
n—oo N
A.1l/e B. 2/e C.3/e D. 4/e
Key. D
Gn=((n+1)(N+2)————(n+n))"
1., 2 N\
= (L4 D)t D) ===+ )
n n n
Gn 1 2 NG
== @+ D+ ————(1+)
n n n n
Sol. n n
1og 2" =L S log(a+ Ly = lim1og & = tim £ 3" log(t.+ 1)
n n n n—o0 n - ) n
h 4
= [log(L+x)dx = log =
! e
. Gn 4
lim—=—
n—oo n e
. Hn
3. |lim —
n—oo N
A.1l/e B. 1/log2 C.2/e D. 1/log4
Key. B




Mathematics Limits

n n noo1 14 1
Hh=—— AT Drind My

- 4 r=1 r nr:ll+£
Sol. n+l n+2 n+n n

1 dX 1
——=log(l+x)| =log2
!1+x o )! g

Passage — 2
If £, g and h are functions having a common domain Dand h(x)< f (x)<g(x),xe D and if

limh(x)=limg(x)=I then lim f (x)=1. This is known as Sandwich Theorem. Using
X—a X—a X—a
this result, compute the following limits.

4. The value of lim |X|

POUX +4x2 47
(A)1 (B)o (€)1/2 (D) doesn’t exist
Key. B

Sol. Since A/ X* +4x2+7 >1, so

0 —11 |4 <|x|. But lim|x| =0
X +4X% +7 x>0

Hence 0 < liMm——— |X| <I|m|x|

O Ix AP +7 0

im ¥

POUX AKX+ T

=0

5 Iimx“sin(ij is
) x—0 3\/;

(A)O (B)1 (€)1/3 (D) does not exist
Key. A

Sol.  Since —133in( ] 1, so —x* < x* sm[ L ]<X4.But limx* =0,
3Jx

x—0
Hence 0 < x* sm(3 j<

s lim x“sin( j
x—0
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x—0
Key. C
1/x -1/x -2/ %
g —e 1-e
SOI' O < X2 1/x -1/x = X2 —2/x
e +e l+e
So lim f (x)=0.Also lim f (x)= lim x*
X—>0+ X—0—
Hence lim f (X):().
x—0
Passage — 3

(A) lim f (X) doesn’t exist

x—0+

() lim f (X) exist

n—oo n—oo

<x%for x>0.

(B) lim f (X) doesn’t exist
x—0

(D) lim f (x) =1

-1
+1

=0.

Let f(x)= Iim{cos\/gJ . 9(x) = Iim(l—x+xg/g)” . Now, consider the function y = h(x), where

h(x) = tan"* (g *(x)).

In(f(x
7. lim ( ( )) is equal to
Xx—0 |n(g(x))
1
A) —
(A) >
©o
Key. B
8. Domain of the function y = h(x) is
(A) (O,oo)
(©) (0. 1)
Key. C
9. Range of the function'y = h(x) is
T
A) | 0,—
/(03]
©OR
Key. D
Sol.  Conceptual
Passage — 4

In the evaluation of limits following the paragraph, one may use one or the other of the

following results:

1
(B) 3

(D) 1

(B)R

(D) [0, 1]

(B) (—
(D) (—

NDla Nla

T
2

;

)
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10.

Key.

11.

Key.

12.

Key.

Sol.

HIf f (X) and ¢ (X) are functions defined in some deleted neighbourhood N of ‘a’ such

— ) : -
that ¢ (X) never vanishes in N and lim exists, then lim g(X) = Oimplies
X—a g (X) X—a

