JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions
COMPLEX NUMBER

1967 +1686isin0
7—3icos0

Let A ={ :0e R} . If A contains exactly one positive integer n, then the value of n is

[JEE(Advanced) 2023]
Let z be complex number satisfying |z |* +2z> +4Z—-8=0, where Z denotes the complex conjugate of z.
Let the imaginary part of z be nonzero. [JEE(Advanced) 2023]
Match each entry in List-I to the correct entries in List-I1.
List-1 List-11
(P) |z|* is equal to (1) 12
(Q) |z—Z | is equal to ()4
(R) |z|* +|z+Z|" is equal to (3) 8
(S) |z+1] is equal to (4) 10
(57
The correct option is :
A P)—>1) Q—->06) R)=>(G) (H—>®)
B)(P)—>(2) (Q—~>(1) R)—>@3) (S)—> ()
O P)—>2) Q—>@ R)—>(5) (S~ (1)
D PE)—>2) Q—->06) R)=>(G) (S —>®)
Let Aj, Ap, As, ........ , Ag be the vertices of a regular octagon that lic on a circle of radius 2. Let P be a
point on the circle and let PA; denote the distance between the points P and A; for i = 1,2,....,8. If P varies
over the circle, then the maximum value of the product PA; - PA,. ..... PAg, is
[JEE(Advanced) 2023]
Let z be a complex number with-non-zero imaginary part. If
2 +3z+47°
237447
is a real number, then the value of |Z|2 is . [JEE(Advanced) 2022]
Let Z denote the complex conjugate of a complex number z and let i = J-1. In the set of complex
numbers, the number of distinct roots of the equation
-7 =i(z+2)
is . [JEE(Advanced) 2022]
Let z denote the complex conjugate of a complex number z. If z is a non-zero complex number for which

both real and imaginary parts of

2 1
Z) +—
() +
are integers, then which of the following is/are possible value(s) of |z| ? [JEE(Advanced) 2022]
1 1
43 +3+205 |* 7++/33 )4
(A) — (B) 2

4 6

©) [9+RJ4 D) (”@]4




JEE Advanced Mathematics 10 Years Topicwise Questions with Solutions

7.

10.

11.

12.

Let 01, 0, ..., 010 be positive valued angles (in radian) such that 6; + 0, + ... + 09 = 2@. Define the
complex numbers z, =eld Z, =zkfleiek for k = 2, 3, ..., 10, where i=+/—1. Consider the statements
P and Q given below : [JEE(Advanced) 2021]

P:lza—zi| +|z3 — 20| + ... +|z10 — 29| + |21 — Z10| < 27

22|22 2 2|2 .2
Q: |22—zl|+|z3 —zz|+....+|zw—29|+|z1 —210|£4Tc

Then,
(A) P is TRUE and Q is FALSE (B) Qis TRUE and P is FALSE
(C) both P and Q are TRUE (D) both P and Q are FALSE

For any complex number w = ¢ + id, let arg(w)e(—n,nt], where i= J=1. Let ovand B be real numbers

such that for all complex numbers z = x + iy satisfying arg (H—gj = % , the ordered pair (x,y) lies on the
z+

circle
2, .2 _
X +y +5x-3y+4=0.
Then which of the following statements is (are) TRUE ? [JEE(Advanced) 2021]
A)a=-1 (B)op =4 Cop=-4 D)p=4

Let S be the set of all complex numbers z satisfying |z2 + z + 1] = 1. Then which of the following

statements is/are TRUE ? [JEE(Advanced) 2020]
(A) z+%$% forallz € S (B)|zl<2forallz e S
©) z+% 2% forallz e S (D) The set S has exactly four elements

For a complex number z, let Re(z) denote the real part of z. Let S be the set of all complex numbers z
satisfying z - |z|4 = 41’22, where i = v/—1 . Then the minimum possible value of |z; — zz|2, where z1, 2, € S
with Re(z;) > 0. and Re(z) <0, is . [JEE(Advanced) 2020]

Let S be the set of all complex numbers z satisfying |z -2+ i| >+/5 . If the complex number zj is such that

I\ . 1 . -Zy—7Z, .
——— is the maximum of the set {——:z€ S}, then the principal argument of w 1s
|zo—l| |z—l| Zy—7Z, +21

[JEE(Advanced) 2019]
T T 3n T
(A) 2 (B) Y ©) 7 (D) B

Let o # 1 be a cube root of unity. Then the minimum of the set
{l]a+bw+ cooz|2 : a, b, ¢ distinct non-zero integers}

equals . [JEE(Advanced) 2019]
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14.

