Mathematics Functions

Functions
Single Correct Answer Type
1. Types of Functions

1. f:R->R, f(x)=x| is
1) one-one but not onto 2) onto but not one-one
3) Both one-one and onto 4) neither one-one nor onto
Key. 3
X2 if x>0
Sol. Give that f(x)=40if x=0
—x? if x<0
2. Letf:[0,43]|> [o, %Jr log2 } defined by f (x)=log, Vx> +1+tan*x then f(X) is
A) one —one and onto B) one — one but not.onto
C) onto but not one — one D) neither one — one nor onto
Key. A
X+1 .. .
sol.  f'(x)=——= f(x) is increasingin [O, \/ﬂ
X“+1
3. If f:N — N is defined by f(n)zn—(—l)n,then
(A) fis one-one but not onto (B) fis both one-one and onto
(C) fis neither one-one nor onto (D) fis onto but not one-one
Key. B
Sol. This function f maps
152, 2->1
34, 4-3
556, 6>5

ie., 2m—-1—2m and 2m —>2m-1
So fis one-one and onto.

4. Given A={X,y,z}, B={u,v,w}, the function f :A— B definedby f (x)=u, f(y)=v, f(z)=wis

1) Surjective 2) bijective 3) injective 4) all of the above
Key. 4
Sol.  Conceptual

2. Domain & Range

6. The domain of ,/sin(cos x)

1) |:2n7r,2n7z+%}, nel 2) ‘:2n7z+%,2n7r+7r}, nel
3) 2n7z+7r,2n7z+3—7[ ,hel 4) 2n7z—£,2n7z+Z ,hel
2 2 2
Key. 4
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Sol.

Key.

Sol.

F(x) is defined when sin(cosx)>0

cosx>sin""0=cosx >0
X lies on I and IV quadrant

T T
2n;z—E£x£2n7z+E, nel

2
: X
The domain of the function f ()= sml[log2 (? J is

1) [-2 2] 2) [-2,-1] 3) [12] 2) [-2,-1]U[a.2]
4

sin X _ X 1% 2 >
f (x)=sin| log, 5 eR < -1<log, 5 £1<:>2£2£2<:>1£x <4 & xe[-2,-1|U[12]

8.

Key.

Sol.

Key.

Sol.

10.

Key:.

Sol.

11.

The domain of definition of the function, f(x) given by the equation 2* + 2¥ =2 is

(A)0< x<1 (B) 0<x<1 (C) —0<x<0 (D) —o<x<1
D

Itisgiventhat 2X+2Y= 2VX,yeR

Therefore, 2*=2-2Yy<2 = 0<2*<?2

Taking log for both side with base 2.

= log,0<log, 2" <log, 2

Hence domain is —oo < X < 1.

) ) 1. 1 .
The domain of the function f(x)_;+sm x+m is
1) [-11]\{0} 2) [-11] 3) (-1,0) 4) ¢
4

X#0, -1<x<l, x—2>0

_sin[x]z +tan[x]z

If f R~ Ruisdefined by f (x)= o ]2 , then the range of f= (where [x] denotes
+[x

integral part of x)

1) \[=11] 2) {11 3) {1 4) {0}

4

[X]=neZ < sin[x]z =tan[x]7 =0

The range of f (x)= ﬁ is
_I_
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Key.

Sol.
12.

Key.

Sol.

13.

Key.

Sol.

14.

Key.

Sol.

15:

Key.

Sol.

3 [13 (03 JuE)

1
-1<sin3x<1

Let f:R— [0%) be defined by f (x)=Tan™*(x* +x+a). Then the set of values of a for which f is

onto is
1 1 1 1

1) [O, 2) [, 3) [=,(~0,= 4) J=
) [0.) ) ) N B R
4
x* +X+a=0 has areal solution

=1-4a>0
The range of X* +4y* +9z° —6yz —3xz—2xy is
) & 2) R 3) [0,) 4)_ (~0,0)
3
x2+4y2+922—6yz—3xz—2xy=(x)2+(2y)2+(32)2—(2y)(32)—(x)(32)—(x)(2y)20

". Range = [0,).

2
The range of )(2——)(+1 is
X“+x+1
1 1

1) |=,3 2) |=,1
) {3 } : {3 }
3) [1.3] 4) (—oo,%]U[f)’,oo)
1

x> —x+1 > ) )
Let y= =YX R YX+ Y =X —x+1=(y-1)x* +(y+1)x+(y-1)=0

X2 +2X+7
x € R =5 Discriminant > 0= (y+1)" —4(y-1)" > 0= -3y?+10y-3>0

=3y’ —10y+3£0:>(3y—1)(y—3)£Ojég y<3

1
Range=|=,3
’ {3}

The range of [x—2|+|x—95| is
1) [2,0) 2) [3,») 3) [4,x) 4) [5,)
2
f (x)=|x—2|+|x—5| and domain =R
Forx<2, f(X)=2-x+5-x=7-2x>3
For 2<x<5, f(X)=x-2+5-x=3;
Forx>5, f(X)=Xx—-2+x-5=2x-7>3,
Range f =[3,)
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16.

Key.

Sol.

17.

Key.

Sol.

18.

Key.

Sol.

19.

Key.

Sol.

20.

Key.

Sol.

The range of the function f (X)=""P,_, is
1) {1,2,3) 2) 1,2,3,4,513) {1,2,3,4} 4) 11,2,3,4,5,6)

1
f(x) is defined = x—-3>0,x-3<7-x=x2>3,2x<10=3<x<5= x=30r4or5

Range = { f (3), f (4), f (5)} ={*R,’ R’ P} ={132}

The range of sin™ x—cos™ X is

37 Sr « -3 T
Y [ 2 ’5} & [ 2 ’5} ) { 2 ’”} K [O’E}
1

. _ T _ _ T _
sin?tx—costx==—-costx—costx==—-2cosx
2 2
_ _ _ -3r. _ T
0<cos'x<r=0<2c0s*x<27r= 27 <-2c0S lXSO:TSE_ZCOS 1x£E

.. Range = [_3—”2}
2 2

2+ X
The range of the function f (x)= ZL X#2is
—X

1R 2) R-{-1} 3) R={1} 4) R-{2}
2
y:%:ﬂy—yx=2+x:>x(y+1)=2y—2:>x= 2;:12 = f*(x)= 2;(;12

~. Range = f = Domain f ™ =R={=1}

The domain of f (x)= N 3

> +log,, (x° —x) is

1) (L2 2) (-1,0)U(1,2)
3) (=1,0)U(2,) 4) (-1,0)U(1,2)U(2,)
4

f\(x)= 4_3)(2 +log,, (x* —x) is defined = 4—x* #0,x* =X >0=> X # +2,(x+1)x(x~1)> 0

~»Domain = (-1,0)U(1,2) U(2,)

The domain of

N2+ X+4/2—-X is
X

1) [-2, 2] 2) (-2,2) 3) [-2,0)U(0,2] 4) R—-{0}

3

/24 X+N2=X o defined =2+X20,X—Xx20,Xx#0=x>-2,x<2,x=0
X
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. Domain = [-2,0) U (0, 2]

Z(x—2) %
21.  The domain of the function f (X)=|9"+27% " — 21932

Al [-3,3] 8) [3,%0) 0 Ew) o) [0.]
Key. C
Sol. We must have
2
9%+ 2737 _ 21932 5
(3¢) +30? ~219-3%2 >0
2X 2X
(32X)+3——219—3 >0
81 9
(1+i—1j3“ >219
81 9

3 x 3% > 219
81

3 >3x81=3°
2x>5

x>2

= Domainis [g,ooj.

22.  The domain of the function f (X)= \/10—\/ x* —21x* is

(A) [5,%0) (8) | /21,421
(© | -5,~21 |21, 5] {0} (D) (~o0,-5]
Key. C

Sol.  We musthave x* —21x* >0 and 10—+/x* —21x* >0

=0 (¥ ~21)>0 ————(1)

and. 100> x* —21x* - (2)

(2)-gives x=0 or XS—\/E. or XZ\/Z

2)= x* —21x*-100<0

= (x*-25)(x*+4)<0

= x?—25<0 (as X*+4>0 always)

=-5<x<5

Domain is given by [—5, —Jﬁ}u[«/ﬁ, 5} and Xx=0.
X —3x+4

23. f(x)=
) x> +3X+4

then range of f(X) is
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Mathematics
1 1 1
1)|0,= 2) | —0,= |U(7,0) 3) i 47
){ 7} )( 7j (7.) 30 )[7
Key. 4
x> —3x+4
Sol. =
X +3x+4

yx> +3xy+4y =x* —3x+4
X*(y=1+3x(y+1)+4(y-1)=0
Dis 1> 0= 9(y +1)? —4x4(y ~1)? >0
By +1)-4(y-DB(y+1)4-4(y-1)=0
(—y+7)(7y-1) =0\

1
-7 y—-=1<0
(y )(y 7)
1
=<y<7
7 y
24, If 2f(sinx)+ f(cosx)=XxVxe thenrangeof f(X) is

1 [1,2} 2) [—Z_ﬂz} 3) [—Z_ﬂz}
3 3 3 3 3.6

Key. 2
Sol.  Put Xx=sin"x

2 (x)+ f (x/l—XZ):sin‘lx N
X=Cc0S " X
:>2f(\/1—x2)+ f(x)=cos™'x. = (2)
(1)x(2) = 4f(x)+2f (\/1—x2)=25in1x
f(x)+2f (\/1—x2 ) cos 1x
3f(x) =2sin" x—cos ' X

f(x)= gsin‘1 x—ltz—sin‘l xj
3 313

25. f (X) = Max{sin x,cos X} Vx e thenRange of f(X) is.
-1 -1 1
[ﬁ } 22 1]
Key. 1
Sol.

4) ¢
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s
s

S |

f (X) = max{sin x, cos x}

. 1
Required range = {——2,1}

26.  Therangeof f(X)=tan*(X* +x+a)Vx e isasubsetof [0, Z) then range ofais

) -7 T 1
1) | 2) (7,5j 3) |3, -1] 4) 3, )
Key. 4
Sol.  tan'(X*+x+a)>0= X" +x+a=0

:>disc£0:>1—4a£0:>a2%

=ae[;,»)
27. The domain of the function f(X) = L .
X —[X]
(A) N "(B) (0, ) (C) R—{0, £1, +2, +3,..} (D)R-N

Key. " ~C

Sol. Observe that when x is an integer x = [x]. Hence, f(x) is not defined when x is an integer. Domain is R
excluding 0, £1, +2, ...

28. Domain of the function f(x) = log, (Iog4 (Iog2 (Iogg,(x2 +4X —23)))) is

(A) (-8, 4) (B) (=0, —8) (4, )
(C) (_41 8) (D) (_001 _4)U(8! Oo)
Key. B

Sol.  The given function is defined when
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29.

Key.

Sol.

30.

Key.

Sol.

31.

Key.

Sol.

log, log,(x* +4x—23) >1
i.e., when log,(x* +4x —23) > 2

i.e.,when x> +4x—-23>3°

i.e.,when x> +4x-32>0

i.e.,when X <-8 orx>4

Domain of the function f(x) = /5| x| -x*—6 is

(A) (-0, 2)U(3, o) (B) [-3,-2]U[2,3] (C) (—»,-2)U(2,3) O) R—{-3:-2,2,3}

B

5|x|-x*-6>0 = X°-5|x|+6<0
when x<0,x2+5x+6 <0, -3<x<-2
when X >0, x> —=5x+6<0, 2<x<3

x = 0 will not satisfy the condition.
Domain is [-3, —2]U[2, 3].

Range of the function y = 2X _27)( is
2" +2
(AR (B) (-1,1) (Cy[-1,1] (D) (0,1)
B
2%+ 2*js always > 0 i.e., domain’is R
_2=2 22 -1
YT i T
2Xx
Iy = 2.2 (Componendo Dividendo)
1-y 2
- 22x > 0
2
= 1+_y >0 i.e., M >0
1-y 1-y
N 1-y* >0 = -1<y<1

) X+3 )
The range of the function f(X) =——, x# -3 is
x+3
(A) {3,-3} (B) R—{-3} (C) all positive integers (D) {-1, 1}

D

f(x) =1whenx+3>0
f(x) =—1whenx+3<0
Range = {-1, 1}
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32. The range of the function f(x) = cos® §+sin % xeR is

5 5 5 5
®o3] @3] of+3) o[+

Key. D

2
Sol. f(x)=1—sin2§+sin5 = - sinzi—sini +1=— sinf_l 1 +1
4 4 4 4 4 2 4

Maximum f(x) = %
2
Minimum f(x) = §—(—1—lj =§—g:—1
4 2 4 4
5
Range of f(x) = {—1, —}
4
33. The domain of the function f(x) = loge(X? + x + 1) +.8INy/X=1 is
(A) (-2,1) (B) (-2, =) (©) 1, ) (D) None of these
Key. C

Sol.  Wemusthavex—1 > 0.
Note that (x? + x + 1) is always positive.combining, the domain is [1, o).

X —[x
34. Let f(X)= 1—[[]] X‘e R, where [ ] denotes the greatest integer function. Then, the range of f is
+X—[x
1 1
(A) (0, 1) (B) 10, 3 (©) [0, 1] (D) |0, >
Key. B
Sol.  The graph of'y = x — [X] is as shown below
A y
T 1
3 =2 1 O 1 2 3 4 X

When x is an integer, x — [x] =0
Hence, f(x) = 0 when x is an integer
X —[X] as x tends to an integer.
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35.

Key.

Sol.

36.

Key.

Sol.

37.

Key.

Sol.

As X =1, L—>l
1+x 2

Hence, the range of f(x) is {O, %}

Let f(X) = [x]cos( T ]j where, [ ] denotes the greatest integer function. Then, the domain of f is

[x+2
(A) X € R, X not an integer (B) (-0, —2) U[-1, x0)
(C) xeR, x#-2 (D) (=00, —1]

B

[x+2] #0

[X]+2 %0

[xX] # -2

x should not belong to [-2, 1)

Domain of fis (—o0, —2) U[-1, ).

tan (n{x* - x])

Range of (x) = 1+sin(cos x)

is (where [X] denotes the greatest integer function)

(A) (—o0, ) ~[0, tan1] (B) ((~0, o) ~[tan 2, 0)
(C) [tan2, tanl] (D){0}
D

B tan (nfx* - x])
~ 1+sin(cos x)

f(x)

= {0} because of [x? — x] is integer.
{0}

Range of the function f(x) = x* + is

x*+1

(A) [1, ) (B) [2, ) © B ooj (D) (~o0, )
A
f(x) =x*+1+ X2+1_1

X*+1+ — > 2[Q AM > GM]

X“+1
1
X2 + > 1
x? +1
f(x) e [1, )

10
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38.

Key.

Sol.

39.

Key.

Sol.

40.

Key.

Sol.

X% +e

If f(x)=1 n[ > j,then range of f(x) is
X“+1

(A)(0,1) (B) (0,1] (©) [0, 1) (D) {0, 1}
B

2 2 _ _
fo) =In| X FE oy XEILre My, 072
X“+1 X“+1 X“+1

Clearly range is (0, 1]

Hence (B) is correct answer.

1

The inverse of f(X) = (5—(X —8)5 )5 is

(A) 5—(x—8)° (B) 8+(5-x3)"°
(C) 8—(5-x*)"° (D) (5— (x-8)¥° )3
B

Let y=f(x) = (5-(x~8)°) ", then
y}’=5-(x-8)° = (x-8)°=5-y°

= x=8+ (5-y°)"

Let, z= g(x) =8+ (5-x%)"*

Now, f(g(x)) = [5-(x<8)°]

1/3

1/3
= (5—[(5—x3)“5]5) < (5-5+x%)"° =x
Similarly, we can show that g (f(x))=Xx.
s .
Hence, g(X) = 8 + (5— x3) is the inverse of f(x).

The range of the function f(X) =X —1|+|x —2|+|x +1+|x + 2| where, x e[-2, 2] is
(A) [6,8] (B) [2, 4] (C) [0, 4] (D){1. 2}
A
f(X) =[x =1 +|x—2|+[x+1+|x +2|
when X €[-2, —1]

f(x) = —(X=-D)-(X-2)-(X+D)+X+2 =-2x+4
when X €[-1, 1], fx)= -(X-1)-(X-2)+X+1+x+2

= X+1-X+2+X+1+X+2=06

when X €[4, 2], fX)= (X-D)—-(X—-2)+X+1+X+2 =2x+4

11
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41.

Key.

Sol.

42.

Key.

Sol.

Plotting the graph of the function, range of f(x) = [6, 8]

2
Range of the function f(X) = X2+—X+2; XxeR is
X +Xx+1
11 7 7
A) (1, © B) |1 — C 1 — D)1 —
(A) (4, ) ()( 7} ()( 3} (){ 5}
C
2 2
We have, f(x) = x2+x+2=(x -2|-X+1)+1=1+ 1 :
X°+X+1 X°+X+1 ( 1) 3
X+=| +—
2 4

We can see here that as X — o, f(X) — 1 which is the min value of f(x):"Also f(x)“is max when

2
x+1 +§ is min which is so when x = —l and then E
2 4 2 4

Domain of the function f(x) = |[log, ﬁ is
\/ sinx —

(A) nt+(=1)" o where n is any integer and.o. € [O, gj

(B) nt+(-1)" g n=1 23, ... (C) 2nt—a. where ae(O, g} n any integer

D) @2n+)=x

( 2

A

, N any.integer

[sinx—1)"% 0 ()
sinx = 1
[sinx—1] <1
=1 <sinx-1<1
0 <sinx<2 ...(>ii)
From (i) and (ii), sinx € [0, 1)
sinx € [0, 1)
sinx =0 > x=nn

sinx=1—> x=nNn +(—1)”g

= Domain of f(x) is
X = nn (n any integer)

12
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43.

Key.

Sol.

44,

Key.
Sol.

sinx <1

o

General solution is

x= nn+(-1)"a

where, o e [O, Ej.
2

If the range of f(X) =2+§/§,—3§x<—1 is [Oﬁ/ﬁ] where ne N then n=

2
=x3 ,-1<x<2
(A)1 (B)2
€ 4 (D)6
C
The given function has local maximum at x= -1 ,minimum at x=0 and F(Q) = 0,F(-1) =1,

F-3)=2-33 t2-2°=4
". range of f(x) =[0, /4]

If 2f(sinx)+ f(cosx)=XxVxe thenrangeof f(X).is

1 [1,2} 2 [—2_7%} 3) [ﬁz} 2 [1,2}
3 3 3 3 3 6 6 6

2

Put X=sin""x

2f (x)+ f (x/l—Xz)zsinlx 550

X =c0s™" X

:>2f(\/1—x2)+ FOY=costx —(2)

(1) x (2) 34f(x)+2f(\/1—x2):2$in‘1x
f(X)+2f (\/1—x2 ) =C0s ™" X
3f(X)=2sin" x—cos™ x

f(X) = gsin’1 x—l(f—sinl xj
3 3\ 3

13
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2 .
45.  Rangeof f(x)=tan™ [—(Ztan‘1 X —sin"x+cot ' x —cos™ x)} contains
I
(A) Only one integer (B) More than 2 integers
(C) Only two integers (D) No integer
Key. A
2
Sol. y= tan~* (—tan‘1 xj , —1<x<1
T
T otantx<t
4 4
L2yl
i 2

—tan’ll < tanl(gtanl xj < tanl(lj
2 T 2

y =0, is only integer hence one integer

46. 1f f(x)=/cos(sin x)+/sin(cosx), then the range of f(x)is

(A) [\/cosl, \/sinl] (B) [Jcosl, 1+ «/sinl ]
(©) [ 1-+cos1, fsint | (D)\[Veos1,1]
Key. B
Sol.  Period of f(x) is 2x, but f(X) is not defined.for x € (n/2, 3n/2). Hence it suffices to consider X e [-n/2,

n/2]. Further since f(X) is even, we consider X < [0, n/2].

Now \/COS(Sin X) and \/Sin (COS X) are decreasing functions for x € [rn,n/2].
= Ri= [f(n/2), #0)}= l,/cosl, 1+ \/sinlj

47- The range of f (X)==X2+%* —x+c0s X, is

A) [-134 1] B) [0,m-1] C) [-1,2+7] D) [-1n]

Key. A

sdi f{x}=—x3+x2—x+cos_1x

Domain [_1’1]
1

1-x

F{x)=—3"+2x-1-

J is a decreasing function
* Min Off[x} is f{1]=—1+1—1+0=—1

Max Off(X) is f{_lj =1+1+1+mm=5+m

14
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Range = [-13+7]

48, The domain of the function

f (x)=log, {sgn(9—x2)}+ [x]' —4[x] where [] = G.LF

A) [-21)U[2.3) B) [-4.1)U[2.3)
C) [4,l)u[2,3) D) [2,1)u[2,3)
Key. A

Sol. Given f(x):loge{sgn(9—x2)}+ [X]" —4[x] =y, + v, (say)
Now, y, is defined if sgn(9—-x*)>0
But sgn x = 1(i.e. > 0)ifx >0
sgn(9-x")>0=9-%">0=x"-9<0=>(x-3)(x+3)<0=>-3<x<8 ..(A)
Again, vy, is defined if [x] -4[x]> 0= [x[{{x]" - 4}> 0={x]([x]=2)([x] +2)>0.
Following the wavy curve method, we find
Thus [x]>2or [x] lies between — 2 and 0, i.e. [x]=-2,- 1 or O

Now, [X]22:>X22 ...(B)
xX]=-2=-2<x<1
xX]=-1=-1<x<0

x]=0 =0 < x<1.
Hence [x] =-2,-1,0 =>-2<x<1
~(B)u(C)=(x=2)or (-2<x<1) ...(Q)
Hence D, =(A)u(C)=[#21)U[2,8).
49. The Range of the function

f (x)=log,, {sin‘l(\/ﬁ)+3§} is

A) [Iog%z,logzn} B) [Iog%,log&z}
Q) [Iog3—”,logﬁ} D) [Iog3—ﬂ,I0927z}
2 4
Key. A
Sol. “Let f(x)zlogm{sin‘l( x—5)+37”}.

The function is defined if (i) Xx—5>0 (ii)) -1<+/x-5<1 and
(iii) sinl(«/x—5)+37ﬂ>0.
Now (i) = X5

(i) =>0<x-5<51=6<x<6.
(iii) is satisfied by virtue of (ii).

15
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Hence, considering (i) and (ii), we find that the domain of the function viz. D, =[5,6].

Let ylzsin’l( x—5) and vy, =sin1(\/x—5)+3?” so that y=log,(y,) where vy, =yl+3?7[

Now, for y, since x€[5,6],y,>0 so that 0< ylﬁg(Q —%Ssinl(z)ﬁgj

3z 3r = 3r 3
Consequently 0+ —<y, +—<—+—=>—<vy, <2
QUenty Dr o Sshr sty =y s st

= log [377[) <log(y,)<log(2r), since u = log z is an increasing function

= Iog(s?ﬁjs log(y,)<log(27).

Hence the range of {(x) is [Iogs?”, log 27[} .

50 The domain of f(x)=\/x—2—2\/x—3—\/x—2+2\/x—3, is

A) [3.5] B) (3,5) C) [5.%) D) [3,)

Key. D
Sol =320 = x=3

x—l-2Nx—320py x23
= x—222#x—3and =24 2fx=320

= x2-8x+1620 = (x—4) 20 xeR

Domain [B’W]
51. Minimum value of function . f (x) =x*(x* +1)(x* + 2)(x* +3): xR, is

(A) -2 (B) -1 ©1 (D) none
Key. B
R (3 §2_g _goo
Sol. Lett=x(x"+3);t=(x +2) 4e[ 2 )

f(%)=9g(t)=t(t+2)=(t+1)>-1 is least when t = -1

and —le[—%,oo) - min f(x) =1

52.  The domain of the function f (x)= [x]2 —6[x]+8 where []=G.I.F
A) (-4, 4) B) (—,3)U[4,0) C)(3,4) D) (3,4)U(5,%)Key. B
Sol. (i) The function is defined if sin x —% >0

. 1 T 5 T 57
=SSINX>2—=Xe|—,— |=>Xe|2nr+—,2n7 +—
2 6 6 6 6

16
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(ii) The function is defined if —1£| ]4—2£1; xz1
X_
= 1< ! <3= ! >1 (1)
1T
And P -(2)
x-1
1) =  [x-1<1=>-1<x-1<1=0<x<2 .(A)
2) = |X—1|2£:>—££X—1$£:ESXS£ ...(B)
3 3 3 3 3

N

Combining (A) and (B), we find that x e [0,—} u[

[SSYREN

,2} with is the domain of the given function.

w

53.  The domain of the function of f (x)= logy,, {sgn (x2 )}

(where [[] G.LLF) is

A) [2,») B) (-2, 2) C) (—»,2) D) None
Key. A
Sol. (i) f(x) is defined if (i) (4 - x]) > O (iii) [ x* | >0 but [x |#1

Now, (i) =[x <4=>-4<x<4 (A)
From (jii), [x2]>o:[x2]=1,2,3,...
But [ X* ] #1.
[X*]=234,.ie[x]22
= X 22,Q[ f(x)]zn= f(x)zn.
=  x<—/2 or x>\2
Combining (A) and'(B);we find that —4<X<—/2 or 2<x<4.  ..(B)
Hence the domain of thé given function is (—4, —Jﬂ u[ﬁ,4).

(ii) The function is defined if (*i) sgn (XZ) >0 and (ii) [x] >0 but [x] = 1.

1if x*>0
We know that sgn (Xz) =40if x=0

~1if xX*<0
(i) Since sgn (XZ) is non-negative, we have x> >0=xeR —{O} . .(A)
(i) = [x]=2,3,4,.. . x€[2, o) ..(B)

Hence, D, =ANB =[2, ).

54, The domain of the function
f (x)=log, {1— log,, (x2 —5x+10)} is

17
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Key.

Sol.

55.

Key.

Sol.

A) (0,0) B) (0, 5) C) (-,0) D) None
B

(a) The function f(x) is defined if (i) x* —5x+10>0, (i) 1-log,, (X* ~5x +10) >0

Now, (ii) = log,, (X —~5x+10) <1=> x* ~5x +10 <10

= X* -bx<0=Xx(x-5)<0=0<x<5 (A)

Again, x*—-5x+10>0 forall x, ..(B)

Since the discriminant of the corresponding equation x> —5x+10=0 is negative, so that.the roots of
the equation are imaginary.

Combining (A) and (B), we find that the domain of f(x) is (0, 5).
(b) The function g(x) is defined if (i) (X—4)2 >0, (ii) log, (X—4)2 >0

(iii) log, {Iog4 (x—4)2} >0

(i) is true for all x. (A)

(ii) is true if (x—4)2 >1=x* -8x+15>0=(x—3)(x—-5)>0=>x<30rnx>5 ...(B)
(iii) is true if Iog4(x—4)2 >1:>(x—4)2 >4=x*-8x+12>0

= (x=2)(x—6)>0 = x<2o0rx>6 ..(C)

Hence combining (A), (B) and (C), we find that the’domain of g(x) is (— 0, 2)u(6, oo).
The domain of the function

f (x)=log, {sgn(g— X’ )} +[x]" - 4[x].where [x] = G.I.F
A [-2)u23] B [-41)U[23] ) © [41)u[2.3] D) [21)uU[2.3]
A

Given f (x)=log, {sgn(g— G )} +y[X] —4[x] =y, + v, (say)

Now, Y, is defined if sgn (9— XZ) >0

But sgnx =1(i.e.>0) if x>0

5 sgn(9-x°)>0=9=%" >0=x* —9<0=>(x-3)(x+3)<0=>-3<x<3  .(A)
Again, Y, is defined if [x]’ —4[x] > 0= [x]{[x] ~42 0=[x]([x]-2) =0.
Followingthe'wavy curve method, we find

Thus [X]>2 or [X] lies between—2and 0, i.e.[x]=-2,-10r0

Now, [x]>2=x>2 ..(B)
[x]=-2 = -2<x<1

[x]=-1=-1<x<0

[x]=0 =0 < x<1.

Hence [x]=-2,-1,0 =>-2<x<1

.'.(B)U(C)z(XZZ) or (—2SX<1) ..(C)
Hence D; =(A)u(C)=[-21)U[2,3).

18
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56.

Key.

Sol.

57.

Key.

Sol.

The range of the function f(x)=3x"—4x°-12x*+1 is
A) [31, ) B) [-3L ) C) [3 =)
B

Given that y = f (x)=3x" —4x’ -12x* +1.

It cuts the y-axis at the point (x =0, x = 1).

Differentiating, we get % =12x3 —12x? — 24x
X

. dy 2
e —=12 —X—-2)=12x(x-2 1).
e, X(X* —x—-2)=12x(x-2)(x+1)

Now, %:0:x(x—2)(x+1)=0:>x=0,2,—1

Also, %>O:> x(x—=2)(x+1)>0.
X
Using wavy-curve method, we have

Thus %>0 when x> 2 or Xe(—l,O).
X

dy

Similarly, d—<0 when0O<x<2orx<-1.
X

Hence the graph of the curve will be as follows:

Atx=2,f(x)=3x16-4x8—-12x4+1=48-=32-48+1=-31.

Atx=-1,f(x)=3.1+4.1-121+1=-4.
.. The least value of the function is — 31.

Hence the range of the function is [—31,00) .

The range of the function_f(x) = \)em_x(logz J is

A) [1@] B) [4,\/;’” Q) [2\/?]

A

cos’l(log4 xz)

(iii) Given'that y(x)=1e

D) [—3, oo)

o537

The function is defined if (i) X* >0 which is true for all x (i) —1<log, x2<1.

Now, (ii) =47 <x? s4:>%s X' <4= xeB,Z}orxe[—Z,—ﬂ-

Hence the domain of the function is [—2,—%} u[%,Z} .

To find out the range, let Y, = log, X* so that y = Nl

Again, let y, =COS’1(yl).

y:x/eTz where y, =cos™(y,) and y, =log, x*.

1 1 1 .
Now, for X =§(or _Ej y, =log, [Zj =log, (4 ):-1
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And for x = 2 (or - 2), y; =log, (4)=1

Hence Y, lies between -1and 1i.e. -1<y, <1=cos™(—1)>cos™(y,)>cos (1)
=>r2Y,20=0<y,<r.

Again 0<y, <z =>e" <e” =1<e” <e” =1</e% <\o” =1<y<e™.

Hence the range of the function is [1, \e” J .

58. The Range of the function
. 37| .
f(x)=log,,{sin™"(V/x=5)+=—1 is
(x) 910{ (vVx-5) 2}

A) [Iog ,log 24 B) {Iog Iog37r} C) [Iog%,logz} D) {Iog ,log 24 Key.
A

Sol.  Let f(x)=log,, {sin‘l(\/E)+3—”}.

2

The function is defined if (i) X—5<0 (i) —1<~/x—5 <1.and(iii) sin’l(\/ 5)+3?” >0.

Now (i) =>x>5

(i) >0<x-5<1=6<x<6.

(iii) is satisfied by virtue of (ii).

Hence, considering (i) and (ii), we find that the.domain of the function viz. D, =[5,6].

Let ylzsin‘l(\/x—S) and y, =sin1(.lx—5)+3?” so that y =log,, (y,) where y, =y1+3?”

Now, for Y, since X €[5,6];y; 20'so that 0<'y, S%(Q —%gsin‘l(z)égj

3z v 3r 3
Consequently 0+ o< yig L< X 7 9 oy <og
q y 5 Y1 R 2 Y,
= Iog( )< log(y, ) <log(27), since u = log z is an increasing function

= Iog[ j<log(y2)<log(27r)

Hence the range of f(x) is [Iog%r, log 24 .