Lt f(x)=0

X—a

2)If f (X) —las X—>a,g (X) — +o0as X — aand Iim{ f (X)}g(x) exists, then this limit
equals Lt g(X){f(X)—l}
e X—a

sinax—log, (" cos x

N—
| =

If lim - =—,then
x—0 Xsinbx 2
a)a=1b=1 b)a:—l,b:% c)a:—l,bzld)a:—l,bzé

A

Let f (X) be a function that is defined in a deleted neighbourhood of ‘0’ such that

lim f(x) _1 i lim x(1+acosx)—bsin x

3 =1 then
x>0 X x—0 {f(X)}
a)a:—E,b:—l b)azl,bzE c)a:—E,b:—E d)
2 2 2 2 2 2
a:E,b:E
2 2
C
2
a—Ja?-x* -2
Let L =Ilim >N 2 ,a>0.IfLisfinite, thenL=
x—>0 X“sin® X
a)1 b) —l c)1 d) —1
4 4 8 8
C
b acosax —1+tan x
4. —= Lt
2 x>0 2X
LpL Lt acosax—1+1
x—0 X
—=a=b=1
. l+acosx—axsinx—bcosx
5. lim > =1
x—0 3)(

implies a—b =—1and in this case,

1-cos x)—axsin x
1:Iim( )2 :1 1—a
x—0 3x 3\ 2

This gives a:—Eand b:a+1=_§
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_7X+X 1_#
2 2 2 2
6. L=limN& =X _|t{_va—-X
x—0 4)(3 x—0 4X2
2
—~a=land L=t VX1 1
x—0 4X 8

Passage — 5
If f, g and h are functions having a common domain D and h(X) <f (X) < g(X), XxeD and

if limh(x)=limg(x)=1 then limf (x)=1. This is known as Sandwich Theorem.
X—a X—a

X—a

13 Iimx“sin[ij is
’ X—0 3\/;

1
(a)o (b) 1 (c) E (d) does not exist
Key: A
. . : 1 4 4 o 1 4 ; 4
Hint: Since —1<sin| —— [<1, so —Xx" <x"sin| — [<x".But limx"=0.
3X 3 X x=0
lim x* sin L =0
X0 3\/; -
el/x_e—l/x
14. Let f(X):Xzﬁ,Xio and f(0) = 1 then
e " +e
(a) |imf(X) does not exist (b) |imf(X) does not exist
x—0" x—0
(c) Iimf(x) exists (d) fis continuous at x = 0.
x—0
Key: ¢
1/x -1/x -2/x
e’ —e l-e
Hint: ngzﬁ: g Y SXZ forx>0
e’ +e l+e
2/x
so limf(x)=0. Also limf(x)=lim x? =0
x—0" ( ) Xx—0" ( ) x—0" eZIX +1
limf(x)=0
x—0 ( )

1
15. Let f (X) =x° [—3}, X #0 and f(0) =0 ([.] denotes the greatest integer function)
X

(a) Iirrgf (X) does not exist (b) fis not continuous at x = 0
(c) leggf(x) =1 (d) leLrgf(x) =0
Key: d

Hint:  Since X—l<[X]SX for xeR

1 1 1 1 1
—3—1<[—3 S_S = XS(F—1JSX5|:—3:|SX2

Passage — 6
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f :R — R is a function satisfying the following three conditions:
(@) f(—x)=—f(x),vxeR
(b) f(x+1)=f(x)+LVvxeR

() f(1j=L2X),Vx¢O
X X

Answer the following questions.

2f(x+l) _ 2f(x)

16. lim——— s
X—2 X
2
A) 2 B) log2 C) 2log 2 D) ——
log 2
Key. A
- -1 .
17. IX|L711(f (x)) is
A)1l B)O C) does not exist D)e
Key. A
18. The number of common points of the graph of y = f (X) with the line y =X is
A)2 B) 4 C)8 D) infinite
Key. D
Sol.  16-18.Hint: f(X)=X,VxeR.
Passage — 7
Consider two functions
: X ) ab : 2 2
f(x)=lim COST & g(x)==x*,where b:|lm(\/X +X+1-+/X +1), then
nN—o0 n X—0
19.  f(x)is
A)e™ B)e X2 c)e” D)e*"2
Key. B
20. Number of solutions of f (X)+ g (X) =0 is
A)2 B)4 C)0 D)1
Key. A
X
X l-cos—
cos—=-1 |xn 2
Sol. f(x)=|ime( Y =lime” —{H xx? =g
n—oo n—o0 X
Jn j
2 2
X“+X+1)-(x"+1) 1
A Lk dihes o L
or x4 x 4142+l 2
= f(x)+g(x)=e>"2 —x*=0 —e X2 =y
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\ 1 /

X
_— L T

——

Two solutions

Passage — 8

If £, g and h are functions having a common domain D and h(X) <f (X) <g (X),X e D andif
!(ILQ h(X) = !(ILI; g (X) =1 then IXILT; f (X) =1|. This is known as Sandwich Theorem. Using

this result, compute the following limits.