15.

16.

17.
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For a non-zero complex number z, let arg(z) denotes the principal argument with —mw<arg(z)<mw.

Then, which of the following statement(s) is (are) FALSE? [JEE(Advanced) 2018]
(A) arg(-1 —1) =§ , Where i = J-1
(B) The function f : R — (—m, «t], defined by f(t) = arg(—1 + it) for all ¢ € R, is continuous at all points of

R, where i = J-1

(C) For any two non-zero complex numbers z; and z, arg [ﬂj - arg(z1 ) + arg(zz) is an integer multiple
)

of 21

(D) For any three given distinct complex numbers z;, z, and z3, the locus of the point z satisfying

(z-2)(2,-2)
(z-25)(z, - 2)

Let s, t, r be the non-zero complex numbers and L be the set of solutions z = x + iy (x,y eR,i= \/—1) of

the condition arg( ] =1, lies on a straight line

the equation sz+tZ+r =0, where Z =x —1iy. Then, which of the following statement(s) is (are) TRUE ?
[JEE(Advanced) 2018]

(A) If L has exactly one element, then |s| # [t|

(B) If |s| = |t|, then L has infinitely many elements

(C) The number of elements in L N {z lz=l+1l= 5} is at most 2

(D) If L has more than one element, then L has infinitely many elements

Let a, b, x and y be real numbers such thata — b =1 and y # 0. If the complex number z = x + iy satisfies

Im (az * bj =y, then which of the following is(are) possible value(s) of x ? [JEE(Advanced) 2017]

z+1
(A) —1—+/1-y? (B) I+4/1+y? (C) 1-y/1+¥> (D) —1+41-y?
. N 2s
Letz = - 2\51 ;where i = -1, andr,s € {1,2,3}. LetP = {( ? - ) } and I be the identity matrix
z z
of order 2. Then the total number of ordered pairs (r, s) for which P’=Tis [JEE(Advanced) 2016]

Leta,b € R and a’ +b”>#0. Suppose S={ze(C:z= l,bt,te]R,t;tO}, where.
a+i

Ifz=x+1iyand z € S, then (x,y) lies on [JEE(Advanced) 2016]

(A) the circle with radius 2L and centre (%,Oj fora>0,b=0
a a

(B) the circle with radius —2L and centre (—%,0) fora<0,b=0
a a

(C) the x-axis fora=0,b=0
(D) the y-axis fora=0,b =0
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18.

19.

20.

21.

[JEE(Advanced)
2015]
Column-I Column-II
(A) | In R2, if the magnitude of the projection vector of the vector oci+[33 on| (P) 1

J3i +3 is V3 andif o =2+ \/§B, then possible value(s) of |a| is (are)

(B) . —3ax’ -2, x<1 Q 2
Let a and b be real numbers such that the function f(x)=
bx+a® , x2>1
is differentiable for all x € RR. Then possible value(s) of a is (are)
(C) | Let @ # 1 be a complex cube root of (R) 3
unity. If (3 — 3@ + 207"+ (2 + 30 - 30D+ (=3 + 20 + 30)™ =0
then possible value(s) of n is (are)
(D) | Let the harmonic mean of two positive real number a and b be 4, If q is a | (S) 4

positive real number such that a, 5, g, b is an arithmetic progression, then the
value(s) of |q — a| is (are)

(T) 5

For any integer k, let akzcosigjﬂsin(k—;) ,where i=y/-1. The value of the expression

12
Z|°‘k+1 _O‘k|
k=1

3 is
Z|0‘4k—1 - O‘4k—2|
k=1

The quadratic equation p(x) = 0 with real coefficients has purely imaginary roots. Then the equation

[JEE(Advanced) 2015]

p(p(x)) = 0 has [JEE(Advanced) 2014]

(A) only purely imaginary roots (B) all real roots

(C) two real and two purely imaginary roots (D) neither real nor purely imaginary roots.