I

59. The range of the function f (x)=cos™ Iogfx] iswhere [.] = G.I.LF

A) E} B) {0} C) {x} D) {27}

Key.

X
Sol.  The function is defined if (i) [x] > 0 and [x] = 1 (ii) U >0
X
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(iii) |0g | |>0 (iv) O<qflog[x]%ﬁl

Now, (i) [x] =2, 3, ... i.e. [X]22:> X>2 i.e. the domain of the function is [2, oo) .

For this value of x (> 2) (||) is true,

(|||)|salsotrueand1flog llog 1=0.

Hence f(x)=cos (0)

Hence the range of the function is {%}

60. The range of the function

f (x)=sin1[x2 +ﬂ+cosl[x2 —ﬂ where []=G.I.F

A) {7} B) {%} C) {27} D) {0}
Key. A

Sol. Lety, =sin1[x2 +ﬂ and y, = cos{x2 —ﬂ .Theny= Y, +V,.
a2 1. .
Now, Yy, =sin [x +§} is defined

if —1§‘:X2+1:|S1:>—1SX2+E<2:>—§SX2<§ (1)
2 2 2 2

Again v, = Cosl[x2 —%} is defined

If —1< xz—l §1:>—13x2—1<2:>—ESX2<E -(2)
2 2 2 2
Taking the intersection of (1) and (2), we find that

1 3 3 . .
3 <x3< ® —=0<x*< > since X* cannot be negative.

Now, for X? so.that ESX2+£S1 and —ESXZ —lso,we have
2 2 2 2
y=sin"(0)+cos™(-1)=0+7—cos*(1)=0+7r-0=7x.

Similarly for 1 <x*< 3 , we have y=sin™(1)+cos™(0)= T g,
2 2 2 2
Hence the range of the given function is [7[] .
61. Consider the real-valued function satisfying 2f(sin x) + f(cos x) = x. Find the domain and range of f(x).
Sol.  Given 2f(sin x) + f(cos x) = X (1)

Replacing x by g— X, we have 2f(cos x) + f(sin x) = g - X -.(2)

(1) + (2) = 3f(sinx)+3f (cosx) =g:>f (sinx)+f(cosx)= ..(3)

ola
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62.

Key.

Sol.

63.

Key.

Sol.

64.

Key.

Sol.

L-@) :f(sinx):x—g:f(x):sin’lx—g.

Hence D, =[-11] and R, =[—E_E,E_E}:{_2_“ E} ]

2 6'2 6 3'3
If f(x)= X2+ x +% and g(x) = X2+ ax+1 be two real functions, then the range of a for which
g(f(x)) =0 has noreal solutionis
A) (-0,-2) B) (-2,2) C) (=2,0) D) (2,0)
C
f(x) —x2 +x+%:(x+%)2+%2%
g(f(x)=(f (x))2 +af (x)+1 for g(f(x))=0 a:—(f(x)+%)§—2

s Ifa>-2, g(f(x)) =0 has no solutions

The number of integers in the domain of real function f (X)= IOglO sin(x—3) — V16— X2 is
A) 4 B) 8 C) 9 D) infinite

A

The domain of the given function is (3— 27,3 — ) (3,4]. The integers in the domain are

{-3,-2,-14}

of () _ T
if f(X)isa polynomial function such that | f (X)‘ <1v¥xeR and g(x) = , then
of (0, o TX)

the range of g(X) is

. e2+1
A) [0, 1] B) O, 5
e -1
2 42
C) O’ez—l D) L 6210
et +1 _1+e

D
For 0.<f(x) <1 g(x)=0
For 1< f(x)<0
2f () 2
e -1 l-e
g(X)_er(X)+1:>g(X)EL+e2’OJ

a2
. range of g(X) = 1—62,0
1+e
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65. The domain of definition of the function, f(x) given by the equation 2* + 2¥ = 2 is

(A)0< x<1 (B) 0<x<1 (C) —0<x<0 (D) o< X <1
Key. D

Sol. Itisgiventhat 2*+2¥= 2VX,yeR
Therefore, 2X=2 -2Y<2 = 0<2¥<2
Taking log for both side with base 2.

= log,0<log, 2" <log, 2

Hence domainis —0 < X <1

66. The range of the function f(x) = logy [x], where [x] and {x} respectively. denote the integral and
fractional parts of x, is
(A) (-o0, 0] (B) (-0, 0)
(C) {In k; keN} (D) (-00, -1)

Key. A

Sol. Forxe (1,2),f(x)=0

for xe (2, 3), f(x) = logx2 = € (-0, 0)

1
log,{x}

67. If f (X) =sin"t X+ cos™ X+ tan™ X then range of the function f (X) is

(1) E 37”} ) [0, 7] (3)40, 7) (4)R
Key. 1
Sol. Domain [-1, 1] and Range [f(-1), f(1)]

X+ 1+ X2

68. Let R be set of real numbers, the function f :R™ — R, f(x) =log, log,

, then range of

f(x) is
(1)¢ (2)R (3) R+ (4) R-

Key. 1
Sol. for X<0

0 <X*4/1+x° <1
Iogz(x+\/x+x2)<0

SO
69. 1F & +e™ =€ thenforfix)
(1) domain — (=e0,1) ,range _ (=0,1)
) domain =1, range (—o0,1]
) domain ~ (_OO’O], range (—0,1]
(4) domain — (_OO’O], range — (—o0,3]
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Key. 1
e'™ =e—e"=f(x)=log, (e—e")

Sol.

e—e*>0=e'>e"=>x<1

D; =(—oo,1)

Let y=f(z)=log,(e—e"l=e’ =g —¢"

= e*=e-e’=x=log,(e—e”)

= e-e'>0=e>¢

y<l1
R =(-,1)
2
70. The domain of f(x)=sin[log( f‘x ]J is
—X

(1)(0,5) (2)(1,5) (3)(-2.1) (4)(2,3)

Key. 3

sol.  4-%X>0 359 1-x>0
S —2<X<2 gng X<1

71. The range of the function Y = ':XZ:I—[X]2 X e [0, 2] where [.] denotes the integral part, is

(1)10] 2) {0.3) (31412} (4){0,1,2}
Key. 4
2
Sol.  We have, y:[xzj—[x] ’ XE[O’Z]
_ 2
e vl e=x<
y=[x"]-1, 1sx<2
=[X2]—1, X=2
=0 X=2
i.e., y=0 0<x<l1

—1-1=0 1<x<+2
=2-1=1 J2<x<+3
=3-1=2, /3<x<2

=0 X=2
Hence, the rangeis {0, 1, 2 }

72, Llet f (x)::(sinflx)z-r(cosflx)2 then

2 2
(1) Greatest value of f (X)is% (2) Greatest value of f (X) is %
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7’ 7’
(3) Least value of f (X) is 5 (4) Least value of f (X) is —
Key. 3
2
Sol. f (x)=2(sin‘1 x)2 _zsintx+
2 2
= Z(S,inl x—z] + I
4 8
2 2
= f(x)e{”—,si}
8 4
73. If [a, b] be the range of iz ((COS"1 X)% + (sin™* X)Z) thenb-a=
Vs
9 3 5
A 1 B. — cC. -— D. —
8 4 4
Key. B
Sol.  (cos™x)*+(sin" x)* = %{(cos1 x+sin™ x)? + (cos=" x=sin"* x)2}
2 2 2
LAY L Z Csinix| L
2\ 2 2 8
1(r° 1
a:—2 - | ==
7\ 8 8
2 2 A
b: 12 ﬂ_+(£+ﬂ-j 1atX:_
2z | 4 2
_3
4
b—a:g
8
2
74. The domain of the function \/IoglO[SXAr X j is
A.(0,5) B.(1,4) C. [0,5] D. [1,4]
Key. D
5X — X

Sol. >1= x> -5x+4<0=xe[L4]

75. The greatest and least values of (Sin™ x)* + (cos™ x)* are
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w

QI

Key. B

3
so..  (sin™'x)*+(cos " x)® = (%) —3sin xcos™ x(%j

7~ 37 . 4 (n .
=———SIN " X E—Sln X

8 2
7 3. . z)°
=_—4+—<sin"x—-=—
32 2 4
3 77[3
min = —, max = —

3.0dd & Even Functions
76.  Let f(x)=e"+sinx be defined on the interval [:4, 0], the-odd extension of f (X) in the interval [-4,

4]

1) e +sinx, xe(0,4) 2) € +sinx, xe(0,4)

3) e*—sinx, xe(0,4) 4) —e*—sinx, x<(0,4)
Key. 2

sol.  f(x)=—f(-x)
_.2x(sin x+tan x)

2{x+217r}_41
T

is (where [.] = G.LF)

77.  The function f(x)

A) An odd function. B) An even function
C) Neither even nor odd function D) None of these

Key. A

Sol. = The denominator is = 2[ X+ 217[} —41= 2[1+ 21} -41
T T

x(sinx +tanx)

B

_ —x{sin(—x)+tan(-x)} _x(sinx+tanx)

= f(-x)= . = .
H*i ‘“LH

s f(x)=

(if x=nr)
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x(sinx +tan x)

=T o £ (x).(if x=nz then f(x)=0)

T

2
78. If f :[—20, 20] — R defined by f (x) = {”—}sin X+cos X is an even function, then the set of values
a
of ‘a’is [.] G.L.F
A) a € (500,) B) a & (400, )
C) ae (—400, 0) D) ae (—300, 900)
Key. B

2
Sol.  If f:[-20,20] >R defined by f (x){%}sinx%osx is an even function , find:the set of values of

a;[]=G.I.F.

[Hint: If f(x) is an even function, then f (x)=f(-x)= f(x)=f (—x)=0:{x—

}sinx:o
a

2 2
:{X—}za:ms%d:a>x2 =a>400 (since 20<x<20) ..ae(400,%0) ]
a

2
| J 5|n2x ,([.] denotes

greatest integer function) is an.odd function, then the complete set of Values of‘a’,is

79. If f:[-4,4]-{-m0,m} > R, such that f(x)= cot(smx)J{

A) [_OO’ _4] N [41 OO) B) (_007 _16) V (16! OO)
C) [-16,-16] D) (~0,~16] U[16, )
Key. B

X2

Since XE[—4,4]:>OSX <16

Sol. For f(x) to beodd, { ] should not depend on value of x.

[| J 0-if [a] >16 = a & (—0,~16) U (16,0)

4. Periodic Functions
80. If f:R — R isa function satisfying the property f (X+1)+ f (X+3) =2 forall XeR thanfis

(1) Periodic with period 3 (2) Periodic with period 4
(3) non periodic (4) Periodic with period 5
Key. 2

sol.  f(x+1)=f(x+5)
81. A real valued function f satisfies f(10+X)= f(10—X) and f(20—x)=—f(20+X), forall xe R

which of the following statements is true?

27



Mathematics Functions

(1) fis an even function (2) fis an odd function
(3) fis a constant function (4) f is a non-periodic function
Key. 2

Sol. Change x to 10 — x to obtain
f(20—x)=f(x)
We have T(20=X) ==f(20+x)
= f(x) =—F(20+X)
Now change x to 20 + x
f(20+x) =—f(40+x)
—f(x) =—f(40+x)
f(x)=f(40+x)

, so fis periodic
again () =—=F(20-x) =—F(x)
Thus fis odd

1(|sin in
82. The period of the function f(x)=—[|sI X|+ SN X j is

2\ cosx |cosx|
T s
(A) © (B)2n ©.5 (D)
2 3
Key. B
Sol.  Since |sin X| and cos X are periodic function with-period © and 2w respectively.
Therefore, [sinx| is periodic with period 27.
0S X

|cos x|

Similarly, is periodic with period 27.

So, period of f(x) is't.C.M. of {27, 21t} =27.

f(x)-5
83. Let f:R—> R—{B} be a function such that for some p >0, f(x+ p):L forall xeR.

f(x)-3
Then, period of* f is
(A).2p (B) 3p (C) 4p (D) 5p
Key. C
Sol. 3 does not belong to the range of fimplies 2 also cannot belong to range of f because, if f (X) =2 for

2-5 - : .
some Xe R.Then f (X+ p) = ﬁ =3 which is not in the range of f. Hence 2 and 3 are not in the
range of f. If f (X+2p) =f (X), this implies

f(x)="f(x+p+p)
_ f(x+p)-5
f(x+p)-3
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f(x)-5
_f(x)-3 ~
f(x) 5
f(x)- 3
_—4f(x)+10 2f(x)-5
S 2f(x)+4 f(x)-2
so that [f (X)—Z]2 =—1 which is absurd. Therefore, 2p is not a period. Again
2f(x+p)-5
f(x+3p):w
_3f(x)-5

(x)-1 = f(x).
Now f(x+4p)=f(x+3p+p)

Therefore 4p is a period.

84. Period of the function f(x)'= [x].+[2x] + [3x] + [4x] + ... + [nx] — % , Where ne N and [ ]

denotes the greatest integerfunction, is
1

(A)1 (B)n © — (D) 2n
n

Key. A
Sol.  f(X)=X]+[2X]+.....+[NX] = (X + 2X +.....4+nX) = [X]—X+[2X]—2X +....+[nx] = (nX)

= ~[{G+{2x}+.....+{nx}]

Period of {rx} = 1
r

", Period of f(x) = LCM(l ! l ...... , 1jzl
2" 3 n
85. Which of the following is non-periodic
() X (B) sin/X (C) cos|| (D) sinx
tan x sin x

Key. B
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Sol. f(x)=sin JX is non-periodic because f(T) = f(0) = f(-T) is not satisfied.
86. I f2+x)=a+[1-(f(x) —a)“]”4 forall X e R, then f(x) is periodic with period
(A)1 (B)2 (C)4 (D)8
Key. C
Sol. f(2+x)-a = {L-[f(x)-a]'}"*
= [f2+x)-a]*= 1-[f(x)—a]*
[f(2 +x) —a]* + [f(x) —a]*=1 ...(0)
() is true for all x
Replace x by (x + 2) in (i)

[f(x + 4) —a]* + [f(x + 2) —a]*=1 ...(i)
(i) and (ii) gives, f(x) —a]*=[f(x + 4) —a]*
=  f(x+4)-a=f(x)-a
= f(x + 4) = f(x)

87. Period of f(x) = sgn([x] + [-X]) is equal to
(where [.] denotes greatest integer function)

(A)1 (B)2
©)3 (D) does not exist
Key. A
Sol.  Letf(x) = sgn([x] + [-X])
0; X el
_{—x Xl

Hence f(x) is periodic with period L

88. The period of the function

i (x):exp[x—[x]h/x—[x] +(x—[x])2

+|sin x|+ |cos 7|+ |tan 7zx|]

A) 1 B) 2 C)3 D) 4
Key. A
Sol. _ The period of x — [x] is 1.

The period of /x—[x] is 1.

The period of (x—[x])2 is 1.

The period of [sin 7x| = Z 1.
T

The period of |cos x| =1.
The period of |tan zx|=1.

Thus each of the above functions is a periodic function with period 1. Therefore their L.C.M. is 1. Hence
the function f(x) is periodic with fundamental period = 1.
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89.  The period of the function f(X)=sin 3XCOS[3X] —c0s3xsin [SX], where [] denotes the greatest

integer function is
(1)6 (2)3 (3)1/3 (4)1/6

Key. 3
Sol. f(x) =sin 3{x}, where {.} is a fractional part function.

90. If f(2+x)=a +[1— (fF(x) —a)“]l/4 for all X e R, then f(x) is periodic with period
(A1 (B)2 (C)4 (D)8
Key. C
Sol. f(2+x)-a = {L-[f(x)-a]'}""
= [f2+x)-a]*= 1-[f(x)-a]*
[f(2 + x) —a]* + [f(x) —a]*=1 ...(1)
(1) is true for all x
Replace x by (x + 2) in (i)
[f(x +4)—a]* + [f(x + 2) —a]*=1 ...(11)
(1) and (ii) gives, f(x) —a]* = [f(x + 4)~ a]*
= f(x+4)—a=1(x)—a
= f(x +4) =f(x)
91.  The period of the function f (x)= (—1)[X] where [] = G.I.F
A) 2 B) 1 C)3 D)4
Key. A
Sol.  Given: f(x)=(-1)".
First of all, we sketch the.graph of f(x) with the help of piecewise defined functions as follows:

I -2x<-1
-1 -1x<0
f(x)=(-1 =11 o0<x<1
-1: 1<x<?2
1 2<x<3.

The graph of f(x) is given by
From the above graph of f(x), we see that the function f(x) repeats its value after the least interval of 2.
Therefore the function f(x) is periodic with period 2.

92. |If 2f (X)+3.f (%j = X% —1 then f(x) is

(1) Periodic function (2) an even function
(3) an odd function (4) one one function on domain R
Key. 2

1
Sol. replace x by —
X
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5. Inverse, Composition Functions
93.  If the functions of fand g are defined by f(X)=3—X,g(Xx)=2+3x for x € R respectively, then

g (f ()=
Al 1 4 1
B. —— C. —— D. —
3 3 4
Key. B
Sol. f‘l(x):3—x,g‘1(x)=%2
“1p¢-1 _a-ly 1
9 [f (2l=9 (1)——§
94, Which among the functions is inverse of itself?
og x X2+ 1+ X2 1—X
(A) y=a"" B y=5"  (©y="—"3 (D) y="—
1-x 1+x
Key. D
Sol.  Out of 4 choices, if f(x) = —— .
1+X
1— (i_x)
f[f(x)] = # =x
1+( ~X)
@+x)
1_—X is the inverse of itself.
1+X
1
95.  The inverse of f(x)= (5—(x—8)5)3 is
(A) 5—(x—8)° (B) 8+(5-x*)"°
(©) 8-(5-x)" (D) (5-(x~8)"*)

Key. B
Sol. . Let.y=1(x) = (5-(x—8)°) ", then
y?’=5-(x-8)° = (x-8)°=5-y°
— x=8+ (5-y°)"°
Let, z= g(X) =8+ (5-x%)"

Now, f(g(x)) = [5-—(x——8)5]1/3

= (5—[(5—x3)1’5]5)1/3: (5-5+x°)" =x
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96.

Key.

Sol.

97.

Key.

Sol.

98.

Key.

Sol.

99.

Key.

Sol.

100:

Key.

Sol.

Similarly, we can show that (f (X)) =X.

3\V5 . .
Hence, g(x) = 8 + (5—X ) is the inverse of f(x).

If f(X)=x=x*+X"=x*+......... oo when |X| <1 then f*(x)=
X X 1 1
1) — 2) — 3 — 4 —
) 1-x ) 1+x ) 1-x ) 1+X
1
2,03 U4 X
f(X)=x=x"+x"=x"+...=—
1+x

1(y) = __t _ —t(1— __x S e X

f (x)_t:>f(t)_1+t:x+xt t=>x=t(1-x)=>t 1_X:>f (x) Y
If f:(0,00)— R defined by f(x)=log;, then f~*(x)=
1) log® 2) x¥ 3) 10* 4) None

3
fH(x)=y=x=f(y)=x=log}, = y=10"= f *(x)=10"

If f(x)=(1—x")"",0<Xx<1,n being an odd positive integerand h(x) = f (f (X)), then h'(1/2)

A 2" B. 2 c.n2mt D.1
D

h(x) = (L= f (X)")" = (1— (L— X")" .= xwen hl(%) -1

If f(X):X—1 then number of solutions of f(f(f(x))=1.
X

1)1 2) 4 3) 6 4) 2
2
1 x*—3x% +1
f(x)=x-—=, = f(f(X) =——5——
() =x—— (100 ==
= f(f(fx)=1= f(f(x)= f‘l(l):lJrZ\/g — 2 values exist
Or f"1(1)=¥ — 2 values exist
Which among the functions is inverse of itself?
2 1+X2
A) y = a2 B) y=5" C)y= D)y="—=1
(A) y B)Yy ©y 1 (D) y T x
D

X
Out of 4 choices, if f(x) = ——.
1+x
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L @-x)
0] = —ng =X
1+
@+x)
1_—X is the inverse of itself.
1+X

101.  If f(X) =x(x—1) is a function from {%oo} to [—%,oo], then {x e R/f*(x) =f(x)}.is

(A) null set (B) {1}
(©) {0, 2} (D) a set containing 3 elements
Key. C

Sol. {xeR/f'x)=f(x)}= {xeR/ff(x)=x}
f(f(x)) = f(x(x=1)=[x(x-DI[x(x-1) -1 = x(x-D[x* —x-1]
ffx)=x = x(x—1)(x*—x—-1)=x
= x(x*-2x*) =0 = x=0,2
102.  Let f(X)=3x*—7X+C, where ‘c’ is a variable co-efficient and X > % . The value of ‘¢ such that

f (x)touches f*(X) is......

16 4
A) 6 B)7 C) — D) —
(A) (B) © 3 (®) 3
Key. C
sol.  f(x)and f™(x) can onlyintersectoon the line y = X

.Y =X must be tangent
Solving 3X* —7X #€ =X p
=3x* -8x+¢=0
The above equation has real and equal roots
=64-12c=0
16
3

c

103.  Let f {%,%} - [0,4] be a function defined as f (X) = \/§sin X—COSX+2

then f_l(X) is given by

(1) sin‘l(—x_zj—Z (2) sin‘l(—Hz}LZ
2 6 2 6
(3) 2?72-—008l (X;sz (4) Does not exist
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Key. 3
Sol. f(x)=23in(x—%j+2

Since f is one — one onto
fis invertible

-1 _
Now fof™(x)=x

:>25in[f1(x)—%j+2:x

z —4 <1vxelo, 4]}

fl(x)zsin1(§—1j+% [ 5

- 71 71 _72.
SIn ~ a +COS 0!—5

Also using
f’l(x)zz—cos’l—x_2 +£:2—”—cosl(—x_2j
2 2 6 3 2

104.  The value of the parameter o, for which the function f(X) =1+aX, ov=# 0 is the inverse of itself, is

(A) -2 (B)-1 ©1 (D)2
Key. B

y-1
Sol. 'y =l+oX = X=—
o

F1x) = 22 2 £ =14 o
o

X_l 2
= —— =1+o0x = X-l=oa+aX
o
Equating the coefficient of X
a’=1land a =1
o==1

a=-1
6. Functional Equations
105. If fis realfunction satisfying the relation f (X+ y) =f (X).f (y) forall X,ye R andf(1) =2 and
n
aeN, for which Z f (a+ k) 216(2” —1) thena=
K=1

(1)2 (2)4 (3)3 (4)8
Key. 3

sol. f(a)=a"; Y f(a+K)=> f(a)f (K)

= 2aKZn_;2K = 26‘(2n —1)
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106. A real valued function f(x) satisfies the functional equation
f (X— y) =f (X).f (y)— f (a—x) f (a+ y) for some given constant a and f(0) = 1 then f(2a-x) =
(1) f(x) (2) —f (x) (3) f(-x) (4) f(a)+f(a—x)

Key. 2

Sol. PutX=y=0= f(a)=0

f(a-x)=f(a—(x—a))=f(a).f(x-a)-f(a-a)

107.  If f:R—R isafunction satisfying f (x+y)=f(xy) forall x,yeR and f (g) =(%j »then

. (Ej _
16
3 9

D5 2 3)

~[ &

4) 0
Key. 1
Sol. Let f(0)=k, then f(x) = f(x+0) = f(0) = k, f is a constant function. But f (gj = (ﬁ)

4
o f (x) = (§j for all x and hence f [gj = (§j
4 16 4

108.  If for nonzero x, 2 f (x2)+3f(i2j=x2—1,then f(xz):
X
3+2x* —x? 3-_2x* 4%’ 3-2x*—x? 3+2x* +x?
1) =2 22 7) P c) P g T2 T2
) 5x? ) 5x? ) 5x? ) 5x?
Key. 3
1 1
sol. 2f(x2)+3f(Fj:xz—lzﬂ(x2)+6f(Fj:2x2—2 ......... (1)
1 1 1 3
2f(F +3f(xz):F—lzgf(x2)+6f(Fj:F—3 ......... (2)
3 3-2x* —x?
(2)—(1):>5f(x2)=?—2x2—1:>f(ﬁ):T

109. If.f1R<R satisfies f(x+y)=f(x)+f(y) forall x,yeR andf (1) =7, then Zn:f(r) is
r=1

7n(n+1) 3) 7_2n 4) 7n(n+1)

7(n+1) 2

1
) 2 2

Key. 2
sol.  f(1)=7,f(2)=f(1+1)=f(1)+f (1)=2f (1), f (n)=nf (1)

110.  If fisa real valued function satisfying f (X)+ f (x+6)= f (x+3)+ f (x+9), then f(x)=

1) f(x+3) 2) f(x+6) 3) f(x+9) 4) f(x+12)
Key. 4
Sol.  Replace x with x+3
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111, If f(x)f (lj =f(x)+f (lj Vvx € R —{0}, where f(x) be a polynomial function and f(5) = 126, then
X X

f(3) =
(A) 28 (B)26 (C) 27 (D) 25
Key. A
Sol. f(x)=1% x"or f(5)=1= 5"
or, 126=1+ 5" or £5"=125 = + 5"=53
n=3
f(3)=1+32=28

112.  If g(x) is a polynomial satisfying g(x) g(y) = g(x) + g(y) + g(xy) -2 for all real x'and y and g(2) = 5, then
g(3) is equal to

(A) 10 (B) 24
(€)21 (D) 15
Key. A

Sol. Puttingx =1,y =2, then
8(1) g(2) = g(1) + g(2) + g(2) - 2
= 5g(1)=8+g(1)
g(1)=2

. 1. . .
Also, replacing y by — in the given relation, then
X

g(X)gH=9(><)+9(;j+9(1)—2
1 1
or g(x)g(;j_g(xﬁg(;j
= g(x)=1%x"
= +2" =2°
Taking +ve sign
2n= 22
n=2
= g(x) =1+x%°

g(3)=1+32=10

113, Let f (%) :%(f (x)+ f(y)) forreal xandy. If f'(0)existsand equals to -1

and f(0)=1 then the value of f(2) is

a) 1 b) -1 c)

d) 2

Key. B
Sol.
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£(x) = lim f(x+hr)]— f(x)

h—0

f(2x)+ f(2h)

f(x)
=lim 2
h—0 h
f'(x)=-1 ;F(2x)=2f(x)-1
= f(x)=1-x

114.  Afunction f: R — R satisfies the equation f(x) f(y) — f(xy) =x+y V X,y € R and f(1) > 0, then

) f(x) f1x)=x>-4 ®) f(x) f1(x)=x%-6
©) f(x) f(x)=x2-1 (D) none of these
Key. C

Sol.  Takingx=y =1, we get
f(Y)f(1)-f(1)=2
= f2(1)-f(1)-2=0 = (f(1)-2)(f(1)+1)=0
= f(1)=2 (asf(2) >0)

Takingy = 1, we get
f(x). f(1) - f(x) =x+1

= f)=x+1 = fix)=x-1
f(x).F1(x)=x?-1

(C) is the correct.answer.

115.

A function f satisfies the equation 3 f(x)+2 f (X+519] =10x+30, (x#1)

X J—
then the value of f (11) is
f(7)
A) 7 B) 11 C) -7 D) —11

Key.. B
Sal. “Atx=11

3f(11)+2f(?)=140.(1)
but -T:?toget
3f(?)+2f(11)=100__(2)

& 3rd+asid 7
(2) = 3f(N+2/11) >
Using componendo and dividendo
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SUAD+SCn 6 L SAD+ ST _ 6

(FAD-7TN 1 (FAD-FT) 5
S

HON
116. Let f be a real-valued function with domain R. If for some positive constant a, the equation
fx +a) = 1+ (1 - 3f(x) + 3(f())? - (F())3}1/3
holds good for all x e R, prove that f(x) is a periodic function with period 2a.

Sol.  Given f(x+a)=1+{1_3f (x)+3(f (x))2 —(f (X))g}us

= f(era)-1={0-f ()] = {F(xra)-1f =t (o))
= f(x+a)—-1=1-1(x) f(x+a)+f(x)=2 ..(1)
Replacing x by x — a, the equation (1) becomes f(x) + f(x —a) = 2 «.(2)
Subtracting (2) from (1), we get f(x + a) — f(x —a) = 0.
Finally replacing x by x + a, we get f(x + 2a) — f(x) = 0
= f(x + 2a) = f(x) and hence f is periodic with period 2a.

117. Let f:R — R be continuous and periodic with period T > 0. then

(A) f(x,+T/2)="F(x,) forsome x, e[k, k+T/2],KeR

(B) f(x,+T/2)=f(x,) forsome x, € (k,k+T/4),KeR

(C) f(x,+T/2)="F(x,)forsome x, e(k,k+T/3),KeR

(D) f(x,+T/2)=f(x,) forsome x;e(k,k+T/6),KeR
Key. A

Sol. Let g(X)=Ff(x+T/2)—f(X)

then g(k) =f(k+T/2)—F(K). "..... ()
and g(k+T/2)=Ff(K+T)-F(k+T/2)
=f(k)—f(k +T/2)

=-g(k)

Hence by intermediate value property there exist an X, €[k, k + T /2] for which g(x) =0
118. “Afunction f: R — R satisfies the equation f(x) f(y) — f(xy) =x+y V x,y € Rand f(1) >0, then

) f(x) Fx)=x%-4 ®) f(x) f1(x)=x>-6
) f(x) f_l(X) =x2-1 (D) none of these
Key: C

Hint: Takingx=y=1, we get
£(1)F(1)-F(1)=2
= f2(1)-f(1)-2=0 = (f(1)-2)(f(1)+1)=0
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= f(1)=2 (asf(1)>0)

Takingy =1, we get
f(x). f(1) —f(x) =x+1

= fx)=x+1 = f_l(X)ZX—l
f(x).F1(x) =x? -1
(C) is the correct answer.

119. Let f be a function such that f (X+ f (y)) =f(X)+y; VX, yeR then f(2013)=_ _
(1)0 (2)1 (3) 2013 (4) 4026

Key. 3
sol. Put y=x= f(x+f(x))=f(x)+x
= f (t)zt (Identity function)

120. If f(x) is a polynomial function satisfying the condition f(x).f(1/x) = f(x)+ f(1/x), xeR-{0} and f(2) =9

then

(1) 2 f(4) = 3 (6) (2) 7 (1) = £(3) 3) 9 f(3):=2F(5)(4)f(10) = F(11)
Key. 3
Sol. f(x)=1+ X" putx=2,wegetn=3

Lfx)=1+ X3

- 2f(4) =130 = 3 f(6)
14 f(1) = 28 = 3 f(3)
9(3) =252 =2f(5)

f(10) = f(11)
121, If f(x)f (lj =f(x)+f (lj vx'eR —{0}, where f(x) be a polynomial function and f(5) = 126, then
X X

f@3) =
(A) 28 (B)26 (C) 27 (D) 25
Key. A

Sol. f(x)=1+x"or f(5)=1+ 5"
or, 126=1 +5" or £5"=125 = + 5"=5°3

n=3
f(8)=1+3%=28

7. Different Types of Functions

X X
122, Llet f(x)=a;tanx+a, tan(5)+a3 tan(§j+———

X
+a,.tan (—)Where dy,8y,a3 ———4a, are real numbers and
n
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Key.

Sol.

123.

Key.

Sol.

124,

Key.

Sol.

125.

Key.

Sol.
126.

Key.

Sol.

127.