. X
21. The value of IImL
20X+ 44X+ T
(A)1 (B)O (C)1/2 (D) doesn’t exist
Key. B
22 lim x* sin L
. lim 3x is
(A)O (B)1 (€)1/3 (D) does not exist
Key. A
1/x -1/x
e " —e
23.  Let f(X)=X*| S—=~[,X#0, then
e +e
(A) lim f (X) doesn’t exist (B) lim f (X) doesn’t exist
x—0+ Xx—0
(C) lim f (x) exist (D) lim f (x)=1
x—0 x—0
Key. C
Sol.  21.Since VXx*+4x*+7 21, s0
i :
o< <|x.But lim|x|=0,
X' +4x2+7 x>0
. X .
Hence 0 < |ImLS lim|x|=0.
x—0 ’X4+4X2+7 x—0
: X
SoliMm————==0

PO +4XP 4T

22. Since —1< sin[ijél, so —x* <x* sin(ijé x*.But limx* =0,
3V X 3\/; x—0

Hence 0 < Xx*sin (ij <0,
3Jx
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) ) 1
s limx*sin| — |=0.
x—0 (3&)

1/x _e—llx 1_e—2/x
23. 0< X ———=x"=———<x* for x>0.
e’ +e 1+e
e2/X _1
So lim f(x)=0.Also lim f (x)=lim x* 5 —=0.
X—0+ X—>0— X—>0— e* 4

Hence leLrg f (X):O.

Passage — 9
I
et f(x)="C,p*q"*;x=0,12,...n where p+q=1, 0< p<1. Here "C, = Y _
x!(n- x)!
and n!=1"2"3 ...  n. np=1 (finite) when p® 0 and N® ¥ . Now answer the
following questions
2. Lt ?:on(X):
I
a) | b) — c)0 d)1
) ) > ) )
Key. A
°n 2 —
25. Lt iox f(x)=
a)1+1 byl +1°? ol? d)o
Key. B
26. Lty (x- 1Y f()=
n® ¥ %= 0
a) | b) 0 c) 2l d) 1 2+1
Key. A
: _n(n- 1)(x- 2)........ n- x+1)ad da 18"
Sol. 24,2526 lim f (x)= lim (- Dix- 2. )—g gl —
ne® ¥ ne® ¥ X! no no
et
X!
¥ ¥ | I x-1| | ¥ | x-1 .
a xf(x)=3 xe'——=1e'3 =e'el =1
x=0 x=0 (X' 1)!X x=1 (X_ 1)!

¥

¥ ¥
similarly @ X f ()= § x(x- Df (X)+ g xf(x)=12+1

x=0 x=0 x=0

(x- 1Y f(x)= & Xf(X)+123 f()- 2§ xf(x)

0
AP+ A-22=2

% QDo 4




Mathematics Limits

Passage 10
L . . .
ra T(X) exists |f - f(x)and X;{f f (X) both exist and are equal. Their common value is

the value of ' f(X). Answer the following questions

X—a

27. If
sin(1+|x
f (X) = & [X] 0
[X]
=0 [x]=0 (where [] denotes the greatest integer function) then

A) U w0 T (X) exists and equal to zero (B8) 4 w0, T(X) exists

(€) &, F(X) exists (D) none of these
Key. A

1 \L
28. If f(x):3+[1+71-xj then

dofo)=4 (), f(x)=3 t L f(x)=5 (D) 1, f(X) does not exist
Key. D
29. If [X] denotes the greatest integer < X then ' (1—X+[x—1]+[1-X]) is
(A)O (B)1 (©)-1 (D) none of these
Key. C
Sol. Conceptual
Passage 11

o) =1= h(x)and f(x)<g(x)<h(x) Vxe(c-d,c)U(c,c+5) for 5 >0 then

X—>C

.9(x) =1 this is called squeeze principle or sandwich principle. Then answer the following

questions.
30.