Let 7 = cos(%) +isin (%j sk=1,2, ... 9. [JEE(Advanced) 2014]
List-1 List-11

P.  For each z there exists a z; such that 1. True
zx - zj =1

Q. Thereexistsak € {1, 2, ....., 9} such 2.  False

that z; z = z; has no solution z in the
set of complex numbers.
1=z, ||1-2,|...[1=-2 |

R. equals 3. 1
10 q
S. 1- Zi_]cos[%jequals 4. 2
Codes :
P Q R S
(A) 1 2 4 3
B) 2 1 3 4
O 1 2 3 4
(D) 2 1 4 3
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SOLUTIONS —lz-zf =12
1.  Ans. (281
e §967) 168615in0 Nowz+1=2+i\/§
Sol. A= 7+3. 1;111 Z+1f=4+3=7
ool ' ~P5>2;Q>1;R>3:S5>5
_ 281(7+ 61sin 0) y 7+3icos0 -. Option (B) is correct.
7—-3icosH 7+31icos0 3. Ans. (512)
_ 281(49-18sinBcosO+i(21cosO+42sin0)) | Sol. 2*-2°=(z-2)z-a)(z-a?)...z— ')
49+9cos’ 0 Put 7 = 26°
for positive integer 28(ei86 )= (e - 2)(2eie —a) (2eie £
Im(A) =0 Take mod
21cosH + 42sinb = 0 28|ei86—1|=PA1 PA, ... PAg
— — 89 e: —
anB=_1: sin20=—F . cos’f=— 2%25in46] = PA; PA, ... PAg
2 5 5 (PA|-PA, ... PAQ)mac =512
Re(A) = 281(49—-9sin 26) 4. Afls. (0.50)
49+9cos’ 0 Sol. Given that
( _4j Z#Z
281| 49-9x 5 2
2-3z+4z" )+ 62
= =281 (+ve integer) Leto = £¥3z+ 4z = ( )
49+9Xﬂ 2-3z+47° 2-3z+47°
: 2 0L—1+—6Z
2.  Ans.(B) U 2374472
Sol. |z +222+4Z7-8=0 (D) If o 1s a real number, then
Take conjugate both sides oa=0a
=2 4272 +42-8=0 ... (2) S L N —
By (1)— (2) 22—32_—1—424 _2—3_z+4z
=2(2-7")+4(Z-2)=0 - 2(n-7)=422(2-7)
:> ) 3(2—2)(2—422)20
_ As z # 7 (Given)
=lz+7z|=2 ) )1
Letz=x +iy :>ZE:_:E
Llx =1 .'.Z:1+iy :>|Z|2:050
Putin (1)
2.3/2 5. Ans. (4.00)

=1+ v +2(1 - y* +2iy) +4(1 —iy) - 8=0

Sol. Gi
S (152 =231 +v?) o iven,

= 1+y2 =2=|g|

Also [y =43 = (1-i)z=(1+i)z’
. Z:lii\/g :>(1_l_)E:z2
:>z—E:i2i\/§ (1+l)
—=|z-7|=23 :(—%)7:22
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Lzt =—i7Z

Letz=x+1y,

(=YD +i(2xy) =i (x—dy)
so,xz—y2+y=0 ..(D
and 2y + Dx=0 ...(2)

=>x=0or yz—z

Casel: Whenx=0
L= y(l-y)=0=y=0,1
. (0,0), (0,1)

1
Case Il : When y = _5

= Number of distinct 'z’ is equal to 4.
6. Ans.(A)

_ 1 )
Sol. Let (2)2 +—=m+in , m,n e
z

=2
(E)2 +Z—4=m+in

z
2 2 1
= X" -y )[1+—4j=m (1)
2|
1
& —2xy(l+—4j:n ..(2)
|z
Equation (1)2 + (2)2

(1+#j2 [(x2 +y2)2]=m2 +n’

(1 +Lj2 (Iz)" = m? +n?

