CHAPTER -4
COMPLEX NUMBERS AND QUADRATIC

EQUATIONS
KEY POINTS
° The imaginary number J-1=i,is called iota
o For any integer k, i*=1, i**1 =, {2 =1 j#*3=_j
° i=—1;i*=i°=1

° Jax/b =+Jab if both a and b are negative real numbers

° Jaxb= \/E, if atleast one number is positive.

° A number of the form z = a + ib, where a, b € R is called a
complex number.

a is called the real part of z, denoted by Re(z) and b is called the
imaginary part of z, denoted by Im(z)

° at+ib=c+ideoa=c,andb=d
° zi=a+ib,z,=c +id.

In general, we cannot compare and say that z\> z, or z1< z,
butif b,d =0 and a > ¢c then z;> 2z,

i.e. we can compare two complex numbers only if they are

purely real.
° 0 + i 0 is additive identity of a complex number.
° —z = —a —ib is called the Additive Inverse or negative ofz = a + ib
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1 +i 0 is multiplicative identity of complex number.

z . T .
= ——— = — is called the multiplicative Inverse of
a - +b |Z|

-1 1 a—ib
z =—
Z

z=a+ib(@a=0,b=0)
Z =a—ib is called conjugate of z=a + ib

The coordinate plane that represents the complex numbers is
called the complex plane or the Argand plane

|1+ 25| < |z4] + |22|; |21 — 22| 2 |Z4] — |22

A

12, |

12, |

|Z122| = |z4]. |22l;

Zy

Zn

=|2"; 2 =[z]=-2|=|-Z]

— _  _(z) Z
(ZliZZ):ZIizz;LZ_:J:ZT;
(z")=(2)"
2

z.z=|z]|

For the quadratic equation ax? + bx + ¢
=0,a,b,c e R, a=0,ifb®-4ac<0
then it will have complex roots given by,

o —b+iv4ac—b*

2a

W. R. Hamilton
(1805-1865)
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10.

11.
12.

VERY SHORT ANSWER TYPE QUESTIONS
Write the value ofi +i'° +i% +;*°

Write the additive Inverse of 6i —i\/—49

Write the multiplicative Inverse of 1+443 i

(1-2i)

Write the conjugate of

Write in the form ofa +ib :

1
—2++/-3

Multiply 2 —3 i by its conjugate.

What is the least integral value of k which makes the roots of the

equation x” +5x+k = 0imaginary?

Find the real value of ‘a’ for which 3i° —2ai* + (1 - a)iis real.

4n—

Find the value of (—\/—_1) 3, when n  N.

If a complex number lies in the third quadrant, then find the
quadrant of it's conjugate.

Find the value of v—25 x -9

Evaluate :

(i)  -16+3J-25+/-36-/-625
(i) =16 +iv—25+/49 —i\—49 + 14
(it (77 i)

(3 +/51)(3-/50)

(V3 +~2) - (\3 =/2i)

(iv)

63 [XI - Mathematics]



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Findxandyif (x +iy) (2—-3i)=4 +1i.
An+l _ An—1
If n is any positive integer, write value of

If z1 = V2(cos 30° + i sin 30°), o= V3(cos 60 + i sin 30°)
Find Re (z122)

If ‘Z+4‘ <3 then find the greatest and least values of ‘Z+1‘.

Find the real value of a for which3i’ —2ai* + (1—a)i+5 is real.

SHORT ANSWER TYPE QUESTIONS

15
If x +iy = 1/li prove that x* + y* = 1
—1

Find real value of 0 such that, Mis a real number.
1-2icos0
z—5i .
If =1 show that z is a real number.
z+5i

(1+1)x—21 +(2—3z)y+l i

Find real value of x and y if
3+i 31

If (1+)(1+20)(1+30)......(1+ni) =x+iy .
Show, 2.5.10.......... (I+n°)=x"+y’

If z =2 — 3i show that zZ> — 4z + 13 = 0, hence find the value of
47° — 32° + 169.

1+ (1=:Y o
Ifl— | -|— | =a+ib,findaandb.
1-1 1+
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25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

For complex numbers z1 =6 + 3i,z, = 3 —i findi.
Z2

If (§+§zj =1, find the least positive integral value of n
—zl

e . Xy
If (x+iy)3 =a+ibprove (;+g]=4(a2 —bz).

