CHAPTER - 12

LIMITS AND DERIVATIVES

KEY POINTS

To check whether limit of f(x) as x approaches to a exists
i.e.,lim f(x)exists, we proceed as follows.

(i) Find L.H.L atx =ausing L.H.L. = lhingf(a —h).
(i) Find R.H.L atx =ausing R.H.L. = lhirrolf(a+h).

(iii)  If both L.H.L. and R.H.L. are finite and equal, then limit at
x =ai.e., lim f(x)exists and equals to the value obtained

from L.H.L or R.H.L else we say “limit does not exist”.
lim f(x) =/,ifand only if lim f(x) = lim f'(x) =/

ALGEBRA OF LIMITS: Let f, g be two functions such that
lim f(x)=/, and limg(x)=m.

° 1Yi£{;[af(x)] = ahgl f(x)=al, foralla g R
o lm/(x)*g(x)]=lim/(x)*limg(x)=ltm
o lm/(x)-g()]=lim /() limg(x)=I-m

lim ) _ /) = i, m#0, g(x)#0
e glx)  limg(x)  m
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: 1 1 1
lim =— =-,
= f(n) limf(x) 1

lim[ 7 ()] = [(lim £ ()

[#0, f(x)=0

=[", forallne N

SOME IMPORTANT RESULTS ON LIMITS:

. x'=a" -
° lim =n-a
xX—a x — a
. tanx
° lim =1
x—0 X
.oe —1
Y lim =1
x—0 X
. log(1+x
° hmL =1
x—0 x
Y

lim £ (x) = lim f(~x)

. sinx
lim =1
° x—0 x
. l—cosx
lim =0
° x—0 X
a’ —
lim =log, a
x—0 X
[ ]

1
lim(1+x)* =e

x—0

SOME IMPORTANT RESULTS ON DERIVATIVE:

d .
—(sinx) =cosx
- (sinx)

d :
—(cosx) =—sinx
- (c0sx)

i(tan x) =sec’ x
dx

i(cot x) = —COSeC*x
dx

d
—(secx) =secx-tan x
dx

d
—(cosecx) = —COSECx - cot x
dx
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i(a) =0, a = constant
dx

Logarithm Properties:

X X

—(e7)=e
dx( )

d 1
—(logx) =—
dx( gx) .

d
d—(a y=a” -loga
X

a® = ¢ (exponential form)

Logac =D, (log form)a>0,c>0

log,(4-B)=log, A+log, B

log, (gj =log, A—log, B

log,(A4")=m-log, 4

log,(1)=0

log,(A)=x, then B* = 4
Let y = f(x) be a function
defined in some
neighbourhood of the
point ‘a’. Let P[a, f(a)]
and Q[a + h, f(a + h)] are
two points on the graph
of f(x) where h is very
small and h # 0.

e logaa=1

e logpa =
9 log, b

[ ]
<)
0Q
o>
Q
I

(base change formula)
mlogk _ kM

a

Q[a+h, f(a+h)]

Pla, f(a)]

v

'y
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SlopeofPQ:f(a-l_hz_f(a)

° If lhirrol point Q approaches to P and the line PQ becomes a

tangent to the curve at point P.

llmf(a+h)_f(a)(

h—0 h

point ‘a’. It is denoted by f'(a).

if exists) is called derivative of f(x) at the

ALGEBRA OF DERIVATIVES:

° i[c-f(x)] = c-i[f(x)], where ¢ isaconstant
dx dx

. j—x[ﬂx) +g(x)] = %[f(x)] + j—x[g(x)]

Product Rule:

. di[ﬂx) g(1= £ L 1g(+ ) L1 ()]
X dx dx

Quotient Rule:

d d
i(f(X)j g Lf(D]=/(x)-— (8]

dx\ g(x) [g(x)])

e Ify =1f(x)is a given curve then slope of the tangent to the
curve at the point (h,k) is given by g—y|(h I()and is denoted
5 (b,

by ‘m
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10.

11.

12.

13.

VERY SHORT ANSWER TYPE QUESTIONS

Evaluate lim 4x+3
x->3 X —2

Evaluate lim

Evaluate lim

Evaluate lim

Evaluate lim

Evaluate lim

Evaluate lim

Evaluate lim

Evaluate Iim5 .
x—0 3X -1

3
Evaluate lim
x—0 X

im log(1-3x)

x—0 X

Evaluate

X
Evaluate lim
x-0 tan x

Differentiate f(x)= x* + cos x
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14.

15.

If y=(x+1)(x-2),find 4
dx

5
X find Y
x-3 ax

If y=

Short Answer Type Questions

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Evaluate lim .7 ~1
=0 (1+x)" —1

Evaluate limw
0 2x + (tan 3x)

. 1—cos2
Evaluate hmﬂ
01 —cosdx

Ify= sinzx.cos3x, thenﬂ.
dx

If y = sin 2x.cos3x, then @
dx

Differentiatewwith respect to x.
X

Differentiate x*+3° + 3* with respect to x.