Key.

nez+,‘f(x)‘s|tanx| forxe[_—ﬂ,zjthen a1+ﬁ+$+___+a_n i
2 2 2 3 n
(A)1 () <1 ) >1 (D) 2%
B
Clearly fl(O)is required fl(O)‘: It m‘
n—>0 h
f
h—0 |h| h—0| h

If [x] denotes the integral part of x. for real x. then the value of

17 1 1 1 1 1 3 1 199

S| St — [+ S+ — || =+ — |+ +| =+ =—
[4} {4 200} [4 100} [4 200} [4 200}
1) 50 2) 100 3) 25 4) 75
1

{200.%} =[50]=50

If g= {(1,1),(2,3),(3,5),(4, 7)} is described by:the formulag (X) = ax+ 3, then (&, ) =

1 (2,1) 2) (2,-1) 3) (-2,1) 4) (-2,-1)

2

g(l)=a+B=1

9(2)=2a+4=3

If f (x)= cos[nz]x +cos [—ﬂ2] X, then (where [ ] is integral part of o )

1) f(%):—l 2) f(7r)=1 3) f(-7)=1 4) f(%jzz
1

f (x)=C0s9x+Cc0s10x,Q 9 < z* <10

Set'/A has 3elements and set B has 4 elements. The number of injections that can be defined from A to
B.is
1), 144 2) 12 3)24 4) 64

WB)p =4P =432=24

2,ifn=3kkeZ
f:N— Z isdefined by f(n)=110—n,if n=3k+Lk e ZThen{n|f (n)>2} =
0,ifn=3k+2keZ

1) {3,6,3} 2) {147} 3) {47} 4) {7}
2
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Sol.

128.

Key.

Sol.

129.

Key.

Sol.

{n\(f(n)>2)}={n\10—n>2,n:3k+1}
={n\n<8n=3k+1}

X,0<x<1
Let f,(x)=1 1L x>1 and f,(x)="f,(-x)forallx
0, otherwise
f3(x)=—f,(x) forall x
f, (x)="F;(—x) forall x
Which of the following is necessarily true?

(A) f,(x)="F(x) forall x (B) f,(x)=—f,(—x) forall x
(C) f,(—x)="f,(x)forallx (D) f,(x)=f;(x)=0 forall x
B
y Y Z ‘):
{bsg— s 1 i ol 1
» X » X
O
» X » X
-1 |0 Y )| - A
v v v v
y =fi(x) y =f,(x) y =£(x) y =fi(x)

If 109 5.5 (6X° + 23X+ 21) = 4=10 5, (4X* +12x+9) , then the value of —4x is

A) 0 B)1 0)2 D) —%

B
First note that 2X+3>0"and 2X+3 %1, thatis, X>—-3/2 and X% —-1. Also, 3Xx+7 >0 and
3X+7#1, thatis, X>—=7/3 and X # —2. Suppose X >—3/2, Xx#—1.Then the given equation can

be written as

log[ (2x+3)(3x+7)] _ 2log(2x+3)

log(2x+3) log (3x+7)
log (3x+7) 2log(2x+3)
+ =4-
log(2x +3) log (3x+7)
N log(3x+7) _y
log(2x+3)
Then 1+y:4—g
Therefore y= 3—E
y
y?—3y+2=0
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130.

Key.

Sol.

131.

Key.

Sol.

132.

This gives Y =1or 2
Case 1: suppose that Y =1. Then
log(3x+7) =log(2x+3)

3X+7=2x+3
x=-4
This is rejected because X > —-3/2.
Case 2: Suppose that Yy =2.Then

log (3% +7) = 2log (2x +3) = log (2x +3)’
Therefore 3X+7=4x>+12x+9

4x* +9x+2=0

(4x+1)(x+2) =0

X=-1/4 or-2
Here X=-1/4 (sinceXx>-3/2)so —-4x=1

2n—1'if niseven
If f and g are two functions defined on N, such that f (n) = . and
2n+ 2if nisodd
g(n): f (n)+ f (n +1) . Then range of g is

A) {m e N /m = multiple of 4}
B) { set of even natural numbers}
C){m eN/m=4k +3,K is anatural number}

D) {m e N /m =multiple of 3 or multiple of 4}
C

g(n)=f(n)+f(n+1)

If nis even, n+1 is odd.
~.g(n)=2n-1+2(n+1)+2=4n+3
If nis odd, n+1 is even.
~.g(n)=2n+2+2(n#+1)-1=4n+3.

The number of solutionof y = %[sin X+ [sin X+ [sin x]ﬂ and [y + [y]] =2cosx where [. ]

denotesthe greatest integer function is
a)4 b)0 c)2 d)7

B
y= [Sin X] and 2C0SX = 2[y] is impossible for every X € R.

Let W be the set of whole numbers and f :W —W be defined by

ool 5] o

0 if x=0

where [y] denotes the largest integer <y . Then f (7752) =
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(A) 7527 (B) 5727 (C) 7257 (D) 2577
Key. D
Sol. This function simply writes the digits of the given number in the reverse order.

133. f (X) =sin [X] + [Sil‘l X] ,0<x< % , Where [ ] represents the greatest integer function, can also be

represented as

0 0 1 — O<x<Z
, U< XL " \/E ) 4
1+sinl ,1<x<Z 1 1 3 =« 7
2 I+ —+—=+—, —<X<—
2 J2 24 2
0 , O<x<=
0 , O<xx<1
T
C . D) {1 , — 1
()sm1,1£x<% (D) 4<X<
sind ,1§x<£
2
Key. C
Sol. 0<x<Z
0if 0<x<1
x| =
[x] 1if 1<x<Z
2
sin0=0 if  0<x<l
=sin|X|=
[x] sinl . if 1<x <X
2
Wehave0<sinx<1when0<x<£.
:{ﬁnﬂ:Ofm'0<x<%
0 if O0<x<l1
ssin[x]+[sinx]=| . T
sinl if 1<x<—
2
1 1 1 .
134. f(x)= + + then number of points where f(x)=0
x-1 x-2 x-3
1)1 2)2 3)3 4)4

Key. 2
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Sol.

135.

Key.

Sol.

136.

Key.

Sol.

\V ]

f(X)=X*+AX+ucosx, Ae¢, e . The number of ordered pairs (4, 1) for which
f(x)=0 and f(f(x))=0 have same set of real roots.
1)4 2) 6 3) 8 4) 10
1
f (X) = X* + AX+UCOS X
Let o betherootof f(X)=0= f(a)=0
= f(f(a))=1(0)=0 (Qa isrootof f(f(x).=0also)
Now f(0)=u=0
f(X)=x>+Ax=0=>x=0,x=-1
f(f (X)) = f(X*+AX) = (X* + AX)* + A(X* + 2X)
=(x2+/1x){x2+/1x+l}=0
Will have same root X =0, X ==A"If
X* + AX+ A =0 have no real roots

= 12-41<0
=0<A<4=4=123

But A =0 is also satisfy
(0,0),(0,2), (,2)(0,3)are 4 or diff. (1, 1) does exist.

f (X)'= X° +X2.+1 has roots X, X,, X;, X, X, and g(x) = x> —2 then

g(%)9(X:)9(%5)9(%,) g (%) =309 (X X, XX, X5 ) =
1).2 2) 5 3)7 4)11
3

Put g(X)=y=X"-2=>x=,y+2= f(\/m):o
= y° +20y* +40y° + 79y* + 74y + 23=0

Roots are g(X,), 9(X,), 9(%;), 9(X,), 9(x;)
9(%)-9(X,)-9(%3).9(X,)-9(x5) =—23

And X X, XX, X =—1

g(X1X2X3X4X5) = g(_l) =-1

= 9(%)-90%).9(%;).9(X,).9(X5) =309 (XX, X,%X,Xs)
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137.

Key.

Sol.

138.

Key.

Sol.

139.

=-23+30=7

f () = cos ™ 2| sin x| +| cos x |]j

sin® x+2sin x+ 4

([ ]denotes greatest integer function}. Then domain of f(X) is the internal [0, 27[] is.

1) [0,7—”}u &,24 2) [0,27]
6/ |6
[z 2] NESS
6" 6 26
1

| £|sinx|+|cosx|£\/§
[Isinx|+]cosx|]=1 Vxej

Now sin2x+25inx+1z1=(sinx+1)2+£
For f to be well defined (sin x+1)° +£ >2
(sin x +1)° >1
4
:sinx+121, sinx+1g_£
2 2

. 1 . 3
SInXZ—E, SInXS—E (This is impossible

= Xe [0, %}U ‘:%,272{' Hence(A).iscorrect

If f(X) is a polynomial of degree 4 with leading coefficient one satisfying f (1) =1, f(2)=2,

f(3) =3 then {%} = ( [.] denotes GIF)
1)0 2)5 3)1 4)-1
2

f(X)—x=(XX-)(x-2)(x-3)(x— )

f(=1)=24(L+a) -1
£(0) = 6
f(4)=6(4—a)+4
f(5)=24(5-a)+5

f(-1)+ f (5) _[@}_5
fO)+f@) | | 28]
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If f(a)=4 and a <60 then number of possible values of « .
1) 3 2) 6 3) 10 4)4

Key. 1

Sol.  4=(-1)"+(-D)*+(-D)°+(-1)*’= «a=16<60
4=(-D)"+(-D*+(-)°+(-)*= «a=32<60
A4=(-D)°+(-D*+(-D*+(-)°= a=48<60

140.  f(x+1) =(-D""x-1f(X) for xe¥ and f (1) = f(1986). Then sum of digits of
(fO+f@2)+........ + (1985)) is

1)4 2) 3 3)7 4)11
Key. 3
1985 1985 1985

Sol. > F(x+D)= 3 (-1x -2 £(¥)
since f (1) = f (1986) N

1985

3) f(X)=1-2+3-4+5........ +1985

x=1

=(1+3+....... +1985)-2(1+2+3+......992)

_ ? (1986) — 2(992x993j

=(993)” —993x 992
=993

1985
Y f(x)=%=331
x=1 3

Sum of digits = 3+3+1=7

141, f(x)=ax’ —C™™Y _4< (1) < -1 and —1< f(2) <5 then which of the following is true

1) -7<f(3)<26 2) -4< f(3)<15
3) —1< f(3) <20 4)‘?289(3)3%
Key. 1
sol.  f(x)=ax®—c

—4<f(l)<~1=>-4<a-c<-1;
1<c-a<4—-()
=1<T(2)<5=>-1<4a-c<5->(2)
D+(2)=>0<3a<a
0<a<3—>(3

From (1)
-16<4a-4c<-4
=4<4c-4a<16

From (2)
—-1<4a-c<5
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3<3c<L21=1<c<7—>(4)

Now f(3)=9a—c is maxof ais maxand cis min

f(3),, =9(3)—1=26

f (py =9(0)~7=-7
~.—T7< f(3)<26

2010

142, Let f(x)=5+ > a, X" and f(-1)=4 then f(1)=

r=1
1)2 2) 6 3)5 4) 4
Key. 2
Sol.  f(X)=5+aX+aX’ +aX’ +.ovve + 8,0, X "
f (_]) ::5'_'81'_6% _'a5 .......... __EMOIQ ::4

f()=5+a,+a,+a....... +8,y,, = A say
10=4+1=>A1=6
143. Let f(X)=ax+b where aand b are rational numbers (where b #0). Such that f(1) < f(2),
2n-1

2 f(Var)
f(3) > f (4) then value of W (where ne¥ ) is
1)n 2)1 3)0 4) n?
Key. 4
Sol.  For fixed values of a and b_f(X) = ax+D is a straight line

But given (1) < f(2) and .f(3)>f(4)

LfO)=fQQ)=f@=Ff@)=41

= f(X) should be constant function = a =0

— f(x) =b= F(J2r) =b and f(Jé) b
: . 'n’b

Given‘expression is T =N

2

144.  Alinear function that map the set {2, 2} onto the set {0, 4} is

(A) f(x) = (x-2) (B) f(x) =(2-x) (C) f(x) = (2 +Xx) (D) (B) and (C)
Key:=D
Sol. “Let the linear function be
f(x)=ax+b

Letf(-2)=0andf(2)=4 = f(X)=x+2
Letf(-2)=4andf(0)=0 = f(X)=—x+2
The two linear function as are

f(x) = (x + 2) and f(x) = (2 —x)
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145.

Key.

Sol.

146.

Key.

Sol.

147.

Key.

Sol.

148.

Suppose f(x) = (x + 2)? for X > 2. If g(x) is the function whose graph is the reflection of the graph of
f(x) in the line y = X, then g(x) equals

(A) VX -2, x>0 (B)/x-2,x>0 (C) ﬁ X>2 (D) JX+2,x>-2
X+

B

y=(x+2)

Equation of the reflection curve in y = x is obtained by interchanging x and y iny = (x + 2)?

= reflection curve is

X =(y +2)
y+2=4/x
y =\/§—2,x20

Since x is always > 2.

If log, (log, (log, x)) =1, then x is

) 2% (B) 9 (C) 24 (D) 4%
A

log, [log, log, x] =1 = log, log, x =4

4
= log, x=3" = x=2°

The value of the parameter o, for which the function f(X) =1+ aX, a # 0 is the inverse of itself, is

(A) -2 (B) -1 ©)1 (D)2
B
y =l+ox = X.= y_—l

o

£1(x) = X222 ) =1+ ax
(04

x—1
= 2 =14ax = x-1=a+a’X
(04

Equating the coefficient of x
a’=1and oo =—1
o=+1
a=-1
If f(X)=x*+2bx+2c* and g(x) =—x*—2cx +b?® such that min f(x) > max g(x), then the relation
between b and ¢, is
(A) no real value of b and ¢ (B) 0<c<by2
(C) Il <IblN/2 (D) [c] > Ib| /2
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Key. D
Sol.  We have, f(x) = x? + 2bx + 2¢? ; g(x) = —x? — 2cx + b?
= f(x) = (X +b)*+2c* -b°
and, g(x) = —(x + ¢)? + b? + ¢?
= fan=2c>-b? and  Qmax = b? + ¢?
for, fmin> Omax = 2c2— b2 > p? + 2

= >0 = |c|>|b|\/§

149. Let Ay, Az As, ..., Ag are 40 sets each with 7 elements and Bi, B,, ..., B, are 'n sets each with 7
40 n

elements. If UAi :UBJ =S and each element of S belongs to exactly ten‘of Ai's and exactly 9 of
i=1 j=1
Bj's, then n equals
(A) 42 (B) 35
(C) 28 (D) 36
Key. D
Sol. n(S)x10=40x7
n(S) =28
28x9=nx7
n =36
150.  The number of functions f from the set A={0,1,2}.in to the set B={0,1,2,3,4,5,6,7} such that

f()<f()) fori<jand i, je A'is

a) °C, b).*C,+2(°C,)
¢)°C, d) °C,
Key. C
0<1<?2

= (0)< fil) < £(2)
f(0)<f(1)<f(2) =° C,
f(0)<f(1)=f(2) =° C,
f(0)=f(1)<f(2) =° C,
f(0)=f(1)=f(2) =°C,

Sol.

noon Oo.=0,if r#s
151. “Find the value of 523 whered ©
ind the value of ), 3. &, 273 w {45:1, if r—s
a) s (6" —1) b) 6" —1 c) 1(6” —1) d) none
5 5
Key. A

Sol. Zn: Zr{zn: Oy 35}
r=1 s=1
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152.  Consider J (t2 —8t +13) dt = xsin (Ej and (a, xeR —{0}) x takes the values for which the
X

equation has a solution, then the number of values of a € [0,100] is_

a)l b) 2 c)3 d)4
Key. C

3 2 X
Sol. t——8L+13t :xsin(e)
3 2 0 X
2
x{x——4x+13—sin(gj}:0
3 X

Here Xx#0 = 1(x2—12x+39):sin(Ej
3 X

a=3x,157,277 (3 values)

153.  Letf be afunction defined on‘the set of non-negative integers and taking values in the same set. Given

that
. X f(x) . .
i) x—f (X) =19 N -90 o0 ¥ non-negative integers x. [x] denotes greatest integer
functions:
ii) 1900°< f(1990) <2000 . Then possible values of f (1990) can take.
a) 2004, 2094 b) 1804, 1994 c) 1904, 1994 d) 1894
Key. C

Sol. since'1900 < f (1990) < 2000

) [1900} 1 (1990)} . [2000} e {@} <2

90 90 90 90
Case - |
g | 10990 | o) x—f(x):lg[l}—go )
0 | 19 90

Substitute X =1990
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90
1990 f (1990) =19x104—-90x 21=> f (1990) =1904

1090 1 (1990) -] 29 o) L)

Case — I

= 1990 f (1990) =19x104 —90x 22 = f (1990) = 1994

154. If g: [—l, 1] — R is a function and the area of the equilateral triangle with two of its vertices at«(0,0)

and (x,9(x)) is ? , then g(x)=

1) +/x* -1 2) +V1-x? 3) +V1+x° 4). +X
Key. 2
Sol. If a = length of a side = \/(x—0)2+(g(x)—0)2 X +9%(x)

Area of an equilateral triangle = AP Ts = X4+ 97 (x)=1= g(x) =+v1-x*

117

1 . ]
155. Let S = where [.] denotes the greatest integer function. The value of
Zl A [] g g
Sis
69 206 76 227
A) — B) — C)— D) —
(A) - (B) o1 (©) . (D) o1
Key. A

Sol.  [V117]=10; If re[n? (n+1)?)ne€¥ then [Vr]=n
The interval [n?,(n+1)?) has2n +1 integers
1 1 1 1

S= 3+ S+ + A9+ .18
2.1+1 22+1 29+1 2.10+1
=9+E=@.
217
156.  If x+[y]+{z}=11 [.]is G.I.F and {.} is fractional part

[X]+{y}+z=2.2
{x}+y+[z]=3.3 then

(A) X+y+z=33 (B) y-2x=1

(C€) 2(z+1)=5y O) {3+{y}+{z}=03
Key. A,B,CD
Sol. x+[y]+{z}=1.1 (1)

[X]+{y}+z=2.2 ¥

{G}+y+[z]=3.3 (3)

D +@)+ @)

= 2(X+y+2)=6.6
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157.

Key :

Sol :

158.

Key.

Sol.

159.

Key:

= X+y+z=33 (4)
4)-@

{y}+[z]=22 = {y}=02&][z]=2

4)- ()

{3+lyl=11 = {x}=01, [y]=1

(4)-@Q)

[X]+{z}=0 = [x]=0 & {z}=0
x=0.1
y=1.2
z=2

If 0<x <1000 and {g} + {g} + {g} = %X, where [x] is the greatest integer less than or equal to

X, the number of possible values of x is

(A) 34 (B) 33

(Q) 32 (D) none of these

B

Q LHS s aninteger

.. RHS is must be an integer for which x is multiple of 30.
. x=230,60,90,120,.....,990

= Number of possible values of x is 33.

If f(x)= [X2] —[X]2, [ ] denates greatest integer function and X €[0,Nn], n e N , then the number

of elements in the range of +f (X) is
A1l Byn-1 C)n D) 2n-1
D

If X e (N—1,n) then [x]=n—-1=>[x]% = (n—1)°

and (n—1)2 <[n%}<n? -1

0<[¥2]-[x]% <n?-1-(n—1)

0<f(X)<2n-2

Since f (X) has to be integer, range of f(X)={0,1,2,3,.....2n—2}
.. The number of elements in range of T is (2n-1)

If > +3— 5 +3 =A (meN, m > 3)and [] denote the G.I.F., then A can take
40 40

(A) two values (B) one value

(C) infinite values (D) four values

A
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Hint: > +3=i(5+52+53 +5m’1+2):>k=l,l
40 10 510

160.  The sum of all positive integral values of 'a’, @ € [1, 500] for which the equation [X]3 +X—a=0 has
solution is ([.] denote G.I.F)
(A) 462 (8)512 (C) 784
(D) 812
Key: D
Hint:  ais integer then x must be integer, i.e., [x] =x

a:x3+x
1<a<bh00=1<x<7, xel

7 (.3 78\ (78
Zai_xzz)l(x +x)_(7j +( 2) 812

161. f 2[0,1] — R is a differentiable function such that f(O) =0 and |f (X)| < k|f (X)| for all x

€ [0,1],(k > 0), then which of the following is/are always'true ?

(A) f(x)=0,vxeR (8) f(x)=0,vx<[0,1]
() f(x)=0,vxe[01] (0).F(1)=kK
Key: B

I/\

Hint: (F(x))° =K (F(x))° <0
= (F()~KF (x))(F'(x) +kt (%)) <0

:(f(x)e_kx) (f(x)ekx) <0

= Exactly one of the functions gl(X) =f (X)e_kx or 7{{\
gZ(X):f(X)ekX isnon decreasing. : |

2835

But f(0)=0=> both function g, and g,, have a value zero atx =0
vx 0,1, gl( )=0 and g, increasing :>gl( )=0=f(x)>0

gz(o) =0 and g, decreasing = gz(x)s 0=f(x)<0
=f(x)=0vxe[0,]

162. Let f be a one one function with domain = {x, y, z} and range = {1, 2, 3}. It is given that exactly one of the
following statements is true and the remaining two are false : f (X) =1, f (y) #1, f (Z) # 2, then
FE)=__
(1) (2)y (3)z 4)1
Key. 2
sol. f(x)=1(F)= f(x)=20r3
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f(y)=1(F)=f(y)=1
f

y
f(z)#2(T)= f(z)=1or3

hcf(x)=1+x; x>0
=1-x; x<0

Which of the following are true ?
(1) Range of f(x) is [2,0)

163.

2) f ( f (X)) is not a one one function

(3) Graphof y=f ( f (X)) is symmetric about y axis.

(4) All the above
Key. 4

sol. f(x)=1+[x|; xeR
f(f )—f(l+|x|):1+l+|x|:2+|x| v xeR

4020 k-1
164. If [X] is the greatest integral function, then Z;{E—’_Mjl is equal.to
(1) 2010 (2) 2009 (3) 2011 (4) 2005
Key. 1
2
Sol. For k=123..... upto 2010, the value of 2 4020 is equal to zero

b=
For K=2011 5010, - 4020, the valueof L2 4020 _4

-~ The sum value is 2010.

165. Let f(x) [X] and g(x)=X+[X].Then the number of solutions of the equality([-] is G.L.F)

4(X_ f (X)): g(x) is

(1)2 (2)3 (3)4 (4)0
Key. 1
Sol. The given equation is

4(x—[x])=x+[x]=2[x]+{x}
4{x} =2[x]+{x}
.'.OS@<1:>X=O,%

166. If m, n (n >m) are positive integers, then number of solutions of the equation

n [sin x| =m |cos x| in [0, 27] .

(1)2 (2)4 (3)m (4)n
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Key. 2
Sol. No.of solutions = 4

o mfd T 37 im

167. Let f(x)= In(l_—x) The set of values of 'a' for which f(a)+ f(ocz) = f (%) is
X a—a+l

satisfied are

A) (—o,-1)u(l,©) B)(-11) c) (0, D) (1,2)
Key. B

2 2
Sol.  f(a)+ f(“)z:I{Glzjﬁ_azﬂzmﬁ_aé ]
+a %

1%
R D R s N M
f =In =In
0c2 o 2

-a+1 1+ 1+ a
o —oa+l
oo f(a)+ f (oc2) = f (%j for all values of o for which the functions are defined,
aS—oa+1
therefore
(i) 1——(Z>O::>—1<oc<1....(1)
1+a
1- oc2 2
(ii) 2>O::>1—oc >0=-1l<a<l...(2)
1+a

From (1) and (2), we have —1<a <1
.. Thesetof values of oo = (—1,1).

168. Ifef(x)=18—+X,Xe(—10,10) and f(x)=kf( 200x2j’ then k =
—X

100+ x

A2 B. 10 1
C. — D. —
2

Key. C
Sol. f(x)=loge£

10+x]
10-x
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10+ 200x
200x 100 + x> (10+ X]
oo =109 1o 200X 9 10 ()
100+ x?
169.  The number of solutions of SiN{x}= cos{X} ( where {.} denotes fractional part) in [0, 277 ] is equal to
A.5 B.6 C.7 D.8
Key. B

SoL. Draw Graph
170.  Alinear function that map the set {-2, 2} onto the set {0, 4} is

(A) f(x) = (x-2) (B) f(x)=(2-x) (C) f(x) = (2 +x) (D) (B) and (C)
Key. D
Sol. Let the linear function be
f(x)=ax+b

Letf(-2)=0andf(2)=4 = f(X)=x+2
Letf(-2)=4andf(0)=0 = f(X)=-—x+2
The two linear function as are

f(x) = (x + 2) and f(X) = (2 - x)

171.  Suppose f(x) = (x + 2)% for X >—2. If g(x) is the function whose graph is the reflection of the graph of
f(x) in the line y = X, then g(x) equals

(A) /X -2, x>0 (B) Vx-2,x>0 @)Eé%an>2 (D) VX+2, x>-2
Key. B

Sol. y=(x+2)?
Equation of the reflection curve in y = x.is obtained by interchanging x and y iny = (x + 2)?
= reflection curve is

X = (y.+2)
y+2:\/;
y =\/§—2,x20

Since x.is always > 2.
2n—1if niseven

172. If f and g are two functions defined on N, such that f (n) = {Zn 2if nisodd and
+Z1 |

g(n)= f (n)+ f (n +1) . Then range of g is

A){m e N /m = multiple of 4}
B) { set of even natural numbers}
C){m eN/m=4k + 3,k isa natural number}

D) {m e N /m =multiple of 3 or multiple of 4}
Key. C

sol. — g(n)="f(n)+f(n+1)
If nis even, n+1 is odd.
~.g(n)=2n-1+2(n+1)+2=4n+3
If nis odd, n+1 is even.
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173.

Key.

Sol.

174.

Key.

Sol.

175.

Key.

Sol.

~g(n)=2n+2+2(n+1)-1=4n+3.

A function ‘f’ defined as f (@) =(-1)* +(-1)* +(-1)* +.......... +(-1)* where ¢ €¥ ,and ¢,
a,, a, areall divisors of & including 1 and itself such that o, a,.....c, =& and &, Q,.....q, €¥

If f(a)=4 and o <60 then number of possible values of « .
1) 3 2) 6 3) 10 4)4

1

4=(-1°+(-)*+(-1)*+(-1)°= «a=16<60
4=(-D*+(-D*+(-)*+(-)°= «a=32<60
4=(-D)°+(-D)*+(-)°+(-)*= «a=48<60

f(Xx+1) = (=D x=1f (x) for xe¥ and f(1) = f(1986). Then sum of digits'of
(F Q)+ f (2 4.+ F(1985)) is

1)4 2) 3 3)7 211

3
1985 1985 1985

Y E(x+) =D (-1)"x=2) f(X)
Snce T(1)= f(1986)

1985

3) f(x)=1-2+3-4+5........ +1985
x=1

=(1+3+....... +1985)-2(1+2+3+.....992)

_ 993 19g6) 2[992x993j
2

=(993)° —993x 992

=993

1985
.-.Zf(x)zﬁzssl
~ 3

Sum of digits =:3+3+1=7
f(X)=ax? —C™™'=4< f(1)<—1 and —1< f(2) <5 then which of the following is true

1) 7. (3)< 26 2) ~4< f(3) <15

3) 1< f(3)<20 nBor@<D
3 3

1

f(x)=ax’-c

-4<f()<-1=-4<a-c<-1;
1<c-a<4—-()
-1<f(2)<5=-1<4a-c<5->(2)
@D+(2)=0<3a<a
0<a<3—->(d

From (1)
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176.

Key.

Sol.

177.

Key.

Sol.

178.

Key.

Sol.

-16<4a-4c<-4
=4<4c-4a<16

From (2)
-1<4a-c<5
3<3c<L21=1<c<7—>(4)

Now f(3)=9a—cC is max of ais max and c is min

f(3)., =9(3)-1=26

f iy =9(0) 7 =7
L —7<f(3)<26

2010
Let f(X)=5+ z a,, X" and f(-1)=4 then f(1)=
r=1

1) 2 2) 6 3)5 4) 4

2
f(X) =5+aXx+aX> +a x>+, + 850X

f(-)=5-a -a,—-a.......... —8,,0 =4
f()=5+a +a,+a....... +8,,,0 =4 SAY
10=4+A=>1=6
Let f(X)=ax+Db where a and b are rational numbers (where b = 0). Such that (1) < f(2),
2n-1
> f («/Er)
f(3)> f(4) thenvalueof | “Lo———— | (wherene¥) is

f(/3)

1)n 2)1 3)0 4)n

4
For fixed values of a and b f (X) =ax+D is a straight line

But given f(1) < f(2) and f(3)> f(4)

~fQ=1fQ)=1Q)=f4)=4

= _f (X) should be constant function = a =0

= f(X)=b= f(+2r)=b and f(Jé) b
: . nb

Given expression is T =N

2

IS
x—1

X—>a

min (sin x {x})} |

If « is aroot of the equation Sin X +1= X then Iim{

Where [.] — denotes greatest integer function
{x}— fractional part of x.
1)1 2)0 3) does not exist 4) -1
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=X -1

| ok
lim min(sin x, X —[x]
X—>a— (X_l)
When 1< X<«
{x}=x-1<sinx
min{sinx, x-13=x-1
Required limit = lim {X—_l} =1 X—>a+
X—00— X_l

sinx<x-1
RHL:
lim [ SINX | _ g sinx _,
xoat| X1 x-1
Hence LHL # RHL [%}:o

X_

Limit does not exist
179.  f(X) =X’ +X*+1 has roots X ,X,, Xss X X and g(x) = x> —2 then

9(x)9(%)9(%X;)9(X,)9(%5) —309(X X X X, Xs) =
1)2 2)'5 3)7 4)11
Key. 3

sol.  Put g(x)=y=x2=2=x=4/y+2= f(Jy+2)=0
= y° +20y* 440y’ +79y* + 74y +23=0
Roots are g (X,),9(X;), (%), 9(X,), 9(;)
904)g(x,)-9(%)-9(x,)-9(%) =23
And X X, X X, X =—1
904X X, %) = 9(=1) =~1
< 0(%)-9(%)-9(%)-9(%,)-9 (%) =309 (X X, XX, X;)
=-23+30=7
180.  f(X)=X*+AX+4COSX, A€ ¢, ue| . The number of ordered pairs (4, x) for which
f(X)=0 and f(f(x))=0 have same set of real roots.

1)4 2) 6 3) 8 4) 10
Key. 1
Sol.  f(X)=x*+AX+UCOSX

Let & betherootof f(X)=0= f(a)=0
= f(f(a))=1(0)=0 (Qa isrootof f(f(x)=0 also)
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Now f(0)=u=0
f(X)=X*+Ax=0=>x=0,x=-1
f(f(X) = f(x*+AX) = (x> +AX)> + A(X* + AX)
=(x”+im{x?+ix+l}=0
Will have sameroot X=0, X=—A1 If

x* + AX+ A =0 have no real roots
= 1*2-41<0
=0<A<4=>1=123

But A =0 is also satisfy
(0,0),(0,2),(,2)(0,3) are 4 or diff. (4, 1) does exist.

181. A polynomial of 6th degree f (X) satisfies f (x)= f(2- x)" xi R.

If f(x)=0 has
four distinct and two equal roots then sum of roots of f (X): 0 is
a)4 b) 5 c)6 d)7
Key. C
Sol. Let & bearootoff(x)=0\ f(a): f(2- a)
f(x) has 4 distinct and two equal roots .". Sum of roots.=6

182.  The number of the functions f from the'set X ={1,2, 3} tothe Y ={1, 2, 3, 4, 5, 6, 7} such that f(i) < f(j)
fori<jandi,j € Xis
(A) °Cs (B)’Cs (C) Cs (D) °Cs

Key: D

Hint  7C3+2x7C,+7C1=°Cs.