"

= |Z|4+|L4+2=m2+n2
z

Now for option (A)

Sol.

o 43+37/205
2

=m’+n’=45
=> m=16, n=43

Option (B)

i 1 7433 7-+/33
2" +—+2= + +2
|z| 4 4

2 2
Option (C)
|z|4+L4+2:9+\/5+9_\/@+2
|z| 4 4
2 2
Option(D)
|z|4+L4+2:7+\/B+7_\/B+2
lz| 6 6
2
Ans. (C)
z
z
2
1| = |z2| = ... [z10| = 1
| arc
angle = —
g rad

0, = arc(z122) > |22 — z1]

Pilzo—zi|+ ...+ |21 =210/ £0; + 02+ ... + 010

= |za—zi| t...+|z1 —719| £ 2w P is true
220, 2 _ .2 _i20,

Zl = N Zk = Zk*l .€
Let 20k = ak

2 _ i(l] 2 _ 2 iak
Zl =¢ N Zk == Zk—l .€

o] tont..tox=4n

one similar sense

|212 — 222| + .. |212 - 2102| <4r
Q is also true




8.

Sol.

Sol.
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Ans. (B, D)
(z +ao
arg
zZ+

on arc and (—a, 0) & (-, 0) subtend % on z.

_I implies z is
4 p

Andzliesonx* +y* +5x—3y +4=0
So puty = 0;
x2+5x+4=0:>x=—1;x=—4

V4

r
4

(40N (10

+
Now, alrg(Z (XJ:E
z+PB 4

= z+ta=(z+p).r. elg
So,z+B=z+4=P=4&z+a=z+1
=a=1

Ans. (B, ©)

2 +z+1]=1

1 3 173
= Z+— | +—|S|z+=| +—
2 4 2 4
2 2
= 1£z+l +é = z+l Zl
2 4 2 4
111
= 7 + —>r—
2| 2

also  |(Z° +2)+ 1|=12> 7+ 2] 1|
:>|zz+z|71§1

= |25 +2<2

= |2 - |z < |2* + 2] <2

:>\r27r|£2

= r=[z£2;VzeS

Also we can always find root of the equation
22+z+1=ei9;V9€R

Hence set 'S' is infinite

10.

Sol.

11.

Sol.

12.

Sol.

Ans. (8)
Let
Z - |z|4 = 4i7

7' —(zz)’ = 4i7’

zZ=X+1iy

=
= z=0or 7z —(Z) =4i
= dixy=4i
= xy=1
(LD
(_1’_1)
2
|Z1 _ZZ min X
Ans. (B)
ZO
1
(2-1)

(ZO—ZO)+2i
4-2Rez, 2—-Rez,
=arg| —————— — |[Farg| ———————
2ilmz, +21 (1+Imzo)1

2-Rez, |.
=arg| -| ———|i
I+Imz,
=arg(-ki); k>0 (as Rezp<2 & Imzy > 0)

T

2
Ans. (3.00)

arg{ 4 (z, +20)J

|a+b03+cw2|2=(a+ba)+cc02)(a+bc0+cu)2)

= (a+bo+ coaz) (a+bco2 +cm)

—a’+b’+c’—ab—bc—ca
1
=E[(a—b)2+(b—c)2+(c—a)2]

1+1+4
> 5 =3 (whena=1,b=2,¢=3)
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13.

Sol.

14.

Sol.

15.

Sol.

Ans. (A, B, D)

3n

(A) arg(1-)=—"",

(B) f(t) =arg(-1 +it)
n—tan"'(t), t>0
—m+tan" (—t),t<0
Discontinuous at t = 0.
z
(C) arg (Z—lj —arg(z,)+arg(z,)
2
= argz| — arg(zy) + 2nm — arg(z;) + arg(zy)
=2nm.
z—z)(z,—z
(D) arg ( 1)( 2 3) =7
(z-2)(z,—-2)
(2222 = 2,) is real.
(z=2z,)(z, — 7))
= 7z, 71, Z3, Z3 are concyclic.
Ans. (A, C, D)
Given
sz+tz+r=0 (1)
on taking conjugate SZ+ tz+T =0 ...(2)

from (1) and (2) eliminating z

z(]s|2—]t]2)=?t—r§

(A) Ifs| # |t| then z has unique value
(B) If |s| = |t| then Tt—rS may or may not
be  zero so L may be empty set
(C) locus of z is null set or singleton set or
a line in all cases it will intersect given
circle at most two points.
(D) In this case locus of z is a line so L has
infinite elements
Ans. (A, D)
( az+b j B L
Im =yandz=xt+iy
z+1
Im (a(x+.iy)+bj:y
X+1y+1

= m (ax +b+iay)(x +1—iy) y
(X+1)2+y2

= —y(ax+b)+ay(x+1)

16.
Sol.

=P

17.