Solve

(i) —(3v2-2i)x—642i =0 (il) iX? — 4x— 4i = 0
Solve |z+1|=z+2(1+1)

If | 2> —1|=|z[* +1, then show that z lies on imaginary axis.
[Hint: Take z = x + iy]

z—2

Show that 3‘ =2represent a circle find its centre and radius.

z—

Find all non-zero complex number z satisfying z = iz’

If iz + 2% -z +i=0 then show that | z | = 1.

2z
If z4, zo are complex numbers such ’[hat,3—l is purely imaginary
2
number then find|2—22
Z1 +22

If z1 and z; are complex numbers such that,

-2z, |z -z, =k(1-[z[ )(1-[.f'). Find value of k
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36.

37.

38.

39.

40.

41.

42.

43.

44,

2] =z =]zl =

LONG ANSWER TYPE QUESTIONS

Find number of solutions of z* +|z|2 =0.

If 21, 2, are complex numbers such that |71 =3%2

21=1and|z,|=1
3-2z.z2,

then find |z, .

Evaluate x* — 4x® + 4x% + 8x + 44, When x = 3 + 2i

1-iz

Ifz=x+iyand w= show that if |w| = 1 then z is purely real.

zZ—1
. 2. _ 2. .
If( 1+12 )x 1+321 Xoreran, o L2 12)1 _axib then show
1+2°% 1+4°i 1+(2n)7i c+id
2 82 1+(2n-1)" ‘b’
that—x——=x....... X (2n 4) :a2 =
17 257 1+ (2n) c +d

Find the values of x and y for which complex numbers -3 + ix2y
and x? + y + 4i are conjugate to each other.

Show that the complex number 2z, z and z3 satisfying

A5 1-iV3 are the vertices of a equilateral triangle.
Z; 723

where - =1+2i then show that | /(z)| =%.

If f(z)=

7T—z
1-2°
If z4, zo, z3 are complex numbers such that

1 1 1

=1then find the value of |z, +z, + z,
4 5 5
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CASE STUDY TYPE QUESTIONS

45.  While solving a typical equation a person finds that one of the

root of the equation is a complex number z = I+ 21., help him to

1-3i

find

i. The standard form of z

1 i | 1 i 1 i
a)——+ b) ——L c) ———L d) —+L
()2+2 ()22 ()22 ()2+2

i. If z=2x+(4-y)i, then
1 7 1
a)x=— =— b =—__ =_
(@)x 2 V=7 (b) x 7 V=
1 7 1 7
C =—, = —— d =——, = ——
(c) x 2 V=73 (d) x 2 V=77

iii. Conjugate of Zis

1-2i 1+ 2§ 1+ 2§ 1-2i
(@) : (b) : . :
1-3i 1+ 3§ 1-3i 1+3§

iv. The modulus of z is

(a)1/3 (b) 1/2 ) 1/v2  (d)1/3
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v. zliesin
(a) I quadrant (b) I quadrant
(c) lll quadrant (d) IV quadrant

Multiple Choice Questions
46. (V-2)(/3) is equal to

(a) V6 (b) —J/6
(c) i6 (d) None of these
47. If —— (a”+1)° =x+iy, x’+y" is equal to
2a—i
(a +1) (a+1)°
b
@) +1 (b) 4a* +1
(c) ((4a - 11)) (d) None of these
48. Ifz= L thenRe(z)=
1—cosO—isin0
(@) O (b) "2
(c) cot6/2 (d) “2cot6/2

49.  Iff(z) = 17;22 where z = 1 + 2i, then [f(z)| is
—Z

@ ! ®) 12

(©) 2|z (d) None of these
50.  The value of (1+i)' +(1—i)" is

(a) 8 (b) 4

(©)-8 (-4

68 [XI — Mathematics]



51. The equation |z+1—i|=|z—1+i| represent a
(a) Straight line (b) Circle
(c) Parabola (d) Hyperbola
sAnt+l  -4n-1
52.  The value of is
(a) 2i (b) —2i
(c) i (d) =i
53. If three complex number z4, z; and z3 are in A.P, then points
representing them lies on
(a) Circle (b) Parabola
(c) Hyperbola (d) Straight line
54.  The sum of series i+i* +i’ +... up to 1000 terms is
(@ o0 (b) i
(c) —i (d) None of these
55. If z, =3 +i\3,z, =3 +i, then the point = lies in
Zy
(a) I quadrant (b) Il quadrant
(c) 1l quadrant (d) IV quadrant
56. If i=+—1then1+ 72+ —F+Pisequalto
(@) 2—i (b) 1
(c) 3 (d) -1
57.  The complex number 11+ %i lies in which of the complex plane
—1
(a) First (b)  Second
(c) Third (d)  Fourth
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58.