183. f (X) =sin [X] + [Sin X] 0<x< % , where [ ] represents the greatest integer function, can also be

represented as

0 0 1 1 0<x<Z
, U< XL o) \/E ) 4
3 /4
I+sinl ,1<x<—
2 1+1+—1—+\—/§,£$x<Z
J2 24 2
0 ,O<x<z
0 , O<xx<1 4
T
C) . D) {1 , — 1
()sm1,1£x<% ) 4<X<
sinl ,1SX<Z
2
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Vs
Sol. O<x<—
2

0if O<x<1

~[x]=

Tl1if 1sx<Z
2
sin0=0 if O0<x<l1

:>sm[x]: sinl if 1£x<%

We have 0 <sinx <1 when O<X<%.

[sinx]:O for 0<x<%
0 if O<x<l

- sin[x]+[sinx]= snl it 1<x<Z
B 2

_ _ 2b% + x? 2X 1 |
184.  Domain of function f(X) =In|———— NS 'S is
b”—x*  bx+b”+X b—x‘
(A) R (B) R*
b b
C) R—9—= D) R—<b, =
©R-{2} o R-{b. 2|
Key. D
2b* +x* 2X 1
Sol.

_ RN
b®—x® bx+b*+x? b—x‘>0

2b? + x? 2X 1

= 3 3 2 2 #0
b® — X% bx+b°+x° b-—x
2x% —3bx +b?
- ——— — #0 X#b

b —x*

b
=\ 2x*-3bx+b%2%0 = Xib,E

185. Which of the following is a function ([.] denotes the greatest integer function, {.} denotes the fractional
part function)?

1 x!
A ———M B) —
) log[1l—-| x ] ( ){x}
log(x —1)
C) x! D) ——_~7
©) x! {x} O~ =

Key. C
Sol.For a, b & d Domain is Null set.
.. they are not functions.
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186. If f (X) = x"" —2x" 4+ 2x+1 and ‘g’ be the inverse of f °, then g’ (1) is equal to
1

1
(A) —3 (B) 2

() —% <g@)< % (D) none of these

Key. B
sol.  g[f(x)]=x
g'[f(x)}f'(x)
on putting x =0
g[f(0)}(0)
g'1)2=1

g’(1)=%

(@]

1

1

u o Uy

1
187.  Let g (x) be a polynomial of degree 8 satisfying ¢ (r) ==, r=123,....,9, and
r

0 ) e e s
. 5 g L] S
+=,x#0 f(-1)
f(x)= ’ Then =
I+ —4+=+.n +=, x="0
a) 50 b)45 c)5 d)50
Key. B
Sol.  Notesthat f(x)=g(x)
fF(=1)_f(=1
g(10)  f(10)
9
= i =45
5
\ _ X2 +1 _
188.  The range of function f(x) defined by f (Xx)=————, xe R—{0} is
log, (x* +1)
a)(-0,1) b) (0,2) c) [e,) d) (—o0,)
Key. . C
Sol.  Lett=x’+1,then (t>1) and g(t) =@ =g'(t)= I?c?;z_tl-

Thus g(t) decreases for t € [1, e] and

increases for t € [e, OO), g (e) = @ =e.

We observe that limg (t) — o0 and limg (t) —>
t—1* t—o0

Thus range of g is [e,oo). Hence range of fis [e,oo).
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189.  Let f(x) be a polynomial one — one function such that
F()f(Y)+2=F(x)+f(y)+f(x),YxyeR-{0} f(1)=1f(1)=3.
Let g(x)= %(f(x)+3)—j:f(x)dx, then
a) g(x) =0 has exactly one root for x € (0,1)
b) g(x) =0 has exactly two roots for x € (0,1)
g(x)#0 VxeR-{0}
d) g(x)=0 V xe R—{0}

Key. D

Sol. Putx=y=1= f(1)=2 again put y:1:> f(X)+f(lj: f(X)f(—j
X X

= f(x)=xX"+1 =g(x)=0 vxeR-{0}.

190. Let ‘m’ be the least value of the function f(x) = |x. Inx| ;' x€ [e, @), then the number of values of x for

2
. _4x+5 . .
which &% % = mis true is

(A) 2 (B)4
(€)1 (D) zero
Key. D
Sol. f(x) == |xInx|

Graph of f(x):
Obviously least value
Ocursatx=e
=|elne| =e.
e|x2—4x+5| — al
= x*—4x+4=0 and x>*=4x+6=0
= x =2 and no solution
Butx=2 ¢ [e, »)
= No valué of x ispossible.

yu
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191.

Key.

Sol.

192.

Key.

Sol.

193.

Key.

Sol.

If f(x) = 2x + |x] , g(x) = % (2x = |x]) and h(x) = f(g(x)) then sin™ (h (h(h(h .... h.h(x))))) is n times

(A) sin™* (sinx) (B) x
(C) sin™tx (D) sin™* (| x| + 2x)
C

Since f[g(x)] = x, VxeR = h(x) = x
= sint [h (h(h... h(x)))] = sin™x
The range of the function defined as f(x) = cos™}(—{—x}) is (where {x} is fractional part of x)

(A) B , nj (B) (0, )

T 7T
0[03) (3
A

0<{x}<1VxeR= —-1<—{x}<0, sorange of f(x) is [g,nj

If f(x) . f(lJ =f(x)+ f (lj , then f(x) can be
X X
2

(A)1+£x" (B) —=———, where k is a fixed real number
L+KIn|x|
€ —~ (D) All of these
2tan™" | x|

D

Consider f(x) =1 £ x" = (f(x) — 1) (f(1/x)=1) = (¥ x") (£ X—ln )=1

=f(x). f (ij =f(x) + f (lj
X X

Consider f(x) = #
1+kin|x]|
f(x). f(ij = 2 X 1 = 24 >
X 1+Kin|x| 1-kIn|x| 1-k“In®|x]|

- f(x) f (1j=f x)f (1)
X X

T

Consider f(x) = —
n—|

X|
T R g T - 2
S x 2tan‘1|x|'2,[(,jm_1|1| 4tan”' | x|.cot™| x|
X

1 T T i 1 1
f(X) + f - |= 1 + =5 -1 + -1
X) 2@n|X| 5yt 1 2(tan™|x| cot™|x]|
| x|

2

_meot™ | x|+tan” x| _ n
2 cot™|x|.tan”t|x| 4tan'|x|cot™|X|
— (%) F(1/x) = f(x) + f(1/x)
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194. A function f: R—>Ris defined by f (X) =x*-10x* +9x* — x+1 then fis

A) A bijection B) one-one but not onto
C) Onto but not one-one D) Neither one-one nor onto
Key. D

Sol. Conceptual

2
195. If f:R—>R and f(X):w then f(X) is
X°+X+1
(A) one-one function (B) bijective function
(C) many one function (D) Identity function
Key. C
Sol. f (X) is monotonic function

196. If f(X)=x>+x*> 0<x<2
=X+2 2<Xx<4 and g(X) is even extension of f(X) then

(A)g(X)=—X+2 —4<x<-2 (B) 9(X)=x-2 —4<x<-2
=—x}+x* —2<x<0 =x* x> =2<X<0
(C)g(X) =—x+2 —4<x<-2 (D) f(X)=x-2 -4<x<-2
=x*-x* —2<x<0 =X +x°-2<x<0
Key. A
Sol. Conceptual
COS X . . . . .
197. f(x)= o] 1 (where x is not integral multiple of 7 and [.] denotes the greatest integer function)
- +7
%)
is
(A) an odd function (B) an evenfunction  (C) neither odd nor even (D) none of these
Key. A

= @R

198. If f(X)+2F(L-x)=x"+2 VxeR then f(X) is given as

x22)°
(A) ( 3 ) (B) X* =2 (€)1 (D) none of these
Key. A
Sol..... Replace x with (L—X) in the given expression

X—1X
199. If f(X)= 1# X € R (where [.] denotes the greatest integer function) then f(R) can not
—| X

+x—[X]

contain

1
(D) ==

3
(A)1 (B) 2 (C) >

Key. A,B,D
Sol.  Find the range of f(X)
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200.  Equation of the locus of points equidistant from two points ( f (1), f (0), f (1)) and
(f'(), f'(-2), f'(2)) where ‘' is a differentiable function satisfying the equation

f(x=1f(y)=1(f(y)+xf(y)+f(x)-1,VXx,yeR

(a) 6x—4y+10z+15=0 (b) 3x—2y+52z+15=0
(c) 6x+4y+10z-15=0 (d) 3x+2y—-5z-15=0
Key. A
fFx=f(y)=f(F(y)+xF(y)+f(x)-1—> |
put x=f(y)=0
= f(0)=f0)+0+ f(0)-1
= f(0)=1

put x=f(y)=kin 1
£(0) = f (k) +k(k)+ f (k) -1
ol 1ok 12f(k)-1
= 2f (k) =2—K’
k2
= f(k)=1-=

2

X
= f(x)=1-—
(x) 5

= fH(x)=—x

1

A(l,l, —j, B(-12,-2)

2 2

Let p(x,Y,z) be the point onthelocus
= PA? = PB®

(x—%)2+(y—1)2+(2—%)2 =(X+D*+(y=2)%+(z+2)°

= 6x—-4y+102+15=0
201. The function defined by

x|x| x<-1
f(x)=3[1+x]+[1-x] -l<x<lis
—X|x| x>1
a).an.odd function b) an even function c) neither even nor odd d) even as well as odd
Key. B
Sol. Draw graph.
2+ X?
202. The range of the function 5 1
S5+4X°+X
3 2
a) (0,1) b) (O,Z c) 0,§ d) None of these

Key. D
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Sol.

203.

Key.
Sol.

204.

Key.
Sol.

205.

Key.

Sol.

f(x)= Xi42=t,t>2
(x) 1
(x +X)+(x2+2)
1 2
maxf(x)=2+—1=g
2

min f(x) >0 = rangee(O,a

X, if xis rational
The function f(x) is defined on [0, 1] as following T ( X ( ) ) L. . then for all
1-x if x is-drrational
X e [0,1] f f(x) is equal to

a)o b) 1 + x c) x d)1
C

f(f(x)

N—

Zf(X)Z , if x is rational.
f

=1- (X) (1 X) if x is irrational
2(1 2
If f( ) |0g100x£ ( 0010 X )+ ],g(x) & {X} where {} denotes the fractional part of x, then
—X
range of g(x) for existence of fog(x) is
21 (0,100) U (100,200) o[ 02 ol 21
100 100
1 1 1
| 0,— e~ d) None of these
( 100) (100 10)
C

Range of g(x) < domain.of f(x)

. RN 11
Domain of f(x) is 0 —— N
( 100) (100 10]

If (%)= ¥ forall x < Rthen the sum f(ijjtf(—z ]-l- ......... +f(—1995jis
9°+3 1996 (1996 1996
8) 997.5 b) 997 c) 996.5 d) 996
A
9x 3
F(x)= 1-x) = F(x)+ f(x)=1
( ) 9" +3 ) 343" ( ) ( )

1995 2 1994
G.E. f[—j-f-f[—j + f(—}tf(—j +
1996 1996 1996 1996
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997 999 998
........ 1) (s ) [+ [
{ 1996 1996 1996

=[1+1+. e, upto 99 times]+%:997.5
206. The function f:R — Rdefined by f(x) :w
X —8x+18
a) injective but not surjective b) Surjection but not injective
c) Both injective and surjective d) Neither injective nor surjective
Key. D
Sol.  x?—8x+18 is not zero for any real number because X* —8X+18 can be written as (X—4)2 +2 and

2
numerator X+ 4X+30 is also +ve because (X+ 2) +26=x*+4x+30.since T take values which

areonly +ve forreal 'X'. Range f isasub setof (0,00) c.range f #R= T isnotonto also

£(0)=25 X80 5o maymx =26 i x£0

3 x2-8x+18 3
L f (10) = g =26 . T is notinjective.

207. I f(x+%, x—%jzxy, then f(m, n) + f(n, m)’= 0

A)onlywhenm=n  B)onlywhen m=n"._C)onlywhenm=-n D)forallmé&n
Key. D

Sol. Letx+X=m x—in
8 8
x=m;n,y=4(m—n)

F(m,n) = 2(m* -n?)
Similarly f(n, m) = 2(n*—m?)
= f(m, n) + f(n, m).= 0¥ m,n

208. If y= 109y, [mj then the possible set of values of x and y are
X

A) Xe[Znn 2nn+n] ye{O 1}
B) (0, ),y e{l}
C) xe U(Znn,Znn+gju(2nn+g,(2n +1)nj and y {0}

new
D) xe U (Znn,(Zn +1)7c)and ye {0,1}
newW

Key. C

Sol.  logy,, il =  sinxe(0,1)and x €(0,0)

X
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xe U (2nn,2nn+g]u[2nn+g,(2n +1)njand y {0}

neWw

209.  Let S be the set of all triangles and R"™ be the set of positive real numbers. Then the function,
f:S—>R",F(A)=areaof A, where AeS is

A) injective but not surjective B) surjective but not injective
C) injective as well as surjective D) neither injective nor surjective
Key. B

Sol.  Two triangle may have equal areas
f is not one-one
Since each positive real number can represent area of a triangle
fis onto

210.  f(x)=|x-1,f:R" >R and g(x)=e*,g:[-Lo)—>R if the function fog(x). is defined, then its
domain and range respectively are

A) (0,0) &[0,0) B) [~10) &[0,00)
i) e
Key. B
ol 1(x)=pg=2% O
g(x)=¢" x>-1

1-g(x) 0<g(x)<1l ie —1<x<0
g(x)-1  g(x)=1 e 0<X
_J1-e* -1<x<0
e*-1 x>0
domain =[-1, «)
Fog is decreasing in [- 4, 0] and increasing in (0, )
fog(~1) :1—% afid fog.(0)'= 0

lie x — oo fog (X) =.06" ... range [0, )

211.  The range of the function f(x)= Iogﬁ(2—Iog2)(2—log2(165in2x+1)) is

A) (—oo,l) B) (—00,2) Q) (—oo,l] D) (—oo, 2]
Key." =D
S0k F(X) = Iogﬁ(Z—IogZ(16sin2x+1))
1<16sin’*x +1<17
0<log, (16sin® x+1) < log,17
2-1log,17 <2-log, (16sin* x +1) < 2
Now consider

0<2-log, (16 sin° x +1) <2

—0<log [Z—Iog2 (16sin’ x+1)} <log ,2=2
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212.

Key.

Sol.

213.

Key.

Sol.

214.

Key.

Sol.

215.

Key.
Sol.

the range is (—,2]

If f(x).f(y)=F(x)+f(y)+f(xy)-2vx,yeR and iff(x) is not a constant function, then the value of
f(1) is equal to
A)1 B) 2 C)0 D)-1
B
Putx=y=1, (f(1) =3f()-2) =  f(1)=lor2
Let f(1) =1, thenputy =1
f(x). f(1) = f(x) + f(L) + F(x) - 2
= f(x)=1 constant function
f(1)=1, hence f(1) = 2

Let f(x)=tanx, g(f(x)):f(x—gj, where f(x) and g(x) are real valued functions. For all possible

value of x, f(g(x)) =

A) tan(;(—jj B) tan(x — 1) — tan (x +'1)
o) f(x)+1 o) X—n/4
f(x)-1 X+ 1l4
A
-1 -1
wor(iEm (N2
x-1
f(g(x)):tan[m)

Let h(x) = |kx + 5|, domain of f(x).is'[- 5, 7], domain of f(h(x)) is [- 6, 1] and range of h(x) is the same
as the domain of f(x), then value of k'is

A) % B) g 01 D) none of these
D

—5<|kx+5/<7 % —12<kx <2 where —6<x<1

= —6£gxsl where -6<x<1

k=2 4{.Q range of h(x) = domain of f(x)}

The function (x)= +Xitis
e -1 2
A) an odd function B) an even function
C) neither an odd nor an even function D) a periodic function
B
f(x)=%+§+1= 2X + xe —X g XAxe
e* -1 2 2(e* -1) 2(e* -1)
—X—Xe " X + Xe*
f(—x)= +1= +1
(%) 2(e7-1) © 2(e*-1)

f(-x) = f(x) for all x
f(x) is an even function.
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216.  Letf: {x,y, z} — {1, 2, 3} be a one-one mapping such that only one of the following three statements
is true and remaining two are false: f(x)=2, f(y)=2, f(z)=1, then
A fx)>fly)>f(z) B)fX)<f(y)<f(z) OC)f(y)<f(x)<f(z)  D)f(y) <f(2) <f(x)
Key. C
Sol.  Case—1f(x) # 2istrue, f(y) =2 and f(z) = 1 are false, then
f(x)=1or3,f(yy=1lor3andf(z) =1
= f is not one-one
Case — Il f(x) = 2is false, f(y) = 2 is true, f(z) # 1 is false, then
f(x) =2, f(y) = 2, f(z)=1
= not possible
Case — 11 f(x) = 2 is false, f(y) = 2 is false, f(z) = 1 is true, then
f(x) = 2, flyy=1o0r3 f(z)=2o0r3
= f(x) =2, f(z) = 3, fly)=1

217.  The image of the interval [ - 1, 3] under the mapping specified by the function f(x) =4x*-12x 1S
A) [f(+ 1), (- 1)] B) [f(-1), f(3)] C) [-8, 16] D) [-8,72]
Key. D
Sol.  f(x) =4x (x*-3)
f'(x)=12x*-12=0
or X=x1
f(x) e [f(1), max (f(- 1), f(3))] = [- 8, 72]

218.  If f(x)=2sin”0+4cos(x +0)sinx. sin6+cos(2x +26) then value of f?(x)+f? (%—x)

A)0 B) 1 Cc)-1 D) x?
Key. B
Sol.  f(x)=2sin*6+4cos(x +0)sin x:sin@+cos(2x +260)

=2sin” 0+ cos(2x +20) + 2cos(x +6)cos(x —6)—2cos* (x + )

=2sin? 0+ 2cos’ (x +0)—1+ 2cos® x — 2sin” 6 — 2cos’ (x + )

= C0S 2X

.'.fz(x)JerEE—szcos2 2x +sin®2x =1

Xl 1+%j F9x), where ‘a’ is a positive real number not equal to 1 and F(x) is an odd
a -

function, Which of the following statements is true?
A) G(x) is.an‘odd function
B).G(x) is-an even function
C) . G(x) is neither even nor odd function
D) Whether G(x) is an odd or even function depends on the value of ‘a’
Key. B
1 1

Sol. G(x):(ax—_1+§jF(x)

210, Let G(x):(

G(x) is an even function.
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Key.
Sol.

Key.

Sol.

Functions
Multiple Correct Answer Type
Let f (x) be a non constant polynomial satisfying the relation

f(x)f(y) :f(x)+f(y)—l—f(xy)—2 for all real x and y and f'(0)" 1, suppose f(4):65.
Then

(A) f1 (x) is a polynomial of degree 2 (B) roots of f1 (x) =2x+1 are real
(C) xfl(x):?)[f(x)—l] (D) fl(—1)=3
A,B,C,D

Given f(x)f(y) =f(x)+f(y)+f(xy)—2Vx,y eR.
put x =y =1 then f(1)° =3/ (1)+2=0

= f(1)=1(or) f(1)=2

if f(1)=1,then f(x)=1Vx eR.

A contradiction Q degree of f(x) is positive.

o f(1)#1. hence f(1)=2.
vepace 'y with Lhen 1 (x) f[;) () f@ Qr(1)=2)

f(x) must be in the form x” + l(or) x"+1.

Qf(4)=65f(x)=x+1= £ (x)=3x".

f: R — [-1, w) and f(x) = In( [|sin2x]| + |[cos2x| | ) (where [-] is greatest integer function).
(A) R™ nrange of f'is null set
(B) f(x) is periodic but fundamental period not defined

(C) f(x) is invertible in [0, %} (D) f(x) is into function.

A,B,D

Period of f(x) = [sin2x| + |cos2x| is /4

but f(x) = In ([|sin2x| + |cos2x]])

Max. value of [sin2x| + [cos2x| = 2

f(x)=In ([v2])=In(1)=0

= it is periodic function but fundamental period not defined.
f(x) is many one and into function

f: [0,1] — R is a differentiable function such that f(O) =0 and |f(x)| < k|f(x)| for all x

€ [O,l],(k > O), then which of the following is/are always true ?
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Key.

Sol.

Key.
Sol.

(A) f(x)zO,Vx eR

(©) f(x)=0,vx €[0,1]
B

(F(x))"=K*(£(x))"

IA

0

1

(
=(r(x) ‘k") (f(x)ekx)‘ <0

= (£'(x)—kf (x))(f'(x)+kf(x))<0

= Exactly one of the functions g, (X) = f(X)e k

(B) f(x) =0,Vx e [0,1]
(D) f(1)=k

But f(O) = 0= both function g and g, have a value zero at x =0

Vx e [0,1],g1 (0) =0 and g, increasing = g, (X) >20= f(x) >0

g2(0)20 and g, decreasing :gz(x)SO:f(x)SO

= f(x) =0Vx e [O,l]

2835

org, (X) = f(X)ekX is non decreasing.

If a function satisfies (x =y)f(x+y)—(x+y)f(x—y)= 2(x2y—y3)VX,y eRand f(1)=2, then

(A) f(x) must be polynomial function
(C)f(o)=0
A,B,C

(x—y)f(x+y)—(x+y)f(x—y)=2y(x—y(x+y))

let x—-t=u;Xx+y=vV
uf(v)—vf(u):2uv(v—u)
flv) _f(w)

\% u

Let—f(x) -x=A

X

:>f(x)z(ﬂx+x2)

=vV—u

(B) f(3) =12
(D) f(x) may not be differentiable
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£(1)=2
A+1=2 = 1=1 f(x)=x2+x

5. Let f:R—{O,l} — R satisfying f(x)+f(1 ! j: 2(1—2x) then
-X

x(l—x)

9¢

(le@yh=mﬂzj
(B) the graph of y = f(x) crosses x-axis at x =—1
© f(2)+1(3)=5
(D) f(2)+/(3)=6

Key. AB,C
1 2 2
Sol. X)+f|— |=———
f( ) f[l—x] x 1-x
. 1 ). . . x+1
Replacing x by ] and by | 1—— | in equation (1) one by one and on solving, we get f(x) = —1
-Xx X xX—

6. Let f(x) be an onto function defined from [—3,2] to [2,7] then

A) Domain of f(sinx—cosx) isR B) Range of f(x) & f(x+7)is same
K Domain of & 2)i ) Ran eof;is[ll}
omain o f(x) f(x ) is same g f(x—2)+3 >’
Key. A,B,D

Sol. -I=zx=l

Now — = 8IN X — c02 X = 2 which is True ¥X

. BIN X — CcO2 X 3050 lies in [_\E’\E}

Range of f(x) and f(x + 7) is same

> ig[e1]
Range of flz-2]+3

L 2sflz-217
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7. let f:R—R, such that f"(x)-2f"'(x)+ f(x)=2e" and f'(x)>0,V xeR, then which of the

following can be correct

A) |f(x)|:—f(x),VxeR B) |f(x)|:f(x),VxeR
o f(3)=-5 o) £(3)=7
Key. B,D
d

Sol. The equation can be written as dx
= (j'[x]—f[x]) =2x+e

= fix)= {x2 +C1x+¢2)€xand Fx)= [x2+[cl+2}x+cl+c2:]ex

civen it/ (F) 30 = o ~dea+4 <0 = of ~4cy <0= F(7) >0

8. let /:R—[a,»), f(x)=x" +3ax+b,g(x):sin‘li,(aeR)then

(A) The number of possible integral values of ‘a’ for which f(x) is many to one in
[-3,5]is5
(B)Ifa=-1and gof(x) is defined for xe[—l,l] then number of possible integral

values of ‘b’ can be 3.

(C)If a=2,a=-8 then the value of ‘b’ for which f(x) is surjective is 1

(D) If a=1,b =2 then exact number of integers in the range of fog(x) is3

Key. ABC
Sol. (A) —3<—3—a<5:>—2<—a<&:>—£<a<2
2 3 3 & +hc+e=0
:>ae{—3,—2,—1,0,1}
TR
(B) f(x):x2—3x+b 2a
gof(x) =sin”’ {@] is defined for @ <1, x|£1
:>—1sf(x)31  x<1
4
=-4<f(x)<4 , |x[<1
—=—-4<x*-3x+b<4 |x|£1
NG
z
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Key.

Sol.

fmin=f(l)=b—2
fmax=f(—1)=b+4
=>b-2>-4andb+4<4
b>-2andb<0

= Integral values of b=-2,-1,0

(C) f:R—>[-8x) f(x)=x*+6x+b
fmin:f(—3)=b—9
=b-9=-8
=b=1

(D) h(x)= fog(x) =(sin"' %) +3(sin‘1 §]+2

h(t)=t*+3t+2 where t:sin’li, tE[—E,Z}

272
3] -
(+=| ——

2) 4

max (h(t)) occurs when tz% and min h(t) occurs at tz?

2
n° 3z

min h(t):_jl and max of h(t):T+7+2

2
Range of (fog)(x)z[—%’%.y%_kz}
1= x|
2=| x|
®) [0.1) (B) [1.2)
© 2 (D) (2,%)
CD
Domain ={xeR:x[<1 or |x|>2}

Range of the function f(x)= contains

If y, € rangethen y, >0 and
o (2=|x)=1-|x|

2y —1
ogxl=2 "ty 1
Yo -1 o —1
1
y§—1>0 or S—l,;alsoyés— or >1.
Yo —1 2

¥, € (1,0) or y; —1<0 and yéﬁ%

Vo € {O,%} U (1,0).
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10. Let f(x) = X + cosX , then
Ji+tan®x  I1+cot? x
(A) fundamental period of f(x) is 2w (B) fundamental period of f(x) is &
(C) domain of f(x) is R (D) range of f(x) is [-1, 1]
Key. A,D

sin 2x O<x<§

0 E<X<Tc
Sol.  f(x) = 2

. 3n
—sin2x mW<X< 7

0 3—n<x<27'c
2

So f(x) is periodic with fundamental period 2w and range [-1, 1].

11.  Solutions of the equations [x] + [y] = [x] [y] is/are where [.] denotes the greater integer function

A)2<x<3and 2<y<3 B)0<x<land 0<y<l
C)0<x<2 and 0<y<2 D) None
Key. AB

Sol. Leta=[x]+[y]=[x].[y]
Then from the given equation, we havea+b=a.b = ab—a—-b=0
= ab-a-b+1=1= (a—-1)(b-1)=1.
This is possibleif (ila—1=1,b—1=1or(iija—-1=-1,b—-1=-1.
Now, for(i),a—1=1 = a=2andb-1=1=>b=2
Andfor (ija—1=-1=a=0andb—-1=-1= b=0.
Thus(a=2andb=2)or(a=0,b=0)
i.e., ([x]=2and[y] =2)or([x]=0,[y] =0).
But [x]=2:>2ﬁx<3 and [y]=2:>2£y<3.

Again [x]=0=0<x<land [y]=0=0<y<]1.

Thus, the solution setsare (i) 0<x<land 0< y<1 (ii) 2<x<3 and 2<y<3.

12. For real number 'x', let [x] denote the largest integer smaller than or equal to 'x' and
(x) denote the smallest integer greater than or equal to 'x'. Also, let

f(x):min(x—[x], (x)—x) for 0 < x<4. Then

A) f(x) is not periodic B) f(x) is periodic with period 1
4 4

C) If(x)dle D) If(x)dx:Z
0 0
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Key. B,C
Sol.
x if 0=x=-—
£(x)= 1
1-x if Eixil

So Iflperiodic with period 1

AIso_[f dx= 4If = 4[; ;] 1

13, Let f:R— R be a function defined by f(x+1) =

Then which of the following statement(s) is/are true
A) f(x+2) =f(x) B)
C) f(x+6)=f(x) D) f(x+8)=f(x)

Sol. J x} -3

37(x+1)-5
= =

Replace leby x—1

= j'(x—l) =

Replace '%'by Z+1in (1)
Flz+1)-5 27(x)-5
Fla+D)-3 F(x)-2
27(x)-5
flx)-2

2} = f[x+4]=f{x}l

f(x+2]:

f(x—E):

Similarly,

" f{;{+2]| = fl[;{—

14. et f(x)=a,cos(o, +x)+a,cos(a,+x)+....+a,cos(a, +x).

If f(x) vanishes for x=0 and x =x; (where x; # kn, k € Z), then

A) a,cosa, +a,cosa, +.....+a,cosa, =0

B) @ sina,+a,smna, +

+a,sina, =0
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C) f(x) =0 has only two solutions 0, x, D) f(x) is identically zero V x
Key. AB.D
Sol. J{0)=0 = aycoscy +agcoscy +... +a, co50, =0
F{x)=0 = (g coscg+ascosay +.. . +a,cosa, joosx
+{a sin o +agsin g+ +a, 850, jsin g = 0
= apsincytagsindg+. +a,sinc, =07 {x 2 27)
LoaprosChytagcostato L ta, cosc, =10

S apsincg +agsinc,+. ta,sinc, =0= F{x)=0V¥x

15. Let f:R—R, such that f"(x)—2f"(x)+f(x)=2¢" and f'(x)>0,V x€R, then which of the
following can be correct

A) |f(x)|=—f(x),VxeR B) |f(x)|:f(x),VxeR
o f(3)=-5 o) £(3)=7
Key. B,D
d

—(e7 (' (x)- 1)) = 2

Sol. The equation can be written as dx
=g {f'[x}—f{x]} =2x+g

= fix)= {xz +.::1.7r+r:2)~=3'x Fix)= [x2+[cl+2}x+cl+c2)e”
and

civenthat 7 (F)#0 S q =45 +4 <0 = of ~4cy <0= F(x) >0

X

16 If 2f (x)+ xf(lj—zf(

V2sin n(x +%)D =4cos’ (%) +xcos—,Vx € R —{0} then which of the
X

following statement(s) is/are true?

a)f(z)+fej:1 0) £(2)+£(1)=0 o f(z)+f(1):f@ 4) £(1) f@ £(2)=1

Ans: a,b,c
rencenyz, 212+ 2[5 |21 (0 =4=12) o1 (3 =240 ()-———-0)
Replace x by 1, f(1)=—-1-———— (2)
Replacexby% , 2f(%)+%f{%)+2:% ————— 3)
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Solve (1) & (3) = f(%} =0;f(2)=1

17. f:R— [-1, ) and f(x) = In( [|sin2x| + |cos2x]| 1) (where [-] is greatest integer function).
(A) R~ mrange of f is null set
(B) f(x) is periodic but fundamental period not defined

(C) f(x) is invertible in [0, %} (D) f(x) is into function.

Key: A,B,D
Hint.  Period of f(x) = |sin2x]| + |cos2x| is n/4
but f(x) = In ([|sin2x| + |cos2x]])
Max. value of |sin2x| + |cos2x| = v/2
f(x)=In ([v2])=In(1)=0
= it is periodic function but fundamental period not defined.
f(x) is many one and into function

18. Let f and g be functions satisfying the conditions that
F(0)=2(0)=1 g(x)=/"(x), g'(x)==/(x)then
a) f(x) is periodic function b) f"(x) N —f(x)
c) Range of f(x) is [-1, 1] d) Range of f(x) is [—\/E,\/E}
Key: A,B,D
Hint:
g (x)=/"(x)-==/(x), ¢(0)=7(0)=1>0

f(x)zﬁsin(%+x)=sinx+cosx

4
19.  Let R:{(x,y);x,yeR,xz+y2 325} and R'—{(X,y):x,yeR,yzgxz} then

(A) domainof RNR'= [—3,3] (B) Range of RNR'= [0,4]

(Q Range of RNR'= [0,5] (D) R mR' defines a function
Key: AC
Hint: X2 + y2 <25
Oy 2 9x2
2.9
X <—
4 y
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20.

Key.

Sol.

21.

Key.