2

Sol..

=y(x+1)*+y%)
(a-by=y(x+ 1)’ +y)

=
y#0anda-b=1

= x+D)P+yi=1

=  x=-lx41-y

Ans. (1)

Z=0

P=

_ (DZr +0)4s
(Dl‘+25((_1)1’+1)

=(CD)'+1=0=risodd = r=13

0)45 + (DZr

O)r+25((__1)r + 1):| _

alsow+ o =-1. r#3
byr=1 > o +0 =-1 = s=1
(r,s)=(1, 1)

only 1 pair

Ans. (A, C, D)

X+1y =
Y atibt
X +iy = a—ibt
a’ +b*t?

Letaz0&b=0

a

X:m (1)
—bt

Y=o -2

y_obt . __ay

X a bx

putin (1)

2.2
x{a2 +b2.izzz}=a

a’ (x> +y?) = ax

x* +y? —lx:O
a

&_LT+2_J_
2a Y 42




18.

Sol.
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=  option (A) is correct
fora=0,b=0
) 1
X+1y =—
a
1 . .
x=—,y=0 = zlies on x-axis
= option (C) is correct
fora=0,b#0
X+1y = !
it
.

=——1,x=0
YT

= z lies on y-axis.

= option (D) is correct

Ans. (A) - (P,Q); (B) > (P,Q);
(C) = (P.Q,S,T); (D) — (Q,T)

:\/52(1 3+a_2=i2\/§

V3

oavV3+P

(A)

= o{j_j \/_i2f

a=2,-1=lo|=1,2

(B) By continuity ~3a-2=b+a’
By differentiability —6a=b
a’—3a+2=0=a=12

(C) ((—3 +20+30° )03)4“3 +
((—3 +20+ 30 ) 0% )4n+3 +
((—3 1260430 )4“”) -0

S (3+20+30°) " 0" 100 +1]=0

= 0"+ +1=0

= n is not a multiple of 3.

O 2 45 b3
a+b
b=15-2a
2a(15 - 2a) = 4(15 — a) = 15a — 2a°
=30-2a

22— 172+30=0
—2a°—12a—5a+30=0
2a(a—6)—5(a—6)=0

5

a=—,6
2

= |q—a|=[10-2a|=50r2

19. Ans.(4)
Sol. oy are vertices of 14 sided regular polygon
|o+1 — o length of a side of the regular polygon
|otak—1 — ouk—2| length of a side of the regular polygon
1265)
3S)

20. Ans. (D)
Sol. Letp(x)= ax>+b+c

—b++/b* —4ac

2a

so b = 0 as roots are purely imaginary

px)=0= x=

so equation will be ax> +¢c=0
Now p(p(x)) = 0

= apz(x) +c=0= p(x) :i\/I
a

2 C
ax"tc=4+,|-— = xR

a
if x =i} then
—-af’ +c=1, /—3 not possible
a
(real) (imaginary)

So, neither real nor purely imaginary roots.
21. Ans. (O)
2kt i2jn
el el =1

Sol. (P)
ei%xZ(k+j) _q
%(2(1{ + J)) =2nm

(k+j)=10
Possible
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i2n i2nk
Q) elz=el
i2mk
10
z =—;—1s possible
10
R) z%-1=0z-1)(z-2)(z-2)...z - 20)
putz=1
A
121311(Z_1) =(1-2)(1-2,)..(1-2,)
. 10Z°
121211 " =(1-2)(1-2,)...(1-z,)

=1 =21) (1 =22)er(1 —29)] = 10

2 4 18
(S) 1+cos—n+cos—n+ ........ +cos—n=0

10 10

since they are sum of ten, tenth roots of

unity

2 (2knj

Zcos — |=-1

= 10

1+1=2