: 1 .
Differentiatesin’ (x*+x —1) + —— with respect to x.
sec”(x +x—1)

a a+b b b+c e \¢ta
Differentiate(xbj (xj (xj with respect to x.
X X X

Differentiate p ! —+ : -+ 1 —w.rttox.
I+x7+x7 1+x"77+x"7 1+x""+x"°

Find the derivative of x using first principle method.
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4 373
27. 1 lim* = lim¥ %
x—1 x_l X—)kx _k2

then find the value of k.

28.  Find the derivative of (x — 1)(x + 1)(x* + 1)(x* + 1) with respect

to x.

x* =1

4
x J—

29. Differentiate with respect to x.

Differentiate the following with respect to x using First principle
method. (For Q. 30 - 35)

3. +
X
31, Jx
32. cos(x+1)
33. \sin x
a4 2x+3
x+1

35. xcosx

Long Answer Type Questions

Evaluate the following Limits: (For Q. 36 — 58)

8 2
36. 1im—2’§ 3’§ *l
e x4+ 6x° =77
3 2
37 limx ?x +11x-6
=2 x"—6x+8
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

. l—cos2x
lim————

0 x-.tan3x

SIn X — COSX
m—
n T

x——

4 X

4

J3sinx —cosx
m

K
x—>— T

6 ——X

sin x

- (where x° represents x degree)

lim

=0 tan x
3

.oxr=27

lim 5

x—9 X _81

5 5
2 _ 2
lim (x+2)>—(a+2)

x—a xX—a

cosax —cosbx

lim

=0 ]—cosx

. COSx—cosa
lim——

x>a cotx —cota

. l4+sec’x
lim———
rootan” x
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49.

50.

51.

52.

53.

54.

55.

56.

57.

[ 4 1 }
lim 3 -+
=2 x0T =2x" 2—-Xx

_\/a+2x —\/ﬁ
xoa _\/3a+x —2\/;

sin(2 + x)—sin(2 —x)

lim
x—0 x
. 1—cosx-+cos2x
lim —
x>0 sin” x
6" —-2"-3"+1

lim 5
=0 Jog(1+x7)

. tanx-—sinx
lim —
x>0 sin” x

lim 1-tanx
Hgl—\/isinx

Find the values of a and b iflil’l’zl f(x) and 1irr41 f(x)exists where

x*+ax+b, 0<x<?2
f(x)=93x+2, 2<x<4
2ax+5b, 4<x<8

Differentiate the following w.r.t.

(x—=D(x-2)(x-3)

X’ =5x+6

o (et )

(a)

196

[XI — Mathematics]



58.

59.

xsinx +cosx
() ———

Xsin x —cos x
(d) x-sinx-e”
Prove the following statements

dy _(=y)y

X
a) If y=——, then
(@)If v x+2 dx X

(b) If y=e"cosx, thenj—y:\/ze" cos(x+§j

X

() |fy=1_—",then@=_—22
I+x dx  (1+x)

(d) If xy =4, then x[d—y+ yzj =3y
dx
CASE STUDY TYPE QUESTIONS

Mr. Pradeep has a rectangular plot, which is used for growing
vegetables. Perimeter of plot is 50m. Length and width of plot are
x m and y m respectively.

Based on the above information, answer the following questions:-
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60.

i. Relation between x and y is
(@)x+y=50 (b) x +y =100
(C)x+y=25 (d)x=y

ii. Area function, A(x) =

(@) x*-5 (b) 25x — x> (c) X* — 25x (d) 25 — x

iii. Derivative of A(x) w.r.t. x [A’(x)] =

(a) 2x (b) —2x (c) 25 — 2x (d) 2x — 25

iv. Value of x for which A’(x) =0 is

(a)25 (b) 12.5 (c) 5 (d) 0

v. Value of A(x)atx=12.51is
(a) 625 (b) 250 (c) 156.25 (d) 144.25

Consider the following functions.

u(x)=+x, v(x)=cotx, f(x)=u(x)xv(x)

g(x)= u(x) and Ah(x)= ¥(x)
v(x u(x)

Based on the above information answer the following :-

i.  Derivative of u(x) is ii. Derivative of v(x) is
iii. Derivative of f(x) is iv. Derivative of g(x) is

v. Derivative of &(x) is
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Multiple Choice Questions

61.

62.

63.

64.

65.

66.

