JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions
AOD (MONOTONICITY)

LetS=(0,1)u(1,2)w (3,4)and T = {0, 1, 2, 3}. Then which of the following statements is (are) true ?
[JEE(Advanced) 2023]

(A) There are infinitely many functions from S to T

(B) There are infinitely many strictly increasing functions from S to T

(C) The number of continuous functions from S to T is at most 120

(D) Every continuous function from S to T is differentiable

2
Let S be the set of all twice differentiable functions f from R to R such that %(x)>0 for all
X

x € (-1, 1). For f € S, let X¢ be the number of points xe(—1,1) for which f (x) =x. Then which of the
following statements is(are) true? [JEE(Advanced) 2023]

(A) There exists a function f € S such that X¢g=0

(B) For every function f € S, we have X< 2

(C) There exists a function f € S such that Xy =2

(D) There does NOT exist any function fin S such that X¢=1
Let f:R — R be defined by

2
X" =3x—-6
X)=—5"—.
f( ) x> +2x+4
Then which of the following statements is (are) TRUE ? [JEE(Advanced) 2021]
(A) f is decreasing in the interval (-2,-1) (B) f is increasing in the interval (1,2)
(C) fis onto (D) Range of f is {—%,2}

For a polynomial g(x) with real coefficient, let my denote the number of distinct real roots of g(x).
Suppose S is the set of polynomials with real coefficients defined by

S= {(x2 - 1)2 (ap tax+ a2x2 + a3x3) :ag, a1, a2, a3 € R}.

For a polynomial .f, let f' and f" denote its first and second order derivatives, respectively. Then the

minimum possible value of (my + my ), where f € S, is [JEE(Advanced) 2020]
Let f:R —(0,1) be a continuous function. Then, which of the following function(s) has(have) the value
zero at some point in the interval (0, 1)? [JEE(Advanced) 2017]
(A) e~ jo F(t)sin tdt (B) x’ - f(x)

©) f(x)+ joi f(t)sintdt (D) x-| 07" f(t)costdt

Answer Q.6, Q.7 and Q.8 by appropriately matching the information given in the three columns of
the following table.

Let f(x) = x + logex — x logex, X € (0,00).
* Column 1 contains information about zeros of f(x), f'(x) and f"(x).
* Column 2 contains information about the limiting behavior of f(x), f'(x) and f"(x) at infinity.

* Column 3 contains information about increasing/decreasing nature of f(x) and f'(x).
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10.

11.

Column 1 Column 2 Column 3
(D  f(x)=0forsomex € (l,ez) (1)  limxse f(x)=0 (P) fisincreasing in (0,1)
(II) f'(x) =0 for some x € (1,e) (1)  limgx_e f(X) =—00 (Q) fisdecreasing in (e,ez)
(III) f'(x) =0 for some x < (0,1) (i)  limy_ye f'(X) =—00 (R) f'is increasing in (0,1)
(IV) f"(x) =0 for some x € (1,e) (iv) limyxe f"(x)=0 (S) f'is decreasing in (e,ez)
Which of the following options is the only CORRECT combination ? [JEE(Advanced) 2017]
(A) @V) (@) (S) B) (@) (i1) (R) (C) (ID) (iv) (P) (D) (ID) (i) (S)
Which of the following options is the only CORRECT combination ? [JEE(Advanced) 2017]
(A) (D) (iii) (R) B) @ @) (P) (©) AV) (iv) (S) (D) (ID) (i) (Q)
Which of the following options is the only INCORRECT combination ? [JEE(Advanced) 2017]
(A) (ID) (iii) (P) (B) ) (iv) (Q) (©) (@) (iii) (P) (D) () (@) (R)
If f: R —> R is a twice differentiable function such that f"(x) > 0 forall x e Ry and f (%) =%, f=1,
then [JEE(Advanced) 2017]
(A) 0<f'(1)S% (B) f'@)=<0
(©) f1()>1 ®) <=1

Let f, g : [-1, 2] = R be continuous function which are twice differentiable on the interval (-1, 2). Let the

values of f and g at the points —1, 0 and 2 be as given in the following table :

x=-1|x=0|x=2

fx)| 3 6 0
gx)| 0 1| -1

In each of the intervals (=1, 0) and (0, 2) the function (f — 3g)" never vanishes. Then the correct
statement(s) is(are) [JEE(Advanced) 2015]

(A) f'(x) — 3g'(x) =0 has exactly three solutions in (-1, 0) L (0, 2)

(B) f'(x) = 3g'(x) = 0 has exactly one solution in (-1, 0)

(O) f'(x) — 3g'(x) = 0 has exactly one solutions in (0, 2)

(D) f'(X) = 3g'(x) = 0 has exactly two solutions in (-1, 0) and exactly two solutions in (0, 2)

Leta € Randlet f: R — R be given by f(x) = x°— 5x + a. Then [JEE(Advanced) 2014]

(A) f(x) has three real roots if a > 4

(B) f(x) has only one real roots if a > 4
(C) f(x) has three real roots ifa <-4
(D) f(x) has three real roots if 4 <a<4




Sol.