= (where [.] denotes the greatest integer function)

X—0n—w 3
n

Lo ([12xx]+[22xx]+ ....... +[n2xx]J

1 1 1
A)O B) — C) - D) —
(A) (B) 5 () 3 (D) >
Key. C
31. t;{[%}[m%}j = (where [.] denotes the greatest integer function )
(A) O (B)3 (€)2 (D)1
Key. D
X{+12XE+{3X{ + ... nx
32. r';t_m[{ }+{ }+{ 2}+ +{ }] (where {X} denotes the fractional part of x) is equal
n
to
(A)1 (B)-1 (€)o (D) none of these
Key. C
Sol. Conceptual
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Passage — 12
Left hand derivative and right hand derivative of a function f (X) atapoint X =4 are
defined as
fl(a’): Limf(a)_f(a_h) = Limf(a+h)_f(a) and
h—0" h h—0~ h
fl(a*): Limf(a+h)—f(a) _ I_imf(a—h)—f(a) _ L f(x)-f(a)
h—0" h h—0~ —h h—a* X —a
respectively
33. If f is odd, which of the following is left hand derivate of fat x=-a
Lt f(a—h)-f(a) o Lt f(h-a)-f(a)
h—0* —h h—0" h
o Lt f(a)+f(a—h) o Lt f(-a)-f(-a—h)
h—0* —h h—0" —h
Key. A
34, If f is even which of the following is right hand derivative of flatx=a
1 1 1 1
Lt f'(a)+f'(-a+h) o Lt f'(a)+f'(-a—h)
h—0~ h h—0" h
o Lt —f'(-a)+f'(-a—h) o Lt f'(a)+f'(-a+h)
h—0~ —h h—0* —
Key. A
35. The statement h|:>to f (_X) \} (_X _ h) = h|::[0f (X) __f (X _ h) implies that
a) fis odd b) fis even
c) fis neither odd nor even d) nothing can be concluded.
Key. B
Sol. 33,  LHD = hLEﬁ f(za)-f(=a+h)
1 1
34.  RHD = Lt f (a—h)—f (a)
h—0 —h
35.  LHL= f1(—x)=—F'(Xx) = f'isodd
= iseven

10
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Limits
Integer Answer Type

LI f(n+1):%{f(n)+

}WhereneNand f(n)>0vneN and Lt f(n)

9
f(n)

exist then the value of Lt f (n) =

N—oc

Key. 3
Sol. Let Lt fn=I= Lt f(n+1)=I

nN—oo X—>0

Lt f(n+)=1 L{f(n)+f9 }

n—oo 2 n—ow ( n)

1 9
=l==(1+-
2 |
1> +9
2l = =2°=1’+9=1?°=9 =1=3
Q f(n)>0vneN XI;tw f(n)=3
2. If {x},[x] are fractional part function and greatest integer functions of x respectively then
{x}
et —{x}-1.
for any real number a, the value of tg[a]— ;2} Ise-K=K=
¢
Key. 2
Sol. As
x—[al,{x}—>1
et -1-1
~GL= ——=€6-2
1
9

} whereneNand f(n)>0vneN and Lt f(n) exist

n—oc

S f(n+l):%{f(n)+ 10

then the value of Lt f(n):

n—oc

Key. 3
Sol.  Let Lt fn=1= Lt f(n+1)=I

nN—o0 X—0

Lt f (n+1):%n|;tw{f (n)+ S()”)}
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=R

2
2! |+9:>2|2=|2+9:>|2=9
=3
Q f(n)>0vneN
oLt f(n)=3
(cosx—l)(cosx—ex)
4, The integer ‘n’ for which LtO - is a finite non zero number, is
X—> X
Key. 3
(cosx—1)(cos—e") N
Sol.  Let Lt =k (finite, non-zero)
x—0 n
2 4 2 4 6 2 3
Kl—XJerL ..... ]—1}(1—X+X—X+....+j—(l+X+X+X=1J
21 41 21 41 6! r 2t 31
= LtO - =K
X—> X

As the limit in finite, non zero we have degree of denominator = least power of x