Sol.

x2=2Y
4

%Ty+y2—25:0

4y* +9y-1=0
(y—4)(47+21)=0
y=4

Domain RNR'is {—3,3}
Range of RmR':[O,S]

Consider the real valued function satisfying 2 f(sin x) + f(cosx) = x then
A) domain of f(x) is R B)domain of f(x) is[-11]

C) range of f(x) is |:—§7t ,gi| D) range of f(x) is ‘:_in ,g:l

B.D
given 2 f(sinx)+ f(cosx)=x replace x by g— X,
= 2f(cosx)+ f(sinx) = g _x

= f(sinx) :x—%:f(x)zsin_lx—%

-2
. domain of f(x) is[-1, 1] and range of [~ (x) 15‘: R—E,E—E} Le., |:_n’£:|

2 62 6 3 3
x“—4x+3 x<3 x=3 x<4
e and = hen
RE { x>3 st {(x+1)2+1 xs4
A) (f - g)[ j B) fog(3)=3
0) (f2)(2 D) (f +g)(%j—(f —-g)(4)=26
A,B,C,D

7

7 = —_— .
f@ --05, g@ ~05, ¢(3)=0, £(0)=3,
f@)=-1,g2)=-1 f(4)=0;g(4)=26

10

Functions
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22. 2f(x)+xf (lj - ZfU\/E sin(m(x + i)D = 4cos? % + XCOSE, Vxe R, x#0 for some real
X

X

function f, then

A) f(2)+f6j=l B f(2)+f<1>=f@
0 S+ /()=0

D) f(1)=—1 but f(2) and f&j cannot be obtained

Key. AB,C

Sol.  replacing x by 2, we get 2 f(2)+ 2 f (%) —2+K/2sin %‘ =dcos?m+2 Cosg

:>2f(2)+2f6)—2f(1):4

f(2)+f6j:2+f(1) ...... (1)
Now replacing x by 1, we get 2 f(1)+ f(1)-2f(1)=4.0-1
= fyH=-r .. )

Now replace x by 5 ,

1 | 1

>

= 2f(%j+%f(2)+2:2 Y

= f(2)and [ (%) can be obtained from (1) and (3)

23. Let f and g be functions satisfying the conditions that
F(0)=£(0)=1. g(x)=1"(x). &'(x) = (x)ther
a) f(x) is periodic function b) f"(x) = —f(x)
c) Range of f(x) is [-1, 1] d) Range of f(x) is [—\/5,\/5}
Key. A B,D

11
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g (x)=/1"(x)-==f(x), 2(0)=r(0)=1>0

Sol.:(f1 (x))2 = —(f(x))2 +c=>c=1
2 2
1 2 f(x)dx —1f(x) 1 1
f(x)=42-(f(x)) = = |ldx=sin =x+c, f(0)=0=c =7x/4
(¥)=y2=(/ () y NG (0)

f(x)=\/§sin(%+x]=sinx+cosx

24. A function f:R—>R is defined by f(x+y)-ky=f(x)+ 2y2‘v’x.y €R and

f(1)=2; f(2) =8, where k is some constant, then f(x + y)f( j equal to (where x+ y #0)

X+

A) 1l B) 4 O) k D) f(1)
Key. B,C

Sol.  Given f(x+y)—kxy = f(x)+2y2.

Replace yby —x, then f(0)+ Joc? = f(x)+ 252

= f(x)=f(0)+ ke -2x7...(1)

Now f(I)= f(0)+k—-2=2= f(0)=—k+4
and f(2)= f(0)+4k-8=8= f(0) = 4k +16
Which give k =4 and f(0)=0

Thus, from (1) f(x) = 2x2
f(x+y)f($}=4=k

25. 7 is the FUNDAMENTAL period of

1+sinx : : .
B) |sm x| + |cos x| C) sin2x +cos2x D) cos(sin x)+ cos(cos x)
cos x(1+cosecx)
Key. AC
1+sinx
Sol. Let f(x)=
cos x(1+ cosec x)

_ (I+sinx)sinx

nm
- =tanx,x # —
cos x(1+sin x)

Clearly, f(x) has m as fundamental period
Let f(x)= |sin x| + |cos x|

f(n+x)= |sinx| +|cosx| = f(x)

12
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I . I
f(5+ xj = |cosx| +|s1nx| =f(x)=> 5 is the
Fundamental period

Let f(x)=sin2x+cos2x
f(m+x)=sin2x+cos2x = f(x)

f(gﬂj =—sin2x —cos2x # f(x)

= T is the fundamental period
Let f(x)=cos(sin x)+ cos(cos x)

f(m+ x) = cos(sin x) + cos(cos x)

S/ (g + xj = cos(cos x) + cos(sin x)

T
— fundamental period is —

x—1
26.  The function f(x)= % is
X
A) one-one in (2,00)  B) one-one in (0,1) C) one-one in (—0,0) D) one-one in (1, 2)

Key. A,B,C,D

12?, x<Lx#0
=)
Sol.  f(x)= 5=
X f:l’ x>1
x2
x;2’ x<l,x#0
fx=1"
2—-x
3 x>1
X
x;2’ x<l,x#0
f)y<o= *
7 x>1
x3
=>0<x<lorx>2
x—5

Let f be a function defined by f(x) = 3 ,x#3,2; f(x) denote the composition of f with itself

taken k timesi.e., /°(x)= f(f(f(x))) then

13



Mathematics Functions

2006
A, f72(2009) = 2009 B. f¥(2010)==—~—
S77(2009) /77(2010) 007
c.  (011) =% D. f¥2(2012)=2012
Key. ACD
x-5 2x-5
sl f(0)="—2 [F(W)="—=g)
Then g”"(x)=x and g~ =g(x)
f2°12(2009) = gm% (2009) =2009
f2009(2010) = f[g1°°4(2010)] = £(2010) :%
2007
Q01D = flg™ @011 = F01) =212
£22(2012) = g'™°(2012) = 2012
28. If f:R— R givenby f(x)=x]|x|,thenfis
A. one-one B. Onto C. Bijection D. one-one but not onto
Key. AB,C
Sol.  f(x)=x*,x>0

=—x>,x<0
x> >0,—x> <0= range =R = f'is onto
x>0,x =x; = x, =X, 3
5 5 f isone —one
x<0,—x; =—x; =>x, =X,
29. The number of functions f from the set A={0,1,2} in to the set B={0,1,2,3,4,5,6,7}
such that f(i)< f(j) fori<jand i,je A is

a) "Gy b) *C+2(°C) 0"C, d) "C,
KEY : C
Sol.
0<1<2
= f0)<fD)<f(2)

f0)<f(1)<f(2) =° C,
f0)<f(1)=f(2) =" C,
f0)=f(1)<f2) =" C,
f(0)=f(1)=f(2) =*C,

14
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30 IFFR - R f(x) is a differentiable function such that {£(x)|” =¢*+ [| £(t)" + {f(1)}” b,

0
V x € R. The value of f(1) can take is/are

(A)e? (B) —¢*
O1 D) -1
Key. AB

Sol.  2f(x) F(x) = {f(x)}% + {F(x)}?
= [f(x) = PP =0
— f(x) = f'(x)
= f(x) = Ae* =+
= f(1)=+e’

31. If [f"(x)] <1, V x € Rand f(0) = 0 =f'(0), then which of the following can’t be true ?

1 1
A f|——|== B) f(2)=-5
W t(-3)-3 ® £(2)
1 1
C) f(-2)=5 D) f| = |=—=
© £(-2) o 5)=3
Key. A,B,C,D
Sol. —1<f"(x) £1, On integrating it twice with limits O to x, we get

2
| £(x) |s"7 =

£

1
32. Let f(X) be a real valued function such that f(O) = 5 and

s% and | f(£2) <2

f(X+ y) = f(x)f(a —y)+f(y)f(a— X) V X,y € R then for some real ‘a’

a) f(X)isaperiodicfunction b) f(X)is constant function
1 CoSX
f - f =
o £(x)=7 @ f(x)=—
Key. AB,C
Sol. f(X+y):f(x)f(a—y)+f(y)f(a—x) —)(1)
Put x =y =0 we get f(a):%

Put y =0 we get
f(x):f(x).f(a)+f(0)f(a—x) :>f(x):f(a—x)

Put Yy =a — Xis equation (1)

f(a)=(f(x)) +(f(a=x))

15
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33.

Key.

Sol.

34.

Key.

Sol.

35.

Key.

Sol.

36.

Hence f(X) :%

f(X)ngnX, g(x)zx(x2—1), h(x)z(xz—l)sinx then which of the following is/are

periodic functions

o o( () o (2(x))

o1 (£(x) 2 (1(x))
e(f(x))=0=he(x)

Which of the following statements are true for the function

2 2
f(x)=,[sin log(xz—H{j + [cos 10g£x2 +e]

X"+ X" +1
a) range of the function is (1, 641/8:| b) domain of the function € R
c) function is even d) function is invertible
A,B,C
Domain € R

2

X" +¢€
Range of — € (l,e]
X" +1

2

= range of log[XerTje(O,l]
x” +

Many one function hence not invertible

If f(X) = f(X + T),T > 0 then fis a periodic function i.e., (for each x there exist x + T). Which of the

following statements is/are correct.

a) f, (X) 3 |SinX| + |COSX| has a period of g if 4n<x<4rn

b) f2 (X) =/sinX + cosX,X > 0 is a periodic function

I+sinx)(1+secx
¢) The period of f3(X)= ( )( ) is TC.
(1+cosx)(1+cosecx)
d) If derivative of a function is periodic, then the function may be periodic.
C,D
f,(x)=tanx

If f(x)= cos[;r2 ] X +cos [—72'2 } x where [.]is greatest integer function

a) f{%)z—l b) f(7)=1 ¢) f(-7)=0 d) f[%]zl

16
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Key.

Sol.

37.

Key.

Sol.

38.

Key.

Sol.

39.

AC
9<r’<10=[7"]=9
-10<-7* <—9:[—7r2] =-10

7 (x)=cos9x+cos(—10)x =cos 9x +cos10x
1
f(%jzcos&z:—l f(;z'):O f(_ﬁ):() f(%jzﬁ

If f isan even function defined in the interval [ - 5, 5] Then the real values of ‘x’ satisfying the
. x+1
equation x)= are
a / ( ) / ( x+2 J

~1-+/5 b) 3-45 9 3445 " —1++5

a)

2 2 2 2
A,B,C,D
for even function f(—x) = f(x)
Sox=x+l & _x:x+1

xX+2 x+2

Which of the following functions are periodic ?
A) f(x)= sgn(e”‘ )

B) f ( ) 1if x is a rational number
X =
0 if x is an irrational number
0) f(x)z\/ 85, 8

l+cosx 1—cosx
D) f(x)= [x + %} + [x — %} +2[—x] (where [] denotes greatest integer function).

A,B,.C,D
(A) f(x)=sgn (¢™)

e >0 for every real x
Every constant function is a periodic function.

1 xeQ

(B) Let T > 0 be a rational number then f(x + T) = =
0 xe¢Q

f(x)

. f(x) is periodic function

(C)f(x)z\/ 8 + 8 —\/ 16 4 =4]cosec x|

= 2 = ;
l1-cosx 1-cosx 1—cos” x |s1nx|

this is a periodic function.

1 1
D) f(x)=|x+=|+|x——|+2]|-X
) 1x)=| x5 [+ =3 |+ 20
=[X+%—{X+%}+X—%—{X—%}j+2(—X—{—X})=—{X+%}—{X—%}—2{—X}
Since {.} is a periodic function hence this function is periodic.

The graph of the function y = f(x) is as shown in the figure. Then which one of the following graphs are
correct?

17
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A) ly| = sgn (f(x))
B) |yl = sgn (-f(|x]))

C) Iyl = Ifix||
D) y= ()
Key. AB,C
Sol.  y=1(x)

(A) [yl =sgnf(x)
fx)>0if-2<x<landx>3

= =1
F(x) <0, 1<x<3

= ly|=-1 (not applicable)
atx=-2,1,3,f(x)=0

= [y[=0

(B)  [yl=sgn (- f(x])
fix|

©  lyl=[fxxDl
()] =

& [yl = If(Ix]) =
(D) y= ngn f(x)

f(x)>0,-2<x<1 = y=X
f(x)>0,1 <x<3 = y=l
X
x=-2,1,3 = y=1
x>3,f(x)>0 = y=X
40. f (x) = sin(2( [a].)x) , where [.] denote the greatest integer function, has fundamental period n for
3 5 2 4
A)a== B) a== C)a=— D)a=—
) 5 ) 2 ) 3 ) s
Key. A
Sol.  Since fundamental period of f(x) is =, therefore, [a] = 1
1<a<?2

41. Let f(x) = [x]2 + [x + 1] -3, where [x] = the greatest integer < x . Then

A) f(x) is a many-one and into function B) f(x) = 0 for infinite number of values of x
C) f(x) = 0 for only two real values D) none of these

Key. AB

Sol. f(x)z[x]2 +[X+1]—3={[x]+2}{[x]—1}
So, x=1,1.1,12, ... = fx)=0 f(x) is many one

Only integral values will be attained
f(x) is into

42. If f:R—>R,f (x) —eM_e isa given function, then which of the following are correct
A) f'is many-one into function B) f'is many one onto function
C) range of fis [O, oo] D) range of fis (—00,0]
Key. AD
Sol. f(x)z{ 0 xs0
e —e" x20
range (—oo, 0]

18
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43.

Key.

Sol.

44,

Key.

Sol.

45.

many one into

Which of the following pair(s) of functions are identical?

- 1-x’ 2x . -
A) f(x) = cos(2tan ! x),g(x) = i B) f(x) T g(x) = s1n(200t : X)
O) f(x) = tan x + cot X, g(x) = 2 cosec 2x D) f(x) = e/n(sgmr] X),g(x) e

Where sgn(.), [.], {.} denotes signum, greatest integer and fractional part functions respectively)
A,B,C,D

(A) Domain of f and g both are ‘R’.

1—tan’ (tan‘1 x) 1—x2

=g(x).

f(x)=cos(2tan"'x) = I+tan’ (tan”' x) 1+x°

(B) Domain of f and g both are ‘R’

2tan(cot’1 X) 2x ! 2
g(x) = sin (2COt_1X)= - x _ =X =f(x)

1+tan2(cot" x) 1+i C1+x?

©) Domain of fand g are R —{nn,(Zn + l)g}, nel

2
sec” x COSX 1
= =— = — =2cosec2x = g(x)
tanx tanx sinX.cos X cosxsinx

f(x)ztanx+cotx=tanx+

(D) Domain of f:
sgn(cot‘1 x)>0 = sgn(cot'1 x)=1

= cot”' x>0 = xeR
Domain of g:
[1+{x}]>0 = [{x}]>0 = 0S{X}<1 = xeR

In(sgn cot™! x)

now, f(x)=e
g(x)=""M [1afxl]=1+[{x}] Q@  o0s<{x}<l=1

f(x) and g(x) are identical functions.

=sgn(cot" x) (Q 0<cot™ x<n):1

If f(x)= sin{[x + 5] + {x — {x}}}for X € (0,%) is invertible, where {.} and [.] represent fractional part
and greatest integer functions respectively, then f™' (x) is

A) sin”' x B) g—cos’] X C) sin™ {x} D) cos™ {x}

A,B,C

' f(x) =sin {[x+ 5]+ {x— {x— {x}}}} =sin {x — {x— {x}}} =sin {x — {[x]} =sin {x — 0} =sin {x] =
sin X

Q 0<x<™
4

Q x=sin"yor f'(x)=sin"x.

Range of f(x) =logy; (\/g(Zsinx +cosx)+5) is

A) [0, 1] B) [0, 3] O] (—oo,—} D) none of these

19
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Key. D
Sol.  we know that
-5 S2sinx+cosx£\/§, Vx eR

= —SS\/g(Zsinx+cosx)35
= OS\/§(2sinx+cosx)+5310
= —oo<logm(\/§(2sinx+cosx)+5)33

Hence range is (—o0,3]

46. Which of the following functions f : R — R are bijective

(A) f(x)=xsinx (B) f(x)=x—sin’x
(C) f()c):x+\/x_2 (D) f(x)=—x+cos’x
Key. B,D

Sol. (a) f'is not one-one as f* cuts x axis twice in (0,27]
If fact f'is continuous and achieves every real number infinite times.
(b) fis monotone as f'(x)=1-sin2x>0Vx

lim f =o0; lim f =-o0 and fis continuous
X—>—0

X—>—0
Hence fis bijective.

2x if x=0
(c) f(X)=X+!x|={O if x<0

(d) fis monotone as f'(x) <0 Vx and as in (b) f'is bijective.

is not one-one as fis a constant function for x <0

20
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Functions

Assertion Reasoning Type
1. Statement-1: Period of f (X)=sin3xcos[3x]—cos3xsin[3x] where [] denotes the

) .. 2z
greatest integer function, is ?

Statement-2: Period of {X} where {} denotes the fractional part of x, is 1
Key. D
Sol. {X} = X—[X] which is periodic with period 1.

Statement 2 is true.
Consider Statement 1.

f (x) =sin(3x—[3x]) =sin({3x})

1
Using Statement 2, period of f (X) is § .
Statement 1 is false.
2
X —=5x-9 _ _
2. Statement-1: f (X) P E— X € R is not a one-one function.
3X°+2X+7

Statement-2: f (X) is not one-one, if for any X, X, € domain of f (X) where X; #X,,

f(xl): f(Xz)'
Key. A

Sol. Statement-2 is true.
Consider Statement-1.

Let & and £ denote the roots of the quadratic X* —5Xx—-9=0.
Then, o # f3, but f(a): f (ﬂ)zO
= f(x) is not one one

—> Statement-1 is true.

A) Statement-1is True, Statement-2 is True; Statement-2 is a correctExplanation forStatement-1

B) Statement-1is True, Statement-2 is True; Statement-2 is NOT a correct explanation for
Statement-1

C) Statement-1 is True, Statement-2 is False

D) Statement-1is False, Statement-2 is True

3. Statement1: A= {X:X isa prime number, X <30} then number of distinct

rational numbers whose numerator and denominator belong to 'A' is 93

Statement 2: EpEQ Vv q#0and p,gel

Key. D
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A={2,35711,1317,19,23 29}

Sol.
Two different numbers for numbers and denominator from these can be obtained in
10
I :10-9:9Dwaysand if E=g=1
g g
So, number of ways (if numerator and denominator are same) = S0+1=291
4, Statement 1: A= {X: X is a prime number, X <30} then number of distinct
rational numbers whose numerator and denominator belongto 'A' is 93
Statement 2: BeQ v g#0and p,qel
q
Key. D
A= { 2,35, 11,13,17,19, 23, 29}
Sol.

Two different numbers for numbers and denominator from these can be obtained in

mi% =10.5 = 30 ways and if £_%4
g o

So, number of ways (if numerator and denominator are same) = 0+1=1491

5. Statement-I: Consider the point A(0,1) and B(2,0) and P be a point on the

line 4x+3y+9=0,then the coordinates of P such that |PA—PB| is maximum

( 24 17j
S |-——,—
5 5

Statement-II: If A and B are two fixed points and P is any point in a plane

then|PA—PB|> AB.

Key: C
|PA—PB|< AB
Hint.
|PA— PB| = AB
P lies on extended line segment of AB solve AB ,4x+3y+9=0
6. STATEMENT-1: Reflection of function y=log, X in the straight line x + y = 0 isy =
- %,

STATEMENT-2: The image of any point (o, B) inthe line x+y =0 is (B, —a.).
Key: A
Hint:  Since the point (—B, —) lies on y =log, x

= -o=log,(p) = P=e

= p=-e%= y=—e".
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ax+b a
7. Statement-1: The linear fractional function r (ad —bc# 0) cannot attain the value —.
CX + C
Statement-2: The domain of the function
b-d
g(y): y is R~ {a/c}.
cy—a
Key: a
ax+b b-d
Hint: If f(X)=y= then X = y
cx+d cy-—a
b-d
Thus f’l(y):g(y)z y and dom g =R ~ {a/c}
cy—a

Hence f cannot attain the value a/c by definition.

8. Statement-I:- Let f :R — R be a real valued continuous function which assumes only
2012
rational values. If f (\/g) =1729. Then f [— =1729.
2013
Statement-Il:- If a continuous function f (X) assumes only rational values, then f (X) is a
constant function.
Key. A
Sol. If f(X) is not a constant function then f(X) takes both rational and Irrational values

which is a contradiction to the hypothesis .. f (X) must be constant.
9. If f:R—R isdefined by f (x)= |Og(X+ x? +1) . then consider the two statements

STATEMENE | : f(x)+f(-x)=0

STATEMENE II: fis an odd function, and then which one of the following is correct?
1) Only I is correct 2) Only Il is correct
3) land Il are correct and I is correct explanation of |l
4) land Il are correct, I'is not the correct explanation of |l
Key. 3

Sol.  f(x)+f(-x)=0
10.  Let f(x)=2+cosx,xeR
STATEMENT-1: For each t e R 3 a point cin [t,t+7z] such that fl(C) =0.

STATEMENT-2: f (t)=f (t+27)VteR.

Key: B
Hint: Syis true.
f*(x)=-sinx
.. every interval of length 7 [t,t+72'] contains at least one point , 0, 7,327
L fH(x) in[tt+z]teR
=S istrue.
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2
X“—=5x-9 _ _

11. Statement-1: f (X) = —3 7 o 7 ,X € R is not a one-one function.

X" +<ZX+

Statement-2: f (X) is not one-one, if for any X, X, € domain of f (x) where X, #X,,

f(xl)z f(xz)'

Key. A
Sol. Statement-2 is true.
Consider Statement-1.

Let & and S denote the roots of the quadratic X* —5x—9=0.
Then, a # 3, but f (0{)2 f (ﬂ)zO

= f (X) is not one one

= Statement-1is true.

12. STATEMENT-1
The function f(x) = x [x], ([-] denotes greatest integer function) is a one—one function V x > 1.
because
STATEMENT-2
An increasing function is always one—one
Key. A
Sol. For xe [n, n+ 1), let f(x) = f, (x), neN
fn(x) = nx which is increasing
Also fre1 (X) = (n + 1)x >, (x) .
So, f(x) is an increasing function.

1
13. Statement—1: f :R — R defined by f (X) :EX|X|+COSX+1 is invertible

Because
Statement—2: For f:R—> R, f (X) is one —one - onto

Key. A
Sol.  The given function f :R— R defined by

f (X) :%X|X|+COSX+1 is one — one — onto function .

= f(X) is invertible

14.  Letf(x)= \/cos‘1 1-x? —sintx
STATEMENT-1
Range of f(x) is [0, \/;]
because
STATEMENT-2
f(x) is an increasing function in its domain
Key. C
Sol. Forx>0, f(x)=0

forx<0, f(x) = v—2sin"'x

= range of f(x) is [0, \/E].

15. STATEMENTS-1
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The function f: R — R given f(X) =log, (X + X +1) a>0, a= 1is invertible.

because
STATEMENTS-2
fis many to one and into.

Key. C
Sol. fis injective since x#y (x,y € R)
= log, {x+\/x2 +1} = log, {y+w/y2 +1}
= f(x) = f(y)
f is onto because log, (X +4/%? +1) =y
ay _a_y
> X=—".
2
1/x
it € .
16. Statement—1: ' ,—— does not exist
X
el/><
Statement — Il : lim — does not exist
x—0" X
Key. A
Sol. Conceptual

17. Assertion : Function (X) =sin (X +3sin X) is periodic
Reason : T (g(X)) is periodic if g(x) is periodic.

Key. B

Sol. Period of SIN (X +3sin X) is 2T

2
18. Assertion : The number of solution of <X2 + X +l) + (X2 + X +l) +1=X iszero

Reason : If f(x) doesn’t cuty = x line. The equation f (X) =f (X) doesn’t have any

solution.
Key. A

Sol.  Put X° 4 X+1=t
StP+t+1=x
19. Assertion : The area bounded by the curve |X| + |y| = a(a > 0) is 2a° and area bounded
by [PX + QY|+ |aX — py| =a, where p® +q* =1 isalso 2a°.
Reason : Since IX + MY =0 is perpendicular to MX —ly =0 we can take one as x-axis
and another as y-axis. Hence area bounded by ||X + my| + |mx - |y| =a is 2a° forall
ImeR,I#0,m=0.
Key. C
Sol. |X| + |y| =d fomes a square
g(x)+9g(-x) x>0
20. Assertion : f (X) = a X =0 is odd function iffa = 0

g(x)-g(—x) x<0
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Reason : For an odd function Y = f (X) if x = 0 is in domain then f(0) must be equal to 0.

sl F(—x)=g(~x)+g(x),x >0
#=9(x)=-9(-x)

21. Statement — 1: " can not be expressed as the sum of even and odd function.

Statement — 2: e is neither even nor odd function
Key. D
Sol.  Statement — 1: Every function can be written as the sum of even and odd function

Statement—2: f(x)=¢"
f(—x)=e~
Here neither f(x) = f(- x) nor f(- x) = - f(x)
So e is neither even nor odd function.

22.  Statement— 1: If f(x) = sin x, then f'(x)=cosx
Statement — 2: The derivative of an odd function is even and vice-versa
Key. A
Sol. (i) Let f(- x) = - f(X) ¥x e domain of f(X)
—f'(—x)=—f"(x) = f'(—x)=f'(x) = f'(x) iseven
(i) Let f(-x) = f(x) V x € domain of f(x)
—f'(x)=f'(x) = f!(—x)=—F"(x) = f'(x) is odd
statement — 2 is true, statement-1 is true
Statement — 2 is the correct explanation of statement 1

23. Statement — 1: The inverse of a strictly increasing exponential function is a logarithmic
function that is strictly decreasing.
Statement — 2: Inx is inverse of e*

Key. D

Sol.  Statement-—1
Let g(x) is inverse of y = f(x) then

if f(x) is strictly increasing then g(x) is also strictly increasing.
Statement — 2

e* is mirror image of in x.w.r.t. line
y=X
Inx is inverse of e*

24. Statement — 1: Fundamental period of sinx + tan x is 2n
Statement — 2: If the period of f(x) is T, and the period of g(x) is T,, then the fundamental
period of f(x) + g(x) is the L.C.M. of T, and T,

Key. C
Sol. Statement — 1 Obvious
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Statement — 2 f(x) = |sin x| + | cos x| fundamental period is g

25. Statement — 1: If a function y = f(x) is symmetric about y = X, then f(f(x)) = x

: isrational
Statement — 2: If f(x)= X x_ls_ra |F>na , then f(f(x)) = x
1-x : xisirrational
Key. A
Sol. (i) y = f(X) is symmetric about y = X = x = f(y)

f(f(x)) = f(y) = x
statement 1 is true

. X , Xisrational .
(i) f(x)= L i
1-x , xisirrational

Symmetric about y = X

f(f(x)) = x
26. Statement — 1: f(x) = sin x is periodic and g(x) = cos X is also periodic
Statement — 2: If the derivative of a function is periodic, then the function will also be
periodic
Key. C
Sol. Statement — 1 Obvious

Statement — 2 Let f(x) = [X]
0; |
F(x)= . X &
Not Define; xel
Which is periodic but f(X) is not

27. Statement — 1: function f(x) = sin (x + 3 sin x) is periodic
Statement — 2: f(g(x)) is periodic if g (x) is periodic.

Key. B

Sol.  Statement—1 f(x+2n)=f(x)=T =2n is period

Statement — 2 Obvious

28. Statement — 1: The function y = ax+b , (ad —bc = 0) cannot attain the value a

cx+d c
) . b-dy . a
Statement — 2: The domain of g(y)= v a does not contain —
A c
Key. A
Sol.  Lety=2* b on solving for x we get x = b—dy
cx +d cy—a

For existence of x,y=alc

29.  Statement — 1: Range of {i} is (1, o)
X

(where {.} represents fractional part function)

Statement — 2: 0<£<1 = l<X<w
X
Key. A
Sol.  Since 0<{x}<1 .. 1<{i}<oo
X
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30.

Key.
Sol.

31.

Key.
Sol.

1 2 3
+ + .
Xx-1 x-2 x-3

Statement — 1: Let f:R—{1,2,3} >R be a function defined by f(x)=

Then f is many-one function.

Statement — 2: If either f'(x)>0 or f'(x)<0, ¥xe domain of f, then y = f(x) is one-one
function.

C

From the graph it is clear that f(x) is not one-one
statement — 1 is true.

Also f'(x)<0, ¥x eD, but the function is not 1 — 1. So the statement — 2 is false

Consider the following statements

Statement — 1: f :N —R; f(x)=sinx is a one-one function.

Statement — 2: The period of sinx is 2z and 2 is an irrational number
A

f(x) =sinx, xe N

Period of sin x is 2n

f(x+2r)=sin(x+2n)=sinx

but x + 2x will be irrational number.

So for one natural value of x, we will get only one value of y.
f(x) =sin x: N— R is one-one function
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Functions
Comprehension Type

Paragraph —1

Consider the function f: R — (O,oo)defined by f(x)=2"+ 2

1. f(X) is
A) One-One Onto B) One-One Into
C) Many-One Onto D) Many-One Into
Key. D
2. The number of solutions of the equation f(X) =Inr is
A) O B) 1 C) 2 D) 3
Key. A
3. The area of the region bounded by the curves y =f (x),y =0,x=-land x=1is
A) In(27’2)sq.units B) Iogz(e”z)sq.units
3 : 2 .
Q) Esq.unlts D) Esq.unlts
Key. B
Sol. 1-3
f(x)=2+2"

For x>0, f(X) =2.2"
And for X <O;f (X) =242

2x_
and in this case f'(x):lenz_zX|n2=|n2[22X 1j

_In2
o
So; f(
So, f(
Also , Range of f(X) is [2,00)

f is many -one Into
Since InTt< 2

(2 +1)(2"-1)<0

X) is decreasing in X € (—O0,0) and increasing in X € (O,oo)
X) is many one

So, the equation 2* + 2" ZInn has no solution
0

Now the required area = J.(ZX +27 )dX + J1‘2.2de = ﬁ = g.log2 e =log, (em>
o 0

Paragraph — 2
Let f: R—{O,l} — R be a function satisfying the relation f (X)+ f (X—_lj =X forall XeR —{0,1}.
X

Based on this, answer the following questions.
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4.

Key.

Key.

Key.

Sol.

f (X) is equal to

1 1 x—1 1 1 x—1
A =| X+———— B) =| X——+——
2{ 1-x X } { -X X }
1[ 1 x—l} 1[ x—1}
C) = | Xx——— D) =| X+ —+——
2 1-x X -X X
A
f (—1) is equal to
-3 _
A) — B) — C) — D) —
) )4 ) )
D
1
fl=1i It
(2] is equal to
5 -7
A) — B) — C) — D) —
)4 ) 2 ) )
C
4-6.  Given that f(x)+f(x—_1]=x (1)
X
. . (x=1) .
for all X #0,1. Replacing X with ~——= both sides, we get that
X
_ x=1)/x|-1 S
fKX_l)” [(x-2)/x]-1) x-1
X (x-1)/x X
That is f(x_lj+f[ 1 j:X—l —(2)
X 1-x X

Again replacing x with (X—l)/ X in this, we get

f(l_i} f(X)= e (3)

X 1-Xx
Then by taking Eqg. (1) + Eq. (3) — Eq. (2), we get that
26 (x)= x4+ X1
1-x X
1 1 x-1
f(x)==| x+———— - (1.13
o ( ) 2{ 1-x X } (1.13)

Substituting the values X =-1 and 1/2 in Eq. (1.13) we get the solution for (ii) and (iii).

Paragraph -3

The unit step function U (x—a) is defined as U (X — a) = {

The graph of y=u (X— a) is as shown below:

Domain of U (x—a) is R and its range is {0,1} .