59.

60.

61.

c+i

If === =4 +ib where a, b, c are real, than a° + b* =
CcC—1
(a) 1 (b) -1
(c) c? (d -=¢?
If the conjugate of (x +iy) (1 — 2i) be 1 + i/, then
1 3
a =— b ==
(@) x 5 (b) 5
1-i 1-i
C) xiy= b d =
©) x+iy=1; @ ==

If |22 — 1| = |z> + 1, then zlies on

(@) An ellipse (b)  The imaginary axis

(c) Acircle (d)  The rea axis

If z = 1 + i, then the multiplicative inverse of Z is (where
i=~-1)

(@) 2i (b) 1-—i

(c) —il2 (d) 2

Directions: Each of these questions contains two statements,
Assertion and Reason. Each of these questions also has four
alternative choices, only one which is the correct answer. You have to
select one of the codes (a), (b), (c) and (d) given below.

(@)

Assertion is correct, reason is correct, reason is a correct
explanation for assertion.

Assertion is correct, reason is correct, reason is not a correct
explanation for assertion.

Assertin is correct, reason is incorrect.

Assertion is incorrect, reason is correct.

Assertion: Ifjzy + zo|? = |z4]? |+ |z2/% then s purely imaginary.
2

Reason: If zis purely imaginary, then z+z =0
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63.

Assertion: Consider z4 and z, are two complex numbers such

(z)

that |z, |=/ z, |+ |z —z, |, then Im(— =0.
z

2

Reason: arg(z) = 0 = z is purely real.

64. Assertion: If P and Q are the points in the plant XOY
representing the complex numbers z; and z, respectively then
distance |PQ| = |Z2 — Z4|
Reason: Locus of the point P(z) satisfying |z — (2 + 3i)| =4 is a
straight line.

65. Assertion: The equation ix? — 3ix + 2i = 0 has non-real roots.
Reason: If a, b, c are real and b? — 4ac > 0, then the roots of the
equation ax® + bx + ¢ = 0 are real and if b*> — 4ac < 0, then roots
of ax* + bx + ¢ = 0 are non-real.

| ANSWERS |
1. -1+ 2. -7 - 6i
3, L4 4, 210
49 49 25 25

5, 2 13 6. 13
7 7

7 8. -2
—1 10. First

1. -15

12. ()0 (i) 19
iii) —8 iv) ——=i

(iii) (iv) NG
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13.

15.

17.

19.

21.
23.

25.

28.
290.

31.

32.
34.

35.
36.
37.
38.

40,
41,
44,

==, y=— 14. i
T ENET :
0 (zero) 16. 6 and zero
a=-2
T
0=02n+1)—
(2n )2
x=3,y=-1
zero 24, a=0,b=-2
z 30+D) 6. n=4
z, 2
()32 and —2i (i) —2i, -2i
Vo, =2i
radius= 2
3
31, B
Z=0, L, ———1l, ———— 1
2 2 2 2
1
K=1
Infinitely many solutions of the form z=0 *+ iy; yeR
|z, = %% + ) [Hint: |z? =z x 7]
5
Whenx=1,y=-4orx=-1, y=-4
1 (one)
1[Hint: |z =z % z,|z| =|Z]]

72 [XI — Mathematics]



45. 1. (a) ii. (b) iii. (d) iv. (c) v. (b)
46. (b) 47. (a) 48. (b) 49. (a)
50. (c) 51. (a) 52. (c) 53. (d)
54. (a) 55. (d) 56. (a) 57. (b)
58. (a) 59. (c) 60. (b) 61. (c)
62. (b) 63. (a) 64. (c) 65. (d)
73 [XI — Mathematics]