=> n=3
tan x 1Y _ .
5. If A= Lt + Lt |1+— | then [A] is,  where [.] denotes g.i.f
x>-2 X+ 2 X—>00 X
Key. 4
tan zx 1Y 1
sol.  GiveA= Lt — " [t (1+—2j =
x>2 X+2 1., X X
2
X
Lt MJr Lt e¥*
X—>-2 1 10
=7+1=3.14+1=4.14
S A=4.14
[A]=4
ae* —bcosx+ce™
6. If Lt - =2thenthevalueofa+b+c=
x—0 Xsin X
Key. 3
ae” —bcosx+ce™”
Sol. Lt g =2=a-b+c=0...()
X0 XSin x
Apply LH Rule
ae* +bsinx—ce™
Lt - =2=a+0-c=0 = a=c...(i)
x=0 SN X+ XCOS X
Apply LH rule
ae* +bcosx+ce™
Lt =2=a+b+c=4

x=0 COS X + COS X — XSIn X
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sa+b+c=4
7. If
1-sin®x ps
f = X< =
(%) 3c0s? x < 2
T
a X==
2
1o
b( sm>2<) o
(7z—2x) 2
. . b4 b
If f (X) is continuous X = — then —=
2 a
Ans: 8
Hint: LHL=£.RHL=9
2 8
1 b
So—=a=—
2 8
1+x
8. If Iimw—lzk then value of 12 k is
Xx—0 X X
Key. 6
Sol. kzlim(1+ x)In(§+x)—x="mIn(1+ x)zl

x—0 X X—>0 2X 2
(onusing L' Hopital rule) ..12k =6

9.  Thevalueof lim 5
N tan X + cos“ (tan x)

2
Key. 1
Sol.  We have
]
LHL = lim tan x mnwg (tan x)
x—sX_\ tanx+cos”(tanXx)
2
. tan x —sin x
= lim 5
*%g_JMnx+am(Mnm

tanx—sin(tan"l(tanx)),S
|
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1- sin X
_— tanx___ 129 _
x>, cos”(tanx) 1+0
2 tan x
At x—>g—,o< x<g tan_l(tan X) = X

T
Further as, X — ——,tan X — oo and cosz(tan X) is real number between 0 and 1]

. tan x —sin tan_l(tan X)
RHL= lim

T
X—>—+
2

. tan x +sin x
= lim

tan x + cos? (tan x)

x—>g+ tanx+coszx(tanx)

sin X
1+222

i 1+

== lim t2anx _ 20 g

x> A1, cos”(tanx) 1-0

2 tan x
Ltanx

s L -
(As X—)E+,X>§:>tan

= tan_ltan(x— T)=X—7

. sin tan_l(tan X) =sin(x — ) = —sin X

T .
Further as X — —+;tan X — —oo and cos? (tan X) is a real number between 0 and 1)

LHL =RHL =1 .". required limit=1

10. Let (tano)x+(Sina)y=a and (oucoSeca)Xx+cosoy =1 be two variable straight
lines, a being the parameter. Let P be the point of intersection of the lines. If the coordinates

of P in the limiting position when ot — 0 be (h,k) thenis h—Kk equal to
Key. 3
Sol.  Here two straight line, (tano)X + (Sina)y = o and
(acoseca)x + (cosa)y =1 have their point of intersection as,

acosa —Sino o—Xtana
X= - and y =————
SINa—a SiIna
.. when o — 0, we obtain the pointP.

acom—sina(o j

— form

e, Iim x= lim g
a—0 a—0 Sliha—a
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_ lim —asino +Ccoso —cosa
a—0 cosa —1
(applying L-Hospital’s rule)

. A o
ol 2sIn—CcoSs—
[ 2 2)