Mathematics

Functions

Key.

Sol.

8.

=
we
=Y

Answer the following questions.

Let f (X) = [X] 0<x <3 where [ ] denotes the greatest integer function. The representation of

f (X) in terms of unit step function is

x—1)—u(x—2)+u(x—-3),0<x<3

—_
(@)
~—
—h

A~ — ~— —~~
x

— N— ~— ~—~—
1
c

—_— A~ —~~

(D) f(x)=u(x-1)+2u(x—2)+3u(x—3),0<x<3
B
f g
2 @—
1+ @— i
I | —
1 2 3 x

Using the definition of U(X), we can write f (X) as
f(x)=u(x-1)+u(x-2)+u(x-3),0<x<3.

Graph of y = f (x),0<x <3 is shown below:
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Key.

Sol.

Key.

Sol.

21 —
l——/‘
0 1 2 3 X
-1  m—

Representation of f (X) in terms of the unit step function is given by

(A) f(x)=x{u(x)-u(x-1)}-2u(x-2)

(8) f(x)=x{u(x)-u(x-1)}-u(x-2)+2u(x-3),0<x<3

(€ f(x)=x{u(x)-u(x-1)j-u(x—-1)+3u(x-2),0<x<3

(D) f(x)=xu(x)—u(x—1)+2u(x—-2),0<x<3

C
X 0<x«l1

We have f(X): -1 1< Xx<2 usingthe definition ofu(X),f(X) can be represented as
2 2<x<3

f(x)=x{u(x)-u(x-1)}—{u(x=1)-u(x-2)}+2u(x-2)

=x{u(x)-u(x-1)} -u(x=1)+3u(x-2) 0<x<3

X, 0<x<l1
Representation of the function f (X) =4X-1 1< X <3 interms of the unit step function is
o X=>3

(&) % [u(x)—=u(x-1) ]+ (x-1)[u(x-1)-u(x-3)]
(B) xX°u (X)+(x~L)u(x~1)

(© % [u(x)-u(x-12)]+ (x-D)u (x~2) +u(x-3)
(0) xu(x) + (x-1)[u (x)-u(x-1)]+u(x-2)

A

Using the definition of U(X) , we may write f (X) as

)=x*[u(x) ~1) |+ (x=1)[u(x-1)-u(x-3)].
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Paragraph — 4
f(x) is a polynomial function f :R — R suchthat f(2x)="F"(x).f"(x).
10. The value of f(3) is

(A) 4 (B) 12 (C) 15 (D) 18
Key. B
11. f(x) is
(A) one-one and onto (B) one-one and into
(C) many-one and onto (D) many-one and into
Key. A
12. Equation f(x) = x has
(A) Three real and distinct roots (B) one real root
(C) Four real and distinct roots (D) Two real and distinct roots
Key. A

Sol.  10-12. Suppose degree of f(x) is n, then the degree of f' isn- 1 and degree of " isn - 2.
So,n=(n-1)+(n-2) =>n=3
Hence, f(x) = ax® + bx® +cx +d
From, f(2x)=f"(x).f"(x), we have
8ax® +4bx” +2cx +d = (3ax” + 2bx + ¢ ) (6ax + 2b)

Comparing coefficient of terms, we have
a=4/9,b=0,c=0 andd=0.

3
~ f(x)=
1) f(3) =12
(2) one-one and onto
3
@ Xy o x=0 22
9 2

Paragraph —5

Suppose f(x) and g(x) are two continuous functions defined for 0 < x < 1.
1

1
Given f(x) = [e*"f(t)dt and g(x)= [e*""g(t)dt+x
0 0

13.  The value of f(1) equals

1
A)O B) 1 C) — D) e
€
14.  The value of g(0) — f(0) equals
2 3 -2
A B C D) 0
) 3+e? ) e’ -2 ) e’ -3 )
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15.  The value of £0) equals
g(2)

wIN
W~
(¢]
N

A) O B)

Sol. 13. Ans. (a)
f(x)=e*[ e'f(t)dt
Let A= [ e'f(t)dt
= A= j;et.Aetdt
= A=[e¥dt =A=0
as j';emdt—lsto
hence f(x)=0=f(¢)=0
14. Ans. (c)
—e Io t)dt+x
9( )=Be*+x ———(1) =g(t)=Be'+t
Where B = [ e'g(t)dt, B=] e (Be' + t)t
B=B J'ertdt+J'oet.tdt

But j;e”dt = %(e2 —1), j;t.etdt =N}

o B[ 2
..B_E(e —1)+1:B—Q
From (i)
2
X)= e 4+ X
9(x)=3"c
2

Paragraph — 6
Let f: N — N (N being the set of positive integers) be a function defined by f(x) = the biggest positive
integer obtained by reshuffling the digits of x. For example f(296) = 962.
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16.

17.

Sol.

fis

(A) one-one and onto (B) one-one and into
(C) many one and onto (D) many-one and into
The biggest positive integer which divides f(n) —n, forall n € N, is
(A)3 (B) 9

(C) 18 (D) 27

16. (D)

As £(296) = (926), f is many-one.

Further the numbers whose digits increase from left to right (for example) have no pre-image.

Hence f is into.

17. (B)

It is easy to see that the remainder, when a positive integer is divided by 9, is the same as the sum of the
digits of the number (until the sum becomes a one digit humber). Thus f(n) and n leave the same
remainder, when divided by 9. Hence 9 divides f(n) — n. Further there is no reason to expect that the
number is divisible by 27. The number f(n) — n is not divisible by 18 also, in case f(n) —n is odd.

Hence 9 is the biggest number.

By the definition of f, digits of f(x) are non-increasing from left to right.

Hence (B) is the correct answer.

Paragraph —7

18.

19.

20.

Sol.

i sin x

Let f (x) = Mln{x—[x],—x—[—x]}, —2<x<2,9(x) =|2—|x—2 ,—2<Xx< 2;h(x):|_—|,
Sin X
—2 <X <2 X #0 where[x] denotes the greatest integer function < x
2

The number of solutions of the equation X2 +( f (X)) =1is {—1S X< 1}
(A)O (B)2 (C)4 (D) 6
The sum of all the roots of the equation g(x)-h(x)=0is {-2< x < 2}
(A)positive (B)negative (C)zero (D) none of these

2
The value of J. f(X)dX=

2
(A) O B)2 (C)1 (D)8
18. (b)

et Y =f (x)=>x*+y* =1

A

1

[ 1/2

19. {3}

Lety=g({#®=h 0 1 2

v
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2T y=gx)
A 1 =h ()
S |
y=h(x)
20. (c)

2
J. f (X)dX:4.£x1xl:1
s 2 2

Paragraph — 8
For a finite set A, Let|A| denote the number of elements in the set A. Also let F denote the set of all

21.

22.

23.

Key:
Hint

functions f :{1,2,...,n}—>{1,2,....,k}(n23,k 22)satisfying
f(i)= f(i+1) for everyi, 1<i<n-1.

|F|=
a) k”(k—l)
c) k"fl(k —1)

If c(n, k) denote the number of functions in F satisfying

f(n)= f(1),then, forn>4,c(n,k) =

a) k(k-1)"" —c(n-1k)

c) k"' (k—1)—c(n-1,k)

For n>k,c(n,k), where c(n, k) has the same meaning as in Q.34, equals
b) (k-1)" +(-1)"" (k1)

a) k"+(-1)"(k-1)

o) (k=1)"+(-1)" (k-1)
D-A-C

21. The image of the element 1 can be chosen in k ways and for each of the remaining
elements, the image can be defined in (k-1) ways, since f (I) = f (i +1)
.. Total number of mappingsin F =k (k - 1)™!

b) k(k=1)"

d) k(k-1)""

b) k(k-1)"—c(n-1k-1)

d) k"(k-1)-c(n-1k)

d) k" +(-1)"" (k1)

(n-1)

22. Out of the total number of mappings in F, the number of mappings which satisfy f (n) = 1 is

same as the number of maps which satisfy f (n —1) #1and this numberis c(n -1, k)

-.¢(nk)=|F|-c(n-1,

23.  c(nk)=k(k-1)""—c(n-1k)

k)
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=(k=1)"+(k-1)"" —c(n-1k)
= c(nk)~(k-1)" =(-1)(c(n-1k)~(k-1)"")
=(-1)"*(e(3.K)~(k-1)")

But c(3,k) = number of maps f in F for which f (3) # f (1)
=k(k-1) (k-2)

se(nk)=(k=1)" =(-1)"" (k=1)  k (k-2)~ (k-1)’
=(-1)" (k-1)
~c(nk)=(k-1)"+(-1)"(k-1)

Paragraph — 9

Let f : A— B be a function, the f is said to be one-one, if for any x, ye A x# y = f(x) # f(y) and f is said to
be onto, if for any yeB, there exist at least one x€A, such that f(x) = .

_ x}, if xeQ _
24, Let f : R — R define by f(x) = s . .- thenfis
-x°, if xeQ
(A) one-one and onto (B) one-one and into
(C) many-one and onto (D) many-one and into

Key: A

Hint: Let x1, X2 €R, such that x; # x»
Now x13 = x,° or x13 = -x,? is possible only when x; = X2 or x; + x, = 0, which is not possible, so f is one-one
and f is onto also.

25. f:R—>R

Xx+7, xe€Q
f(x) = ,thenfis

J7-x, xe Q°
(A) one-one & onto (B) one-one and into
(C) many-one & onto (D) many-one and into
Key: D
26. f:R—>R
x+5, XxeQ
f(x) = ,thenfis
J5-x, xeQ°
(A) one-one & onto (B) one-one and into
(C) many-one & onto (D) many-one and into
Key: A

Paragraph — 10
For a finite set A, Let|A| denote the number of elements in the set A. Also let F denote the set of all

functions f :{1,2,...,n}—>{1,2,....,k}(n23,k ZZ)satisfying
f(i)= f(i+1) for everyi,1<i<n-1.
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27.

Key.

28.

Key.

29.

Key.

Sol.

IFl=
a) k" (k-1) b) k (k-1)" o) k"*(k-1) d) k(k-1)""
D

If c(n, k) denote the number of functions in F satisfying

f(n)= f(1),then, forn>4,c(n,k) =

a) k(k—-1)""~c(n-1k) b) k(k-1)" —c(n-1k-1)
c) k"*(k-1)—-c(n-1,k) d) k" (k-1)—c(n-1k)
A

For n>k,c(n,k), where c(n, k) has the same meaning as in Q.34, equals

a) k" +(-1)" (k-1) b) (k-1)"+(~1)"" (k-1)
o) (k-1)"+(-1)" (k-1) d) K" +(-2)"" (k-1
C

27. The image of the element 1 can be chosen in k ways and for each of the remaining (n - 1) elements,
the image can be defined in (k-1) ways, since f (I) = f (i +1)

.. Total number of mappings in F = k (k= 1)"?
28. Out of the total number of mappings in F, the number of mappings which satisfy f (n) = 1 is same as

the number of maps which satisfy f (N—1) #1and this number is c(n — 1, k)
- ¢(nk)=|F|-c(n-1k)
29. ¢(n,k)=k(k-1)""~¢c(n-1k)
=(k-1)" +(k=1)""~c(n-1k)
= c(n k)~ (k=1)" = (-1)(c(n-1k)~(k-1)"")
= (1) (c(3k)~(k-1)’)

But ¢(3,k) = number of maps f in F for which f (3) = f (1)
=k(k-1) (k-2)

(k) (k-1 = (1) (k-1) [k (k~2)~(k-1) |
=(-1)"(k-1)

~o(nk)=(k=-1)"+(-1)" (k-1)

Paragraph — 11

Consider the functionf: R — (O,oo) defined by f(X) = 2% 4 2N

30.

f(X) is

(A) One-One Onto (B) One-One Into

10
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(C) Many-One Onto (D) Many-One Into
Key. D
31. The number of solutions of the equation f(X) =Inm is

(A) O (B) 1

(C) 2 (D) 3
Key. A

32. The area of the region bounded by the curves Yy = f(x),y =0,x=-1land x=1is

(A) In(27’2)sq.units (B) Iogz(ewz)sq.units
3 . 2 .
C) —— squnits D) —— squunits
(C) In2 q (D) In2 q
Key. B
Sol.  30.31.32
f(x)=2+2%

For X >0, f(X) =2.2"
And for X < O;f(X) =2"4+27

. . 1 X -X 22X_1
and in this case f (X)=2 INn2-2"In2=In2 X

_In2
= X
So; f(X) is decreasing in X € (—oo,O)and increasing in X € (O,oo)

(2 +1)(2"-1)<0

So, f(X) is many one
Also , Range of f(X) is [2,00)

f is many —one Into
Since Int< 2

So, the equation 2* + 2" —In7 has no solution

[ (% 4% \dy 4 [ 0" 7T
Now the required area = .[(2 +2 )dX+£2.2 dx=m=5.logzezlog2(e7’2)

Paragraph — 12
Let f(X) be a differentiable function for all XER—{O} and satisfies the equation

(X4 +X2) f '(X)—2X3f (X)+(X2 +l)2 =0. (1,2)is apoint on the graph of y = f (X)
33. Let d e R—{O}. then

A f'(a)+af'(a)=3 B)a.f"(a)+2f'(a)=2
ca’f"(a)+f'(a)=1 D) af '(a)+a’*f"(a)=1
Key. B

34.  Letg(x)= j%dt Vx e R—{0} then
0

A) g (X) is increasing in (-1, 1) and has maximum at x=1

11
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B) g (X) is increasing in (-1, 1) and has neither maximum nor minimumatx=1
0Jg (X) is decreasing in (1, 2) and has maximum atx=1

D) 0 (X) is decreasing in (1, 2) and has neither maximum nor minimum at x =1
Key. B

35. Let h(X) be the reflection of the graph of f (X) with respect to the line Y = X then

A) h(X) increases V. X <0 B) h(X) decreases V X <1

Q) h(X) increases V X >1 D) h(X) decreases V X >1
Key. C
Sol. 33-35

2X (X2+1) -[x +1 1
f'(x)— f =" =|F=
(%) x* +1 () N ]
x +1 1 1
*. solution is f(X) N +1—J )XX2+ldX:;+C

as F(1)=2= c=0:>f(x)=x+%

(- 2L 1)< +1)

Paragraph — 13

f(x) is continuous and differentiable function. Given, f(x) assumes values of the form £ \/I— where ‘I’
denotes set of whole numbers whenever x = a or b; otherwise f(x) assumes real values. Also

-3
f(c)=—and |f(a)£ |f(b
()= - and | (@) £ |f.(b)
The graph of Y= f (X) f '(X) is given below

yof x.f'x
A

Using the above data answer the following :
36.  The number of rational values that f (a)+ f (b)+ f(C) can assumeis
(A) 4 (B) 2 (€)3 (D)5

12
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Functions

Key.

37.

Key.

38.

Key.

Sol.

C

The number of values that (f (a))2 + (f (b))2 + (f (C))2 can assume is
(A) 4 (B)3 (C)2 (D)7
A

The possible number of triplets (f (a), f (b), f (C)) is

(A) 4 (B)5 (C)6 (D)7
C

36to 38

f (X) f I(X)3 Oin[a,cland £ 0 in[c, b]
f(c)=-+2and f(x)f'(x)! 0in(ac)E(c,b)
f(a), f(b)£0

f(a) f(b) f(c)
-3

0 0 —
2

-3

0 1 —
2

-3

0 -2 —
V2 -

-3

-1 1 .
2

-3

1 -2 —
J2 -

-3

'\/E '\/E 7

Paragraph — 14
Let f be a real valued function such that

1
) f(0)==
(i) f(0) 5

f(x+y)="f)f(@-y)+ f(y)f(a—x) forall x,y R, forsome aeR then

39.

Key.

40.

Key.

P2 41) + f(x=1) =

A0 B) 2x2 + X
01 D) x2 —X+2
C

f)+ f(2)+f(3)+.....+ F(100) =
A) 5050 B) 50 C) 100

B

D) 5000

13
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2

. ifg(x)=2 2+2X then(fog)(1j+gof(4):
2x° +1 4
A)O B) 3/4 C) 4/3 D) 1
Key. C

Sol. 39, 40&41
f(x+y)=f(x)f(a-y)+ f(y)f(a-x)
PUL X=0,y =0 = f(0)=2f(0)f(a):>f(a):%
Puty=0, f(x)=f(x)f(a)+ f(0)f(a—x)
f(x)+ f(a—x)
2

f(x)=f(a—x)
puty =a-—x

f(a)=f2(x)+ f2(@a—x) but f(x)= f(a—x)
=  f(a)=2f%(x)

2001
= f20=

= f(X)=

- u@=% (;um:§

1
s (X)) = 5 a constant function

Paragraph — 15
A function f(X) is said to be even iff f(—x)= f(x) and odd iff f(x)=—1(x).Also f(X) is said to
be periodic iff f(x+T)= f(X),T >0 and the least positive value T is called its period.

4. If f(x)= ex)(_1+§+l then f (x) is

A. Even B. Odd

C. neither even nor odd D. Both even and odd
Key. A

43.  f(x) isaneven polynomial function . Then sin (f (x)—3X) is

A. an even function B. an odd function
C. neither even nor odd

V2
D. periodic with period E
Key. C
44. If f(x)and g(x) be two functions with all real numbers as their domains, then

h(x) =[f () + F(=91[9(x) =g (=x)] is

A. an even function when f is even and g is odd B. an even function when both f and g are odd
C. always an odd function D. always an even function
Key. C

14
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Sol. 42. f(x)= + X4
e*-1 2
f)=—2 XX X X X
e’ -1 2 e*-1 2 e -1

43. Let g(x) =sin[ f (x) —3x]
g(—x) =sin[ f (—=x) +3x] =sin[f (x) +3x]
44. h(=x) =[f (=) + f ()I[9(-x)-g(x)] =-h(x)

Paragraph — 16
The unit step function U (x—a) is defined as U (X— a) = {
The graph of y=u (X —a) is as shown below:

Domain of u(x—a) is R and its range is {O,l} .

AY

o
Qe
<y

Answer the following questions.

45. Let f (X) = [X] 0<x<3 where [ ] denotes the greatest integer function. The representation of

f (X) in terms of unit step function is

(A) f(x)=u(x)+u(x=1)+u(x-2)+(x-3),0<x<3
8) f(X)=u(x=1)+u(x—2)+u(x-3),0<x<3

(© f(x)=u(x-1)-u(x-2)+u(x-3),0<x<3

(D) f(x)=u(x—1)+2u(x—2)+3u(x—3),0<x<3

Key. B

15
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46.

Key.

47.

Key.

Sol.

Graphof y=f (X),O < X < 3 is shown below:

2 —_t o
1——/
0 1 2 3 X
-1+ L

Representation of f (X) in terms of the unit step function is given by

xu(x)-u

x{u(x)-u(x-1)}—u(x—2)+2u(x-3),0<x<3
(

(A) f(x

x—1)}—2u(x—-2)

) f

x{u(x)-u(x-1)}-u(x-1)+3u(x-2),0<x<3

)
(x)
© f(x)
(x)=

(D) f(x)=xu(x)—u(x-1)+2u(x—2),0<x<3

C
X3, 0<x<1

Representation of the function f(X)= x=1 1< x< 3 interms of the unit step function is
0, x=>3

(A) X*[u(x)—u(x-1) J+(x=1)[u(x-1)-u(x-3)]
(B) X°u(Xx)+(x—-1)u(x=1)
(©) X*[u(x)—u(x=1) [+ (x-1)u(x-2)+u(x—3)

(D) x°u(X)+(x=L)[u(x)—u(x-1)]+u(x-2)

A
45.
f g
24 &——
1+ &—— i
s | —
1 2 3

16



Mathematics

Functions

Using the definition of u(x), we can write f (X) as
f(x)=u(x-1)+u(x-2)+u(x-3),0<x<3.
X 0<x<l1

46. We have f (X) =<-1 1<X<2 usingthe definition of U (X), f (X) can be represented as

2 2<x<3
f(x)=x{u(x)-u(x-1)}—{u(x=1)-u(x-2)}+2u(x-2)
=x{u(x)-u(x-1)j-u(x-1)+3u(x-2) 0<x<3
47. Using the definition of u(x), we may write f (X) as

f(x)=x[u(x)-u(x-1)]+(x=1)[u(x-1)-u(x-3)].

Paragraph — 17

Let f(x) be a real values and differentiable function on R such that f(x +y) = M .
1-f(x).T(y)
48. f(0) equals
(A)1 (B)O
(€)1 (D) none of these
Key. B
49. f(x) is
(A) odd function (B) even function
(C) odd and even function simultaneously (D) neither even nor odd.
Key. A
50. F'x) equals
f'(0)
(A) 1—1f(x) (B) 2 + f3(x)
(C) 2 —f2(x) (D) 1 +2(x)
Key. D
Sol. 48-50 Putx=y=0
— £(0) = w — (0) [f(0) + 1] = 0 = f(0) = 0
1-[f(0)]

(since f3(0) = —1).
Now puty ==x, we get
H0) = F(X)+f(—x)

1-f(x).F(=X)
=f(x)+f(-x)=0
= f(—x) = —f(x) = f(x) is an odd function.
fN+T(=x) _ Tly-x)_ Ty-f(x) 1
1-f(—x).f(y) y=x  1+f(x).f(y) (y—x)
Taking limit as y — x, we get
y—x y—X yox o y—x  yx14+F(x).f(y)
= lim Y =X i T =100 1

yox y—x  yox o y—x  yox1+19(X)

Now f(y — x) =

17
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= (0)=f(x). 1+f12 X = f/(x) = f(0) [1 + 2 (X)]
f(O)

Paragraph — 18

51.

Key.

52.

Key.

53.

Key.

Sol.

Paragraph : The function f(x) is defined for all x > 0 and satisfies the conditions :

(i) f(x) is strictly increasing on (O,oo)

ii)f(x)>—l vV x>0
x

ii) f(x)f&+f(x)j=1 vV x>0.

The value of f(1) is

5

2 L5 py 1235 0

d) None
2 2 2

B

Afunction f(x) satisfying the above condition can be (4 is a constant)

a)f(x)=% b) fi(x)=4x o f(x)=2+x d) f(x)=
A

f'(x)isa

a) decreasing function for all x> 0 b) increasing for all x>0

c) constant forallx>0 d) monotonicity cannot be predicted

A

51.52.53. Let f (1) =k, for x=1, we have

kf(k+1)=1 = f(k+1):1

Now x =k + 1 gives

f(k+g(f[___+f k+1 J:
k

- f(%Jrkilj:f(klﬂ) )

18
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+
Since fis increasing :>1+— =l=k= 1_\/5
k k+1 2

1-5

By contradiction we can say that k can not be positive so, K = ———.

2

) k
Generalized form f (X) =—,
X

Paragraph — 19
Paragraph : A pair of curves y = g1(x) and y = g, (x) are such that

(a) : The tangent drawn at points with equal abscissa intersect in y —axis

(b) the normal drawn at points with equal x- coordinates intersect on x —axis

(c) one curve y = gi(x) passes through (1, 1) and the other y = g> (x) passes through (2, 3) .
54. Which statement is true :

a)y=gix)isodd, y=g>(x)is even b)y=g1(x),y=g2(x) both are odd

c) y =gi(x) is even, y = g (x) is odd d) None of these

Key. B
55. Which is true :

a) 9,(1)+9,(2)=3 b) g,(1)-g,(2)=-1
0 g (l)+g(2)=4 d) g,(1)+9,(2)=6
Key. C
56. If both curves satisfy I°t condition, then which is true
a) g, (%)= g, (x) = x(gi (x) - g3 (x)) b) g, () - g, (x) = x(gi (x) + g5 (x))
c) g;(x).g; (x)=g,(x)g;(x) d) g7 (x)+ g5 (x) = const
Key. A
Sol. 54.55. 56. The equation of tangents with equal abscissa x, are

Y=g, ()= g} (X)(X -x) and

Y -g,(x)= g; (X)(X —x) these intersect at y — axis,
= —x0; (X)+0,(X)=—x0; (X)+9,(x)

g, (x) =9, (%) =x(9: (¥) -9 (%))

Integrating

= log|g, (x)- g, (x)|=log|x|+c~(i)

19
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Equation of normals with equal abscissa x, are Y —gl(X):—g ](-X)(X X) and
1
1
Y —-g,(X X —X
Intersect on x — axis = .
X+, (X) 1 (X) = X+, (x) 8 (x)
= 0,(%) 95 (%) =9, (x) 92 (x)
Integrating gf(x) ( )
2
= 0,(X)+9,(x)= ;f_rc—i:i’l— ------- (i) ( using (i)

%(X)-9.(x) ¢ X
From (i)and (ii), weget .

209X = i(éwlx),Zgz (x)= i(ﬁ—clx]
X X
We have g,(1)=1 g,(2)=3

2 2
= 0,(x) ==X and gz(x):§+x

Paragraph — 20
Let us consider the two non empty sets X and Y such that X = {1, 2, 3, 4, 5, 6, 7} and
Y={1,2,3,4,5, 6}. And answer the following questions.

57. The number of into function from X to Y is
(A) 7° =37 (8) 6" —37
(c) 6" -7 (D) 6° —3/6
Key. B
58. The number of many one function from Xto Y, is
(A) 67 (B) 7°
(C) 7°—67 (D) 6" —|6
Key. A
59. The number of function from X to Y & such that f(x)) # xi Vxi€{1, 2, 3, ...., 7}, is
(A) 6(5)° (B) 5(6)°
(C) 5(7)® (D) none of these
Key. A
716!
Sol. 57. Number of into function = 67 - ——
2151
=6'-3.7!

58. Number of many-one function = 6’.
59. 7 can be associated to yeY in 6 ways
1,2,3,4,5,6.... in 5 ways each.

.. The total number of function required = 6(5)°.

Paragraph — 21

20
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We know that any real number x can be expressed as following X = [X] + {X} where [x] is an integer

and 0< {X} <1. We define [X] as the greatest integer less than or equal to x or integral part of x and {X} as
the fractional part of x.
Suppose for any real number x we write X = (X)— < X > where (X) is integer and 0 << X ><1. We define (x)

as the least integer greater than or equal to x

1
60. The domain of the function f(X) = —is
JX=(X)
(A)1 (B)R—I (©) (0,0) (D) ¢

Key. D

61. Find the range of the function f(X) =

\/(x) [x]
(A) ¢ (8) {1} () {i,neN} (D) (L)

Jn
Key. B

62. If the function f :R — R be such that f(X)=Xx —[X], (where [x] denotes the greatest integer less than

or equal to x) then f*(x) is
1

x—[x]
Key. C
Sol. 60. Xx—(xX)<0

61.1f X e | then (X)=[x] so f(X) isnot defined
Let X | then (X)—[x]=1s0 f(x)=1

(A)

B) [X]—x (C) not defined (D) [X] + X

Paragraph — 22

x—[x], xe1
If f (X) = 1 | where | is an integer and [ ] represents the greatest integer function and
, Xe

then

63. The range of ( (X) and g( are respectively

x))
2 (0.1), {1 ) (~1,0),{0}
9 {-10}.{0} @ {~10}.{1)

Key. C
4

64. The number of solutions of [g[g(x)ﬂ =x*—2x? —3‘X2 —l‘ +3is

a)4a b) 5 c)6 d)8
Key. B

21
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65. The period of J (X) and g(g(X)) are respectively

a)l,1 b)1,2 c) (2,1) d) None of these
Key. D
sol.  63.9(x)=0, xel

=-1 Xel

65. g(g(X)) =0 fundamental period is undefined.

Paragraph — 23
If f: [0, 2] — [0, 2] is a bijective function defined by f(x) =ax® +bx +c, where
66. f(2) is equal to

A)2 B) o where ae(0,2) C)0 D) cannot be determined
Key. C
Sol.  f(0)=c=#0

S f(2)=0
67. Which of the following is one of the roots f(x) = 0 is

e g L ol SETERE!

a b c a b c

Key. A
Sol. Sincef(0)=2 = c=2

and f(2) =0 = 4da+2b+c=0 = 4da+2b+2=0

= 2ath+1=0 = 2+9+1=0

a a

1.
= isaroot of ax’ +bx+c=0
a

68. Which of the following is not a value of a?

1 1 1
A) —= B) — C) -= D)1
) 2 )2 ) > )
Key. D
Sol. —£S0 or —322
2a 2a
N 2a+1SO or 2a+122
2a 2a
= —lsa<0 or 0<a£l
2 2
a=1is not possible
Paragraph — 24
2X+a . x=>-1
Let f(x)=1 ,
bx*+3 : x<-1
X+4 : 0<x<4
and g(x)=
-3x—-2 : -2<x<0

functions

22
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69. g(f(x)) is not defined if

A) ae(lO, oo), be(5, oo) B) ae(4,10), be(5, oo)
C) ae(lo, oo),be(O,l) D) ae(4,10), be(1,5)
Key. A

Sol.  g(f(x)) is not define if
(i)-2+a>8and (iilb+3>8
a>10andb>5

70. If domain of g(f(x)) is [- 1, 4], then

A)a=1b>5 B)a=2,b>7 Ca=2,b>10 D)a=0,beR
Key. D
Sol.  xe[-12]=>-1<x<2 =-2<2x<4=>-2+a<2x+a<4+a

= -2+a<-2and4+a<4iea=0

B can take any value.

71. If a=2 and b = 3 then range of g(f(x)) is
A) (- 2, 8] B) (0, 8] C) [4, 8] D) [- 1, 8]
Key. C
Sol. ifa=2,b=3
2X+2 . x=2-1
f(X):{Sx2+3 ; Xx<-1

range of f(x) is [0, o]

Paragraph — 25
Let f: R — ris a function satisfying f(2 — x) = f(2 + x) and f(20 — x) = f(x), VX e R . For this function
fanswer the following.

72. If f(0) = 5, then minimum possible number of values of x satisfying f(x) = 5, for x [0, 170] , IS

A) 21 B) 12 C) 11 D) 22
Key. A
Sol.  Since period of f(x) is 2(10 —2) = 16
f(0) =f(16) =f(32) = ... = f(160 =5

i there are atleast 11values of x for which f(x) =5

F(0) = f(4) = f(16)

Due to symmetry in one period length f(x) = 5 one solution other then 0, 16, 32,
... at least minimum possible number of values of x is 10 + 11 = 21

73. Graph of y =f(x) is

A) symmetrical about x = 18 B) symmetrical about x =5
C) symmetrical about x =8 D) symmetrical about x = 20
Key. A

Sol. Obvious by definition

74.  1f(2) = f(6), then

A) fundamental period of f(x) is 1 B) fundamental period of f(x) may be 1
C) period of f(x) can’t be 1 D) fundamental period of f(x) is 8
Key. C

Sol.  Iflisaperiod, thenf(x) =f(x +1), VxeR
= f(2) = f(3) = f(4) = f(5) = f(6)
Which contradicts the given hypotheses that f(2) = f(6)
1 cannot be period of f(x)

23
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Paragraph — 26
If £:(0, 0)—(0, ) satisfy f(xf(y)) = x’y*(aeR), then

75.

Key.

Sol.

76.

Key.

Sol.

77.

Key.

Sol.