Note: Q.61 — Q.70 are Multiple Choice Questions (MCQ), select
the correct alternatives out of given four alternatives in each.

sin x .

lim is -

X—oT x J— TE
(a) 1
(c) -1

n n

If limx =80,thennis -

x—2 x_2
(a)2
(c) 4
4
it L=lim* "

x—1 X _1

,then 3L is -

(@2

(c)4

. (1+x)° =1,
lim———————is -
Xlg'l(l—i—x)“—l
(@o

(c)8
limx+xz+x3+x4—4iS
x—1 x_l
(@o

(c) 10

lim sec’x—2 i
Hg tanx —1
(@) 0

(c)2

(b) 2
(d) does not exist.
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1-cos x+/cos2x is

67. lim >
x—0 X
1 3
a) — b) —
(@) 5 (b)
2
© 3 (d)1
68. Iirr(l)(\/x+\/x+\/; ~Jx) is
1 3
a) — b) —
(@) 5 (b)
2
c) — d)1
© 3 (@)
.4 4 dy
69. If y=sin" x+cos" x, then —=
dx
(a) 4sinx + 4cos>x (b) 4sin’x - 4cos’x
(c) —sin 4x (d) 0.
70. 1fy=2"° then Y is
e +e dx
(a) y? (b) 1+ y°
(c) y* 1 (d)1-y
71, lim 222 equals.
X—>00 x
(a) 0 (b)
(c)1 (d) does not ewists
sin(nx)
72. lim _ N3 7 is equal to
x—T 2cosx-1
3
1
(a) 3 (b) 3
1
C) — d)o
(c) N (d)
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—4

(b) 0

(d) does not exist

X
73.  Iff(x) = , then (1) is
(x) i (1)
5
a —_
(@) 5
(c) 1
74, Iffn)= 2% thenf (a)is
(a) 1
1
C —_
©
75, 1f =00 pen D atx=0is
COS X dx
(a) cos 9
(c)0
Directions:

Assertion and Reason.

Each of these questions contains two statements,
Each of these questions also has four

alternative choices, only one of which is the correct answer. You have
to select one of the codes (a), (b), (c) and (d) given below.

76.

explanation for assertion.

explanation for assertion.

Assertion: lim smar _4
x—0 bx b
Reason: lim S%n D é(a,b #0)

=0sinbx a

(c) Assertion is correct, reason is incorrect.

(d) Assertion is incorrect, reason is correct.

(a) Assertion is correct, reason is correct; reason is a correct

(b) Assertion is correct, reason is correct; reason is not a correct
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77.

78.

79.

80.

N | —

Assertion: lin(”)l(cos esx—cotx)=0

tan 2x B

Reason: lim -1

2 X——

2
Assertion: If a and b are non-zero constants, then the derivative
off(x) =ax + b is a.
Reason: If a, b and ¢ are non-zero constants, then the
derivative of f(x) = ax®* + bx + cis ax + b.
Let a4, ay, as, ..... an be fixed real numbers and define a function
f(x) = (x—aq) (x—az) .... (x—an), then
Assertion: lim f(x)=0

X—>a;

Reason: lim (x)=(a—a)(a-a,)..(a—a,), for some a = a4, ay,
Xx—a

Assertion: Suppose f is real valued function, the derivative of f

Sx+h) = f(x)
h

at x is given by f'(x) is given by f'(x) = %ing

Reason: If y = f(x) is the function, then derivative of ‘¥ at any x is
denoted by f(x).

| ANSWERS |
15 2. 4
32 4. 8
6. <
8. log?2
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11.

13.

15.

17.

19.

21.

23.

24.

25.

26.

27.

28.

29.

30.

31.

log, 5 10. —21log 3
-3 12. log 7
2X — sinx 14. 2x-1
5 4

M 16. m/n

(x=3)
1 (Hint: divide by x) 18. i(Hint: co0s20 = 1 — 2 sin” 0)
cos?x.sinx(2cos®x — 3sin®x) 20. 2c0s2x.cos3x — 3sin2x.sin3x
XCOSX — sinx

X2

0 (Hint: Use sin?0 + cos?0 = 1)
0 (Hint: firstly simplify and then differentiate)

0 (Hint: Simplify and then differentiate)

1

8 1. . x"=a" et
— (Hint: Use lim =na"")
3 ra X —q

22. 3x*+ 3x.log3

8x’ (Hint: Simplify using identify (a + b) (a — b) = a® — b?)

4x3 (Hint: Simplify using identify (a + b) (a — b) = a®> - b?)

— 32. —sin(x+ 1)
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33. %cotx\/sinx 34. (x+’|)2
35. cosx—xsinx 36. 2
37. L 38 2
2 3
39. 2 40. -2
0
41, 180 42. 1
n 4
3
2
43, 2@*2) 44. b2 a2
2
. 3 -3
45. sin°a 46. —
2
47. 1 48. e
49. 50 L
' " 33
3
51. 2cos2 52. >
53. (log 2) (log 3) 54. %
55. 2 56. a=-3,b=-
57. (a) 1 (b) 8x +8x~°
—2(x.+smx-coszx) (d) e (xsinx + xcosx + sinx)
(xsinx —cosx)
59. Q. (c) ii. (b) iii. (c) iv. (b) v. (c)
1 —2xcoses’x + cotx
60. i. —/x ii. —coses? x iii.
2 2x
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2x cosec’x + cotx

—(2x cosec’x + cot x)

24/x cot® x 2x°"
61. (c) 62. (d) 63. (c)
64. (b) 65. (c) 66. (c)
67. (b) 68. (a) 69. (c)
70. (d) 71.  (a) 72. (o)
73. (a) 74, (d) 75.  (a)
76. (c) 77. () 78.  (c)
79. (a) 80. (b)
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