—asina

= lim % = lim
a—>0-2sin“a/2 a—>0  2gn2 e
o 27
lim —— = lim —2-=2

a—0 tana /2 a—0 tan a

_ . . a—Xtana a X
Again, lim y= lim ————= 1| —
oa—0 o—0 Siha x—0\SIna Cosa

lim =2 — lim 2 —1-2--11 {Q lim x=2}
oa—0SIna  g—0Cosa o—0

= limy=-1
a—0

Hence, in limiting position P(2—-1) =>h-k=2+1=3
& n )
11. Lt 2§ p =

ey ri- 1=

Key. 3
rgnaq,fs‘_}_ 0

ol 2LtOF 1= 2Lt0

new¥ r=2 %) n® ¥ r:Zgr' 1%[24‘ r+l%_ n®;!: 1’ 2’ (n- 1)n

0oy + 1687~ r+ 10 3 (n*- n+ 1):
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Mathematics
Limits
Matrix-Match Type
L et f(x)=lim Xt
n—e x2" 41
Column-1 Column-2
(A) f =1on (P) (1,00)
(B) f=-1on (Q) (2,00)
(Q) f >0 on (R) [2,00)
(D) _ _ (S)
f (x)=sgn(|x|-1) on (_%%)
Key. A-p,q,r; B-s; C-p,q,r; D-p,q,r,s
Sol. If |X|>1,then limx*" =0, so
. 1-x®
f(x)=1 =1
(X) n!)];]o 1+ X—Zn
If |X| <1then limx*" =0, therefore f (X) =—1.I1f X==1 then x*" =1 for
any n, therefore f (X) =0.Thus
1 if |x|>liexe(—0,-1)U(L )
f(x)=1-1 if [x|<lie.—1<x<l or f(x)=sgn(|x|-1)
0 ifx=+1
2.
COLUMN-I COLUMN-II
(A) | f(x)=xsgn (x-1) (p) |i|’T} f (X) doesn’t exist
(B) sin(sin(tan(x2 /2 (@ | lim f (x) doesn’t exist
f (X) 4 ( ( ( ))) x—0
log cos 3x
(€) f(x) Y1+tan?3x—1-sin"3x | | limf(x)=-1/9
X) = X—>
J1-sin2x —\/1+tan*2x
(D) e’ -1 () | limf(x)=-1
f (X) :m x—0 ( )
Key. A-p; B-r; C-s; D-q
Sol. For function f in (A)
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X, x>1
f(X): 0, x=1so0 |XiLTllf(X) does not exist.
=X, x<1
. )
o sm(sm(tan(x /2)))
x>0 log cos 3x
_ sin(sin(tan(leZ))) sin(tanx2/2) tan(x2/2) x2/2
=lim Sin(tanXZ/z) Tanxi2 X212 ><Iogcos:%x
:l“miz__l

2x0-3tan3x 9

_ 1+tant3x —31—sint3x
lim

>0 J1-sin 2x —/1+ tan ! 2x

-1 P
étanx 3 +:13Sln 3 +)1((higher power of sin™*3x and tan™ 3x)

P} 1
_isin2x_1tan 2)(Jrl(higher power of sin™'2x and tan™ 2x)
2 X 2 X X

_1+1_

-1
-1-1
e1/>< p eljx _1
lim — =-1and lim— =1
x—0- g% 4 x—0+ @' * 41
3.
COLUMN-I COLUMN-II
(A) | (X +27)log(x-2) (p) 12
lim . =
x—3 X =9
(B) ( d j (a) 8
. e* —1 \\x+-¢
Ilm( j =
x—0 X
(C) . x(a+cosx)—bsinx (r) 9
If lim 5 =1 then g and b are
x—0 X
respectively
(D) If f (X) is a thrice differentiable function such that | () et
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im f (4x)—3f (3x))(43r3f (2x)— f (x) _12. then

x—0

f '"(0) is equal to

Key. A-r; B-s; C-q, r; D-p
Sol. (A) By L’ Hospital Rule

1
X*+27)—=— +log(x—2).3x*
Iim( )iz _2 g
x—3 2X 6

e* 1][x+lxexj

(B) L= Iim(
x—0 X

:.im(e*—q{w&]

x—0

X

Put

=t.As Xx—>0,t > 1.
X

t—>1

S L= Iimtﬁ [lw form]

Taking logarithm,

.1 0

logL=lim——Ilogt | — form

g t>11—t g (0 j
1

= limL (by L. Hospital’s rule) = —1=> L =¢™".

x-1 -1

2 4 6

X X X
(C) We know that coOSX=1——+———
21 4! 6!
. XX X
SINX=X——+——....

31 5!