Value of ais

A) 4 B) 2
A

f :(O,oo) —)(0, oo)
f(x(f(y)))=x"y*(aeR)

Put x = 1, we get f(f(y)) =y*
Put f(y):l,we get f(1)=
X

(f(y))
f(1)=1
for y = 1, we have f(x(f(1))) =x?
f(x)=x2
thusa=4

Zn:f(r)”cr is
r=1
A) n2"t

C) n2"*+n(n-1)2"?
C

n n

S0, =30, = $(e(-1) ¢ -

r=1 r=1

Number of solutions of 2 f(x)=e* is

A) 1 B) 2
D

Since f(x)=x

. 2x* =¢*

C) \2 D) 1

%. y* and puty = 1 we get (f (1))3 =1

B) n(n-1)2"*
D) 0

n(n-1)2"?+n.2"*

C)3 D) 4
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Functions
Integer Answer Type

1. Number of distinct real solutions of Sinzx = |In |X|| is

Key. 6
Sol. No. of sol of sinzx = ||n||x||

y =sinzx,y :||n||x||

No of sol =

MJ =
B3N\ 0 1N__2 3

No. of solutions 6

2. Let f (X, y)be a periodic function satisfying the condition

f(X, y)= f (2x+2y,2y—2x)Vx,yeR and let g(X)be a function defined as

g(x)=f (ZX,O). If T is period of g(X)then find the value of T/4.

Key. 3
Sol.  f(x,y)=f(2x+2y,2y—2x)=f(2(2x+2y)+2(2y—2x),2(2y—2x)—2(2x+2y)

= f(8y,—8x)

= f(8(= 8y))= f (-64x,—64y)

= f (-64(-64x),-64(-64y))

= F(2% 2“ y)
f(xy)= f(212x,212y)
f(x,0)> f(2°x,0)
g(x)=f(2:,0)=f(2%2",0)

= f(2%,0) =g(x+12)

= g(x)=9(x+12)

= period of g(x)is 12=T = %=3
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. X 2X 9x
3. If [sm X]+ — |+| — | = —— when the number of solutions in the interval
27 Y/4 Or
(30, 40) is (where [.] is GIF)

Key. 1

[]_HLH
Sol. 2z L2z] Sz |57 No. of solutions = 1.

4. Let f(x) beareal function not identically zero such that

f (x+ y2n+1) = f(x)+{f (y)}szr1
ne N andx, y are any real numbers and f '(0) >0, then the value of f (5) is.
Key. 5

Sol. Given f(x+ y2n+1): f(x)+{f(y)}2n+1 - Q)
Diff w.rt. ‘X’

f '(x+ y2n+1)(1+(2n +1).y2n.g—yj
X

- f'(x)+(2n+1).{f(y)}2n.%

Q xandy are independent real numbers

&,
dx

f'(x+ y2n+1)= fi(x) - @

= f (X) —xV2n+l ix=0

(1) f'(x)=f'(0) when y=x2™L ang x=0
integrating
f(x)="f'(0)x+c putingx=0,y=1
- f(1)=0;c=0 in the given equation

Q f(x)=f'(0)x
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5. Let f(X) be a function such that f(X—l)+f(x+1):\/§.f(x)VXeR. If

99
f (5)=10. Then the value of g'(X) where g(x)= > f(5+12r) is.

r=0
Key. 0
sol. f(x—1)+ f (x+1)=J§.f (x) -@
Putting X =X+1
f(x)+f(x+2)= \/_f(x+1) - (2)
Again putting X =X+1
f(x+1)+f(x+3)=J§.f(x+2) -(3)
+©3) = f(x=1)+ f (x+3) = f(x+1) - (9)
Continning like this we get

f (X) is a periodic function with period ‘12’
99
Then g(x)= Y f(5+12r)=100x f (5)

r=0
= 1000

=0 (X) = a constant function . Hence ¢ (X) =0

2
6. Let ‘f is a differentiable function such that f '(X) =f (X)+I f (X)dX, f (0) =
0

then the value of [ f( 2)] where [] denotes the greatest integer < X is.

Key. 5
2

Sol. ~ Given f'(x)=f(x)+A where A:I f (x)dx
0

Solving — (1)

f(x):x(eX —1)+

4-¢2

2 e? -1
Q [ f(x)dx=A=2=1and A==
0

2
f(x)=eX -1+ ———=¢* —l(e2 —1)
3 3
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7. If ‘" is a polynomial function satisfying the condition

f (tanx)+ f (cotx)= f (tanx).f (cotx)

VX e (_—n,gj —{O} and f (2) =9 then the value of % is.

2

Key. 2
Sol.  Putting tanx=t,we get f (t) is a polynomial function of the form, f (t) =+t"+1

Whent=2, f(2)=9=n=3 -~ f(t)=t3+1

f'(2
f'(2)z12 .'.L:2
6

8. f is a function such that f (x) +2f(1—x) =x*+1. Value of f(3)is
Key. 0

Sol. f(X)+2f(l-x)=x*+1
Q=X +2f(X) =(1-X)* +1=Xx"—2x+2
Solving we get 3f (X) = x> —4x+3
£(3)=0

0. If nis a natural and 1<n <100, then the number of solutions of

n + n + n =E+E+E (where [.] denotes the greatest integer function)
2 3 5 2 3 5

Key. 3
Sol. From the given equation, we have

R
{20 {2h {20 0swnere 1amarr

But each of the fraction part functions is positive and their sum is zero. Hence each of the
. L nnn., .
fraction part function is zero. Consequently, each of 2’3’5 is an integer. The 1.c.m. of 2,3,5

is 30. Therefore we can take n = 30k where k is an integer.
Hence the number of solutions such that 1<n <100 is = 3 (viz. n = 30, 60 and 90)

10. The number of solutions of the equation x* +[X]—4x+3=0 is ([.] > denotes the greatest
integer function)

Key. O

Sol. From the given equation, we have X2+(X— f)—4x+3=0, where f = F. P. F. such that
0<f<1

:>(x2—3x+3)— f=0= f =x*—3x+3.

But 0< f <1. Therefore 0<x? —3x+3<1 (1)
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3+49-12

Now, solving x* —3x+3=0, we get X :T = imaginary

x* —3x+3>0 forall xeR.
Again from x* —3x+3<1, we get X* -3x+2<0=(x-2)(x-1)<0
= l<x<2.
Thus the inequality (1) is satisfied if 1 <x<2 = [x] =
Putting {x} = 1 in the given equation, we get
X2 +1-4x+3=0= x> —4x+4=0=(x-2) =0=>x=2.
But x = 2 does not satisfy the inequality 1 < x < 2.
Hence no x is available to satisfy the equation. That is, the given equation has no solution.

11. Number of distinct real solutions of Sin zX = ‘In |X” is
Key. 6
Sol. No. of sol of Sin 7zX:||n||X||

y =sinzx,y =|n||X|

No of sol =6

N J =X
-3 N\___/-2 -1 0 1N__2 3

No. of solutions 6

12. If f is a polynomial function satisfying

2+f(x).f(y): f(x)+f(y)+f(xy)Vx,yeR and if f(2):5then the value of

f(f(1))is
Key. 5
Sol. . 2+ f(x).f(y)= (y)+ f(xy)vx,yeR....(0)f f(2)=

j ( j+ £ (1)...(i)

)+f()+f()

Put y——:>2+f f(

< |~

Putx=1=2+f(1).f (1)
= [f@)] -3.f(1)+2
=[f(1)-2][ f(1)-

As f(2)=5=f(1)=1=f(1

s -

]

< |~

J
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= f(x)=2x"+1
f(2)=5=1f(x)=x*+1

f(f(1)="f(2)=5

13. Let f (X, y) be a periodic function satisfying the condition
f(x,y)=f(2x+2y,2y—-2x)Vx,yeR and let g(X)be a function defined as
g(x)=f (ZX,O). If T is period of ¢ (X) then the value of T/4.

Key. 3

Sol. — f(x,y)="f(2x+2y,2y—-2x)=f2(2x+2y)+2(2y+2x),2(2y—2x)~2(2x+2y)
= f (8y,-8x)
= f(8(-8x),-8(8y)) =t(-64x,-64y)

= f (-64]-64x|,-64(-64y))

f (212 X, 12 y)

f(xy)="f (212x,212y)

f(x,0)> f(2%x,0)

g(x)=f(2%,0)=f(2"2,0)
= £(27,0)
=g(x+12)

= g(x)=g(x+12)
= period of g(x)in12=T

~ -3
4

14. Let f(x+1]+f(x—lJ=2f(x)f(1jVX,yeR, y#0 and f(0)=0thenthevalue
y

y y
of f(1)+f(2)=
Key. 0
Sol. Letf£X+%j+f(x—%j ..... (i)=2f(x).f(%ij,yeR
Given f(0)=0

(i) put X=0,y=§weget

£(x)+  (=x)=2f (0)  (x)
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= f(x)+ f(-x)=0= f (x)=—f (=X)......(ii)
(i) = put x=1y=1

f(2)+1(0)=2[f(1)]
f(2)=2[f(@)] ...A)

(i) = put x=-1Ly=-2
f(-2)=2f(-1) f(-1) = -f(2)=2(1)".....B
ForA&B f(2)=—f(2)= f(2)=0= f(1)=0
L t(1)=1f(2)=0
~f()+f(2)=0
15. Let X ={1, 2, 3, ...100} and Y be a subset of X such that the sum of no two elements in Y is
divisible by 7. If the maximum possible number of element in Y is 40 + A then A is
Key: 5
Hint: LetY;be the subset of X such thatyi=7m +i, mel
Yo={7, 14, .....98}, n(Yo) = 14
Y:1=1{1, 8,15...99}, n(Y.) = 15
Y>=1{2,9,16..., 100}, n(Y2) = 15
Y;=1{3,10,16.... 94}, nY3) = 14
Ys=1{4,11,18 ... 95}, n(Ys) = 14
Ys=1{5,12, .... 96}, nYs) = 14
Y6 =1{6,13, .... 97}, n(Ye) = 14
The largest Y will consist of (1) an element of Yo (ii) Y1 (iii) Y2 (iv) Ys0r Y,
= The maximum possible number of elementsinY =1+ 15+ 15 + 14 =45,

16. Let ‘f"is a differentiable function such that

2
f '(X) =f (X)+J. f (X)dX, f (0) = 4- then the value of [f (2)] where [.] denotes
0
the greatest integer < X is.
Key. 5
2
sol.Given f'(x)=f (x)+ A where A:I f (x)dx
0
Solving — (1)
4-¢2

f(x)zk(ex —1)+

2 e? -1
QIH}MXzA:%zlmdAz—E—
0
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2
f(x):ex—1+4_e =ex—é( 2—1)
2
f(2)-22 [1(2)]-5

17. For non negative integers M, N define a function as follows

n+1 if m=0
f(m,n)= f(m-11) if m=0,n=0
f(m—l,f(m,n—l)) if m=z0n=0

Then the value of f (1,1) is

Key. 3
s S =soso)=r{0.r(01)=s(0.2)=3

18. If function f satisfies the relation f(x). f' (—x)=f(—x). f'(x) for all x and f(0) = 3, now if f(3) =
3, then the value of f(-3) is
Key. 3

sol.  f(x)xf'(—x)=f(—x)xf'(x)
=f'(x)xf(—x)-f (x)xf'(-x)=0

d
—|f(x)f(—x)|=0
> S0 (%)
=f(x)f(-x)=k
Give (f(O))Z:k:Q =k=9
Then F(3)f(-3)=9  =f(-3)=3
19. If f(x) is twice differentiable function such that f(1) = 0, f3) = 2,
f(4) = -5, f(6) = 2, f(9) = 0 then the minimum number of zero’s of
g'(X) = X*F"(X) + 2xf'(X) +f"(X) in the interval (1,9) is
Key. 2

Sol.  f'(X) =0 has minimum three solution between (1,9)

f"(x) =0 has minimum two solution between (1,9)

Given equations i{(X2 +D)f '(X)} =0
dx
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2 3
20.  The greatest value of f(x)= (3—\/4—X2 ) +(l+ NI ) is A, then A/7 =
Key. 4

Sol. f(x):(3_m)2+(1+ﬂ)3

f(O)‘ ‘

i 0 '
-3 1/3 2 t—'

Lett= v4—x*, clearly 0<t<?2
= F{t)=(@-t)>+ (1 +1)®
For maxima and minima,
= F'(t)=0
-2(83-t)+3(1+1)2=0
3t2+8t-3=0
Bt-1)(t+3)=0

1

t= -3,
3

Also F"(t)|_, =-10 = maxima

u 44l

And F"(t)],ys =+10 = minima

As t # -3, hence maximum value of F(t) will occur at the end points for which
F(0) =10, F(2) =28

Hence, maximum value of F(t) = 28 for t = 2

= maximum value of f(x) = 28 for x = 0.

21. If o is-an integer satisfying | a.|<5—|[x]|, where x is a real number for which 2x tan™x is
greater than or equal to In (1 + x?), then the number of maximum non-negative possible
values of o is
(where [.] denotes the greater integer function)

Key. 6

Sol. Lety= 2xtanx—In(1+x?)
2X 2X

'=2tan "t x +
y 1+x* 1+x°

= y'>0v¥xeR",y'<0VXxeR™ = y>0, VxeR
. 5—|[x]| takes the values 0, 1, 2, 3, 4, 5. {Q |ou|< 5—|[x]|}

o |o|<5-|[x]| is satisfied by o = 0, £1, +2, +3, 4, +5
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22. Let y = g(x) be the inverse of a bijective mapping f : R — R defined as f (x) = 3x3 + 2x. The
area bounded by the graph of g(x), the x-axis and the coordinate at x = 5 is ‘A’ then the value

of 4A-7)is
Key. 6
Sol.  Inverse of y=3x>+2X is X =3y’ +2y
Required area
P
(6.1)
dy
y

1 3y4 1
A= _[5— (3y® +2y)dy = {Sy—(TWL yzﬂ
0

=5_(§+1J=E=E
1 4
41A=13

4A-T7=6

23. Let X ={1, 2, 3, ... 100} and Y be a subset of X such that the sum of no two elements in Y is
divisible by 7. If the maximum possible number of element in Y is 40 + A then A is

Ans: 5
Hint Let Y; be the subset of X such that yi=7m +i, mel
Yo=1{7,14, ..... 98}, n(Yo) = 14
Y.1={1, 8,15 ...99}, n(Y1) =15
Y>.={2,9,16...,100}, n(Y;) = 15
Y;={3, 10, 16.... 94}, nY;) = 14
Ys={4, 11,18 ... 95}, n(Ys) = 14
Ys = {5, 12, .... 96}, nYs) = 14
Yo ={6, 13, ... 97}, n(Ye) = 14
The largest Y will consist of (!) an element of Yo (ii) Y1 (iii) Y2 (iv) Y3 0or Y,
= The maximum possible number of elementsinY =1+ 15+ 15 + 14 = 45,

24. _ Number of real values of x, satisfying the equation [X]2 —5[x]+6—sinx =0[.] denoting

the greatest integer function is
Key: 1

_ 5++/25+4sinx—24
2.1

_ 5++v1+4sinx
- 2
-1<sinx<1
—4<4sinx<4

Hint:  [X]

10
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—-3<1+4sin<5
0<1+4sinx<5
= [X] is an integer < sinXx =0
=[x]=3
=>X=7
25. Iff(x+2)-5(x+1)+6(x)=0 forall, find f(x).
Sol. Let f(x) = e™MX be a trial solution.
Then f(x+2)=e""? =e™" f(x+1)=e™e".
Therefore, f(x + 2) — 5f(x + 1) + 6f(x) =0
= e™ e’ —5e™ e +6e™ =0=e™[e’" —5e" +6 =0
= e’ —5e™+6=0;e™ %0
Let e™ =u. Then from the above equation,
u>-5u+6=0= (U-2)(u-3)=0 u=2oru=3.
e"=2ore" =3
= g™ =2"ore™ =3"
Hence f(x)=A.2"+B3".
26. If the function f(x) satisfies the equation f(x +1) + f(x — 1) = J3 f(x) forall xeR,
(i) show that f(x) is a periodic function and find its period.
(i) If f(2) = 9, find the sum Zglf (2+12r).
r=0
Sol. Wehave, f(x +1 +f(x=1) = V3 f(x) for all ..
Replacing x by x — 1 and x + 1 successively in (1), we get f(x) + f(x —2) = /3 f(x-1) ...(2)
and f(x + 2) + f(x) = §/3 f(x + 1) .(3)
Adding (2) and (3), we get 2f(x) + f(x — 2) + f(x + 2) = /3 {f(x— 1) f(x + 1)}
= /3. /3 f(x); from (1)
= 3f(x)
= f(x+2)+f(x-2)=f(x) .(4)
Replacing x by x + 2 in (4), we get f(x + 4) + f(x) = f(x + 2) ..(5)
Adding (4) and (5), we getf(x +4) + f(x —2) =0 ...(6)
Again replacing x by x + 6 in (6), we get f(x + 10) + f(x + 4) =0 (7
6)-(7) = f(x+10)-f(x-2)=0
f(x + 10) = f(x — 2). ..(8)

Lastly, replacing x by x + 2 in (8), we get f(x + 12) = f(x).
Hence f(x) is a periodic function with period 12. This proves part (i).

(ii) ZQ: f+12n=fQ)+f(2+12) +f(2+24) + ... +f(2 + 12 x 9)

=1f(2) + f(2) + f(2) + ... to 10 terms, since f(x) is periodic with period 12.

11
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27.

Sol.

28.

Sol.

=10 x f(2) = 10 x 9 = 90.

Let f be a function from the set of positive integers to the set of real numbers i.e. f:N—>R
such that (i) f(1) = 1(ii) f(1) + 2f(2) + 3f(3) + ... + nf(n) = n(n + 1) f(n); for n>2.
Find the value of f(200).

Given f(1) + 2f(2) + 3f(3) + ... + nf(n) = n(n + 1) f(n) ..(1)
Replacing n by (n + 1), we get
f(1) + 2f(2) + 3f(3) + ... + nf(n) + (N + 1)f(n + 1) = (n + 1)(n + 2)f(n + 1) .(2)

Subtracting (1) from (2), we get
(n+1)f(n+1)=(Mn+2L(n+2)f(n+1)—n(n+1) f(n)

= f(n+1)=(n+2)f(n+1)—nf(n)

= nfn)=Mn+2)f(n+1)—-f(n+1)=(n+2-1)f(n+1)=(n+21)f(n+1).

Thus, we have 2f(2) = 3f(3) = ... = nf(n).

Hence from (1), f(1) + (n — 1) nf(n) = n(n + 1)f(n)

= fn){n(n+1)-n(n-1)}=1f(1)=1

= (n*+n-n®+n)f(n)=1=2nf(n)=1

L. __t 1
= )=y 200 =550 = 200

If for all real values of u and v, 2f(u) cos v = f(u — v), prove that for all real values of X,

(i) f(x) + f(— x) = 2a cos x (i) f(n—x)+f(-x)=0 (iii) f(n—x)+f(x)=2bsinx
Deduce that f(x) = a cos x + b sin x where a and b are arbitrary constants.

Given f(u + v) + f(u — v) = 2f(u) cos v ..(1)
Puttingu=0and v =xin (1), we get f(x).+ f( — x) = 2f(0) cos x ..(2)

= 2a cos x where a = f(0).
This proves (i).

Again putting u =g—x and v=g in (1), we get

f(n—x)+f(—%)=0; Qcosgzo.

This proves (ii).

Again, putting u =g—x andv =g—x in (1), we get

f(x—x)+f(x)=Zf(gjcos(g—x)zm sin x ..(3)

This proves (iii),

Now, adding (2) and (3), we get 2f(x) + f( — x) + f(—x) = 2a cos x + 2b sin x
= 2f(x) =0 =2acos x + 2b sin x; from (3)

Hence f(x) = a cos x + b sin x.

12
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29.

Sol.

30.

Sol.

31.

Sol.

32.

Sol.

Letf(x +y +1) = (Jf (x)+ff (x))2 forall x,yeR and f(0) = 1. Find f(x).
Given f(x +y + 1) =(4/f (x)+/f (X))2

Putting y = 0, we get f(x + 1) :( f(x) +1)

2
;

Putting x = 0, we have f(1) = (1+1)2 =2%;

Puttingx =1, f(2) = (2+1)2 =3%;

Putting x = 2, f(3)=( f(2) +1)2 =(3+1)2 =47 and so on.

Proceeding in this way, we get f(x) =(x +1)2 )

Find the natural number c for which Zf (C+ r) =16(2" —1) where the function satisfies the
r=1

relation f(x + y) = f(x) .f(y) for all X,y € N (natural numbers) and f(1) = 2.
From the given functional equation f(x +y) = f(x) . f(y), we have f(x) =e** (1)
Where k is a constant.
Puttingx = 1, f(1)=€“=2=€". Hence from (1), f(x) = 2.
This can also be obtained by putting y = 1 so that
F(x + 1) = f(x). f(1) = 2f(x) = f(x) = 2f(x —1).
Putting successively x — 1, x — 2, x — 3, ... 2 for x in the above and multiplying them, we get
f(x)=2".

Now, Zf(c+r) =flc+1)+f(c+2)+..+f(c+n)
r=1
=2 20 25N =224+ 2°2% ...+ 2°2"
=2°{1+2+2%+..tonterms}

- 20.2.M = 2°.2(2n —1)
2

= 16(2" —1):2”1(2n ~1)= 27" =16=2" = c+1=4 ~.c=3.

If the function f satisfies the relation f( x +y) + f(x — y) = 2f(x). f(y) for all X,y €R and f(0) =
0, prove that f(x) is an even function.

Given f(x +y) + f(x —y) = 2f(x). f(y) ..(1)
Replacing x by y and y by x in (1), we have
F(y + x) + f(y — x) = 2f(y). f(x) = f(x +y) + f(y — x) = 2f(x). f(y) -(2)

From (1) and (2), we have f(x —y) = f(y — x).
Now, putting y = 2x we get f( - x) = f(x).
Hence f(x) is an even function.

5 forall X,y eR, find f(x).

i f[xz;y?jzf{wx)}%{f(y)}z

Differentiating both sides partially with respect to x, (keepiring y as constant), we get

13
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33.

Sol.

34.

f-(xz ;yzJx%(Zx)=%[2f(x)f'(x)+O]:>Xf'(xz ;y2]=f(x)f-(x) (1)

Similarly differentiating both sides partially with respect to y (keeping x as constant) or
interchanging x and y, we get

i {Xz ;yz ] —f(y)f'(y)b @)

f
Now, dividing (2) by (1), we have §= f

fO)f'(x) f(y)f'(y) k(=f(1)f'(1)) say

= f(x)f'(x):kx:jf(x)f'(x)dx:kadx

= {f(:)} =kx?2+c:>{f(x)}2=kx2+2c.

Whenx=0,y=0, f(0)=0or1.
= {f (O)}2 =0+2c= EitherO=2cor1=2c.

c=00rc=£.
2

Hence f(x)=xkx? or +vkx*+1.

Let f:N—>N where f(x) = x+ (—1)“. Find the inverse of f.

x—1

We have, f(x) = x + (1)

Putting successivelyx =1, 2, 3, ..., we get
f(1)=1+1=2;f2)=2+(-1)=1;f(3)=3+(-1)’=3+1=4;f4)-1=3
f(4)=5+1=6;f(5)=6-1=5; .....

From above, we see that the graph of f(x) consists of the points (1, 2), (2, 1), (3, 4), (4, 3),
(5, 6),(6,5),....

Thus if (a, b) is a point on the graph, then (b, a) is also a point on the graph.

Hence the inverse of is fitself i.e. f(x)=x +(—1)H; xeN.

1+x* x>0
We have, y=(1+ xz)sgn(x): 0 ‘X =0
—(1+x2) ‘X <0.

The graph of the function is shown as below:

14
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»

A 4

v
From the graph, we see that f is one-one and hence invertible.

Now, for the interval x >0, we have y=1+Xx*> = x’ =y -1=x=,y—-1,y >1.
Hence its inverse is y=+/X-1;x>1.

For the interval x < 0 we have y:—(1+ xz);y<—1:> X*+l=-y=>x’=-y-1

= x=,/-(y+1); y<-1.
Hence its inverse is y = —/—(X +1);x < —1.

X—-1 X>1
Thus the inverse of the given functionis Y = 0 ;x=0
=J(x+1) ;x<-1.

The graph of the inverse of f(x) is the mirror image of th given function in the line y = x as
shown below:

J R

y=X

y=1"(x)

R
[

4

v
35. Let f(X) =ax’ +bx® +cx+d sin x. Find the condition that f(x) is always one-one function.
Sol.  Given: f(x)=ax’+bx*+cx+d sinx

For f(x) to be one-one, f should be strictly monotonic i.e. either f is strictly increasing or
strictly decreasing.

Differentiating (1), we get f (X) =3ax® + 2bx +c+d cosx

>3ax’ +2bx +c—|d|; for |cos x| < 1.

15
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If f(x) > 0 for all X e R, we must have a >0 and 4b? —4.3a(c—|d|)<0
(from the quadratic expression)
= b? <3a(c-|d]).
i (X) is strictly increasing if a >0 and b < 3a(c - |d|).
Also. f'(x)=3ax" + 2bx +c+d cosx
<3ax* + 2bx +c+|d|
If f'(x)<0 forall xeR,a<0and 4b*—12a(c+|d[)<0=b* <3a(c+|d]).

Hence the required condition is (i) a >0, b® <3a(c—|d|) (ii) a<0, b* <3a(c—|d|).

36. Let f:[0,1}>[0,1] defined by f(X):i_—X, for 0<x<1 and let g:[0,1] —>[0,1]
+ X

defined by g(x) =4x(1—x),0<x<1.Ifrange of fog(x) is [o.3], then o+ =
Key. 1
Sol.  fog(x) = f(g(x)) = f(4x(L-x))
1-4x(1-x)
1+4x(1-X)
But 4x—4x% >0 = 0<x<1
4x—4x2s1:>Qx—D220:>XGR

_ 2
Hence fog(x) :M 0<x<1

1+ 4x—4x2.
4x% — 4x +1
—(4x% — 4%) +1
put 0<x<1 te[-1,0]
1+t dy 1-t+1+t
:—’—:—>
1-t dt (1—t)2
Range of fog(x) =[0,1]
=a+p=1

when 0 <4x(1—x)<land 0<X<1

Let y = , 0<x<1

0

x—-1
c—x2+1

largest integral value that ¢ can attain is equal to
Key. 0

1
37. If the function f(X)= does not take any value in the interval {—l,—é} , then the

Xx-1

Sol. Lety=f(x)= 5
c—x"+1

Take y=—t,where t € {%,1}

16



Mathematics Functions

x—1
c—x2+1

= x2—c—1=XT_1:>x2—%x+%—c—1=O

o —t=

1 .
As —te {—1, —5} , hence the above must not possess real solution

2
g (}j —4(}—0—1j<0:>i—ﬂ+4£—4c
t t 2 t

Hence, C €| —o0,——
4

38. If f(x)=cos[z*]x+cos[-z°]x where [x] stands for greatest integer function, then

f(2r) - f (%):

Key. 3
Sol. f (x) = cos9x +cos10x

f(27z)—f[%):1+1—0+1:3

39. If f(X+Yy,X—Y)=Xy, then the arithmetic mean of f (X, y)and f(y,—x) is

Key. O

a+b a-b
Sol. X+y=a,x-y=b=x= 5 Y= >

f(a’b):(azbj(a;bj: a ;b

2 2 2 2
AM - f(X-y)+2f(y,—x):x —y Zy X _o

40. If f(x)=1+aX,a #0 istheinverse of itself then [| a []=
([.] denotes greatest integer function)

Key. 1

x-1
Sol. l+ax=—=a=-1
a

17
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41.

Sol.

42.

Key.

Sol.

43.

Key.

Sol.

44,

Ans.

Sol.

f:R—>Risgivenby f(Xx)=

(5
11

Key. 5

X

a

ax+\/5

Y XeR, then

- @ 2)

fl-x)=1-f(x) = f(x)+ fL-x) =1

= 1[4 1(2)
11 11

i x+1 if x<1
If the function f(x):{ _
2x+1 if 1<x<2
2 J—
and g(x)= X 1Sngthenthe number
X+2 2<x<3
of roots of the equation f(g(x))=2 is
2
xX*+1 -1<x<1
f X))=
(g( )) {2x2+1 1<x<+2
f(g(x))=2=x"+1=2 & 2x*+1=2

Xx==%1 X=

1
+—
J2
No. of sol =2

The number of points (p,q) such that p,qe{1,2,3,4} and the equation

px* +0x+1=0 has real roots is

-

px® +gx+1=0 hasreal roots = ¢° —4p>0=4p<q°
:>(1,2)(1,3)(1,4)(2,3)(2,4)(3,4)(4,4)

.. number of points =7

Solve the following equation for x (where [x] & {x} denotes integral and fractional part of x)
Ix—1]=2[x]-3{x}

x=3/2,1—1
4

G4
x-1=2[x]-3(x}

(i) if x>1,thenx—-1=2[x] -3 {x}

[X] + {3 - 1= 2[] - 3{x}
43 =1+[x]

18
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45.

Ans.

Sol.

46.

Ans.

0<1+[x]<4

-1<[x]<3

possible value of [x] are 1 and 2

it [x]=1 then {x) =% L x=3/2

. 11

if [X] =2, then {x} = 3/4 X = 7
(i) X < 1, then the equation becomes

1-x=2[x]-3{x}

1—[x]—{x} = 2[x] - 3{x}

2{x}=3[x]-1

0<3[x]-1<2

ie. 1<3[x]<3

i.e. %s [x] <1 which is not possible

11 .

X = 3/2,2 are the only solutions
Find the period of the following functions
0] f(x)= tang[x] , Where [.] denotes greatest integer function
(ii) f(x): sin X +sin3x

COS X + COS 3X

T

(i) f(x):tang[x]f(x+l)=tang[x+1]=—cotg[x]
f(x+2)= tang[x+ 2]= tang(2+[x])

= tan(n+g[x]j = tang[x] =f(x)

2 is period of f(x)
1 is not a period of f(x)
o 2 is the fundamental period
(ii) f(x)= sinxtsindx _ 28IN2XCOSX _ . oy where x #(2n +1)E, (2n +1)E
COSX +C0S3X  2C0S2X.COSX 4

2
domain is

f [x + g} =tan Z[X + g] =tan(2x+m)=tan2x it seems that g is a period but it is

not because f(0) is defined where as f(gj is not defined.

Period is &
Find domain and range of the following:

M f(x [X]

f ):cos’1 Iog[x] =, where [.] denotes the greatest integer function
X
(i) f(x)=

Iog[H] sinx , where [ ] denotes greatest integer function.

D:[3,n)u D(Znn,ZnnJr n);  Ri(-,0]

n=1

19
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Sol. (i) for domain (i) [X]>0and[x] #1  so [X]>2,50 x €[2,)

for range if XE[Z,OO), then %zl ) f(x):cos’lozg
Range of f(x)zg Ans.  D:[2,0);R:{n/2}c

(i) f(x):log[x_l]sinx
sinx>0 = XG(Znn,(Zn +1)n)

here[x—1]>0& [x-1] # 1 = x €[3, =]

Domain x e[3, n U{O(Znn, (2n +1)nj .

n=1

For range sinx €(0,1] and [x—1]&[2,00) so range &(—o0,0]

{Ans. : D:[3,n)u0(2nn,2nn+n); R:(-o, 0]}

n=1

47. If f(x) + f(y) + f(xy) = 2 + f(x). f(y), for all real values of x & y and f(x) is a polynomial
function with f(4) = 17, then find the value of f(5)
Sol. Letx=y=1
F(x) + f(y) + f(xy) = 2 + f(x). f(y)
3f(1) = 2 + (f(1))? = f(1) = 1, 2. But given that
f(1) #1sof(1)=2

Now put y=l
X
1

1
f(x)+f(;j+f(1)=2+f(x).f(;j
sof(xX)= £ xn+1
Now f(4) = 17 = +(4)" +1=17=>n=2

f(x)=+(x)2 +1.