Sol.
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SOLUTIONS
Ans. (A, C, D)
S=0,1H)u(1,2)u(3,4)
T=1{0,1,2,3}

Number of functions :

Each element of S have 4 choice

Let n be the number of element in set S.
Number of function = 4"

Heren — o

= Option (A) is correct.

Option (B) is incorrect (obvious)

o0—o

© e—=°
& o } }
1 2 3

For continuous function

Each interval will have 4 choices.

= Number of continuous functions

= 4x4x4=064

= Option (C) is correct.

(D) Every continuous function is piecewise
constant functions

= Differentiable.

Option (D) is correct.

Ans. (A, B, O)

S = Set of all twice differentiable functions

f:R—>R

d& M

—>0in (-1, 1

o L1

Graph ‘f” is Concave upward.

Number of solutions of f(x) =x — xf

/

(1) / X¢=0

-1

— e

Sol.

Sol.

@) xi=1
B i
3) x=2

7 1

= Graph of y = {(x) can intersect graph of y=x

at atmost two points = 0 <xy< 2
Ans. (A, B)

x> —3x—6
f(x)=2 272~
(X) x? +2x +4

(x* +2x+4)(2x=3)—(x* —3x - 6)(2x +2)

(x2 +2x + 4)2

f(-4)=—. f(0)=—%, lim f(x) =1

Range : {—%,%:' , clearly f(x) is into

Ans. (5.00)

£ = (" = 1) hx);

h(x) =a¢+ a;x + alzx2 + a3x3

Now, f(1) = f(-1)=0

= f'(a)=0, 0 € (-1, 1) [Rolle's Theorem]
Also, f'(1) = f'(-1) = 0 = f'(x) = 0 has at least
3root,—1,a, 1 with—-1<a<1

= f"(x) = 0 will have at least 2 root, say B, y

such that
—-1<B<a<y<l1 [Rolle's Theorem]
So, min(my+) = 2 and

we find (mp +mp) =5 for f(x) = (x" —1)* h(x)
3
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5.

Sol.

Ans. (B, D)
For option (A),

X

Letg(x)=¢" — If(t)sintdt

0
sg(x)=¢" - (f(x).sinx) >0 V x € (0,1)
= g(x) is strictly increasing function.
Also, g(0)=1

=gx)>1Vxe(0l)

.. option (A) is not possible.

For option (B), let

k() =x" ~ f(x)

Now, k(0) =—£(0) <0 (As f € (0,1))
Also, k(1)=1-f(1)>0(As f € (0,1))
= k(0). k(1) <0

So, option(B) is correct.

For option (C), let

T(x)zf(x)-i—if(t).sintdt

= T(x)>0Vx e(0,1)(Asf€(0,1))

so0, option(C) is not possible.
For option (D),
T

=X

Let M(x) =x= [ f(t)costat

/2

S M(0)=0— I f(t).costdt <0
0

T

2
Also, M(1) = 1— [ £(t).costdt >0
0

= M(0). M(1) <0

.. option (D) is correct.

6.
7.
8.

Sol.

Ans. (D)
Ans. (D)
Ans. (D)
6to8

fxX)=x+ fmx —x/nx, x>0

F@) = {4t tnx A
X

F(x) = _Lz_l _ —(X2+1)
X° X X
@ f(D)fEH<0  sotrue
an £ fe)<o so true
(III)  Graph of f'(x) so (III) is false

(IV) Is false

As limf(x)=limx{l+€n—x—€nx}=—oo
X—>00 X

X—®©

| \

. (1) s false (ii) is true

lim f'(x) = —o0 so (iii) is true

lim f"(x) = 0 so (iv) is true.

(P) f'(x)is positive in (0,1) so true
Q) f'(x)<0forin (e,ez) so true

As f'(x) <0 V x> 0 therefor R is false, S is true.
Alternate :

f(x) =x+ fnx — x/nx

f'x)= l—Enx =(0 = at x = x¢ where
X
X0 € (lae)
]"’(X)z—L—l <0Vx>0
x> x

= f(x) concave down

fx)

e2

A
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9. Ans. (C)

Sol.  Using LMVT on f(x) for x € {%, 1}

1
f(l)—f(zj_ o
—l—f(c),w ere C € >

1-——
2
L 1
TZZ £1(c)= f'(c)=1, where ¢ 6(5,1]
2
f'(x) is an increasing function V x € R
fa>1
10. Ans.(B,C)
Sol. Let F(x) = f(x) —3g(x)
S~ F1)=3;F0)=3&F(2)=3
.. F'(x) will vanish at least twice in
(_190) U (092)
w F'x)>00r<0Vxe(-1,0)uU(0,2)
So there will be exactly 9 solution in (—1,0) and
one in (0,2)
11. Ans. (B, D)

LR
N

fix)=x" —5x +a
La=5x-x

.. f(x) has only

one real root if
a>4ora<-—4

f(x) has three real roots
if4<a<4