2 4 3
) 21 41 3!
~L=Ilim

x—0 3

:lim(a—b+1)xi+(3_1j

x—0 X2
+ terms containing x

As L =1, we must have

a-b+1=0 and B—l
31 21

—>b=9and a=8.
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) L:IXiDg_f (x)+3f (2x)x—33f (3x)+ f (4x)(g formj

:Iim_f "(x)+6f'(2x)-9f '(3x)+4f'(4x)
x—0 3x?

i —f"(x)+12f "(2x)-27f "(3x)+16f "(4x) (0 :

=lim o (— ormj

:Iim_f "(x)+24f"(2x)-81f "(3x)+64f "(4x) (9 formj
x50 6

:6.f;(0): £°(0).

But L=12= f "(0)=12.

4, Column | Column ||
(A) X (p) 3
I (1-cos2t)d 5
Lt 2
Xx—0
x.[tant.dt
0
(B) Ltl+§/§+§/§+ ..... +3n-1 () 4
n—oo 3 n4 3
(C) e*.sinx—x(1+x) n 2
Lt 3 5
x—0 tan® x
(D) cos(sin x)—cos X (s) 1
Lt ; =L =
Xx—0 X 3
Then4Lis
A—>qg,B—-p
Key.
Cos,Dor
sol. (a) Lt cosaxl
X.tan x+jtantdt
0
Lt sin2x.2 Lt 4c0s2X
x>0 2tan X + Xsec® X x»0 2sec® X +sec? X + x.2sec’ xtan x
n-1 3
(B) Lt Z IJ_ dx
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© Lt e*sin X — x — x?

x>0 , tan® x
X 3

X
e*sinx— x—x?
Lt .
x>0 3 tan” x
X 3
X
Lt e*cosx+e*sinx—1-2x
x—0 3)(2
Lt e* cosx—e*sinx+e*sinx+e*cosx—2 _ It 2e* cosx —2
x—0 6X T o0 6X
2e*cosx—2e*sinx 1
6 3
. SiInX+X . sinx—Xx
—-25sin .sin - 2
D) Lt 2 2 sin‘ X —.x
x>0 sin X+ X sin X —X C 44Xt
2 2
Sin2x — 2x
Lt -2 ————
x>0 4.4x°

—2 2C082X—-2 _ ¢ 1 1-cos2x
=0 47 43x° o0 1270 X

_ 12 1
12°2 6
.'.4L=E
3
5. Match the following.
Column -1 Column-—1I
A 3= P |-2
L= Lt =X72 ten12L =
-1 xX+1
B 3y _ Q|2
IfL= Lt M then -L/4 =
=7 cos(x+Z)
¢ (2x-3)(vx-1) Rt
IfL= Lt > then 20L =
-l 2X°+X—-3
D log x" =[x S |-1
If L= Lt g[—][] where N e N.([x] denotes
X—00 X
g.i.fthen-2L=

Key. (A)S; (B)R;(C)P;(D)Q
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J7-x=2 . (8-h)"-2

Sol. A)L= Lt = Lt (put X+1=h,as x—>-1=h—0)
x—-1 X+1 h—0 h
1
2{1—2}3—2 (1—;,2)4
=Llt———=2| Lt————~
x—0 h x—0 h
o4
24 ) 12
Lot
12
=12L=-1
S x— t =1)(t 1
B) L= Lt fan” x—tanx _ Lt tanx(anx )(tanx+1)
x—Z T x—Z T
2 COS| X+~ 2 CoS| X+~
(%) (%)

tan x(sinx—cosx)(tanx+1) NG

E VA
s cosxcos(x+4) 7% cosx[cos[x+jD

tan xcos(x+Zj(tan x+1)

tan x{cos xl—sin xl}(tan x+1)
Lt 2 2

=2 Lt

X+— T
4 COS X.COS[X+4]

=—2x2x:2=-4

.'.L:—4:>_—L:1
4

) (2x=3)(Vx-1) 1
O Ry o
20L=-2
oy L= Lt 99l looxt (]