2(1-2x
48. Determine a function f satisfying the functional relationf(x)+f( L jz ( )
1-x)  x(1-x)
X+
Ans.  f(Xx)=—~
Sol. f(x)+f(i)23_i
1-x) x 1-x
Put x:i 1_x—1_i:_i
1- -t 1-t

Put ==t

20
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X X—
2(1-x
o ()= 2 -2 p(ox) 20X 2 o
X 1-x X X—
_2X 2 5 X+1
x-1 x-1 {x-1
X+1
f(x)=—=
(X)=2=
49. Find the integral solutions to the equation [x] [y] = x + y. Show that all the non-integral
solutions lie on exactly two lines. Determine these lines. Here[.] denotes greatest integer

function.
Ans. Integral solution (0, 0); (2,2). X+y=6,x+y=0
Sol.  [X][y]=x+y
let X=1+f
y=1,+f,
then L, =1 +1,+f +f,
Q) ifx,y el
then
Xy =X+y
or yzi
x-1
= (x,y)is (0,0), (2, 2)
(i) ifx,y ¢l
X=1+F
y=1,+f,
then I, +1,+f +f, =11,
= f,+f, el
0<f+f,<2 = f+f,=1
L+, +1=1]1,
_L +1:1+ 2
I, -1 l,-1
l,-1=+1+2, 1,=2,0,3-1
,=3-120
I,1,=6,0
X+y=1l,
= x+y=00rx+y=6
Ans.  Integral solution (0, 0); (2,2). X +y=6,x+y=0

Il
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50.  If domain of f(x)=

3c.
Ans.

Sol.

case-11

sin” (sinx)

—X_1)>0
X

2
—IogM Iogz(3+

2

2x -1
log, . (Iog ( D <0
xd 2 3+x

0<X+4<1 ie.
then Iogzzx—_1>1 i.e.
3+X
X+3<0 i.e.
-4<x<-3
. X+4 .
if >1 ie.
then 0<log, 271 g
3+X
ie. M>O and
X+3
ie. X_4>0 and
X+3

i.e. {x<-3orx>4}and
i.e. X>4

from (i) and (i) x e(—4,-3)U(4,)
a=-4,b=-3,c=4andsoa+b+3c=5Ans.

2x -1
\/—Iog[X+4j Iogz( 31 x j
2

a=-4,b=-3,c=4andsoa+b+3c=5
Domain of sin’l(sin x) is which of R

-4<x<-2

2x -1
3+ X
X<-3

...

X>-2

>2 i.e.
3+ X

2x =1
3+ X
2X-1-6-2X
E—NIN— <
X+3

i.e. 1< <2

0

2X—-1-6-2X
R ———

0

is (a,b)U(c, ), then find the value of a + b +

22



Mathematics

Functions

1.

Key.

Sol.

Functions
Matrix-Match Type
Column -1 Column-11
A) Domain of f(X)= P) {—1,%}

Iog[ax3 +(b+ a)x2 +(b +c)x+c}

If b2—4ac<0,a>0 is

B) Domain of f (x) = Q) R- {é,l}
In (tan_l((x?’ _6x2 +11x —6)X(e* —1))) s
X2 —3x+2
C) range of f(X) = S R) (—1,00)
X" +X-6
.2 X X .
D) range of f(X) =sin 2 + COSZ is S) (1,2) U (3,)

A-prB-qnrC-rs;D-q,r

A) f(x) = log(x(ax? +bx+c) + (ax? +bx + c)

— log(x +1)(ax? +bx + )

.. domain of f(x)= (—1,)

as aX2 +bx+c >0 Vxsince a>0,A<0

B) For In(tan L (x=1)(x — 2)(x — 3)x(e* — 1)) to be defined
x(e* =D (x-1)(x=2)(x—3) >0

X e (1,2) U (3,%)

x-1
0) y=f(x)=
X+3
and X=% y#land X—>2= y—>%

for X #2,-3

s.rangeof f(X)=R-— {1%}

D) f(x):l—cos2 X

4

2
—+cos§=§—(cos§—lj :>—1sf(x)sE
4 4 4
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2. Let f,g:R — R be the functions defined by f (X) =x’+land g (X) = 2[X]—1 where

[X] is the largest integer < X. Then match the items given in Column | with those in Column
1.

Column-1 Column-2
(A) 1 (P) 3
£l =

(go)(zj

(B) 3 Q) 0
(fog)(;j

C R 2

() (fogof)(Ej (R)

4

(D) 2 (S) 1
(gofog)(gj

Key. A-s; B-r; C-r; D-p

Sol.  (A) (gof )(%j= g{f (%ﬂ = g(%j =2(1)-1=1
3

9
=f(1)=1"+1=2
) (g0r09) 2 (ao1)| 6 £ |- sor)(-)=a[ 1 (-]
—g(2)=2x2-1=3
3.
COLUMN-I COLUMN-II
(A) [ 1f fis afunction such that f (0)=2, f (1)=3 and | (P) 4
f(x+2)=2f(x)— f(x+1),then f(5) isequal
to
® ﬁf(x):{ﬁ’ Or X209 then 1 (VI3) - o ’
X, for x<0
(C) [if f(x)+2f(1-x)=x*+2forall XeR,then | (r) 12
f(5)is
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Mathematics
) ' 8 (s) 11
if f(x)= 4 forall XeR, then f(Ej:
4"+ 2 = 7
(t) 13
Key.  A-s; B-s; C-g; D-q
Sol.  (A)Given f(0)=2,f(1)=3

and f(x+2)=2f(x)-f(x+1)
Put x=0
f(2)=2f(0)-f(1)=2x2-3=1
Put x=1
f(3)=2f(1)-f(2)=2x3-1=5
Put X =2
f(4)=2f(2)-f(3)=2x1-5=-3
Put x=3
f(5)=2f(3)-f(4)=2x5-(-3)=13
(B) V13>0= f(J1_3)=(J1_3)2=13
(©) Given f(x)+2f(1-x)=x*+2,VxeR —(1)
Replace X by 1—Xx
f(l—x)+2f(x):(1—x)2+2 —(2)
Multiply Eq (2) by 2
2f (L-x)+4f (x)=2(1-x) +4 ——(3)
(3)-(1)=3f (x)=2(1-x)’ =x*+2
Put x=5
3f (5)=2x16-25+2=9

f

(5; 3

= _
(D) f(x)=

4*
4%+ 2
&

= 002523

—
TN/ N
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(+)

6
z (5j=1+1+1=3.
-

k=1
4. Match the following
Column-1 Column-2
(A) 2 3 P) |0

(x-1) =

If f(x)=\/4x+83 _72-4" 2 s

defined V x > a, then f(a) =

B 1 4
®) If 2f(x?)+3f (—Zj =x%*-1 (x#0)then ©
X
f(1) =
© 398 (x 41 R |3
f(x)=[x]+>] { } where [-] denotes the
— 398
greatest integer function and {.} denotes the
fractional part of X, then
f(3) =
(D) | The number of points of discontinuity of S |2

f(x)=[ tanx[cotx]];x e[%%} where []

denotes the greatest integer function.

Key. (A)—> P, (B)—>P, (C)>R,(D)—>R
2 3

Sol. (A) 4 +8° -72-4 2>0

= 2% 42277 _72-2%°>0

= 22X[1+%—%}272

(x1)

2% >64 and x>3
— f(3)=0
S AX+rf 398
© Z%=ﬁ{x} ={x]

r=1
S =[x+ {x=x
= f(3)=3
(D) Q f(x) is discontinuous when cot X e Integer

As ££x<z
12 2

- 0<cotx<2++/3
*. Number of points of discontinuous = 3.
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5.

Key.

Sol.

Key.

Sol.

Match the following.

f:R—{0} >R.Let f(x)=ax+2 (ab=0),

X
Column | Column Il
(A) | a>0,b>0 (P) | f(x) isabijective
B) | 450.b<0 Q) | f(x) isonto function
(C) | a<0,b>0 (R) | f(x) is one-one function
a<0,b<0 f (X) is neither onto nor one-one
(D) (S) ( )
function
(A)—>(S); (B)—> (Q); (C)— (Q); (D)—(S)
Conceptual
Match the following.
Column —1 (Function) Column — Il (fundamental Period)
Here [ ] g.i.f, { } denote fractional part
A f(x):ecosd’”‘+x—[x]+cos2 X Pl
3
B | f(x)=cos(2z{2x})+sin(27z{2x 1
(x) = cos(27 {2x}) +sin (27 {2x}) :
C| f(x)=sin(3z{x})+tan(z[x]) 1
2
D f(X)=3X—[3X+a]—bwhere a,beR’ S |1

A)S;B)R;C)S; D) P

A f(x)= ecos4 X+ X=[x]+cos® zx

cos* 77x,c0s” 7z, X —[ x| are periodic with period 1

.. period of f (X)

B) f(x)=cos2z{2x}+sin2z{2x}

We know period of {ZX} periodic with period 1/2

= period of f (X)iS%

) f(x)=sin3z{x}+tanz[x]

Clearly tan 7Z'[X] =0VXx e R and period of {X}

=sin 37T{X} in period with partial -1

D) for f(x)=x—[x+a]-b=(x+a)-[x+a]-(a+b)
= {x+a}—(a+h)

Which in periodic with period 1

~.for f(x)=3x—[3x+a]-b

= (3x+a)—[3x+a]-(a+b) = {3x+a}—(a+b)

5
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Which periodic with period 1/3

7. Let A={1,3,5, 7} and B={2, 4, 6, 8} and f:A — B, then the number of functions ‘f possible
for
Column-1 Column-I1
(A) | i+f(i)<10,Vie{L 3,57} (p) | 16
(B) | f(i)-i>2,Vie{l35,7} (@) | 24
(C) | f(i)=6,vie{l, 357} (N |0
(D) | f(i)#i+1Vie{l 35,7} (s) |81

Key: A—>q;B-or,Cop,Dos

Hint.  A(q), B(r), C(p), D(s)
(A)For1, 3,5, 7 Awe have 4, 3, 2, 1, choices respectively.
(B) Image of f(7) should be greater than 9.
(C)For1, 3,5, 7€ Awe have 2, 2, 2, 2 choices respectively.
(D) for any i€ A, we have 3 choices.

8. Match the following.

f:R—{0} >R.Let f (x):ax+9 (ab=0),

X
Column | Column Il

(A) | 2a>0,b>0 (P) | f(x) is a bijective

B) | a>0b<0 (@ | f(x) is onto function

(C) | a<0,b>0 (R) | f (X) is one-one function

a<0,b<0 f(x) is neither onto nor
(D) (S) ( ) i
one-one function
KEY:A-S5,B—-Q,C-Q,D-S
Hint  Conceptual
9. Match the following
Column-1 Column-2

(A) \/ 2 a) 3 P) |0
It f(x)=\4"+8% "—72-4 2 s
defined V x > a, then f(a) =

®) If 2f(x?)+3f [iz) =x%-1, (x#0)then Q4
X
f(1) =
(©) B Ix+r} (R) |3

f(x)=[x]+>]
r=1

the greatest integer function and {}

denotes the fractional part of X, then

f(3) =

(D) | The number of points of discontinuity of S) |2

f(x)=[ tanx[cotx]];x e[%%} where []

-———,where [-] denotes
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| | denotes the greatest integer function.

Key: A
Hint: A)— P,(B)—> P, (C)—>R, (D)—>R
2 3
(A) 448" 724" 720
= 2% 4222 _72-_2%3>0

= 22X[1+%—%}272

2% >64 and x>3

= f(3)=0

398{X+r} 398
C ——=—— X =X
(),Z:;‘ 398 398{ f=1x]
Sof(x)=[x] + {x}=x
= f(3)=3

(D) Q f(x) is discontinuous when cotx e Integer

As 1£x<£
12

2
. 0<cotx<2++/3
. Number of points of discontinuous = 3.
10.
Column | Column 11
A The interval containing the complete set of | P {0 1}
2 y o
solution of the equation +|x|=|=| are 2
X
B The interval containing the complete set of values | Q [_11 1]
of ‘a’, for which (a+l)x+ay—1=0 is a
normal to the curve xy =1, are
C Complete set of values of ‘a’ for which equation | R [0,1]
asin®x+|cosx|-2a=0 has atleast one
solution belongs to the interval
D The interval containing the range of the function | S [_1, O]
1
f (X) N\ 2 4 6
1+2cos” x+3cos” X+4c0S” X+.....0
T 1
-1=
2
Key: A-Q; B-Q,ST;
C-P,QRT, D-Q,R
1-x° 1-x* 1| 1-x°
Hint:  (a) +|x| = +X| === x>0=x*-1<0,x#0=xe[-11]-{0}
X X X X

b slope>0:>L+1)>0:>ae -10
a
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11.

Key:

Hint:

(c)a—acos’x+|cosx|-2a=0=>a= |cosx2| = L
1+cos® x |COSX|+
|cos x|
|cos x| €[0,1] = |cos x|+ e[z,w):ae(o,l}
|cos | 2
(d)if x#nz
S =1+2c05* X+3C058* X+ evrrrrunn. (1)
c0S® XS = C0S* X +C0S”* X +.......... (2),  eq.(1)-eq.(2)
sin? xS =1+¢0S® X+ C0S”* X+ ..........
sinsz:#:w: = f (x)=sin"x
1-cos® X sin® x
for x=nz f (x)is not difined, Rangeof f (x)=(0,1]
Column | (Function) Column Il (Type)
(A) f:R—>R (p) one-one
f(x) =x3+3x-7
(B) f:R—>R (g) Onto
f(x) = x3- 7x
(€ f.R>[2,6]f(x) = \/§ sinx - cosx + 4 (r)  non periodic
(D) f:R—>R (s) odd

f(x) = In (x+\/1+ xz)
(A-p, a, r), (B'q, r,S), (C_Q)I (D-p, q,r, S)

) 2tan0/2 A-B 1
sinb= —————— =tan| —— | =3, =
l+tan“0/2 2 3

by Napeir's rule

A—Bj a—-b C
tan =——2Cot—
2 a+b 2

5

C
=cot —=1,9
2
C
If cot 5:1 = area of A = b?

C
r=(s-c)tan§ =>r+c-s=0
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12.

Key :
Sol :

Match the following: -
Column |

(A)  Solution of

[x? —L+sin x| =[x* =1 +[sin x| in

[—2n, 2n]
(B)  Domain of f(x)

_ 1

\/Iogl,2 (x*-7x+13)

(C)  Domain of single valued function

y =f(x) given by 10 +10" =10 is

D
() Let X € (O,gj, then solution of f(x)

1

is
J-log,,, tanx

A—s; B—r; C—>p; D>DELETED

A. ‘xz —1+sin x‘ = ‘xz —1‘+|sin X|

Column Il
(P} (—o0,1)
(a) (E Ej
4’2
(N (3,4)

(s) xe [—2n, —n] u[—l, O] u[l, n] U[Zn]

exist only if (X2 —l) and (sin x) are of the same sign

(Qla+b|=]a]+|b]) onlyif (ab > 0)
S (x2=1)sinx >0

—+ —+ — 4

2n-n-1 01 ©n2rn

= (x-1)(x+1)sinx >0.

thus X € [—21t,—1t]u[—1, 0]

X € [—2n, —n] ] [—1, O] U [1, n] U {2n}
1

\/Iog (x*-7x+13)

f(x)=

1
2
exists if 109, (X2 —7X +13) >0
2

X2 —7x+13<1 and X* —=7x+13>0
2 7V 3
=X -7X+13>0> X—E +Z>O

which is true for all x € R

again X2 —7x+13<1=x*-7x+12<0
= (x-3)(x-4)<0

=3<x<4

thus D; is (3,4)
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C. since 10" +10” =10
=10 =10-10*
=y =log,, (10-10)
Now vy is defined if 10—10* >0

—=10' > 10"
1>xie x<1

. Dy = (—oo,l)

D. Here X E(O,E]
2

=0<sinx<l1

again log, x <b=x>a", if 0<a<1and x<a” ifa>1

Thus f(x)= ! exists

J-log,,,, tanx

if —logy,, tanx >0

= log,, tanx <0
= tan x > (sin x)0 =1

=tanx>1

x5 exe03)

, T T
. reqd. sol.is X € (Z,Ej

X

a
ax+\/5

13. Forany O0<aeR, let fa(X)=

with those in Column II.

for all X e R. Then match the items in Column |

Column-1 Column-2

(A) 1929?]: ( k j_ (P) 998.5
~ °(1908 )

(B) ngff( K j_ Q) 1004.5
~ 41998 )

(C) Q0 k (R) 993
Zfl(i ar1n |
) 2010

(D) 2008 ( k j (S) 1004

Key. A-p; B-p; C-q; D-s

Sol. fa(x):ax+\/§:fa(%j:m:%

10

Functions
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14.

T S S U S
: a™ ++/a ;Jm/g a+a’ya a‘*++a
x_}_\/a

“+4a

Now f, (X)+f, (1-x)=2"28 1

107 1 2 1996
f — |+ f | — | +....... +f, | — |+ f
” >Z (1998} (1998) 9(1998) 9(1998} 9(

=L+ ++. +1997
Here t, +145, =1 t, +1,, =1 and so on.

999 1 1
%9 9(1998) 9(2) 2
oo Ans = 1x 998+% =998.5
(B) Similar to (A)

(C) Similar to (A) & (B) Ans :1><1004+% =1004.5
(D) Similar to (A), (B) & (C) Ans =1x1004 =1004

Match the following:
Column —1
A) Let f : R — R satisfies

f(x+y)+f(x—y)=2f(X)f(y)V X,yeR
and f(0)=0,then f(x) is
B) Let f :R — R isdefined by
X —X
f(x):e|x|_—ex,then £(x) is
e +e
C) Let f :R — R be apolynomial

function satisfying f () f (lj =
X

f(x)+f (%) and f(3)=28 then f(x)is

D) let f : R — R is defined by
f (X) =2x+sinx, then f(x) is

Key. A-PRS, B-R,S; C-T; D-QT
put x = y =0, then 2f (0) = 2{F)0)}% = f (0) =1. Now put x=0, then

Sol.

f(y)+ f(=y)=27(0)f(y)
~f(y)=f(-y)= f(x) iseven = f(Xx) is many one
Again f(0)=1 = f(x) cannot be onto

1997
1998

Column -1l
P) Even

Q) Odd
R) Into

S) Many - one

T) Bijective

11
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If X<0 then f(x)=0= f(x) ismany one and neither even nor odd. Clearly f (x) is
not onto, for example f (x) = —1 forany X

f(x)iseither —x" +1or x" +1.But f(3) =28
(X)) = x3 11 which is neither even nor odd but one-one and onto both.

Obviously f (x) isoddand f (X) =2+C0sX >0, so f (x) isone-one.

Also,
f(X) > o0 if X—> o0 and f(X) - —o0 as X = —o0 so f (X) is onto

15. Match the following: -

COLUMN-I COLUMN-II

(A) | If fis afunctionsuchthat f (0)=2, f(1)=3 and (p) 4

f(x+2)=2f(x)—f(x+1),then f(5) isequal to
(B) x?, for x>0 (a) 3

if f(x)=4 " ,then f(+13)=

(%) {x, for x<0' (\/_)

C | If f (X)+2f (l—x)=x2+2 forall Xe R, then f (5) is | (r) 12
(D) x 6 (s) 11

If f (X)= 4X4+2 forall Xe R, then ; f (;jz

(1) 13

Key. A-t; B-t; C-q; D-q
Sol. (A) Given f(O):Z,f(l):S
and f(x+2)=2f(x)—f(x+1)
Put x=0
f(2)=2f(0)—f (1)=2x2-3=1
Put x=1
f(3)=2f(1)—f(2)=2x3-1=5
Put x=2
f(4)=2f(2)- f(3)=2x1-5=-3
Put x=3
f(5):2f(3)—f(4):2x5—(—3):13
() V132 0= f (VI3)=(Vi3) =13
(©) Given f(x)+2f(1-x)=x*+2,VxeR ——(1)
Replace X by 1—Xx
fl-x)+2f (x)=(1-x)"+2 —(2)
Multiply Eq (2) by 2
2f (1-x)+4f (x)=2(1-x)"+4 —(3)

12
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(3)-(1)=>3f (x)=2(1-x)" - x* +2

N—

6
> (5j=1+1+1=3.
-

k=1
16. Let A={1,3,5 7}and B = {2, 4, 6, 8} and f:A — B, then number of function of f possible
for

Column -1 Column -2
(A) | i+f(i)<10, Vi={1357} (p) | 128
(B) | f(i)—i>2 Vi={1357} (a) | 24
(C) | f(i)=6, Vi={1357} (N |0
(D) | f(i)=i+1 vi={1,357} (s) | 81
Key. A-(a);B-(r); C-(p);D-(s)
Sol. (A)Forl, 3,57 A wehave 4, 3, 2,1, choices respectively.
(B) Image of f(7) should be greater than 9.

(C)For 1,3,5,7 € A we have 2, 4, 4, 4 choices respectively.
(D) Foranyi € A, we have 3 choices.

17. Let f(x) = g(x) + h(x)
Where g(x) = l (sin"x + tan~*x)
T

X+1

dh(x)= ————
and hix) X% +2X+5

13
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Column | Column lI
(A) | If domain of f(x) is [a, b], then a + b equals (p) | 4
(B) | maximum value of g(x) is (q) | 1/4
(C) | Maximum value of h(x) is () |0
(D) | If range of f(x) is [/, m], then | + m equals (s) |3/4
Key. (A-r); (B—s);(C—aq); (D-q)
Sol. f(x) can be re—written as
1 1
f(x) = = (sin™x + tan™x) + —
T (X+1)+——
X+1
=g(x) +h(x)
Domain of f(x)is[-1,1] =a+b=0
Maximum value of g(x) is g(1) = 3/4
maximum value of h(x) occurs when (x + 1) + is minimum at x = 1.
. 1
= maximum value of h(x) = Z
.. Range of f(x) is [-3/4, 1]
=/+m=1-3/4=1/4
18.

Key.

Sol.

19.

The correct matching of the functions in Column-I with their respective inverses in Column-II
is

Column — | Column—1I
X<+
b) f(x)= 22X1,x21 . f‘l(x):—m
X° + v 1
2
0 f(x)=x' -2 +2,x<-1 ) f_l(x)zﬂ
X
2
d f(x)=x"-2x*+2,-1<x<0 g f’l(x)=£
X
a)s; b)r;c)p;d)q
Conceptual

Match the following

COLUMN — | COLUMN -1
A | Odd function P | x—[x] vxeR
B | Even function Q Iog(x+ N2 )VXE R

14



Mathematics

Functions

Key.

Sol.

20.

Key.

Sol.

21.

C | Neither even nor odd R
xlog (—“ Xj vxe(-11)
1-x
D | Periodic function S ox/2
Py VxeR
1+2

A-> qB—>rC—>ps;D—>p

X—[X] is neither even nor odd function. It is a periodic function with period ‘1’

log (X—\/1+ X ) is odd function

X

[1+xj 22
xlong )
X422

are even functions.

Let the range of the function f(x) be [a,b] column I gives the function f(x) and

column 11 gives the values of b —a

COLUMN —1 COLUMN — 11
f(x) b—a

A Sin X —cos X + 32 P |8

Iogz \/E 3
B 1 Q |2

3-2sin2x
C . [\/4—XZJ R |4

sinlog, 5

1-x

D | x*-x+1 S |3

X% +x+1 4

A->gB—o>rCo>qgD—>p

b) ———————
3-2sin2x

= Range is F,l}:b—a:—
5 5

4

) VA—-X2>0=-2<Xx<2 & 1-x>0= x<1.. Domain (-2,1)
Range is [—1,1] =b+a=2
Match the following: -
Column -1 Column-1I
(A) | The number of possible values of k if fundamental period | (p) | 1
of sin*(sin kx) is g is
(B) | Numbers  of elements in the domain of | (q) |2
f(x)=tan" xsin™"x +sec™ x is
Cc ry |3
© Period of the function f(x)zsin(%}cosec(n—;j is )
(D) | If the range of the function f(x)=cos™[5x] is {a, b, c} | (5) | 4
anda+b+c =L;, then A is equal to (where [.] denotes

15
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greatest integer)

t) [0
Key. A->qgB—->qC-o>qgD-or
Sol. (A)  Fundamental period of sin™*(sinkx) is fﬁ:% ie. kl=4ie k=+4
(B)  domain of tan'x is R, domain of sin"x is [- 1, 1], domain of sec™x is
(~o0-1]ut0)
domain of f(x) is {- 1, 1}
© 7 is a period of sin x. cosec X
2 X X
nx— isaperiod of sin—. cosec—
b 2 2

. i . . TIX X
i.e. 2 is a period of sin ?cosec?

f(x+1) =sing(x +1)cosecg(x +1) :cosgx. sech =f(x)

(D)  f(x)=cos™[5x]
[5x] can take the values -1, 0, 1

T
range =< m,—,0
| {“ 2 }

a+b+c=n+£+0=3—n
22. Match the following: -
Column -1 Column-1I

A One to one
) Function f: [0 3} [0,1] defined by f(x)=+/sinx is (P) function
(B) : . X+3 . (@ | May — one

Function f :(1,00) — (1,0) defined by f(x):ﬁ is function
C r) | Into function
© Function f: [ g 4—5}—)[ 1,1] defined by f(x) = sin x is ")
D 2 s) | Onto function
© Function f:(2,00) —[8, ) defined by f(x)= X_is ©)

Key. A->qgB—->qC—->qgD-or
Sol.  (A) f'(x)= ! COS X

24/sinx
f'(x) is positive if x e {Oﬂ

f is one to one function

Since OSng

OssinxgE
2
Os\/sinxxgﬂfg <1
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(B)

(©)

(D)

fis into function
f (x) _ X+3

x-1

Px)= (x-1)2
f'(x)<0
Sincex>1

Hence f(x) is one to one

Range of y:X—Jr:l3 is (1, o)
X_

f is onto function

_E<X<4_TC
3 3
F(x) = sin X
from graph f(x) is many-one and onto
XZ
f(x)=—2——
(X)="—=
_ _y2
f'(x):(x 2).2x2 X
(x=2)
x? —4x
f'(X)=——
f'(x)<0 if 2<x<4

f(x) is many-one

f(4) = 8 (is the least value of f(X))
range =8, )
f(x) is onto.

23. Match the following: -
Column -1 Column-1I
(A) | If smallest positive integral value of x for which | (p) | 4
X2 —x—sin*(sin2)<0 A, then 3+ is equal to
(B) | Number of solution of 2[x] =x + 2 {x} is (where [.[]{}are | (q) | 1
greatest integer and least integer functions respectively)
C ry |2
© If x*>+y?=1 and maximum value of x + y is % then )
A isequal to
D s) |0
) f(x+%j+f(x—%j:f(x) for all xeR, then period of ©)
f(x) is
® 3
Key. A->qgB—->qC—->qD->r
Sol. (A) x> —Xx+m—2<0

o lean—7

2
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C1-4n-7 <X<1+\/4n—7
B 2 2
soAa=1
(B)  2x]=x+2{x}
(1 X is an integer, then the equation because 2x = x + 0
i.e. x =0 is asolution
(i) If x 1, the equation becomes
2IX1 = [X] + {x} +2{x} i.e. {x}= %[x]
0<%<1 = 0<[x]<3
possible values of [x] are 1,2
i 1 1 4
if [x]=1,then {x}== X=1l+==—
[x] txd 3 3 3
. 2 8
if [x] =2, then {x!== X =—
[x] =3 3
there are 3 solutions
© Let x=c0s0, y=sin6
X+Yy=C0s0+sin0
maximum value of X +y is J2
1 1
D flx+= |+ x—=|=f(X
©  t[xe3)er(x-3]-10
1 1
= f(x+1)+f(x)=f[x+§j = f(x+1)+f(x—5)=0
3 3
- f(x+5j=—f(x) -, f(x+3)=—f(x+§j=f(x)
f(X) is periodic with period 3
24, Match the following: -
Column -1 Column-1I
(A) | If function f(x) is defined in [- 2, 2], then domain of f(|x| + | (p) (_oo,_4)
1)is
B int -1 -1 -1,1
(B) Range of the function f (x) = SN X +68 x+tanx .o (@ [11]
T
(C) | Range of the function f(x) = 3|sin x| - 4 | cos x| is ) [ [-4,3]
(D) | Range of f(x)=(sin"x)sinx is (s) [O,gsinl}
OIS
4'4
Key. A->qgB—->qC—->qgD-or
Sol. (A |x+1<2 = -1<x<1
(B) Domain of f(x) is [- 1, 1]
f(x):£+tan1XE[E,3—n}
2 4 4
f
19 18]
T 4 4

18
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25.

Key.

Sol.

© Range f(x) = 3 |sin x| - 4 | cos x| for x {Oﬂ
F(x)=3sinx—4cosx € [- 4, 3]
Q f(x) is increasing
Range f() is [- 4, 3] because f(X) is even & periodic with period g .
(D) Obvious
Match the following: -
Column -1 Column-1I
A - _
A Domain of f(x)= sinl(zz—xj is ®) | [-2.)
X
(B) 2x* -2 . (@ | (—o0,—1]U[Lo0)

Rangeoff(x):3 ]
X’ +

©)

Set of all values of p for which the function f(x) = px + | (1) | (—c0,—2]U[2/3,c0)
sin X is bijective is

(D)

If f:(~o0,1]>A is defined by f(x)=x*—-3x, then set | () | [-2, 2/3)
A for which f(x) becomes invertiable, is

(t) (—oo,O)

A->qgB->gC-o>qgD-or

(A)

(B)

(©)

(D)

f(x):sinl(z_—x)

2X

—1£2_X£1 = —ESESE = Xe(—oo,—Z]u[2/3,oo)
2X 2 x 2

yzﬁ = (X +ly=2¢-2 = x*(3y—2)=-y-2
3x%+1

XZ:_y_Z
3y-2

X220 - Y720 o YR2og o ye[2203)

3y-2 3y-2

f(X) = px + sin x

f'(x)=p+sinx

either f'(x)<O0or f'(x)=0

p+sinx<0 or p+sinx>0

p<-1 or p>1

pe(—o0, —1]U[l, »)
From graph range of function [—2, oo)

Also f(x) is one-one
A=[-2,»)
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26. Match the following: -
Column -1 Column -1
(A) | f(x)=xe""™, xe[0,]] () | [0,2]
(B) | f(x)+[3—x|+|2+X|, x€[0,4] (@ | [5, 7]
(©) | f(x)=x*+2x*+5,xe[-11] (n ([0, 1]
D) | f(x)=x".e*, xe[-10] (5) | [5.8]
Key. A->qgB—->qC-o>qgD-or
sol. (A f'(x)=(1-x)(2x+1)e* >0 in[0, 1]
1-2x x<-2
(B) f(x)=1 5 -2<x<3
2x -1 X>3
Min. of f(x) =5
Max. of f(x) =2(4) -1=7
(C) f(x):(x2+1)2+4 Minimum at x = 0
D)  f(x)=2x*(2-x")e™ =  Decreasing in [- 1, 0]
27. Match the following
Column -1 Column -1i
a) If fl(Xz):é Vx>0 and f(1)=1then f(4) = p) O
b) If f1(sin®x)=cos’X VXxeR and f(1) =1 then 2f(0) = q 1
c) If f(sinx)=cos’Xx VxeR and f(1) =1 then 3f(0) = N2
1 for 0<x<1
d) If f*(logx)= and f(0)=0 then f(In2)= s) 3
x for x>1
Key. a)s;b)g;c)qg;d)q
Sol. a)Put x?> =t.Then X =\/f

b) Put SiN®x =1,0<t<1.Then cos®*x =1—t
c)Put sinx =t,0<t <1.Then cos®’ X =1—t2
d)Put logx =t
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