ST S

=0-1=-1
L=-1
L —2L=2
6.
COLUMN-I COLUMN-II
(A) | f(x)=xsgn (x-1) (p) |iITll f (X) doesn’t exist
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(8) sin(sin(tan(X2 /2))) (@) | 1im f () doesnt exist
f = X
(X) log cos 3x
(C) A+tant3x—31-sin*3x |0 | limf(x)=-1/9

x—0

- J1-sin2x —\1+tan*2x

(D) e —1 () | limf(x)=-1

x—0

Key. A-p; B-r; C-s; D-q
Sol. For function f in (A)

X, x>1
f(X): 0, x=1so0 |il‘Tll f (X) does not exist.
X, Xx<1
sin(sin(tan(x?/2
snfsn(un(<12)
x>0 log cos 3x

' sin(sin(tan(x2 /2))) sin(tan x? /2) tan(x2 /2) X% /2
=lim - X X X
x>0 sin (tan X2/ 2) tanx? /2 X% /2 log cos 3x
2X —_1

1.
==lim——=
2x0-3tan3x - 9

_ 1+tant3x —31—sint3x
lim

-0 J1—sint 2x — /1 +tan™ 2x

-1 P
étanx 3 +:13Sln 3 +)1((higher power of sin™"3x and tan™ 3x)

P} 1
_isin2x_1tan 2)(Jrl(higher power of sin™'2x and tan™ 2x)
2 X 2 X X

_ 1+1 _ 1
-1-1
Ux Ux
tim& 2o 1 and lim & _"To1.
x—0- % 11 x—0+ @ % 11
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7.

Match the following:-

COLUMN-I

COLUMN-II

(A)

x*+27)log(x—2
Iim( Z il ):
x—3 X°—9

(p)

12

(B)

i e’ -1 [T)iexj 3
0| " x -

(a)

(C)

x(a+cosx)—bsinx
3 =1 thenaand b are

If lim
x—0 X

respectively

(r)

(D)

If f (X) is a thrice differentiable function such that
f

“"3 (4x)-3f (3X)J3r3f (2x)— f(x) _12 then
X—>! X

f*(0) is equal to

(s)

=1

Key.

Sol.

A-r; B-s; C-q, r; D-p
(A) By L’ Hospital Rule

(x° +27)12+ log (x—2).3x?

lim X— =%:9
x—3 2X 6
(8) L= Iim(e _lj \\

Xx—0 X

e" -1
X

=t.As Xx—>0,t > 1.

1

s L=limt-t [1°° form]

t—1

Taking logarithm,

.01 0
logL =lim——Ilogt | — form
g t->11—t g (0 )

1

—limL (by L. Hospital’s rule) =—1= L =e™.

x-1 -1
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2 4 6

(C)WeknowthatCOSX:1—X—+X__X_Jr
2! 41 6!
_ 38
sinX=X——+——....
31 5l
2 4 3
ax+x(1—x+x—_,,,J_b(X_XJﬁ_._]
. 21 41 3l
S L=Ilim -
Xx—0 X
=|im(a—b+1)xi2+(2_£j
x>0 X 31 21!

+ terms containing x
As L =1, we must have
b 1
a-b+1=0and —-—=1
31 21
=b=9 and a=8.

o) L= fim—T () +3f (2x)~3F (3x) + f (4")(0 j

3 — form
x—0 X O

iim —f'(x)+6f'(2x)—-9f '(3x)+4f '(4x)

x—0 3)(2
=Iim_f (x)+12f "(2x)—27 £ "(3x)+16 f "(4x) (9 formj
x—0 6X 0
i =1 (X)+24 1 "(2X) <811 " (3x) + 641 " (4x) (9 formj
x—0 6 0
6.f"(0)
= =f"(0).
== =17(0)
But L=12= f "'(O):12.
8. Match the following:-
Column —1 Column-—1I
1 n? n? 1
Lt| —+——+———=+..... — 1/24
a) n_,oo(n+(n+1)3+(n+2)3+ +8nj P/
b) Lt (1+L+L+ ..... +i] q) /2
nsoln N+l N+2 4n
3n nZ I
Lt 4
c) n%w;[(3n+r)3j r) log
1 1 1 1
d) Lt + + +ont— s) 3/8
“*“’[«/Zn—lz Jan—-22  Jen-3 nJ

Key. a)s b)r c)p d)g
Sol. Conceptual
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